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CONTINUOUS FUNCTIONS BETWEEN CARNOT GROUPS AND THE AREA
FORMULA

ANDREA PINAMONTI, FRANCESCO SERRA CASSANO, AND KILIAN ZAMBANINI

ABSTRACT. We discuss Q—absolutely continuous functions between Carnot groups, following Maly’s
definition for maps of several variables ([54]). Such maps enjoy nice regularity properties, like continuity,
Pansu differentiability a.e., weak differentiability and an Area formula. Furthermore, we extend Stein’s
result concerning the sharp condition for continuity and differentiability a.e. of a Sobolev map in terms
of the integrability of the weak gradient: more precisely, we prove that a Sobolev map between Carnot
groups with horizontal gradient of its sections uniformly bounded in L% admits a representative which
is Q-absolutely continuous.

In Memory of Jan Maljj

1. INTRODUCTION

In this paper we study Sobolev regularity, continuity and Pansu differentiability for maps
f:Q C Gy — Gy satisfying suitable intrinsic notions of absolute continuity or bounded variation,
called Q-absolute continuity and bounded QQ-variation, where G1 and Go are Carnot groups and 2 is an
open set in G1. In particular, we will apply such a study for extending in this setting an analogous of
the remarkable Euclidean Stein’s result [72] concerning the sharp condition providing continuity and
differentiability a.e. in terms of integrability of the weak gradient, thus paving the way to the study
of the gradient regularity of solutions to the sub-Laplace Poisson equation, see e.g. [43]. Moreover we
will prove an area formula for @)-absolutely continuous maps between Carnot group.

The definition and main properties of a Carnot group are collected in section 2. Let us quickly
recall here that a Carnot group G is a simply connected nilpotent Lie group which can be represented
as G = (R",-) equipped with:

e a family of intrinsic dilations (0))a>0: G — G, which are automorphisms of G;

e a subbundle HG of the tangent bundle T'G, called horizontal subbundle, which generates by
commutation the whole T'G;

e a Carnot-Carathéodory (or, also, control) metric d. associated to the horizontal subbundle HG,
which is left-invariant and homogeneous with respect to the intrinsic dilations.

The Haar measure of G turns out to be the n-dimensional Lebesgue measure £™ on R™ and the metric
(Hausdorff) dimension of (G,d,.) coincides with its homogeneous dimension Q. If G is commutative,
then G = R” as Euclidean vector space; if G is not commutative, then @) > n. In particular, we will
see that the homogeneous dimension @) will play the same role of the topological dimension n in the
Euclidean setting.

A Carnot group is a sub-Riemannian structure, where several classical differential notions and
results of the Euclidean/Riemannian geometry do not apply (see[30, 31]). Thus new intrinsic notions
are needed in this setting, such as, for instance, the ones of differentiable and Sobolev regular function
between Carnot groups (see Definitions 2.5 and 2.17, respectively). Nevertheless, from the intrinsic
point of view, some important analogous results to Fuclidean setting still hold for maps between
Carnot groups, such as a Rademacher differentiability result due to Pansu (see Theorem 2.6) and a
Sobolev-Morrey embedding theorem (see, Theorem 2.20).

Keywords: Carnot groups, Sobolev spaces, Pansu differentiability, Lorentz space, Q—absolutely continuous functions,
Area formula.
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Let us stress that the intrinsic notion of differentiability for mappings between Carnot groups,
and the related results, cannot be always recovered within the theory of differentiation for mappings
between metric spaces (see Section 7 ).

The notions of n-dimensional absolutely continuous function and mn-variation for a map
f: Q C R* —» R™ were initially introduced by Maly in [54]. They have been studied in several
papers (see, for instance, [15, 36, 37, 39]). An historical account as far as the concept of absolute
continuity for functions can be found in [54] and the references therein.

These notions can also be introduced in a metric measure setting, thus it is immediate to extend
them to maps between Carnot groups. In the following the balls involved are the ones with respect
to the CC distance d..

Definition 1.1. Let Gy = (R",-,d;) and Gy = (R™,x,da) be two Carnot groups, let Q) be the
homogeneous dimension of Gy (see (1)) and let f : Q C G1 — G, with Q open set in Gy.
(i) f is said to be Q-absolutely continuous if for each € > 0 there exists 6 = d(¢) > 0 such that,
for each finite disjoint family of open balls Uy, ..., Uy contained in €,
k k
if ZE"(Ui) < 6 then Z (oscy, )9 < e
i=1 i=1
where
oscy f = diamg, (f(U)).
(ii) The Q-variation of f is defined as

i=1
We say that f has bounded Q-variation if Vo(f,§) < oo.

We will denote by BV?(£2, G3) the class of functions f : Q C G; — Gy with bounded Q-variation
and with AC?(Q,G2) the class of Q-absolutely functions. We use the notation B‘/i(?c(Q,GQ) for
functions which are locally of bounded @Q-variation and ACH (Q, Go) for the family of functions which

loc
are locally Q-absolutely continuous. It actually holds that AC?(Q.G2) € BVO(Q,Gs) if Q C Gy is a
bounded open set (see Proposition 3.1).

The study of absolutely continuous functions has been extended from the Euclidean framework to
the one of metric measures spaces: firstly, the study of real-valued functions defined on measure metric
spaces (see, for instance, [63, 64]), and then the one of metric space-valued maps (see, for instance,
[79, 80, 55, 44]). We are going to compare later our results with previous ones.

Note that also in this context the homogeneous dimension @) of the Carnot group Gy plays the same
role of the Euclidean dimension. Indeed, we will see that, roughly speaking, the class ACI%C(Q, G2)
locally lies between the class of Sobolev maps which admit weak horizontal gradient with summability
@, that is the class I/Vli)’CQ(Q,Gg) (see Definition 2.17), and the union over p > @ of the spaces

WP (9, Ga). Moreover it shares good properties with the maps in W,2P(Q, Ga) with p > Q.

In section 3 we begin our study by stressing some simple classes of functions contained in AC% (€2, Gs).
In particular we will see that, if f satisfies the so-called (RR) condition, then f € AC?(Q,Gs) and
we will show that, if f is a Sobolev map with exponent p > @Q, that is f € WP(Q,Gsz), then
f € AC?(9Q,Gy) (see Theorem 3.6). Moreover we will prove that maps with finite Q-variation between
Carnot groups, that is maps in BV?(, Gy), are Pansu-differentiable a.e. and admit weak horizontal
gradient (see Theorems 3.7 and 3.10). As a consequence, since AC&(Q,GQ) C BVIOQC(Q,GQ), also
functions in AC?(£2, Go) share the same properties.

In section 4 we will prove that a Sobolev function f : Q C G; — Go admitting weak gradient in the
Lorenz space L% (Q) admits a representative in AC?(Q, Go) (Theorem 4.2), extending in this way
Stein’s result on Euclidean spaces. Moreover we will discuss this result also for maps in a suitable class
of Orlicz-Sobolev spaces between Carnot groups (see Appendix 6 and in particular Theorem 6.7).

In section 5 we will show an area formula for functions in AC%(Q,Gy) (see Theorem 5.7 and
Corollary 5.8), which extends the one proved in [50] for Lipschitz functions.

k
Vo(f,Q) := sup {Z (OSCUZ.f)Q AU, ..., Ui} disjoint family of balls in 2 } .
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Eventually in Appendix 7 we will collect, for sake of completeness, some relevant notions and results
about the differentiability and Sobolev regularity of metric spaces-valued maps defined on a metric
measure space, in order to compare our results with the previuos ones.

Acknowledgments. The authors are members of Gruppo Nazionale per I’Analisi Matematica, la
Probabilita e le loro Applicazioni (GNAMPA), of the Istituto Nazionale di Alta Matematica (INAAM)
and they are partially supported by the PRIN project: MUR-PRIN 2022 Project Regularity problems
in Sub-Riemannian structures, Project code: 2022F4F2LH. The authors would like to thank B. Franchi
and R. Serapioni for very useful discussions on the topics of the present paper.

2. PRELIMINARIES

2.1. Carnot groups. A Carnot group (G, ) is a simply connected and nilpotent Lie group whose Lie
algebra g of left-invariant vector fields has dimension n and admits a stratification of step s € N, that
is

g=VieVhe Vs,
where the vector spaces Vi, ..., Vs C g satisfy

Vi=[Vi,Vieq] fori=2,...;s, [V1,Vs]={0}.

We set m; = dim(V;) and h; = 22:1 m; for ¢ = 1,...,s. We fix an adapted basis of g, i.e. a basis
X1,..., X, such that

Xh, y+1,---,Xp;, isabasisof V;, i=1,...,s.
The subspace V; of g is also called horizontal layer, while X1, ..., X,,, are the generating vector fields
of the group. We endow the algebra g with the left-invariant Riemannian metric (-,-) that makes the
basis X7,..., X, orthonormal. Exploiting the exponential identification p = exp (31, p;iX;), we can
identify G with R", endowed with the group law determined by the Campbell-Hausdorff formula. In
particular, the identity e € G corresponds to 0 € R™ and the inversion map becomes t(p) =p~! = —p
for any p € G. Moreover, it is not restrictive to assume that X;(0) = e; for any i = 1,...,n. Therefore,
by left-invariance, we get

Xi(p) =dmpei, i=1,...,n,

where 7,: G — G is the left-translation by p € G, i.e. 7,(q) = p - ¢ for any ¢ € G.
The subbundle of the tangent bundle TG that is spanned by the vector fields X1, ..., X,,, plays a
particularly important role in the theory and it is called the horizontal bundle HG; the fibers of HG
are

HG, = span {Xi(x),..., Xm, (2)}, z €G.
For any i = 1,...,n, the degree d(i) € {1,...,s} of the basis vector field X; is d(i¢) = j if and only if
X; € Vj. The group dilations (6x)x>0: G — G are hence given by

(5)\(]7) = (5)\(171, st 7pn) = ()‘ph s '7)‘d(i)pi> o '7)\spn) for all pE G.

The Haar measure of the group G coincides with the n-dimensional Lebesgue measure L£™. The
homogeneity property £*(0x(E)) = A2L"(E) holds for any measurable set £ C G, where

(1) Q:= Zz‘dim(w) eN

is the homogeneous dimension of G. For notational convenience, we will use also the shorthand
|E| = L™"(E).

In the following proposition (see [25]) we collect some fairly elementary properties of the group oper-
ation.

