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Abstract

We consider the problem of the homogenization of non-local quadratic energies de-
fined on é-periodic disconnected sets defined by a double integral, depending on a kernel
concentrated at scale €. For kernels with unbounded support we show that we may have
three regimes: (i) € << §, for which the I-limit even in the strong topology of L? is 0; (ii)
$ — k, in which the energies are coercive with respect to a convergence of interpolated
functions, and the limit is governed by a non-local homogenization formula parameterized
by k; (iii) 0 << €, for which the I'-limit is computed with respect to a coarse-grained
convergence and exhibits a separation-of-scales effect; namely, it is the same as the one
obtained by formally first letting 6 — 0 (which turns out to be a pointwise weak limit,
thanks to an iterated use of Jensen’s inequality), and then, noting that the outcome is
a nonlocal energy studied by Bourgain, Brezis and Mironescu, letting ¢ — 0. A slightly
more complex description is necessary for case (ii) if the kernel is compactly supported.

Keywords: homogenization, non-local functionals, perforated domains, separation of
scales, Gamma-convergence.
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1 Introduction

In this paper we study the asymptotic behaviour of a periodic system of disconnected regions
that interact through long-range potentials and can therefore be considered ‘energetically’ con-
nected in the sense of V.V. Zhikov’s p-connectedness [17]. The study of such a type of geomet-
rical objects falls within the analysis of those commonly referred to as ‘perforated domains’,
where the domain of integration is a portion of a scaled periodic set E contained in a given
region; that is, a set of the form 2 N JFE, with 0 > 0 a small parameter. The ‘classical’ case
is obtained by choosing as energy e.g. the Dirichlet integral, for which the functionals take the
form

Fs(u) = /QME |Vul? dx. (1)

If F is a connected open set, then the energies possess a limit, e.g. in the sense of I'-convergence
3, 10, 6], as § — 0 [7] and it is a coercive homogeneous quadratic form on H'({2). This result
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can be obtained by using Extension Lemmas, which allow to construct uniformly continuous
operators from H'(Q NJFE) to HL_(Q) [1], and then regard all the functionals as defined in
that common space. For less regular sets it is convenient to substitute the topological notion
of connectedness with a more analytic one: loosely speaking, if p > 1, a set A is p-connected
if every function u such that [, |Vu[’dz = 0 is a constant [17]. More in general this notion
can be given for integrals with respect to a measure, of which the restriction of the Lebesgue
measure to A is a particular case.

Following a seminal result of Bourgain et al. [5] (see also [15], and [4, 14] for applications)
the Dirichlet integral on an open set U C R? can itself be approximated by introducing another

parameter € > 0 and considering energies

F%u%zj;z;U¢¢Lﬁﬂﬁgliﬁﬁﬁﬁdxmh (2)

el ° |z —y|?

with ¢ a non-negative integrable kernel. Such energies have also been systematically studied
within a variational theory for convolution-type functionals [2] in the equivalent form

F) = 2 [ o) lule) — )P dedy, ®

up to using the kernel p(£)[€]? in the place of ¢(£). We will use this latter form. Note that if
the support of ¢ is unbounded then any set U is in a sense ‘2-connected’ for such functionals,
in the sense that if F(u) = 0 then u(z) — u(y) = 0 for each z,y € U so that u is constant on
U.

This observation suggests that, contrary to the local case, for non-local energies we might
study the behaviour of perforated domains as above even when FE is not topologically connected.
In this paper, we consider non-local functionals of the form

Fs) = iz [ [ (=) lute) = () oy, (@)

under the prototypical assumption that
E=K+127°

is composed of a periodic array of disconnected sets; that is, K is a (topologically) connected
compact set and (K + k)N (K + k') =0 if k, k' € Z¢ and k # k’. The behaviour of F. ; will be
driven by the mutual behaviour of the two parameters. In the notation, we will tacitly suppose
that 0 = 0. is an infinitesimal family as ¢ — 0. Functionals of the form (4) have been dealt
with in [9] (see also [2]) when F is a topologically connected periodic Lipschitz set, using an
extension theorem which cannot be applied in our cases.

The first issue that we examine for such energies is their coerciveness. Since the domain
of F 5 is composed of functions defined on a disconnected set, we have to specify the type of
convergence with respect to which they are studied. In the case of ¢ with support the whole
R? we obtain the three cases:

(i) e << 4. In this case we have a loss of coerciveness, and in particular any function in
L*() is a limit in L*() of a sequence of functions with vanishing energy;



(i) € ~ §. In this case we consider the convergence u. — u defined as the L2 (Q) strong
convergence of the piecewise-constant functions u° defined by

“(2) = —— u or d
o) = e [ )y for o € 6k 0.1)) )

The functionals are equicoercive with respect to this convergence, and the limit v belongs to
H'(Q);
(iii) 0 << e. In this case the functions u. must be ‘coarse grained’, considering the strong

L2 (Q)-convergence of the piecewise-constant interpolations u® defined by

loc

1 / d
u(xr) = ————-— us(x) for x € e(k+0,1)%). 6
(@) [0,e]*NJE| e(k+[0,1))NSE (=) ( 0,19 ©)
Also in this case, the limit u is in H'(Q).

If the support of ¢ is bounded then we may have loss of coerciveness also if € ~ d. More
precisely, if the support of ¢ is the closed ball of radius s, then the functionals are equico-
ercive with respect to the convergence above if and only if s¢ > 6D, where D = inf{r :
E + B, ), is topologically connected}. In this case again the limit u belongs to H'(Q).

We also compute the I'-limit with respect to the convergences above. If the support of ¢ is
the whole R¢ we have:

(i) (degenerate limit) if e << ¢ then the T-limit with respect to the strong L?(2)-convergence
is identically 0;
(ii) (homogenization) if 5 — &, then the I'-limit is the quadratic form

Fr(u) = /(AﬁomVu, Vu) dz,
Q
where the symmetric matrix A = satisfies
(Aions&) = min [ [ o200~ ) + ulo) — u(y)? dedy s u 1periodic},
0,1)9nE J B

This result can be seen as following from the results in [9] (see also [2]) using the techniques
therein combined with the coerciveness result above;

(iii) (separation of scales) if 0 << e and ¢ is radially symmetric, then the I'-limit is given
by

1
F>*(u) = COO/Q\Vu\de, where Cy = |K\23/Rd ©(&)[€]2dE.

Note that %[5, ©(€)]|£]2dE is the constant appearing in the I-limit by Bourgain et al. [5], so
that this limit can be obtained by first letting 6 — 0, noting that, upon writing

1 .
F.s5(u) = ) /QXQ Xexs(5, %)@(Ty)m(z) —u(y)|* dx dy,

the corresponding I'-limit is simply

1 -
Fo() = Sl (=)Mo — ulo)l da dy



whose successive I'-limit as ¢ — 0 is F*°. This result is obtained using the Fonseca Miiller
blow-up method combined by a convexity argument for the lower bound. These arguments
allow first to reduce to test functions which are d-periodic perturbations of affine functions,
and then to obtain the desired inequality by a double Jensen’s inequality. The upper bound is
obtained by a direct computation when the target function v is C?. In this case we can take
u. = u, in which case a discretization argument allows to write F. s5(u) as an approximation
of a Riemann integral. As a technical remark, we note that it is sufficient to treat the case
@ = xB, since a general ¢ can be approximated by linear combinations of this type of energies.
The lower bound then follows by the superadditivity of the lower limit, while the upper bound
is proved by the pointwise convergence on C*-functions.

