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ABSTRACT. We consider an energy functional on measures in R?
arising in superconductivity as a limit case of the well-known Ginzburg
Landau functionals. We study its gradient flow with respect to the
Wasserstein metric of probability measures, whose corresponding
time evolutive problem can be seen as a mean field model for the
evolution of vortex densities. Improving the analysis made in [AS],
we obtain a new existence and uniqueness result for the evolution
problem.

1. INTRODUCTION

Let € be a bounded open connected region in R? with smooth bound-
ary, and denote with P(€)) the space of probability measures over ).
We are concerned with the following evolution problem:

d
1 -
o
with the initial datum p(0) = py € P(_ﬁ) N H(Q). We look for a
solution p(t) which is a measure in P(Q) N H~1(Q2). For every ¢ the
velocity field —xoVh, and p are coupled by

2) —Ah,+h,=p inQ
h, =1 on 0f).

Clearly, H~1(92) is the natural ambient space for the problem, so we are
working with measures on (2 in order to treat masses in (2 which vary
during the evolution. Masses on §) are also normalized to 1 without
loss of generality.

Let M, () be the space of nonnegative measures on €2, and consider,
for p € M (), the functionals

A 1
B B = 5u@)+5 [ VB 1F A0

(t) — div(xaVhumut)) =0 in D'((0,+00) x R?)

2

For measures p on § we will write u = i + i, where i = xou and
f = xaqp. Functionals (3), defined in M (Q2), will be understood to
1
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be defined as ®, (1) for u € P(2). So, they depend only on the internal
part of the measures.

It is shown in [AS] that equation (1), with the coupling described by
(2), can be viewed as a gradient flow of functionals (3) with respect to
the structure induced on P(2) by the 2-Wasserstein distance Ws(-, -)
(see Section 2 below). So in [AS] the problem is studied exploiting the
techniques of gradient flows in metric spaces developed in [AGS], and

a global existence result is proved making use of the following, classical

time discretization: given p*, u*! is chosen among the minimizers of
: ("
(4) min O,(v) + W5 (u7, v).
veP(Q) 27

Here 11 = pp and 7 stands for the step of the scheme (see [JKO, AGS)).
In particular, once the sequence of minimizers of the discrete scheme is
found, then a family of measures p(¢) is built as the limit of some subse-
quence of interpolations (it is a generalized minimizing movement, see
[AGS, Chapter 2]). The general theory of gradient flows ensures that
this limit satisfies a continuity equation with a suitable velocity field.
Finally, this velocity field is shown to be the same as in problem (1),
by means of suitable Euler-Lagrange equations associated to problem
(4).

In [AS], thanks the introduction of some “entropies” which are shown
to decrease along the flow, a regularity result is also obtained, that is,
if the initial datum pg is such that 7y € LP(2), p > 4/3, then there
exist a global solution x(t) such that [|zi(¢)]|, is uniformly controlled by
the LP norm of fig.

Finally, in the case p = +00, a short time uniqueness theorem is estab-
lished in [AS, Theorem 3.6]. The argument therein cannot deal with
the presence of mass on 0f2, so that it holds until some mass reaches
the boundary during evolution, preventing the result to be global in
time.

Main theorem. In this paper we study further properties of minimiz-
ers of (4), in order to obtain global uniqueness for measures with L
interior part and complete a well-posedness picture. Our main result,
which will be proven in the last section (see Theorem 4.2), reads as
follows:

let Q2 be convez, g € L>®(Q) and T > 0. Problem (1)-(2) possesses
a unique solution satisfying ||i(t)||.o € L*°(0,T) and, fort € (0,T],

(5)  (Vhuo(a),y—2) > 0 for all (z,y) € supp(ji(t)) x O



UNIQUENESS FOR A MEAN-FIELD MODEL IN SUPERCONDUCTIVITY 3

We stress that we allow p(t) to have a nonzero boundary part.
Concerning the new condition (5), we will show later in Section 3 that
it is a byproduct of our Wasserstein variational approach. In Theorem
3.1 we will indeed prove the analogous property for discrete minimizers
of (4), in the case A = 0.