Proposition 2.1. The group product has the form

(2) r-y=x+y+ Qx,y), Vao,y € R"

where @ = (Q1,...,9Qy,) : R" X R™ — R™ and each Q; is a homogeneous polynomial of degree d(i) i.e.
Qi(drz, dry) = A40) Qi(z,y), Vz,yeG.
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Moreover Q is anti-symmetric, which means

Qj(l’,y) = 7Qj(*yv *"E)’

and also
Qi(x,y) = ... = Qm,(z,y) =0,
(3) Qj(,0) = Q;(0,y) =0,
Qj(x,x) = Qj(x, —x) = Qj(—x,x) =0, for m; <j<mn,
Qj(x,y) = Qj(x1, ..y Thy_ 1 Y15+ Yn_y), f 1<i<s and j<h;.
Definition 2.2. An absolutely continuous curve 7: [a,b] — G is horizontal if there exist uy, ..., Upm, €

L'[a,b] such that

y(t) = Zuj(t)Xj(’y(t)) for a.e. t € [a,b).

We define the horizontal length of a horizontal curve vy by L(vy) = f; |u(t)|dt, where u = (u1, ..., Un,)
and | - | denotes the Fuclidean norm on R™.

Chow-Rashevskii Theorem asserts that any two points of G can be connected by horizontal curves
[9, Theorem 9.1.3]. Actually, any two points can be connected by a geodesic, despite such a curve can
be not unique [58, Theorem 1.4.4]. This allows us to define the Carnot-Carathéodory distance (CC
distance) as follows.

Definition 2.3. The CC distance between =,y € G is
de(x,y) :=inf{L(y)|v: [0,1] = G horizontal joining x to y}.

This CC metric induces the Euclidean topology and it is an invariant distance, since it satisfies
de(zz, zy) = de(x,y) (left translation invariance) and d.(d,(z),d,(y)) = rd.(x,y) (homogeneity) for
z,y,z € G and r > 0. Every invariant distance d induces a homogeneous norm, simply defining
lz|| :== d(x,0). We denote the CC open ball with center x and radius r by U,(z) or by U(z,r) and in
particular we use the shorthand U; = U(0,1). When convenient, we will consider the closed CC ball
of center x and radius r, denoted by B(x,r). It can be proved that £"(U,.(x)) = r@L"(U1(0)), where
@ is the homogeneous dimension of G (see (1)). Therefore @) turns out to be the Hausdorff dimension
of the metric measure space (G, d., £™). In particular note that, if the step of G is s > 2, then @ > n,
which means that the Hausdorff metric dimension of G is larger than its topological dimension n.

Following [25, Thm. 5.1}, we also introduce the left-invariant and homogeneous distance doo(p, q) =
deo(q™! - p,0) for p, ¢ € G, where, identifying G = R"® = R™ x ... x R™s and letting mgm, : R* — R™
to be the canonical projection for i =1,...,s,

(4) doo(p, 0) = max{e;|mrm; (p) %/JLZ ci=1,...,s} forallpeG,
with constants 1 =1 and ¢; € (0,1) for all i = 2,..., s depending on the structure of G. We use the

shorthand ||p|lec = doo(p,0) for p € G. Consequently, for p € G and r > 0, we define the open and
closed balls with respect to this metric as

Uso(p,7) ={q € G :doo(q,p) <7},  Beo(p,7) ={q€ G :d(q,p) <7}

2.2. Differential Calculus on Carnot Groups. This section is taken from [25] and [50, Chapter
3]. We refer to [52] for a generalization of the content of this section. The notion of P-differentiability
for functions acting between Carnot groups was introduced by Pansu in [60].

Definition 2.4. Let G1,Gy be Carnot groups, with homogeneous norms || - |1, || - ||2 and dilations
5;, 5/2\. We say that L : G; — Go is H-linear, or is a homogeneous homomorphism, if L is a group
homomorphism such that

L(8}g) = 63L(g), for all g € Gy and X\ > 0.
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Definition 2.5. Let 2 C Gy be open. We say that f : Q — Go is P-differentiable at gg € Q if there
is a H-linear function dpf(go) : G1 — Go such that

I (drfg0)(go" - 9)) - flg) ™" f(@)llz=o(llgg" - gll1), asllgg" - gl =0
where o(t)/t — 0 ast — 0%. The H-linear map dpf(go) is called the Pansu’s differential of f at go.

The fundamental result where P-differentiability applies is the so called Pansu-Rademacher theorem
for Lipschitz functions between Carnot groups, see [60] and [53, 61] for a different proof.

Theorem 2.6 (Pansu [60]). Let G = (R",-) and Gy = (R™, %) be two Carnot groups equipped with
two CC metrics denoted, respectively, by di and ds. Let f: Q C Gy — Go be a Lipschitz continuous
function with Q an open set. Then f is P-differentiable at L™-a.e. in § .

A version of the classical Stepanov’s theorem [73] holds for maps between Carnot groups, which
extends Pansu-Rademacher theorem (see [77, Theorem 3.1]).

Theorem 2.7 (Stepanov’s theorem for Carnot groups). Let G; = (R™,:) and G = (R™,*) be two
Carnot groups equipped with two CC metrics denoted, respectively, by di and dy. Let f: Q C G — Go

and assume that
- o d2(f(q), f(p))
(5) Lip(f)(p) := hrglj;lp 0(0.p

Then f is P-differentiable at L™-a.e. p € Q) .

< oo for L"-a.e. p € Q.

Let Xi,..., X, be a generating family of vector fields. For j =1,...,my, we say that f : G — R
is differentiable along X; at a point zo if the map A — f(74,(dre;)) is differentiable at A = 0, where
ej is the j-th vector of the canonical basis of R". In other words, f is differentiable along X; at z¢ if

there exists

For any function f : G — R for which the partial derivatives X f exist, we define the horizontal
gradient of f, denoted by Vg f, as

mi
Vel =Y (Xif)Xi.
i=1
We will represent the horizontal gradient in coordinates Vg f = (X1 f, ..., Xm, f)-
Finally, if z = (21,...,2,) € R" = G and 2y € G are given, we consider the projection of x onto
HGy,:
mi
(6) o) = 325 (w0).
j=1

The following proposition is proved in [59, Remark 3.3].

Proposition 2.8. If f : Q@ C G — R is Pansu-differentiable at xo, then it is differentiable along X;
at xg for j =1,...,my, and for any v € G the following formula holds:

(7) dpf(20)(v) = (Vg [(20), Tao (V) ao-
In particular, dp f(xo)(ej) = X f(xo) for all j =1,...my.

We conclude this section by recalling the notion of convolution in Carnot groups; we address the
interested reader to [70] for the proof.

Lemma 2.9. Let G = (R",:) be a Carnot group and let o € C>®(R™) be such that 0 < o < 1,
Jgn 0dL™ =1, spto C Uy and o(x™) = o(—x) = o(x) for all x € R™. Let us denote

(8) 0e(x) := e 9 ((51/5(33)) zeR";

) (Fre)@ = [ ooy )WL W = [ o) S 2) L")

n

Then



6 A. PINAMONTI, F. SERRA CASSANO, AND K. ZAMBANINI

i) if fe LP(R™), 1 <p< oo, then fxo. € C°(R") and f * 0. — f in LP(R™) ase — 0;

)
(i) spt f* - Cspt f- B(0,¢);

(iii) Xj(p*0:) = Xjp* e for any ¢ € CP(R™) and each j =1,...,mq;

(iv) Jpu(f % 0:) gdL™ = [pu(g* 0c) fdL™ for every f € L®(R™), g € L*(R™);

(v) if f € LR N C°RQ) for a suitable open set Q C R™ then f % 0. — f uniformly on compact
subsets of ) as € — 0.

2.3. Lorentz space. Let 2 C G = R" be an open set, let () denote the homogeneous dimension of
G and let A := L™"(Q). If g : @ — R is a measurable function, £™-a.e. finite, we define its distribution
function Ay : [0,00) = [0, 00] as

Ag(s) = L"({z € Q: [g(z)| > s})
and the nonincreasing rearrangement g* : [0,00) — [0, 00] of g as

g*(t) = 1inf{s > 0: A\y(s) < t} .
It is well-known that A\, and g* are nonincreasing and right-continuous. Moreover g* is the nonin-
creasing function which is equimeasurable with |g|, namely

Lr'({z e Q:glx)] >s}) =L {t e RT : g*(t) > s}) for all s > 0.

The Lorentz space L2 (Q) is defined as the class of all measurable functions g : @ — R, L"-a.e.
finite, for which the quasi-norm

A
Mmmm—Athwﬁ

is finite. Note that it is not a norm since the triangle inequality may fail. A systematic study of
Lorentz spaces is carried out in [71] whereas a simpler recent account can be found in [39].
Let us recall some properties of the Lorentz space L?1(2) whose proof can be found in [8] and [39].
Proposition 2.10.

(i) For any measurable function g : Q — R,

HﬂmumZQA Mg()V/@ ds

(ii) LLY(Q) c LR(Q); moreover, if | < oo, it holds that LP(Q) C LY (Q) for each p > Q.
(iii) If |g1| < |g2| a-e. in Q, then

g1l ) < llg2llper(q) -

Notice that, in view of point (ii) of the previous Proposition, the Lorentz space L2 () is, locally,
an intermediate space between L?(Q) and LP() for all p > Q.
Let us also recall the following remarkable characterization of L?(Q2) in terms of Orlicz integrability
conditions, contained in [39, Corollary 2.4], which we will need later.

Theorem 2.11. Let g be a measurable function on 2. Then the following properties are equivalent:
(i) g € L&H(Q).
(ii) There is a positive nonincreasing function ¢ € LYQ((0,00)) such that

(10) | Flaly de < oc.
where
o sgo(s)é_l if s> 0
) Pu$~{0 AN

2.4. Sobolev spaces on Carnot groups. In this section we introduce and study LP and Sobolev
spaces for maps between Carnot groups.
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2.4.1. Sobolev functions from a Carnot group to R. Sobolev spaces for scalar functions defined on a
Carnot group G are constructed in the usual way by considering distributional derivatives along the
basis X1, ..., X, of the horizontal layer of G: a function g € L}, () is the weak (or distributional)
derivative of f along X; if

/ godr = _/ fX;pdx for all ¢ € C°(9).
Q Q

As usual we will write X f also to denote the weak derivative of f along X; and Vg f = (X1 f, ..., Xm, f)
for the weak horizontal gradient.

Definition 2.12. Let Q be an open subset of G = R™ and 1 < p < co. We define the (horizontal)
Sobolev space Wé’p(Q) as the space of all the functions with finite norm

(12) [ullyre = llullp + [ Veullp,

where Vgu denotes the horizontal distributional gradient of w.
The following result is well-known, see e.g. [71].

Proposition 2.13. Forany 1 <p < oo, (Wé’p(Q), |-l yy1») is @ Banach space, reflexive if 1 < p < 0o.
G
Moreover, Wé’Q(Q) is a Hilbert space.

Another way to define the Wé’p with 1 < p < oo is to take the closure of C**° functions w.r.t
the norm (12). As in the Euclidean case, the two approaches are equivalent. This was obtained
independently in [23] and [28]. However, the method goes back to the classical result by Friedrichs
[27]. The result can be stated as follows.

