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FRACTIONAL DIFFERENCE QUOTIENTS
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ABSTRACT. The aim of this paper is to give a new proof that any very weak s-harmonic function
u in the unit ball B is smooth. As a first step, we improve the local summability properties of
u. Then, we exploit a suitable version of the difference quotient method tailored to get rid of
the singularity of the integral kernel and gain Sobolev regularity and local linear estimates of
the H). . norm of u. Finally, by applying more standard methods, such as elliptic regularity and
Schauder estimates, we reach real analyticity of u. Up to the authors’ knowledge, the difference

quotient techniques are new.

1. INTRODUCTION

This paper comes from our attempt to generalize the by now classical difference quotient
method due to L. Nirenberg to nonlocal operators. It has been introduced in [36] and is now
presented in all the textbooks dealing with regularity properties of solutions of elliptic equations.
After the introduction of weak, or even distributional, solutions of partial differential equations,
the problem of their regularity has been tackled by various techniques. Probably the first result
in this direction has been the proof of regularity of weakly harmonic functions, obtained in the
fifties by Hermann Weyl in [44] and by Renato Caccioppoli, see [34, page 122]. Subsequently,
much more general operators have been considered and one of the most fruitful and flexible
techniques has proved to be that of difference quotients, which - as it is - appears to be strictly
depending on the local character of differential operators. We refer e.g. to [32,45] and the
references therein for recent regularity results relying on Nirenberg method.

On the other hand, the notion of distributional solution is well established also for equations
coming from nonlocal operators and the question on the regularity of such solutions is in turn
quite natural. One of the first examples of nonlocal operator, and probably the simplest one, is
the fractional power of the laplacian and solutions of the equation (—A)*u =0, s € (0,1), are
called s-harmonic. The class of s-harmonic functions has been broadly studied in the last years.
Though they have many features relating them with harmonic functions, see for instance [21,23],
s-harmonic functions exhibit a different behaviour in other aspects, due to the nonlocal nature of
the fractional Laplacian. Among these facts we mention the local density of s-harmonic functions
among smooth functions ([22]), a purely nonlocal phenomenon that has some interesting conse-
quences, such as the failure of the classical Harnack inequality and a quantitative version of an

Date: December 2, 2024.
2010 Mathematics Subject Classification. 35R11, 35B65.

Key words and phrases. Fractional Operators, Sobolev regularity, s-harmonic functions.
1



2 A. CARBOTTI, S. CITO, D. A. LA MANNA, AND D. PALLARA

inverse mean value formula in the fractional case. See [15,28] for more precise statements, [18]
for more general density results and [2,16] for other applications.

There are several equivalent ways of defining (—A)*, see [31], and the first proof of local
regularity of s-harmonic distributions has been obtained via pseudodifferential techniques by
R. T. Seeley [38]. See [39] and [40] for more general operators. The Dirichlet problem for the
fractional Laplacian

(1.1)

(—AYw=f in Q
w=0 in Q°

has been studied in [33,37] providing basic summability estimates according to the summability

of the source f and boundary regularity, respectively. We notice that when 2 is the whole of

RN more than H*(RY) regularity is available for weak solution of (—A)*w = f, see [30].

It seemed to us that a natural question about the regularity of very weak solutions of nonlocal
equations, see (2.4) for the precise definition in the case of the fractional laplacian, is if it is
possible to extend the difference quotient method to such solutions. As a first check, we have
considered the operator (—A)?®, where the difficulty of getting rid of the singularity of the kernel
in its definition, see (2.2) below, already appears.

Very weak solutions of (1.1) have been treated in [4], where the authors observe that such
solutions, when € is a bounded smooth domain and f € L!(Q), are actually pointwise solutions,
that is they are given in terms of the Green operator applied to the source f. See [14], where
explicit representation formulae when 2 is a ball are given. We also mention that in the fractional
setting maximal regularity estimates for weak solutions of (1.1) are also available: in [25] the
author proves that the solution of (1.1) with f € LP(€2) belongs to the fractional Sobolev space
V[/Ii‘z’p (€2), or to the Besov space BngJOC(Q) according to the values of s and p, and this regularity
is sharp since does not hold true up to the boundary. See also [7,8]. Anyway, our arguments do
not rely on the estimates proved there.

We consider very weak solutions of the following problem

{(—A)sw:o in B

(1.2)
w=g¢g in B¢

where B is the unit ball in RY and the outer datum ¢ belongs to the weighted Lebesgue space
LL(RY) that is defined in (2.1). See formula (2.4) for the precise definition. Notice that our
assumptions allow to deal with also with s-harmonic functions that blow up at the boundary of
B, see [1,10]. If the external datum is assumed to be bounded, one can also exploit the explicit
representation of the solution in terms of the fractional Poisson kernel, see [9,14,24].

Our main result is the following

Main Theorem. Let u be a very weak solution of (1.2). Then

(1) (Sobolev regularity) w € Hj .(B) and the estimate

ull e 5y < e(B') lull 1 o)

holds for every B’ € B.
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(2) (Classical regularity) u is real analytic in B and the estimate
HDLUHLOO(BTO) < C‘L‘L!C(RaTOaNa s) (HUHLOO(BR) + HUHLg(RN))
holds for any v € N(])V and 0 <rg < R < 1.

We prove our Main Theorem in several steps. In Theorem 3.1 we prove that the solution wu,
which is by definition in L!(B), is actually in L _(B). This local improvement of summability
is done by suitable localisation methods joint with regularity results for the fractional Poisson

equation with homogeneous external condition proved in [3,37]. The second step is done in

2

i..(B) solution u belongs to the fractional Sobolev

Theorem 4.1, where we prove that the L
space Hf)i(B), see Section 2 for the relevant definitions. The main point in the proof of this
result consists in showing the H{ .(B) regularity, as the final step from Hj (B) to HZ:(B)
follows from L? estimates on the operator I, which is the carré du champ of the fractional
Laplacian that arises using the relevant fractional Leibniz rule. This kind of estimates, that we
also prove for every p > 1, are different with respect to the one proved in [29]. We exploit a
suitable variant of the classical Nirenberg difference quotient method: we introduce a cut-off
function that vanishes near the origin and allows us to get rid of the singularity of the kernel
and to obtain the fractional Sobolev regularity Hi .(B). Difference quotient methods have been
used in [6,12,17,19] in a different fashion to improve regularity of solutions to more general
nonlocal equations. We point out once more that the core of the paper are the linear estimates
and the new techniques introduced to prove Claim 1 in the Main Theorem.