Notice that, since the domain is supposed to be convex, (5) can be
interpreted as follows: the gradient of ) on the boundary (whenever
some mass is there present) points towards the interior of the domain.
This is in fact reminiscent of the nondecreasing boundary mass con-
dition appearing in [AS, Definition 3.1], which is meaningful since a
gradient flow of ®,, at least for A > 0, is expected to enjoy such a
behavior (see the energy comparison argument in [AS, Section 3]).

Plan of the paper. In Section 2 we briefly discuss the physical rele-
vance of the functionals. We then recall some definitions and already
known properties, also in connection with the Wasserstein structure,
that we introduce. Moreover, we formally show that equation (1) rep-
resents the gradient flow of ®y. In Section 3 we perform our variational
argument, which allows us to obtain the discrete version of (5). In Sec-
tion 4 we prove the existence of solutions satisfying (5) and the main
uniqueness result.

2. THE FUNCTIONALS

The well known Ginzburg-Landau energy functional is

1 2 2 1 2\2
©  HwA) =5 [ [Tal? = bl + (1= P

where 2 C R? is the section of the superconductor, h,., represents the
intensity of an external magnetic field, constant and orthogonal to the
section, A is the potential vector of the magnetic field A induced in the
material (h = V x A and V4 = V —iA), and ¢ is a parameter de-
pending on the material. The function u takes complex values and its
modulus (|u| < 1) accounts for the density of superconducting electron
pairs, so that a value close to 1 indicates a significant presence of the
superconducting phenomenon.

Different behaviors are observed for different values of the applied mag-
netic field intensity h., with respect to the parameter €. Let, as in

[SS1],

. |loge]
A=1
(7) L
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When A\ is finite and positive or zero (in the latter case with a not too
large magnetic field, that is he, < £72), we are in the so called ‘mixed
phase’, characterized by the classical vortex structure.

It is shown in [SS1] (see also [SS2]) that our functional (3), with A as in
(7), is the I'-limit as € — 0 of the Ginzburg Landau functional defined
by (6), and the measure p represents the density of vortices, whereas
h,, is the induced magnetic field. So, this is the physical interest of this
kind of energy functionals.

Inequalities about the functional. Now we introduce some basic
results that will often be useful in the sequel.

Lemma 2.1. For all p,v € M () there hold

8) ) = 5u®) 2 0a0) = 5o + [ (b= 1) dlp =)

and

© 00~ 0200 = (5 = 1) G-+ 5 [ (bt b))
Proof. See Proposition 2.2 and (28) in Proposition 3.1 of [AS]. O

Moreover, we have

Lemma 2.2. For all ju,v € P(Q) there hold

10) ()= () 2 F0) — @) + [ v = p)
and
(10) @)= 0s0) = (5 = 1) (D7) +5 [ (hyh-0).

Proof. These are straightforward consequences of Lemma 2.1, taking
into account that, since the solution of problem (2) does not depend
on the boundary part of p, we have h; = h, and that h,lspo =1. O

The Wasserstein structure. We now recall some definitions about
the Wasserstein structure, which has proved to be an important tool for
studying different evolution problems (see for instance [O1, AGS, VI]).

For p,v € P(Q) let I'(u, v) denote the set of transport plans between
them, i.e. measures v € P(€2 x ) whose first and second marginals are
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respectively p and v. We let P(Q) be endowed with the Wasserstein
distance, defined by

a2 W)= (e |x—y|2dv<x,y>)l/2.

yel(w,v) Jaxa

Here the infimum can be shown to be a minimum, and we let I'g(u, v) be
the class of optimal plans, where this minimum is attained. A transport
plan is a generalization of a transport map from p to v, that is, a map
t such that tyu = v (ie. p(t™'(A)) = v(A), for A Borel). Indeed, to
any transport map t we can associate the transport plan v = (I, t)xu.