Finally, for ¢ with support the closed ball of radius s the computation in (ii) also holds
provided sk > D, so that the functionals are equi-coercive.

2 Notation and statement of the results

We consider a radial convolution kernel in R?; that is, a function ¢ : R¢ — [0, +00) such that
a decreasing function ¢y : [0,+00) — [0,+00) exists satisfying ¢(§) = ¢o(|¢|). We further
assume that

[ o +1gis <+, o
R
and for each £ > 0 we define the scaled kernel ¢. by
906(5) = Eidgo(g)
A simple kernel, which will be used as a comparison for general kernels, is

—d if
o= {E W<

0 elsewhere,

obtained with ¢y = x[0,1)-
We consider a periodic set £ C R? and we fix a bounded domain © C R? with Lipschitz

boundary. For all € > 0 and ¢ > 0 we define the functional Fs. : L*(Q2) — [0, +00) by
1

Fyo(u) = > /
€% J(QNSE)x (NS E)

Note that if £ = R¢ then F;. is independent of ¢ and the I'-limit with respect to the weak and
strong convergence in L?(Q) of F.(u) = Fs.(u) has been shown to be equal to

1
c, / Vul?de, where C, = / o(6)|¢da. ()
Q d Rd

We will consider a set E composed of disconnected components; more precisely, a 1-periodic

set F in R? of the form
E=) (k+K), (10)

kezd

pe(z = y)lu(z) — uly)*dedy. (8)

where K is the closure of a connected open set with boundary of zero measure, and is such
that (k+ K)N K =0 if k € Z¢ and k # 0. We also define

D =inf{r : E + B,; is (topologically) connected}. (11)



Figure 1: a simple example of non-connected domain

Example 2.1. The simplest example of such a geometry is by taking K = B, the closed ball
of center 0 and radius ¢ < % (see Fig 1), for which D = 1 — 2¢. Note that for this choice of
E dist(K, K + k) > D for all k € R? which is not the case in general. For example, if we

take as K the closed ellipse given by the relation i—; + i—é < 1 with ¢; < ¢; in R?, we have
1 2
dist(K, K +e1) =1 —2¢; and dist(K, K +e3) =1 —2¢co = D.

2.1 Definition of convergence and coerciveness

We first consider the cases in which we do not have coerciveness. The first one is in the regime
g << ¢, for which the T-limit, even if computed with respect to the strong L?(Q2) convergence
is 0. This is a consequence of the following result.

Theorem 2.2. Let § = 6. be such that 6 — 0 and

then for all uw € L*()) there exists a sequence u. converging strongly to u in L*(2) and such
that
lim F.(u.) = 0.

Proof. Tt is sufficient to prove that the claim holds for a strongly dense subclass in L*(€2). We
then take a Lipschitz continuous function u, and consider the function u. equal to the constant

7,
U (2) = Ul = —— u(y)dy 12

in §(k + K), and to uw on Q \ 6E. We have u. — u in L*(€2), and we can estimate

[z — |

1
F(S,E(ua) S C—= <
(Qx)N{|z—y|>Dos} €

cd+2

) ‘:U - y‘z dx dya



where Dy = min{dist(K, k + K) : k # 0}. The change of variables y = = + £ gives

Fyo(u) < C' / SO,

{l€|>Do 2}

with C” depending only on € and the Lipschitz constant of w. This latter integral tends to 0
by (7), since ¢ — +o0. O

In the case 0 ~ ¢ we havea lack of coerciveness in the case of kernels with compact support.
Up to scaling, we can suppose that the support of ¢q is [0, 1]. We then have the following result.

Proposition 2.3. Let the support of o be [0, 1], and let D be defined by (11).

(a) If 6 = 0. is such that ¢ < 6Dy then for all u € L*(Q) there exists a sequence with
Fs.(u:) =0 and converging to u strongly in L*(Q);

(b) If 6 = 6. is such that € < 0D then there exists a sequence u. with Fs.(u.) =0 and such
that u.xsg does not converge weakly in L*(Q).

Proof. Case (a) is dealt with exactly as in the proof of Theorem 2.2. In case (b) we have that

the set 0 + B,y is composed of infinitely many disconnected components. We may suppose

for simplicity that each connected component is not bounded since otherwise we are in case

(a), and let k € Z be such that d(k + K) does not belong to the same connected component

as K. We may set u.(z) = m if x belongs to the same connected component as §(2mk + K),
lz—y|

and for example u.(x) = 0 elsewhere. Since ¢ < §D, if (=) > 0 and z,y € JF then they

g
belong to the same connected component. This shows that Fs.(u.) = 0. O

Remark 2.4. Claim (a) in Proposition 2.3 shows that the I'-limit in the strong L? topology is
0. In the second case, if 6Dy < ¢ < 0D then the sequence Fj. retains some form of coerciveness,
which gives a non-trivial I-limit in the weak L? topology. For example, in the case of ellipsoidal
sets as in Example 2.1, the domain of the I-limit will be functions in L*(2) whose distributional
derivative in the z1-direction is an L? function. Since this issue is not central in our discussion
we omit the details of this case.

The following theorems will be proved in Section 3. They involve piecewise-affine interpo-
lations obtained using Kuhn’s decomposition [12] of cubes of R? into d! simplexes which are
uniquely determined by a permutation of the indices {1,...,d}. Since the actual form of the
piecewise-affine interpolations is not relevant in our context we refer e.g. to [16] for their use in
nonlocal interaction problems.

Theorem 2.5. Let € be a connected set, let

. €
lim - = &,

and suppose either that po has support [0,1] and k > D, or that the support of ¢ be the whole
R¢. Let u. be such that sup, Fso(u:) < +oo. Let the functions u. be defined as the piecewise-
affine interpolations of the functions 6k v ug in (5) if k € Z¢ and §(k + K) C Q. Then, up to

subsequences and addition of constants u. — u in L _(Q) for some u € H' ().

The second result combines the interpolation argument with ‘coarse graining’; that is, we
consider averages of functions not on the characteristic period § of the geometry, but on the
larger ‘mesoscopic’ scale ¢.



Theorem 2.6. Let € be a connected set, let

. €
lim = = +o0.
e—0 (5
Let u. be such that sup, Fs.(u.) < +0o. Let the functions u. be defined as the piecewise-affine

interpolations of the functions ek + us, defined on Z? by

1
ua — UEdJZ. (13)
0B Ne(k + 10,19 Jspremo

Then, up to subsequences and addition of constants, u. — u in L3

() for some uw € H*(Q).