In the third step we prove that for a cut-off function 7 the function n?u solves the equation
(—=A)*w = f in the whole space, with f € L?(R"), and as a consequence u belongs to H:3(B).

The fourth step relies on fractional De Giorgi estimates proved in [13] that allow us to gain
local boundedness of u in By and also local Holder regularity. The usefulness of those es-
timates with respect to the previous literature (see e.g. [26,27]) leans on the fact that the
Holder continuity exponent is quantified. Namely the authors prove that u € C’loo’g(Bl) for every
v € (0,min{2s, 1}).

In the fifth step we use again that n?u solves the equation (—A)*w = f in RY but with

f € C%(RY) and as a consequence u belongs to cotEs

Lo7°(B) and is s-harmonic in the classical

sense in B. To do this we also exploit suitable Holder continuity properties of the operator I.

In the last step we use the explicit Poisson representation formula to give a pointwise expres-
sion for u in a small ball. By well known estimates on the derivatives of the Poisson kernel we
conclude our proof by proving the real analyticity of u.

Finally, we notice that all our results are stated and proved using the unit ball as reference
domain in order to avoid technical issues and to focus on the core of our strategy though the
same results also hold true for every bounded and sufficiently smooth domain.
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2. NOTATIONS AND PRELIMINARY RESULTS

In the whole paper we always assume that N > 2.
The space L!(RY) is the weighted Lebesgue space defined as

LYRY) = {u € MERY); lul| 3 en) < oo}, (2.1)

where M(RY) denotes the space of Lebesgue measurable functions on RY and

_ |u()]
[ull L1 vy = /RN de.

It is very easy to check that LP(RY) C LL(RY) C LL (RY) for every p > 1.
The space L(RY) is a natural setting for very weak s-harmonic functions. Indeed, it encodes
local integrability and a growth condition at infinity. This is equivalent to requiring that the

nonlocal tail of «

o L p2s u(z)|
Tail(u; zo, R) := R /B?%(:CO) = zo| VT dx
is finite for every zp € RY and R > 0.
For u € 0120?7 (B)NLLRYN), v € (0,1), the s-Laplacian (—A)*u is pointwise defined for every
x € B and the following representation formula holds

(—A)u(e) = Cy, [ 8= uy) y  Ons / 2ul@) —ulz+y) —ulz=y) , (2.2)
RN

Ry |z —y[NF2s 2 |y N2
sQQSF(%+s) . . .
where Cy 5 1= SN (=s) and I" denotes the Euler Gamma function. This choice of the normal-

isation constant makes the fractional Laplacian a Fourier multiplier with symbol |- |?* whenever
for u € L'(RY) the Fourier transform F is defined as Fu(¢) = [pn u(z)e 2™ ¢dx.

Notice that if u only belongs to L!(RY), formula (2.2) still holds true by taking the integrals
in the Cauchy principal value sense.

For s € (0,1), 1 < p < oo and Q C RY we define the fractional Sobolev space W*P(Q) as

Wr(Q) = {u € LX(Q):  [ulwanio) < o},

u(z) — ul(y)[P )”f’
</de o |z —y|Ntep @ ’

. 1/p
endowed with the norm |- [yyena) = (Ilf00) + [Fres)
When p = 0o any f € W5®(Q) has a representative f € C*(Q).

where

[u] s ()
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As usual, when p = 2 we use the notation H*(f2) to indicate the Hilbert space W*?2(Q). See
[20] for a gentle introduction to the fractional Sobolev spaces.

Let us also define higher order fractional Sobolev spaces, confining to the non-integer case:
foroce (1,00),0 =k+s,keN,se(0,1) and 1 < p < 0o, the fractional Sobolev space WP(2)

is defined as follows:
Wor(Q) = {ue WhP(Q) . D*uweWP(Q), VaeN), o <k}.
Set Q4 :=(AXx A)U (A x A°) U (A° x A) for every open set A. We define

H*(B) = {u € LAB): [ulg=(p) < 0}, (2.3)

)|2 1/2
7 dxd .
//QB |x_y|N+25 x y)

We say that v € H*(B) is a weak solution for (1.2) if for every ¢ € H§(B) = H{(B) =
C>(B )” I3 ¢ 101ds that

W) (e(x) —ely)) .
AN dxAN ‘w_ ’N+25 dy—O

u=g¢g in B°

where

Notice that for v € H*(B) and ¢ € H§(B) the definition is well posed. Indeed, let A € B,
A Dsuppp

/R e / = _”(,Tﬂ dy’ //Q e _)H‘¢N<+2>S W) 4o,

Ters () [Pl s (4)-

We notice that if g € C(RY) N L®(RY) and v € H*(B) N L>®(RY) is a weak solution of (1.2)
then wu is also a solution in the viscosity sense for (1.2), as proved in [41, Theorem 1] also in the
inhomogeneous case for continuous sources.

For s € (0,1) we also introduce the space

LZO(]RN) = {u € LOO(RN); sup (1+ |93|N+25)|u(x)| < oo},
zeRN

equipped with the norm

Whmw)—ﬂm(+MW“WM@L
z€RN

We say that u € L1(RY) is a very weak solution of (1.2) if, for every ¢ compactly supported in
B such that (—A)%p € L2(RY), it holds

u(—A)’pdr =0
/RN (=4) (2.4)
u=g¢g in BC
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Notice that the chosen class of test functions is not empty. Indeed, let ¢ € C25+7(B) for some
v > 0. We have

/ u(—A)°pdx
RN
[u(z)] L
< ||u s + T d
= || HLI(BQ)HSDHCQ +7(B) /BS 1+ |.’L"N+28 B |.Z‘ — y‘N+28|g0(y)| Yy

|u(z)] / ( L+ \M)NHS
< ||u s + dz 14 d
= || HL]‘(BQ)||<)0HC2 +7(B) /;5 1 ]m\N"'QS B ‘x — y‘ |S0(y)| Yy

< /B (=gl + /B u(— Al

c
2

< lull L1y l@llc2stv(B) + N2 HUHLg(RN)”SOHLl(B)
< Onslellczst s llull Ly mny,

and then ¢ is a test function.
We notice that a weak solution is a very weak solution. Indeed, using the symmetry of the
double integral in x and y

1 (u(z) — u(y))(p(x) = ¢(y)) _ #(x) = ¢y)
Q/IRN/]RN o — y N2 dmdy—/RNu(:c)da:/RN |x—y|N+2de

for every ¢ € C°(B).