Theorem 2.14. Let 1 < p < oco. We have
C* ()N Wé’p(Q) is dense in Wé’p(Q).
If in addition 02 is a smooth manifold, then
C>(Q) is dense in Wé’p(Q).
We state now an interesting result which will be useful in the proof of Theorem 3.10.

Proposition 2.15. Let f: Q C G — R. Suppose that

(i) f is P-differentiable a.e. in §);
(i) £ € Wgioe(Q)-
Then

—J@) = X;f(x) for a.e. x €Q

for eachi=1,...,my, where X;f denotes the distributional derivative of f along the vector field X;.

Proof. Let us fix i = 1,...,m; and ¢ € C°(Q).
If x € Q is a point of P-differentiability for f then, by Proposition 2.8, f is differentiable along X; at
x and

o (ER(XD) (@) — £(2)

50 m = Xzf(x)7
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where in this case X, f stands for the classical derivative of f along X;.
We have

[ LI = )
Q

t—0 v

t
Y [ (exp(tX)(z)) — f()
= hrn/Q :
¥

t—0 SO(:L') du

i [ £LEER(EX) @) — ()
t—0

. f(x)dx

Q
:—/meﬂmm
Q
:/xwwﬂmw
Q

and the conclusion follows by the fundamental Lemma of the Calculus of Variations. U

We conclude this section by recalling a well-known estimate on the Riesz potential that will be
helpful later on. The proof easily follows using the Poincaré inequality in Carnot groups [35], [21] and
[26] and we omit it.

Theorem 2.16. Let U = U(z,r) and let f: G — R be a continuously differentiable function. Then
there exists C' > 0, independent of U and f, such that

(13) ﬂ@aM<CA‘E£%L@

for all x € U, where fy := foda:. Moreover, if f € Wé’joc(U), then (13) holds for a.e. x € U and
Ve f(y) denotes the weak horizontal gradient of f at y.

2.4.2. Sobolev functions between Carnot groups. We are now going to introduce the notions of LP
functions and Sobolev functions with values in a Carnot group. These concepts actually work for
mappings between general metric spaces and can be introduced in several different ways (see Section
7). A possible approach relies on upper gradients (this is for instance the case discussed in [44]),
while here we use the definition by sections of mappings. These notions go back to Ambrosio [3] and
Reshetnyak [65] for functions defined on open sets of R™ or a Riemannian manifold and have been
extended by Vodop’yanov [76] to the setting of Carnot groups. A recent account containing different
approaches to this argument is due to Kleiner, Miiller and Xie [41, 42].

Definition 2.17. Let G = (R",-,dy) and Gg = (R™, ,dz) be two Carnot groups and let  C Gy be
an open set.
(i) We say that a map f : Q — Ga belongs to LP(Q,G2), and we will write f € LP(Q,G2), if
f:QCR* = R™ is measurable and the map R™ > x +— da(0, f(z)) is in LP(Q).
(ii) We say that a map f : Q — Gg belongs to the Sobolev space W'P(2,G3), and we will write
f € WLP(Q’GQ)’ Zf
(o) | € LP(Q,Gy);
(o) for all z € Gy the functions u, : Q@ — R

(14) uy(z) = da(z, f(2)) if x € Q,

are in Wéfloc (Q);

(o) there exists a nonnegative function g € LP(Q) (independent of z) such that
(15) Ve, uz| < g ace. in Q, for each z € Ga.
In the following we will refer to a function u, as a section of f.

As usual, we will denote by Wé’f(Q, Gz) the set of functions f : Q — G such that f € W1P(Q/, Gs)
for each Q' cc Q.
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Remark 2.18. The stability condition requested in (15) with respect to the family of 1-Lipschitz maps
v: Gy — R, ¢(y) := da(z,y), can be extended to all Lipschitz maps between Gy and R. Indeed the
following characterization holds (see [76, Proposition 1] and [41, Proposition 2.31], see also Lemma
74): f € WHP(Q,G3) if and only if there exists a nonnegative function g € LP(2) such that, for
each Lipschitz function ¢ : G2 — R, the composition map ¢ o f : & — R is in Wé’ﬁloc(ﬁ) and
Vg, (po f)] < Lip(p) g a.e. in Q.

Notice that, exploiting this remark, it is easy to see that Definition 2.17 does not depend on the
specific distance dy on Gy which appears in (14). In fact, suppose dy is another invariant distance on
Gso. Then do and do determine the same Sobolev spaces. Indeed, since do and do are both invariant,
they are equivalent as distances (see [9, Corollary 5.1.5]), namely there exists a constant L > 1 such
that
(16) Lile(‘Tvy) < Cz2($,y) < Ld?(xvy)
for every x,y € Go. Suppose now f € WP(Q, Gs) according to the distance dz. Then

e The map R” 3 x> dy(0, f(z)) is in LP(2) by (16); )
e For every z € Ga, the map ¢, : (G2,d2) = (R, | - |) defined by ¢, (y) := da(z,y) is L-Lipschitz
since ~ ~ B
p2(2) = @=(y)| = |d2(z, ) — da(z, )| < da(z,y) < Lda(z,y).
Hence we can apply Remark 2.18 and deduce that the composition da(z, f(:)) = p. o f €
17 .
W(Glp,loc (Q)7
e Again by the previous considerations and Remark 2.18, we conclude that |Vg, (¢- 0 f)| < Lg
a.e. in € for each z € Go.
Thus f € WP(Q,Gs) with respect to dy: this shows that Definition 2.17 does not depend on the
specific invariant distance on Go.

P-differentiability and Morrey embedding theorem for real-valued Sobolev spaces on Carnot groups
when p > @ (see, for instance, [59] and [28, Theorem 1.11]) can be extended to Sobolev maps between
Carnot groups. Here Q always denotes the homogeneous dimension of Gj.

Theorem 2.19 (P-differentiability with p > @, [78, Corollary 2]). Let f € W'P(Q, Gy) with p > Q.
Then f is P-differentiable a.e. in 2.

The following theorem can be found in [42, Lemma 2.7].

Theorem 2.20 (Morrey-Sobolev embedding with p > Q). Let f : U(x,r) C G — G2 and p > Q.
There is a positive constant C, (depending on p) such that, if f € WiP(U(z,1),G2) and g is as in
(15), then f has a continuous representative and for each y € U(z,r) it satisfies

o 1/p
(17) dy(f (@), f(y) < Cpr' ™7 ( /U ( )gpdc“) .

3. ABSOLUTELY CONTINUOUS FUNCTIONS BETWEEN CARNOT GROUPS AND SOME PROPERTIES

Let us collect in this section some interesting properties of ()J—absolutely continuous functions and
functions of bounded Q—variation.
Let us begin to observe that, on bounded open sets (with finite measure would suffice), the class of
Q-absolutely functions is contained in the one of bounded @-variation functions.

Proposition 3.1. Let Q C Gy be a bounded open set. Then ACP(Q,G2) C BVY(Q,Gy).

Proof. The strategy of the proof is inspired by [44, Lemma 2.16], where the authors prove a local
version of this result for abstract metric measure spaces. Let’s denote by A := L™(Q2) < 400 and let
f € ACP(Q,G,). Fix e = 1: by Q—absolute continuity, there exists § > 0 such that, for each finite
disjoint family of open balls Uy, ..., Uy contained in €2,

k k
(18) if ZL’"(UZ-) < 26 then Z(oseyif)Q < 1L
i=1

=1
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Let n € N be sufficiently large so that A < nd. Let now F = {Uy,..., U} be a disjoint family of balls
in 2 and write F = F; U JFs, where

F1 = {Uj e F: [,n(Uj) > (5},

Fo = {Uj e F: [,n(UJ) < (5}
Notice that the elements in F; are at most n and their radii are equibounded. For any U =
U(xz,r) € F; and any y € U consider a geodesic joining x and y. On such a curve pick points
xr = xg, T1,..., TN—1, TN = y such that x; and z;41 live in a common small ball (contained in U) of

measure less than 20. Note that it is possible to find N independent of y and U since all the elements
in F; have equibounded radii. By (18) we can now estimate

do(f(x), f(y)? < (do(f(@), f(a1)) + -+ +do(f@n—1), F()))?
< C(Q)(da(f (@), f(m1)? + -+ dao(f(an-1), f(1)?) < C(Q)N := K.

By the triangular inequality the same estimate holds (with a greater constant K ) for any y,z € U.
We conclude that Y 7 (oscy f)¥ < nK.
Collect instead the elements of > into at most n sets Fa 1, ... Fa, with ZUGB ; LM(U) < 26, so that

by (18)
Z (oscp f)9 = Z Z (oscy f)? < n
UeFs Jj=1UeFy;
Hence Vg (f,Q) < n(K + 1) and the thesis follows. O

It is clear that a (Q-absolutely continuous function is actually continuous; here we provide a first
example of a class of ()-absolutely continuous maps.

Remark 3.2. Let f: ©Q C G; — Gy be Lipschitz continuous. Then f turns out to be @-absolutely
continuous. Indeed,

08¢y, (z) (f) = diamg, (f (Ur(z))) < Lip(f) diamg, (U (x))

for each z € G1 and r > 0. Using the previous inequality we immediately get that there exists Ly > 0
such that

(19) oscy(f)? < (2Lip(f)?r® = L1 |U]
for each (open) CC open ball U C G; and the conclusion follows.

Definition 3.3. A function f: Q C Gy — Go satisfies the condition (RR) if there is a nonnegative
function w € LY(Q), called weight, such that

(20) oscy, (z) ()9 < / w dy
Uy ()

for every ball U.(z) C Q, being Q the homogeneous dimension of Gi.

Remark 3.4. The acronym (RR) stands for Rado and Reichelderfer [62], who introduced a similar
condition for proving an area formula in R™. The condition (RR), as stated in Definition 3.3, is a
generalization to Carnot groups of the one due to Maly [54].

Remark 3.5. It is immediate to check that if f : Q@ — G2 satisfies the condition (RR), then f €
AC®(Q,Gy), by the absolute continuity of the Lebesgue integral. The viceversa is known in Euclidean
spaces for functions f € AC™(2,R™) [15, Thm. 9] and it is still open for maps between Carnot groups.

As observed in Remark 3.2, Lipschitz functions are Q—absolutely continuous. Also Sobolev func-
tions with a high order of summability share the same property. This result was shown in [54,
Thm. 4.1] for the Euclidean case and the proof can be carried out in the same way by exploiting
Morrey-Sobolev embedding Theorem 2.20. Here we mention an alternative approach which relies on
an equivalent definition of Sobolev spaces through upper gradients.

