VARIATIONAL NONLINEAR AND NONLOCAL CURVATURE FLOWS

DANIELE DE GENNARO

ABSTRACT. We prove that the minimizing movements scheme 4 la Almgren-Taylor-Wang con-
verges towards level-set solutions to a nonlinear version of nonlocal curvature flows with time-
depending forcing term, in the rather general framework of variational curvatures introduced
in [16]. The nonlinearity involved is assumed to satisfy minimal assumptions, namely continu-
ity, monotonicity, and vanishing at zero. Under additional assumptions only on the curvatures
involved, we establish uniqueness for level-set solutions.

1. INTRODUCTION

This paper establishes existence via minimizing movements and uniqueness results for a nonlinear
modification of variational and nonlocal curvature flows in presence of mobility and time-dependent
forcing. This nonlinear and nonlocal generalization of the classical mean curvature flow (MCF in
short) is defined as follows: given a continuous, non-decreasing function G : R — R with G(0) = 0,
we consider the evolution of a family of sets ¢t — E; formally governed by the evolution law

(1.1) Viz,t) = (g, (x))G( — w(z, By) + f(t)), for all = € OB, t > 0,

where v is an anisotropy (usually called the mobility), vg, denotes the outer normal vector to
E; and £ is a forcing term constant in space. In (1.1) the curvature (-, E) denotes a variational
curvature, belonging to a class of generalized nonlocal curvatures introduced in [16].

Generalised curvatures are functions defined on pairs (z, E), where E is a set of class C? with
compact boundary and z € JF, that are non-decreasing with respect to inclusion of sets touching
at z, continuous w.r.t. C?-convergence of sets, and translation invariant (see conditions (A)-(C) be-
low). We will focus on a particular instance of generalized curvatures, namely variational curvature.
These curvatures arise as the first variation (in a suitable sense) of perimeter-like functionals, which
are called generalized perimeters. A generalized perimeter J : .# — [0, +00] is a translation invari-
ant functional on the class of measurable sets ./, which is insensitive to modifications on negligible
sets, finite on C2-sets with compact boundary, lower semicontinuous w.r.t. the L}, ~convergence,
and satisfies a submodularity condition: J(ENF)+ J(EUF) < J(E)+ J(F) for every E,F € A .

The evolution law (1.1) is relevant even in the specific instance where x is the classical mean
curvature, arising as first variation of the perimeter. From a numerical point of view, as suggested

e.g. in [17, Remark 3.5], a truncation of the classical evolution speed V' = —x is usually encoded in
algorithms for the MCF, which corresponds to choosing G(s) = (—M)V s A M in (1.1), for M >0
large. Another interesting choice could be G(s) = —s~ (so that G(—k) = —x™), which amounts to

consider a purely shrinking evolution. Moreover, evolution by powers of the mean curvature have

been previously studied in the smooth or convex setting [18, 27, 3] and have been used to prove

isoperimetric inequalities [28], or considered in the setting of image processing algorithms [2, 26].

In particular, in [2, Section 4.5] it is remarked that the evolution law (1.1) with G(s) = s3 and

1 = |-|, £ = 0 is particularly interesting as it is invariant under affine transformations (isometries and
1
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rescalings). See also [19] for interesting links between motion by powers of the mean curvature and
a time-fractional Allen-Cahn equation, and [5], where flat flows solutions to the power (anisotropic)
mean curvature flow are studied.

On the other hand, being able to address this study in the framework of generalized curvatures
and general nonlinearity G, allows us to prove new results for different geometric flows. This notion
of generalized curvature has been introduced in [16] to deal with a wide class of local and nonlocal
translation-invariant geometric flows in a unified framework. Some previous contributions can be
found in [6, 7, 8, 23, 29]. As detailed in [16, Section 5], some instances of geometric flows driven by
variational curvatures are the following: classical anisotropic MCF (driven by a suitably smooth and
translation invariant anisotropy), fractional MCF, capacity flows, and flows driven by the curvature
associated to the regularized pre-Minkowski content. See also [4] for some extensions.