Now, we recall some useful results. From now on, for r > 1 we denote with 7’ := ﬁ the
Holder conjugate of r, and for 7 > 0 such that r7 < N we denote with r¥ := N]X "~ the Sobolev

conjugate of r with respect to 7. First, we state the Sobolev embedding theorem.

Proposition 2.1. [5, Theorem 7.63] Let © C RY an open and smooth set and let k,h > 0,
p>1. Ifu € WFP(Q), k> h and N > (k — h)p then the following continuity estimate holds

lullynagy < C Nullyiney
o for every 1 < gq < % if Q0 has finite measure
o for everyp < g < % if Q0 has infinite measure.
We notice that if k = h € Ny and if 2 has finite measure then the statement of Proposition
2.1 still holds true, but if k = h € (0,00) \ N then the embedding may fail in general even if Q
is a ball, see [35].

The following results give regularity properties of the weak solutions of (1.1) under suitable
assumptions on f.

Theorem 2.2. [3, Corollary 1.7] Let N > 2, Q C RN a bounded C? domain, s € (0,1) and let

u be the unique solution of

w=0 1in Q°

{(—A)Sw:f in Q

with f € L™(Q).
(i) If1<m< g, then for all 1 < p < mj there exists C' > 0 such that

HUHWsm(RN) <C HfHLm(Q) :
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(ii) If m > %, then for all 1 < p < oo there exists C' > 0 such that

[ullwsm@ny < ClFllLmo) -
Theorem 2.3. [37, Proposition 1.4] Let s € (0,1), N > 25, Q C RV a bounded C*' domain,
f €C(Q) and let u be the weak solution of

{(—A)sw —f in Q

w=0 in Q°
/
(i) For each 1 <r < (%) there exists C = C(n,r,s,|2|) > 0 such that

[ullzry < ClfllLr ) -
(ii)) Let 1 <p< 2—]\; and p5, = N]jigsp' Then there exists C = C(n,s,p) > 0 such that for any
1<¢g< p;s
||U||Lq(g) <C ||f||Lp(Q) .

(ili) Let &£ < p < co. Then there exists C = C(n,s,p, Q) >0 such that

lulles @y < CIfllpe) »

where  := min {s, 25 — %}

3. IMPROVEMENT OF SUMMABILITY

Now we are ready to state and prove the following
Theorem 3.1. Let u € LLY(RY) a very weak solution of (1.2). Then u € L2 (B).

Proof. To ease the presentation, we divide the proof in three steps.
Step one: first summability improvement. In this first step we prove

N

€L .
Y N —s

(B) forall r< (3.1)

T
loc

Let p > g and ¢ € C*°(B) N C(B). Now, let v be the unique solution of the Dirichlet problem

(3.2)
w=0 in Bf_;.

{(—A)Sw:w in Bi_s

for some & > 0 sufficiently small to be conveniently chosen in the sequel. Now let n € C°(B)
be such that n = 11in Bj_45, n = 01in Bf_,5 and |Vn| < %. Notice that by Theorem 2.3 we have
that v € C*(RY), and this easily implies that (—A)*(n?v) € L¥(RY) and suppn’v C Bj_o;s.
Indeed, for |z| > 2 it holds

|(=A)*(nv)(2)] <

/ nwoly) |3 ol
g le—yNt2s 7 = 14 |g|N+2s

while the boundedness of (—A)*(n?v) in Bs is an immediate consequence of Theorem 2.3.
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Therefore, we can use ¢ = n?v as a test function in the definition of very weak solution (2.4).
Then

0:/ 772u¢dx+2/ uvn(—A)sndx—/ unIs(n,v)dx—/ uls(n, nv)dx (3.3)
RN RN RN RN

where for any f;, fo measurable we have set

(fi(z ) (f2(x) — f2(y))
=Cyn d 3.4
Is(f1, f2) (= / \x—y[N”S ; (3.4)
and the constant Cy s is that one in the definition of (—A)*.
Then
[ uvds| < [ utolds+2 [ un(-8)alde+ [t (n,0)]do
RN RN RN RN (3.5)
=: A1 + Ay + As.
We start by estimating the term A;. Then
/]RN [uls(n, nv)|dz < ”UHLg(RN) HIS(TLWU)HLgo(RN) < C(9) "u“Lg(RN) HUUHCS(RN) (3.6)

< C(9) HUHLg(RN) ||UH08(RN) < C(9) ||UHL§(RN) W’HLP(B) ’

where the last inequality exploits item (iii) in Theorem 2.3, which holds true since p > % For
the second inequality we notice that for any z € RN and y € B;_o5 we have

(1 + [2¥*2) (@) — n(y)| < C@)xs,_4(@) VNl oy l2 =yl
+ 2N+2571XB§76(x)(1 + ‘.’L‘ _ y‘N+25 + ’y|N+2s)

<C0)xB,_5 (@) IVl oo vy |2 =yl

+O(N, s, 8)xp;_,(2)e —y¥F2

1-6

(3.7)

while for any z € RN and y € BY_ 55

(14 (2N [n(z) — n(y)| < C(6)xB,_,(x).

Therefore, for any 2 € RY

(U o029 |1 (o)) < (1 o020 [ SR Z IO =Wy, .5

R BT LI EL ULy

Be_,, |z — y|Nt2s
XT) — x)vo\xr) — v
<(1+|x’N+25)/ In(z) —n(y)|In( )N(+2)S n(y) (y)\dy
Bi_2s ‘l’ - y’
s z) —n(y))?
(14 2N ()| / Wdy
dy

S

Bi_2s

dy dy
+xB, .. (x)C'(§)|v(x / _ +/ S A—
B, 26( ) ( )| ( )| g(a:) ’.CC — y|N+2S By ss(2) ‘l’ — y‘N+28_2

|CE _ y|N+s—1
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+ C(Na S, 5) ||7]1)HL°°(]RN) XBf_; (CL‘)
SC(N,S,(S) HUHCS(RN) < C(Nu 876) HwHLP(B) )

where in the third inequality we have used (3.7), the equality

() = n)lin)v(x) = n(y)oy)| = [v()lIn() - n(y)?

that holds for any « € B;_s and y € B{_,5 and also that the integral term in the fourth line
of (3.8) is nonzero if and only if © € By_o5 and it can be split in the sum of two integrals over
Bf—5 and 31,5 \ 31,25.

