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Abstract. We prove a warped product splitting theorem for manifolds
with Ricci curvature bounded from below in the spirit of [Croke-Kleiner,
Duke Math. J. (1992)], but instead of asking that one boundary compo-
nent is compact and mean-convex, we require that it is parabolic and
convex. The parabolicity assumption cannot be dropped as, otherwise,
the catenoid in ambient dimension four would give a counterexample.
The convexity assumption, instead, can be relaxed to mean-convexity,
if one requires an additional control on the volume growth at infinity.

Among the applications, we establish a half-space theorem for mean-
convex sets in product manifolds. Additionally, we prove splitting results
for

• 3-manifolds with non-negative Ricci curvature and disconnected
mean-convex boundary,

• 4-manifolds with weakly bounded geometry, non-negative 2-Ricci
curvature, scalar curvature ≥ 1, and disconnected mean-convex
boundary.

1. Introduction

The celebrated Cheeger-Gromoll splitting theorem [13] states that a (com-
plete, connected) Riemannian manifold with non-negative Ricci curvature
containing a line is isometrically a product, where one of the factors is a
real line. A variant of this result was proved by Kasue in [32]. There, it
is shown that a Riemannian manifold (M, g) with mean-convex compact
boundary ∂M and non-negative Ricci curvature, containing a half line with
initial point in ∂M , again is isometrically a product. In the latter case,
the splitting factor is a half line. This result fails without the compact-
ness assumption on the boundary, as one sees considering the epigraph of
a strictly convex function in Euclidean space. In the same work, Kasue
shows that a manifold with multiple mean-convex boundary components
and non-negative Ricci curvature is also a product, where one of the factors
is a bounded interval of the real line. A generalization of Kasue’s results to
manifolds with Ricci curvature bounded below by a negative constant was
given by Croke and Kleiner in [16], where they show the following.

Theorem ([16, Theorem 1]). Let δ ∈ {0, 1} and let (Mn, g) be a Riemann-
ian manifold with RicM ≥ −(n − 1)δ and whose boundary consists of two
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connected components ∂M = S1∪S2, one of which is compact. Assume that
the mean curvature of S1 is ≥ δ and the mean curvature of S2 is ≥ −δ.
Then, there exists l > 0 such that M is isometric to S1 × [0, l] with the
warped product metric ds2 = e−2δtg1 + dt2, where g1 is the metric on S1.
Moreover, RicS1 ≥ 0.

In Theorems 1 and 2 below, we prove two variants of this result. On
the one hand, instead of asking for the compactness of one of the boundary
components, we ask for its parabolicity, which is a weaker condition. On the
other hand, we assume that the parabolic boundary component has a lower
bound on the second fundamental form, rather than on the mean curvature.
At the end of the introduction, we discuss applications (see Corollaries 1, 2
and 3)x.

We recall that a manifold is said to be parabolic if it admits no positive
fundamental solution for the Laplacian. For example, R2 is parabolic, while
Rn with n ≥ 3 is not. More generally, a manifold (M, g) with non-negative
Ricci curvature is parabolic if and only ifˆ ∞

1

t

Vol(Bt(x))
dt = +∞,

for some x ∈M .
In a Riemannian manifold (Mn, g) with boundary, we denote by ΠM

∂M the
second fundamental form of the boundary w.r.t. the inward pointing unit
normal and we set HM

∂M := (trΠM
∂M )/(n − 1) to be the associated mean

curvature (the upper script M will be omitted if there is no ambiguity).
Next, we state the two main results of this paper.

Theorem 1. Let δ ∈ {0, 1} and let (Mn, g) be a Riemannian manifold,
with RicM ≥ −(n − 1)δ. Let S1 be a non-empty connected component of
∂M , and let S2 := ∂M \ S1 be non-empty as well. Assume that S1 is
parabolic, with ΠS1 ≥ δ and RicS1 ≥ 0, while HS2 ≥ −δ. Then, there exists
l > 0 such that M is isometric to S1 × [0, l] with the warped product metric
ds2 = e−2δtg1 + dt2, where g1 is the metric on S1.

Theorem 2. Let (Mn, g) be a Riemannian manifold, with RicM ≥ −(n−1).
Let ∂M be the disjoint union ∂M = S1 ∪ S2 ∪ S3, where each Si is a union
of connected components of ∂M . Assume that the following hold.

(1) S1 is non-empty with HS1 ≥ 1.
(2) S2 is non-empty, connected, parabolic, with ΠS2 ≥ −1, and RicS2 ≥

0.
(3) S3 has ΠS3 ≥ −1, and RicS3 ≥ 0.

Then, S3 = ∅, and there exists l > 0 such that M is isometric to S1 × [0, l]
with the warped product metric ds2 = e−2δtg1 + dt2, where g1 is the metric
on S1.

Remark (Comparing with Croke-Kleiner’s splitting [16]). Theorem 1 fol-
lows from [16], under tha stronger assumptions that S2 is connected and
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that S1 is compact. On the other hand, Theorem 2 is independent from [16]
even under these extra assumptions. Indeed, in Theorem 2, even if S1 is
connected and S2 is compact, Croke-Kleiner’s argument breaks in the pres-
ence of the additional boundary components contained in S3. The reason
is that all distance minimizing geodesics between S1 and S2, a priori, might
‘touch’ S3. Hence, the Laplacians of the distance functions from S1 and S2

might not satisfy the usual inequalities (given by the Ricci curvature lower
bounds) along these geodesics. This point, as well as the non-compactness
of the connected components, is dealt with by combining glueing techniques
for manifolds with optimal transport tools.

Remark. (Comparing with a result by Burago-Zalgaller [8]) In [8, Theorem
5.2], it is shown that a Riemannian manifold with non-negative sectional
curvature and multiple convex boundary components is in fact a product,
where one of the factors is an interval of the real line. We highlight that no
parabolicity is required.

In Theorem 1, when δ = 0, if we require that Π∂M ≥ 0 and Ric∂M ≥ 0,
it also follows that M = Σ × [0, l] isometrically for some l > 0 without
any parabolicity requirement. This can be proved by considering the met-
ric space obtained by gluing M and ∂M × [0,+∞) along their isometric
boundaries, and by using the version of the Splitting Theorem provided in
[26].

Remark (On the parabolicity assumption). In Theorem 1, when δ = 0, the
parabolicity assumption cannot be dropped. Indeed, consider the manifold
M ⊂ R4 consisting of the portion of space bounded by a catenoid and a
disjoint hyperplane. In this case, M satisfies the hypotheses of Theorem 1
with δ = 0 (except for the parabolicity of the convex boundary component
since R3 is not parabolic), but the conclusion fails. Similar constructions
are likely to be possible for δ = 1 in Theorem 1 and for Theorem 2. This
is tied to the study of the Half Space Property (see [15] and the rest of the
introduction) for warped products.

Remark (On the RicS1 ≥ 0 assumption). The assumption RicS1 ≥ 0 in
Theorem 1 (resp. RicS2 ≥ 0 in Theorem 2) is necessary, in the following
sense: if the conclusion of the theorem holds, namely ds2 = e−2δtg1 + dt2,
then Gauss equations imply that RicS1 ≥ 0 (resp. RicS2 ≥ 0).

As a first consequence of Theorem 1, we obtain Corollary 1. This re-
sult provides a splitting theorem for manifolds with multiple mean-convex
boundary components, without assuming that one of these components
is compact or convex. A manifold (Mn, g) is said to have non-negative
(n − 2)-Ricci curvature (denoted Ricn−2 ≥ 0) if for every p ∈ M and
every collection of orthonormal vectors {e1, · · · , en−1} ⊂ TpM , it holds∑n−2

i=1 Sec(en−1, ei) ≥ 0. This should be read as an intermediate condition
between non-negative sectional curvature and non-negative Ricci curvature.
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Corollary 1. Let (Mn, g, p) be a pointed manifold with Ricn−2 ≥ 0 and
disconnected mean-convex boundary. Let Σ ⊂ ∂M be a boundary component
satisfying one of the following conditions.

(1) Σ is minimal, stable, and parabolic.
(2)
´∞

1
t

Hn−1(∂Bt(p))+Hn−1(Bt(p)∩Σ)
dt =∞.

Then, M = Σ× [0, l] isometrically for some l > 0.

As a second application of Theorems 1 and 2, we obtain a slice theorem
for warped products over parabolic manifolds with non-negative Ricci cur-
vature, see Corollary 2 below. Let us give some context first. Following [45],
a manifold (M, g) is said to have the Half Space Property if the only (prop-
erly embedded) minimal hypersurfaces of M × R contained in a half-space
are the horizontal slices M × {t}. In recent years, several results have been
obtained by different authors (see, among others, [19, 30, 23, 20, 15, 22]).
Corollary 2 provides a result in the spirit of the Half Space Property for
(possibly warped) products. The main differences with the aforementioned
classical half-space results are that:

• Corollary 2 holds for mean-convex boundaries in product manifolds,
not only for minimal hypersurfaces;
• we obtain also a half-space result for sets whose boundary has mean

curvature bounded below by 1 (or −1, depending whether they lie
in the lower or upper half space), in warped products with negative
curvature.

Corollary 2. Let δ ∈ {0, 1}. Let (Mn, g) be a parabolic manifold with
RicM ≥ 0 and let M × R be equipped with the metric ds2 = e−2tδg + dt2.
If E ⊂ M × (0,+∞) is a smooth closed set with connected boundary and
outward mean curvature H∂E ≥ −δ, then E = M×[a,+∞), for some a > 0.
If E ⊂ M × (−∞, 0) is a smooth closed set with connected boundary and
outward mean curvature H∂E ≥ δ, then E = M × (−∞, a], for some a < 0.