Theorem 3.6. Let Q C Gy be an open bounded set and let f € WYP(Q, Go) with p > Q, where Q is
the homogeneous dimension of Gi. Then, for a suitable representative, f € ACP(Q, Go).
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Proof. By the following Corollary 7.6, we can assume f € N"P(Q : Gg), where N'P(Q : G3) denotes
the Newtonian Sobolev space between 2 and Gg (see Appendix 7). Applying [44, Theorem 1.4] we
immediately get the conclusion. O

We are now interested in studying some differentiability properties of absolutely continuous maps
between Carnot groups. We start with the following

Theorem 3.7 (Differentiability a.e.). Let f € BV?(Q,Gy). Then

(i) f is P-differentiable for a.e. p € Q;
(ii) Lip(f) € L9(S2), where Lip(f) is the function defined in (5).

Remark 3.8. Note that Pansu’s differentiability for maps in BV?(Q,Gs) does not follow from dif-
ferentiability result a la Cheeger-Kleiner proved in [44, Proposition 1.3] for maps between metric
spaces, of which the target metric space is biLipschitz embedded into a Banach space satisfying the
Radon- Nikodym property (RNP). Indeed it is well-known that Carnot groups may not be biLipschitz
embedded into a Banach space satisfying (RNP) (see Appendix 7.1)

Proof. We can follow the same proof of [54, Thm. 3.3] with suitable changes. For the sake of com-
pleteness, we collect here the main steps. Let g : 2 — R be a nonnegative upper semicontinuous
function such that

0 < g(z) < [Lip(f)(2)]? for all z € Q.

For any = € {g > 0}, there exists a unique integer k = k() such that 2¥ < g(x) < 2!, Furthermore,
since ¢ is upper semicontinuous, there exists 0 < r = r(z) < 1 such that U(z,5r) C {g < 2¥1}. In
addition, from the fact that g(x) < [Lip(f)(z)]?, we can assume, up to reduce r, that

(21) 2619 < g(a)r? < 2(Uc(>sc ne.

Applying Vitali’s covering Lemma, we can extract a disjoint (hence at most countable) family {U (z;,7;)}i C
{U(z,r(z))} of balls such that

{g >0} C U U(z,r(x)) C UU(asi,E)ri).
z€{g>0} i

We define, for all k € Z, I}, := {i : k(x;) > k} and Ej, := {x € Q: 2F < g(x) < 2k}
Notice that Ej C U,es, U(wi,5r;). In fact, let € Ej. In particular g(x) > 0, hence z € U(x;,5r;)
for some 4. If it were i & Iy, then k(x;) < k, which implies 2 € U(x;,5r;) C {g < 2¥}, contradicting

x € Fi. Thus we get
M(ER) <Y LMU(x,5i) < C Y rf

1€l 1€l
(21)

<CZ2 @) osc f)@.

’LEIk U Z“rz)

Finally we use this estimate to bound

/ z)dr < Z / r)dr < Z okl (Ey)

k=—00 k=—o0
<C Z 22k+1—k(ﬂci)( osc f)Q
k——ooielk Ul@iri)
—C’Z Z okt1=k(@)( osc f)@
i= 1k;<k(:c1) Ulwors)

—402 0sC fQ<CVQ(fa Q),

U(x;,ri)
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where we exploited the properties of the (J—variation and the fact that Zkgkz(axi) ok — ok(zi)+1 ¢
follows that

/[sz(f)(:v)]Q dx = sup {/ gx)dr:gus.c,0<g< Lz’p(f)Q} < CVo(f, ).
Q Q
Thus (ii) follows and also that Lip(f)(x) < oo for a.e. = € . From Theorem 2.7, (i) follows, too. O

We will now focus our attention to the case when Gy = (R, +). Note that in this case, since R™
is abelian, a map f = (f1,...,fm): @ C G — R™ is Q-absolutely continuous (respectively of finite
Q-variation) if and only if each component f; :  C G — R is Q-absolutely continuous (respectively
of finite @-variation), for each i = 1,...,m. Thus we can reduce the study to real-valued functions
defined on an open set of a Carnot group. We will denote

BVE(Q) := BVO(Q,R), AC(Q) := AC?(Q,R),
BV, (Q) = BVS

loc

(L R), ACE,,.(Q) = ACY

loc

(AL R).

The following theorem can be proved mutatis mutandis as its Euclidean counterpart, and the proof
relies on standard arguments. For this reason we omit it.

Theorem 3.9. If f € L2(Q) N BV(?(Q) let us denote

Ifla.mv = If Lo + Valf, 2)"e.

Then (L2 (Q) N BV(G?(Q), | - llg.Bv) is a Banach space. Moreover L2(Q) N AC@(Q) is a closed linear
subspace of L2 () N BV(G?(Q).

Theorem 3.7 states that BV®-functions are P-differentiable pointwise almost everywhere. We
will now prove that such maps enjoy additional differentiability properties, namely they are weakly
differentiable according to Definition 2.17. More precisely,

Theorem 3.10 (Weak differentiability). If Q > 1, then
BV (Q,Gs) € W90, Gy).

loc loc

Remark 3.11. Note that from [44, Theorem 1.2] it follows that BVIE;?C(Q,GQ) C DIIO’CQ(Q : Ga), where

' : GG2) denotes the (loca wrichlet class of maps between metric spaces ,dy, an
DllogQ(G}d he (local) Dirichl l f b i Q,dy, L7 d

(Ga,d2) according to [34, Chap. 7] (see Appendix 7.2). It is also straightforward from definition
that BV,%(Q,Gs) C L%(Q,G2). By definition, Dy9(Q : G2) N L2 (Q,Gs) = NU¥(Q : Gy), where

NIE’CQ (© : Gz2) denotes the (local) Newtonian Sobolev space of maps between the previous metric spaces.

On the other hand, from Corollary 7.6, it follows that Nﬁ)’CQ(Q :Go) = Wli’(?(Q, G2). Therefore The-
orem 3.10 can be shown also by this strategy.

Here we propose an alternative proof of Theorem 3.10 with respect to the one in [44, Theorem 1.2],
by using the intrinsic convolution in Carnot groups and in the same spirit of [54, Theorem 3.2]. In
order to prove Theorem 3.10 we need the following technical lemma. Point (i) establishes a uniform
estimate on the distance between the images of integer points after a right-translation. Point (ii)
provides a way to cover G with arbitrarily small balls centered at suitable dilations of the integer
lattice.

Lemma 3.12. (i) For every Ry > 0, it holds that

(22) 00 ‘= mf{dc(fpaﬁp) : é?neznaé#nvpe B(OaRO)} > 0.

(ii) Given a positive integer k, let Zy, be the set of all points z € G = R™ such that 6y (z) has integer
coordinates, that is,

(23) Zy = b1 (2"
Then there exists a positive constant o1 > 0 such that

Uzeku(Z,O'l/k:) =G.
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Proof. (i) Since d. and d are equivalent distances, it is sufficient to show that

(24) 08 = lnf{doo (g “p,n p) : 5777 € Zn? f 7é DS BOO(O7RU)} > 0.
By contradiction, if o = 0, there exist three sequences (£,)n, (n)n in Z", (pr)n in Boo(0, Ro),with

€n # nn and limy, o0 doo (&4 - Phy Mk - Pr) = limpoo P71, - €h - Phlloo = 0. Let @y =1y, 1 - &, We
observe that (xj) is bounded in (R™, ds). In fact, for all h,

lzh 0o = [lPA 'pgl “Ip - Ph 'pﬁlﬂoo
< lpnllse + 2" - #h - Prllos + 1125l
<2Ro+ |Ipp " 2 - paloo-

Hence, up to a subsequence, we can assume that p, — p. and x;, — x4 as h — oo. This implies, by
the continuity of the norms and of the group operation, that

(25) 0= lim ||p}:1 “xp - Phlloe = Hp;l-l‘*-p*lloo,
h—o0
(26) [ullzn = Lim |7, - &nllrn
h—o00

From (25) it follows that x, = 0.
Let us now show that

(27) |t - €&||gn > 1 for each &, n € Z", with & # 7,

thus a contradiction will follow from (26). Let us represent now &, n € Z™ by means of the layer
representation

E=[eh,¢%. . &and = [n', 0?0,
with &, n' € Z™ (i =1,...,s) and, since £ # 1, we can assume that £ # ni for a suitable ig. Here
we recall that g = V1 @ --- @V, and m; = dim(V;). Meanwhile, we can represent the element 7! - ¢ as

=[O O ()],

- =& —n', () = =0+ Q' (=t e 6T

with i = 2,...,s and Q' := (Qp,_,+1,.-.,9p,;). It is clear that if & — ' # 0, then ||n~! - ¢||gn >
€ —nt|lgm:1 > 1 and (27) holds. If ¢ —n' = 0, then, by the properties of Q; s (see (3)) Q%(—n',¢t) =
Q2(~€1,€1) = 0, which implies " - €llgn > (7" - €)2[lama = 1€ — 7 [ama. Thus if & — 5 £ 0,
(27) holds. Otherwise, in the baddest case, it could happen that ¢! —pl = ... = ¢o=1 —pio—1 = 0,
This implies that Q% (—nt,..., —plo=t ¢l ¢y = Qio(—¢l _gio=l ¢l o=y = (. Thus
I - €llen > (7€) lgmg = (€50 = o [gomsy > 1 and (27) holds.

(ii) It is well-known that it is possible to construct a pavage in a Carnot group (see, for instance, [20,
Sect. 2.3]). More precisely, if Y := {x = (z1,...,2,) : —1/2 < x; <1/2} denote the unit cube in R”
centered at the origin, denote

Qf = 0-(1e(Y)) if e > 0, € Z".

Then, it holds that, for each ¢ > 0, the family of sets {Qz : £ € Z™} is a pavage of G = (R", ), that
is, the sets are disjoint and

(28) R™ = Ugezn Qs -

It is easy to see that there exist 07,01 > 0 such that

(29) Y C Ux(0,07) C U(0,01).

Thus, choosing € = 1/k, from (28) and (29), we get the desired conclusion. O

Proof of Theorem 3.10. 1st step. Let us first show our conclusion in the case G; = G and Gg =
R. Proof’s strategy will be the same as [54, Theorem 3.2]. We will point out in the following
the main changes and differences which need in the setting of Carnot groups. First assume that
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fe BVGQ(R”) NLP(R™). Let oy be as in (ii) of the previous lemma and find o as in (i) for Ry = 207.
This means that, for each y € B(0,201),

oo < inf{de(§-y,m-y) : & n € Z",§ #n}.
This also implies that, for every integer k and every y € B(0, 201 /k),

g .
?0 <inf{dc(p-v,q-y) :p,q € Zy,p # q}.

Hence, for every y € B(0,20;/k), the family of CC balls {U(z - y,00/3k) : z € Z} is disjoint. In
addition, up to increase o1, we can assume gy > 0y.