For Ay we have

/RN luvn(=A)*nldz < C HuHLl(Bl,%) ||UHL<>C(31,25) <C HUHLl(Bl,%) H¢||LP(B) ) (3.9)

where we used again Theorem 2.3.
To estimate A3 we notice that
[ funtolide = [ funt.no)lde < lulls, 0 11010l
RN Bi_25
and for almost any = € Bj_y;s, if we split A3 into the sum of the integrals over By_s and Bf_;

we have
dy dy
Is(n,v)(x)] < C||v|eqs / +/ )SCw )
1,01,0)(@)] < C el (Rm( s Ty oy ) < C ¥l

where we have used again Theorem 2.3(iii), that holds true for p > g with 8 = s. Now we have

’/ un?pdx
RN

for all ¢y € C°°(B) N C(B), with p > &'. By the density of C>*(B) N C(B) in LP(B) we have
that (3.10) holds for all ¢ € LP(B), which implies that n?u € L? (B), hence n*u € L"(B) for all
r < % The arbitrariness of § gives the claim.

< Clull 1@y (HUHW&P(RN) + ”UHCS(RN)) < Cllull vy 10l esy (3.10)

Step two: higher summability. Our next goal is to show
N N

Li,.(B) fi —_

ue L. (B) for re (Ns’NQs)

In order to improve the summability of the solution u we still use a duality argument, but in a

bit different way. Let ¢» € C>°(B) N C(B), take m € (ﬁ, %) for some o € (0,1) and let v,n

as before, where now ¢ is the double of the previous one. Since we know that u € L] .(B) for

loc
N / N N
all r < =, let p’ € (3255 v

as test function in definition (2.4). We estimate again the three terms appearing in (3.5), but

(3.11)

). It is very easy to check that the function vn? is admissible

this time we can use the higher summability of u proved in Step one to estimate

Az < Cllullpr (3, _pp) 10l o(s, o5y < Cllullor (5, o) 1ollwreas, ) (3.12)

< Cllull o 3y ) Wz

where the second inequality exploits Sobolev embedding Theorem for ¢ > NJYi-Z; - > 2% and the

third inequality exploits Theorem 2.2 and it holds for all ¢ € (1, m%) (recall that m} =

Nm )
N—ms
whenever 1 < m < %
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Now we estimate again the term A; in (3.5)

A < /B () |de /B () = nw)In(x)v() =),

|SU _ y|N+2s

c
1-26

In(z) — n(y)|[n(z)v(z) —n(y)v(y)|
+/Bl_5 |u(:v)|dx/Bl_26 dy

|z — y| N2 (3.13)
X)) — X)U\T) — v
+/ |u(x)|dx/ In(z) —n(y)lIn( )N(H)s n(y) (y)!dy
B¢ RN [z —y|
=: By + By + Bs.
To bound B; we first observe that since n(y) = 0 for y € B{_,5 we have
dy
Bi= [ u@le@lpeds [
Bi_as Be_,, |z —y|N+3s
(n(z) —n(y))*
= u(x)||v(x dx/ ———dy
/| I ey =
<[ @l [
< u(x T N3
By s By, o=y (3.14)

(n(z) —n(y))?
+f @)@ /| W

1
<C() (uunml(&_%) Iollz0(, 0+ | @)z / e dy)
<C(9) HUHLM(BF%) H@Z’HLm(B)

Analogously for Bs we use that n(x) = 0 for x € Bf 5 and that (1 + |z|V72%) < Cs|z — y|N2¢
for any x € Bf_; and y € By_2s to find

B3 < /B ’U(ﬂf)’dx/B (1 + ’x‘NJrQS)Mdy

1+ [z|N+2s |z —y|V+2s (3.15)

c
1-46

<Cs HUHLg(RN) ||UHL1(31_25) <Cs ||UHL§(RN) H@Z’HLm(B)

and again the Sobolev embedding Theorem holds true for any ¢ > 2—]\2 To bound By we use the
Holder inequality in the following way:

BQS/B |u<$)|dx/3 In(@) = n()lIn(@)v(@) = ny)l, (3.16)

‘.% _ y’N+2s

< el /B ( /B |n<x’>;<_x>y @Zéi’ff(y"dy)pdx)”p

In(z)v(z) — n(y)o(y) P ( / dy ) >1”°
< / ‘
S ”UHLp (B1_s) (/Bl_a /Bl_a |z — y|NFsp dy B T — /y‘N_(l—S)p/ dx

= CHUHLp’(Blﬂs)H77U||WS,P(IRN) < C|’“‘|LP’(3175)||¢||Lm(B)7




LOCAL REGULARITY OF VERY WEAK s-HARMONIC FUNCTIONS 11
provided that p < 2. Since p' > 72— we get p < -, hence lvllwsrzy < 1Pllpmpy if
Inequalities (3.14),(3.15),(3.16) give

[ Azl < CONYlLms)lull L 5, _,y)- (3.17)

To estimate A3 we proceed as in the previous estimate:

po= [ futode< [ ) [ ST = 0y,

N
m > ey

We split the integral on RY in B;_s and Bf_s and we use again the Holder inequality and
Theorem 2.2 to infer

In(z) — n()llv(z) — v(y)|
/Blzém(a:)U(x)\ . & [N dy dz

(L) (] (/Bw MOl W)

Wr N
§C||77U||Lp’(3)< . /B |m— |N+sp dy>
1— 1-6

SCHUUHLP’(B)||UHWSﬂP(RN) < Clinull o gy llell L)

Concerning the second integral, since v(y) = n(y) = 0 for y € B{_;, we have
n(z) = n)llv(z) = v(y)]
/ (e |d$/c |z — y| N2 W

72 x)u(x)v(x)|dx Ay (3.19)
/ @) / oy

< COllmull gl o) < COmull o gy 1461 )

provided that m > ﬁ Inequalities (3.18) and (3.19) give |A3| < C((S)HnuHLp/(B)]WHLm(B)
Hence, using the latter and inequalities (3.13), (3.17) we deduce

[ i da| < €Ol o 1911m )
for all ¥ € C*°(B) N L>®(B). By density the inequality holds for ¢y € L™(B) and hence
n?u e L™ (B) with m/ € (N < %) Since this is true for any « € (0,1) we get our claim.