Remark (On a related result by Montiel). In [42], Montiel proved that if
(M, g) is compact with non-negative Ricci curvature, and M×R is equipped
with the metric ds2 = e−2tg + dt2, then any hypersurface Σ ⊂ M × R of
constant mean curvature, that is locally a graph on M , must be a slice.
Some generalizations of this result later appeared in [1, 2, 9]. Although
similar in spirit, Montiel’s theorem is independent of Corollary 2: indeed, it
requires the mean curvature to be constant while we require the inequality
H ≥ ±1 and we do not assume the hypersurface to be locally a graph.

As a third application of Theorem 1, we deduce Corollary 3, which shows
that a 3-manifold with non-negative Ricci curvature and disconnected mean-
convex boundary is a product. Up to our knowledge, this fact was not
previously known. The proof relies on a new criterion to determine whether
a manifold is a product (see Theorem 3.1), on the results from [47], and on
[40, Lemma 4, Section 11].
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Corollary 3. Let (M3, g) be a Riemannian manifold with non-negative
Ricci curvature and disconnected mean-convex boundary. Then, (M, g) splits
isometrically as Σ× [0, l], for some manifold (Σ, g′) and some l > 0.

Remark (On a related result by Anderson-Rodriguez). In [4], Anderson
and Roriguez prove a result similar to Corollary 3, assuming an additional
uniform upper bound on the sectional curvature.

As a final application of Theorem 1, combined with [14, Theorem 1.10]
and the tools used to prove Corollary 3 (i.e., Theorem 3.1), we deduce the
next splitting result for 4-manifolds with non-negative 2-Ricci curvature,
scalar curvature greater than 1, weakly bounded geometry and mean-convex
disconnected boundary (cf. [24, Theorem 5.2] for the case of non-negative
sectional curvature and minimal boundary). We refer to [14, Section 2.2] for
the definition of manifolds with weakly bounded geometry and the relevant
background.

Corollary 4. Let (M4, g) be a Riemannian manifold with Ric2 ≥ 0, scalar
curvature ≥ 1, and weakly bounded geometry. Let N4 ⊂ M4 be a smooth
submanifold with mean-convex disconnected boundary. Then, N = Σ× [0, l]
isometrically, for some manifold (Σ, g′) and l > 0.

We briefly outline the strategy of the proof of Theorem 1, in the case δ = 0.
Consider the metric space (X, d) obtained by gluing M and S1 × [0,+∞)
along their isometric boundaries. Consider the distance function dS2 from
S2 in the glued space and its restriction to S1 × [0,+∞). We denote by dS1

the distance from S1 in S1 × [0,+∞). If we can show that dS2 is constant
on S1 × {0}, then the statement follows by standard arguments.

Thanks to the assumption on the fundamental form of S1 (and previous
results on the Laplacian of distance functions in metric measure spaces with
synthetic Ricci curvature lower bounds, see [25, 11, 33, 41, 27]), it holds
∆dS2 ≤ 0 on S1 × (0,+∞) in distributional sense.
In particular, it holds ∆(dS2 − dS1) ≤ 0 and, calling ν the exterior normal
of S1 × {0} in S1 × [0,+∞), it also (formally) holds ∇(dS2 − dS1) · ν ≥ 0 on
S1×{0}. If S1× [0,+∞) has sufficiently small volume growth at infinity, we
then deduce that dS2 − dS1 is constant by an integration by parts argument
(see, for instance, [31] for this type of arguments in the smooth setting and,
more generally, for parabolicity of manifolds with boundary). Since in gen-
eral S1 × [0,+∞) does not satisfy the required volume growth at infinity,
adapting a strategy that we recently devised in [18], we multiply the vol-
ume measure of S1 × [0,+∞) by a suitable weight. Making an appropriate
choice of such a weight, we obtain that dS2−dS1 satisfies the previous Lapla-
cian bound also in the weighted space, which, in addition, has the desired
volume growth. We then carry out a weighted integration by parts argu-
ment to obtain that dS2−dS1 is constant. Hence, dS2 is constant on S1×{0}.

We conclude with an open question:
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Open question. Is it possible to replace the bounds on the second funda-
mental forms:

• ΠS1 ≥ δ in Theorem 1;
• ΠS2 ≥ −1, ΠS3 ≥ −1 in Theorem 2;

by the mean curvature bounds

• HS1 ≥ δ in Theorem 1;
• HS2 ≥ −1, HS3 ≥ −1 in Theorem 2.

Acknowledgements. The authors wish to thank Mattia Magnabosco for
useful discussions.

A. M. acknowledges support from the European Research Council (ERC)
under the European Union’s Horizon 2020 research and innovation pro-
gramme, grant agreement No. 802689 “CURVATURE”.

2. Preliminary lemmas

We first introduce a few optimal transport tools that will be used in the
proof of Lemma 2.1.

If Lemmas 2.1 and 2.2 – whose statements do not rely on optimal trans-
port theory – are taken as given, this section may be skipped, and one can
proceed directly to the proofs of Theorems 1 and 2.

Let X be an n-dimensional smooth manifold (possibly with boundary)
equipped with a locally Lipschitz continuous metric g. The metric g induces
a distance d and a volume measure, which coincides with the n-dimensional
Hausdorff measure Hn induced by d. Given an open set Ω ⊂ X, we de-
note by Lip(Ω) and Lipc(Ω) respectively Lipschitz continuous and compactly
supported Lipschitz continuous functions on Ω.

Assume that the metric space (X, d) is complete. On the metric mea-
sure space (X, d,Hn) one can define the Wasserstein distance (w.r.t. to the
distance squared cost) between two probability measures with finite second
moment. The set of probability measures with finite second moment is de-
noted P2(X). Given N ∈ [1,+∞) and µ = ρHn ∈ P2(X), the Rényi entropy
of µ with respect to Hn is defined as

UN (µ|Hn) := −
ˆ
ρ1−1/N dHn.

Given K ∈ R, two measures µ1 = ρ1H
n, µ2 = ρ2H

n ∈ P2(X), and an optimal
plan π between them, we define

T
(t)
K,N (π|Hn) :=

ˆ
X×X

[τ1−t
K,N (d(x1, x2))ρ

1/N
1 (x1)

+ τ tK,N (d(x1, x2))ρ
1/N
2 (x2)] dπ(x1, x2),

where, for every s ∈ [0, 1], τ s·,·(·) is an appropriate distortion coefficient
(which is Lipschitz continuous in (−∞, 0]× [2,+∞)× [0,+∞), see [50]).
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We say that X satisfies the CD(K,N) condition in U ⊂ X, if the following
holds. For every pair µ1 = ρ1H

n, µ2 = ρ2H
n ∈ P2(X) of measures supported

in U , there exists a Wasserstein geodesic {ξt}t∈[0,1] ⊂ P2(X) from µ1 to µ2

and an optimal coupling π of µ1 and µ2 such that, for every t ∈ [0, 1] and
every N ′ ≥ N , it holds

UN ′(ξt|Hn) ≤ −T (t)
K,N ′(π|H

n).

This condition differs from the CDloc(K,N) condition that appears in the
literature (see for instance [5, 10]), since we are not requiring that the con-
vexity of the entropy holds in a neighbourhood of every point. For more
background on curvature dimension conditions in metric (measure) spaces,
we refer to the foundational works [49, 50, 38].

We now turn our attention to Laplacians of functions on X, referring to
[25, 11, 33, 41, 27] for more details and results on Laplacians in metric
measure spaces with synthetic Ricci lower bounds. Let Ω ⊂ X be an open
set. We say that a Radon measure µ on Ω is the distributional Laplacian of
f ∈ Lip(Ω) (and we write ∆f = µ) if, for every φ ∈ Lipc(Ω), it holds

−
ˆ

Ω
∇f · ∇φ dHn =

ˆ
φdµ.

We remark that since we are working on a smooth manifold with a con-
tinuous metric, the product ∇f · ∇φ is well defined Hn-almost everywhere.
In particular, for our purposes, we do not need to consider more general
notions of gradients on metric spaces.

We now recall some facts about the localization technique for CD(K,N)
spaces. We refer to [12, 11] for the proofs, as well as for the definitions of
transport set of a Lipschitz function, transport rays and disintegration of a
measure.

Let N > 1 and K ∈ R. Assume that X is CD(K,N) in a neighbourhood
of every point and that it is non-branching (i.e. geodesics do not branch).
Let φ ∈ Lip(X) be a 1-Lipschitz function and consider the partition of its
transport set into transport rays {rα}α∈Q, Q being a set of indexes with
a measure q induced by the partition. Consider the associated disintegra-
tion of the measure Hn (restricted to the transport set of φ) into measures
{hα}α∈Q, each concentrated on the corresponding transport ray.

Then, q-almost every measure hα is absolutely continuous w.r.t. the Lebesgue
measure of the corresponding transport ray, it admits a locally Lipschitz con-
tinuous density (that we still denote by hα), and it satisfies in weak sense

(h
1

N−1
α )′′ +

K

N − 1
h

1
N−1
α ≤ 0.

It was shown in [11] that, if the function φ is the distance function from a
closed set E ⊂ X, we also have

∆φ = (log hα)′ + [∆φ]sing in X \ E in distributional sense.
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In the previous equation, [∆φ]sing is a negative singular measure (w.r.t. Hn),
while the derivative (log hα)′ is taken orienting the transport rays from E
to X \ E.