Given the definition of variational curvature, and the formal gradient flow structure of the MCF,
one is naturally led to consider the minimizing movements approach, in the spirit of [1, 24], as a way
to prove existence for (1.1). This scheme provides a discrete-in-time approximation of the evolution
law (1.1) by iteratively solving a variational problem, where the energy to minimize consists of
the sum of .J and a suitable dissipation term that penalizes the L?-distance between sets. In our
setting, we will modify the iterative scheme of [16] (reminiscent of [1, 24]), tailored for the present
general setting, by taking into account the nonlinearity in the dissipation term.

We provide here existence via minimizing movements and uniqueness of viscosity solutions to
nonlinear and possibly nonlocal curvature flows in the presence of continuous time-dependent forcing
and mobility, in the form (1.1). Our first main result concerns the instance of (1.1) where x is a
variational curvature. In this case, we show in Theorem 3.5 that the minimizing movements scheme
produces discrete-in-time functions that converge, as the time-step parameter tends to zero, towards
a viscosity solution to (1.1). Subsequently, we establish uniqueness for the parabolic Cauchy problem
associated with the level set formulation of (1.1). This result, presented in Theorem 4.9, does not
require the curvature x to be variational, though it must satisfy specific additional conditions.
Remarkably, no further assumptions on G are needed. In particular, s is required to be either of
first-order type or to satisfy a strengthened uniform regularity condition in the second-order case
(see conditions (FO) and (C’) in Section 4 for details). All the relevant examples of generalized
curvatures presented above satisfy these assumptions.

The proofs are inspired by the techniques developed in [16], coupled with recent insights we devel-
oped in [11] (see also [9]). In [16], the authors prove existence and uniqueness of viscosity solutions
to curvature flows of the form V = —k, with k being a generalized curvature (the uniqueness result
requires additional assumptions on &, the same we will require in the last section). In the specific
case of variational curvatures, existence can also be proved by using the minimizing movements
scheme, similar to the one sketched above. The starting observation is that, under our assumptions
on G, if k is a generalized curvature, then —G(—x) is still a generalized curvature. Therefore, the
same viscosity theory of [16] applies to evolution laws of the form

(1.2) V =6(—r),

providing existence of viscosity solutions, convergence of the minimizing movements scheme and
uniqueness under further assumptions on G and . Anyhow, when dealing with (1.1) two problems
arise. Firstly, it is no longer true in general that if « is a variational curvature, then so is —G(—x).
In particular, convergence of the minimizing movements scheme does not follow immediately from
[16]. It is thus interesting to modify the minimizing movements scheme to account for the nonlinear
term, even in the simplified version of (1.1) given by (1.2). In this regard, nontrivial difficulties
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arise in the case where G is bounded from above or below, as some tools heavily employed in the
linear setting are no longer available (see e.g. the commonly used reformulation (2.16)). This issue
will be circumvented by an approximation procedure. One of the main goals of this paper was
indeed considering G with minimal regularity assumptions.

Secondly, the introduction of a time-dependent forcing term and a mobility requires some care.
Indeed, the level set formulation for (1.1) with time-dependent forcing and mobility does not fall in
the framework of [16]. In particular, the proof of the comparison principle needs some careful work.
It is inspired by [16] with some insights coming from the classical theory of viscosity solutions (see
for instance [20]).

This work is an extension and an improvement of the unpublished (and unfinished) preprint [10],
where the authors show the convergence of the minimizing movements scheme towards (1.2), where
k the classical mean curvature and G is a smooth function with polynomial growth.

To conclude, it would be interesting to study the much more challenging case where the subjacent
perimeter is of crystalline type. In this setting the availability of the viscosity solutions of [21, 22]
and the development of distribution solutions of [13, 14, 15] may suggest the possibility of a future
investigation in this direction. Another interesting instance is the non translation invariant case,
and a first step could be considering the same setting of [11].

The paper is structured as follows. In Section 2 we introduce some notation and the minimizing
movements scheme. Then, in Sections 3 we show the convergence of the minimizing movements
scheme towards viscosity solutions to (1.1). Uniqueness of viscosity solutions to (1.1), under addi-
tional assumptions on « is the subject of Section 4.