2.2 T'-convergence

The compactness results in the previous section allow to consider I'-convergence with respect
to the convergence of the interpolations as defined therein. We can then compute the I'-limits
in the hypotheses of Theorem 2.5 and Theorem 2.6, respectively, the degenerate cases being
dealt with in Theorem 2.2 when ¢ << 9, in which case the I'-limit is 0 with respect to any
topology weaker than the strong L?(Q) one, and in Proposition 2.3 for the case ¢ < 6D, when
©o has support [0, 1].

Theorem 2.7. Let § = 6. satisfy
lim - = &,
and suppose either that po has support [0,1] and k > D, or that the support of ¢ be the whole

R?. Then the U-limit of F5. as € — 0 with respect to the convergence of the piecewise-affine
interpolations as in Theorem 2.5 is the quadratic form

Fr(u) = /Q (A5, V) dr, (14)

where the symmetric matriz Ay . satisfies
Ui ) =min{ [ [ o (6= g) + ule) — ul)P dedy s 1periodic). (19
0,14nE J E

Proof. Once the compactness in Theorem 2.5 is proved, the proof of the claim follows very
closely that of the homogenization theorem for perforated domains in [9], where functionals of
the same form as Fj. are dealt with, with ¢ = k0 and E a periodic (topologically) connected
Lipschitz domain. We refer to that paper for details. n

The second convergence result highlights a separation of scales, in which we may formally
first let ¢ tend to 0 and note that the characteristic functions ysgxsg weakly® converge to the
constant |K|* in L>(Q x Q).

Theorem 2.8. Let § = 6. satisfy

ll_ff(l)g = +00.

Then the I'-limit of F5. as € — 0 with respect to the convergence of the piecewise-affine inter-
polations as in Theorem 2.6 is

F>(u) = |K|ZC¢/ |Vul? dr, (16)
Q

where Cy, is given by (9)



Remark 2.9. We note that both the convergences described in the theorems above can be
restated as a local strong L2-convergence; namely, that we have

lim lue — ul*dz = 0. (17)
=0 JansE
This convergence has been extensively used by Zhikov [17].
To check this claim, we note that by the Poincaré inequality for double integrals, for which
we do not need the connectedness of the domain (see e.g. the proof of [13, Theorem 6.33]),
taking into account the definition in Theorem 2.6. we have

1
/ Jue — uiPde < — |ue () — ue(y)[Pdz dy,
SENe(k4[0,1]4) €% J(BENe(k+[0,1]4))2

so that, summing on &
/ e — APdz < 2CFsa(ue),
QNSE

where 4. is the piecewise-constant interpolation of {uf}. The claim then follows noting that
U. — . tends to 0 locally in L?*(Q). For the definition in Theorem 2.5 the argument is the same.
As a consequence of this remark, we can suppose that the sequence u. tends to u locally in

L*(Q), upon substituting u. with the function defined by u. on QN JF, and u otherwise.

3 Compactness

In this section we prove Theorems 2.5 and 2.6. We make the choice of the kernel ¢ = xp,, and
we may suppose that r = 1 up to a scaling argument. With this choice functional (8) becomes

1
Foclt) = 125 [ ngpye 10(5) = ulw)Pdody. (18)

{le—yl}<e

Note that this ¢ is a lower bound for any other positive kernel satisfying the condition p(§) >
c > 0 for € € B,,, so that it is sufficient to state the compactness result for families of functions
u. such that (18) is bounded.
Case 1: 0 ~ ¢ (Theorem 2.5). With fixed D < x’ < k, we can assume § > «'. By definition
of D, there exist » > 0 and a finite number of vectors ki, ..., ky € Z¢ generating Z¢ on Z such
that dist(K, K + k;) <r < ' forall i € {1,..., N}.

Foreachi € {1,..., N}, let z; € 0K and w; € 0K +k; be such that |z; —w;| = dist (K, K +k;).
Moreover, set

Ai={zeK:|z—z| <30k —r)} and Bi:={zeK+k:|z—w|<3(—r)}

By the assumptions on K, we have |A4;|,|B;| > 0. Moreover, if z € A; and y € I B;

1
5|a:—y| <3z =z + |z —wil + |wi — y| <& —r+dist(K, K + k) <

I

S| ™



that is, 0A4; x 6B; C (6K x 0(K + k;)) N {|x — y| < e}. With this observation in mind, let
u € L*(Q) and recall the notation

1

—_— u(x)dz.
SR Jonerse "

U =
We compute

2
u(x + ok; ))dx‘

(u(z) — u(x + 0k;) + u(y) — u(y) + u(z) — u(z))dxdydz i

’5d|KH5Ai||5Bi| SK x8A;x8B;

1 2 1 9
< Nl w(x) —u(y))dedy| + | —=——F——— u(y) — u(z))dydz
(52d\K| | A 5KX5AZ_( (@) = uly)) y‘ 52| A;| | Bi] 6Ai><631-( (y) — u(2))dy
2
+ —/ u(2) — u(w))dwdz )
FARTIBT ey ) 00
C
= @( / u(z) — u(y)[Pdedy + / lu(y) — u(z)|*dyd=
5K><5Ai 6A1‘ X(;BZ‘
+/ lu(z) — u(w)\zdwdz)
5(K+k1)><§Bl
< Q( |u(z) — u(y)|*dedy + lu(y) — u(z)Pdydz
0N\ Jskxok SK X5(K+k;i)

{le—yl<e}

+/ lu(z) — u(w)|2dwdz>,
S(K+k;)x6(K+k;)

where in the first inequality we used the relation (a+b+c)? < 3(a®+0?+¢?), and in the second
one Jensen’s inequality and the fact that |6 A;| = §%|4;| and |6 B;| = 04| B;|.

Ix—y|<€
oA 0B

Figure 2: interacting portions of inclusions

Example 3.1. In the prototypical case K = B,, we can consider the largest balls fully contained
in the region of interaction, as depicted in Fig. 2

In order to take into account the first and the third integral of the sum above, we need
to control long-range interactions with short-range interactions as specified in the following
lemma.

