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ABSTRACT. We prove a warped product splitting theorem for manifolds
with Ricci curvature bounded from below in the spirit of [Croke-Kleiner,
Duke Math. J. (1992)], but instead of asking that one boundary compo-
nent is compact and mean-convex, we require that it is parabolic and
convex. The parabolicity assumption cannot be dropped as, otherwise,
the catenoid in ambient dimension four would give a counterexample.
The convexity assumption, instead, can be relaxed to mean-convexity,
if one requires an additional control on the volume growth at infinity.
Among the applications, we establish a half-space theorem for mean-
convex sets in product manifolds. Additionally, we prove splitting results
for
e 3-manifolds with non-negative Ricci curvature and disconnected
mean-convex boundary,
e 4-manifolds with weakly bounded geometry, non-negative 2-Ricci
curvature, scalar curvature > 1, and disconnected mean-convex
boundary.

1. INTRODUCTION

The celebrated Cheeger-Gromoll splitting theorem [13] states that a (com-
plete, connected) Riemannian manifold with non-negative Ricci curvature
containing a line is isometrically a product, where one of the factors is a
real line. A variant of this result was proved by Kasue in [32]. There, it
is shown that a Riemannian manifold (M, g) with mean-convex compact
boundary OM and non-negative Ricci curvature, containing a half line with
initial point in M, again is isometrically a product. In the latter case,
the splitting factor is a half line. This result fails without the compact-
ness assumption on the boundary, as one sees considering the epigraph of
a strictly convex function in Euclidean space. In the same work, Kasue
shows that a manifold with multiple mean-convex boundary components
and non-negative Ricci curvature is also a product, where one of the factors
is a bounded interval of the real line. A generalization of Kasue’s results to
manifolds with Ricci curvature bounded below by a negative constant was
given by Croke and Kleiner in [16], where they show the following.

Theorem ([16, Theorem 1]). Let 6 € {0,1} and let (M™, g) be a Riemann-
ian manifold with Ricyy > —(n — 1)d and whose boundary consists of two
1
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connected components OM = S1USs, one of which is compact. Assume that
the mean curvature of S1 is > § and the mean curvature of Sy is > —9.
Then, there exists I > 0 such that M is isometric to S; x [0,1] with the
warped product metric ds? = e~ 2tg, + dt?, where g, is the metric on S.
Moreover, Ricg, > 0.

In Theorems 1 and 2 below, we prove two variants of this result. On
the one hand, instead of asking for the compactness of one of the boundary
components, we ask for its parabolicity, which is a weaker condition. On the
other hand, we assume that the parabolic boundary component has a lower
bound on the second fundamental form, rather than on the mean curvature.
At the end of the introduction, we discuss applications (see Corollaries 1, 2
and 3)x.

We recall that a manifold is said to be parabolic if it admits no positive
fundamental solution for the Laplacian. For example, R? is parabolic, while
R™ with n > 3 is not. More generally, a manifold (M, g) with non-negative
Ricci curvature is parabolic if and only if

& t
J, sy =
for some x € M.

In a Riemannian manifold (M", g) with boundary, we denote by Hg/[M the
second fundamental form of the boundary w.r.t. the inward pointing unit
normal and we set H}Y, = (trII3%,)/(n — 1) to be the associated mean
curvature (the upper script M will be omitted if there is no ambiguity).
Next, we state the two main results of this paper.

Theorem 1. Let 6 € {0,1} and let (M™,g) be a Riemannian manifold,
with Ricpy > —(n — 1)d. Let S1 be a non-empty connected component of
OM, and let So := OM \ S1 be non-empty as well. Assume that Sy is
parabolic, with IIg, > 6 and Ricg, > 0, while Hg, > —d. Then, there exists
[ > 0 such that M s isometric to Sy x [0,1] with the warped product metric
ds? = 6*25’591 + dt?, where g1 s the metric on Si.

Theorem 2. Let (M", g) be a Riemannian manifold, with Ricyr > —(n—1).
Let OM be the disjoint union OM = 51 U So U S3, where each S; is a union
of connected components of OM. Assume that the following hold.

(1) Sy is non-empty with Hg, > 1.

(2) Sa is non-empty, connected, parabolic, with Ilg, > —1, and Ricg, >

0.

(3) S3 has IIg, > —1, and Ricg, > 0.
Then, Ss =0, and there exists | > 0 such that M is isometric to S1 x [0,1]
with the warped product metric ds* = e~2%g, + dt2, where g1 is the metric
on S1.

Remark (Comparing with Croke-Kleiner’s splitting [16]). Theorem 1 fol-
lows from [16], under tha stronger assumptions that S is connected and
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that S; is compact. On the other hand, Theorem 2 is independent from [16]
even under these extra assumptions. Indeed, in Theorem 2, even if Sy is
connected and SS9 is compact, Croke-Kleiner’s argument breaks in the pres-
ence of the additional boundary components contained in S3. The reason
is that all distance minimizing geodesics between S7 and So, a priori, might
‘touch’ S3. Hence, the Laplacians of the distance functions from S; and S5
might not satisfy the usual inequalities (given by the Ricci curvature lower
bounds) along these geodesics. This point, as well as the non-compactness
of the connected components, is dealt with by combining glueing techniques
for manifolds with optimal transport tools.

Remark. (Comparing with a result by Burago-Zalgaller [8]) In [8, Theorem
5.2], it is shown that a Riemannian manifold with non-negative sectional
curvature and multiple conver boundary components is in fact a product,
where one of the factors is an interval of the real line. We highlight that no
parabolicity is required.

In Theorem 1, when § = 0, if we require that IIgy; > 0 and Ricgy > 0,
it also follows that M = ¥ x [0,]] isometrically for some [ > 0 without
any parabolicity requirement. This can be proved by considering the met-
ric space obtained by gluing M and 9M x [0,+o00) along their isometric
boundaries, and by using the version of the Splitting Theorem provided in
[26].

Remark (On the parabolicity assumption). In Theorem 1, when 6 = 0, the
parabolicity assumption cannot be dropped. Indeed, consider the manifold
M C R* consisting of the portion of space bounded by a catenoid and a
disjoint hyperplane. In this case, M satisfies the hypotheses of Theorem 1
with § = 0 (except for the parabolicity of the convex boundary component
since R3 is not parabolic), but the conclusion fails. Similar constructions
are likely to be possible for 6 = 1 in Theorem 1 and for Theorem 2. This
is tied to the study of the Half Space Property (see [15] and the rest of the
introduction) for warped products.

Remark (On the Ricg, > 0 assumption). The assumption Ricg, > 0 in
Theorem 1 (resp. Ricg, > 0 in Theorem 2) is necessary, in the following
sense: if the conclusion of the theorem holds, namely ds? = e~2%g; + dt?,
then Gauss equations imply that Ricg, > 0 (resp. Ricg, > 0).