Step three. We finally show that w € LV (B) for p < %
We first prove recursively that

N
ue€ L, (B) for r< N s
for all k € N such that k < % We notice that we already proved the claim for k = 1,2. Hence
let us assume that u € Lloc( ) for p' € (W, %) for some o € (0,1). Fix § > 0 to be

chosen again as the double of the one selected in the previous step, let ¢ € C*°(B) N L>°(B),
take m € (ﬁ, %), and let v be the unique solution of (1.1). For a cut-off function 7
supported in Bj_ss we use n?v as a test function in (2.4) to find again

/ n*udx
B

< Ap + As + As,
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with Ap, Ay, A3 defined as in (3.5). As before, to estimate A; we split it in three terms:

A< /B lu(z)|de /B c () — ”(yw??_(?r]fv(fgs— nwrwl, (3.20)
In(z) — n(y)l|ln(z)v(z) —n(y)v(y)|
* /B1_5 |U(x)|dx /BI_Q(; ’g; — y’N+2s dy

.
Bi_s

=:B1+ By + B3

(o) /RN (@) = n(w)lIn()o () ~ nwew)l

’l’ _ y|N+23

The same argument used to bound B; and Bs in Step two provides

1B1| < COllull s, o IWllwereny
and

B3| < C0)|[ull Ly llvllws.e @y

where at this stage p € (%, ﬁ) For B we use Holder inequality to have

1B| < /B () da /B () = nw)lln()o(@) ~ nwh ),

|:E _ y|N+23

<t ([, (f, PR o) o)

in(@)o(@) — n(y)u()P dy A
< ||u||LP'(Bl_5) (/315 /316 |z — y|NTep dy - (/315 iz — y|N+(S—1)p’> dx)

< Cllullpo g, ) llnvllwer @)

Since p > 1 we have
[ Az < CO)lull o (g, _pllvllwsemy)
and using Theorem 2.2 we get
[vllwsp@ny < CllYlLmp)

whenever
Nm . Np

<
N — sm

Since p < ﬁ we get
[As] < CO)ull 5, I8l

if m > ﬁ The estimate for Az follows from the same argument and gives

[As] < CO)ull s, )10l sy

/ n*ui dx
B

Using again a duality argument and since the latter is true for all a > 0

Thus we arrive at

< CO)ull i, Il
for any m > ﬁ
we get

ue L™ (B)

loc
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! N
for any m < m
Hence we now run this argument ko times, where kg := max{d € N; d < k} and k := g —1
to find

u € Li,.(B)

r
loc

N
N—kgs

is complete. O

for all 7 < < % Since in particular 2 < % < % by our assumptions in Section 2 the proof

Remark 3.2. In each step k of the proof of Theorem 3.1 we choose d; > 0 such that J; < %
and 0 = 201 < 1, for k € {1,...,ko} and these conditions imply that in Step one we have to
ﬁX (51 = 5 < 21@%

Remark 3.3. We notice that from estimates (3.14), (3.15), (3.16) and (3.18), we deduce that
for any w € LLRYN) N W2P(B) for some 1 < p < oo, by definition nw € W*P(RY) for any
n € C°(B) cut-off function and, if suppn = By_95 € B1_s € B there exists C, that depends
only on 4, s, N, p but independent of w, such that

||Is(nv77w)||LP(RN) <C HanWSvP(RN) : (3:21)

Moreover, for any = € RV we have

@) () ()] <n(o) [ n(@) = nw)llw (@) —wwl

Byi_s ’l’ _ y|N+2s
i, =g,
<Clme) [ O
o (3.22)
+21)(x) /B . Mdy

1/p 1/p
lw(x) —w(y)|P / dy
<C(o SR e
<C()n(x) </Bl_5 |z — y|N+sp Y B, s |l — y| V- (1=3)

dy |w(3/)’
+ 2n(x) | |lw(x _— +/ —————dy | .
( ) <| ( ) B¢ (x) |95 —Z/|N 2s ry 1+ |y’N 2

From (3.22) we deduce that there exists a positive constant C' = C'(N, s, d,p) such that

InE(m,0) | ogeny < CON.5,8,0) (Jwllyani, .y + 10l n ) - (3.23)

The estimates in the cases p = 1 and p = oo also hold true with analogous computations. In the
case p = oo we recall that for any (2 open and smooth set W (Q2) = C%(0Q), see e.g. [20, Pag.
59].

4. FRACTIONAL SOBOLEV REGULARITY

In this section we prove the local H?® regularity of very weak solutions, which we know to be
in L120c- In the classical case, Sobolev regularity is usually obtained via the Nirenberg difference
quotients method, but in the nonlocal case this method does not work directly because of the
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presence of a divergent kernel. Therefore, we have devised a different approach, which consists
in using another cut-off function (the 7, below) that eliminates the singularity and makes the

relevant integrals convergent.

Theorem 4.1. Let u be a very weak solution of (1.2) in L2 (B). Then u € HZS

loc

(B).

Proof. Let u be given as in the statement. Let 7 € (0,1/2) and let 7, : [0, +00) — [0, 1] be the
cut-off function defined as

0 if 0 <t<7/2,
() =9 2t—1 ifr/2<t<T,
1 if 7 <t,

For § € (0, %), let us consider another cut-off function 7 : RY — [0, 1] such that

. M 1
n=1in By 45, n=01in B{ 45, [|Vn|<

For any = € RY let us define the function
s n(@)u(z) —n(y)u(y)
D = (|l — dy. 4.1
e W) /RN 17 (lz = yl) P ETT y (4.1)

In order to prove the required regularity, as a test function in (2.4) we choose

p(x) = n(x)v(z),

where v is the solution of the problem

(-A)yw=D;, ,u in B
w =0 in BS_,.

(4.2)

We notice that ¢ is an admissible test function since (—A)*p € LP(RY) ¢ L%(RY). Since 7 is
supported in Bj_ss, we have

0= /RN u(—A)’pdr = /RN u(—=A)*(nv) dx

:/ uv(—A)%n d:v—l—/ un(—A)°v dx —/ uls(n,v)dz,
Bis Bi_2s RN
where I is defined in (3.4). It follows
/ uls(n,v)dz
RN

/ unDy_,udr| < / uv(—A)’ndx| +
Bi_2s Bi_s
First of all, rewrite the left hand side of (4.3) as
ur) — n\y)uly
[ s quda = [ atwmtards [ e "D G g, (4.4

/RN dac/ ol — ) )( ) ,Z(fg)su(y)) dy = ngvT,n( u).