Formal gradient flow. Here we relate the functionals (3) to a time
evolutive problem (the Chapman-Rubinstein-Schatzman mean-field model
for superconductors. See [CRS]). We can show that such a problem is
the formal gradient flow of ®; with respect to the Wasserstein struc-
ture, that is, Vh, is the gradient of ®( at ;1 along transport maps. The
Wasserstein (sub)gradient VV®(u) is a vector & € L*(u;R?) defined
by the subdifferential relation

D(spu) — D) > / £ (5— D) dp+ o5 — 1|2

Now consider the functional (3), and by the representation (see [AS,
Proposition 2.1])
(13)

o) = Ol D+ sup § [ 1ydu g [ 19aR 4 a2}

h—1€H}(Q)

being the supremum attained for h = h,, we are led to

Balspin) = 0a(n) = 5 (54l = @) + [ (hy = Dillsp—p0
= 5 (@) = p(@) + [ (ha(s(0))  hylo) e

Since
[ hutste) = @) i [ Tyt (st0) = )

as ||s — 1|2y — 0, if A = 0, the formal Wasserstein gradient of &,
at p (if p = ) is xoVh,. The argument works also with A > 0 if we
consider transports which do not increase the mass on 0f).
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3. VARIATION

Consider the discrete problem

1
(14) min () + = WE(.0).
veP(Q) T

Recalling Proposition 5.4 of [AS], we have

Lemma 3.1. Letp € (1,00], p € P(Q2) with 1 € LP(Y). Then there is
a minimizer p, of problem (14) such that ji, € LP(QY). Moreover, the
L? norm of fi, is uniformly bounded in 7. In particular, if p = co we
have [l < max{L, | loc}-

Now we state the result about minimizers of (14) in the case A = 0.
Mind that, by Lemma 3.1, if 7 € LP(Q2) in (14), a minimizer can be
found with L? interior as well.

Theorem 3.1. Let v = pu, be a minimizer of (14), with A = 0, such
that v € L*(Q). Let Q be convex. Then

(15) (Vhy(z),y =) >0 V(z,y) € supp(¥) x Q.

We need a measure theoretic lemma before proceeding with the proof.
We recall also that, given two measures p and v in M, (R?) with
same mass, if p is absolutely continuous with respect to the Lebesgue
measure £2, then there exists a unique optimal transport plan between
p and v (for which the infimum in (12) is achieved), and such plan is
induced by a transport map (see [AGS, Section 6)).

Lemma 3.2. Let pu,v € P(Q), 0 < L2.Q, with o(Q) = v(09), and let
T be the optimal transport map between o and V.

Then there exist v € To(v, 1), vr € T'(o, 1), where py is the second
marginal of Xp0xa?Y, such that

Wls.n) = W) < [ [ly=S@)P = ly = T@P] drr(ey)

OQxQ

for all S : Qv+ Q, where vg =V + Syo.

Proof. Let us introduce a sequence of auxiliary measures v,,, with equicom-
pact supports contained in R*\Q, such that 7,,(R*\Q) = ¢(Q), 1,, < L2
and v, — v asn — oo. Let T,, be the optimal transport maps between
o and v,. Moreover, let 7, be optimal transport plans between v,, and
i, where v, = U + 1,. As an optimal transport map between abso-
lutely continuous measures, T), is essentially invertible for every n (i.e.
its restriction to the complement of a o-negligible set in €2 is injective,
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see [AGS, Remark 6.2.11]). So we can define

T = (S o Ty DX mara)x@tn + XaxaTn:
v, = (T, I)#X(R?\Q)xﬁ%-

Clearly, 7,, € I'(vg, ) and 7, € I'(0, uy,) for every n, where we intro-
duced p,, as the second marginal of x g2\ g)xg7¥n- S0 with the change of

variables z = T, }(z), for every n we have

n

W2(vs, ) < / ly— oy, =
QxO
_ / g — ePA((S o TN I ) + / ly— Pdy =
(R2\Q)xQ QxQ
- / ly— SG)Pdve(=y) + / ly— Py,
OxN QxN
and
W2 (0, 1) = / - aPdya + / - aPdy =
(R2\Q)x Q2 QxQ
(16) _ / = Tu(o) Py, (2,y) + / 'y - ePdrn.
QAxN QAxN
We get, for every n,
(17)
W2 (s, 1) — W2 (o) < / = S@E = ly = Tu(a)) dur, (.0
X