As a first consequence of Theorem 1, we obtain Corollary 1. This re-
sult provides a splitting theorem for manifolds with multiple mean-convex
boundary components, without assuming that one of these components
is compact or convex. A manifold (M",g) is said to have non-negative
(n — 2)-Ricci curvature (denoted Ric,_o > 0) if for every p € M and
every collection of orthonormal vectors {ei,---,en—1} C Tp,M, it holds
Z?:_f Sec(ep—1,€;) > 0. This should be read as an intermediate condition
between non-negative sectional curvature and non-negative Ricci curvature.
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Corollary 1. Let (M™, g,p) be a pointed manifold with Ric,—o > 0 and
disconnected mean-convex boundary. Let ¥ C OM be a boundary component
satisfying one of the following conditions.

(1) X is minimal, stable, and parabolic.
dt = cc.

o0 t
) i mem T m e
Then, M =X x [0,1] isometrically for somel > 0.

As a second application of Theorems 1 and 2, we obtain a slice theorem
for warped products over parabolic manifolds with non-negative Ricci cur-
vature, see Corollary 2 below. Let us give some context first. Following [45],
a manifold (M, g) is said to have the Half Space Property if the only (prop-
erly embedded) minimal hypersurfaces of M x R contained in a half-space
are the horizontal slices M x {t}. In recent years, several results have been
obtained by different authors (see, among others, [19, 30, 23, 20, 15, 22]).
Corollary 2 provides a result in the spirit of the Half Space Property for
(possibly warped) products. The main differences with the aforementioned
classical half-space results are that:

e Corollary 2 holds for mean-convex boundaries in product manifolds,
not only for minimal hypersurfaces;

e we obtain also a half-space result for sets whose boundary has mean
curvature bounded below by 1 (or —1, depending whether they lie
in the lower or upper half space), in warped products with negative
curvature.

Corollary 2. Let 6 € {0,1}. Let (M",g) be a parabolic manifold with
Ricar > 0 and let M x R be equipped with the metric ds*> = e 29g + dt2,
If E C M x (0,+00) is a smooth closed set with connected boundary and
outward mean curvature Hyp > —0, then E = M X [a,+00), for some a > 0.
If E C M x (—00,0) is a smooth closed set with connected boundary and
outward mean curvature Hpp > 0, then E = M x (—o0,al, for some a < 0.

Remark (On a related result by Montiel). In [42], Montiel proved that if
(M, g) is compact with non-negative Ricci curvature, and M x R is equipped
with the metric ds? = e~?!g + dt?, then any hypersurface ¥ C M x R of
constant mean curvature, that is locally a graph on M, must be a slice.
Some generalizations of this result later appeared in [1, 2, 9]. Although
similar in spirit, Montiel’s theorem is independent of Corollary 2: indeed, it
requires the mean curvature to be constant while we require the inequality
H > +1 and we do not assume the hypersurface to be locally a graph.

As a third application of Theorem 1, we deduce Corollary 3, which shows
that a 3-manifold with non-negative Ricci curvature and disconnected mean-
convex boundary is a product. Up to our knowledge, this fact was not
previously known. The proof relies on a new criterion to determine whether
a manifold is a product (see Theorem 3.1), on the results from [47], and on
[40, Lemma 4, Section 11].
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Corollary 3. Let (M3, g) be a Riemannian manifold with non-negative
Ricci curvature and disconnected mean-convex boundary. Then, (M, g) splits
isometrically as ¥ x [0,1], for some manifold (X,g') and some | > 0.

Remark (On a related result by Anderson-Rodriguez). In [4], Anderson
and Roriguez prove a result similar to Corollary 3, assuming an additional
uniform upper bound on the sectional curvature.

As a final application of Theorem 1, combined with [14, Theorem 1.10]
and the tools used to prove Corollary 3 (i.e., Theorem 3.1), we deduce the
next splitting result for 4-manifolds with non-negative 2-Ricci curvature,
scalar curvature greater than 1, weakly bounded geometry and mean-convex
disconnected boundary (cf. [24, Theorem 5.2] for the case of non-negative
sectional curvature and minimal boundary). We refer to [14, Section 2.2] for
the definition of manifolds with weakly bounded geometry and the relevant
background.

Corollary 4. Let (M*,g) be a Riemannian manifold with Ricy > 0, scalar
curvature > 1, and weakly bounded geometry. Let N* C M* be a smooth
submanifold with mean-convez disconnected boundary. Then, N =3 x [0,]]
isometrically, for some manifold (¥, g') and | > 0.

We briefly outline the strategy of the proof of Theorem 1, in the case § = 0.
Consider the metric space (X,d) obtained by gluing M and S; x [0, +00)
along their isometric boundaries. Consider the distance function dg, from
Ss in the glued space and its restriction to Sy x [0, +00). We denote by dg,
the distance from Sp in S; x [0,400). If we can show that dg, is constant
on S x {0}, then the statement follows by standard arguments.

Thanks to the assumption on the fundamental form of S; (and previous
results on the Laplacian of distance functions in metric measure spaces with
synthetic Ricci curvature lower bounds, see [25, 11, 33, 41, 27]), it holds
Adg, <0 on S x (0,+00) in distributional sense.

In particular, it holds A(ds, —dg,) < 0 and, calling v the exterior normal
of S1 x {0} in Sy x [0, +00), it also (formally) holds V(dg, —dg,) -~ > 0 on
S1 x{0}. If S; x [0, +00) has sufficiently small volume growth at infinity, we
then deduce that dg, — dg, is constant by an integration by parts argument
(see, for instance, [31] for this type of arguments in the smooth setting and,
more generally, for parabolicity of manifolds with boundary). Since in gen-
eral S; x [0,+00) does not satisfy the required volume growth at infinity,
adapting a strategy that we recently devised in [18], we multiply the vol-
ume measure of S; x [0,+00) by a suitable weight. Making an appropriate
choice of such a weight, we obtain that dg, —dg, satisfies the previous Lapla-
cian bound also in the weighted space, which, in addition, has the desired
volume growth. We then carry out a weighted integration by parts argu-
ment to obtain that dg, —dg, is constant. Hence, dg, is constant on S x {0}.

We conclude with an open question:
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Open question. Is it possible to replace the bounds on the second funda-
mental forms:

e IIg, > 0 in Theorem 1;
o IIg, > —1, IIg, > —1 in Theorem 2;

by the mean curvature bounds

e Hg, > 6 in Theorem 1;
e Hg, > —1, Hg, > —1 in Theorem 2.
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2. PRELIMINARY LEMMAS

We first introduce a few optimal transport tools that will be used in the
proof of Lemma 2.1.

If Lemmas 2.1 and 2.2 — whose statements do not rely on optimal trans-
port theory — are taken as given, this section may be skipped, and one can
proceed directly to the proofs of Theorems 1 and 2.

Let X be an n-dimensional smooth manifold (possibly with boundary)
equipped with a locally Lipschitz continuous metric g. The metric g induces
a distance d and a volume measure, which coincides with the n-dimensional
Hausdorff measure H™ induced by d. Given an open set 2 C X, we de-
note by Lip(2) and Lip.(£2) respectively Lipschitz continuous and compactly
supported Lipschitz continuous functions on €.