Let us estimate the term C5. We write Cy = C3 + Cy, where

o ::/B “(x)dx/RN (v(z) — vy)(n(z) —n) ,

oy

=:[C1] + [Cal. (4.3)
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and

Cuim [ atayaa [ =000 ),
We have
i, e, b=

< Jlullz2s,_s) ( / ) ( / |Z<g>;<‘m— n()) dy)z dx)m
< HUHL2(315)</RN (/RN W dy) (/RN W dy) dm)l/Q

2 1/2
Cllullz2s, ,;)(/ /RN |x—y\N+2$) dydx) = C(llull2(B,_s) W] s @ny-

Now, in order to estimate the right hand side in (4.5), we use that v is a weak solution of (4.2);

(4.5)

by testing against v itself we obtain

y)? sy 1 _ s
HS(]RN) /RNdx/RN |x_ ‘N+2s dy =2 RNU(_A) vdr =2 RNUDUT" udx (4.6)

_2/ oz )dx/RN (n(fv)r(ﬂﬁ) Wﬂgzu(y))ﬂr(lx—yl)dy

/RN & /RN ( |z — y| N“z) (|2 = y|)> <(77<37)7’;(9?_) y—|17v7g)U(y)) (| — y!)) "
(v))* 12
</RN /RN |33—y|N+25 777(|90—y|) dy) .

wl))2 1/2
</RNdx/RN |:z— |Z(+yz)s - ”T<|x—yl>dy>

<[v]gsmry\/ G, (W),

where in the first estimate we applied the Holder inequality with exponent 2 and in the second
one we took into account that |7, | zec((0,00)) = 1. Summarising,

[Vl gs vy < \/Gy o (w) (4.7)
and thus by (4.5) we get
C3] < C)llullL2(s,_5)4/ G, (). (4.8)

Let us estimate Cy4. Since n(z) =n(y) =0 for v € Bf_5 and y € B{_,5 we have

/0 u(x)dw/RN (v(z) = v(y)(n(x) = n(y)) dy’

|Cal = |z — y|[NF2s

1-5

J,

1-6

)

u(wyts [ (v(z) = 0@)) () = 1w))

‘LE _ y‘N-i-Qs
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u(z) / 1+ |x]N+25>
— T T vas | vWn(y) dy
/f(s 14 [a|V+2s B s <|x — [T

Ml e [ (14 L |y|)N+25
< — = 1+ d
a /fs L+ |x’N+2s ! Bi_as |$ - y| |U(y)’ Y (4'9)

< CO)[Jull 1@y [v] s vy
< C(O)|ull 1wy /Gy, (W)

In the third inequality we exploited (4.7), the second one follows from the Holder inequality and

and then

|Cy| =

the fractional Sobolev inequality, see [20, Theorem 6.5]; taking into account that v has compact
support in B;_; we have:

2*—1

[0llL1(B, _s5) < [Bi-as| %= [0l 21 gy < C(8, N, 8)[0] sy

Now, let us estimate the term Cfi:

/ uv(—A)*n dx
Bi_s

< C(O) W] sy < C(8)/ G, (w),

|Cy| =

< Mell sy, gy 101l 25 vy (= 2) "0 | oo vy (4.10)

where C'(§) > 0 can be explicitly computed and in the second and third inequalities we exploited
again the fractional Sobolev inequality and (4.7), respectively.
By putting together (4.5), (4.9) and (4.10) in (4.3) and using equality (4.4) we have

Gy () < Cllull gy Il g, ) -0.1)- (4.11)

Now, we recall that 7, depends on the parameter 7 € (0,1/2) but the estimate (4.11) is uniform
with respect 7 because the right-hand side is independent of 7. Therefore, estimate (4.11) finally
yields

()G mny < sup Gy (u) < oo, (4.12)
7€(0,1/2)

where the first inequality holds true in view of Fatou’s Lemma. Thus nu € H*(RY) and then
u e Hf (B).

In order to complete the proof, let us show that n?u is a compactly supported weak solution
of (—A)*w = f, with f € L2(RY). This implies that n?u € H?$(RY).

For any ¢ € C°(RY) we have

1 (7 (z)u(z) — 1 (y)uly)) (p(z) — ¢(y))
2/RN dx /RN dy

Ix—yIN“S
-/, /R ) ,3”51 o) 4,
u(z 2(0) — n2(z
- CNS/ *(n 90)( )dl‘—i-/RN dx/RN ( )Wﬁz)(rlyi]?aﬂsn (7)) dy

u 2(p) — 2
_ /R o) d /R ) (y)‘(; _( y)‘mzs(y)) dy,
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where in the last equality we used that 7% € C°(B) and that u is a very weak solution of
(1.2). To conclude, we show that the function f defined a.e. by

u(y)(*(2) = n’(y)) ,

f(x):=Cns . o = [N (4.13)
belongs to L?(RY). We point out that
s =cw [ u(y)(n(z) yI i(zl)g(g(sx) —n) 4, (414
2u(z)n(x U —ulz)n(x z)(u —u(x T) —
:CN’S/RN[ (z)n(z) + u(y)n(y) — u( ?z(_)yTNzgs)( () — (@)l (0@) = n()

= 2n(z)u(z)(=A)*n(x) = Is(n,nu) (@) — n(z)Ls(n, v)(@).

The last equality shows that f € L%(RY), as I;(n,nu) and nls(n,u) belong to L?(RY) in view
of Remark 3.3 and nu(—A)*n, supported in Bj_as, belongs to L?(RY) since u € L (B).
We thus obtain that n?u € H2(RY), and so u € HZ(B). O

5. FULL REGULARITY

In this section we prove that a very weak s-harmonic function u is actually a classical s-
harmonic function hence locally smooth. To do this, we use the fact that u is locally bounded
and by fractional De Giorgi estimates proved in [13, Theorem 1.4.] also belongs to Cloo’z(B)
for every v € (0, min{2s,1}). Then, in Propositions 5.2 and 5.3 we prove that the operator I
enjoys useful Holder continuity properties that allow us to exploit that the function n?u solves
the equation (—=A)*w = f € C%/(RN), and then u € CJT**(B) N LY(RY). Therefore u is
s-harmonic in B in the classical sense and, by Theorem 5.6, is real analytic in B.