2. THE MINIMIZING MOVEMENTS SCHEME

2.1. Preliminaries. We start introducing some notations. We will use both B,.(z) and B(z,r) to
denote the Euclidean ball in RN centered in = and of radius r. If the ball is centered in zero, we
simply write B,. We let .# denote the family of the measurable sets in R, and E € C? to say
that the set E is of class C?. In the following, we will always speak about measurable sets and
refer to a set as the union of all the points of density 1 of that set i.e. F = E(!. Moreover, if not
otherwise stated, we implicitly assume that the function spaces considered are defined on RY | e.g
L> = L*>(RYM). Moreover, we often drop the measure with respect to which we are integrating, if
clear from the context.

Definition 2.1. We define anisotropy a function 1 : RN — [0, +-00) which is continuous, convex,
even and positively 1-homogeneous. Moreover, there exists ¢, > 0 such that Vp € RY it holds

1
(2.1) glpl < 9P(p) < cylpl.

We recall that the polar function ° of an anisotropy % is defined by

¥°(v) := sup &-wv.
$(§)<1

The following identities hold for smooth anisotropies: Vv, ¢ € RY
P)°(§) Zzv-& (V) =v,  VY(v)-v=1(v).
Definition 2.2. Given an anisotropy ¢ and a set E, we define the i-distance from E as

. b . ofr.
disty; (x) = ylg%?/} (x —v),
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and the signed v-distance from FE as

sd(z) = distlé (x) — dist%c (x).
For § € R and F € .#, we denote

Es = {x e RY : sd(x) <5},
and use the notation E_., := 0, B, := RV,

Note that (2.1) implies that

1

(2.2) —distg () < dist'h(z) < cydistg(z),
Cop

where distg denotes the Euclidean distance from the set E.

In this section we extend the previous study to nonlocal instances, in the spirit of [16]. We recall
some notation. For any given E € C2, we consider’ a function z — x(z, F), defined for z € 9F,
and that we will call (generalized) curvature of F at x. This function must satisfy the following
axioms:

(A) Monotonicity: If E,F € C? and = € 9E N OF with E C F, then k(z, E) > k(x, F);

(B) translation invariance: For every E € C?, x € OF and y € RY | it holds x(z, F) = x(z +
Y, E+y);

(C) Continuity: If E,, — E in C? and z,, € 9E,, — v € OF, then k(z,, E,) — k(z, E).

Defining for z € RY and p > 0

E(p) = x%lgg max {H(‘T, Bp)v 7”(‘%’ B;)} s
(2.3) o
c(p) = mlnp min {K‘,(.’L‘, B,), —k(z, Bz)} ,

r€dB

we note that by (C) these functions are continuous in p. We further require
(D) Curvature of balls: There exists K > 0 such that ¢(p) > —K > —oc.

In the following we will focus on the study of the geometric evolution equation
(2.4) V(z,t) = Y(vg,)(2)G(—k(z, E;) + £(t)), for z € OF; and t > 0,

starting from an initial bounded set Ey (or an unbounded set with bounded complement), where 1
is an anisotropy, k(, E:) is a variational curvature in the sense above, and f is a bounded forcing
term. Here and in the following, we fix " > 0 and consider the evolution for ¢ € (0,7). The
functions G, f are required to satisfy the following conditions:

e G:R — R is a continuous, non-decreasing function, with G(0) = 0;
o £ CY(R);
We then set
lim G(s) = —a € [—00,0], lim G(s) =b € [0, +o0].

S——00 s——+o0o

Consider a function u : RN x [0, +00) — R whose superlevel sets E := {u(-,t) > s} evolve according
to the nonlinear mean curvature equation (2.4). By classical computations (see for instance [20]),

1One can slightly generalize this definition by considering sets in C*# with k > 2, 8 € [0,1], but for simplicity
we consider the C? case only.
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the function u satisfies

{atu(x, t) = (Vu(z, £)G(—r(z, {u(-,t) > u(z,t)}) + £(t)) =0

(2:5) u(+,0) = uo.

Let us recall the notion of viscosity solutions employed in [16]. One first introduces a family of
auxiliary functions.