Now we have to pass to the limit as n — oo. As v, — v, for the
stability property of optimal transport maps, we have that 7,, — T
strongly in L2(€2), 1 < p < oo, where T is the optimal transport map
between ¢ and . Moreover, v, has a weak limit point in P(R? x Q)
which is an optimal plan v € T'g(v, 1) (see [AG, Lemma 3.3]). We will
not relabel the sequence for simplicity.

We can also show that

(18) XaxaTn = Xaxa?-

In fact, let n(z) be a smooth cutoff function approximating ygq, with
n(z) =0 on R?\Q and

/ In(x) — 1]|dv < e.
Q
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Let f € CO(R? x Q), with M = ||f|| finite. Then

/szgf(x’ V)Xo (@ 9)d(yn — ) (2, y) =
= [ s he@ ~ @) + pld - ) <
< / 7f(ZL', y)rr](x)d(f)/n - '7)(13,y)+
R2xQ

+ M R2xQ) |XQ($) - n(x)|d(’}/n —1—7)($,y) -

= /RQ ﬁf(:c,y)n(fff)d(% —7)(z,y) + 2M/Q 11— n(x)|dp <
< /RQ ﬁf(r, y)n(@)d(yn —v)(x,y) + 2Me.

Now the first integral tends to zero, since fn is continuous, and by
arbitrariness of € we get the convergence. Here we used the fact that the
measures Xq.q¥» and Xq.q7y have U as first marginal. In the same way
one can prove that x g2 o)a¥n = X(r2\0)xa?- This implies p, — g,
since fi, := 7% (X(r2\0)xa¥n) Besides, pi, is also the second marginal of
v, , which by tightness has a limit point 7 (again we avoid relabeling
the sequence). The first marginal of vz, is o for every n, and as a
consequence yr € I'(o, 7).

Now consider the first integral in the second member of (17). We have
the weak convergence of vz to yr, and we can pass to the limit even
though the integrand is not continuous. Indeed, reasoning exactly as
in the proof of (18), we can approximate it with continuous functions
(in the Lusin sense) and use the fact that both the first marginal of 7,
and of v are equal to the absolutely continuous measure o.

Finally, consider the last term in (17). We have

/ !y—Tn\zdmz/ Ny =TP+y—T.F = ly—TF] dvyr, <
OxN QxN

< / ly - TPyt
0

x€)

+ K | Tu(x) = T(x)|dvyr, <
Qx)

< / ly— TPdyr, + K / To(z) — T(a)|do,
Q Q

x€)
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with K being a suitable positive constant depending on 2. Now the
second term goes to zero for the strong convergence of T},, and the first
one can be treated as before and shown to converge to

/ Ny = T(x)Pdyr(x,y).
Qx0

We have all what is needed to pass to the limit in (16) and (17) and
obtain

(19)
W2(vs, 1) — WE(w, ) < / = S@F = ly = T@F] dyr(a.)
as desired. 0

We also state a slight generalization of the previous lemma.

Lemma 3.3. Let p,v,0 and T be as in Lemma 3.2. Let S : Q2 — Q,
6 €[0,1] and

vg =0+ Sy(0o) + (1 —0)v.