Lemma 2.1. Let δ ∈ {0, 1} and let (Mn, g) be a Riemannian manifold with
RicM ≥ −(n − 1)δ. Let S1 be a union of connected components of ∂M .
Assume that ∂M \ S1 6= ∅ and set S2 := ∂M \ S1. Let (N, g̃) be a second
manifold with RicN ≥ −(n − 1)δ, and whose boundary ∂N is isometric to
S1. Let (X, d) be the metric space obtained by gluing M and N along the two
isometric copies of S1, and let dS2 be the distance from S2 in X. Assume
that ΠM

S1
+ ΠN

∂N ≥ 0.

(1) If HS2 ≥ −δ, then ∆dS2 ≤ (n− 1)δ in X \S2 in distributional sense.
(2) If HS2 ≥ δ, then ∆dS2 ≤ −(n− 1)δ in X \S2 in distributional sense.
(3) Let S be a connected component of S1 and let D ≥ 0 be the distance

between S and S2 in X. If HS ≥ −δ, then ∆dS ≤ (n − 1)δ in the
D-neighbourhood of S in X \ S in distributional sense.

Proof. From now on, we refer to S1, S2, M and N as subsets of X. Balls
Br(x) ⊂ X are always defined w.r.t. the distance d on X. The space X
admits a smooth structure such that the metric gX on X defined by gX|M = g

and gX|N = g̃ is locally Lipschitz continuous and it induces the distance d. In

particular, the definitions that were previously given for smooth manifolds
with a continuous metric apply to this setting.

Step 1. We show that, for every x ∈ X \ S2, there exists r > 0 such that
X satisfies CD(−(n− 1)δ, n) in Br(x).

Suppose first that the point x ∈ X \ S2 does not belong to S1. In this
case, there exists a convex ball Br(x) not intersecting S1∪S2. Consider two
probability measures µ1 = ρ1H

n, µ2 = ρ2H
n ∈ P2(Br(x)). Any Wasserstein

geodesic {ξt}t∈[0,1] ⊂ P2(X) between µ1 and µ2 is concentrated on geodesics
connecting points in Br(x). These geodesics are themselves contained in
Br(x) by convexity, so that they lie in the region where X is a smooth
manifold with Ricci bounded below by −(n− 1)δ. Hence, {ξt}t∈[0,1] satisfies
the required convexity condition of the entropy by [48].

Suppose now that x ∈ S1. If R > 0 is small enough, using the same
arguments of [46] (here we use that ΠM

S1
+ ΠN

∂N ≥ 0, see also [43]), we
obtain the following. There exists a sequence of smooth Riemannian met-
rics gk on B̄R(x) ⊂ X, converging uniformly to gX on B̄R(x), such that
Ric(BR(x),gk) ≥ −(n − 1)δ − 1/k. We set r := R/8. If k is large enough,

geodesics in (B̄R(x), gk) connecting points in Br(x) are contained in BR/2(x).

In particular, (B̄R(x), gk) satisfies CD(−(n − 1)δ − 1/k, n) in Br(x) by the
argument used in the previous case. We now consider (B̄R(x), gX).

We denote by V and Vk the volume measures relative to gX and gk in
B̄R(x). Fix two probability measures µ1, µ2 ∈ P(Br(x)) that are absolutely
continuous w.r.t. V (or, equivalently, Vk) and have continuous densities
µ1/V and µ2/V . Thanks to [51, Corollary 29.22], it is enough to verify
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the convexity property of the CD(−(n − 1)δ, n) condition under this extra
continuity assumption.

For every k, let {ξkt }t∈[0,1] be a Wasserstein geodesic between µ1 and µ2

in (B̄R(x), gk), and let πk be an optimal plan between the same measures
such that, for every t ∈ [0, 1] and every N ≥ n, it holds

UN (ξkt |Vk) ≤ −T
(t)
−(n−1)δ−1/k,N (πk|Vk).

By [51, Theorem 28.9], the following holds. There exists a Wasserstein
geodesic {ξt}t∈[0,1] between µ1 and µ2 in (B̄R(x), gX) which arises as limit of

{ξkt }t∈[0,1]. The measures πk converge weakly to an optimal plan π between

µ1 and µ2 in (B̄R(x), gX).
Since gk → gX uniformly on B̄R(x), we also have the following. The

Riemannian distances dk induced by gk on B̄R(x)×B̄R(x) converge uniformly
to the distance d′ induced by gX on B̄R(x)× B̄R(x), which coincides with d
on Br(x)×Br(x) by the choice of r. The densities of Vk w.r.t. V converge
uniformly to 1 on B̄R(x).

Hence, for every t ∈ [0, 1] and every N ≥ n, we have uniform convergence

τ t−(n−1)δ−1/k,N ◦ dk → τ t−(n−1)δ,N ◦ d in Br(x)×Br(x),

(µ1/Vk)
1/N → (µ1/V )1/N in Br(x),

(µ2/Vk)
1/N → (µ2/V )1/N in Br(x).

Combining this with the weak convergence of πk to π, and the continuity of
µ1/V and µ2/V , we deduce

T
(t)
−(n−1)δ−1/k,N (πk|Vk)→ T

(t)
−(n−1)δ,N (π|V ) for all t ∈ [0, 1] and N ≥ n.

Hence, by [51, Theorem 29.20], it holds

UN (ξt|V ) ≤ −T (t)
−(n−1)δ,N (π|V ) for every t ∈ [0, 1] and every N ≥ n.

Finally, since geodesics in (B̄R(x), gX) connecting points in Br(x) are con-
tained in BR/2(x), the Wasserstein geodesic {ξt}t∈[0,1] in (B̄R(x), gX) is also
a Wasserstein geodesic in X. Hence, for every x ∈ X \ S2, there exists r > 0
such that X satisfies CD(−(n− 1)δ, n) in Br(x).

Step 2. We show that, for every x ∈ X \ S2, there exists r > 0 such that
geodesics of X contained in Br(x) do not branch.

If x ∈ X \ (S1 ∪ S2), there exists a smooth neighbourhood of x, imply-
ing the claim. Hence, suppose that x ∈ S1. Since M and N are smooth
manifolds, there exists k′ ∈ R such that both their sectional curvatures in
a neighbourhood of x are bounded below by k′. Hence, using the same ar-
guments of [34] (and using again the condition on the second fundamental
forms), we obtain the following. There exist R > 0 and a sequence of Rie-
mannian metrics gk on B̄R(x) ⊂ X, converging uniformly to gX on B̄R(x),
such that Sec(BR(x),gk) ≥ k′ − 1.
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Hence, for k fixed, every point y ∈ BR(x) has a neighbourhood Uy ⊂
BR(x), depending on k, where triplets of points satisfy the comparison prop-
erty of Alexandrov spaces with curvature bounded below by k′ − 1 (w.r.t.
the distance induced by gk in B̄R(x)). This implies, by the proof of To-
ponogov’s Theorem (see [6, Theorem 10.3.1]), the existence of 0 < r � R
(this time independent of k), such that triplets of points in Br(x) satisfy the
comparison property of Alexandrov spaces with curvature bounded below
by k′ − 1 (w.r.t. the distance induced by gk in B̄R(x)).

It is easy to check that since gk → gX uniformly, then also (B̄R(x), gX) sat-
isfies the same triangle comparison property for points contained in Br(x).
This implies that geodesics in Br(x) do not branch (see [7]).

Step 3. We first prove the Laplacian bounds 1 and 2 simultaneously.
Then we prove point 3.

Assume that HS2 ≥ ∓δ. Since RicM ≥ −(n− 1)δ, it holds

∆dS2 ≤ ±(n− 1)δ

in a neighbourhood of S2 in classical sense (see, for instance, [16]). We now
use a globalization technique that was previously used in [41] and [33].

Consider the partition of the transport set of dS2 in transport rays {rα}α∈Q,
Q being a set of indexes with a measure q induced by the partition. By [11,
Theorem 3.4], there exists a disintegration of the measure Hn into mea-
sures {hα}α∈Q, each concentrated on the corresponding transport ray. By
[12, Theorem 4.2] (the proof works in our setting since the space X is non-
branching and CD(−(n − 1)δ, n) around every point x ∈ X \ S2), q-almost
every measure hα is absolutely continuous w.r.t. the Lebesgue measure of
the corresponding transport ray, it admits a locally Lipschitz continuous
density (that we still denote by hα), and it satisfies in weak sense

(1) (h
1

n−1
α )′′ − δh

1
n−1
α ≤ 0.

By [11, Corollary 4.16] (as before, the proof works in our setting thanks to
the previous steps), it holds

∆dS2 = (log hα)′ + [∆dS2 ]sing on X \ S2

in distributional sense, where [∆dS2 ]sing is a negative singular measure and
the transport rays of dS2 are now oriented from S2 to X \ S2.

Hence, q-almost every density hα satisfies (log hα)′ ≤ ±(n− 1)δ near S2.
Setting

fα := h
1

n−1
α ,

we obtain that on the corresponding transport ray rα, thanks to (1), it holds
in weak sense{

f ′′α − δfα ≤ 0 on rα

f ′α ≤ ±δfα in a neighbourhood of S2 ∩ rα in rα.
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By Riccati Comparison (see, for instance, [33, Lemma 3.9]), fα then satisfies
(log fα)′ ≤ ±δ. In particular,

∆dS2 ≤ (log hα)′ = (n− 1)(log fα)′ ≤ ±(n− 1)δ.