Definition 2.3. Given a curvature k defined as above, we consider a family £ of functions ¢ €
C*>([0,400)), such that £(0) = ¢(0) = ¢"(0) = 0,4(p) > 0 for all p in a neighborhood of 0, ¢ is
constant in [M,4o00) for some M > 0 (depending on ¢), and

lim £'(p) G(e(p)) = 0,
p—0t
where ¢ is as in (2.3).

We refer to [20, Lemma 3.1.3] for a proof that the the family £ is not empty. The notion of
admissible test function is the following. With a slight abuse of notation, in the following we will
say that a function is spatially constant outside a compact set even if the value of such constant is
time-dependent.

Definition 2.4. Let Z = (@f) € RN x (0,T) and let A C (0,T) be any open interval containing .
We say that n € CO(RY x A) is admissible at the point 2 if it is of class C? in a neighborhood of

£, if it is constant out of a compact set, and, in case Vn(£) = 0, the following holds: there exists
e L and w € C*([0,+00)) with w’(0) = 0,w(p) > 0 for p > 0 such that

(@, t) = n(2) — eu(2)(t = D] < o — 2]) +w(]t — 1)
for all (x,t) in RN x A.

Then, the notion of viscosity solutions employed in [16] is the following.

Definition 2.5. An upper semicontinuous function u : RY x [0,7] — R, constant outside a
compact set, is a viscosity subsolution of the Cauchy problem (2.5) if u(-,0) < ug and, for all
z = (z,t) € RN x [0,T] and all C*°-test functions 5 such that 7 is admissible at 2z and u — 1 has a
maximum at z, the following holds:

i) If Vn(z) =0, then
(2.6) m(z) < 0;

ii) If V(z) # 0, then

(2.7) On(z) + (Vn(x, 1)6(—r(z, {n(-, 1) = n(z)}) + £()) < 0.
A lower semicontinuous function u : RN x [0, 7] — R, constant outside a compact set, is a viscosity
supersolution of the Cauchy problem (2.5) if u(-,0) > ug and, for all z := (z,¢) € RV x [0,T] and
all C'*°-test functions 7 such that 7 is admissible at z and « — 1 has a minimum at z, the following
holds:

i) If Vi(z) =0, then n:(2) > 0,

ii) If V(z) # 0, then 9yn(z) + ¢ (Vn(x, t)6(—k(z, {n(-,t) > n(z,t)}) + £(t)) > 0.
Finally, a function w is a viscosity solution for the Cauchy problem (2.5) if it is both a subsolution
and a supersolution of (2.5).

Remark. By classical arguments, one could assume that the maximum of u — 7 is strict in the
definition of subsolution above (an analogous remark holds for supersolutions).
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In the rest of the section we will consider a particular instance of generalized curvatures, namely
the variational curvatures introduced in [16]. We start by recalling the notion of generalized perime-
ters.

Definition 2.6. We will say that a functional J : .# — [0,+00] is a generalized perimeter if it
satisfies the following properties: for every E, E’ measurable sets and x € RY

(i) J(E) < +oc for every bounded C?-set E;
J(0) = JRYN) =0;

J(E)=J(E") if |[EAE'| =0;

J is lower semicontinuous in L}, ;

J is submodular, that is

JENE)+ J(EUE) < J(E) + J(E):;
(vi) J is translation invariant: for every £ € C? and z € RY it holds J(z + E) = J(E).

A generalized perimeter J can be extended to a functional on L}OC(RN ) enforcing a generalized
co-area formula:

+oo
(2.9) J(u) = / J({u>s})ds for every u € L}, .(RY).

— 00
It turns out that the functional above is a convex Isc functional on Lj, (RY) see [12].

Definition 2.7. Given a bounded C?-set E and = € OF, we define

(2.10) w*(z, E) = inf {mgninf J(B *VE/\) ;J(E )

:mﬁ{xMWE\Ew},

and

k™ (z, E) = inf {hminf J(E) — J(E\ We)

- H
TV W.NE| >0
] W. N E| e = {ah [Wen Ef > }

where 2% denotes Hausdorff convergence. We say that k(z,E) is the curvature of E at z if
kT (z,E) =k~ (2, E) =: k(z, E).