Then there exist v € To(v, 1), v € I'(0, 1), 1 being the second mar-
ginal of XpaxaY, such that

W2(vs, 1) — WE(w, 1) < 0 / = S@F =~y = T@F) dyre.),

Proof. The case 6 = 0 is trivial. Otherwise, define v,,, v,,, T,,, v, and 7,
as in the proof of Lemma 3.2. Moreover, let v% = U+ Sy (60)+(1—0)v,
and introduce transport plans 7,, € T'(v2, 1) as follows:

Yo =0(SoT,", DX @na)xatn T Xaxatn + (1 — 0) X r2\0)xa¥n-

Then, with the change of variables z = T, ' (x), we have

W2 ) < / ly - 2PdF, =

QxN

=0 [ =S e)+ [y el

X x )

(-0 / ly — 2.
(R2A\Q)xQ

X
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We can rewrite (16) as

W5 (v, 1) =9/

(R2\Q)x 2

w10 [y, -
(R2\Q)x

=9/ |y—Tn(Z)\2d’VTn(z,y)+/ Ny — 2P dy+
Q Q

x€) x€)

ly — x[*dy, + / Ny =zt
QxQ

+(1 —9)/ |y — x*dy,.
(R2\Q)xQ

xQ
This way, it is clear that
W03 0= WE ) <0 [ [ly=S@F = Iy~ Tule)] dom, o)
X

Here we can pass to the limit in n exactly as done for (17), so we refer
to the proof of Lemma 3.2 for concluding. The only element to add is
the lower semicontinuity of W, for treating the first term, so that

Wa(vg, p) < liminf Wa(vg, p)
as vg — Ug. U

Remark 3.1. With minor modifications one can also obtain the same
result for the case

vg =V + Su(00) + (1 = 0)xaV + xoa\aV,

where A is an arc contained in Jf2. In this case we have v € T'y(v, p),
o < L2Q, 0(Q) =v(A), (I,T)yo € To(o, xav). w1 will be a suitable
measure such that p; < ﬂi(xmxﬁfy).

We are now ready for the proof of Theorem 3.1.

Proof of Theorem 3.1. Let 0 < £2.Q have a bounded density, and let

() = (). Let moreover T' be the optimal transport map between
o and v, and

T.=(1—¢e)l+T, €€]0,1].
We introduce the following perturbed measure

ve =0+ Tey(a’o) + (1 — a?)p,

where a = (1 —¢)2.
Now we apply Lemma 3.3, with 7. in the role of S: there exist a
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transport plan v € I'g(v, 1) and a transport plan v € I'(o, p;), where
1 is the second marginal of g, g7, such that
(20)

Wi - Wi <o [ [ly=Ta)f -y~ T@)F] dyr(a.y).

Qx0
Next, we apply (11) to v. and v, and we find

Bo(v2) = Pulv) = ~(7:0) = 2) + 5 [ (b + 1P )

so that
(21)  By(v.) — Bo(v) = —a2B(0Q) + %of /Q (ho, + hy)d(T. 40).

Since v is a minimizer, there holds
1
(I)O(Va) - (I)O(V) + E (WQQ(VEMM) - W22(V7 :u)) 2 07
for all u € P(Q). Substituting (20) e (21) in this inequality, we obtain:

012

5 | TP~ ly - TP dor

(22) — v (090) + %oﬂ /Q (hu, + hy)d(T.y0) > 0.

Since T. = T + (1 —e)(I — T'), we obtain the following expansion (of
the first order centered in € = 1)

ly— To@)P = [y — T(@)? +2( — D)y — T(x), v — T(x)) + oe — 1),

Of course the remainder is uniformly bounded with respect to z € Q.
For treating the second integral in (22), notice that, as v e LYN),
h, € W4(Q), and by Sobolev embedding h, € C*(Q) (since 2 has
smooth boundary). So we can perform the expansion

hy,oT. =h,oT+ (¢ —1)(Vh,oT,T — I)+
(23) + (e —1){((Vh,oTy —Vh,oT), T —1),
for a suitable § € (¢,1). If K = sup,.q|T(z) — z|, the last term
is bounded by K (s — 1) w(|Ty(xz) — T'(z)|), w(d) being the modulus of
continuity of Vh,, which, as § — 0, goes to zero uniformly with respect
to z € Q, since Vh, € C°(Q). So there holds

(24)  hy,oT.=h,0oT+ (e —=1)(Vh,oT, T — 1)+ o(c — 1),
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and the remainder is uniform in z.
Finally, since

(25) hl/g ol = h, o 1. + (hlIE - hy) o Te;
we have to estimate h,, — h,. This quantity is solution of the problem

—Au+u=a*T.4(0) inQ
u=0 on 0.