Lemma 3.2. There exists a constant C' depending on the ratio /e such that

2 2
/6K><6K (@) = uly)l dedy < O/5K><6K \u(z) — u(y)|*dedy

{lz—yl<e}



Proof. The proof follows the one of Lemma 6.1 in [2]. Since K is a connected Lipschitz bounded

set, there exists €1 € (O £

,g) such that for every two points 1/, n"” € JK there exists a discrete
path from 7’ to n”; that is, a set of points ' = 19, n1,...,Mn,Nvy1 = 1" for which:

i |77j+1_77j|Sglforj€{0717-"7N};

e for all j = 1,...,N, the ball B, (n;) is contained in § K (note that the two extremes are

excluded);
e N<C|¢ forally,n” € §K. The constant C' depends only on diam(K) and its Lipschitz
constant;
Writing
u(xo) — u(xni1) = u(zo) — u(zy) +u(xr) — - —u(zy) +uley) — u(zyy),

where zg € K N B., (1), xn41 € 6K N B, (1), and z; is a point in B;, (n;) for j = 1,..,N. By
integrating in all variables we get:

/ (u(zo) — w(zyi1)) drods N
(6KNBzy (n0)) X (6KNBzy (nn+1))

— ()N / / / (u(o) — u(zr) + ulz:) —
Bey (m) Bey (nn) ¥ (6KNBey (10)) X (6KNBey (MN+1))

o —u(ry) Fulzy) — u(xN+1))deodedel...de
N+1
> (ulwy) = ulw; 1)) Pdwo - - dey

j=1

< (N + 1)(51)”/5[(

N+1

(N +1) Z / (uy) — ;1))

(0KNBe; (1)) X (6KNBey (j-1))

< (c HE 1)2 [ 100 = ) Py,

{le—yl<e}

NBey (o) /5KﬂBel(nN+1)

where in the last line by set inclusion we used that for any (z;,x;_1) € B, (1;) X Be (nj-1)
holds
|75 — x| < g —nl 4 [y = mjmal + njmy — 25 <361 < e

and that N is at most C' EJ We can obtain the final estimate by covering 6 K with a finite
number of balls of radius e; (this number depends on the ratio §/¢ only) and then summing
up the previous inequality applied to all possible pairs of these balls. O

By applying Lemma 3.2, we deduce that there exists a constant C' such that, fori =1,... . d,

C
o= 00 = ([ 10 = Pyt [ ) = o) Py

{lz—y|<e} {lz—yl}<e

2
+ A(Kwtki)xé(lﬂki) lu(z) — u(w)| dwdz).

{lz—yl<e}

10



Since we need an estimate of 5‘1(%)2, we multiply by 672 and use that 6(2’; 592 = ad(ig (by

d ~ ¢) to find

2
g [ o — Uk, C 9
0 <T) < S s 100) — )Py

{le—yl}<e
By periodicity it also holds

2
a [ Uk — Uktk, C B 9
0 ( 5 ) = cd+2 %5(K+kz)u6(K+(kz+ki)))2 [u(z) = uly)["dzdy.

{lz—yl}<e

Finally, since each vector of the canonical basis can be expressed as a linear combination of the
k;’s with integer coefficients, via triangle inequality we bound

2
d [ Yk — Uk+e; C - ,
’ < 0 ) = gd+? %5(K+k)u5(K+(k+ki)))2 [u(x) — u(y)|“dzdy,

{lz—yl}<e

and thus, summing over nearest neighbours k, k' € Z? such that k§ + 6K C 2, and the same
for K/, we get

2
E d < 5 ) < W/(QQEE)Q [u(z) — u(y)|"dzdy.

kK {lz—yl}<e
k—k'|=1

Therefore, from the equiboundedness of the functional along the sequence u, we get a uniform
bound on the piecewise-affine interpolation ., as defined in Theorem 2.5, and thus the existence
of a converging subsequence in the sense of (5).

Case 2: € > ¢ (Theorem 2.6). Set C' = C(d) := 1]¢ and

Q=D
={keZ": QF:=Ce(k+Q) C Q}.
Note that if (z,y) € QF x Q¥ with |k — k| < 1; that is = Ce(k +w) and y = Ce(k' + ) with
w, z € @, it automatically holds
|z —y| < Celk — K| + Celw — 2| < Ce (1 + diam(Q)) = e.

Moreover, for each k € Z., consider

Zo={jez' 0+ K)C QY ={j ez j+ K C<(h+Q)}.

Note that 6E N Q* D Ujez, 66+ K)N QrF = Ujez, 607 + K). Moreover, assume K C By, and

fixjesk+B(0,5—L)andr=j+wej+ K; thenforallie{l,...,d} we have

<l|lz—ck|<|j—¢ L<—
7 — Skl < |2 — $H] < 1j — S|+ L <

that is, j + K C (k4 Q). We deduce that £k + {—|5 — L],...,0,..., |5 — L]}* C Z; and

consequently #7, > (2(5 —L—1)+1)4 > ( ) provided 5z > L + 1. In particular

SENQE > > |0 + K)| = #2i| K|6* > | K[

JEZk

11



We now write

lz—yl}<e

1
F0) = <57 [ gy (0600) = ) Py
{
1

v

(us(2) — ue(y))*dwdy

5d+2
|k—K'|=1
kK €Z.
1 ,
=—= > [ENQHISENQY (u() = uc(y))*dedy
k=1 (QExQE)N(SE)?
kk'€Zc

/(Q’§ xQF)N(SE)?

2

(ue () = u(y)) dudy

v
o) | —
IS
+‘
o=

=[]
™

[}
ISH

]{@émémx@?mw)

U, —Uu
:‘K‘ Z€d|5€25 :

lk—k'|=1
kK €2,

with the averages u* defined by

1
k
Uy = —F——— Ue(x)dz.
QN OE] Jqerse )

As in the previous case, we get a uniform bound on the piecewise-affine interpolation ., as
defined in Theorem 2.6, so we can conclude that there exists a subsequence converging in the
sense of (6).

4 Asymptotic analysis

This section is devoted to the proof of Theorem 2.8, subdividing it in a lower and an upper
bound.

4.1 Liminf inequality

We first prove a lower bound. To that end, let u. — w in the sense of (6) with F.(u.) < M <
+00. Using the conclusion in Remark 2.9 we can suppose that the sequence u. tends to
locally in L*(€2), and actually that u. = u outside 6FE.

In order to estimate the energy we use Fonseca-Miiller’s blow-up technique [11], as adapted
to homogenization problems in [8]. To that end, we restrict z € A C Q, where A is an open
subset, defining

1
P A) = 155 [ 4 sy 16(0) = )Py = () (19)

{lz—yl<e}

12



Since the measures p. are equibounded in mass, we can take a converging subsequence ji. — i,
so that by the lower semicontinuity of weak* convergence on open sets it holds

hmmfF (ue) > u(Q /d'ud:v

From now on, we denote @ := (— ;, 2) and, for all r > 0 and xg € R?, Q,(x0) := z¢ + pQ. We

fix a Lebesgue point xg € €2 for v and Vu, such that there exists

dﬂ( ) — lim (Qp(%))_

dz p—0 p?

Since 1(0Q,(x0)) = 0 for almost all p > 0, we can construct p. — 0, with p. > ¢, such that
dp o e(@p. (70))
P ) =l o)) (20)

From now on we will tacitly suppose that p = p.. Now we prove a classical lemma that allows
to match boundary data.