Assume that the metric space (X,d) is complete. On the metric mea-
sure space (X,d,H™) one can define the Wasserstein distance (w.r.t. to the
distance squared cost) between two probability measures with finite second
moment. The set of probability measures with finite second moment is de-
noted Py(X). Given N € [1,400) and u = pH™ € Py(X), the Rényi entropy
of p with respect to H™ is defined as

Un(ulH") = = [ 911 e

Given K € R, two measures p1 = p1H", uo = poH™ € P2(X), and an optimal
plan m between them, we define

Ty (rH") ::/X kb, )l o)
X

+ Tl n(d(@1, 22)) oy ™ (@) die (21, 22),

where, for every s € [0,1], 7°(-) is an appropriate distortion coefficient
(which is Lipschitz continuous in (—o0,0] x [2,+00) X [0,400), see [50]).
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We say that X satisfies the CD(K, N) condition in U C X, if the following
holds. For every pair p1 = p1H", pa = poH™ € Py(X) of measures supported
in U, there exists a Wasserstein geodesic {&;}e(0,1] C P2(X) from py to po

and an optimal coupling 7 of pq and pe such that, for every ¢t € [0,1] and
every N’ > N, it holds

U (&]H") < ~T3 )y (m|H™).

This condition differs from the CDy,.(K, N) condition that appears in the
literature (see for instance [5, 10]), since we are not requiring that the con-
vexity of the entropy holds in a neighbourhood of every point. For more
background on curvature dimension conditions in metric (measure) spaces,
we refer to the foundational works [49, 50, 38].

We now turn our attention to Laplacians of functions on X, referring to
[25, 11, 33, 41, 27] for more details and results on Laplacians in metric
measure spaces with synthetic Ricci lower bounds. Let 2 C X be an open
set. We say that a Radon measure p on € is the distributional Laplacian of
f € Lip(2) (and we write Af = p) if, for every ¢ € Lip.(€2), it holds

—/QVf-VquH”—/qﬁdu.

We remark that since we are working on a smooth manifold with a con-
tinuous metric, the product Vf - V¢ is well defined H™-almost everywhere.
In particular, for our purposes, we do not need to consider more general
notions of gradients on metric spaces.

We now recall some facts about the localization technique for CD(K, N)
spaces. We refer to [12, 11] for the proofs, as well as for the definitions of
transport set of a Lipschitz function, transport rays and disintegration of a
measure.

Let N > 1 and K € R. Assume that X is CD(K, N) in a neighbourhood
of every point and that it is non-branching (i.e. geodesics do not branch).
Let ¢ € Lip(X) be a 1-Lipschitz function and consider the partition of its
transport set into transport rays {rq}acg, @ being a set of indexes with
a measure q induced by the partition. Consider the associated disintegra-
tion of the measure H" (restricted to the transport set of ¢) into measures
{ha}acq, each concentrated on the corresponding transport ray.

Then, g-almost every measure h,, is absolutely continuous w.r.t. the Lebesgue
measure of the corresponding transport ray, it admits a locally Lipschitz con-
tinuous density (that we still denote by h,), and it satisfies in weak sense

It was shown in [11] that, if the function ¢ is the distance function from a
closed set £ C X, we also have

A¢ = (logha) + [A¢]*™ in X\ E in distributional sense.
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In the previous equation, [A¢]*™ is a negative singular measure (w.r.t. H?),
while the derivative (loghy,)’ is taken orienting the transport rays from E
to X\ E.

Lemma 2.1. Let § € {0,1} and let (M™,g) be a Riemannian manifold with
Ricpy > —(n — 1)d. Let Sy be a union of connected components of OM.
Assume that OM \ S1 # 0 and set So := OM \ Sy. Let (N,g) be a second
manifold with Ricy > —(n — 1)d, and whose boundary ON is isometric to
Sy. Let (X,d) be the metric space obtained by gluing M and N along the two
isometric copies of S1, and let dg, be the distance from Sz in X. Assume
that TIg + 1], > 0.
(1) If Hg, > —9, then Adg, < (n—1)d in X\ Sy in distributional sense.
(2) If Hs, > 0, then Adg, < —(n—1)d in X\ Sy in distributional sense.
(3) Let S be a connected component of S1 and let D > 0 be the distance
between S and Sy in X. If Hg > —0, then Adg < (n — 1) in the
D-neighbourhood of S in X\ S in distributional sense.

Proof. From now on, we refer to S1, Se, M and N as subsets of X. Balls
B,(x) C X are always defined w.r.t. the distance d on X. The space X
admits a smooth structure such that the metric ¢X on X defined by 9|)§\4 =g

and gf}v = ¢ is locally Lipschitz continuous and it induces the distance d. In
particular, the definitions that were previously given for smooth manifolds
with a continuous metric apply to this setting.

Step 1. We show that, for every x € X\ So, there exists r > 0 such that
X satisfies CD(—(n — 1)d,n) in B,(x).

Suppose first that the point z € X\ Sy does not belong to S;. In this
case, there exists a convex ball B, (z) not intersecting S1 U Sa. Consider two
probability measures g1 = p1H", po = paH™ € Pa(B,(x)). Any Wasserstein
geodesic {&;}4e(0,1] € P2(X) between ji1 and pg is concentrated on geodesics
connecting points in B, (x). These geodesics are themselves contained in
B,.(x) by convexity, so that they lie in the region where X is a smooth
manifold with Ricci bounded below by —(n —1)d. Hence, {&:}c[o,1] satisfies
the required convexity condition of the entropy by [48].

Suppose now that x € S;. If R > 0 is small enough, using the same
arguments of [46] (here we use that Hg{ + Iy > 0, see also [43]), we
obtain the following. There exists a sequence of smooth Riemannian met-
rics g on Bgr(x) C X, converging uniformly to ¢* on Bg(z), such that
Ric(Bu(2),g0) = —(n —1)0 —1/k. We set r := R/8. If k is large enough,
geodesics in (Bg(), gr) connecting points in B,(z) are contained in Bp o ().
In particular, (Bg(x),gx) satisfies CD(—(n — 1)6 — 1/k,n) in B,(z) by the
argument used in the previous case. We now consider (Bg(z), g*).

We denote by V and Vj, the volume measures relative to ¢X and g in
Bpg(x). Fix two probability measures ji1, o € P(B,(x)) that are absolutely
continuous w.r.t. V (or, equivalently, V) and have continuous densities
p1/V and pa/V. Thanks to [51, Corollary 29.22], it is enough to verify
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the convexity property of the CD(—(n — 1)d,n) condition under this extra
continuity assumption.

For every k, let {gf}te[()’l] be a Wasserstein geodesic between w1 and po
in (Bg(z),gk), and let 7, be an optimal plan between the same measures
such that, for every t € [0,1] and every N > n, it holds

Un(EFIVe) < =Ty sy e (Tl Vi)

By [51, Theorem 28.9], the following holds. There exists a Wasserstein
geodesic {& }1e(0.1] between piy and pg in (Bg(z), ¢*) which arises as limit of
{ff}te[o,l}- The measures 7, converge weakly to an optimal plan m between
g1 and pig in (Bg(x), g%). _

Since gr — gx uniformly on Bpr(z), we also have the following. The
Riemannian distances d, induced by gj, on Bg(z)x Br(x) converge uniformly
to the distance d’ induced by ¢* on Bgr(x) x Br(z), which coincides with d
on B,(x) x B,(x) by the choice of r. The densities of V; w.r.t. V converge
uniformly to 1 on Bg(x).