Hence we can write

(26) sup [ Ay, (2) — hy ()] = o” sup |¢e|,

zeQ z€Q
where . satisfies

—Ap. + . =Ty(o) inQ
v =0 on 0N.

But aT.4(0) converges to 0 in L*(Q), since for ¢ € (0,1) there holds
| det(JT.)| > (1 — €)% and we have

/Q|04T5#(0)|4 = 044/Q (W)ﬂdet(JTM <

<o [l = -7 [ 1ot

This implies the W?24(Q) convergence and the C''(Q2) convergence of
aw: as € — 1. So there exists a constant C' which bounds a¢. uniformly
in z and ¢, and from (26) we get

(27) sup |hy,. (v) — hy(2)] < Ca=C(1 - £)?.

e

Making use of (24) and (27), from (25) we find
(28) hy. oT.,=h,0oT + (e = 1)(Vh,oT, T —I) + o(c — 1),

where the remainder is again uniformly bounded in z.
Now, dividing by o?, we expand to the first order in (22) with respect
to e — 1, and with 7 fixed, to find

— /Q ﬁ<y = T(x),T(x) — x)dyr — v(0Q) + / ho (T(z))do+

T Q

+(1—2) /Q(Vhl,(T(x)), v —T(@))do +o(1— ) > 0.
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As a consequence, since 0(2) = v(092) and h,, = 1 on 0%, upon dividing
by (1 —¢€) we get
1
[ - T@. 1@ - 2+ [ (ThT@), 5 - Ta)do > 0
T Jaxq Q
AsT(z) € supp(V), in the first integral the scalar product is nonpositive
for geometric reasons (we are working with a convex domain). It follows
that

(29) /Q (Vho(T(2)), 2 — T(x))do > 0.

Let A C 92 be an arc such that 7(A) > 0. We point out that, redefining
Ve as U+ T 0 + (1 — &®)xaV + Xoo\aV, with T, = (1 —e)I + T
and 7" now being the optimal transport map between an absolutely
continuous o and x4V, this proof works in the same way. Indeed, in
view of Remark 3.1, inequality (20) still holds for some v7 € I'(o, 1),
where y1; < 7% (Xa0.a7)- So we obtain (29) with T'(z) taking values in
supp(7) N A. Now, suppose by contradiction that

(Vh,(2),5—2) <0

for some (z,7) € supp(?) x Q. Then, recalling that Vh, € C°(Q),
there exist an arc I C 92 containing z and a neighborhood @ of § such
that the same inequality holds whenever (z,y) € I X Q. Because of the
arbitrariness of A and o, we can choose o supported in Q2NQ and A C I.
Since T transports o to x4V, this implies (Vh,(T(x)),z — T'(z)) < 0
for all € supp(o), against (29). O

4. UNIQUENESS OF THE GRADIENT FLOW

We now consider the problem of uniqueness of solutions for (1)-(2) in
the case of measures with L* internal part. Taking into account the
result of Theorem 3.1, we focus on the following class of solutions.

Definition 4.1 (Regular gradient flow). Let T' > 0. A solution of
problem (1)-(2) is a regular gradient flow if
i) ln(t)llo € L(0,T), _
i) (Vhyw(x),y —x) > 0 for all (x,y) € supp(p(t)) x Q and t €
(0,7].

Remark 4.1. Condition ) is related, as already noticed in the intro-
duction, to the one appearing in [AS, Definition 3.1], that is, ¢ — f(t)
is nondecreasing as a measure valued map. In fact, if the negative gra-
dient at the boundary (that is the limit of velocities in ) is directed
towards the exterior of the domain, we expect that no mass can move
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from 02 to 2 during the evolution. Such a behavior was argued in
[AS] in the case A > 0 by means of direct energy arguments, which do
not extend for A = 0. Actually, condition %), obtained in Theorem 3.1
only for A = 0, will allow us to obtain a stronger uniqueness result.