Let (ox)r be the sequence of mollifiers defined in (8), where ¢ = 1/k, g1 = 01/ and suppose that
spt(0) C B(0,00/6). Observe that it holds that

(30) Veor(r) = k9T Vg o(dk(x)) for each z € R", k € N,

(31) /n Xiok(rz(y))dy = 0 for each x e R", i =1,...,mq,
Valgxon)(@) = [ Veor(ra(y™)) g(y) dy

(32 / Voou(w ) g(£(w) du

for each g € Li,.(R™), z € R™.

Indeed (30) follows by the definition of g, and homogeneity of intrinsic gradient Vg := (X1, ..., X, );(31)
follows by the properties of g , the structure of the horizontal vector fields X; and the right-invariance
of n-dimensional Lebesgue measure £";(32) follows by the definition of convolution and by the left
invariance of the horizontal vector fields.

Thus , given y € B(0,201/k), by (31),(32) and the fact that the family {U(z - y,00/3k) : z € Z} is
disjoint,

Z / Ve (f * ox)(2)|9 do =

27 (z-y,00/6k)

Q
/ Vggk(wl)f(rw(w))dw‘ dx
U(z-y,00/6k) |JR?
Q
-/ Voo™ (f(rw) - fa)du ds
2€Z, (z-y,00/6k) |JR™
Q
-> [ 19 [ oottt ) (lralw) - @) dul ds
2€Zs, (z-y,00/6k) R™
Q
= an Veo(dr(w™! (w)) — f(x))dw| dzx
> / . / o Vel () ~ f@)
<1 > (0SCy ey ooyt [)? < V(£ R™).
2€Zy,

By integrating the previous inequality with respect to y € B(0,201/k), it follows that there exists a
positive constant co > 0 such that

K@ /
(33) B(0,201/k)

< 2 Vo(f,R"™) for each positive integer k.

3 / Va(f * o0) (@)@ dx | dy
27 U(z-y,00/6k)
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Notice also that, writing g(x) = |V (f * ox)(2)|%9, we get, for each z € G,

/ g(z) dx:/ g(z - x)dx
U(z,01/k) U(0,01/k)

= 03kQ/ (/ (z-x) dm) dy
U(0,00/6k) U(Oal/k
Q/ (/ (z-x-y)dm)dy
U(0,00/6k) U(0,01/k)-y
0 (

C3
csk

IN
@

/ / g(z-x-y) dm) dy

U(0,00/6k) \JB(0,201/k)

= c3k / / g(z-xz-y) dy> dx
B(0,201/k) \JU(0,00/6k)

= 03kQ/ </ 9(y) dy> da.
B(0,201/k) U(z-x,00/6k)

In these passages we performed some changes of variables (which are allowed being the n-dimensional
Lebesgue measure both left and right invariant), we noticed that U(0,01/k) -y~! € B(0,201/k) for
every y € U(0,00/6k) and applied Fubini-Tonelli theorem.

Let us now notice that, by applying Lemma 3.12 (ii) and the previous estimates, it follows that

| Vet * a@)@ da < Z/ Vo * o) (@) da

27 U(z,01/k)
(34)

Y[ Welrredwi@ar | ay
U(z-y,00/6k)

S C3 kQ/
B(0,201/k) 2€Z,

From (33) and (34), we get that there exists ¢4 > 0 such that
(35) [ V(i » 0)(@)[?de < Vol £.RY) < o0, ¥k € N.
]Rn

Since Wé’Q(R") is a reflexive space and f * g, — f in L9(R"), as k — 0o, we can infer that f €
Wé’Q(R”). In the general case f € BV(%OC(Q), it is sufficient to show that fp € Wé’Q(Q) for each
v € C°(N2) which is a cutoff function in a small neighbourhood of a point. Using zero-extension, since
foe€ BV(?(R") N L2(R™), by the previous argument, f ¢ € Wé’Q(R") and we are done.

2nd step. Let us now show the conclusion in the general case. We assume f € BVI?C(Q,GQ) and

prove that f € WHQ(Q,Gy) for every Q' cC Q. Let u, : Q© — R be the function in (14). Then, by
the triangle inequality for distances, it follows that

0scy,, (e (Uz) < 0scy, (o) (f)
for each ball Uy, (z,7) C Q and z € Ga. In particular, u, € BVGQ;IOC(Q) and
Vo(u,, Q) < Vo(f,Q) for each 2z € Go.
From Theorem 3.7 and the previous step, u, : €2 — R is P-differentiable a.e. and u, € Wé’ﬁoc(ﬁ)
(implying u, € Wé’lQ(Q’)). Thus, by Proposition 2.15,

[ X;us(z)] = |lim 22 (exp(tXi)(x)) — u(x)
v t—0 t

< Lip(u:)(x) < Lip(f)(z)

for a.e. z € Q and for each z € Go. Since ' CC Q and f € BVI?C(Q, G2), by Theorem 3.7 it follows
that Lip(f) € L2?(Q). To conclude notice that f € L?(Y,G3): indeed f € BVI(?C(Q,GQ), so it is
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locally bounded and ' cC Q. Hence f € W@ (', Gs) according to Definition 2.17.
O

4. SOBOLEV MAPS BETWEEN CARNOT GROUPS WITH HORIZONTAL GRADIENT OF SECTIONS IN L®@!

In this section we deal with the sharp condition on the summability of the weak gradient of a Sobolev

function which ensures continuity and differentiability almost everywhere. It is well known that these
properties hold for maps in the Sobolev space VV&)’?(R”) provided that p > n (in the limit case p =n
the answer is negative, see also Remark 4.3). Such a result has been extended to the case of Carnot
groups (see Theorem 2.19 and Theorem 3.6). In his article [72], Elias M. Stein sharpened the previous
result on Euclidean spaces: if a weakly differentiable function admits weak gradient in the Lorentz
space L™!(R™), then it is continuous and differentiable a.e. This is a remarkable improvement since,
by Proposition 2.10, L™! is locally an intermediate space between L™ and LP (for all p > n). The
approach of Stein makes use of the machinery of harmonic analysis, while later Kauhanen, Koskela
and Maly [39] obtained an alternative proof exploiting tools of real analysis and, in particular, the
already discussed notion of n—absolutely continuous functions. Next we will follow this last strategy
in order to discuss Stein’s result for maps between Carnot groups.
Continuity and differentiability have been already studied also for real valued Sobolev functions on
metric measure spaces with upper gradient in the Lorentz space L9, where Q denotes the Hausdorff
dimension of the metric space (see, for instance, [64, 63, 81, 79, 80]). Here we are going to prove that
a Sobolev map f : Q C G; — Go, with horizontal gradients of its sections u, : € — R uniformly
bounded in L2 (Q) (see (14)), actually satisfies the condition (RR), if @ denotes the homogeneous
dimension of Gy.

Let us first recall an estimate of the Riesz potential in Carnot groups in terms of the Orlicz condi-
tions, which extends the Euclidean one first introduced in [39, Theorem 3.1].

Theorem 4.1. Let G = R™ be a Carnot group, d the associated CC distance, Q) its homogeneous
dimension and @ C G. Let g be a nonnegative measurable function on € and let ¢ be a nonincreasing
positive function on (0,00). If F,(s) is defined as in (11), then for any z €  and any measurable set
E C Q, we have the inequality

</Ed(x,z)1Qg(a:) da:)Q < g (/OOO goéds)Ql/EF@(g) dx

where Cg := 29 (|0U(0, D|e(G)97! and |0U(0,1)|g(G) denotes the G-perimeter of the CC open ball
U(0,1).

Proof. The proof can be verbatim carried out as in [39, Theorem 3.1], by replacing the Euclidean
dimension n with the homogeneous dimension ), the Euclidean norm with the homogeneous norm
induced by d, and by using the integration formula in polar coordinates in Carnot groups (see, for
instance, [59, Corollary 4.6]). O

Theorem 4.2. Let Gy = R"™, Gy = R™, Q C G1 be an open set and let Q) denote the homogeneous
dimension of Gi. Assume that f € VVli’Cl(Q,GQ) and the function g in (15) belongs to LZ1(9).
Then, a suitable representative of f is continuous and satisfies the condition (RR). In particular

f € AC?(Q,Gy) and then it is P-differentiable a.e. in €.

Proof. 1st step. First assume G; = G, G2 = R with f € Wé:lloc(ﬂ) and |Vgf| € L91(Q). We stress
that this case was already studied in the general case of measure metric spaces (see, for instance, [79,
Thm. 6.6]) by extending the strategy exploited in [39]. However we are going to repeat this strategy
since we will use it in the second step, which is still open to our knowledge.

First of all notice that we can apply Theorem 2.11 inferring that, since |Vgf| € L21(Q), there exists
a nonnegative nonincreasing function ¢ : (0, +00) — [0, +00) such that

+o0o
(36) / cpé(s) ds < 400,
0

(37) | Fuli¥ar@)) do < +x.
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Let’s apply now Theorem 2.16, finding a negligible set N such that

Ve f(y)l
38 z) — < C/ ——d
(39) £~ ful <0 [ e ay
for each CC open ball U C Q2 and z € U \ N. This implies that, for every CC open ball U C €,
(39) (oscow /)@ < / w(e) da,
U

where
+oo Q-1
w(z) = 20C°C, (/0 0 (s) ds> Fo(IVef(x)]).

In order to prove (39) we can assume the left-hand side to be positive, and choose 0 < ¢ < oscin\ n f. By
definition of oscillation and the triangular inequality, there exists z € U\ N such that ¢ < 2|f(z) — fu].
Combining this fact with (38) and Theorem 4.1, we infer that

Vef @
¢ s 2°0¢ </U Q(zigw%/)'l dy)

SN
<29CCy </0 @st> /(]F¢(]VGf(x)\)dx

= /U w(z) dz.

By arbitrariness of 0 < ¢ <oscy\ yu, we conclude that (39) is satisfied. As a consequence, f is locally

uniformly continuous on 2\ N and can be extended to a continuous function f on the whole space Q
which satisfies the (RR) condition with weight w.

2nd step. Let us now prove the general case. For given z € Gy = R™ let u, : 2 — R denote a
section of f, that is, the function defined in (14). By definition u, € Wé;%IOC(Q) and satisfies (15) with
g € L?1(Q). Thus, by the 1st step, there exists a continuous function @, : Q — R and a negligible
set N, C , found as in (38), such that

(40) Uy(x) = uy(x) = da(z, f(x)) for each 2 € Q\ N, .