Theorem 5.1. Let u € HZ,(B) N LY RY) a very weak s-harmonic function in B. Then u €

010(;3(3) for every a = a(s) € (0, min{2s,1}).

Proof. Since u € HES(B) N LL(RY) then u is a local weak solution of (1.2) and by [13, Theorem

3.2., Remark 3.3.] one has that u € LY (B). Then the claim plainly follows from [13, Theorem

loc

1.4, O
Proposition 5.2. Let s € (0,1) and a € (s,min{2s,1}). For any f € CO*(RY) and g €
20—2s if 0<s<3%

COLRN) we have that Is(f,g) € COV @) (RN where y(a, s) :=
a—2s+1 if %<5<1

and
[Ls(f, 9l coren@yy < Clflco.a@mmlgloormn)
Proof. Let z,2’ € RN, 2 # 2/, and let R := |z — 2'|. We estimate

I(f,9)(x) — Ls(f, g) (") (5.1)
(f(@) = flz—y)(g(x) —g(x—y)) = (f() = f@" = y))(g(@') —g(=" —y)) dy.

|y |V +2s

RN



18 A. CARBOTTI, S. CITO, D. A. LA MANNA, AND D. PALLARA

By adding ad subtracting (f(z) — f(x —y))(g(z') — g(2’ — y)) in the numerator of the integrand
in (5.1) we can equivalently write

IS(f?.g)(x) - Is(f?g)(xl) = Jl + JQ + J3 + J4

where

|y VT2 dy,

Iy = /B (f(z) = flz —y) [(9(z) — g(z —y)) + (9(z' —y) — g(a'))]

Ty im / (f(z) — f(z —y)) [(9(z) _,jz(vﬁll + (9" —y) —g(z —y))] dy.

R

Jy = /B (9(=") = 92" =) [(f(2) = flz —y)) + (F( —y) — FD]

’y|N+2s

Ty = / (9(z) —g(=" —y)) [(f(x) Ty{}éi)g + (@' —y) = flz —y))] dy.

Now if s < % we have

dy o— 4S8
|J1| < C[f]ca(RN)[g]CO,l(RN) TTNT2s—asT = C{f]oa(RN)[g]Coyl(RNﬂx — 7| 2541
Bg |Vl
R
and
|J2| < C[f]C&(RN)[ ]CO 1 ]RN |/ ]y|N+25 « C[f]Ca(RN)[g]CO,l(RN)‘LU — $/|a728+1,

The estimate of J3 is analogous to the one of J; while for J; we have

dy

|Ja] < O[f]ca@m)lgloamnyle — 2| /BC [yNHza = Clf]ca@mylglon@nylz — o'[27%.
R

Since 2a — 2s < @ — 2s + 1 we get the thesis.
If s > = the estimates of Ji, Jo, J3 are analogous to the previous case, while for J; we can

write

(0% dy —zS8
|Ja] < C[f]ca(RN)[g]COJ(RN)|33 — /| /Bc W = O[f]C“(RN)[g]C’U’l(RN)M — /| 2ot
R

Hence Is(f,g) € CO725FH(RY). O

Proposition 5.3. Let s € (0,1), a € (s,min{2s,1}) and 8 = B(a) == ;55 < 5;. If f €
Cloc (B)N LLRYN) and n € C(B) then nls(n, f) € CO7(RN) where v := (a — 25 + 1) and

921, Pllconqeny < C (I lgons, ) + 1£ @)
where 1’ € (0,1) is such that B, = suppn.

Proof. Let B, € B with 0 < r’ < r. Then f € C%%(B,). Since

InZs(n, Pl con@yy < Inllcon@yy s, Pl s (s, + 11l oo mry s (m: H)llcon s,y
we reduce to prove that Is(n, f) € C%7(B,). By (3.23) we already know that Is(n, f) € L>®(B,).
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1
Now, let z, 2’ € B, x # a/. We set R := |x —z/|. We assume that R < (%) "% otherwise the
proof is done. We observe that thanks to the required upper bound on R the following inclusions

of sets
Bps(x') C B%Rg (z) and Bgs(a') C B%s (),

2

hold true. We write

|Zs(n, f)(@)—Ls(n, f) ()] (5-2)
/ (f (=) — f(y) (n(z) — n(y))dy _ / (f (@) = f(y)(n(=') — n(y))dy
RN RN

o — gl o — y N

(5.3)

</ |£(@) = f@)lIn(x) = n(w)l ;.
BR[;(Z”)

‘iL' _ y‘N—i-Qs

+/ |f(2") — f)lIn(2") — n(y)!dy
Bps(a’)

|.’E’ _ y|N+2s
. / (F(x) = F@) (@) = n() — L (F) = F) (n(a') - nw)
B (a) | — y|N+2 Y
|f(z) = fW)lIn(z) — n(y)]
</Bgms(x) |z — y|N+2s W
F(@) = F@lin") = n()|
i /BRBW) |2/ — [N+ W
N / ($@) = F) @) = 1) — s (@) = FO) ') — i)
BE () o — | N+ Y
<C[flpo.(s,) Rla—2s+1)8
N / (F) = FW) () — n(y) — L= (F@) = f@) (') - nw)
B, (a!) | — y|N+2s Y

=:C [f]CO’D‘(B,«) R(a—2s+1),8 + |B|

By adding and subtracting (w,)_‘i (j”;wg;)_"(y)) to the integrand defining B we have

|B| <

Y

/ (f(z) = f(y))(n(x) —n(y)) - (f(=") — F(y) (") —n(y)) ,

Be 4 (a) |z — y|N+2s

+/ £6) = FWlinGe') = n(w)ldy
B, (a!)

|f (@)n(x) = f(@")n(a")| £ (W)lIn(x) — n()|
/Bf?ﬂ(xl) |z — y|N+2s dy + /szﬁ(x’) [ — VT2 dy

[n()Ilf (=) — f(a’)]
" /Bzczﬂ(‘”') "

1 1
|x _ y|N+25 B \x’ _ y|N+2s

<

’33 _ y’N+2s
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+/ 76~ F@)linta) — o)y
B;B (")

|f (@)n(z) — f(2")n(a)] [/ @)In(z) —n(a)]
</B;5(x) |z —y| N2 dy—i_/B;ﬁ(x) |z — y| N2 W

+/ n@llf (@) — 1@,

|1‘ _ y‘N+28

1 1
_ IN+2s [,/ _ ,,|N+2s
|z —yl 2/ —y

Qe (@)
2

‘),
B;;g (=)

=: DBy + By + B3 + By.