Hence, for every ¢ € [0, 1] and every N > n, we have uniform convergence

"

n1ys—1/kn ©dk = T sy od in Bp(z) x By(x),

(11 / Vi)™ = (u/V)YN in By(x),

(2/ Vi)™ = (p2/ V)N in By (a).
Combining this with the weak convergence of m;, to m, and the continuity of
w1/V and pa/V, we deduce

T s (Tl Vi) = T s y(@]V) forall t € [0,1] and N > n.

Hence, by [51, Theorem 29.20], it holds

Un(&|V) < —Tit()n,l)(;’NOT’V) for every t € [0, 1] and every N > n.
Finally, since geodesics in (Bg(z),¢*) connecting points in By(r) are con-
tained in Bp/y(7), the Wasserstein geodesic {;}ic(0,1] in (Br(7), g%) is also
a Wasserstein geodesic in X. Hence, for every = € X\ Sy, there exists r > 0
such that X satisfies CD(—(n — 1)d,n) in B, (x).

Step 2. We show that, for every z € X\ Sg, there exists r > 0 such that
geodesics of X contained in B, (z) do not branch.

If x € X\ (S1 US3), there exists a smooth neighbourhood of x, imply-
ing the claim. Hence, suppose that x € S;. Since M and N are smooth
manifolds, there exists k' € R such that both their sectional curvatures in
a neighbourhood of x are bounded below by k’. Hence, using the same ar-
guments of [34] (and using again the condition on the second fundamental
forms), we obtain the following. There exist R > 0 and a sequence of Rie-
mannian metrics g, on Br(z) C X, converging uniformly to ¢* on Bg(z),
such that Sec gy (z),0,) = ¥ — 1.
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Hence, for k fixed, every point y € Bg(z) has a neighbourhood U, C
Bpg(x), depending on k, where triplets of points satisfy the comparison prop-
erty of Alexandrov spaces with curvature bounded below by k' — 1 (w.r.t.
the distance induced by g in Bgr(x)). This implies, by the proof of To-
ponogov’s Theorem (see [6, Theorem 10.3.1]), the existence of 0 < r < R
(this time independent of k), such that triplets of points in B, (x) satisfy the
comparison property of Alexandrov spaces with curvature bounded below
by k' — 1 (w.r.t. the distance induced by gi in Br(z)).

It is easy to check that since g — ¢* uniformly, then also (Bg(z), g*) sat-
isfies the same triangle comparison property for points contained in B, (z).
This implies that geodesics in B,(z) do not branch (see [7]).

Step 3. We first prove the Laplacian bounds 1 and 2 simultaneously.
Then we prove point 3.

Assume that Hg, > F0. Since Ricyr > —(n — 1)4, it holds
Adg, < £(n—1)¢

in a neighbourhood of Sy in classical sense (see, for instance, [16]). We now
use a globalization technique that was previously used in [41] and [33].

Consider the partition of the transport set of dg, in transport rays {ra }acq,
@ being a set of indexes with a measure q induced by the partition. By [11,
Theorem 3.4], there exists a disintegration of the measure H” into mea-
sures {ha}ac@, each concentrated on the corresponding transport ray. By
[12, Theorem 4.2] (the proof works in our setting since the space X is non-
branching and CD(—(n — 1)d,n) around every point = € X\ S3), g-almost
every measure h, is absolutely continuous w.r.t. the Lebesgue measure of
the corresponding transport ray, it admits a locally Lipschitz continuous
density (that we still denote by h,), and it satisfies in weak sense

1 1
(1) (ha™ )" —6hg™" <.
By [11, Corollary 4.16] (as before, the proof works in our setting thanks to
the previous steps), it holds
Adg, = (loghy) + [Adg,]5™  on X\ Sy

in distributional sense, where [Adg,]*"™ is a negative singular measure and
the transport rays of dg, are now oriented from Sy to X\ Ss.

Hence, g-almost every density h, satisfies (loghy)" < £(n — 1)d near Ss.
Setting

1
foa = ha™! )
we obtain that on the corresponding transport ray r,, thanks to (1), it holds
in weak sense

"—0fa <0 onr,
fl < +£dfa in a neighbourhood of Sy N7, in ry.
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By Riccati Comparison (see, for instance, [33, Lemma 3.9]), f, then satisfies
(log fo)! < 6. In particular,

Adg, < (loghy) = (n—1)(log fo) < &(n —1)6.

We now consider point 3. As before, we consider the partition of the
transport set of dg in transport rays {ra}ac@, and the disintegration of the
measure H” into measures {hq }ac@, €ach concentrated on the corresponding
transport ray. By definition of D, the intersection of a transport ray r, with
the D-neighbourhood of S is contained in X\ S2. Hence, the same argument
that we used for points 1 and 2 can be repeated. O

The next lemma is standard and it follows from [16] and [32]. We sketch
a proof for the sake of completeness.

Lemma 2.2. Let § € {0,1} and let (M", g) be a Riemannian manifold with
Ricyr > —(n —1)0. Let S1 be a union of connected components of OM and
let So := OM \'S1 # 0. Let Hs, > 8§, Hg, > —0 and let dg, + dg, be
constant. Then, there exists | > 0 such that M is isometric to S1 x [0,]
with the warped product metric ds?> = e=2% g, 4+ dt?, where g, is the metric
on S1.

Proof. Since dg, +dg, = D is constant, every point of M lies on a unique
geodesic realizing the distance from S; to Se2. In particular, dg, and dg, are
both smooth and they satisfy

Adg, < —(n—1)0 and Adg, < (n—1)d.

Hence, Adg, = —(n — 1)0. Using t = dg, as a coordinate on M, we can
write g = dt? 4+ g (t), where g (t) is a metric on the ¢ enlargement of Sy in
M.

Using Cauchy-Schwarz inequality first, and then plugging dg, into the
Bochner Formula, we obtain

Adg,)?

(n—1)0 = (nSll) < |Hess(dg, )|? = —Ricy(Vds,, Vdg,) < (n — 1)6.
In particular, all inequalities in the previous expression are equalities, forcing
Hess(ds,) = —dg* everywhere on M. Denoting by Lg; the Lie derivative in
the direction of Vdg,, the previous equality reads

(2) Lot g™ = —26g™.

Consider now the map ¢ : S1x (0, D) — M\ (S1US2) which sends (z, t) to the
point at distance ¢ from z along the flow line of Vdg,. This map is bijective
since every point of M lies on a unique geodesic realizing the distance from
Sy to Sy. Equipping S; x (0, D) with the metric ds?> = dt? + e 29g;, we
obtain that ¢ is an isometry by (2) and the definition of Lie derivative,
concluding the proof. O
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The next lemmas deal with sets minimizing the perimeter in Riemannian
manifolds, and are needed to prove Theorem 3.1. In Euclidean space, the
subject is by now classical, see for instance the monographs [28, 39]. When
the ambient space is not R”, many properties have been obtained in the
more general setting of metric measure spaces. An account of this theory
can be found in [41].

