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ABSTRACT. We prove a two-sided estimate on the sharp LP Poincaré constant of a general open
set, in terms of a capacitary variant of its inradius. This extends a result by Maz’ya and Shubin,
originally devised for the case p = 2, in the subconformal regime. We cover the whole range of
p, by allowing in particular the extremal cases p = 1 (Cheeger’s constant) and p = N (conformal
case), as well. We also discuss the more general case of the sharp Poincaré-Sobolev embedding
constants and get an analogous result. Finally, we present a brief discussion on the superconformal
case, as well as some examples and counter-examples.
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1. INTRODUCTION

1.1. Balls VS. Poincaré. To start with, let us introduce the following two quantities

A(Q) = inf VolP de : iy =14,
o= it Ve ds s ol =1}

and
rq = sup {7‘ > 0 : there exists a ball B,.(z¢) C Q},

which are associated to an open set Q@ C RY. Here the exponent p is between 1 and oo, while the
dimension N will always be larger than or equal to 2. The symbol C§°(Q?) indicates the space of
infinitely differentiable functions, whose support is a compact subset of €.
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The constant A,(£2) is the sharp L? Poincaré constant for functions “vanishing at the boundary”
of Q. It may happen that this constant is zero: accordingly, the set ) does not support such an
inequality. This occurs for example whenever {2 contains balls of arbitrarily large radius. This fact
can be made “quantitative” through the following upper bound

1 p
() M) < 80 ()

rQ
where B; = {z € RY : |z| < 1}. We thus obtain a first connection between these two quantities.
We also know that for p > N, it is possible to prove the lower bound

P
(1.2) M) = Oy ()

rQ
as well. This is again valid for every open set QO C RY, see [26, Theorem 1.4.1], [28, Theorem 1.1]
and more recently [5, Theorem 4.5] and [9, Theorem 5.4].

On the contrary, when 1 < p < N it is no more possible to bound A,(2) from below in terms of
rq. There is a problem of “removability” in this case. In other words, the inradius rg is affected
by the removal of single points from 2, while the latter are “invisible” sets for A,(£2), in the range
1 < p < N. The typical counterexample to the lower bound is then given by R \ Z". Imposing
to functions to vanish in an arbitrarily small neighborhood of the points of a lattice is not enough
to get a LP Poincaré inequality, when 1 < p < N.

In more precise words, in general the quantity A,(€2) is not affected by the removal of compact
subsets ¥ C Q such that their p— capacity relative to a ball Br(xo)

cap,(%; Br(wo)) = inf / [VolPde : ¢ >1on X, Y € Br(xo),
»€C§°(Br(20)) | JBg(zo)

is zero (see for example [15, Chapter 2] or [22, Chapter 2] for more details on p—capacity).

To restore the situation, without imposing any additional condition on the open sets, a natural idea
would be that of replacing the inradius ro with a “relaxed” version, which allows the balls to be
contained in €2 only in a “capacitary sense”. Thus, a first naive attempt would be that of replacing
the usual inradius rq with the following capacitary variant

(1.3) Rq = sup {r >0 : Jzo € RY such that cap,, (Br(xo) \ & Bzr(l“o)) = 0}.

Observe that it is necessary to use the concept of relative capacity, in order to include in the
discussion the conformal case p = N, as well (we refer to [15, Chapter 1, page 5] for the terminology
“conformal case”). Indeed, we recall that for every compact set X C R¥ its absolute N—capacity,
defined by
capy(X) := @ec*igriféRN) {/RN VoV dx : ¢ >1on Z},

is always zero, due to the scale invariance of the N—Dirichlet integral (see [22, pages 148-149]).
We point out that the will of including the case p = IV in the discussion is not a mere technicality:
indeed, for p = 2 the quantity A,(€2) coincides with the bottom of the spectrum of the Dirichlet-
Laplacian on 2 (see [4, Chapter 10, Section 1.1]). Thus, the case p = N = 2 is important in Spectral
Theory.

However, even by using the inradius defined by (1.3), one could show that a lower bound on A,(£2)
is not possible, without any further assumption on the open set 2. We refer to Example A.1 below
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FIGURE 1. Contoured by the bold line, the set B,.(x¢) \ Q. For v small enough, its
p—capacity is smaller than ~ times the capacity of the whole ball (the smaller one,
in dashed line). Accordingly, this radius r is a feasible competitor in the definition
of the capacitary inradius. The largest ball in dashed line corresponds to the “box”
By, (xg) which is used to compute the relative capacity.

for a counter-example. The main problem in the definition (1.3) is the lack of some “uniformity”
in the portion of complement RY \ ) that this capacitary variant of the inradius can detect.

In order to circumvent this problem, in [24] Maz’ya and Shubin proposed to work with the
concept of negligible set (in the sense of Molchanov), for a fixed parameter 0 < v < 1 (see also [22,
Chapter 18, Section 7]). This leads us to the following

Definition 1.1. Let 1 < p < oo and 0 < 7y < 1, we say that a compact set ¥ C B, (zo) is
(p, v)—negligible if

cap, (% Bar(w0)) < 7 cap, (Br(20); Bar(0))
Accordingly, we consider the capacitary inradius of 2, defined as follows®
(1.4) R, () :=sup {r >0 : 3xg € RY such that B,(z0) \ Qis (p, 'y)—negligible}.
see Figure 1. From its definition, we can immediately record the following two properties

rao < R, ,(Q), for every 0 < v < 1, and v+ Ry () is monotone non-decreasing.

Remark 1.2. The analysis of the paper [24] was confined to the case p = 2. Moreover, the definition
of capacitary inradius there contained is slightly different from ours (1.4), since the authors use the
absolute capacity

- 3 2 .
capy(X) = <pecl(;2f(RN) {/RN [Vo|“dz : ¢ > 1 on E}.

Accordingly, their definition of capacitary inradius is the following

TQ,y 1= SUp {T >0 : Jz¢ € RY such that cap, <BT(SC0) \ Q) < v cap, (Br(x0)> }

L For sake of simplicity, we prefer to simply call it capacitary inradius, rather than (p,y)—capacitary inradius or
something similar.
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For this reason, the case p = N = 2 is not explicitly treated in [24]: the 2—capacity entering in this
definition is always zero, as previously observed. We will come back on a comparison between our
results and those of [24] in a while.

1.2. Results of the paper. The following two-sided estimate is the main result of the paper. This
can be seen as an extension of [24, Theorem 1.1], to the case p # 2. We refer to Remarks 4.3 and
5.2 below for a comment on the constants oy, and Cy .

Main Theorem. Let 1 <p < N,0<~y <1 andlet Q C RN be an open set. Then we have

1 p 0 1 p
- < < -
TN (Rp,m)) <X < Onpy (Rp,m)) ’

with the constant Cn p .~ which diverges to 400, as v goes to 1. In particular, we have
Ap(£2) >0 = R, (Q) < 400,
and the last condition does not depend on 0 < vy < 1.

As in [24], the proof of this result is constructive and thus the constants oy, and Cy p ., are
computable, in principle. However, since they are very likely not sharp and their explicit expression
is not particularly pleasant, we prefer to avoid writing them in the statement above.

Before going further, we wish to highlight a couple of consequences of our main result: the first
one is a simple rewriting of the statement, in the case p = 1. Indeed, we recall that for p = 1, the
quantity A,(€2) actually coincides with the so-called Cheeger constant of 2, defined by

N-1 OF
h(2) = inf {HE(|) : F € Q open set with smooth boundary} ,

see for example [22, Theorem 2.3.1] for a proof of this fact. We refer to [19] and [25] for an
introduction to the Cheeger constant and the interesting problems connected with it.
We get the following two-sided estimate, which deserves to be explicitly written.

Corollary 1. Let 0 <y < 1 and let @ C RN be an open set. Then we have

1 1
TN @) =M SO oy

with the constant Cy 1~ which diverges to +00, as v goes to 1. In particular, we have
h(2) >0 = R1 4(Q) < 400,
and the last condition does not depend on 0 <y < 1.

A second consequence concerns the so-called p—torsion function of an open set €). This function,
denoted by wgq, is informally defined as the solution of

—Aywg =1, in €,

with homogeneous Dirichlet boundary conditions on 0f2. For the precise definition in the case of a
general open set, we refer to [11, Section 2], for example. The importance of this function in the
context of the theory of Sobolev spaces is encoded in the following equivalence

Ap(2) >0 = wq € L™ (Q).
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Actually, this equivalence can be made “quantitative”. Indeed, from [11, Theorem 1.3] and [3,
Theorem 9], we know that
—1
(L5) 1< A(Q) ol ) < Div,.

We also refer to [12, Proposition 6] and [18, Lemma 4.1] for the leftmost estimate, in the case of
smooth bounded domains.
By joining this two-sided estimate with that of the Main Theorem, we get the following

Corollary 2. Let 1 <p < N, 0<~vy <1 and let Q CRY be an open set. Then we have

1\ 7 Dy, \ 7" =
< oo < :
(o) (Ron@) ™ < uallmiey < (22 ) 77 (Ryol) ™

where on p and Cy p, , are the same constants as in the Main Theorem.