Theorem 4.1 (Construction of a regular gradient flow). Let

be convex. Let ug € P(Y), with g € L>®(2). Then there exists a
solution to problem (1)-(2) which is a reqular gradient flow.

Proof. Let 2 := pg. We find p*+1 solving (4) with A = 0 recursively.
We then define

(30) ir(t) = W5 te (b, (k4 1))
and for 7 | 0 we can find limit points, that is, we can find sequences
T, | 0 such that in the sense of measures

(31) lim fir (£) = p(t) V> 0.

So, there exists a solution constructed in this way (see [AS, Section
6] for more details). Thanks to Lemma 3.1, the interior parts of all
the discrete minimizers will belong to L*. Letting T > 0, and passing
to the limit in 7, we will have fi(t) € L*((0,7); L>(2)). Moreover,
after Theorem 3.1, the discrete minimizers can also be chosen to satisfy
(15), which, passing again to the limit in 7, becomes condition i) of
Definition 4.1. In fact, as a consequence of (31), hz, ) — huw in
C*(Q) for every t € [0, T]. In conclusion, there exists a regular gradient
flow as in such definition. O

The next inequality prepares the proof of the uniqueness theorem.

Lemma 4.1. Let u,v € P(Q), with [i,v € L=(Q) and W2 (u,v) < e3.
Then there holds

Dy(v) — Ba(p) > S(0(D) — ()

(32) T / ) (Vha(2),y — 2)dy (2, ) — (W21 0),
(2xQ)\(092%x00)

where w(t) = Kt|logt|, K being a suitable nonnegative constant de-
pending only on Q, ||V]|s and ||fi|oo-

Proof. We shall estimate the last term of inequality (10). For all v €
LCo(u, v) we have

[ -w=[ () - hle)dr(e)
Q (I Q)\ (902x00)



UNIQUENESS FOR A MEAN-FIELD MODEL IN SUPERCONDUCTIVITY 15

and a Taylor expansion (with remainder in integral form) yields
) [ v = [ (Vhule). y — 2y (z,y)
Ox0)\(992x09)
=k /. (V{1 = 0)2 -+ 89)y — ), — )y, )6,
OxQ)\(092x09)

In order to treat the remainder, we split it in two terms:

1 [t )
3 L o Tl = 0 5000 = ),y — )l o ) <
<5 || KO = 0+ )y ).y = )i (o g)o+
%/0 /QXQKV%((l — Oz + 0y)(y — x),y — x)|dy(z, y)do.

Furst term:
the measure X, 7 is a transport plan between [ and o, for a suitable
01 < v, then it is induced by a transport map 7'. Let

Ty=(1—0)+0T, pp=Tyull.
It follows that
/ 1 | 9,1 = 6)a+ Oy = ).y = ) (o) =
= [ [T T0) = ). o) — i) =
= [ [ ARt~ T @) = T ) o)t <

/Qz/rw e — Ty (@) Pdjao ()6 <

< / L ([onran) ([ 11w i)

where p > 1 and p’ are conjugate exponents. Let o and gy be the
densities of 1 and g respectively. The change of variables formula
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gives

[ 1oh e = [ 19, osdc? <
Q Q

1/2 1/2
< ([romract) ([ lakac) <
Q Q
1/2 0 2 1/2
< V2h 2pd£2) / (—) det(JTy)|dL? <
—(/Q' g o \[aatrzyp) 141 -
1/2 dr? 1/2
cur( [ty ([ 42 )"
. </' 2 o TaL(TTy)]

But for § € (0,1), there holds |det(J((1 — 6)I + 6T))| > (1 — ),
yielding

- 2y 1/2 AL 1/2
V2R |Pdpg < M ([ |V2h,|dL ) <

< M|V byl |22 (1 = 0)7

L2p

On the other hand
ST =T P g = [ 11T P T <
Q Q
< (@) [ |11, P =
Q
= (diamQ)*¥'~Vp? / T — I*dp =
Q

= 0%(diamQ)?® VW2 (p, v).