Let (M,g) be a Riemannian manifold, and let £ C M be a Borel set.
Given an open set A C M, the perimeter of F relative to A is defined as

P(E, A) :—inf{likminf/ IV fi| Vol : fi € C(A), fu — xE in Llloc(A)}.
—00 A

The set E C M is said to have locally finite perimeter if P(E, B,(x)) < 400
for all z € M and r > 0. If E has locally finite perimeter, there exists a
unique Radon measure p such that u(A) = P(E, A) if A C M is open. This
measure is denoted P(F,-).

A set of locally finite perimeter E C M is perimeter minimizing in an
open set A C M if, for every F' C M such that FAE CC A, it holds that
P(E,A) < P(F,A). The set E C M is locally perimeter minimizing in A if
for every x € A there exists r, > 0 such that F is perimeter minimizing in
By, ().

If E C M" locally minimizes the perimeter in M, then it admits both
an open and a closed representative, and these have the same topological
boundary, which is a smooth hypersurface outside of a set > C OF of Haus-
dorff dimension at most n — 8. Whenever we refer to the boundary of a
locally perimeter minimizing set, we mean the topological boundary of its
open (or closed) representative.

Lemma 2.3 deals with a minimizing property of boundaries of mean-
convex sets in Riemannian manifolds. It is a standard fact that minimal
hypersurfaces in Riemannian manifolds locally minimize the area (see [35]).
Lemma 2.3 is the analogue of this fact for sets with mean-convex boundary,
and it follows by repeating the argument of [35]. We report the proof for
the sake of completeness.

Lemma 2.3. Let (M",g) be a smooth Riemannian manifold, let E C M
be a smooth open set with mean-convex boundary, and let x € OFE. Then
there exists a ball B centered in x such that, for every E C E' C M with
E'AFE CC B, it holds that P(E,B) < P(E', B).

Proof. Let B be a small ball centered in z. Let C C OF be an (n — 2)-

dimensional submanifold of OF containing x, and let Py : 0F N B — C and

P, : B — OF be the natural nearest point projections. If B is small enough,

these nearest point projections are well defined. Set P := Pyo P, : B — C.
Using the coarea formula we can rewrite the area of 0E N B as

H*1(0E N B) = / / 1/Ja(Po) dH! dH™2(c),
C JBNOE,
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where 0E, := P~'({c}) N OF and J,_2(Psg) is the appropriate coarea fac-
tor. Since P~!({c}) intersects OE orthogonally, we have that J,_2(Pap) =
Jn—2(P) on OE. (while in general we would have J, 2(Pag) < Jn—2(P)).
Hence, we can rewrite

(3) H" Y (OENB) = / length(0E. N B) dH"2(c),

C
where the length of each dE. N B is computed w.r.t. the metric obtained
multiplying the standard metric on {P = ¢} C B by 1/J,,—2(P).

If B is small enough, equipping { P = ¢} with the aforementioned metric,
we obtain a smooth 2-dimensional Riemannian manifold. Moreover, 0F, is
the boundary of EN{P = ¢} in {P = c}.

Since F is mean-convex, (3) together with a first variation argument,
implies that each set E N {P = c} is convex in {P = ¢} with the modified
metric. In particular, modulo restricting B, we have that each 0FE. N B has
minimal length in { P = ¢} among the curves with the same endpoints lying
in{P=c}\E.

Let E' C M be a smooth set such that £ C E' and F'AF CC B.
Denoting 0E. := E' N {P = c}, it holds

H* Y (0F' nU) > / length(9E. N B) dH" 2 (c)
C

> / length(9E. N B) dH"?(¢) = H" 1 (0E N B).
C

In the case when E/ C M is not smooth, the statement follows by an ap-
proximation argument combined with the previous part of the proof. O

The next lemma revisits the classical [40, Lemma 4, Section 11].

Lemma 2.4. Let (M™,g) be a Riemannian manifold with mean-convex dis-
connected boundary OM , and let X1 C OM be a connected component. Then,
one of the following two assertions holds.

(1) One connected component ¥ C OM of OM is minimal, stable, and
it satisfies

H" ™1 (2 N Br(p)) < H*H(8B(p)) + H" (B, (p) N 1)

for every p € M and every r > 0.
(2) There exists an open set E C M such that:
o E minimizes the perimeter in M \ OM.
e OE # 0, 0ENOM =0, and E D 3.
e H""YOENB,(p)) < H" Y 0B,(p))+H"Y(B,.(p)NL1) for every
p € M and every r > 0.

Proof. Set ¥y := OM \ ¥;. Let (M,§) be an enlargement of M beyond
its boundary i.e., an open manifold containing open sets Ey, Es C M with
0FE) = X1, 0Ey = ¥y, and M\ (E1UEy) = M isometrically. Unless otherwise



14 ALESSANDRO CUCINOTTA AND ANDREA MONDINO

specified, in the rest of the proof, all balls and boundaries are taken in M.
Let p € M, and for ¢ € N large enough consider the minimization problem

(4) min{P(E, Bi(p)): E> Ey, ENEy =0, E= Ey in Bi(p) \ Bi_1(p)}.

For every i € N sufficiently large, we denote by E? C M the set realizing
the minimum in the previous minimization problem. Such set exists by the
direct method of calculus of variations. We construct the set £ C M in
several steps. We then show that either E satisfies item 2, or item 1 holds.

Step 1: The sequence E* can be taken to be increasing.

Assume that the partial sequence { E* 5:1 is increasing. We need to show
that B can be chosen so that Bt 5 EL Indeed, let B! be a minimum
of the variational problem (4), and set E‘t! := E'*1 U E!. The set B! is
trivially a competitor for the variational problem (4). Moreover,

P(E"!, Bl (p)) = P(E"' UE', Biia(p))
(5) < P(E", Biyi1(p)) + P(E', Biy1(p)) — P(E"' N E', Biy1(p)).

In addition, P(E', Bi(p)) < P(E""! N E', By(p)), since E'*' N E' is a com-
petitor for E! in (4). Since E' = E' N E' in By \ Bi—1(p), we deduce
P(E', Bi11(p)) < P(E' N E!, By 1(p)). Combining with (5), we obtain

P(E", Bi11(p)) < P(E"™, By ().

This concludes the proof of Step 1.

Step 2: There exists a locally finite covering with balls { B, }o of M C M
such that the sets E* C M minimize the perimeter in each ball B

It is sufficient to show that for every @ € M C M there exists a ball B
of M containing z such that the sets E? are perimeter minimizing in B. If
x € M\ OM, one can take any ball centered in x which does not intersect
OM. So, we consider the case x € M. Since OM is mean-convex, by
Lemma 2.3, there exists a ball B C M centered in x such that for every
M c C ¢ M with CAM cC B, it holds P(M,B) < P(C,B). We show
that each E' is perimeter minimizing in the ball B ¢ M. Let C C M be
such that CAE? CC B. Since E' minimizes the variational problem (4), it
holds

(6) P(E*,B) < P(CN M, B).