Lemma 4.1. Let {v.} C L*(Q) such that v. — v for some v € H'(Q). For all n > 0, there
exists another sequence {v1} C L*(Q), such that

o v’ — v in L*(Q)
e v =wv in the set {z € () : dist(z,0Q) < n}
o v =u. in the set {z € Q : dist(z,0Q) > 2n}

e if we define
1

gdt2 [(QxQ)N(SE)?
{|z—w|<e}

Fa,(vs) - (Uzs('z) - Ua(w))2 dzdw,

then it holds
lim sup(FL(v2) — FL(1.)) < o(1),

€
e—0
as n — 0.

Proof. Fix N € N and for k € {1,..., N} define Q) := {z € Q: dist(z,0Q) > % (N + k)} and

Sk = QN \Q_]kv Let ¢ be a cut-off function such that ¢, = 1in QY, ¢ = 0 in RY\ QY | and
V| < % Define

V" = v + (1 — g v,

Note that vf(2) —vf(w) = @i(2) (ve(2) —ve(w)) + (1= 6x(2)) (v(2) —v(w)) (dk(2) — Pr(w)) (Ve (w) —
v(w)) for all z,w € Q.
We decompose ) x @) as follows:

A= QY < QY,  aul(2) =1, dlw) = 1V(z,w) € Ay

A= (Q\ Q) x (Q\QY)),  ék(2) =0, dp(w) = 0V(z,w) € Ay
Az =S xQ,  |[Vér(2)| <1

Ay = (Q x Si) \ A3

A= QY x (Q\QY), 2 —w| = L V(s w) € 4y

Ay = (Q\ Q) x QY.

13



The integral in A; is estimated by:

1 2
il R (vE(2) — v (w))” dzdw
{|z—w|<e}
1 1 9 ,
- W Alﬂ(§E)2 (/U€(Z) - ( )) dZdw €d+2 %QXQ)O((SE)Q (UE(Z) - U5<w)) dZdw - FE(UE)
{lz—w|<e} {lz—w|<e}

Since @ has a Lipschitz boundary and v € H(Q), we can extend it to the whole R¢. Denote
the set
S, ={z € Q : dist(z,00Q) < 2n}.

We have
1 . 1 )

— , (VE(2) — v (w )) dzdw = —— , (v(2) —v(w))” dzdw

£ AoN(OE) £ A2N(OE)
{|z—w|<e} {|z—w|<e}

1 2
< 207 Jis,wsmncemy? (v(2) — v(w))? dzdw < < i [ (s,x5,) (v(2) — v(w))” dzdw
{|z—w|<e} {|z—w|<e}

/g|<1|€|2/,,§( Z+€£|§‘ ())Qdde’

where S, = {2z € S, : 2+ £ € S,}. Note that, for all |{] < 1 and € small enough, the set 5, ¢
is well included in S,, 4+ B, (0). Thus we can use a well-known characterization of Sobolev space
H' to estimate

v(z +ef) —v(z)\”
/ |§|2/ ( =€) ) dzd§ S/ (P I1V Y| L2, 4B, 0) @€ = V|| L2(5, 48, (0):
|€l<1 Sn.e 1€1<1

which tends to 0 as 7 — 0 independently of €. As for Az, we have

6(% /AWE)Q (v5(2) — 0¥ (w))” dzdw (21)
{lz—w|<e}
1
= o }(¢k( 2) (v=(2) — v(w)) + (1 = ¢x(2)) (v(2) — v(w))
+ (91(2) — ¢ (w)) (v:(w) — v(w)))*dzdw
< Edi% /Agm(aE)2 (ve(2) — 115(111))2 dzdw (22)
{lz—w|<e}
+ % AsN(SE)?2 (U<Z) - /U(w))Q dzdw (23)
{lz—w|<e}
+ % As(6E)? (P(2) — dr(w))? (ve(w) — v(w))*dzdw (24)
{lz— w|<€}
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Recalling that A3 = Si x @, we estimate (24) with

%SkXQ , (91(2) = dr(w))* (ve(w) = v(w))*dzdw

{lz— W|<6}
N? 2 2
< | sxo |z — w|*(ve(w) — v(w))“dzdw
{|z—w|<e}
N? 2 2
= — |z —w|*dz | (ve(w) — v(w))*dw
n Sk QNB(w,e)
N? 2 2
< — [ €B(v(w) — v(w)) dw
= Jsy
N2
- 5d+2—2/ (v.(w) — v(w))*dw.
= Jsy,

Note that v. — v in L?*(Q) by assumption, so the last term goes to 0 as € — 0. Moreover, when
we sum over k = 1,..., N the terms (22) and (23), we find

N

1 1 ,
Z (gdw /Asﬁ(w)2 (v:(2) — ve(w))? dzdw + —— i /Agm((SE)2 (v(z) —v(w)) dzdw)
k=1 {lz—w|<e} {lz—w|<e}
1 1 )
< el POy (ve(2) — ve(w))? dzdw + el POy (v(2) —v(w))” dzdw.
{|z—w|<e} {|z—w|<e}
Thus we may find k£ € {1,..., N} such that
! dzd ! ?dzd
é‘d? A3ﬂ(5E)2 (UE(Z) - ( )) Zaw + d+2 A3ﬁ(5E)2 (U(’Z> - U<w)) zaw
{lz—ul<e} {lz—wl<c}
1/ 1 1 )
< Sl Joneme () —vew) dedw + 5 | (0(2) = v(w) dzdw ).
{|]z—w|<e} {|lz—w|<e}

With such a choice of k, and setting v7 = v¥, (21) is estimated by

1
i o (0202 — 02(0))? dec
{lz—wl|<e}
< 3/ 1 1 )
= N\gm / gy (Ve(2) = v=(w)) dzdw + 5 / o (0(2) = v(w))* dzduw
{lz~w|<e} {|]z—w|<e}
N2 9 3 , , N2 )
+3— | (v(w) —v(w))*dw = N(FE<UE) + F/(v) +3— [ (ve(w) — v(w)) dw
n= Js, n* Js,

The estimate on Aj is the same with the roles of z, w reversed.
As for Ay, as already noticed for (z,w) € Ay we have |z —w| > F, so that, for n, N fixed
and ¢ small enough (indeed we let it go to 0 before arguing on N), ¥ < [z —w| < & cannot
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happen simultaneously and thus we simply have

1
43 | anoE)? (vi(z) - vf(w))Q dzdw =0 for & small enough.
9 4

{lz—wl|<e}

This works the same for A/, as well. Finally, gathering all the estimates together, we find

. C
limsup(F.(v) — F/(ve)) < < + [|Voll 225,48, 0))-
e—0 N

Sending N — oo, we prove the claim since ||Vvl|12(s,+8,(0) = w(n) = o(1) as n — 0. O

Recalling (20), we consider a Lebesgue point z and a sequence p = p. for which the limit

) = gy £l l)

exists, with p. is defined as in (19).

Proposition 4.2. Let {u.} C L*(Q), u. = u € H'(Q), and let n > 0 be fized. There exists
U, — w such that

o . (v) = us(wo) + Vu(zo) - (x — x0), for all x € Q,(x0) \ Qpr—2n)(T0);
o U.(x) =wus(x) forall x € Qy1—an(xo);

e denoting for simplicity

1
/ - . 2
FA0) = 257 gy (100) = ) Py,
{fo—yl<e)
it holds
lim sup(FY(u.) — FL(.)) < o(1)
e—0

asn — 0.