Substituting in (34), we get

1

L 1 = 002+ )y = ). = )i ) <
0 X
<MMPIQM ) (diam Q)2 D T2 | vy W3 (1, 1)

1

1 _ /

/ 7(1=0) rg2/¥ qp.
0

Now, for p sufficiently large (for example p > 3), the integral in the

last term is finite and uniformly bounded in p. Moreover by elliptic

regularity we have || V2h,||120(q) < ¢p|u]|o, so that
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/0 /Q Q|<V2hu((1—9)$+0y)(y—x),y—x>|dv(x,y)d9Sprﬁ/p'(u, V).

As done by Yudovitch in the study of Euler equations in two dimensions
(see [YU1, YU2]), we minimize in p and, since W3 (u,v) < e, we find

min pW5'" (1 v) = W (1, v) log (W3 (1 v).
This is the desired logarithmic bound.

Second term:

it can be treated in the same way: for example we can consider xq, o7 €
['(09,V), where o9 is a suitable measure with oo < . Now there exists
a transport map s such that s = 0y. Letting sg = (1 — 6)s+ 01, we
get

L[ 1= 0+ 80y = ). = o)l (o) <

1 1 ) )
= /0 (1—6)2 /Q [V2h||sy" — I| d(seuD)d.

The calculation is now analogous, taking into account that | det(Jsq)| >
0% and that [, |1 — s]?dv < W3 (u,v).

Thanks to the logarithmic bound on the remainder of (33), from (10)
we obtain (32).

O

Eventually, we are going to state and prove our main result. The
procedure is analogous to the one of [AS, Theorem 3.2, but here we
can show that uniqueness holds also if some mass is present on the
boundary of €2 during the evolution. Even if the initial datum is not
supported in €2, this guarantees a global uniqueness result.

Theorem 4.2 (Uniqueness of the regular gradient flow). Let 2
be convex. Let u', u* be solutions of (1)-(2) satisfying the conditions
of Definition 4.1. Then p'(0) = p?(0) implies p'(t) = p2(t) for all
t 0,77

Proof. Let p(t) be a regular gradient flow as in Definition 4.1 (it is
coupled with the velocity field —Vh,u)xa), 7 € Fo(p(t),v) and v €
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P(2). Applying (32) we find

20 - (@)

s () — adueg) — V(D). )
(2xQ)\(02%x00Q)

Dx(v) — Oa(u(t) =

whenever W (u(t),v) < e 3. Since u(t) satisfies the continuity equa-
tion, for almost every ¢ there holds (see [AGS, Theorem 8.4.7])

50 = [ (@ Ty (a).y - aldr(a.n)

Substituting in the previous relation we get (for W3 (u(t),v) < e™®)

S WR (). v) < @u(v) — Ba(u(t) — () ~ A1)
o WH0.0) = [ (Tho(@).y = 2)dy(an)

On supp(fi(t)), Vh,e) points towards the interior of the convex domain,
then the last term is non positive, and so, for W3 (u(t),v) < e™3,

L9 2 u(t), v) < Bx(w) — Ba(u(t)) — %(?(Q) — p(t)()

(35) +w(W3 (u(t), v)).

Applying (35) first to u = p'(t), with v = p2(s), and then reversing
the roles of p! and p?, we can sum the corresponding inequalities as
done in [AS, Theorem 3.2] (for a rigorous argument, see [AGS, Lemma
4.3.4]) and we get

LW 0. 120)) < W3 0).42(0)

for almost every ¢ such that W3(u'(t), 1%(t)) < e~®. Now we make use
of the logarithmic bound, that yields fol 1/w(s)ds = co. So Gronwall’s
lemma entails p'(t) = p2(t) for all t € [0, T7. O
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