In the rest of the section we will assume that  exists for all sets of class C?, and furthermore
that it satisfies assumption (C) and (D). Assumptions (A) and (B) follow from the assumptions on
J, furthermore one can prove that the weak notion of curvature of Definition 2.7 coincides with the
more standard one based on the first variation of the functional J, whenever the latter exists (see
[16, Section 4] for details).

2.2. The minimizing movements scheme. We set g as a selection of the set-valued inverse of
G, that is g(z) € G7!(z) for every x € (—a,b) and extend it setting g = —oo for every z < —a,
g = +oo for every © > b. Here, we extended G to [—o00, +00] setting G(+o00) = lim, 4o G(x). We
assume also that g(0) = 0. Note that these definitions imply G o g = id in [—a,b]. Moreover, g is
strictly increasing. In the following we will denote for £ € N, h > 0

(k+1)h
f(kh) = ]{C f(s)ds.

h
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Given a bounded set E € .# and h > 0,t € (0, +00) we define a functional on the measurable sets

as
h

where [] denotes the integer part. Before proving existence for the functional 2.11 we recall the
following existence result for a related problem, see [16, Proposition 6.1].

(2.11) FE(F) = J(F) + /E N — J(it/mm)IF,

Lemma 2.8. Assume that 1 is a measurable function satisfying (—n) VvV 0 =n~ € LY (RY). Then,
the problem

(2.12) min{J(F)+ /F () dx}

admits a minimal and a mazimal solution (with respect to inclusion). Moreover, if n1 < 1o then
the minimal (resp. mazimal) solution to (2.12) with m replacing n contains the minimal (resp.
mazximal) solution to (2.12) with ny replacing 7.

We then prove existence of minimizers to ﬁ}ft. The proof of the boundedness of minimizers has
been taken from [25].

Lemma 2.9. Let E € 4 be a bounded set and h > 0,t € [0,4+00). Then, there exist minimizers of
ﬂ,ft and, denoting E' one such minimizer, it has the following properties: it is a bounded set such
that (up to negligible sets)

E_ui C E' C Eyp,.

Moreover, there exist a mazimal and a minimal minimizer (with respect to inclusion) of FiF,.

dY,
ZE)V —n

Proof. We fix h > 0 and t € (0,T), and ¢ = f([t/h]h). Let n € N and denote g,, := g(
»
and g := g(SdTE). We note that g, € L} ., thus Lemma 2.8 implies that the functional

loc?

)+ [ (g0

admits a minimal minimizer F,,. Since f g gn 18 finite, one can check that F, minimizes also
(2.13) J(F) +/ lgn| — c|F).
EAF

Note that E, C E,1 by Lemma 2.8, therefore F,, — E' = Unen En in Llloc' Since |g| is coercive,

there exists R > 0 such that [g| > 2| f|| y(r) in Bf; and E C Bg. Testing (2.13) with (), we deduce

0> J(E,) + / (g — €)= |fll L) | En \ Brl.

n

that implies E,, C Bpg for every n € N. By semicontinuity and Fatou’s lemma we get

FE(E) < lim J(B) + / 9] — | En.
n—o0 E

n

Since |gn| < |g|, we conclude that E’ is a minimizer of ﬁft. By classical arguments, one can check
that if Ef, F are minimizers of .#/F,, then so are E} N E}, B} U E}, implying the existence of a
minimal and a maximal solution (see e.g. [16, Proposition 6.1]).
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Let now E denote a minimizer of ﬁ}ft. Since E has finite energy, it is straightforward to check

that |E| < +oo and sd% € [—ah,bh] ae. on EAE. If b < +oo this clearly implies that E is
bounded; if b = +00 we use a different argument. We first prove some preliminary results. ]

For a given bounded set E € .# and ¢ € (0,+00), we denote
(2.14) T}, ,E = min argmin ﬂ}ft, TLE = max argmin ﬁ}ft,

where the minimum and maximum above are made with respect to inclusion. We will often denote
Th :=T, ,. We now prove some classical results following the lines of [24].