Remark 1.3. For completeness, let us discuss the counterpart of the previous result, with the
classical inradius rq in place of R, ~(£2). The lower bound holds for every open set. Indeed, by the
comparison principle for the p—Laplacian, for every ball B,.(zp) C Q we have

p—1 1 ( _p_ L)
wolr) > w xr)=—— ro-1 — | — ol 7-1
Q( )— Br(ﬂio)( ) D Np%l ‘ 0| n
By passing to the essential supremum and using the arbitrariness of the ball, we obtain the sharp
lower bound

p—l 1 451
Jwalli@ 2 =~ (ra)
p—1

The upper bound on the contrary is not always true, unless some restrictions are imposed on the
open sets. Once again, removability issues can be held responsible for the failure. It is known to
be true for convex sets and for planar multiply connected sets, for example. In the first case, this is
contained in [13, Theorem 1.2] (see also [10, Corollary 5.3]). In the second case, it can be obtained
by combining the rightmost inequality in (1.5), with the lower bound on A,(f2) given by [5, Theorem
3.4]. The special case p = 2 for an open simply connected subset of the plane was contained in [2,
Corollary 1, equation (0.6)].

1.3. Some comments on the main result. We fairly admit that the present paper is very much
inspired to [24]. Indeed, it was our original intention to expand the analysis of [24], shed some
light on the methods therein used and extend the results to the general case of the LP Poincaré
inequality (and more generally to L? — LP Poincaré-Sobolev inequalities, see Section 6).

We remark at first that a two-sided estimate like that of our Main Theorem, still valid for every
1 <p < N, was already contained in the old version of Maz’ya’s book [23]: with a brave and careful
inspection, one could trace it back to [23, Theorem 11.4.1] (this is [22, Theorem 15.4.1] in the new
version). To be more precise, the latter is concerned with a slight variant of the capacitary inradius
R, () introduced above, defined by replacing balls with cubes?. Apart for the use of cubes in
place of balls, the key point which marks the big difference with both [24, Theorem 1.1] and our

2In the notation and terminology of [23, Theorem 11.4.1] and [22, Theorem 15.4.1], this is the quantity D, 1(Q)
with | = 1, called (p,l)—inner diameter (see [23, Definition 10.2.2] or [22, Definition 14.2.2], by taking Q4 = R™,
with the notation there). In the aforementioned result, the author proved that

Dp1(92) $C S Dp,1(9),

where the constant C in [22, 23] coincides with (\p(Q))~/?, in our notation.
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result, is that [23, Theorem 11.4.1] is proved under a restriction on the negligibility parameter . In
other words, for the arguments used in [22, 23] it is needed that

O<’7§/YN,"D<17

with v, explicit and exponentially decaying to 0, as N goes to oo (see [23, equation (10.1.2)] or
[22, equation (14.1.2)]).

Maz’ya and Shubin in their paper [24] dropped this restriction, at least in the quadratic case
p = 2. Our main result then permits to overcome this limitation on v for the whole range of p, as
well. Moreover, at the same price, we can get the same type of two-sided estimate for the quantities

Apg(Q) := inf {/Q (VulP dz = [Jul|], o) = 1},

PeCF(Q)

for every subcritical exponent g > p.

Indeed, the main interest of both [24, Theorem 1.1] and our Main Theorem lies in the fact that
the results hold for every 0 < v < 1. This is quite remarkable, since as v gets closer and closer to
1, a ball which is (p,y)—negligible intersects a bigger portion of the complement of 2. This means
that R, -(€) keeps less and less memory of the set Q: nevertheless, as far as v < 1, it carries an
information which is still enough to assure the validity of the LP Poincaré inequality (and even of
the L? — LP Poincaré-Sobolev inequalities).

Even if we follow quite closely [24], this does not mean that the proof of the Main Theorem is
just a straightforward transposition of that of [24, Theorem 1.1]. For example, in the proof of the
upper bound, Maz’ya and Shubin rely very much on the representation formula for the capacitary
potential, i.e. the function attaining the minimum value

cap, (BT(aco) \ Bgr(m0)> .

Such a potential can be expressed in terms of the fundamental solution of the Laplacian (more
precisely, in terms of the Green function, at least in our case which uses the relative capacity).
It is probably superfluous to mention that using such a representation formula is not possible for
p # 2, due to the nonlinearity of the relevant equation. Whenever possible, we also tried to simplify
certain technical points of the original paper and add some explanations.

We now wish to make some comments on the proofs.

e Lower bound: we proceed quite similarly to Maz’ya and Shubin. The key point is the use
of a Maz’ya-Poincaré inequality for functions in a cube or a ball, vanishing on a Dirichlet
region with positive capacity (the prototype of this type of results is [22, Theorem 14.1.2]).
We partially amend this strategy, by using a variant of such an inequality for functions on
cubes, but with the capacity of the Dirichlet region computed with respect to a ball (this is
a sort of “mixed” strategy, taken from our recent paper [5]). This permits to get the result
by a tiling argument with cubes, rather than by a covering argument with balls as in [24].
This simplifies the argument, to a certain extent (it is not necessary to take into account
the dimensional-dependent multiplicity factor of the covering). This gives a constant which
is quantitatively rougher than that of [24], but it is qualitatively comparable in terms of ~,
i.e. our lower bound still decays to 0 linearly with v (compare it with [24, equation (3.19)]).

e Upper bound: this is the point that requires greater care, in order to allow the parameter
7 to be arbitrarily close to 1. Here as well we follow Maz’ya and Shubin, but as remarked
above a nonlinear approach is now needed to get (or to judiciously estimate) the sharp
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constant in a subtle L' — LP Poincaré-type inequality, for p # 2. Even if we are not able
to get the explicit expression for the extremals of this inequality, by suitably using some
integral identities we can determine the optimal constant. The expression of such a constant
is a bit involved and difficult to handle: nevertheless, by using a monotonicity property of
the relative p—capacity of balls, which can be seen as a weaker version of Grétzsch’s lemma
(see Lemma 2.4 and Remark 2.5), we can finally get an estimate of the sharp constant
which is handy and good enough for our purposes. All this part is the content of Section 3.

At a technical level, we also avoid the delicate approximation argument used in [24],
to replace B,(xg) \ Q (which may be very rough) with a smoother set. This is needed in
[24] to work with a capacitary potential which is sufficiently smooth and to exploit the
fact that this is harmonic. Here, on the contrary, we work directly with B, (xq) \ 2 and
show that, in place of a capacitary potential of this set, it is sufficient to take any “almost”
minimizer of the relative p—capacity (and by density, this can be taken as smooth as we
wish). Thus, we can be dispensed with the use of the PDE and simply use the minimality
(or almost minimality) property of the function. This simplifies the argument, at the price
of a slight quantitative worsening of the constant. This is not a big deal, since in any case
the constants involved in the two-sided estimate are not sharp, both in [24] and in our
paper. On the contrary, at a qualitative level, our final estimate in terms of v is as good as
that of Maz’ya and Shubin (see Remark 5.2 and compare with [24, equation (4.16)]).

Remark 1.4. After the completion of this paper, Vladimir Bobkov informed us of some recent
related results by A.-K. Gallagher, see [16, 17]. In these papers, the author introduces an alternative
notion of capacitary inradius, slightly different from the one used here and in [24], and characterizes
the validity of the LP Poincaré inequality (for 1 < p < o00) in terms of the finiteness of such a
capacitary inradius.

1.4. Plan of the paper. The main notation and basic definitions are settled in Section 2. In
particular, we recall some basic properties of the capacity of balls and prove a “quantified” mono-
tonicity property of this capacity, as a function of the radius (see Lemma 2.4). In Section 3, we
obtain an explicit sharp L! — LP Poincaré-type constant on balls (see Proposition 3.2): as previ-
ously explained, this will be a key ingredient in the proof of the upper bound of the Main Theorem.
Incidentally, as a byproduct of our analysis, we obtain the explicit value of a curious Cheeger-type
constant for a ball (see Corollary 3.4 and Remark 3.5). We then enter into the core of the paper
with Section 4: by using a tiling argument in combination with a Maz’ya-Poincaré-type inequality,
we derive the lower bound of our Main Theorem. The proof of the upper bound can be found in
the subsequent Section 5. Particular attention is given to the quality of the constants involved in
both estimates. Section 6 is devoted to the extension of the Main Theorem to the case of general
Poincaré-Sobolev embedding constants. In Section 7 we discuss the superconformal case p > N and
exhibit a sharp condition on + for having R, ,(2) = rq. The paper is complemented by Appendix
A, containing some counter-examples aimed at clarifying some subtle aspects of the limit cases
~v=0and v /1, as well as to complete the discussion of Section 6 for the case ¢ < p.
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2. PRELIMINARIES

2.1. Notation and basic definitions. We will use the usual standard notations for N —dimensional
balls and cubes, that is

BR(xo)z{:EERN sz — o] <R}, for zp € RN, R >0,

and
N

Qr(zg) = H(xf) — R,z{ + R), for zo = (z,...,20") e RN, R>0.
i=1
When the center xg coincides with the origin, we will simply write B and Qg, respectively. In
both cases, we will call R the radius of the ball or of the cube, respectively.
For 1 < p < oo and for an open set E C RY we will denote by W!?(E) the standard Sobolev
space

WiP(E) = {u € LP(E) : Vue LP(E;RN)},
endowed with its natural norm
ullwaemy = lullee) + 1VullLe ), for every u € W'P(E).
The symbol W, (Q) will denote the closure of C§°(Q) in WhP(Q).