By our choice of B, it holds P(M, B) < P(C'UM). Combining with (6), we
deduce

P(E*,B) < P(CNM,B) < P(C,B)+ P(M,B) — P(CUM,B) < P(C, B),

proving our claim.

Hence, up to passing to a subsequence, there exists E C M locally
minimizing the perimeter such that £ — E in L} (M) (see [28, The-
orem 1.19 and Lemma 9.1]). Since each E’ minimizes the perimeter in
Bi_1(p) N (M \ OM) by construction, E also minimizes the perimeter in
M \ M. By construction, it also holds £ D E; and E N Ey = ().
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Step 3: Let U C M be open and bounded. If C C M is such that
E > CDE;,and CAE CC U, then P(E,U) < P(C,U).

The claim follows combining Step 1 and a standard argument (see, for
instance, [21, Proposition 1.3]). We report the argument for the sake of

completeness. Consider C' C M as in the statement of step 3. The sets
C N E* satisty P(E*,U) < P(CNE",U) if i is large enough. Hence,

P(E'UC,U) < P(E',U)+ P(C,U) - P(CNE,U) < P(C,U).

The sets C' U E* converge in L!(U) to E by Step 1. Hence, by lower semi-
continuity, it holds P(E,U) < P(C,U), concluding the proof of Step 3.

Step 4: Denoting by BM and 0™ respectively balls and boundaries in
M (and not in M ), for every r > 0, it holds

HY=L@E 1 BY (p)) < H'1(0M BY (p)) + H*= (B (p) (1 3).
Let U C M be an open set of M containing BM (p). By Step 3, it holds
H Y OENU) = P(E,U) < P((E\ BM(p))U Ey,U)
< H™ YO[B\ BY (p)) U E1] NU).

Taking an infimum over all possible open sets U € M such that U > BM (p),
we have

H" 1 (@E N B (p)) < H"H[(E\ B (p)) U Er] N BY (p)).

Since
O(E\ By (p)) U EA] N BY (p) € 0Y By (p) U,
Step 4 follows.

We now conclude the proof of the lemma. Assume that x € OFE N OM.
We wish to show that in this case item 1 is satisfied. Taking a blow-up of F
in x, we find a perimeter minimizing set E., C R™ which does not intersect
the half-space of R™ whose boundary is given by the blow-up of OM in z.
Hence, Eo, C R™ is a half-space (see [28, Theorem 15.5]). By the regularity
theory, it follows that E is a smooth set in a neighbourhood of z in M.
Since M is mean-convex and JF locally lies on the interior side of M,
by the maximum principle, we infer that 9F = M in a neighbourhood
of x. By a standard argument, it follows that OF contains a connected
component ¥ C M of M. Since E is locally perimeter minimizing in M,
such connected component ¥ C JF has vanishing mean curvature. By Step
3, it follows that X is a stable minimal hypersurface, and by Step 4 it follows
that it satisfies the required volume growth.

Assume now that OFE N OM = (). We wish to show that E satisfies the
conditions in item 2. Indeed, E is locally perimeter minimizing, so that it
has an open representative. By construction, F' minimizes the perimeter in
M\OM. Since E D E; and ENEs = (), the boundary OF in M is nonempty,
and since OE N OM = ) by assumption, we have OM E # () as well. Finally,
the desired volume growth condition follows by Step 4. (|
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3. PROOFS OF THE MAIN RESULTS

We now prove Theorems 1, 2, and 3.1. We recall that a manifold (M, g)
without boundary is said to be parabolic if it has no positive fundamental
solution for the Laplacian. This is equivalent to asking that for every x € M
and r > 0, it holds

inf {/ V6| dVol : ¢ € Lip,(M): ¢ =1 on Br(x)} = 0.
M

If Ricps > 0, parabolicity is equivalent to requiring that

400 t
/1 Vol (B, () 7 = T

for some x € M. For the proofs of these facts, we refer to [29] and the
monograph [36].

Theorem 1. Let 6 € {0,1} and let (M™,g) be a Riemannian manifold,
with Ricpyy > —(n — 1)d. Let Sy be a non-empty connected component of
OM, and let Sy := OM \ S1 be non-empty as well. Assume that Sy is
parabolic, with Ilg, > § and Ricg, > 0, while Hg, > —3§. Then, there exists
[ > 0 such that M is isometric to Sy x [0,1] with the warped product metric
ds? = 6_26t91 + dt?, where g1 is the metric on Si.

Proof. We first introduce some tools. Consider the manifold S; x (0, +00)
equipped with the warped product metric § = €2%g; + dt>. We denote by
Vol the Riemannian volume in S x (0, +00) w.r.t. the metric g and by Volg,
the Riemannian volume on S; w.r.t. the metric g;.

Let dg, {0} be the distance from Sy x {0} in 1 x (0, +0c) and let dg, be
the distance from S; in M. By standard computations (see [44]), it holds

Adg, xqoy = (n —1)d, on S; x (0,+00).

Similarly, the second fundamental form of S; x {0} in S; x (0, +00) satisfies
g, x {0y = —9. Moreover, Ricg, > 0 together with Gauss’ equation implies
that RiCS1><(0,+oo) > —(n —1)6.

Consider the metric space obtained by glueing M and S; x (0, +00) along
the two boundaries isometric to S;. On this metric space, we consider the
distance function from S2 and we denote it by dg,. In particular, this allows
us to define dg, on S7 x (0,400) (seen as a subset of the previously defined
metric space). We now show that the function d := dg, —d S;x {0} 1s constant
on Sy x (0,400). This implies that dg, + dg, is constant on M, so that the
statement follows by Lemma 2.2.

By Lemma 2.1, it holds Adg, < (n — 1)d in distributional sense on S x
(0, 4+00). Hence,

(7)  A(ds, —dg, x01) <0 on S x (0,+00) in distributional sense.
Consider the smooth function V' € C*(S; x (0, +00)) given by V = n’dg,.

We denote by A,d the weighted Laplacian of d w.r.t. V, i.e. the measure
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Ayd := Ad — VV - Vd. Thanks to (7) and the definition of V, it holds
(8) A,d <0 on S x (0,+0c0) in distributional sense.