Lemma 2.10 (Weak comparison principle). Fiz h > 0,t € (0,400) and assume that Fy, F» are
bounded sets with Fy CC Fy. Then, for any two minimizers E; of ﬁ{; for i = 1,2, we have

Ey C Ey. If, instead, Fy C Fs, then we have that the minimal (respectively mazimal) minimizer of

ﬁ,ﬁ is contained in the minimal (respectively maximal) minimizer of ffi

Proof. Firstly, we assume Fy CC Fy, Testing the minimality of Ey, Fo with their intersection and
union, respectively, we obtain

P

SdF1 quﬁ,l
J(En) + / g\ =)+ / g = | < J(E 0 Ea) + f(t/W]h)| By \ Bl
(Ex\E2)\Fy (E1\E2)NFy

bd;’% sd?2
J(Es) < J(Er U By) + / g 4 / g — £t /BB By \ B,
(B1\E2)\F h (Ex\E2)NF h

Summing the two inequalities above and using the submodularity of J we get

sd? sd?
(2.15) / Y +/ o [ 297
(B1\E2)\Fy h (E1\E2)NFy h
,de \dw
é/ g<bth>+/ 9<bhF2>'
(El\Ez)ﬁFz (El\Ez)\Fz

Assume by contradiction that |Ey \ E2| > 0. Since Sd}@2 < sd}fil and by the strict monotonicity of
g, we estimate the rhs of (2.15) by

sd? sd¥, sd? sd?
/ g ==+ / g\l =2 < / gl -+ / gl =+
(E1\E2)\F2 h (E1\E>)NF» h (B1\E2)\Fs h (B1\E»)NFy h

and plug it in (2.15) to reach the desired contradiction. The other cases follow analogously, reasoning
by approximation if Fy C F5. O

Lemma 2.11. Let ¢ € R. Consider a bounded set E € .# and non-decreasing functions gi, g :
R — R such that g1 < g2 in R\ {0} and g1(0) = g2(0) = 0. Then, if E; solves

m}n{J(F) Jr/EAF

for i = 1,2, we have that Es C Ey. If g1 < go instead, an analogous statement holds for the
mazimal and minimal solutions.

gi(sdﬁ(:r))' d:z:+cF}
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Proof. Denote g; = g; o Sd}g for i = 1,2 and assume by contradiction that |Es \ Eq| > 0. Reasoning
as in Lemma 2.10, one gets

/ |gl|+/ \gz\S/ |gl|+/ g2l
E\AE EsAE (E\UE2)AE (E1NE2)AE

Simplifying? the above expression and recalling that g; > 0 on E¢, g; < 0 on E, we reach

OS/ (91—92)+/ (91—92)2/ (91— 92),
(E2\E1)\E (E2\E1)NE E>\E,

which implies the contradiction. The case g1 < g2 follows by approximation. O

We can then conclude the proof of the boundedness of minimizers to L%ft.

End of proof of Lemma 2.9. We prove that any minimizer E of fft is bounded. Recall that |E~’\ <

+00. We assume by contradiction the existence of points {z, }neny C RN of density one for E , with
|z, | = +00 as n — +oo. Fixed M > 0, since |g| is coercive there exists R > 0 such that |g| > M
in B%. We can assume that £ C Bpg, and, up to extracting an unrelabelled subsequence, that
|z, — Zm| > 2R for n # m and |x,| > 3R for all n € N. We note that

Mxps, <|g|(-+7) forall|r| <R.
Let us denote by Ej; a minimizer of
J(F) + Mxpg, = J(F)+ M|F \ Bzg|.
FAE
By translation invariance E + 7 minimizes (2.11) with |§|(- +7) substituting ||, thus by comparison
E+4+71CEy forall |7| <R
In particular, the disjoint balls Bg(x,,) are all contained (up to negligible sets) in Ej;. This implies

J(En) + M|En \ Bog| > M| | ) Br(zn)| = +o0,
neN

a contradiction. O

If [, g(sd}iﬂ) < 400, minimizers of ﬁ,ft minimize also the functional
(2.16) F s J(F) -l—/Fg (%sd}é) — f([t/hIn)|F,

as can be see adding the (constant term) [, g(sdﬁ) to the functional ﬁ,ft. In the present setting,

since [ B g(sdﬁ) may be infinite in the case a < +o00, we can not draw this conclusion straightfor-
wardly. We can nonetheless recover the minimal and the maximal solution to (2.14) by means of a
sequence of minimizers of a functional similar to (2.16), essentially as in the proof of Lemma 2.9.