Now we proceed again as in the 1st step: since g € LQ’I(Q), we know that there exists a nonnegative
nonincreasing function ¢ : (0,+00) — [0, 4+00) such that

+oo
(41) /0 p@(s)ds < 400,
(42) /QFw(g(x)) dr < +o0.
We want to show that
. +oo Q-1
(13) e < ([T ebeas) [ Rw)as

for each CC open ball U C 2 and each z € Go. If the left-hand side is 0, clearly there is nothing to
prove. Otherwise pick any 0 < ¢ < oscy\n,U,. This implies that there exists x € U \ IV, such that
¢ < 2|ty(x) — (4,)v|- Hence, using Theorem 4.1,

(59) ; Q
@ < Ri(z) — (@)y] < 2209 (/ |V<Gl“z<y>|dy>
U

dq (a:,y)Q*1
Q
200 ([ i)

IN
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Since this estimate holds for every 0 < ¢ < oscy\ v, %z, we get (43).
From the fact that . is continuous on {2, the same estimate holds replacing oscy\ n, 4. with oscy ..
Let N = U,cqmN,. Then N is still negligible and, by (40), it follows that

oz £(z)) — da(z, F()[° < (oseuis)?
(44) - +oo Q-1
<c ( [ ds) [ Fulata) e

for each x, y € U\ N and z € Q™, for each CC open ball U C Q. Now observe that, by the triangle
inequality and density of Q™ in Gy = R™, it follows that

(45) sup |da(z, f(x)) — da(z, f(y))| = da(f(2), f(y))

zeQm

for each x, y € U \ N. Thus, from (44) and (45), it follows that

- +oo Q-1
(46) d2<f<m>,f<y>>Q§0< JA ds> [ Fatgta) as

for each x, y € U \ N and each CC open ball U C Q. This implies that f : Q\ N — Gy is locally
uniformly continuous and, since 2 \ N is dense in €2, it can be extended to a (unique) continuous
function f : Q — Ga. Moreover, from (46), it follows also that

oscvn)?< 0 [ o) ds)Ql | Fulgta) as

for each CC open ball U C Q. This means that f satisfies the condition (RR) with weight

we) = ([ ot ds)Ql Folgle)). 0

Remark 4.3. Let us recall that Theorem 4.2 is sharp already in the Euclidean case. Indeed , Stein [72]
pointed out that, if Vf ¢ L™!, then both continuity and differentiability of f may fail. For instance,
an explicit example is given by the function u(x) := log(log(1/|z|)) on B(0,1/3) extended in a smooth
way on R" with compact support. By a direct computation it is easy to prove that v € Wm(R") and
moreover |Vu| € L™ for every ¢ > 1 (see [71] for the definition of general Lorentz spaces). If {gx }ren
is an enumeration of the rational points in R™, we set fx(z) = u(z — i) and define

+o0
fla)=> 27 fi().
k=0

Then such a map f, and its weak gradient, have the same summability properties of u, but it is
essentially unbounded (thus discontinuous and not differentiable) around any point. Hence Theorem
4.2 is sharp also in the refined class of Lorentz spaces.

Remark 4.4. Note that Theorem 4.2 is not invertible, in the following sense: even though () is a
bounded open set of an Euclidean space R", it is well known that a function f € AC™(Q2) need not
admit weak gradient V£ in L™!(Q) (see, for instance, [37, Theorem 3.7]).

5. AREA FORMULA AND CHANGE OF VARIABLES FOR ABSOLUTELY CONTINUOUS FUNCTIONS
BETWEEN CARNOT GROUPS

An important property of Lipschitz functions between Euclidean spaces is the so called Area formula,
relating the Hausdorff measure of the image of a Lipschitz map (counted with multiplicity) to the
integral of the Jacobian on the domain. Such a formula holds also in the setting of Carnot groups
(Theorem 5.3); we will extend this result to the case of absolutely continuous functions (see Theorem
5.7).
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5.1. Area formula between Carnot groups. The content of this section mainly relies on [50,
Chapter 4].

An important tool in Euclidean geometric measure theory is the so-called area formula for Lipschitz
maps, which turns to be true also for Lipschitz maps between Carnot groups.

Definition 5.1. [H-Jacobian] Given two Carnot groups (G;,d;), i = 1,2, endowed with an invariant
distance d;, let L : G1 — Go be a H- linear map. Let Q) denote the homogeneous dimension of Gy.
The horizontal jacobian of L is defined by

HY (L(B
= ;fé o

where By denotes the unit open ball in (G1,d1) and fori = 1,2, ?-[(?i denotes the Hausdorff measure
w.r.t. d;.

Remark 5.2. In the previous definition it is possible to replace By with any other measurable subset
of Gy of positive finite measure, by the H-linearity of the map L.

The following Theorem is taken from [50, Theorem 4.3.4].

Theorem 5.3. (Area formula for Lipschitz maps) Let f : E C (Gi1,d1) — (Ga,d2) be a Lipschitz
continuous function with E£ measurable set. Then

[ atdrs@yang @ = [ VB
where N(f, E,-) denotes the multiplicity function of f relatively to E, that is N(f, E,y) = #{f ' (y)N
E} e NU {+o0}.

Remark 5.4. The original definition of P-differentiability (cf. Definition 2.5) requires E to be an open
subset of a Carnot group ;. However, it is possible to extend this notion to the set of density points of
a general measurable set. In particular, the Pansu’s differential, if it exists, is uniquely determined at
a density point of E. Moreover, a generalization of Theorem 2.6 holds: it has been proved by Magnani
in [50] that a Lipschitz map f : E — Gg is ’Hfl?l a.e. P-differentiable, where E C G is measurable,
while @) and d; denote the homogeneous dimension and the CC distance of G respectively.

Aim of this chapter is to extend Theorem 5.3 to the case of maps in AC?(, Go), which are not
necessarily Lipschitz continuous. The following useful result is proved in [44, Lemma 2.12] in the
general setting of metric measure spaces.

Proposition 5.5 (Lusin’s (N) condition for AC®). Let G; = R" and Gy = R™ be Carnot groups and
let Q C Gy be an open set. Let f € ACP(Q,Gy), where Q denotes the homogeneous dimension of Gy.
Then, for every measurable subset E C €, it holds

LYE) =0 = HY(f(F)) =0.
The next result is inspired by Theorem 3.1.9 in [18] and adapted to our setting.

Theorem 5.6. Let Q C G; = R"™ be an open set and A C Q be measurable. If f : Q — Go = R™ has
the property that
da(f (y), f(x))

lim sup —————~* < 4+ forallx € A,
y—r dl (y7 .Z')

then there exists a countable measurable partition { Ay}, of A such that fya, is Lipschitz continuous.

k

Proof. For every j € N, we define
(47) Cj={2€Q:da(f(y), f(2)) < jdi(y,2) for every y € Uq,(2,1/5)}-
It follows that A is contained in U;C};. Indeed, let a € A, so that

o sup 20 £(@)

< +00
y—a dl(yv CL)



20 A. PINAMONTI, F. SERRA CASSANO, AND K. ZAMBANINI

d2(f(y).f(a))
d1(y,a)
every y € Uy, (a,7). Hence, up to increase j, we deduce that the previous inequality holds for every

y € Uy, (a, %), which means that a € Cj.
Notice that each C; is closed in 2. In fact, let x,, € C; which converge to z € {2 as n — oo and let
y € Uy, (z, ) If n € N is chosen sufficiently large, we can assume {x,y} C Uy, (zn,1/7). Hence

d2(f(y), f(2)) < da(f(y), flan)) + da(f(zn), f(2))
< Jdl(ya xn) + Jdl ('xﬂm x)
and, passing to the limit as n — oo, we get da(f(y), f(x)) < jdi(y,x), so that z € Cj.
Exploiting the Lindelof property of G; = R", we can write C; as a countable union of closed sets C'Ji-,
for i € N, each of which of diameter less than % If we relabel {Cy}i = {C’;}j,i, it follows that fic,

is Lipschitz by (47). To conclude, define Ay := C; N A which are still measurable and notice that we
can suppose the sets Ay to be disjoint (hence a partition of A) by the usual differences procedure. [

This implies that there exists j € N and 7 > 0 sufficiently small such that < j for

We now combine Theorem 5.6 and Theorem 5.3 to get an Area formula for absolutely continuous
maps between Carnot groups.

Theorem 5.7. Let Q C Gy be open and f € ACP(Q,Gy). For every measurable subset E of Q, we
have

(13) [ Jatdrs@)ang @) = | N(1.Ew S w)

2
where Jg is the Jacobian introduced in Definition 5.1, while N(f, E,-) denotes the multiplicity function
of f relatively to E.

Proof. We note that, by Theorem 3.7, Lip(f) is finite almost everywhere, which means

()0 oty 20 S @)
Lip(f)(x) 1= lim sup % 0

We can therefore apply Theorem 5.6 and write 2 as a disjoint union of measurable subsets

<400 for L" —a.e.x € Q.

+oo
Q=AyU U Ay,

k=1
with £"(Ag) =0 and f4, Lipschitz.
Moreover we know, again by Theorem 3.7, that f is P-differentiable almost everywhere. In the
negligible set where f does not satisfy this condition, we can define dp f(z) to be for instance the zero
map.
Let now F be a measurable subset of €2 and denote Ej := E N Ag. Applying Theorem 5.3 we get, for
every k > 1,

Go
Moreover this identity trivially holds for £ = 0 in view of Lemma 5.5. Note that, if x is a density
point of Ej and f : Q — G2 is P-differentiable at z € Ej, then also ff, is P-differentiable at x in
the sense of Remark 5.4 and the two differentials coincide. Hence, summing over k € N we find, by a
simple application of monotone convergence,

/E Joldpfip (@) MG @) = [ N(f, Byy) dHS. ().

/EJQqu( ) dH (z z/ Jo(dp fip, (x)) dHS, (2)

—Z N B y) dHG (y) = i N(f,E,y) dHG, (y). O

Through standard arguments of approximation by simple functions, it is easy to extend formula
(48) to a more general form:
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Corollary 5.8. If f € AC?(Q,Gy), then for any measurable subset E of Q and each summable
function v : E — R, it holds

/E u(e)Jo(dp f(x)) AHE (x) = / S () aHl ).

G2 pef-1(y)

As a straightforward consequence of Theorem 4.2 and Theorem 5.7, we get the following

Corollary 5.9. Let 2 C Gy be an open set and let f € Wli’cl(Q, Ga2) such that the function g in (15)
belongs to L% (Q). Then a suitable representative of f satisfies

[ Tatars@)and @ = [ (1) w)

for every measurable subset E C 2. Moreover, for every u : E — R summable,

[ w@ro@pf@)an @ = [ 3" ) )
E G

2gef-1
6. APPENDIX: ORLICZ-SOBOLEV SPACES ON CARNOT GROUPS

Orlicz spaces arise naturally in many applications in real, harmonic or functional analysis. Such
spaces were introduced by the Polish mathematician Wiadystaw Orlicz in 1932 and are generalizations
of the classical LP spaces. Indeed, the role played by the function P is replaced by more general convex
maps, called N-functions.

We recall now the main definitions and basic properties of Orlicz spaces: see for instance [1],[45] or
[49] for an exhaustive treatment.