1 1
|z — y|N+2s - |/ — y|N+2s

|f(") = fFW)lIn(z") = n(y)|dy

Now we estimate B; for any i € {1,2,3,4}.

dy

Bl S C['f}u]co,a(RN)Ra 7N+2S S C[?’]u]co,a(RN)Ra_Z'BS. (54)
By @) [z —y
|f(y)] / 1f(y)]
By <CR / ——=——dy + ——=——dy
? ( Be . (o)nB, |T—y[N T2 Be . (o)nBe |2 — Y[Vt
RA/2 RA/2

dy |f ()l
on i oo / _ Ly
- (HfHL (Br) /BZB/Q(:E) |z — y|Nt2s +enr) pe 1+ [ye2 ’ (5.5)

< CR (O | fll ooy B2+ Cr') 1l sy
< Cr',N,) (1 ll oo sy + 1 £l 1 ey ) B2
< v, N, ) (Il ll oo sy + 1F sy ) RO

(6% dy o— S
B < Clleoees,n B / o [T — gV = C [Flooas,) RO (5.6)

For B4 we write

By = /
B¢ 5 (2')NBr

‘)
B

=:Dy+ Ds.

1 1
— . IN+2s ! _ 2| N+2s
|z —y| |2’ — y

[£(=") = FW)lIn(=") = n(y)ldy

1 1
|:c _ y|N+25 B |:z’ _ y|N+25

|f(2") = fFW)lIn(z") = n(y)|dy

(z")NB;

Using the fundamental Theorem of Calculus we write

1 1
_ IN+2s [,/ _ ,,|N+2s
|z —yl 2/ —y

< CN,S":U o I'IH.%'/ - y’—N—Zs—l.
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Therefore
Dy < Cfleoaip ) R 2" =yl =y dy
" B¢ 5 (a')
= Clf] oy, BRI (5.7)
<C [f]COvO‘(B 3 Rla—2s+1)5
To conclude for Dy we have
Dy<CR [ ) = F@)lle’ = ylle! =y~ 1dy
B, (a/)NBg
dy 1f(y)]
<R (1l | [y
( FEB) [ gyl =y VT2 [ pe o — y[ N2 55)
5.8
—2fs / |f(y)|
=CR (Cl 1l oo,y B + ) /RN T4 [y vz

< C(r,r', N, s) (1 fll oo,y + 1l sy ) B2
< C(T, T’,N7 S) (”f”Loo(Br/) + HfHLz(]RN)) RQ*Qﬁs.

Putting (5.4), (5.5), (5.6), (5.7),(5.8) into (5.2) and taking into account that (o —2s+1)8 =
« — 2f3s by the choice of 3, our claim is proved. O

Theorem 5.4. Let u € C7(B) N LY RN) for some v € (0,1) a very weak s-harmonic function

loc
in B. Then u € C;YOZFZS(B) N LYRYN) hence u is s-harmonic in the classical sense in B.

Proof. Let n € C>°(B). By Theorem 4.1 the function n%u is a weak solution of (—A)%w = f
in RY with f := 2nu(—A)*n — Is(n,nu) — nls(n,u). Moreover by applying Theorem 5.1 with
a € (s,min{2s,1}) and Propositions 5.2, 5.3 we have that f € C%7(R"). Therefore by using
Schauder estimates for bounded weak solutions to (—A)%w = f (see [42, Proposition 2.8] or
[43, Theorem 15]) it follows that n?u € CO725(RN) if 0 < v +2s < 1 or p>u € CHY 25~ L(RY) if
1 <v+4+2s<2orn’uc C?H2=2(RN) if 2 < v+ 25 < 3. If v + 25 € N apply Propositions 5.2,
5.3 replacing o with a; such that ag + 2s ¢ N. By the arbitrariness of  we get the thesis. O

Remark 5.5. Notice that when s € (0, %) Theorem 5.4 also follows from [11, Theorem 3.5]
applied with p = 2.
Theorem 5.6. Let u € C772*(B)NLL(RYN) for some v € (0,1) a very weak s-harmonic function

loc
in B. Then u is real analytic in B.

Proof. Let § € (0,1) and R=R(6) :=1—%, r =7(8) := 1 — %, ro =ro(0) == 1—46. By Theorem
5.4 u is a classical solution of

(5.9)
w=h in B¢

r

{(—A)Sw:O in B,

where

u in B
h:=
{g in B¢
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Since h € C(Bg) N LLRY) if for p > 0 we set
2 2\ °
p- — |z 1
P,(z,y) := Ch,
(z:v) S(WP—M)I%—MN
the fractional Poisson kernel (see [14]) for B, for any x € B, and y € By, the function

un(z) == / P )h(y)dy (5.10)

r

is well posed for every x € B,. Indeed

fun ()] < /B L, Py + /B Py(,9) ()| dy + / Py, ) h(y)ldy

\Br Be

_ / Py () u(y)|dy + / Py, ) [u(y) | dy + / Py(z,9)l9(y)ldy
BRr\Br B\Bgr Be

r?s [u(y)
< ull oo () /BC Py(x,y)dy + (B2 = 12)5(R — )N lull 1By + CrroN,s /RN Wdy

r

<C(r,R,N,s) (||U||Loo(BR) + ||“”L§(RN)) :
(5.11)
By [14, Theorem 2.10.], the function uy, is a classical solution of (5.9). By uniqueness of solutions

of (5.9) (see [16, Theorem 3.3.2.]) we conclude that up = u in B;.
Moreover, for every y € BY the function

(2~ Ja2)
B, >r— —-——7——
" |z —y|N
is smooth, and it’s easy to check that
|(OLP) (2, y)| < uC(r,r0, N, )Py (,y) (5.12)

for every = € B,,, y € B¢ and ¢ € N}Y. Therefore by differentiating under integral sign formula
(5.10) by estimates (5.11), (5.12) we have

1D ull oo, ) < IC (R, r,ro, N, 5) (HUHLoo(BR) + HUHL;(RN))

for any « € N}'. From the arbitrariness of § € (0,1) we get the thesis. O
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