Proof. The proof of this proposition is obtained by applying Lemma 4.1 to the difference
quotient v. defined by
ue (o + pz) — ue(xo)

ve(2) == p , 2 E€Q.

We may choose p = p. such that also v. — Vu(zg) - z in L*(Q). We rewrite the quotient
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w in terms of the functions v,:
ME(Qp(xO)) . 1 )
T - pd€d+2 (Qp(xo)xﬂ)m((SEP(ue(x) - us(y)) d.%’dy
{lz—yl<e}
1
2 i - 2dzd
= pdgdi2 [Qp(mo)XQp(xo))n((SE)Q(ug(m) us(y))*dxdy
{lz—yl<e}
d
p
= L2 %QxQ)m(iE)Q (ue(@o + p2) — ue(wo + pw))*dzdw
{l—wl<2}
2
— _'Od+2 ue (o + pz) — uc(z0 + pw) dndus
€d+2 (Ci;;?mi%if P
2 ’ )
T i [@xQn(2R)? (ve(2) — ve(w))” dzdw.
{l—wl <2}

By Lemma 4.1, there exists v7 — v in L?*(Q)) which satisfies the properties stated therein, in
particular v?(z) = Vu(zg) - z in the set {z € @ : dist(z,00Q) < n}. By setting

Ue(xo + pz) 1= pvl(2) + uc(x) forallz € Q,

the function @. satisfies the properties in the statement; in particular, . (x) = u.(z) + Vu(zo) -

(x — xo) in the set {z € Q (o) : dist(z,0Q,(x0)) < pn} = Q,(z0) \ Qpa—2y)(x0), and by the
same change of variable of above to write the functional back in terms of u. it holds

. 1
s (L [ 0l0) — ) it
{lz—yl<e}
1 ~ ~
5 gy 128) — 80 ) < o),

{lz—yl<e}
asn — 0. O

To ease the notation we still call u. the sequence which satisfies u.(z) = u.(zo) + Vu(xg) -
(x — o) for x € Q,(0) \ Qp(1—20)(x0) of Proposition 4.2.

Now we would like to have £ € N, so we take a slightly smaller cube than Q,(z¢) that gives
a negligible error at the limit. Set N. := |5(4 — 1), I := (1 +2N,)d and

Qs = Qli (-TO) = U Qé(x(] + 5k), ’Qs' = lg?

In the hypothesis € > ¢ and n ~ %, we have Q,i1—y)(z0) € Q- C Q,(x0). In particular, we can

extend u. — u.(zg) — Vu(zg) - (- — z¢) periodically of period I. to the whole R?.
Note that for all z € Q. C Q,(z¢) and y € B(x;¢), choosing n = 2¢,

1+
= (ol <l — (ol + o — gl < 2 4 o = 211D

5 for all i € {1,...,d};
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that is, ¥ € Q(1n) (o). Thus we have
(Qe x RY) N {[z —y| < e} C(Qe X Quuyn(20) N {lz —y| <&}
We further split the right-hand side in
((Q: x Qo) N {lz —y| < e}) U((Q: X (Qpany(20) \ Q2)) N {Jz — y| < e}). (25)
For i € Qp1n)(T0) \ Qe C Qprn)(T0) \ Qp1—n) (o), and z € Q. N B(y, &) we have

p(1—mn)
9

for some index i € {1,...,d}; that is, v € Q- \ Qpa—-20)(x0) C Qp(0) \ Qp1—2y)(20). By
Proposition 4.2, it follows that for (z,y) € (Q: X (Qpa+y)(z0) \ Q=) N {|z —y| < e}, we have
simultaneously

np
<|yi = (xo)i| <2i — (wo)i| + |2 —y| < |zi — (x0)i| +2 = |zi — (20)i] + o

u.(x) = u(zo) + Vu(zy) - (x — z9),
u:(y) = u(zo) + Vu(zo) - (¥ — o),
(the latter by periodicity in y). Therefore, by (25), we can estimate

1 ) 1 ,
pd€d+2 [ngRd)ﬁ(éEP(ua(x) - U.e(y)) d[Edy < pd€d+2 KQEXQS)H((SE)Q (Ua(x> - Ua(y)) dl’dy
{lz=si<e} {la=yl <}
b 2
i pledt? %QEX(QP(HW)(”CO)\QE))ﬁ(fSE)Q(vu(a:()) (z —y)) dzdy
{lz—yl<e}
N / [ Vu(wo) [*e?
< (ue(z) — ue(y))*dady + ————— dz | dy
pd6d+2 §‘Qi€_r;/6‘£?:} ) ) pd€d+2 Qp(1+n) (mO)\QS Qe ﬂB(y,s)
1 ) V() [2e? ;
= W [chSE)2 (ue(x) — ue(y)) dwdy + W |Qp14m) \ Qp1-m)le
{le—yl|<e}
1 5 |Vu(xg)|? i1
< pled+2 /(Qsﬂ(;E)Q (ue(2) — ue(y)) dady + Téldep
{lz—y|<e}
1 ) e
- pledt? ﬁ@aﬂéE)Q (ue(2) — ue(y)) dedy + C;
{lz—yl<e}

since |Qp(14n) \ Qcl < |Qpr4m) \ Qoai—n| = [p(1+0)]* = [p(1 =n)]* < 2(np)dp™! = ddep™*. We
can read the estimate above as

1 9 1 9 €
7 ey 018) — )Py 2 e [ () = ) dady - O

{lz—yl<e} {lz—yl<e}

and C¢ =o(1) as € — 0.
Set w.(2) = uc(xo+1.2) — Vu(xg)-l.2 for all z € Q, which is Z?-periodic by our assumption.
For simplicity denote M. = 1+ 2N,, so that I. = (1 +2N.)d = M.6 and |Q.|? = ¢ = M35
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We have

p(Qye0) 1 2
p* - pledt? (Qp(xo)XQ)ﬁ(éE)Q(uE(x> — ue(y)) dxdy
{lz—yl|<e}
1
- pledt? ﬁQsﬁaE)Q (ue () = ue(y))*dady
{lz—yl<e}
1
{lz—yl<e}
= —1 L= o Yy — Zo 2
T plgdt2 [QEXRd)m((SE)Q <w5< I ) — We <—l5 ) + Vu(zg) - (x — y)) dzxdy + o(1)
{lz—yl<e}
L T — o Yy — o 2
> pled+2 lel?ﬁer {[ngRd)m(aE)g (w( L > — w< A ) + Vu(zg) - (x — y)> dxdy}.
{lz—yl<e}