Definition 6.1. A map A : [0,+00) — [0, +00) is called an N-function if it is conver, vanishes only
at 0 and has the following limit properties:
Alt Alt
lim Qz(], limﬁz—i—oo
t—0+ t t—oo T
It is easy to verify that a map satisfying these properties is actually continuous on [0, 400) and

strictly increasing. Given an N-function A : [0, +o00) — [0, 400), its Young conjugate A is defined as
the N-function

A(t) := sup {st — A(s)}.

s>0
Examples of N-functions and associated conjugates are for instance
1P ~ "
A= An=t (1<p<ie F= T
p p p
Aty =e'—t—1,  A(t) = (1+1t)log(l+1t) —t.
Definition 6.2. Let Q2 C R™ be measurable and let A be an N—function. For every measurable map
u: 2 = R, we define its Luxemburg norm as

lullLa) = inf{/\ >0: /QA <|U()\$)|> dz < 1}.

The Orlicz space associated to the N- function A is defined as

LAQ) == {u: Q = R measurable : ullpaq) < 400}

Equipped with || - || a(q), the Orlicz space LA(Q) is a Banach space. Moreover, an interesting
relation between an N —function and its Young conjugate is expressed by the following Holder-type
inequality:

[ w@rte)de < 2uluaglivlagy

Notice that, when considering A(t) := 7, for 1 < p < 400, we get that LA(Q) coincides with the
classical LP(Q2) space. Moreover in this case we get || - || a(q) = p |- lzr(0)-
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In order to establish an inclusion relation similar to the classical one for Lebesgue spaces on do-
main with finite measure, we introduce two new concepts: if A and B are N-functions, we will say
that B dominates A globally if there exists a positive constant k such that A(t) < B(kt) for all t > 0.
If this estimate holds only for large values of ¢, we will say that B dominates A near infinity. An
interesting result is that the embedding LZ(Q) < LA(Q) holds if and only if either B dominates A
globally or B dominates A near infinity and || < +o00. Hence functions which are globally equivalent,
i.e. each one dominates the other globally, determine the same Orlicz space (and clearly the same
holds if we require that they are equivalent near infinity and || < 4o00).

Note that, if 1 < p < ¢ < 400, then the map B(t) := t¢ dominates the function A(t) := ¥ near
infinity, so that LI(2) C LP(Q) if 2 has finite measure.

In the same spirit of Sobolev space, it is now straightforward to define Orlicz-Sobolev functions by
means of Orlicz integrability conditions on the weak derivatives. We give this definition directly in
the general setting of Carnot groups:

Definition 6.3. Let Q C G = R" be open and let A be an N-function. We define the Orlicz-Sobolev
space

Wet(Q) = {ue LAQ) : 3Xu e LAQ) i=1,...,m},
where X;u are the distributional derivatives of u computed along the generating vector fields of the
group. We also set

lellyra gy 7= el oy + IVeullagey.

Equipped with such a norm, it is easy to see that (Wé’A(Q), I
the Euclidean R”, we will use the notation Wh4(9).

. HWLA(Q)) is a Banach space. If G is
G

The classical embedding theorems for Sobolev spaces have been extended also to Orlicz-Sobolev spaces
in the Euclidean setting. In particular, the condition p > n has to be replaced by a more general re-
quirement on the growth of the N-function which induces the space. In [1] or [16] it has been proven
that, if Q C R” is sufficiently regular and A is an N-function, then W14 (Q) is embedded in the space
of continuous and bounded maps provided that the condition

+oo A_l(t)

is satisfied. In the case of A(t) = tP, we recover the classical embedding theorem for p > n. However,
as remarked in [13], this condition is not sharp, since it can be improved by requiring

+o00 Av(t)

which is a weaker assumption than (49) (see [74]). Indeed, G. Talenti proved in the same work that
(50) is a sufficient condition for boundedness (see also [14]), while A. Cianchi showed in [13] that it is
also the sharp condition for continuity. Moreover the same author proved in [2] that this condition is
also the correct one to ensure differentiability almost everywhere.

The strategy of Cianchi relies on rearrangement tools, while in the following we will provide an
alternative way to extend this result in the setting of Carnot groups, following the approach introduced
by Kauhanen, Koskela and Maly in [39], in the same spirit of Theorem 4.2.

In order to reach this result, we need first to extend Definition 6.3 to the case of group-valued maps,
inspired by Definition 2.17. This generalization is not straightforward as for Euclidean spaces (in
which it suffices to work in components), since a Carnot group cannot be seen in general as direct
product of subgroups.

Definition 6.4. Let G; = R",Go = R™ be Carnot groups. Let Q C Gy be open and let A be an
N -function.
(i) We say that a function u : Q — Gy belongs to the space LA(Q, Gg) if u : Q C R* — R™ is
measurable and the map ug : Q@ — R defined by ug(zx) = do(0,u(x)) is in LA(Q);
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(i) We say that a function u : Q — Gy belongs to the Orlicz-Sobolev space WHA(Q, Go) if
e uc LAN,Gy);
e for all z € Go, the functions u, : Q@ — R defined by
(51) uy(x) == da(z,u(x)) ifx e
are in Wé’l’L‘lOC(Q) (according to Definition 6.3);
e There exists a nonnegative function g € L) (which does not depend on z) such that
IVg,uz| <g a.e inQ, foreach z € Ga.

We provide now the natural extension of Theorem 3.6 and Theorem 4.2 to the case of Orlicz-Sobolev
maps: under a sufficient growth condition on A, functions in the space Wh4(Q, Gy) are Q-absolutely
continuous and so enjoy nice regularity properties.

The following Lemma represents the key step in order to apply the strategy proposed by the authors
in [39] also to the case of Orlicz-Sobolev spaces.

Lemma 6.5. Let Q2 C G =R" be open with L™(2) < +oo. Let A be an N-function satisfying

(52) / +°° (142&) T e e

and let g be a nonnegative function in the space LA(Y). Then there exists a nonincreasing function
¢ :(0,400) = (0,400) such that

(53) /Qng(g(:U)) dxr < +o0
and
+oo
(54) / o 9(t) dt < 4o0.
0

Proof. Notice first that we can assume that

(55) / 1 (Aw it < 400,

since it is always possible to replace A with another N—function which is equivalent near infinity (so
that it determines the same Orlicz space) and decays sufficiently slow to 0.
Since g € L*4(Q), there exists for sure A > 0 such that [, A(Ag(z)) dz < +oc. Define ¢ : (0, +00) —
(0,400) as

Q

olt) = (200) 7.

t

By definition ¢ is positive and also nonincreasing. In fact, by convexity of A, we know that A(At; +
(1 —N)t2) < AA(t1) + (1 — M) A(te) for every A € (0,1), t1,t2 € [0, +00). Consider 0 < t < s and apply
this inequality with ¢; = s, to = 0, A = é We get A(Mt) < éA(;\s) and, by simple rearrangements,
o(t) > ¢(s). Moreover we can calculate
1—0
Q

[ Ftotenas= [ oo (“‘(;f’;)”) &

= / A(Ng(x))dr < 400
Q

and also, exploiting (52) and (55),

/;oo ©/Q(t) dt = /O+OO (A(t_t)> = dt

I
>
IS
N
_l’_
3
I/
E‘ -
NG
L
&
A
+
8
O
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Remark 6.6. It is proved in [14] that condition (52) is indeed equivalent to the following:

400 g(t)
(56) /0 ey df < oo,

which clearly extends (50) in the case of Carnot groups of homogeneous dimension Q.

Under condition (52), or equivalently (56), functions in the space WH4(Q, Gy) are Q—absolutely
continuous. Actually, only an Orlicz bound on the weak horizontal gradient of the sections is needed.
This is expressed by the following result.

Theorem 6.7. Let G; = R™, Go = R™ be Carnot groups and let Q0 C G1 open. Suppose also that
L(Q) < +oo and denote by Q the homogeneous dimension of Gy. Let A be an N-function satisfying
(52). If f € W"H(Q,Ga) and there exists a function g € LA(Q) such that

loc
|Vgu.| <g for all z € Gy,

where u, are defined as in (51), then there exists a representative of f which is continuous and satisfies
the (RR) condition. In particular f € ACQ(Q,Gy) and is P-differentiable a.e. in €.

Proof. The proof of this result can be achieved using the same strategy exploited in Theorem 4.2.
In particular the existence of a nonincreasing function ¢ : (0,4+00) — (0, 400) satisfying properties
(53) and (54) is ensured by Lemma 6.5 instead of Theorem 2.11. The other steps of the proof are
unchanged. [l

Remark 6.8. Equivalently one can observe that, combining Lemma 6.5 and the characterization given
by Theorem 2.11, a function g as in the assumptions belongs actually to the Lorentz space L21(€)
and then apply Theorem 4.2.

We deduce that, under condition (52), Orlicz-Sobolev maps between Carnot groups are actually in
AC®(Q,Gs): hence they share properties like continuity, P-differentiability a.e. (Theorem 3.7) and
Area formula (Theorem 5.7 and Corollary 5.8).

7. APPENDIX: DIFFERENTIATION FOR MAPS BETWEEN METRIC SPACES AND METRIC
SPACE-VALUED SOBOLEV MAPS

7.1. Differentiation for maps between metric spaces: In this section we will assume that the
metric measure space X = (X, dx, 1) admits a p-Poincaré inquality with p > 1, the ambient measure
 is doubling and Y = (Y, dy) is a (separable) metric space.

Let us recall that a general differentiation theory has been carried out for maps f : X — Y, when-
ever Y can be isometrically embedded into a Banach space V satisfying the Radon-Nikodym property
(RNP) (see [11, 12]). We recall that a Banach space V sarisfies (RNP) if each Lipschitz function
f: R — V is differentiable a.e. The first pioneering result is due to Cheeger[10] when Y = R, who
was able to endow the metric measure space X by a so-called Cheeger differentiable structure and
proved a Rademacher differentiability theorem for Lipschitz function in this context. This result was
remarkably extended by Cheeger and Kleiner to maps with target space Y = V satisfying (RNP).
Then, whenever the target space Y can be bi-Lipschitz embedded into a Banach space V satisfying
(RNP), a differentiation theory can be carried out also for maps f: 2 C X — Y C V and one can get
a Stepanov’s type theorem (see, for instance, [80]). Moreover metric space-valued Sobolev functions
can be introduced by means of the notion of upper gradient in this setting as in [34, Chap. 7]).

This approach may not work, as concern the differentiability issue, if the target space is a Carnot
group. Indeed, as showed in [11, Theorem 6.1], the simplest Carnot group H' does not admit a bi-
Lipschitz embedding into any Banach space satisfying (RNP).