Let ¢ € Lip.(S1 x [0, +00)) be a positive function. Consider the functions
be € Lip.(S1 x [0,+00)) defined by ¢(z,t) := (1 — e 1t) vV 0. Integrating by
parts, it holds

/ (Vd - Vo) e VdVol
S1 ><(0,+OO)

= / [Vd - V(¢oe)] e dVol + / [Vd - V($(1 — ¢c))] e dVol
SlX(0,+OO) S1><(0,+OO)

- / V- (6V6. + 6.V6)] eV Vol - / o(1— d0) eV dA 4.
SlX(0,+OO) S1><(0,+OO)

Since Vd - V¢, > 0 in S x (0,400), passing to the limit in the previous
equation as € — 0 and taking into account (8), it holds

(9) / (Vd - V) e VdVol > 0.
S1 X(0,+OO)

Let ¢ € Lip.(S1 x [0,4+0c0)) be a positive function, and set v := (1 +d)~L.
We repeat a computation from [52] (see also [36, Lemma 7.1]). By (9), it
holds

0> / [V(%?v) - Vo] e~V dVol
S1x (0,+OO)

=2 / You(Vep - Vo) eV dVol + / Y?|Vu|? e VdVol,
SlX(0,+OO) SlX(0,+OO)
so that
(10) / V2Vl e VdVol <2 / [V - Vol eV dVol.
S1 % (0,400) S1 % (0,400)
By Young’s inequality, we then obtain

2 / [V - Vol eV dVol < L / Y% Vul? eV dVol
S1%(0,4-00) 2 /51 %(0,400)

+8 / IVy|?v% eV dVol,
S1% (0,+OO)

which, combining with (10), gives

/ Y? Vo) e VdVol < 16 / IVy|?v? e~V dVol.
SlX(0,+OO) SlX(0,+OO)
Recalling the definition of v, this reads
2 ’V&P -V 2 -V
(11) —— e dVol <16 |V|* e " dVol.
S1x(0400) (1+4d) 1% (0,400)

Let x € S; and r > 0. Let ¢1 € Lip.(S1) be such that ¢ =1 in B,(z) C S;
and ¢o € Lip,([0,+00) be such that ¢o = 1 in [0,7), both taking values in
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[0,1]. Let ¢ € Lip.(S1 x [0,+00)) be defined by ¥ (y,t) := ¢1(y)pa2(t). We
denote by V'¢; the gradient of ¢; w.r.t. the metric e?’*g; on S; and we
note that Vi, = e %V%,. In particular, it holds

VP (y, 1) < [V961*(y) + 61 (y) (65 (1))
Hence, with this choice of 1, the r.h.s. in (11) is bounded from above by

16 / o e =1}t gy / V201 |% dVolg,
(12) ’ L
+16 [ ¢]dVolg, / |ph|2e " tHOM=DE gt
S1 0
Taking an infimum over all the admissible ¢2 € Lip.(][0,+00)) such that
¢2 =1on [0,r), we deduce

vd)2 teo 0, 12
(13) VeV avol <16 [ etdt [ [V06i [ dVols,.
Br(x)x[o, (1+d) 0 S

Since S is parabolic, taking the infimum of the r.h.s. over all the functions
¢1 € Lip,(S1) such that ¢; = 1 on B,(z) C Si, we deduce |Vd| = 0 on
B,(x) x [0,7]. The constancy of d follows from the arbitrariness of r > 0,
concluding the proof. O

In the previous proof, the weight V' was needed to compensate for the
excessive volume growth of the space S; x (0,+00) equipped with

ds? = e¥'gy + dt*.
In the proof of Theorem 2, we consider Ss X (0,+00) equipped with
ds® = e gy + dt?,

g2 being the metric on So. Hence, the volume growth will be easier to control
even without a weight.

Nevertheless, given f € C*®(Ss), its gradients w.r.t. e 2'gy increases as
t increases. Hence, also in the proof of Theorem 2, a weight is needed, this
time to compensate for the previously described gradient growth.

Theorem 2. Let (M™, g) be a Riemannian manifold, with Ricyy > —(n—1).
Let OM be the disjoint union OM = S1 U So U S3, where each S; is a union
of connected components of OM. Assume that the following hold.

(1) Sy is non-empty with Hg, > 1.

(2) Sz is non-empty, connected, parabolic, with Ilg, > —1, and Ricg, >

0.

(3) S3 has IIg, > —1, and Ricg, > 0.
Then, Ss =0, and there exists | > 0 such that M is isometric to S1 x [0,1]
with the warped product metric ds?> = e~2% g, 4+ dt2, where gy is the metric
on S1.
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Proof. We argue as in Theorem 1. Let
S = 5,US;s.
Consider the manifold S x (0, +00) equipped with the warped product metric
§=egs+dt?

where gg is the metric induced by M on S. By standard computations, the
second fundamental form of S x {0} in S x (0, +00) satisfies Ilg, (0 = 1.
Moreover, since Ricg > 0, Gauss’ equations imply that

Ricsx(0,400) = —(n —1).
In a similar fashion, we denote by go the restriction of gg to S and we
consider Sy x (0, 4+00), which is a connected component of S x (0, +00). We
denote by Vol the Riemannian volume in Sy x (0, +00) w.r.t. the metric g

and by Volg, the Riemannian volume on Sg w.r.t. the metric go. Let d52><{0}
be the distance from Sp x {0} in Sy x (0, +00). It holds

Adg, (0} = —(n—1) on Sy x (0,+00).

Consider the metric space (X,d) obtained by gluing M and S x (0,+00)
along the two boundaries isometric to S. On this metric space, we consider
the distance function from S; and we denote it by dg,. In particular, this
allows us to define dg, on Sy x (0,+00) (seen as a subset of the previously
defined metric space). We first show that the function

d:=ds, —dg,x{0}

is constant on Sy x (0, 400).
By Lemma 2.1, it holds Ads, < —(n — 1) in distributional sense on
Sa % (0,400). Hence,

(14)  A(ds, —dg,xq03) <0 on Sz x (0,+00) in distributional sense.
Consider the smooth function V' € C*(S; x (0,+00)) given by
V =2dg,.

Let ¢ € Lip,(S2 x [0, 4+00)) be a positive function. Arguing as in Theorem 1
(derivation of (9)), one obtains

(15) / (Vd - V¢) e VdVol > 0.
S2%(0,4+00)

If ¢ € Lip.(S2 % [0, +00)) is a positive function, arguing again as in Theorem
1 (derivation of (13)), one has

912
(16) / W2 [Vl s eV dVol < 16 / V|2 e~V dVol.
Syx(0400)  (1+d) S (0,4-00)
Let x € S and r > 0. Let ¢1 € Lip.(S2) be such that ¢ =1 in B,(z) and
¢2 € Lip.([0, +00) be such that ¢o =1 in [0,7), both taking values in [0, 1].
Let ¢ € Lip.(S2 x [0,4+00)) be defined by ¥ (y,t) := ¢1(y)p2(t). We denote
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by Vi¢: the gradient of ¢; w.r.t. the metric e g, on S» and we note that
Vg1 = €'V, In particular, it holds

VY P(y. 1) < e[V 2 (y) + o1 (y) (65 (1))
With this choice of 4, the r.h.s. in (16) is bounded from above by

“+o0o
16/ e~ (n=1t dt/ V20,2 dVolsg,
a7) : e
+16 [ ¢?dVolg, / (¢h)2e~ (=Dt g,
So 0

We now conclude that d is constant on S x (0, +00) as in Theorem 1. Hence,
dg, is constant on Sy with constant value D > 0.