Definition 2.1. Let 1 < p < oo, for every E C RY open set and every ¥ C E compact set, we
define the p—-capacity of ¥ relative to E through the following minimization problem

cap,(X; F) =  inf VolPde : o >1onX,.
p,(%; E) ¢603°(E){/E'| | = }

Remark 2.2. By using standard approximation methods, it is not difficult to see that the infi-
mum above does not change, if we replace C§°(E) by the space of Lipschitz functions, compactly
supported in E. We indicate this space by Lip,(E). We observe that, for every ¢ € Lip,(E) with
@ > 1 on X, the new function

¢ :=min{|ep], 1},
still belongs to Lipy(E) and is such that

/ IVolP dx < / |Vl? du, 0<3<1 and @=1onXx.
E E
This shows that we also have the following equivalent characterization

(2.1) cap,(X; E) =  inf {/ [VplPde : 0< ¢ <1, p=1o0n Z}.
p€Lipy(E) (JE
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2.2. Capacity of balls. For N > 2, we recall the expression for the p—capacity of a ball relative
to a concentric ball (see [22, page 148]). Due to translation invariance, we can suppose that all the
balls are centered at the origin. We have to distinguish the cases p = 1, p € (1, N) U (N, 0) or
p = N. For every 0 < r < R, this is given by

(2.2) cap, (B,;Bg) = Nwy ™71,
— N —plP™t NP
(2.3) cap, (Br; Br) = Nwy p—lp T if pe (1, N)U (N, o0),
A=
’1 (%)
and
- R\\ LN
(2.4) capy (Br; Br) = Nwy <log (r>) .

We observe in particular that
Jim cap, (B,; Br) =0,

for 1 <p < N. For p > N, we can even take the limit as r goes to 0 and get

p—N

p—1

p—1
(2.5) cap, ({0}; Br) = N wy ( ) RN-P if p> N.

Remark 2.3. We observe in particular that we have the following scaling relations
cap, (Br: Br) = r " cap, (B; Bry») if 1 <p< oo,

The following technical result will be useful. It is a sort of “quantified” monotonicity inequality
for the relative p—capacity of balls, with a geometric remainder term.

Lemma 2.4. Let N >2 and 1 <p < N, for every 0 < r; < re < R we have

|Bro \ Bri| 1 T 1
(HN_l(aBrz))”%1 Capp(BT’z;BR) B Ca‘pp(BT’l;BR)

Proof. The proof is just based on writing explicitly all the involved quantities and then using a
convexity inequality. We start from the case 1 < p < N: by using (2.3), the claimed inequality is
equivalent to

L p-1 1‘(%)&{
(Nwy)7T <N—p> <Q>ﬁif R
R

T2\ p—1
1 (p—l)l(R) - 1 L, (rl)N
T (Nwy)et \N-p (rj)% R  N(Nwy)7T ot 79 '

R

—_

Z

V

3The reader should keep in mind that in [22] the constant wy stands for the perimeter of Bi(0), rather than for
its volume. This explains the apparent difference with the formulas here given.
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In turn, this is equivalent to the following inequality
ey 22 roN =2
1 p—1 2 p—1 N—p
- (%) - (%) N-p (R\" "
N—p Z N—p + —_ 11— = )
(E)ﬁ (g)ﬁ N(p—1) \r r2
R R

which is the same as

)7 =) s ()7 (- ())

This can be further rewritten as follows

e ()G (B R ()

We now introduce the following notation

t(R)N S(R)N oo N-p o
1 ’ T2 ’ N(p—l) ’

In light of this notation, the above inequality (2.6) can be written as
t* > a2 — (a—1)s7! ;
By multiplying both sides by the positive number ¢, the latter is equivalent to
y ymg Y
t* > as* Mt — (a—1)s%,
that is
t* > 5% 4 as* (L —s).

We finally observe that this last inequality holds true for every ¢, s > 0, since this is nothing but the
“above tangent” property of the convex function 7 — 7% (recall that o > 1, by definition). This
concludes the proof for the case 1 <p < N.

For the case p = N, one could simply observe that for every 0 < r < R, we have

R

1 . <p—1> (R)JZI
= ——— lim -1
(Nwy)¥=T p/'N N-—-p T

v (2 (1)~ ()

Thus, it is sufficient to take the limit in the inequality for the case 1 < p < N, in order to
conclude. |

. T p—1

. 1 . . 1 p—1\! (E) 1
lim | ———— = lim T N7 N—p
p/N \ cap,(By; Br) P/ N (Nwy)o=1 \V —p (T) 1 Rp1
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Remark 2.5. If 1 < p < co and ¥ is a compact subset of the open set £ C RY, the quantity

L\
(Capp(E;E)> ’

is sometimes called the p—modulus of ¥ relative to E, see for example [15, Chapter 2]. In light of
this, the estimate of Lemma 2.4 could also be seen as a consequence of the subadditivity of the
p—modulus, which in the case of concentric balls reads as follows

_1 _1_ _1_
1 p—1 1 p—1 1 p—1
— + | —— < | —— ,
Capp<BT1;BT2) Capp(Bm;BR) Capp(Bﬁ;BR)

see [15, Lemma 2.1]. Indeed, by using the explicit expression of the quantities involved, it is not
too difficult to see that

1\ IBy\B
Capp(Bm;BT’Q) - (HNil(aBrz))pj
We preferred to give here an elementary proof of the estimate which is needed for our purposes.

For p = 2, the previous subadditivity property of the p—modulus is also known as Grétzsch’s
lemma (see for example [14, Lemma 1.2] and [27, page 52, equation (8)]).

3. ANALYSIS OF A POINCARE-TYPE CONSTANT IN A BALL

The following result will be expedient in order to get the upper bound of the Main Theorem.
The main point is the identity (3.2) below.

Lemma 3.1. Let N >2 and 1 <p < N. For0<r; <res <R, we set
ST1,T2 = BTz \Biﬁ: {.’17 € RN < ‘SL‘| < ’1“2}.

Let V' be the unique minimizer of the following problem

1
min 7/ \ch|pda:—/ pdz p.
eeWy?*(Br) | P JBr iy ro

Then V is a C*(BR) radially symmetric non-increasing function and it satisfies

(3.1) / (IVV P2 VV, V) dx = / pdx, for every o € Wy (Bg).
Bgr S.

1,72

Moreover, we have

N pzl pil
P 1
(3.2) / VVpdac:/ 2l (- (“) dz + Sy, py| 77 | ———— .
BR | | 57"117"2 N |x| | ' ‘ Ca‘pp(BTQ;BR)

Proof. Existence of a minimizer follows from the Direct Method in the Calculus of Variations.
Uniqueness is a consequence of the strict convexity of the functional which is minimized. Finally,
we can observe that (3.1) is the Euler-Lagrange equation of this minimization problem, thus V'
satisfies it just by minimality. We can also infer that V € C1®(Bpg) for some 0 < « < 1, thanks to
the classical regularity result [20, Theorem 1].
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The radial symmetry of V' follows from its uniqueness and the fact that the data of the problem
are rotationally invariant. Thus, we must have

V(z) =v(|z|), for x € Bp,

where v is a function of one variable. We want to prove that v is non-increasing: to this aim, we
set

R
u(t) = / [v'(7)| dr, for t € (0, R).
t
Thus, by definition v is non-increasing. Moreover, we have
v'(t)=—|v'(t)],  forte (0,R),

/tR V' (1) dr

These facts show that if we set V(z) = 9(||), then

1 ~ ~ 1
— / IVV P dx f/ Vde < — / |IVV P dx f/ Vdz.
P JBg S P JBg S

1,72 71,72

and

R
3(t) = / o' (7)|dr > — Jo(t)] > v(t).

By minimality of V', we must have V = V and thus the claimed monotonicity follows.

We now need to prove formula (3.2). We observe at first that by testing (3.1) with ¢ = V, we
obtain

(3.3) / VY|P dz = / V da.
Br STI

T2

Still from (3.1), we get in particular
/ (|VV|P~2VV,V)dr =0, for every ¢ € Wy (B,,).
Br

Thus, the function V is weakly p—harmonic in the ball B,,. Moreover, thanks to its radial symmetry,
it is constant on dB,,. By uniqueness of the Dirichlet problem for the p—Laplacian, we obtain that
V must be constant on the whole B,,. Thus, we obtain

(3.4) / \VV|pdx:/ |VV|”dx:/ \VV|de+/ YV da.
Bpr BR\B7‘1 Srq, BR\B

71,72 T2
In order to determine the first integral on the right-hand side, we take h € C§°((r1,r2)) and use
(3.1) with test function ¢(z) = h(|z|). By using spherical coordinates and recalling the notation
V(z) = v(|al), we get

() T2
/ |Ul|p_2v/h/QN_1dQ:/ hQN_ldQ.
71 1
We integrate by parts the last term, so to obtain
T2 N
/ |:|U/|p_2 v oV 4 i\f} h' do =0, for every h € C3°((r1,r2)).
1
This implies that there exists a constant C' such that

/\p—2,/ N—1 QN _
'] v o + N C, on (r,72).
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By recalling that v' < 0, from this identity we get
40 c
(= (o) = N v for o € (r1,72).