We now consider point 3. As before, we consider the partition of the
transport set of dS in transport rays {rα}α∈Q, and the disintegration of the
measure Hn into measures {hα}α∈Q, each concentrated on the corresponding
transport ray. By definition of D, the intersection of a transport ray rα with
the D-neighbourhood of S is contained in X\S2. Hence, the same argument
that we used for points 1 and 2 can be repeated. �

The next lemma is standard and it follows from [16] and [32]. We sketch
a proof for the sake of completeness.

Lemma 2.2. Let δ ∈ {0, 1} and let (Mn, g) be a Riemannian manifold with
RicM ≥ −(n − 1)δ. Let S1 be a union of connected components of ∂M and
let S2 := ∂M \ S1 6= ∅. Let HS1 ≥ δ, HS2 ≥ −δ and let dS1 + dS2 be
constant. Then, there exists l > 0 such that M is isometric to S1 × [0, l]
with the warped product metric ds2 = e−2δtg1 + dt2, where g1 is the metric
on S1.

Proof. Since dS1 + dS2 ≡ D is constant, every point of M lies on a unique
geodesic realizing the distance from S1 to S2. In particular, dS1 and dS2 are
both smooth and they satisfy

∆dS1 ≤ −(n− 1)δ and ∆dS2 ≤ (n− 1)δ.

Hence, ∆dS1 = −(n − 1)δ. Using t = dS1 as a coordinate on M , we can
write g = dt2 + g⊥(t), where g⊥(t) is a metric on the t enlargement of S1 in
M .

Using Cauchy-Schwarz inequality first, and then plugging dS1 into the
Bochner Formula, we obtain

(n− 1)δ =
(∆dS1)2

n− 1
≤ |Hess(dS1)|2 = −RicM (∇dS1 ,∇dS1) ≤ (n− 1)δ.

In particular, all inequalities in the previous expression are equalities, forcing
Hess(dS1) = −δg⊥ everywhere on M . Denoting by L∂t the Lie derivative in
the direction of ∇dS1 , the previous equality reads

(2) L∂t g
⊥ = −2δg⊥.

Consider now the map φ : S1×(0, D)→M\(S1∪S2) which sends (x, t) to the
point at distance t from x along the flow line of ∇dS1 . This map is bijective
since every point of M lies on a unique geodesic realizing the distance from
S1 to S2. Equipping S1 × (0, D) with the metric ds2 = dt2 + e−2δg1, we
obtain that φ is an isometry by (2) and the definition of Lie derivative,
concluding the proof. �
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The next lemmas deal with sets minimizing the perimeter in Riemannian
manifolds, and are needed to prove Theorem 3.1. In Euclidean space, the
subject is by now classical, see for instance the monographs [28, 39]. When
the ambient space is not Rn, many properties have been obtained in the
more general setting of metric measure spaces. An account of this theory
can be found in [41].

Let (M, g) be a Riemannian manifold, and let E ⊂ M be a Borel set.
Given an open set A ⊂M , the perimeter of E relative to A is defined as

P (E,A) := inf

{
lim inf
k→∞

ˆ
A
|∇fk| dVol : fk ∈ C∞(A), fk → χE in L1

loc(A)

}
.

The set E ⊂M is said to have locally finite perimeter if P (E,Br(x)) < +∞
for all x ∈ M and r > 0. If E has locally finite perimeter, there exists a
unique Radon measure µ such that µ(A) = P (E,A) if A ⊂M is open. This
measure is denoted P (E, ·).

A set of locally finite perimeter E ⊂ M is perimeter minimizing in an
open set A ⊂ M if, for every F ⊂ M such that F∆E ⊂⊂ A, it holds that
P (E,A) ≤ P (F,A). The set E ⊂M is locally perimeter minimizing in A if
for every x ∈ A there exists rx > 0 such that E is perimeter minimizing in
Brx(x).

If E ⊂ Mn locally minimizes the perimeter in M , then it admits both
an open and a closed representative, and these have the same topological
boundary, which is a smooth hypersurface outside of a set Σ ⊂ ∂E of Haus-
dorff dimension at most n − 8. Whenever we refer to the boundary of a
locally perimeter minimizing set, we mean the topological boundary of its
open (or closed) representative.

Lemma 2.3 deals with a minimizing property of boundaries of mean-
convex sets in Riemannian manifolds. It is a standard fact that minimal
hypersurfaces in Riemannian manifolds locally minimize the area (see [35]).
Lemma 2.3 is the analogue of this fact for sets with mean-convex boundary,
and it follows by repeating the argument of [35]. We report the proof for
the sake of completeness.

Lemma 2.3. Let (Mn, g) be a smooth Riemannian manifold, let E ⊂ M
be a smooth open set with mean-convex boundary, and let x ∈ ∂E. Then
there exists a ball B centered in x such that, for every E ⊂ E′ ⊂ M with
E′∆E ⊂⊂ B, it holds that P (E,B) ≤ P (E′, B).

Proof. Let B be a small ball centered in x. Let C ⊂ ∂E be an (n − 2)-
dimensional submanifold of ∂E containing x, and let P0 : ∂E ∩B → C and
P1 : B → ∂E be the natural nearest point projections. If B is small enough,
these nearest point projections are well defined. Set P := P0 ◦ P1 : B → C.

Using the coarea formula we can rewrite the area of ∂E ∩B as

Hn−1(∂E ∩B) =

ˆ
C

ˆ
B∩∂Ec

1/Jn−2(P|∂E) dH1 dHn−2(c),



SPLITTING FOR MANIFOLDS WITH A CONVEX BOUNDARY COMPONENT 13

where ∂Ec := P−1({c}) ∩ ∂E and Jn−2(P|∂E) is the appropriate coarea fac-

tor. Since P−1({c}) intersects ∂E orthogonally, we have that Jn−2(P|∂E) =
Jn−2(P ) on ∂Ec (while in general we would have Jn−2(P|∂E) ≤ Jn−2(P )).
Hence, we can rewrite

(3) Hn−1(∂E ∩B) =

ˆ
C

length(∂Ec ∩B) dHn−2(c),

where the length of each ∂Ec ∩ B is computed w.r.t. the metric obtained
multiplying the standard metric on {P = c} ⊂ B by 1/Jn−2(P ).

If B is small enough, equipping {P = c} with the aforementioned metric,
we obtain a smooth 2-dimensional Riemannian manifold. Moreover, ∂Ec is
the boundary of E ∩ {P = c} in {P = c}.

Since E is mean-convex, (3) together with a first variation argument,
implies that each set E ∩ {P = c} is convex in {P = c} with the modified
metric. In particular, modulo restricting B, we have that each ∂Ec ∩B has
minimal length in {P = c} among the curves with the same endpoints lying
in {P = c} \ E.

Let E′ ⊂ M be a smooth set such that E ⊂ E′ and E′∆E ⊂⊂ B.
Denoting ∂E′c := E′ ∩ {P = c}, it holds

Hn−1(∂E′ ∩ U) ≥
ˆ
C

length(∂E′c ∩B) dHn−2(c)

≥
ˆ
C

length(∂Ec ∩B) dHn−2(c) = Hn−1(∂E ∩B).

In the case when E′ ⊂ M is not smooth, the statement follows by an ap-
proximation argument combined with the previous part of the proof. �

The next lemma revisits the classical [40, Lemma 4, Section 11].

Lemma 2.4. Let (Mn, g) be a Riemannian manifold with mean-convex dis-
connected boundary ∂M , and let Σ1 ⊂ ∂M be a connected component. Then,
one of the following two assertions holds.

(1) One connected component Σ ⊂ ∂M of ∂M is minimal, stable, and
it satisfies

Hn−1(Σ ∩ B̄r(p)) ≤ Hn−1(∂Br(p)) + Hn−1(B̄r(p) ∩ Σ1)

for every p ∈M and every r > 0.
(2) There exists an open set E ⊂M such that:

• E minimizes the perimeter in M \ ∂M .
• ∂E 6= ∅, ∂E ∩ ∂M = ∅, and E ⊃ Σ1.
• Hn−1(∂E∩B̄r(p)) ≤ Hn−1(∂Br(p))+Hn−1(B̄r(p)∩Σ1) for every
p ∈M and every r > 0.

Proof. Set Σ2 := ∂M \ Σ1. Let (M̃, g̃) be an enlargement of M beyond

its boundary i.e., an open manifold containing open sets E1, E2 ⊂ M̃ with
∂E1 = Σ1, ∂E2 = Σ2, and M̃\(E1∪E2) = M isometrically. Unless otherwise
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specified, in the rest of the proof, all balls and boundaries are taken in M̃ .
Let p ∈M , and for i ∈ N large enough consider the minimization problem

(4) min{P (E,Bi(p)) : E ⊃ E1, E ∩ E2 = ∅, E = E1 in Bi(p) \Bi−1(p)}.

For every i ∈ N sufficiently large, we denote by Ei ⊂ M̃ the set realizing
the minimum in the previous minimization problem. Such set exists by the
direct method of calculus of variations. We construct the set E ⊂ M in
several steps. We then show that either E satisfies item 2, or item 1 holds.