Let now dg, be the distance from Sy in X\ Sz x [0, +00). By Lemma 2.1,
it holds A(ds, +dg,) < 0 in the D-neighbourhood of Sy in X\ Sy X [0, +00).
We claim that the set

C .= {xEX\(SlUSQX [0,+OO)):dSl+d52:D}

is open and closed in X\ (51 U Sz x [0,+00)). Closedness is trivial. Let
p € C'. We show that there exists a neighbourhood of p in X contained in C.
The set C is contained in the D-neighbourhood of Sy, while dg, +dg, > D
on X. Hence, by the maximum principle, dg, +dg, = D in a neighbourhood
of p. Since C' is open and closed in X\ (S1US2 X [0,+00)), it coincides with
X\ (81U S2 x [0, +00)) itself. Hence, S3 = 0, since otherwise dg, +dg, would
attain arbitrarily large values on S3 x (0,+00) C X\ (S1 U Sy x [0, 4+00)).
The conclusion then follows from Lemma 2.2. O

We now turn our attention to Corollary 1. A manifold (M™, g) is said to
have non-negative (n — 2)-Ricci curvature (denoted Ric,—2 > 0) if for every
p € M and every collection of orthonormal vectors {ey, - ,e,—1} C T, M,
it holds

n—2
Z Sec(en_l, 61') Z 0.
=1

The reason why we consider manifolds (M™, g) with Ric,—2 > 0 is the
following: if ¥"~! ¢ M™ is a totally geodesic hypersurface, since Ric,,_5 > 0
on M™, it holds Rics; > 0 on X.

Corollary 1. Let (M",g,p) be a pointed manifold with Ric,—o > 0 and
disconnected mean-convezr boundary. Let 3 C OM be a boundary component
satisfying one of the following conditions.

(1) X is minimal, stable, and parabolic.
dt = oo.

@) 7 w=emmmr e
Then, M =3 x [0,1] isometrically for some 1 > 0.

Proof. We assume (1) first. Since ¥ is minimal, stable, and parabolic, then
it is totally geodesic by the second variation formula of the area. Since M
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has Ric,,_s > 0, we then obtain that Ricy; > 0. Hence, the statement follows
by Theorem 1.

We now assume (2). We apply Lemma 2.4, and we observe that if item 1
of Lemma 2.4 is satisfied, taking into account our volume growth assump-
tion, we find a connected component of M which is minimal, stable, and
parabolic. In this case the conclusion follows by the previous part of the
proof.

Hence, consider the set £ C M provided by item 2 of Lemma 2.4 relative
to ¥. By the assumption (2), it holds

o t
o | weramm

for some p € M. By repeating the proof of [17, Theorem 3.1] (cf. [3, Theorem
2.1]), and using that E minimizes the perimeter in M \ 0M, it follows that
OF is smooth and totally geodesic. Since Ric,,_o > 0, we deduce Ricgg > 0.
Moreover, (18) implies that each connected component of OF is parabolic.
Hence, E is a manifold with boundary, whose boundary is the union of its
topological boundary OFE C M in M, and ¥. By Theorem 1, E = % x [0,]]
isometrically for some [ > 0. Applying the same argument to M \ E, we
obtain the statement. O

We now prove Corollary 2.

Corollary 2. Let § € {0,1}. Let (M", g) be a parabolic manifold with
Ricar > 0 and let M x R be equipped with ds? = e 2%g + dt2. If E C
M x (0,400) is a smooth closed set with connected boundary and outward
mean curvature Hpp > —3§, then E = M X [a,4+00), for some a > 0.
If E C M x (—00,0) is a smooth closed set with connected boundary and
outward mean curvature Hpp > 0, then E = M x (—o0,al, for some a < 0.

Proof. Let E C M x (0,+00) be with outward mean curvature satisfying
Hyg > —6. Consider the manifold

N =M x (0, +00) \ E.

Then, ON = 0E UM x {0}. Since the second fundamental form of M x {0}
in M x (0,+00) is equal to 0, the result follows from Theorem 1. The case
when £ C M x (—o00,0) has outward mean cuvature satisfying Hgp > ¢
follows analogously, applying Theorem 2 instead of Theorem 1. ([l

We now turn our attention to Corollary 3. This result follows from The-
orem 3.1 below, which relates the problem of deciding whether a manifold
with disconnected mean-convex boundary is a product with the following
well studied question:

e Given a manifold (M, g), under which conditions is a stable minimal
hypersurface 3 C M totally geodesic?

Theorem 3.1. Let n < 7 and let (M™,g) be a manifold with non-negative
Ricci curvature and mean-conver disconnected boundary. Assume that any
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properly embedded, two-sided, stable minimal hypersurface ¥ C M is para-
bolic and has Ricy, > 0. Then, (M, g) splits isometrically as ¥ x [0,1], for
some manifold (3,4") and l > 0.

Proof. If one boundary component 3 of M is minimal and stable, then by
assumption it is parabolic and it has Ricy > 0. By the second variation
formula, ¥ is also totally geodesic. Hence, the claim follows by Theorem 1.

If no connected component of M is minimal and stable, we can consider
the set £ C M given by Lemma 2.4 relative to a connected component ¥ of
M. Since n < 7, F is a smooth set. Since E minimizes the perimeter w.r.t.
inner competitors, its boundary OF is a properly embedded, two-sided, sta-
ble minimal hypersurface. By assumption, each connected component of F
is parabolic and it has Ricpp > 0. By Theorem 1, it follows that £ = ¥ x[0,]
isometrically for some I > 0. Applying the same argument to M \ E, we
conclude. O

Remark 3.2 (On previous related results). The idea of using stable mini-
mal hypersurfaces to deduce existence of a product structure in a manifold
is classical, and it has been used, for instance, in [4, 3, 37]. In the aforemen-
tioned results, a key step to prove existence of a product structure is to build
a foliation of stable minimal hypersurfaces in the manifold in question. In
[4, 3], this is possible thanks to a uniform bound on the sectional curvature.
In [37], the existence of such a foliation follows from an assumption on the
fundamental group. Theorem 3.1, being a consequence of Theorem 1, does
not require the construction of such a foliation.

Corollary 3. Let (M3,g) be a Riemannian manifold with non-negative
Ricci curvature and disconnected mean-conver boundary. Then, M = ¥ X
[0,1] isometrically, for some manifold (X,q") and 1 > 0.

Proof. By [47], any properly embedded, two-sided, stable minimal hypersur-
face X C M is totally geodesic, and the Ricci curvature of M in the normal
direction to ¥ vanishes. In particular, 3 has non-negative sectional curva-
ture. Hence, by Bishop-Gromov’s inequality, 3 is parabolic. The statement
then follows by Theorem 3.1. (|

The next corollary is an application of Theorem 3.1 to 4-manifolds with
non-negative 2-Ricci curvature, scalar curvature greater than 1, weakly
bounded geometry and mean-convex disconnected boundary (cf. [24, Theo-
rem 5.2] for the case of non-negative sectional curvature and minimal bound-
ary). We refer to [14, Section 2.2] for the definition of manifolds with weakly
bounded geometry and the relevant background.

Corollary 4. Let (M*,g) be a Riemannian manifold with Ricy > 0, scalar
curvature > 1, and weakly bounded geometry. Let N* C M* be a smooth
submanifold with mean-convex disconnected boundary. Then, N =% x [0,]]
isometrically, for some manifold (X,g") and 1 > 0.
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Proof. By [14], any properly embedded, two-sided, stable minimal hypersur-
face ¥ C N is parabolic and totally geodesic. The statement then follows
by Theorem 3.1. O
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