We work on the infimum by change of variables, writing

wﬁﬁm/émwmww<w(ﬁi%>_u(y;x”_kvwﬂﬂwx_w>aﬂw

{|lz—y|<s}
_2d T T )
= I wzlglf)er. (Ql(io)de) (£ <w(a: le) (y ls) + Vu(xg) - l(x y)) dxdy
z—yl<£}
_ 2d+2 : 2
S j@({')x@ o ) 0+ o) =)
r—y Ie

The last equality comes from the fact that, for each w 1-periodic, the transformation w(z) =
[ w(x + @) (which is also 1-periodic) gives the same integral, and the infimum is the same by

the one-to-one correspondence. Now we use the periodicity of E to get rid of the center 72,

indeed it holds

Syt (@) =0 (0) + V) - (@ = ) oy

{lo—yl<£}

ﬁQl( 2)xR?) X () (@) (w (2) = w (y) + Vu(zo) - (x = y))” dudy

{lo—yl<i} C
%QMO)XRUZ) X( ) (@ 9) (w (2) = w (y) + Vu(zo) - (v = y))? dzdy,
{le—yl<£}

given that the integrand is jointly 1-periodic in both x and y, thanks to the 1-periodicity of
(and in particular of -2 ) of w and that y runs in R? (so that, when x and y is changed with
x+ k and y + k', the change of variable ¢y = y + k¥’ — k works).

Let w be Z%periodic and define a J\}lg Z%periodic function

w(z) = ]\;d Z w(x—f—MiE)




Via a standard convexity argument, calling Z. = {—N_, ...,0, ..., N.}¢,

/(Q L xR (L)’ (x) — @(y) + Vul(zo) - (x — y))* dwdy
{|9E yl<£}
1 ~ ~
oMl ﬁleRd)m(ﬁ)z (w() = @(y) + Vulzo) - (z — y))’ drdy
R (" R S
1 1 k k 2
= Msd \AQlXRd)m(ﬁE)Q <M—€d Z (w(x + E) — w(y + M) + Vu(g;(]) . (l’ — y>)) dxdy
{lz—yl< £} keZ.
< o \Y  dvd
S o (o ) o ) 5t e
REL ™ {la—yl<g
1
M AQMR"Z)“(A‘?)Q (w (2) = w (y) + Vulwo) - (x —y))* dudy.
© T {lawi<g)
Thus by taking the infimum for every w ]\} Z%-periodic on the left-hand side of the last inequal-
ity, by the arbitrariness of w 1-periodic, in (26) we get
#a(Qp(xo))
ol

l2d+2

> M| ol /(Q;Ede)n(E)Q (w(x) — w(y) + Vulzo) - (r — y))* dedy

1 7d_
wMEZ per.

{le—vl<2)
ld 5d+2 1 2d+2 2

- ﬁ gi? wﬁ:rzlcfl_per. /(Q1 XRd)m<M£€)2 ME <w(x) - w(y) + VU(ZEO) ’ (1’ - y)) dl‘dy

~1 as e—0 {‘z_y|<i}

gat2 ) T y 2
BT AWW)W(E)Q (w (ﬁ) v (ﬁ) +Vu(zo) - (z - y)) dzdy

: {lz—yl<5}

(5d+2 )

Z gd+2 le‘?lfJer /(Q1><RCZ)|’W(E)2 (’LU(.%) B w(y> + VU(I‘O) ) (SC - y))2 dl’dy,

{le—yl<5}

where the second equality holds from a change of variable and the same value of the inf With
M.w, and the last inequality comes from the fact that x — w( o ) is 1 periodic if w is Mg
periodic, and the infimum decreases. Finally, with fixed n > 0, for ¢ small enough we have
n > Sdiam(K), and we set Z. = {k € Z?: 2|k| < 1 — n}. Note that, when k € Z. we have

|lr —y — k| < diam(K )+|k|<——gn+d1am(K)<%

so that (z,y) € (K x E)N{|r—y| < 5} = (K x (K +k))N{|lr—y| < 5}. By adouble Jensen’s
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inequality we have

1 [y (012) = 00) + Valao) - (o = ) Pdody

w Z4-per. L
{lz—yl<5}

w Z4-per.

~ wt | (w (@) = w (y) + Vu(wo) - (= — ) dudy
(KxE)N{|lz—y|<5}

=Y /K e W)~ 0 ) Vo) o) dedy

w Z4-per.
1 2
> inf |K|? ( / w(z) —w (y) + Vu(zg) - (x — y)dxdy)
w Z-per. kEZZE K2 K x(K+k) "
1 2
= I (e [ Futen) k) = 1KY (Vute) -k
kEZ. KxK kEZ.
which is independent of w 1-periodic. Thus
pe(Qp(x ot?
( Pd< 0)) Z €d+2 ’KZ‘ Z (vu(xh) . k)?
p keZ.
and
. 5\* 5\’
11§Li§fw > K% lim inf >~ (g) <Vu(a:0) : gk) - \K|2/B V(o) - 2.
keZ. 1=n

Using the lower semicontinuity of the mass,

e—0

liminf F(u:) > p(Q) > / d—'udx,
we get
lim inf F. (u.) > |K\2/ V() - €Pdéds — |K\20(d)/ V()| 2dz,
e—0 QJB, Q

with Cyg =% [ 5, |67d€ as in [5] (for us ¢(z) was the characteristic function of the unit ball).

4.2 Limsup inequality

Let u € C?(Q2) and let n > 0 be fixed. Let © € € and set Zs := {k € Z?: Qf N Q # 0}.
For § < 1 we have Uy, @5 € {7 € R? : dist(z,Q) < 20} € . Moreover, without loss of
generality we can assume u € C%(QY).

By the regularity assumption on u and a weighted Cauchy-Schwarz inequality:

[u(z) —u(y)* = [Vu(@) - (z —y) + R(z,y)|*
1
< (Len)IVula) - (= y) + (14 ) RGP
with |R(z,y)| < Clz — y|?. Moreover, in the assumption € > §, it also holds

k6 — K'0| < |kd — x|+ |Kd—y|+e<e+20 <e(l+n)
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for all k, k' € Zs and x,y € Q¥ x Q¥ such that |z — y| < &, which imphes

F.(u)

1
< <1+n>€m [ sz 1900) - (& = )Py + €,
{le—yl<e}
< . —
- 1+n d+2 Z /QéxQé YN(SE)? U(CL’) (I
I ()
1
< (+n)om L RC
kk’eZ,; (@5xQf")

§|k—k'|<(14n)e

Y
@noE)? |z — y|*dzdy

{lz—yl<e}

y)|*dxdy + C, e

—y)|Pdzdy + C,°.