Step 1: The sequence Ei can be taken to be increasing.
Assume that the partial sequence {Ei}li=1 is increasing. We need to show

that El+1 can be chosen so that El+1 ⊃ El. Indeed, let Ẽl+1 be a minimum
of the variational problem (4), and set El+1 := Ẽl+1 ∪ El. The set El+1 is
trivially a competitor for the variational problem (4). Moreover,

P (El+1, Bl+1(p)) = P (Ẽl+1 ∪ El, Bl+1(p))

≤ P (Ẽl+1, Bl+1(p)) + P (El, Bl+1(p))− P (Ẽl+1 ∩ El, Bl+1(p)).(5)

In addition, P (El, Bl(p)) ≤ P (Ẽl+1 ∩ El, Bl(p)), since Ẽl+1 ∩ El is a com-

petitor for El in (4). Since El = Ẽl+1 ∩ El in Bl+1 \ Bl−1(p), we deduce

P (El, Bl+1(p)) ≤ P (Ẽl+1 ∩ El, Bl+1(p)). Combining with (5), we obtain

P (El+1, Bl+1(p)) ≤ P (Ẽl+1, Bl+1(p)).

This concludes the proof of Step 1.
Step 2: There exists a locally finite covering with balls {Bα}α of M̄ ⊂ M̃

such that the sets Ei ⊂ M̃ minimize the perimeter in each ball Bα.
It is sufficient to show that for every x ∈ M̄ ⊂ M̃ there exists a ball B

of M̃ containing x such that the sets Ei are perimeter minimizing in B. If
x ∈ M \ ∂M , one can take any ball centered in x which does not intersect
∂M . So, we consider the case x ∈ ∂M . Since ∂M is mean-convex, by
Lemma 2.3, there exists a ball B ⊂ M̃ centered in x such that for every
M ⊂ C ⊂ M̃ with C∆M ⊂⊂ B, it holds P (M,B) ≤ P (C,B). We show

that each Ei is perimeter minimizing in the ball B ⊂ M̃ . Let C ⊂ M̃ be
such that C∆Ei ⊂⊂ B. Since Ei minimizes the variational problem (4), it
holds

(6) P (Ei, B) ≤ P (C ∩M,B).

By our choice of B, it holds P (M,B) ≤ P (C ∪M). Combining with (6), we
deduce

P (Ei, B) ≤ P (C ∩M,B) ≤ P (C,B) + P (M,B)− P (C ∪M,B) ≤ P (C,B),

proving our claim.
Hence, up to passing to a subsequence, there exists E ⊂ M̃ locally

minimizing the perimeter such that Ei → E in L1
loc(M̃) (see [28, The-

orem 1.19 and Lemma 9.1]). Since each Ei minimizes the perimeter in
Bi−1(p) ∩ (M \ ∂M) by construction, E also minimizes the perimeter in
M \ ∂M . By construction, it also holds E ⊃ E1 and E ∩ E2 = ∅.
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Step 3: Let U ⊂ M̃ be open and bounded. If C ⊂ M̃ is such that
E ⊃ C ⊃ E1, and C∆E ⊂⊂ U , then P (E,U) ≤ P (C,U).

The claim follows combining Step 1 and a standard argument (see, for
instance, [21, Proposition 1.3]). We report the argument for the sake of

completeness. Consider C ⊂ M̃ as in the statement of step 3. The sets
C ∩ Ei satisfy P (Ei, U) ≤ P (C ∩ Ei, U) if i is large enough. Hence,

P (Ei ∪ C,U) ≤ P (Ei, U) + P (C,U)− P (C ∩ Ei, U) ≤ P (C,U).

The sets C ∪ Ei converge in L1(U) to E by Step 1. Hence, by lower semi-
continuity, it holds P (E,U) ≤ P (C,U), concluding the proof of Step 3.

Step 4: Denoting by BM and ∂M respectively balls and boundaries in
M (and not in M̃), for every r > 0, it holds

Hn−1(∂E ∩ B̄M
r (p)) ≤ Hn−1(∂MBM

r (p)) + Hn−1(B̄M
r (p) ∩ Σ1).

Let U ⊂ M̃ be an open set of M̃ containing B̄M
r (p). By Step 3, it holds

Hn−1(∂E ∩ U) = P (E,U) ≤ P ((E \BM
r (p)) ∪ E1, U)

≤ Hn−1(∂[(E \BM
r (p)) ∪ E1] ∩ U).

Taking an infimum over all possible open sets U ⊂ M̃ such that U ⊃ B̄M
r (p),

we have

Hn−1(∂E ∩ B̄M
r (p)) ≤ Hn−1(∂[(E \BM

r (p)) ∪ E1] ∩ B̄M
r (p)).

Since

∂[(E \BM
r (p)) ∪ E1] ∩ B̄M

r (p) ⊂ ∂MBM
r (p) ∪ Σ1,

Step 4 follows.
We now conclude the proof of the lemma. Assume that x ∈ ∂E ∩ ∂M .

We wish to show that in this case item 1 is satisfied. Taking a blow-up of E
in x, we find a perimeter minimizing set E∞ ⊂ Rn which does not intersect
the half-space of Rn whose boundary is given by the blow-up of ∂M in x.
Hence, E∞ ⊂ Rn is a half-space (see [28, Theorem 15.5]). By the regularity

theory, it follows that E is a smooth set in a neighbourhood of x in M̃ .
Since ∂M is mean-convex and ∂E locally lies on the interior side of ∂M ,
by the maximum principle, we infer that ∂E = ∂M in a neighbourhood
of x. By a standard argument, it follows that ∂E contains a connected
component Σ ⊂ ∂M of ∂M . Since E is locally perimeter minimizing in M̃ ,
such connected component Σ ⊂ ∂E has vanishing mean curvature. By Step
3, it follows that Σ is a stable minimal hypersurface, and by Step 4 it follows
that it satisfies the required volume growth.

Assume now that ∂E ∩ ∂M = ∅. We wish to show that E satisfies the
conditions in item 2. Indeed, E is locally perimeter minimizing, so that it
has an open representative. By construction, E minimizes the perimeter in
M \∂M . Since E ⊃ E1 and E∩E2 = ∅, the boundary ∂E in M̃ is nonempty,
and since ∂E ∩ ∂M = ∅ by assumption, we have ∂ME 6= ∅ as well. Finally,
the desired volume growth condition follows by Step 4. �
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3. Proofs of the main results

We now prove Theorems 1, 2, and 3.1. We recall that a manifold (M, g)
without boundary is said to be parabolic if it has no positive fundamental
solution for the Laplacian. This is equivalent to asking that for every x ∈M
and r > 0, it holds

inf
{ˆ

M
|∇φ|2 dVol : φ ∈ Lipc(M) : φ ≡ 1 on Br(x)

}
= 0.

If RicM ≥ 0, parabolicity is equivalent to requiring thatˆ +∞

1

t

Vol(Bt(x))
dt = +∞,

for some x ∈ M . For the proofs of these facts, we refer to [29] and the
monograph [36].

Theorem 1. Let δ ∈ {0, 1} and let (Mn, g) be a Riemannian manifold,
with RicM ≥ −(n − 1)δ. Let S1 be a non-empty connected component of
∂M , and let S2 := ∂M \ S1 be non-empty as well. Assume that S1 is
parabolic, with ΠS1 ≥ δ and RicS1 ≥ 0, while HS2 ≥ −δ. Then, there exists
l > 0 such that M is isometric to S1 × [0, l] with the warped product metric
ds2 = e−2δtg1 + dt2, where g1 is the metric on S1.

Proof. We first introduce some tools. Consider the manifold S1 × (0,+∞)
equipped with the warped product metric g̃ = e2δtg1 + dt2. We denote by
Vol the Riemannian volume in S1×(0,+∞) w.r.t. the metric g̃ and by VolS1

the Riemannian volume on S1 w.r.t. the metric g1.
Let dS1×{0} be the distance from S1×{0} in S1× (0,+∞) and let dS1 be

the distance from S1 in M . By standard computations (see [44]), it holds

∆dS1×{0} = (n− 1)δ, on S1 × (0,+∞).

Similarly, the second fundamental form of S1×{0} in S1× (0,+∞) satisfies
ΠS1×{0} = −δ. Moreover, RicS1 ≥ 0 together with Gauss’ equation implies
that RicS1×(0,+∞) ≥ −(n− 1)δ.

Consider the metric space obtained by glueing M and S1× (0,+∞) along
the two boundaries isometric to S1. On this metric space, we consider the
distance function from S2 and we denote it by dS2 . In particular, this allows
us to define dS2 on S1 × (0,+∞) (seen as a subset of the previously defined
metric space). We now show that the function d̄ := dS2−dS1×{0} is constant
on S1 × (0,+∞). This implies that dS2 + dS1 is constant on M , so that the
statement follows by Lemma 2.2.

By Lemma 2.1, it holds ∆dS2 ≤ (n− 1)δ in distributional sense on S1 ×
(0,+∞). Hence,

(7) ∆(dS2 − dS1×{0}) ≤ 0 on S1 × (0,+∞) in distributional sense.

Consider the smooth function V ∈ C∞(S1×(0,+∞)) given by V = nδdS2 .
We denote by ∆wd̄ the weighted Laplacian of d̄ w.r.t. V , i.e. the measure
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∆wd̄ := ∆d̄−∇V · ∇d̄. Thanks to (7) and the definition of V , it holds

(8) ∆wd̄ ≤ 0 on S1 × (0,+∞) in distributional sense.