The constant C' can be determined, by recalling that v is C! and that v is constant on [0, 1], from
the above discussion. Thus, it must result

, _ r C riv
0=(=v'(m)" =5 E

—_ - — that is C =
N T{V_l !

In conclusion, we get for r; < |z| < 7o that

TV (@) = (! (al))” = (']@' - (H)N) o ('j@' (1 - (M)N» o

By integrating it over S, ,,, we get

(3.5) /S VVP da — /S (';ﬂ (1 - (Z)N» da.

We still need to determine the second integral in (3.6). To this aim, we take for every n € N
sufficiently large, the following function

Pn = 1‘57‘1,7‘2 * Pns

where {p, }nem foy is the usual family of radial smoothing kernels. By using (3.1) with ¢ = V ¢y,
we get

/ |VV|p<pndx+/ <\VV|P*2VV,WH>de:/ V @ dz.
Br Br Sryro

By using the properties of convolutions, the regularity of V' and the radial symmetry of both V' and
n, the limit as n goes to co yields

(3.6) /S IOV d + v(rs) (—0/ (r))?~s HY"L(0B,,) = /S Vdr.

71,72 71,72

Observe that we also used that v’(r1) = 0, as explained above. By using (3.3), (3.4) and (3.6), this
in turn implies

[ VP s = ulr) (<0 (2)) Y @B,
Br\Br,

The term v/(ry) can be computed, thanks to the fact that v is C! and to the exact determination
of v’ on the interval (r1,72). We must have

Thus, up to now we have obtained

1

N
(3.7) /B . |VV P dz = v(ry) %2 (1 — () ) HNY(OB,,) = v(r2) |Sry sl

T2
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We still need to determine v(rg). To this aim, it is sufficient to observe that, thanks to both the
monotonicity and the p—harmonicity of V', the function

w—min{ 2.1}

is a weakly p—harmonic function in Bg \ B,.,, vanishing on 9Bg and equal to 1 on B,.,. Thus, it is
not difficult to see that W must be the p—capacitary potential of B,., relative to Bg, i.e. we have

/B\B VWP = cap,(By,; Br).
R\DPry

Indeed, there exists a sequence {W,, }nen C Lipy(Bg) such that 0 < W,, <1, W,, =1 on B,, and
nhjgo INWallLesr) = VW e (Br)-

Thus, in light of (2.1), we have

n—oo

cap,(By,; Br) < lim VW, |Pdx = / VWP dx = / VWP dx.
BR BR BR\BTz

On the other hand, for every ¢ € Lipy(Bg) such that 0 < ¢ <1 and ¢ =1 on B,,, we have

/ Vol? do :/ Vol da 2/ |VW|pdm+p/ (VW2 VW, Vi — VIV) da.
Br R R

vy B, Br\By,

By using (3.1), the fact that o — W € Wol’p(BR) and ¢ — W =0 on B,,, we get that the rightmost
integral vanishes. By arbitrariness of ¢ and using again (2.1), we obtain the claimed minimality
property of W.

By recalling the form of W, this is the same as

/ |VV [P dx = v(ry)? cap,(By,; Br).
Br\B.,

By comparing the previous two expressions for f Br\B |IVV P dz, we get
T2

v(r2) Sy | = v(r2)” cap, (Br,; Br).

This finally gives

_1_

v(rz) = Sl ) :
capp(Br2 ; Br)

By using this expression in (3.7), we end up with

1 e
(3.9) / YV de =[Sy |75 [ — )
Br\Br, cap,,(B;,; Br)

By using (3.5) and (3.8) in (3.6) and recalling (3.4), we finally obtain the desired formula. O

As a consequence of the properties of the function V', we can estimate a suitable Poincaré-type
constant. This is the main result of this section, contained in the following
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Proposition 3.2. Let N > 2 and 1 < p < N. With the same notation of Proposition 3.1, we have

(3.9) sup </5 de) _ (/BR vV dx>p1-

PEW, " (Br)\{0} / |V|? dz
Br

In particular, for every @ € Wol’p(BR) we get

1 p—1

p —1
Srr ] 1 ’
(3.10) ][ dx < |T1’T2 — + / VolP dx.
o ? (HN1(0B,,))7 1 \ cap,(Bry; Br) b Y

Proof. By using V as a test function, we have

P p
(/ || da:) (/ Vda:)
Sry,ro Sry,ry

p—1
sup " > " = (/ VvV P dx) .
PEW, " (Br)\{0} / \Vl|P da / |VV|P da Br

Br Br

We also used the identity (3.3). On the other hand, by taking ¢ € W,*(Bg) and testing the
equation (3.1) with |¢| € W, ?(Bg), we get

[ el | <|VV|p2V‘4V|<pI>d:v<</ |vvv’dx) ’ (/ wpdx)p
S"'l- BR BR BR

T2

The desired conclusion (3.9) now follows, thanks to the arbitrariness of ¢ € W, *(Bg).
The estimate (3.10) will simply follow from (3.9), once we recall the expression (3.2) for the L?
norm of VV. We estimate from above the latter: observe that the function

()7 )

is monotone increasing. Thus, the estimate (3.2) implies

T2 T'l N E |S’I"1 7’2‘1) E
VVPde < (2 (1- (2 (S| + | —o2el_ )
Br N T2 Capp(BTz; BR)

We then observe that

v (0 (NN (Bl 1Sl
N ro HN-1(DB,,) |Bmn| '
Thus, we get
p—1
vvmu) APt
(17 N 1
+ .
cap,,( )

‘Srl,rg‘p - (”HN*(@BTQ))ﬁ Br2§BR

This concludes the proof. O
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Remark 3.3. We observe that, by using the geometric estimate of Lemma 2.4 in (3.10), one can
also get the slightly rougher (but definitely handier) estimate

P
1
(3.11) ][ lpldr | < ——x—— / |VlP de, for every ¢ € Wy (Bg).
Sy oo cap,(Br,; Br) JBg

By a limiting argument, we can cover the case p = 1, as well. In this case, the sharp constant
has a simpler and nicer expression.

Corollary 3.4. Let N > 2. With the same notation of Proposition 3.1, we have

p|dx
/Sr IS | | |S7"1 "“2|
(3.12) sup 112 = J

WEW&‘(BR)\{O}/ Vol dz cap; (B,; Br)
Br

Proof. As above, we take for every n € N the following function
Pn = 1BT2 * Pns

where {pn }nem foy is the usual family of radial smoothing kernels. Since B,., € B, for n sufficiently
large we have that ¢,, € C§°(Bg). By the properties of convolutions and by [1, page 121], we have

|g0| dx / |§0n| dx
/S S |Sr1,T2| _ ‘Sh,wl

sup —2 > lim 2 = — = LT .
saeW#(BR)\{o}/ V| dw "%o/ Vonlde " 1OBr)  capy(Br.; Br)
Br Br

In order to prove the reverse inequality, we first observe that
. 1 1
lim — = — .
»\1 cap,(B,,; Br)  cap;(By,; Br)

This simply follows by recalling the expressions (2.3) and (2.2). We also claim that

p—1

. - cap,(Br,; Br) \ 7"
1 LiT2 1 =1.
2 | HN=1(9B,,) \ HN-1(B,,) *

Indeed, we have

|S7"1,T2‘ Capp(Bim; BR) ! . Tév —T{v N—p 1
HN_l(aBTQ) HN_l(aBTQ) B N,r.é\’ b= 1 (1 _ (7’2)%) '

Thus, for p converging to 1
1

Br,;Br)\ "
(p—1) log 5,1 <Capp( - R)> +1

HN-1(0B,,) \ HN-1(9B,,)

NN /N- | N -
=(p—1) log 2 "1 ( P +1 N(p1)10g<f).
p

o )
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Since the last quantity is infinitesimal, we get the claimed limit.
We now take p € C3°(Bg) \ {0}. By taking the limit as p goes to 1 in (3.10) and using the

previous results, we get
o] dzx
/ _ 15l

71,72

/ |V(p| dr ~ capy (Byy; BR).
Br

By arbitrariness of ¢ and by density of C5°(Bg) in WO1 "1(BR), we get the conclusion. O

Remark 3.5 (A Cheeger—type constant). It is not difficult to see that

Vel d
. /BR| ‘P| x B f{HN_l(aE)
¢EC§C<BR>\{0}/ o] dar [E OV S
S

71,72

: F € Bpr has smooth boundary} ,

see for example [22, Theorem 2.1.3]. We tacitly assume that the last ratio is 400, for those sets F
such that [ENS,, ,,| = 0. In light of Corollary 3.4, we thus have

. HNL(OE)
inf {E 7S,

capy (Br,; Br) _ HY"'(9B,,)
|Sryrs | B

: B € Bpr has smooth boundary} =

1»T2|

In particular, we have that £ = B,, is an optimal shape, for this Cheeger—type constant.

4. PROOF OF THE MAIN THEOREM: LOWER BOUND

We start with the following easy fact, a particular case of [22, Chapter 13, Proposition 1, page
658]. We report the proof for the reader’s convenience.

Proposition 4.1. Let 1 < p < oo and let ¥ C B,.(zg) be a compact set. Then, for every R > r we
have

p
1 R
(4.1) cap,(X; Br(wo)) < cap,(¥; By (z0)) < | ——— — + 1| cap,(¥; Br(zo)),
Ap(B1)? d
where d := dist(X, 0B, (xg)) > 0.