Note that for all k, k' € Zs and for all x = 6k + z and y = 0k’ + w, with z,w € 6Q),

so that |[Vu(z) - (z —y)* <

IN

IN

IN

[Vu(z) - (z = y)]

|Vu

|Vu(kd
Vu(kd) - (5k — 6K)| + C5,

VANRVANRVA

= CCRE

k k‘/€Z
5|k— k/|< (14n)e

1
(41— cd+2
p k’eZ

Olk— k:’\<(l+77)

1 d
Y. st

kk'€Zs
S|k—K'|<(14n)e

1
(I +1) cd+2
kk’EZ(;
Sk~ k’\<(1+n)

+C Y D - 5%52

keZs lj]< (1+71)5

1
(I +1) cd+2
k kIEZ

Slk—k'|<(14n)e

1 send 1 9d <2
1053 (5) ™

+C,

—y)[*dady

(z) - (0k — 0K') + Vu(z) - (z — w)|
|Vu(z) - (0k — 0K + || V|00
(kd) - (0k — 0k')| + | D*ul| o0 + || Ve[

(14 n)|Vu(kd) - (6k — 8k")|* + C,,6*. Therefore we have

/Qk T |Vu(ko) - (k6 — K'6)Pdzdy
X n

/ Vu(kd) - (k6 — K6)|2dady
(RFxQE)N(SE)?

/Qk s V) 0 = KOy
X N

(1+n) d1+2 > (QFxQF) N (BE)||Vu(ks) - (ké — K'6)[* + C, (g) :

k' €Z;
8|k—K'|<(14n)e

Finally, by the periodicity of the set

(Qf x Q¥) N (OE

)| = |Q§NSE|Qs NoE|

= P(k+Q)NE||(K +Q)NE|=dQnE|* =K
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which implies

1 , |
2 @ x @) N @EP|Vulks) - (k6 — Ko)P
kK e€Zs
olk—H|<(1+n)e
= = Y KPEVu(kd) - (k6 — o)

k?,k:lEZ5
S|k—K'|<(14n)e

< KPPy 6 Y (g)d}vu(ka)-gjf.
TS

It follows

Fu) < (1402 KPS ot 3 (g)d‘VU(ké)-gjr—i—(]n((g)z—i—&z),
keZs §|j|<1+77

and, thus,
limsup F.(u) < (1+ 77)2|K|2/ |Vu(x) - €|*dxde.
Q/XBl+27]

e—0

Sending n — 0 and €’ | 2 we conclude

limsup F.(u) < |K|2/ |Vu(z) - £|*drdé = |K|26’(d)/ |Vu(z)|*dz,
Qx B, Q

e—0

with Oy = L [, [¢]?de.

4.3 TI'-convergence with general convolution kernel ¢.
We recall that the general form of the functional we consider is

1
cd+2

F.(u)

(=) () — uly))*dady (26)
(QNSE) x (QNSE)

and our preliminary case considered is ¢(§) = X(0,1)(|¢]). In the case of a general ¢ we can
proceed by approximation. As stated at the beginning of Section 2, we consider a radial
convolution kernel in R?; that is, a function ¢ : R? — [0, 400) such that a decreasing function
@o : [0, +00) = [0,400) exists satisfying ¢ (&) = po(|€]). We further assume that

[, e@+ lsP)da <+,

and for each € > 0 we define the scaled kernel ¢, by ¢.(§) = aidgo(g)
Since ¢ is decreasing, we can write a ‘staircase’ approximation made of characteristic
functions of nested intervals (0, 7)) (where ry are defined below), that is

n2m

Pon(t) = Z X(0,r) (1) (27)
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where for each k£ =0,...,n2"
ri =sup {t: @o(t) > (k+1)27"}

and 7, = 0 if the set of such ¢ is empty. With this choice, r; is decreasing by the monotonicity
of ¢gy. Accordingly, for each n € N define the simple function

n2™

= ZX(UJ“}@)(KD'
k=0
Note that ¢, (£) <

< (&) for every € € R?. By standard approximation through simple functions,

©0n(€) — (&) pointwise almost everywhere, in L!'(R?) by dominated convergence and, since ¢
is in particular bounded, it converges also uniformly.

We define as F the same functional (26) with ¢, in place of ¢. Since ¢ is an upper bound
for any ,,, we have for any u. — u and n € N fixed

1 _
liminf £} (u.) > lim inf F*(u.) = lim inf —— / ©On <x y) (ue () — u(y))*dzdy
€ (QNSE)2

e—0 e—0 e—0 g
n2"
o _ 2
= llrgglglf Z e /(QO(SE)Q ue () — us(y)) da:dy)
{lz—yl<rie}
n2m 1
2
> Y tmint s [ () () Pdedy
=0 {le—yl<rie}

n2m

> ]K]Q// \Vu(z) - £Pdédx =
112 2
~IKP [ [ en©)Vata) - Fads,

by the result of Section 4.1. We can pass to the limit for n — oo by monotone convergence and
we get

hmlan (uz) >|K|2// )| Vu(x) - ¢|*dédx = C. /|Vu )|*d,

with Coe = |K 1?3 [oa ©(€)[€|2d€. Hence, the lower bound is satisfied.

As for the upper bound, we claim that it is enough to consider the function ¢ with compact
support. Indeed, for any R > 0 we can split the functional

R = g [ o) )~ )y
=z [ () () ) — )Py

1 T—y T—y 9
—l—m /(QME)2 go( 6 >XRd\BR< 5 )(u(w) u(y))*dxdy.
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In the second term of the sum we can perform the change of variables y = = + £, so that,
setting Q&) = {r € QNIE :x +e£ € QNIE} C Q for each £ € RY, it holds

1
6d+2

(QNSE)? SO(I ; y)XRd\BR (‘75 ; ?/) (u(x) — uly))*ddy

- /Rd\BR A1) 2(e) <“(37 : 865) - U($)>2dxdf

2
< [, #© [ (190l drae
= 100 ulm) [ lOlERdE = o)
R\

Br

as R — oo, uniformly in €. Thus we are left with the first term where ¢xp, has compact
support, so that the claim holds. For a general ¢y bounded, decreasing and with compact
support, we can approximate it from above in the same way of (27), since for ¢y, it holds

Con < 0o < o +27"

for each ¢ € R, so it it enough to take Pg,(t) = pon(t) + 27" for t € supp(po) = (0, R), and 0
otherwise. Accordingly for each n € N define

n2™
Zn(€) = GonllE) =D X (1€) + 2" X0 (1€) = D Xm0 (1€])
k=0 kel,

(Z,. is just a finite set of indices for each n) for which ¢, > ¢ and it converges to ¢ uniformly
and in L'(R%). Finally, for u € C?(Q) and n € N fixed, by the result of Section 4.2

1 _
limsup F.(u) < limsup —— gén(x y) (u(z) — u(y))*dzdy
e—0 e—0 €& (QNSE)2 €
. 1 5
= lim sup < > e / @nopy (U(@) —uly)) dmdy)
k€ln {lz—y|<rie}
2
= Z 50 gd+2 / (QNSE)? (u(z) — u(y)) dedy
{le—yl<rge}
=D IP [ [, vute) - epasae =
=

—IKP [ [ eIVt - Pdcin

and finally pass to the limit as n — oo to get the upper bound

e—0

limsup F_(u) < ]K|2// &)|Vu(x |2d§dx—Coo/ |Vu(z)|*d.
Q
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