Let φ ∈ Lipc(S1× [0,+∞)) be a positive function. Consider the functions
φε ∈ Lipc(S1 × [0,+∞)) defined by φε(x, t) := (1− ε−1t) ∨ 0. Integrating by
parts, it holdsˆ
S1×(0,+∞)

(∇d̄ · ∇φ) e−V dVol

=

ˆ
S1×(0,+∞)

[∇d̄ · ∇(φφε)] e
−V dVol +

ˆ
S1×(0,+∞)

[∇d̄ · ∇(φ(1− φε))] e−V dVol

=

ˆ
S1×(0,+∞)

[∇d̄ · (φ∇φε + φε∇φ)] e−V dVol−
ˆ
S1×(0,+∞)

φ(1− φε) e−V d∆wd̄.

Since ∇d̄ · ∇φε ≥ 0 in S1 × (0,+∞), passing to the limit in the previous
equation as ε→ 0 and taking into account (8), it holds

(9)

ˆ
S1×(0,+∞)

(∇d̄ · ∇φ) e−V dVol ≥ 0.

Let ψ ∈ Lipc(S1 × [0,+∞)) be a positive function, and set v := (1 + d̄)−1.
We repeat a computation from [52] (see also [36, Lemma 7.1]). By (9), it
holds

0 ≥
ˆ
S1×(0,+∞)

[∇(ψ2v) · ∇v] e−V dVol

= 2

ˆ
S1×(0,+∞)

ψv(∇ψ · ∇v) e−V dVol +

ˆ
S1×(0,+∞)

ψ2|∇v|2 e−V dVol,

so that

(10)

ˆ
S1×(0,+∞)

ψ2|∇v|2 e−V dVol ≤ 2

ˆ
S1×(0,+∞)

|ψv∇ψ · ∇v| e−V dVol.

By Young’s inequality, we then obtain

2

ˆ
S1×(0,+∞)

|ψv∇ψ · ∇v| e−V dVol ≤ 1

2

ˆ
S1×(0,+∞)

ψ2|∇v|2 e−V dVol

+ 8

ˆ
S1×(0,+∞)

|∇ψ|2v2 e−V dVol,

which, combining with (10), givesˆ
S1×(0,+∞)

ψ2|∇v|2 e−V dVol ≤ 16

ˆ
S1×(0,+∞)

|∇ψ|2v2 e−V dVol.

Recalling the definition of v, this reads

(11)

ˆ
S1×(0,+∞)

ψ2 |∇d̄|2

(1 + d̄)2
e−V dVol ≤ 16

ˆ
S1×(0,+∞)

|∇ψ|2 e−V dVol.

Let x ∈ S1 and r > 0. Let φ1 ∈ Lipc(S1) be such that φ ≡ 1 in Br(x) ⊂ S1

and φ2 ∈ Lipc([0,+∞) be such that φ2 ≡ 1 in [0, r), both taking values in
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[0, 1]. Let ψ ∈ Lipc(S1 × [0,+∞)) be defined by ψ(y, t) := φ1(y)φ2(t). We
denote by ∇tφ1 the gradient of φ1 w.r.t. the metric e2δtg1 on S1 and we
note that ∇tφ1 = e−δt∇0φ1. In particular, it holds

|∇ψ|2(y, t) ≤ |∇0φ1|2(y) + φ2
1(y)(φ′2(t))2.

Hence, with this choice of ψ, the r.h.s. in (11) is bounded from above by

16

ˆ +∞

0
e−n

δt+δ(n−1)t dt

ˆ
S1

|∇0φ1|2 dVolS1

+ 16

ˆ
S1

φ2
1 dVolS1

ˆ +∞

0
|φ′2|2e−n

δt+δ(n−1)t dt.

(12)

Taking an infimum over all the admissible φ2 ∈ Lipc([0,+∞)) such that
φ2 ≡ 1 on [0, r), we deduce

(13)

ˆ
Br(x)×[0,r]

|∇d̄|2

(1 + d̄)2
e−V dVol ≤ 16

ˆ +∞

0
e−t dt

ˆ
S1

|∇0φ1|2 dVolS1 .

Since S1 is parabolic, taking the infimum of the r.h.s. over all the functions
φ1 ∈ Lipc(S1) such that φ1 ≡ 1 on Br(x) ⊂ S1, we deduce |∇d̄| ≡ 0 on
Br(x) × [0, r]. The constancy of d̄ follows from the arbitrariness of r > 0,
concluding the proof. �

In the previous proof, the weight V was needed to compensate for the
excessive volume growth of the space S1 × (0,+∞) equipped with

ds2 = e2δtg1 + dt2.

In the proof of Theorem 2, we consider S2 × (0,+∞) equipped with

ds2 = e−2tg2 + dt2,

g2 being the metric on S2. Hence, the volume growth will be easier to control
even without a weight.

Nevertheless, given f ∈ C∞(S2), its gradients w.r.t. e−2tg2 increases as
t increases. Hence, also in the proof of Theorem 2, a weight is needed, this
time to compensate for the previously described gradient growth.

Theorem 2. Let (Mn, g) be a Riemannian manifold, with RicM ≥ −(n−1).
Let ∂M be the disjoint union ∂M = S1 ∪ S2 ∪ S3, where each Si is a union
of connected components of ∂M . Assume that the following hold.

(1) S1 is non-empty with HS1 ≥ 1.
(2) S2 is non-empty, connected, parabolic, with ΠS2 ≥ −1, and RicS2 ≥

0.
(3) S3 has ΠS3 ≥ −1, and RicS3 ≥ 0.

Then, S3 = ∅, and there exists l > 0 such that M is isometric to S1 × [0, l]
with the warped product metric ds2 = e−2δtg1 + dt2, where g1 is the metric
on S1.
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Proof. We argue as in Theorem 1. Let

S := S2 ∪ S3.

Consider the manifold S×(0,+∞) equipped with the warped product metric

g̃ = e−2tgS + dt2,

where gS is the metric induced by M on S. By standard computations, the
second fundamental form of S × {0} in S × (0,+∞) satisfies ΠS×{0} = 1.
Moreover, since RicS ≥ 0, Gauss’ equations imply that

RicS×(0,+∞) ≥ −(n− 1).

In a similar fashion, we denote by g2 the restriction of gS to S2 and we
consider S2× (0,+∞), which is a connected component of S× (0,+∞). We
denote by Vol the Riemannian volume in S2 × (0,+∞) w.r.t. the metric g̃
and by VolS2 the Riemannian volume on S2 w.r.t. the metric g2. Let dS2×{0}
be the distance from S2 × {0} in S2 × (0,+∞). It holds

∆dS2×{0} = −(n− 1) on S2 × (0,+∞).

Consider the metric space (X, d) obtained by gluing M and S × (0,+∞)
along the two boundaries isometric to S. On this metric space, we consider
the distance function from S1 and we denote it by dS1 . In particular, this
allows us to define dS1 on S2 × (0,+∞) (seen as a subset of the previously
defined metric space). We first show that the function

d̄ := dS1 − dS2×{0}

is constant on S2 × (0,+∞).
By Lemma 2.1, it holds ∆dS1 ≤ −(n − 1) in distributional sense on

S2 × (0,+∞). Hence,

(14) ∆(dS1 − dS2×{0}) ≤ 0 on S2 × (0,+∞) in distributional sense.

Consider the smooth function V ∈ C∞(S2 × (0,+∞)) given by

V = 2dS1 .

Let φ ∈ Lipc(S2× [0,+∞)) be a positive function. Arguing as in Theorem 1
(derivation of (9)), one obtains

(15)

ˆ
S2×(0,+∞)

(∇d̄ · ∇φ) e−V dVol ≥ 0.

If ψ ∈ Lipc(S2× [0,+∞)) is a positive function, arguing again as in Theorem
1 (derivation of (13)), one has

(16)

ˆ
S2×(0,+∞)

ψ2 |∇d̄|2

(1 + d̄)2
e−V dVol ≤ 16

ˆ
S2×(0,+∞)

|∇ψ|2 e−V dVol.

Let x ∈ S2 and r > 0. Let φ1 ∈ Lipc(S2) be such that φ ≡ 1 in Br(x) and
φ2 ∈ Lipc([0,+∞) be such that φ2 ≡ 1 in [0, r), both taking values in [0, 1].
Let ψ ∈ Lipc(S2 × [0,+∞)) be defined by ψ(y, t) := φ1(y)φ2(t). We denote
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by ∇tφ1 the gradient of φ1 w.r.t. the metric e−2tg2 on S2 and we note that
∇tφ1 = et∇0φ1. In particular, it holds

|∇ψ|2(y, t) ≤ e2t|∇0φ1|2(y) + φ2
1(y)(φ′2(t))2.

With this choice of ψ, the r.h.s. in (16) is bounded from above by

16

ˆ +∞

0
e−(n−1)t dt

ˆ
S2

|∇0φ1|2 dVolS2

+ 16

ˆ
S2

φ2
1 dVolS2

ˆ +∞

0
(φ′2)2e−(n−1)t dt.

(17)

We now conclude that d̄ is constant on S2×(0,+∞) as in Theorem 1. Hence,
dS1 is constant on S2 with constant value D > 0.