Proof. The leftmost inequality is straightforward, we thus focus on proving the rightmost one.
Without loss of generality, we can assume that xg = 0. Let u € C§°(Bg) be such that « > 1 on X.
For every 0 < & < d/2 we take the Lipschitz cut-off function, compactly supported in B,., given by

. (r—e)— |zl
= —_ 1z.
) mm{(v—ew—v—d)+’
Observe that by construction the function ¥ = nu is a Lipschitz function, compactly supported in
B, and such that v > 1 on . Thus, this is an admissible function to test the definition of relative
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p—capacity, thanks to Remark 2.2. By using Minkowski’s inequality and the properties of 1, we get

(capy(2:B,) " <

— lullr s,y + IVullLr(s,)

1
(4.2) S92 lulle(sr) + IVUllLe(BR)

1 R
< — t 1> IVullLe(Br)-
(d—s )‘p(Bl)p "

In the third inequality we also used Poincaré’s inequality for Br. By taking the limit as € goes to
0 and using the arbitrariness of u, we get the claimed estimate. |

We use the previous result in combination with a Maz’ya-Poincaré type inequality and a tiling
of RY made by cubes. This leads to the lower bound of the Main Theorem.

Theorem 4.2. Let 1 < p < N, there exists a constant on,, > 0 such that for every 2 C RY open
set and every 0 < v < 1, we have

1 P
(4.3) () > onpy () .
: T\ Rps(9)
Proof. We first observe that if R, ,(€2) = 400, then there is nothing to prove. Thus, let us assume
that R, () < +oo. Let r > R, () and let u € C§°(R), extended by 0 to the complement R\ Q2.
For every zq € RY, by definition of capacitary inradius we have

(4.4) cap,, (B, (x0) \ € Bar(z0)) > 7 cap,, (B (x0); Bar(20)) = v cap,(By; Ba) r™V 7.

The last identity simply follows from the scaling properties of the relative p—capacity (see Remark
2.3). We now consider the cube Q,(z¢) concentric with B,(xg). We observe that u is a C*
function on @, (zg), which vanishes on the compact subset B,.(z¢) \ Q C Q,(z¢). Thus, we can use
the Maz’ya-Poincaré inequality of [22, Theorem 14.1.2] (more precisely, we use its slight variant of
[5, Theorem 2.5]) to infer that

CK - 1
5 capy, (Br(20) \ % By (@0))” 0l (@, o)) < V0l 10(@0 o

re

where € is the same constant as in [5, Theorem 2.5]. Furthermore, by applying (4.1) we get

€ 1 - s
= cap,, (Br(l‘o) \Q;Bw(ﬂﬁo)) "Nl Lo @y (mo)) < IVUllLr(Q (20)-

( 2\/ﬁl +1>P re
)‘p(Bl)E

We can further apply (4.4), in order to estimate from below the left-hand side. By raising to the
power p, this gives

P cap,(B1; Ba) ~ p P
—un e S VUl @ o)
AV

)‘p(Bl)%

(4.5)
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By using this estimate for a family of disjoint cubes having radius r and tiling the whole space,
summing up we get
G cap,(Bi; B2) » < Iul?
T oJN P ||UHLp(Q) < uHL:D(Q)’
1
Ap(Bl)E
This concludes the proof by arbitrariness of u. O

Remark 4.3. By inspecting the proof above, we see that we get the following constant
%P cap,(B1; Ba)
ON,p = 5 \/N .
Ap(B1)?

A possible value for the constant € = €' (N,p) > 0 can be found in [5, Remark 2.6], by taking ¢ = p
there and D/d = 2+/N.

5. PROOF OF THE MAIN THEOREM: UPPER BOUND

Theorem 5.1. Let 1 <p < N, 0< v <1 andlet Q C RN be an open set such that R, ,(Q) < 4o0.

Then we have .
1
Ap(2) < Chpp, () .
? o Ry~ ()

On the other hand, if R, () = +oo, then we have \,(2) = 0.
Proof. Let v € (0,1) be fixed, we take a ball B, (x) such that

(5.1) cap,, <M\ Q; Bgr(xo)) < ycap, (m; Bgr(xo)) .

We will show that for every such r, we can bound
CNpoy
(5.2) Ap(€) < —2=.
By taking the supremum over the admissible r, we will eventually get the result. In particular, if
R, () = 400 the previous upper bound will prove that \,(2) = 0.

We set for simplicity F' = B,.(xo) \Q. If F' = ), this implies that B, (z¢) C Q: thus, by monotonicity
with respect to the set inclusion and scaling, we get
)‘p(Bl)

rP

Ap() < Ap(Br(0)) =

)

i.e. estimate (5.2) with Cnp~y = Ap(B1).
We now suppose that F' # (). For every & > 0, we take @5 € Lipy(B2,(%o)) such that

0§<P5§17 905:]-011F7

(5.3) / - |Vs|P dx < & cap, (Br($0)§32r($0)> + cap,, (F'; B2r(20)) -
Bz r(z0

Such a function exists, by recalling (2.1). Without loss of generality, we can suppose that g
coincides with the origin.
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We observe at first that by density we have

A (Q) = inf /V Pdx - P —1}— inf {/V Py - » _1}
w0 =t [ 1vera e =1f = e L[ 9grde el

We fix 0 < & < 1/2 and take a Lipschitz cut-off function 7 defined on B,., such that
1
0<n<1, mn=lonBy_g, n=00n0B,, |[Vn|Le=—.
er

We use the test function 1 = (1 — ¢s) 1/[|(1 — @s) n||Lr (o) in the definition of A,(£2). Observe that
this is a feasible test function: indeed, by construction we have that v is a Lipschitz function on
the whole RY. Morcover, we have that

=0 on (B, NQ) C (0B, NQ) U (02N B,).

More precisely, we have

(1—p5)=0 on F=RB,\Q2200NB,,
and B

n=0 on 0B, D 0B, NA.

Thus, by [6, Theorem 9.17 & Remark 19] we get that

Y= (1—ps)n€ WP (B, NQ) CWy*(Q).
This gives

/I(l—soa)Vn—anzsl”dﬂf /(1—%)”\V77I”da:+/n”\Vwal”div
A\ (Q) < 28 <ormt 2R 2 :

/(1 — @s)P 0P dx /(1 — s)P P dx
Q Q

By using the properties of 1, we get

1
Ap() / (1—ps)Pde < or—1 / (1 — )P de +/ [Vs|P dx| .
Ba—c)r eprp B \B(1—¢)r B,

We also use (5.3) and (5.1) on the right-hand side: this leads to

W) [ a-rarsrt|
B(lfs)'r

WN TN

eprp

(1= (L= 2P) 4 0-49) covy (BB )|
We also observe that by convexity of the map 7 — 7 we have
tN>14+N(@t-1), for t > 0,
and thus
1-e)¥>1-N¢ that is 1-(1-¢e)¥N <Ne.
This leads us to

op—1 N
(5-4) () / (1= s)" de < Tl
B(lfs) T

ep—1

+ (5+7) cap, (B BQ)] .

Observe that we also used the scaling properties of the p—capacity. We now wish to give a lower
bound for the leftmost integral. To this aim, we set

ri=>0-=0r, ro=(1-¢)r,
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with 1> ¢ >e >0 and 0 < € < 1/2. By defining the spherical shell
Spirs =B, \ By, ={z € RN @ < 2] < ra},
from the estimate above we obviously get

op—1 N |:NUJN
—1
rP |ST1J’2‘ ep

65 M@ f  (-gp)des

1,72

+ (6+7) cap, (Br: Bg)] .
By Jensen’s inequality we have

]i (1 —ps)"dx > (]i

By inserting this estimate in (5.5), we get

(56 M) (1— / wdm)ps2p_1 ’"N T+ (5 0)con, (B .

rP ‘Shﬂ"zl gp—l
In order to conclude, it would be sufficient to show that

1
1-— dr > —
fs Y25y 1'707

T1,7T2

(1 - (p(s) d$> .

T1.72 T1:72

71,72

for some positive constant C, depending only on N, p and ~. This is the key point, where the results
of Section 3 will be crucial. We now distinguish the case 1 < p < N and the case p = 1.

1. Case 1 < p < N. To this aim, we can use the Poincaré—type inequality of (3.11), with R = 27r.

This yields
P
1
psdr | < ———e=—r / Ves|P da.
(j‘[gﬁmz ) Capp(Bn ; BQ T) Bs

By using again (5.3) and (5.1) in order to estimate the rightmost integral, we then obtain

1

cap, (By; Ba,) \
(5.7) f ppdo < | <o BriBar) } 0y
STlﬂ“z Capp (Br1 ) BQ T)

Now, we make the choice £ = 2¢, so that
ri=(1-2¢)r, ro=(1—¢)r,

and observe that

cap, (Br; Ba, cap, (Br; B,
oy (BriBar) V' g i [ 2P (BriBer)
cap, (Brl ; By r) =70\ cap, (Br1 : By T)

Thanks to the presence of the factor v < 1 and to the arbitrariness of § > 0, this implies that
up to choosing £ > 0 small enough (depending on ), we could uniformly bound from above the
right-hand side of (5.7), by a factor strictly smaller than 1. Of course, the smaller we will choose
¢, the larger the right-hand side of (5.6) will be (because of the factor | Sy, r,|)-

=1
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In particular, we claim that we can choose 0 < £ < 1/2 so that

cap, (By; Bar)
coy (B )

the latter being smaller than 1. In particular, for every 6 > 0 small enough, the right-hand side of
(5.7) is strictly smaller than 1. By using this estimate in (5.6), we obtain

(5.8)

P

cap, (B;: B2.)