7.2. Metric space-valued Sobolev maps: As far as the notion of metric space-valued Sobolev
mapping is concerned, different equivalent approaches can be introduced. Let us point out here two
ones related to our arguments: the approach by embedding of the target space and the one by sections
of mappings. From now on we can weaken the assumptions on the involved metric spaces. More
precisely, we assume that X = (X, dx, ) is a metric measure space with ambient measure p finite on
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bounded sets, that is u(F) < oo for each bounded £ C X, and Y = (Y, dy,yo) is a pointed complete
and separable metric space. Moreover, we will denote by B(x,r) and U(z, ) the closed and open ball
of X centered at x with radius r, respectively.

Approach by embedding of the target metric space: This approach extends the one due to
Shanmugalingam [69] who introduced the notion of Newtonian Sobolev space N'P(X) for real-valued
functions defined on X and it was carried out in [34, Chap. 7]. Let us briefly recall here the main
notions and results. We first introduce vector-valued Sobolev functions on metric spaces. If V' is a
Banach space and 1 < p < oo, we say that a mapping f : X — V belongs to the Dirichlet space
DY (X : V) if f is measurable and it possesses a p-integrable p-weak upper gradient (see [34, Section
6.2]). When V = R, we simply denote D'P(X) := D'P(X : R). It is clear that D'?(X : V) is a
vector space.

We denote as Sobolev space of V-valued functions on X the space N'P(X : V) := DY"(X : V)N
LP(X,V) and N'P(X : V) turns out to be a Banach space with respect to the norm

HUHNLP(X:V) = HUHLP(X,V) + HQuHLP(X),
where g,, denotes the minimal p-weak upper gradient of u guaranteed by [34, Chap. 6 and Theorem
6.3.20].
Consider now the Kuratowski isometric embedding of Y into V := (*°(Y"), with respect to the base
point yo. More precisely, let £°°(Y) denote the Banach space of bounded functions from Y to R,
equipped with the norm

[l vy == sup |p(y)| if o € £2(Y).
yey

Then the mapping
Yoy, el™Y)
wy(2) == d(z,y) —d(yo,2) z€Y

is an isometric embedding (see [34, Theorem 4.1]). According to [34], we can introduce the Sobolev
and Dirichlet classes of mappings between metric spaces X to Y (depending on the base point yg) as
follows:

NYW(X:Y)={feN"P(X :4°(Y)): f(z) €Y prae. z€X}
and similarly

DY(X:Y):={feD"(X:4°(Y)): f(z) €Y prae. z € X} .
Moreover we denote as Ni’f (X :Y) (Dllcf (X :Y), respectively) the class of all maps f : X —
(>(Y) such that each # € X has a small radius r > 0 for which f|y,) € N"P(U(z,r) : Y)
(flu(wy € DY (U(x,7) : Y), respectively). Eventually we denote as L} (X, 1) the class of measurable
maps f — R such that J g |fIPdu < oo for each bounded set E C X. Let us recall the following
characterizations of N'P(X : Y) and D'?(X : Y).

Theorem 7.1. ([34, Theorem 7.1.20]) Let V be a Banach space and let f : X — V be a measurable
function. The the following conditions are equivalent:
(i) f has a p-representative in the Dirichlet class DYP(X : V);
(i) there esists a p-integrable Borel function o : X — [0, 00] with the following property: for each
1-Lipschitz function ¢ : V. — R there esists a u-representative f, of the function ¢ o f in
DYP(X) so that the minimal upper gradient o7, of fp satisfies o5, < o p-a.e. in X.

Theorem 7.2. ([34, Proposition 7.1.38]) A map f : X — Y is in DYP(X : Y) if and only if there
is a mon-negative p-integrable Borel function ¢ on X such that whenever v : [0,4(y)] — X is a non
constant rectifiable curve in X

dﬂf@@h»%fﬁ@»hz/g%,

v
where £(7) denotes the length of v and

LAMazémkwwMt
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Moreover, if u(X) is finite, then f € N"P(X :Y) if and only if f € DYP(X :Y) and the function
X 3z dy(yo, f(x)) is p-integrable for some (and hence every ) yo € Y.

Theorem 7.2 shows that there is an intrinsic way of determining membership in D*?(X : Y) and
NP (X :Y) that is independent of the embedding of Y into a Banach space. Instead, membership in

loc

NYP(X :Y) (as well as in LP(X : Y)) depends on the specific embedding and, in particular, on the
base point .

Approach by sections of mappings: It is an extension of the one exploited in Definition
2.17, first introduced by Ambrosio [3], for the case of BV functions, and then by Reshetnyak [65], for
the case of Sobolev functions. More precisely, first one provides the notion of a suitable real-valued
Sobolev space W1P(X) and, for each u € WP(X) a notion of modulus of the “weak gradient” |V xu|
is introduced. For instance, by using the previous Newtonian Sobolev space N!?(X), the minimal
p-weak upper gradient g,, plays the role of |V xu| (see, for instance, [5, 6]). In the following we assume
that WHP(X) = N (X). Then, given a mapping f : X — Y, we say that f € WP(X)Y) if

e the map X >z — dy (yo, f(z)) belongs to LP(X, u);
e for each y € Y, the section u, : X — R,

(57) u,(x) := dy(y, f(z)) if © € X belongs to D"*(X)
and there exists g € LP(X, ) such that
(58) Ou, < g p-a.e. in X, for each y € Y,

denoting by g, the minimal p-weak upper gradient of v € D'P(X). A function g as in (58)
will be called a p-weak upper gradient of f.

As usual, let us denote by Wﬁ)’p (X,Y) the class of all maps f: X — Y such that each € X has a

C

bounded open neighborhood U, for which f|y, € W'P(U,,Y).

As a consequence of Theorem 7.1, for fixed yg, we get the following coincidence of spaces:
Theorem 7.3. Let 1 < p < oo. Then WP(X,Y) = NP (X :Y).

Before the proof of Theorem 7.3, we will introduce a preliminary result, which is an extension of
[41, Proposition 2.31] to a metric space.

Lemma 7.4. Let 1 < p< oo, f € W'"P(X,Y) and let ¢ : Y — R be Lipschitz. Then

(i) X >z o(f(x)) —p(yo) is in LP(X, ).
(ii) If f, :== @ o f, then f, — p(yo) € NYP(X) and f, admits a minimal p-weak upper gradient
0f, < Lg p-a.e. in X, being g the function in (58) and L := Lip(yp).

Proof. (i) By definition of W'P(X,Y), the map X > x + dy(yo, f(z)) is in LP(X, ). Being ¢
Lipschitz,

lo(f(z)) — (o)l < Ldy(yo, f(x)) for each z € X,

and we get the desired conclusion.
(ii) Let Z := {z;: i € N} C Y be a dense set. Let us denote

for=fo—0yo): X = Rand u; == p(z) + Lu, : X R,
where u, is the section of f defined in (57). Note that we can represent f, as

(59) o(f(z)) = gglg u;(x) for each x € X .

Indeed, being ¢ Lipschitz,
[o(f (@) — ¢(zi)| < Ldy (2, f(x))-

This means that

p(f(2) < p(zi) + Ly (zi, f(2)) = ¢(2i) + Luz, (x) = ui(z).
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Moreover, consider a sequence (ix)gen such that z;, — f(x). We get
|uir, (2) = o(f(2))] = lo(zii) + Ly (ziy., f(2)) = o (f ()]
< lp(ziy) = o(f(@))] + [L dy (ziy, ()] < 2L dy (23, f(2)) = 0,
which implies (59). Thus, from (59), it also follows that

(60) fola) = @(f(@) — plyo) = inf (i(a)
where @; := u; — p(yo). Note also that @; € D'P(X) N LY (X, p) with
(61) 0a; < Lgp-a.e. in X for each i € N

where p;, denotes the minimal p-weak upper gradient of u; and g a p-weak upper gradient of f, that is
a function satisfying in (58). Let v; := infi<;<; @;. From [34, Proposition 7.1.8]), D'P(X) is a lattice,
that is v; € DVP(X) for each j and

(62) 0v; <Lg p-ae. in X, for each j.

Now observe that, since

(63) fw < wv; < vy foreachj,

from (60) and (63), by applying Lebesgue dominated convergence theorem, it follows that
(64) vj = fgo in LY (X, pu) as j — oo.

loc

Let zp € X and ,, := U(zg,n), if n € N. Then (£2,), is an increasing sequence of open balls of
X and X = U2 ,Q,. From (64) and (62), by the locality of Sobolev functions in N'P(X) (see [34,
Lemma 7.3.22]), there exists

(65) f € N"P(X) such that f = ﬁp p-a.e. in X
and f admits a p-weak upper gradient g, in X satisfying
(66) 0o < Lg p-ace. in X.

By (65) and (66), it follows that fso admits a p-representative f € NLP (X) with minimal p-weak upper
gradient o i < Lg p-a.e. in X. Thus we get the desired conclusion. (Il

Proof of Theorem 7.3. Let us first show the inclusion

NYP(X:Y)Cc WP (X,Y).
Let f € N'P(X :Y). From Theorem 7.2,
(67) fENYW(X:Y)C DM"(X:Y)cC DYP(X :6>2(Y)),
and the map

X 3z dy(yo, f(z)) isin LP(X, u) .

For a given y € Y, let ¢, : Y — R be the function, ¢,(2) := dy(y, z). Then by applying Theorem 7.1
(i)
(68) fy = pyo f € D"(X) and oy, < oy p-ae. in X, foreach y € Y.
Thus, combining (67) and (68), it follows that f € W1P(X,Y).
Let us now show the inclusion

WP(X, V) c N'"?(X :Y).
Let f € W'P(X,Y). By definition, we can can assume X > z ~ dy (yo, f(x)) is in LP(X,u). By

applying Lemma 7.4 and Theorem 7.1 (ii), we can conclude that there exists a p-representative of f
such that f € N'?(X :Y). O

We are going to apply Theorem 7.3 in the setting of Carnot groups. In particular, for maps between
Carnot groups, we have chosen to fix yo = Og, (see Definition 2.17). Let us first recall the coincidence
between the Newtonian Sobolev space and the horizontal Sobolev space of real valued functions, which
is well-known (see, for instance, [41, Proposition C.12]).
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Theorem 7.5. Let 1 < p < o0 and 2 C G be an open set of a Carnot group G =R"™. Then
1, 1,
NGP(Q) = WGP(Q)

where Né’p(Q) and Wé’p(Q) denote the Newtonian Sobolev space defined before between metric spaces
X = (2,d., L") and Y = R and the horizontal Sobolev space defined in Definition 2.12, respectively.

As an immediate consequence of Theorems 7.3 and 7.5 and Definition 2.17, the following result
follows (see also [41, Proposition C.13])

Corollary 7.6. Let Q C G be an open set of a Carnot group G = R™ and let Y = (Y, dy,yo) be a
pointed complete separable metric space. Then

NY(Q:Y)= W'P(Q,Y)

where NVP(Q:Y) and WHP(Q,Y) denote the Newtonian space between metric space X = (2, d., L")
and Y, and the metric space-valued Sobolev space defined by sections introduced before, respectively.
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