Let now dS2 be the distance from S2 in X \S2× [0,+∞). By Lemma 2.1,
it holds ∆(dS1 +dS2) ≤ 0 in the D-neighbourhood of S2 in X \S2× [0,+∞).
We claim that the set

C := {x ∈ X \ (S1 ∪ S2 × [0,+∞)) : dS1 + dS2 = D}
is open and closed in X \ (S1 ∪ S2 × [0,+∞)). Closedness is trivial. Let
p ∈ C. We show that there exists a neighbourhood of p in X contained in C.
The set C is contained in the D-neighbourhood of S2, while dS1 + dS2 ≥ D
on X. Hence, by the maximum principle, dS1 + dS2 = D in a neighbourhood
of p. Since C is open and closed in X \ (S1 ∪S2× [0,+∞)), it coincides with
X\ (S1∪S2× [0,+∞)) itself. Hence, S3 = ∅, since otherwise dS1 +dS2 would
attain arbitrarily large values on S3 × (0,+∞) ⊂ X \ (S1 ∪ S2 × [0,+∞)).
The conclusion then follows from Lemma 2.2. �

We now turn our attention to Corollary 1. A manifold (Mn, g) is said to
have non-negative (n− 2)-Ricci curvature (denoted Ricn−2 ≥ 0) if for every
p ∈ M and every collection of orthonormal vectors {e1, · · · , en−1} ⊂ TpM ,
it holds

n−2∑
i=1

Sec(en−1, ei) ≥ 0.

The reason why we consider manifolds (Mn, g) with Ricn−2 ≥ 0 is the
following: if Σn−1 ⊂Mn is a totally geodesic hypersurface, since Ricn−2 ≥ 0
on Mn, it holds RicΣ ≥ 0 on Σ.

Corollary 1. Let (Mn, g, p) be a pointed manifold with Ricn−2 ≥ 0 and
disconnected mean-convex boundary. Let Σ ⊂ ∂M be a boundary component
satisfying one of the following conditions.

(1) Σ is minimal, stable, and parabolic.
(2)
´∞

1
t

Hn−1(∂Bt(p))+Hn−1(Bt(p)∩Σ)
dt =∞.

Then, M = Σ× [0, l] isometrically for some l > 0.

Proof. We assume (1) first. Since Σ is minimal, stable, and parabolic, then
it is totally geodesic by the second variation formula of the area. Since M
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has Ricn−2 ≥ 0, we then obtain that RicΣ ≥ 0. Hence, the statement follows
by Theorem 1.

We now assume (2). We apply Lemma 2.4, and we observe that if item 1
of Lemma 2.4 is satisfied, taking into account our volume growth assump-
tion, we find a connected component of ∂M which is minimal, stable, and
parabolic. In this case the conclusion follows by the previous part of the
proof.

Hence, consider the set E ⊂M provided by item 2 of Lemma 2.4 relative
to Σ. By the assumption (2), it holds

(18)

ˆ ∞
1

t

Hn−1(∂E ∩Bt(p))
= +∞

for some p ∈M . By repeating the proof of [17, Theorem 3.1] (cf. [3, Theorem
2.1]), and using that E minimizes the perimeter in M \ ∂M , it follows that
∂E is smooth and totally geodesic. Since Ricn−2 ≥ 0, we deduce Ric∂E ≥ 0.
Moreover, (18) implies that each connected component of ∂E is parabolic.
Hence, E is a manifold with boundary, whose boundary is the union of its
topological boundary ∂E ⊂M in M , and Σ. By Theorem 1, E = Σ× [0, l]
isometrically for some l > 0. Applying the same argument to M \ E, we
obtain the statement. �

We now prove Corollary 2.

Corollary 2. Let δ ∈ {0, 1}. Let (Mn, g) be a parabolic manifold with
RicM ≥ 0 and let M × R be equipped with ds2 = e−2tδg + dt2. If E ⊂
M × (0,+∞) is a smooth closed set with connected boundary and outward
mean curvature H∂E ≥ −δ, then E = M × [a,+∞), for some a > 0.
If E ⊂ M × (−∞, 0) is a smooth closed set with connected boundary and
outward mean curvature H∂E ≥ δ, then E = M × (−∞, a], for some a < 0.

Proof. Let E ⊂ M × (0,+∞) be with outward mean curvature satisfying
H∂E ≥ −δ. Consider the manifold

N := M × (0,+∞) \ E.
Then, ∂N = ∂E ∪M ×{0}. Since the second fundamental form of M ×{0}
in M × (0,+∞) is equal to δ, the result follows from Theorem 1. The case
when E ⊂ M × (−∞, 0) has outward mean cuvature satisfying H∂E ≥ δ
follows analogously, applying Theorem 2 instead of Theorem 1. �

We now turn our attention to Corollary 3. This result follows from The-
orem 3.1 below, which relates the problem of deciding whether a manifold
with disconnected mean-convex boundary is a product with the following
well studied question:

• Given a manifold (M, g), under which conditions is a stable minimal
hypersurface Σ ⊂M totally geodesic?

Theorem 3.1. Let n ≤ 7 and let (Mn, g) be a manifold with non-negative
Ricci curvature and mean-convex disconnected boundary. Assume that any
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properly embedded, two-sided, stable minimal hypersurface Σ ⊂ M is para-
bolic and has RicΣ ≥ 0. Then, (M, g) splits isometrically as Σ × [0, l], for
some manifold (Σ, g′) and l > 0.

Proof. If one boundary component Σ of ∂M is minimal and stable, then by
assumption it is parabolic and it has RicΣ ≥ 0. By the second variation
formula, Σ is also totally geodesic. Hence, the claim follows by Theorem 1.

If no connected component of ∂M is minimal and stable, we can consider
the set E ⊂M given by Lemma 2.4 relative to a connected component Σ of
M . Since n ≤ 7, E is a smooth set. Since E minimizes the perimeter w.r.t.
inner competitors, its boundary ∂E is a properly embedded, two-sided, sta-
ble minimal hypersurface. By assumption, each connected component of ∂E
is parabolic and it has Ric∂E ≥ 0. By Theorem 1, it follows that E = Σ×[0, l]
isometrically for some l > 0. Applying the same argument to M \ E, we
conclude. �

Remark 3.2 (On previous related results). The idea of using stable mini-
mal hypersurfaces to deduce existence of a product structure in a manifold
is classical, and it has been used, for instance, in [4, 3, 37]. In the aforemen-
tioned results, a key step to prove existence of a product structure is to build
a foliation of stable minimal hypersurfaces in the manifold in question. In
[4, 3], this is possible thanks to a uniform bound on the sectional curvature.
In [37], the existence of such a foliation follows from an assumption on the
fundamental group. Theorem 3.1, being a consequence of Theorem 1, does
not require the construction of such a foliation.

Corollary 3. Let (M3, g) be a Riemannian manifold with non-negative
Ricci curvature and disconnected mean-convex boundary. Then, M = Σ ×
[0, l] isometrically, for some manifold (Σ, g′) and l > 0.

Proof. By [47], any properly embedded, two-sided, stable minimal hypersur-
face Σ ⊂M is totally geodesic, and the Ricci curvature of M in the normal
direction to Σ vanishes. In particular, Σ has non-negative sectional curva-
ture. Hence, by Bishop-Gromov’s inequality, Σ is parabolic. The statement
then follows by Theorem 3.1. �

The next corollary is an application of Theorem 3.1 to 4-manifolds with
non-negative 2-Ricci curvature, scalar curvature greater than 1, weakly
bounded geometry and mean-convex disconnected boundary (cf. [24, Theo-
rem 5.2] for the case of non-negative sectional curvature and minimal bound-
ary). We refer to [14, Section 2.2] for the definition of manifolds with weakly
bounded geometry and the relevant background.

Corollary 4. Let (M4, g) be a Riemannian manifold with Ric2 ≥ 0, scalar
curvature ≥ 1, and weakly bounded geometry. Let N4 ⊂ M4 be a smooth
submanifold with mean-convex disconnected boundary. Then, N = Σ× [0, l]
isometrically, for some manifold (Σ, g′) and l > 0.
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Proof. By [14], any properly embedded, two-sided, stable minimal hypersur-
face Σ ⊂ N is parabolic and totally geodesic. The statement then follows
by Theorem 3.1. �
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Monographs in Mathematics. Birkhäuser Verlag, Basel, 1984, pp. xii+240.
isbn: 0-8176-3153-4. doi: 10.1007/978- 1- 4684- 9486- 0. url: https:

//doi.org/10.1007/978-1-4684-9486-0.
[29] Alexander Grigor’yan. “The existence of positive fundamental solutions of the

Laplace equation on Riemannian manifolds”. In: Mathematics of the USSR-
Sbornik 56 (Oct. 2007), p. 349. doi: 10.1070/SM1987v056n02ABEH003040.

[30] Laurent Hauswirth, Harold Rosenberg, and Joel Spruck. “On complete mean
curvature 1

2 surfaces in H2×R”. In: Comm. Anal. Geom. 16.5 (2008), pp. 989–
1005. issn: 1019-8385,1944-9992. doi: 10.4310/CAG.2008.v16.n5.a4. url:
https://doi.org/10.4310/CAG.2008.v16.n5.a4.

[31] Debora Impera, Stefano Pigola, and Alberto G. Setti. “Potential theory
for manifolds with boundary and applications to controlled mean curvature
graphs”. In: J. Reine Angew. Math. 733 (2017), pp. 121–159. issn: 0075-
4102,1435-5345. doi: 10.1515/crelle-2014-0137. url: https://doi.org/
10.1515/crelle-2014-0137.

[32] Atsushi Kasue. “Ricci curvature, geodesics and some geometric properties of
Riemannian manifolds with boundary”. In: J. Math. Soc. Japan 35.1 (1983),
pp. 117–131. issn: 0025-5645,1881-1167. doi: 10.2969/jmsj/03510117. url:
https://doi.org/10.2969/jmsj/03510117.