)\p(Q> cap, (Bir17 B, r)

1 op=1  pN N wy
G+ | < [
L

ot + (64 7) cap (Bi; B2)} :

This is valid for every § > 0 small enough, thus we can eliminate it by taking the limit as é goes to
0. We thus obtain

1 p
1—~7r op—1  pN Nwy —
. < ;
) AP(Q) < 2 ) oo IST1,T2| |: gp—1 tcap, (Bl’ BQ) ’

in light of (5.8).
We still have to show that the choice (5.8) is feasible. This is the same as

p

1 p—1 o8
1 p )" 1 cap, (B1; B
(5.10) <+V> > b, (B1; B2)

1
p—1

I = N—p — )
2w (1—-2¢g)»1 cap,, (Bl; Bz/(1—25))

where we also used Remark 2.3. We now need to further distinguish the case p < N and p = N.
1.A Case 1 < p < N. By recalling (2.3), the condition (5.10) is equivalent to

1 1 1—2e\ 7t 1+ 7 =

— = 1-— < 7 .
N-p N=-p 2 1
(1725)%1 ) (1) p—1 27

2

By simplifying a bit the expression, this is equivalent to

P

N—p 1\ p-1
271 1 1 147

N-p N-p _N-p < E :
271 —1 (1—2¢)» 1 271 — 1 2P

In turn, this can be recast as follows

L3 )7 1 95t
N—p P P—
(1—2e)7 i + >

25 ov=t 1| 2% F 1

After some simple (yet tedious) computations, we get that it is sufficient to choose

S

-1
1 Ll N—p
1 1 - L4~ )"
5.11 e<ey:=mind —— = — [(25F 1 el 1
1
2%
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We observe that ey < 1/4, in particular. Finally, by making this choice for &, we get from (5.9) and
(5.8)

P
1 2 2r—1 N —
Ap(Q) < vy < 1) [ pszlv +’ycapp(Bl;Bg)
T 17711 WN ((1—€O)N—(1—280)N) €0
We eventually get the claimed estimate (5.2) with

P B
2 1 cap <31,32>
CNpry = ( ) 9P T PN

€g o N(.UN

once observed that*

N
(1—e)V —(1—=2e0)V > N1 —-2¢0)Veo > 5 o

1.B Case p = N. By recalling (2.4), the first condition (5.10) is equivalent to

N
) 1 1 N—-1
log < ( +71N> log 2.
1—c¢ Q'Yﬁ
This is equivalent to
N
1 1 N-—-1
log(l—¢)> |1— i 711\7 log 2.
2N

By exponentiating, we obtain

1 N—-1
14~
1—¢e>2l7ony, with an 4 = i rle .
29N

If we choose

1
12 e mind ] _9lonn L
(5.12) e <ep mm{ ’4(N—1)}’

we then obtain the desired property. The conclusion now follows as before.

2. Case p = 1. We go back to (5.6). As done before, by combining (3.12) with assumptions (5.3)
and (5.1), we infer that

1 B,; By,
][ psdr < ————— / |V¢5|d$§w(5+7).
S capy(Bry; Bar) J ., capy(Br,; Bay)

We use this upper bound in the left-hand side of (5.6). This yields

71,72

cap; (By; Ba,) ) 1 N u
M(@) (1- =t (@) ) < = [N + 0+ cap, (Br: B2
1 ( o BBy O T ) S sy [Vew H Ok cap (B B
4Tor the first inequality, use that
1—e
(1—eo)N —(1-2e0)" =N ’ Nldr > N1 —2¢)V 1 eg.
1-2¢g

In the second inequality, use Bernoulli’s inequality and the fact that g < 1/(4 (N — 1)).
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We remove again the useless parameter §, by taking the limit as this goes to 0. We then obtain

B N
M(Q) (1_ cap (B; Bay) > o

— ’y S -
Capl(Bm; BZT) r ‘S?”177“2|

Nwy + 7y capy (Fl, Bz)} :

The choice of the parameter € and ¢ is now simpler: observe in particular that the role of parameter
£ is now immaterial, thanks to the fact that the left-hand side in the previous estimate only depends
on ra, and not on ri. We can thus take the limit as £ goes to 1 (that is, 71 goes to 0) and obtain

cap;(B,; Ba,) ><1 rv

S T P p— [NwN—i—vcap (E;Bg)}.
Capl(Brg;BZ'r’) r |B7"2| !

(5.13) A (Q) (1 -

Finally, we choose € > 0 in such a way that

_ cap; (Br; Bar) s 11—~
capy (Birw Bw) T2

This is the same as

_ o 2~
cap; (By,; Bar) > capy(By; Ba,) T
By recalling the expression (2.2), we want
2
(1—e)V- 1> 2
1+~
Thus, by taking
1
2y \¥ T 1
— 1 1 _ = S
€0 mln{ <1+7> ’2N}’

we get from (5.13)

2 2 __
22 ety (BB).

Q) <
i) < L=~ wy

S | =

Observe that we also used that
|B,,| = wn (1 —sO)NrN >wp (1 —Nao)rN > MTNTN,

thanks to the choice of £y9. Thus, we get (5.2), as desired. |

Remark 5.2 (Quality of the constant). We discuss the asymptotic behaviour of the constant Cy p
obtained in the previous result, as v goes to 1. We distinguish two cases.

e (Case p = 1: this is easier, in this case we have obtained

1+~
Cniy=4N T—4
where we also used the explicit expression of the relative 1—capacity of B;. Hence, we have
the following asymptotic behaviour

Al/l/‘ml(l —v)Cniy=8N.
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e Case 1 < p < N: we first observe that as v goes to 1, from (5.11) and (5.12) we have

Loyt 2 2l iy, if1<penN
- - N_—1 o - ) 1 9
i N—p ) 27];)]:11 K p
g =
1 log2 .
(lf'y)N_1 5 +o(1—7), if p=N.

Thus, by inspecting the proof above, we have

(5.14) 0< ii/ml(l —7)?P ON pry < +o00.

We see in particular that the constant Cp p 4 blows-up as v goes to 1. While not claiming that the
behavior above is optimal, we point out that the upper bound of Theorem 5.1 can not be true with
a constant which stays finite as v goes to 1. We refer to Example A.3 for a counter-example.

Open problem. From the discussion of Remark 5.2, we can observe a mismatch between the cases
p=1and 1 <p< N in the asymptotic behaviour of Cy y ~ as v goes to 1. This suggests that the
asymptotic behaviour (5.14) is probably not optimal. We leave as an interesting open question to
determine the rate of divergence as v 1 of the sharp constant in the upper bound of the Main
Theorem.

6. EXTENSION TO POINCARE-SOBOLEV EMBEDDING CONSTANTS

In this section, we briefly discuss how the Main Theorem can be extended to the more general
case of the sharp Poincaré-Sobolev embedding constants associated to an open set §). More precisely,
given 1 < p < N and a subcritical exponent ¢ > 1, that is
{q<p*, if1 <p<N,

(6.1) .
q < 00, if p=N,

where p* is the Sobolev conjugate exponent of p, we introduce the following quantity

6.2 Ap.q(2) = inf VulP dx : P =17,
(62) pa@ = _int {9 ds s Julf o =1}
sometimes referred to as gemeralized principal frequency of the Dirichlet p-Laplacian.

With some minor modifications of the proofs of Theorems 4.2 and 5.1, we have a two-sided
estimate in terms of the capacitary inradius R, (), for these quantities as well. We point out
that for the lower bound the additional restriction ¢ > p is mandatory (see Remark 6.2 below).

Theorem 6.1. Let 1 < p < N and let ¢ > 1 satisfy (6.1). Let 0 < v < 1 and let Q C RY be an
open set. Then, we have

)

] p_N“FN?
(6.3) A 3 (SZ) <— C“7 P ( !! )
D,q Y>P>4q R ( )

where it is intended that \p 4(2) = 0, whenever R, ,(Q) = +oo.
Furthermore, if ¢ > p we also have

1 p—N—&-N%
(6.4) YONp.q (R ) < Apq(9).

pv’Y(Q)
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Proof. We prove (6.3) and (6.4) separately.

Upper bound. The proof goes along the same lines as before. In particular, by using the same
notation as in the proof of Theorem 5.1, we now get

b

Apa() ][ 1—pp)ide) <—2 ( ” )
, — ps)* dx < — 5
P Srirg r? N+N q |S7"177'2 ‘

in place of (5.5). We use Jensen’s inequality® to estimate from below the leftmost term. This gives

p P
op—1 rN 7 | Nwp —
(65) AP,Q(Q) (1 - ]‘[97,1,,.2 ®s dx) < Tp*N+N§ (|Sr17r2 | > |: ep—1 + (5 + ’7) Capp(Br; B2'f‘):| s

in place of (5.6). We distinguish again the case 1 < p < N and the case p = 1.