[33] Christian Ketterer. “Rigidity of mean convex subsets in non-negatively curved
RCD spaces and stability of mean curvature bounds”. In: Journal of Topology
and Analysis (2023). arXiv: 2111.12020 [math.DG].

[34] Nikolai Kosovsky. “Gluing of Riemannian manifolds of curvature ≥ κ”. In:
Algebra i Analiz 14.3 (2002), pp. 140–157. issn: 0234-0852.

[35] Gary Lawlor and Frank Morgan. “Curvy slicing proves that triple junctions
locally minimize area”. In: J. Differential Geom. 44.3 (1996), pp. 514–528.
issn: 0022-040X,1945-743X. url: http://projecteuclid.org/euclid.

jdg/1214459219.
[36] Peter Li. Geometric analysis. Vol. 134. Cambridge Studies in Advanced Math-

ematics. Cambridge University Press, Cambridge, 2012, pp. x+406. isbn:
978-1-107-02064-1. doi: 10.1017/CBO9781139105798. url: https://doi.
org/10.1017/CBO9781139105798.

https://doi.org/10.1007/s00526-025-02991-x
https://doi.org/10.1007/s00526-025-02991-x
https://doi.org/10.1007/s00526-025-02991-x
https://doi.org/10.1090/memo/1113
https://doi.org/10.1090/memo/1113
https://doi.org/10.1090/memo/1113
https://arxiv.org/abs/1302.5555
https://arxiv.org/abs/1302.5555
https://arxiv.org/abs/1302.5555
https://doi.org/10.1090/proc/16550
https://doi.org/10.1090/proc/16550
https://doi.org/10.1090/proc/16550
https://doi.org/10.1007/978-1-4684-9486-0
https://doi.org/10.1007/978-1-4684-9486-0
https://doi.org/10.1007/978-1-4684-9486-0
https://doi.org/10.1070/SM1987v056n02ABEH003040
https://doi.org/10.4310/CAG.2008.v16.n5.a4
https://doi.org/10.4310/CAG.2008.v16.n5.a4
https://doi.org/10.1515/crelle-2014-0137
https://doi.org/10.1515/crelle-2014-0137
https://doi.org/10.1515/crelle-2014-0137
https://doi.org/10.2969/jmsj/03510117
https://doi.org/10.2969/jmsj/03510117
https://arxiv.org/abs/2111.12020
http://projecteuclid.org/euclid.jdg/1214459219
http://projecteuclid.org/euclid.jdg/1214459219
https://doi.org/10.1017/CBO9781139105798
https://doi.org/10.1017/CBO9781139105798
https://doi.org/10.1017/CBO9781139105798


26 REFERENCES

[37] Gang Liu. “3-manifolds with nonnegative Ricci curvature”. In: Invent. Math.
193.2 (2013), pp. 367–375. issn: 0020-9910,1432-1297. doi: 10.1007/s00222-
012-0428-x. url: https://doi.org/10.1007/s00222-012-0428-x.

[38] John Lott and Cédric Villani. “Ricci curvature for metric-measure spaces via
optimal transport”. In: Ann. of Math. (2) 169.3 (2009), pp. 903–991. issn:
0003-486X,1939-8980. doi: 10.4007/annals.2009.169.903. url: https:
//doi.org/10.4007/annals.2009.169.903.

[39] Francesco Maggi. Sets of finite perimeter and geometric variational problems.
An introduction to geometric measure theory. English. Vol. 135. Camb. Stud.
Adv. Math. Cambridge: Cambridge University Press, 2012. isbn: 978-1-107-
02103-7; 978-1-139-10813-3. doi: 10.1017/CBO9781139108133.

[40] William Meeks III, Leon Simon, and Shing-Tung Yau. “Embedded minimal
surfaces, exotic spheres, and manifolds with positive Ricci curvature”. In:
Selected works of Shing-Tung Yau. Part 1. 1971–1991. Vol. 1. Metric ge-
ometry and minimal submanifolds. Reprint of [0678484]. Int. Press, Boston,
MA, 2019, pp. 281–319.

[41] Andrea Mondino and Daniele Semola. “Weak Laplacian bounds and minimal
boundaries in non-smooth spaces with Ricci curvature lower bounds”. Ac-
cepted in: Memoirs of the American Mathematical Society, Preprint arXiv:
2107.12344.

[42] Sebastián Montiel. “Unicity of constant mean curvature hypersurfaces in
some Riemannian manifolds”. In: Indiana Univ. Math. J. 48.2 (1999), pp. 711–
748. issn: 0022-2518,1943-5258. doi: 10.1512/iumj.1999.48.1562. url:
https://doi.org/10.1512/iumj.1999.48.1562.

[43] Grigori Perelman. “Construction of manifolds of positive Ricci curvature with
big volume and large Betti numbers”. In: Comparison geometry (Berkeley,
CA, 1993–94). Vol. 30. Math. Sci. Res. Inst. Publ. Cambridge Univ. Press,
Cambridge, 1997, pp. 157–163. isbn: 0-521-59222-4.

[44] Peter Petersen. Riemannian geometry. Third. Vol. 171. Graduate Texts in
Mathematics. Springer, Cham, 2016, pp. xviii+499. doi: 10.1007/978-3-
319-26654-1. url: https://doi.org/10.1007/978-3-319-26654-1.

[45] Harold Rosenberg, Felix Schulze, and Joel Spruck. “The half-space property
and entire positive minimal graphs in M ×R”. In: J. Differential Geom. 95.2
(2013), pp. 321–336. issn: 0022-040X,1945-743X. url: http://projecteuclid.
org/euclid.jdg/1376053449.

[46] Arthur Schlichting. Gluing Riemannian manifolds with curvature operators
at least k. 2012. arXiv: 1210.2957 [math.DG].

[47] Richard Schoen and Shing Tung Yau. “Complete three-dimensional manifolds
with positive Ricci curvature and scalar curvature”. In: Seminar on Differ-
ential Geometry. Vol. No. 102. Ann. of Math. Stud. Princeton Univ. Press,
Princeton, NJ, 1982, pp. 209–228. isbn: 0-691-08268-5.

[48] Karl-Theodor Sturm. “Convex functionals of probability measures and non-
linear diffusions on manifolds”. In: J. Math. Pures Appl. (9) 84.2 (2005),
pp. 149–168. issn: 0021-7824. doi: 10.1016/j.matpur.2004.11.002. url:
https://doi.org/10.1016/j.matpur.2004.11.002.

[49] Karl-Theodor Sturm. “On the geometry of metric measure spaces. I”. In:
Acta Math. 196.1 (2006), pp. 65–131. issn: 0001-5962,1871-2509. doi: 10.

https://doi.org/10.1007/s00222-012-0428-x
https://doi.org/10.1007/s00222-012-0428-x
https://doi.org/10.1007/s00222-012-0428-x
https://doi.org/10.4007/annals.2009.169.903
https://doi.org/10.4007/annals.2009.169.903
https://doi.org/10.4007/annals.2009.169.903
https://doi.org/10.1017/CBO9781139108133
https://doi.org/10.1512/iumj.1999.48.1562
https://doi.org/10.1512/iumj.1999.48.1562
https://doi.org/10.1007/978-3-319-26654-1
https://doi.org/10.1007/978-3-319-26654-1
https://doi.org/10.1007/978-3-319-26654-1
http://projecteuclid.org/euclid.jdg/1376053449
http://projecteuclid.org/euclid.jdg/1376053449
https://arxiv.org/abs/1210.2957
https://doi.org/10.1016/j.matpur.2004.11.002
https://doi.org/10.1016/j.matpur.2004.11.002
https://doi.org/10.1007/s11511-006-0002-8


REFERENCES 27

1007/s11511-006-0002-8. url: https://doi.org/10.1007/s11511-006-
0002-8.

[50] Karl-Theodor Sturm. “On the geometry of metric measure spaces. II”. In:
Acta Math. 196.1 (2006), pp. 133–177. issn: 0001-5962,1871-2509. doi: 10.
1007/s11511-006-0003-7. url: https://doi.org/10.1007/s11511-006-
0003-7.

[51] Cédric Villani. Optimal transport. Vol. 338. Grundlehren der mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences]. Old and
new. Springer-Verlag, Berlin, 2009, pp. xxii+973. isbn: 978-3-540-71049-3.
doi: 10.1007/978-3-540-71050-9. url: https://doi.org/10.1007/978-
3-540-71050-9.

[52] Shing-Tung Yau. “Some function-theoretic properties of complete Riemann-
ian manifold and their applications to geometry”. In: Selected works of Shing-
Tung Yau. Part 1. 1971–1991. Vol. 2. Metric geometry and harmonic func-
tions. Reprint of [0417452]. Int. Press, Boston, MA, 2019, pp. 173–184.

https://doi.org/10.1007/s11511-006-0002-8
https://doi.org/10.1007/s11511-006-0002-8
https://doi.org/10.1007/s11511-006-0002-8
https://doi.org/10.1007/s11511-006-0002-8
https://doi.org/10.1007/s11511-006-0003-7
https://doi.org/10.1007/s11511-006-0003-7
https://doi.org/10.1007/s11511-006-0003-7
https://doi.org/10.1007/s11511-006-0003-7
https://doi.org/10.1007/978-3-540-71050-9
https://doi.org/10.1007/978-3-540-71050-9
https://doi.org/10.1007/978-3-540-71050-9

	1. Introduction
	2. Preliminary lemmas
	3. Proofs of the main results
	References