Qs

gp—1

N _
[ wN (6 +7) cap,(B; B2’r‘):| ,

A. Case 1 < p < N. As done before, by applying (3.11) with R = 2r, choosing e appropriately and
then taking the limit as & goes to 0, we obtain

1\ P _
Mo (1200) < 27 o
P 2 o Tp_N+N§ |Sr1,7"2|

Observe that this is the same as (5.9), except for the presence of the correct scaling power on r and
the power p/q on the term v /|S,, |, in the right-hand side. Then one concludes as in the case
p = q previously treated.

Y]

|:NOJN

5?*1 + fycapp(Bil; B2>:| .

B. Case p=1. In (6.5), we use this time (3.12). By taking the limit as ¢ goes to 0 again, we infer
that

cap; (B,; Bay) ) 1 ( rN ) a _
A o(Q) (1 PuBriBar) ) Nuwy + BB, ).
1,q( ) < Capl(Bm; B2r) v > rl_N"’% |ST177‘2‘ [ WN Tt 7ycapg ( 1 2)}

We can take again the limit as r; goes to 0 and obtain

cap; (B,; Bay) ) 1 ( rN ) a _
A () (1= 8RB Par) ) [Nw +yca (B;B)},
Lq( ) ( Capl(BTZ;BQT) v Tl_N+% |S7~1)r2| N Y pl 1 2

in place of (5.13). The conclusion then follows as in the case ¢ =p = 1.

Lower bound. We can assume R, ,(€2) < 400, otherwise there is nothing to prove. Let r >
R, () and let u € C3°(Q). As in the proof of Theorem 4.2, for p < ¢ satisfying (6.1), we can still
apply the Maz’ya-Poincaré inequality [5, Theorem 2.5] and get this time

1

€ >
= cap, (Br(20) \ % By, (@0)” [[ullzacaen) < IVll2r @, oo
ra

where % is the same constant as in [5, Theorem 2.5]. Observe that now it depends on ¢, as well. The
relative p—capacity on the left-hand side can be estimated from below as in the proof of Theorem
4.2, so to get
&P capp(E; Bs) (1 p=N+p g » »
N U VIlZa@, w0y = VUL @, (o))
— +1

Ap(B1)7

5For g = 1 this is not needed.
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in place of (4.5). In order to conclude, we want to use again a tiling of R, made of a countable
family of disjoint cubes with radius r. A slight difference now arises, which explains the restriction
on ¢: indeed, if {Q4}aen is such a family of cubes, we have this time

Z HVUHLP (Qa) = ||Vu||ip(§z) but Z ”uHLq (Qa) # ||u||117;q(9)-

aeN aeN

However, the choice ¢ > p entails that the function & — 67/ is subadditive. Thus, in particular

Y
D Mulfaon, <Z lullZa(o.) ) = llullZa(q)-

aeN aeN

We can now get the desired conclusion, as in the case ¢ = p. ([

Remark 6.2. The previous proof for the lower bound does not work if 1 < g < p. This is not by
chance: in Example A.2 we construct a counter-example to the validity of the lower bound in this
case.

7. A COMMENT ON THE CASE p > N

In the previous sections we excluded the range p > N, since in this case we already know that
Ap(92) admits a two-sided estimate in terms of the usual inradius rq, thanks to (1.1) and (1.2).
Actually, this remains true more generally for A, ;(€2) and p < ¢ < o0, see [9, Corollary 5.9] (and
also [5, Corollary 4.7]).

In this section, for completeness we compare the capacitary inradius and the usual notion of
inradius when p > N. We will show that they coincide, at least for 7 smaller than a certain
(optimal) threshold. This result is certainly not surprising, but it requires some work and some
precise estimates on the capacity of points.

To this aim, we start by pointing out that for a compact set ¥ € Bp, the definition of relative
p—capacity can be also written as

cap,(X; Br) = inf {/ [VplPdx : ¢ > 1 on E},
peW, P (Br) Bgr

for p > N. Observe that the pointwise requirement on the test functions make sense, in light of

Morrey’s inequality, i.e. WO1 "P(Bg) is embedded in a space of continuous functions on Br. More-

over, by a standard application of the Direct Method, the previous infimum is actually (uniquely)

attained, by a function uy called p—capacitary potential. By minimality and uniqueness, it is not

difficult to see that this is a p—harmonic function in Bg \ ¥, such that

0<ux <1 and usx, = 1 on X.

Lemma 7.1. Let p > N > 2 and let R > 0. We choose a set of distinct points {x1,...,2} € Br
and set

D= min{|mi — x|, dist(x:;0Bg) : 0,5 € {1,...,k}, i ;éj} >0

There exists a constant ¢, > 0, depending on p only, such that for every 6 < D we have

capp({w1, e T BR) +cp / |Vu— VH,|Pdx < capp({xl, R BR).
Bs(zk)
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Here u is the p—capacitary potential of the set {x1,...,x} relative to Bg, while H, is the p—harmonic
function in Bs(xy) such that u — H, € Wy'*(Bs(x)). In particular, we have

capp({xl, e X1} BR) < capp({ycl7 RN BR).

Proof. We take u € Wol’p(BR) to be an optimal function for capp({gcl, RN BR). This means
that 0 <4 <1 and

/B |VulP de = Capp({xl, . ,:Uk};BR)7 u(z;) =1, fori=1,...,k.
R

Observe that by minimality, the function u is weakly p—harmonic in the open connected set Br \
{z1,...,zr}. Thus, by the minimum and maximum principles, we get that
0<u(z) <1 in Bp\ {x1,..., 2k}

We will use a “p—harmonic replacement trick” in order to modify u and produce a trial function,
which is admissible for the p—capacity of {z1,...,2_1}. Namely, we introduce the new function

u(x), if x € Br\ Bs(zk),
U(x) ={ H,(z), ifzc B(;R(a:k),é '

where H, € WYP(Bs(zy)) is the unique minimizer of

min / \Vol|Pde : ¢ —ue WyP(Bs(zr)) p -
Bs(zx)

WP (Bs(a1))

Observe that by minimality, the function H, satisfies
/ (|VH,|P~2VH,,Vy)dx =0, for every ¢ € Wol’p(Bg(a:k)).
Bs(zk)
Thus, in particular, we have

(7.1) / (|\VH,|P~2VH,,Vu—VH,)dx =0.
Bg({rk)

It is not difficult to see that the function U is admissible for the p—capacity of {x1,...,25_1}. This
gives

Capp({xla"'axk—l};BR) S / ‘VU‘de?

Br

:/ |vu|de+/ VH, [P do
BR\BJ(mk;) Bé(mk)

/ |Vul? dz + / |VHu|pdx—/ |Vul? dz
Br Bs(z) Bs(zr)

= Capp({xla v 7xk};BR) + (/B

In order to conclude, we just need to estimate the rightmost term into parentheses. To this aim,
we need to recall the following convexity inequality, which is valid for p > 2 (see [21, Lemma 4.2,
equation (4.3)]):

|VH,|P dx — /

Bg(wk)

|VulP d:c) .

s(wr)

12| > |w? + p(wP~ 2w,z — w) + ¢, |z — w|?, for every z,w € RY.
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From this inequality, we get

/ |Vul? do > / |VH, P dx + / (IVH, [P~V H,,Vu—VH,)dzx
Bs(zk) Bs(zk) Bs(zy)
+cp / |Vu — VH,|Pdx
Bs (k)

:/ |\VH,|P dzx + ¢, / |Vu— VH,|Pdx.
Bg(a:k) Bé(wk)

In the last identity, we used (7.1). This implies that we have
cap, ({z1, ..., 2k-1}; Br) < cap,({z1,-.., 21} Br) — ¢ / \Vu — VH,[P da.
Bs(zk)

Finally, we observe that the last quantity can not vanish, otherwise u would be weakly p—harmonic
on Bj(xy) and would attain its maximum at the center of the ball, thus violating the maximum
principle. O

Lemma 7.2. Let p > N, for every xg € Br(yo), we have
cap, ({zo}; Br(vo)) > cap, ({vo}; Br(¥o)) -

Proof. We can suppose that yo coincides with the origin. It is sufficient to use [22, (2.2.10)] with
F = {x¢}. This gives

p —p _N p71 —p
cap, ({o}; Br) > (Nwy)¥ N°% <’;> |Br| ¥

By recalling (2.5), we easily see that the right-hand side coincides with the capacity of the center
of the ball. |

In the next result we compare the usual inradius with the capacitary one, in the superconformal
case p > N. We will show that for v smaller than a universal sharp constant, they actually coincide.

Proposition 7.3. Let p > N and

Capp ({0}; B2) frg 1 (21)71;] — 1)p71
cap, (BiiBy) 2V |

(7.2) Yo =

For every open set Q C RN we have
R, () =rq, for every 0 <y < vq.
Moreover, for the punctured ball Bg := Br \ {0} we have
R, (Bgr) > T B for every 1 >~ > .
Proof. We prove the two facts separately.

We have already observed that

rQ S RPKY(Q)'
In particular, if rq = +00, then the conclusion trivially follows. Let us suppose that rq < +o00. For
every ball B,(yo) with 7 > rq, we then must have

Br(yo) \ Q2 # 0.
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In particular, there exists a point ¢ € B, (yo) \ . By monotonicity of the p—capacity with respect
to the set inclusion, we get

cap, (Br(yo) \ & Bzr(yo)) > cap, ({xo}; B2+ (y0)) > cap, ({yo}; B2+ (v0)) -
In the second inequality, we used Lemma 7.2. In particular, by recalling the definition of vy, we get

cap, (Br(yo) \ @ By 7-(yo)) > 701" cap, (B1; B2) = Y0 cap, (Br(yo); By 7-(yo)> :

This implies that if v < 79, then B,.(yo) \ 2 is not (p,~)—negligible, for r > rq. This gives the
desired conclusion, in light of the definition of R, ().

We now show the optimality of the previous result. We consider the punctured ball Br = Bpg \ {0}.
We clearly have r;; = R/2. On the other hand, it is not difficult to show that

Ry~(Br) >R,  for every v > 7,
where g is still defined by (7.2). Indeed, we may notice that if » < R we have
cap, (By \ Br; Ba,) = cap,({0}; Bay) = "7 yq cap,,(By; Bay),
which shows that B, \ Bpg is (p, o) —negligible. Thus, this already shows that for v > o
(

R, (Bgr) > Ry, (Bg) >, for every r < R.

Actually, we can show that R, -, (Br) = R. Tt is sufficient to observe that for every r > R and

every o € RY, the set B,.(x¢) \ Br contains at least two distinct points. By Lemma 7.1, this
implies that

cap,, (B (o) \ Br: Ba(x0)) > cap,({0}; Bar)
= 70 cap,(By; Bar) = Yo cap, (B (20); Bar(0)),
that is any ball with radius r > R is not (p,yo)—negligible. This gives R, ~,(Br) = R, as claimed.
This concludes the proof. O
APPENDIX A. SOME COUNTER-EXAMPLES

Example A.1 (Failure of the lower bound for v = 0). For 1 < p < N and an open set 2 C RY,
we introduce the quantity

mQ = RPVO(Q) = sup {T >0 : 3130 c RN such that capp (M\Q;BZT(xO)) = 0}

This may appear as the natural capacitary extension of the usual inradius. However, in this section,
we will give an example showing that this notion is not strong enough to permit having the uniform

lower bound
1 p
() >C [ —
p( )— (mg) )

for every @ C RY open set. Indeed, for every 0 < £ < 1/4, we introduce the periodically perforated
set

QEZRN\ U m

iczZN
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We claim that

N 1
(A1) lim A\, (Q:) =0 while Ra, < £, for every 0 < e < —.
N0 N 2 4
We first observe that the usual inradius of ). is uniformly bounded, that is
VN

1
=5 for every 0 < e < T

In particular, for every ball B,.(z¢) with 7 > v/N /2 we have

By (20) N ( U B5(1)> # 0.

iezZN

ro. <

More precisely, let ig € Z~ be such that
|£L’0 — iol = diSt(iC(),ZN),
this distance does not exceed v N /2. Consequently, we have iy € B,.(x¢) and thus

| B, (z0) \ Q| > |Br(x0) N B:(ip)| > 0.
By the properties of capacity (see equations [22, (2.2.10) & (2.2.11) pag. 148]), we can infer that

cap,, (m\ﬁe; BQT(I'())) > 0.

Thus, for every r > v/ N /2, we have that B, (xo)\ Q has positive relative p—capacity and, according
to the definition, we obtain

=

1
Rq,. < 5 for every 0 < e < T

as well. In order to conclude, we need to prove the first property in (A.1). It is not difficult to see
that

Ap(Q2e) = inf / [VulPdz : ||ullpe(q,,,) =1, u=0on B,
u€Lip(Q1/2) Q12

it is sufficient to proceed as in the proof of [5, Lemma 4.4], for example. In particular, we take
¢ € Lipy(By/2) such that ¢ =1 on B. and 0 < ¢ < 1, extended by 0 to Q2 \ By/2. By using the
test function u = (1 —¢)/I1 = ¢llLe(q, .), We get

/ Vol da / Vol da
Ap(Q) < —2u < 1B

Q12

Thanks to the arbitrariness of ¢ and recalling formula (2.1) from Remark 2.2, we obtain

B.:B
)\p(QE)Sca’pp( € 1/2).
Q12 \ B12l

By recalling that capp(E; Bi2) goes to 0 as ¢ tends to 0, the previous estimate finally implies
(A.1).
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Example A.2 (Failure of the lower bound for ¢ < p). We exhibit an open set Q@ C R¥ such that
forl<g<p<N

Ap.q(2) =0 and R, (Q) < 400, for every 0 <y < 1.

This implies that the lower bound (6.4) cannot be true in this case. We stick for simplicity to the
case 1 < p < N, the case p = N can be treated with minor modifications. We take the slab

Q =RV x(-1,1),

for which we have A, ,(©) = 0 for every 1 < ¢ < p (see for example [7, Proposition 6.1]). We need
to prove that its capacitary inradius is finite, for every 0 < v < 1. To this aim, we fix 0 < 7 < 1
and take a ball B,.(xg) such that » > 1 and

capy, (By(20) \ €; Bar(20)) <y cap,, (B (20); Bar(20))-

Thanks to the invariance of ) by translations in directions belonging to {xy = 0}, we can suppose
without loss of generality that zg = tey, for some ¢ € R. Thus, we have

(A.2) cap, (B (ten) \ ; By, (ten)) < yriVN=P Capp(E; Bs),

where we also used Remark 2.3. By using [22, (2.2.10)], we get

P N—p N—p p—1
cap,(B,(ten) \ ; B, (ten)) > (Nwy)N¥ NN <p — )
1-p

—N —N
X || Bar(ten)|¥@0 — By (tey) \ Q¥ G-

The expression on the right-hand side can be simplified: indeed, if we introduce r* the radius such
that

1
B, (t o\~
|B.(ten)| = |Br(ten) \ Q] that is = <(eN)\> .
wN

and recall (2.3), one can see that it coincides with

cap, (B« (ten); Bar(ten)).
Accordingly, we obtain
(A.3) cap,(Br(ten) \ ; Ba,(ten)) > cap, (B« (ten); Ba(ten)).

The volume of B,.(tey) \ € can be uniformly bounded from below. Indeed, observe at first that if

we set
N-1

Q= 1:[ (_mvm) X (_171)7

i=1
then

B, (ten)\ Q= B,(tex) \ Qmn, for every m > r.

Then, as a consequence of [8, Lemma 3.13], for every m > r the function
t— |B.(ten)\ Qm| = |Br(ten)| — |Br(ten) N Qml,

attains its minimum for ¢ = 0 (see Figure 2). In other words, this volume is minimal if the ball and
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FIGURE 2. The ball in bold line maximizes the volume of the intersection with the
slab Q.

Q,, are concentric. We also observe that such a minimal value is given by

L N Y
1

sin L
resin

%
=2wy_11V / cos™N tdt :=rV on(r).
a

In conclusion, we get that
1
~
(A4) > (W) = r®n(r).

From (A.2), (A.3), the monotonicity of the capacity with respect to the set inclusion, the lower
bound on r* and again the scaling relations for the capacity, we get

N_ PR PR
(A.5) (@n(r))" 7 cap,(B1; Bajay(r) < v cap,(Bi; Ba).

This relation must be satisfied by every radius r > 1, such that B,(x) \ © is (p, v)—negligible.
By recalling (2.3), the previous inequality is equivalent to

e ()] = ()

With simple algebraic manipulations, we get that for every admissible radius r, we must have

p—1

QML N-p
<1>N<r>s<N i ) .

2ﬁ-1+fyp+l

Observe that the right-hand side is strictly smaller than 1. Moreover, by construction the function
r — ®pn(r) is continuous monotone increasing, with

(A.6) ll\rr{ On(r)=0 and rgrfoo Oy (r)=1.
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This implies that there exists a finite radius 7, > 1 such that

P
N—p 1 N_
2p—1 ’Yp—l > P

2%_14_7;0%1

Py (ry) = (

and that every ball with radius r > ., violates the previous conditions, i.e. it is not (p, v) —negligibile.
This finally proves that

R, (Q) <r,y < +oo,

as claimed.

Example A.3 (Degeneration for v ' 1). We maintain the same notation as in Example A.2 and
take again = RN~1 x (—1,1). Since this set is bounded in the direction ey, we have A,(2) > 0.
We claim that

(A7) lim Ry (Q) = +oo.

This proves that an upper bound of the type
~ 1 p
() < C —_—
p( ) = YN,p,y (RP,’Y(Q)) ’

with éN’pﬁ staying bounded for v converging to 1, can not be true.
In order to show (A.7), we first recall that the function

v = Ry~ (), with vy € [0,1),
is monotone non-decreasing. Thus, the limit in (A.7) exists. For every r > 1, we set

_cap,(B; \ 9 Byy)

<1,

thus B, \ € is v, —negligible, obviously. Accordingly, we get from (A.5)

N—p cap,(B1; Ba/a (1)) <
cap,(B1;Ba) T

(@n(r))

re.

By recalling (A.6), from the previous inequality we get

li =1
o

In particular, by monotonicity we have

il/‘ml Ry, () = T}i&loo Ry 5, ().

On the other hand, since the set B, \ Q is 7,.—negligible, we must have
Ry, () 2.

By joining the last two facts, we finally obtain (A.7).
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