2Noting that
E1AE = ((E1\ E2) \ E) U ((E1 N E2) \ E)U((E\ E1)\ E2) U ((EN E2) \ E1)
(BErUE2)AE = (B2 \ Ex \ E)U((E1 N E2) \ E)U ((E1\ E2) \ B) U ((E'\ E1) \ E2)
(E1NE)AE = ((E2NEN\E)U(E\E1)\E2)U(ENE)\E)U((ENE2)\E1).
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Corollary 2.12. Assume a < +00. Let E € 4 be a bounded set and t € (0,400),h > 0. Then,
there exists a sequence of uniformly bounded sets (Ey)nen such that E, /T, ,E and for anyn € N,
E, is a minimizer of

(2.17) F s J(F) +/
F

de E.n

g (;) v (=n) = S/ R F| = FE(E).
Analogously, there exists a sequence of uniformly bounded sets (E,)nen such that E, \, T,j’tE n
L' and for any n € N, E, is a solution to

sd?
(2.18) min {J(F) +/B \Fg (?f) An— f([t/R]h)|F|: F C BR} :

where T}ftE C Bg.

Proof. We prove the statement for T, ,F, the other case being analogous. We set ¢ = f([t/h]h),
In = g(sdqé/h) V (-n), and E" = T, E. Arguing as in the proof of Lemma 2.9, one builds a
sequence of sets (Ey)nen, each being the minimal minimizer of ﬁf ", E, C Bg for alln € N

and E,, /' U,y Bn = E. Note that E' D E, as g < g,, therefore E C E’ and also XE, AE =
IXE, — XE'| = XgAp &€ asn — o0o. By lower semicontinuity of J and Fatou’s lemma we get

FE(E) = J(E) - c|E| +/
ENE'

lg(sd% /)| :J(E)70|E|+/ liminf (|gn|xE, AE)
RN M0

n— oo

< lim inf (J(En) — (|E,| +/ Ignl) :
E

n
. e FEn
Since E,, minimizes &, ;" we get
,

(2.19) y‘,ft(E) < limninf (J(E’) + /E,AE lgn| — C|E’|) < th,t(E’)’

where in the last inequality we used that |g,| < |g|. Since E is the minimal minimizer of .7, we
conclude E = E’. The functional (2.17) is obtained from (2.11) adding I gn(sd%/h). Finally, the
functional in (2.18) is obtained from functional (2.11) adding the (finite) term — fBR\E g(sd}é/h)/\n
and restricting the family of competitors. O

We now provide an estimate on the evolution speed of balls. It is interesting to note that, in the
isotropic setting (¢ = ¢ = | - |) and under the assumption of strict monotonicity of G, an explicit
evolution law for the radii of evolving balls can be obtained. In our more general case we need to
employ the variational proofs of [16, 11]. By Lemma 2.9, the relevant case is b = 4o0.

Lemma 2.13. Assume b = +o00. There exists a positive constant C' such that, for every R > 0 and

every t € (0,400),h > 0 it holds
T}::tBR C Brych-

Proof. Tt is sufficient to prove the claim for T,j’ Br. We fix h > 0 and set & = T,if Br and
g= g(sd}éR /h). We define
p=sup{p € (0,+00) : [E\ By| = 0},
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and note that p < +oo since £ is bounded. We can assume wlog p > R. Let £ € 0B, such that
|[E'N B(%,€)| >0 for any € > 0, and let p > p. Let 7 = (£ — 1)z and note that B(—7,p) 2 B; and
O0B(—t, p) is tangent to 0B; at Z.

We let for ¢ > 0 small B° = B(—(1+¢)7,p) and We = E \ B5. We note that by construction
|[We€| > 0 and it converges to Z in the Hausdorff sense as e — 0.

Testing the minimality of E against £'N B¢, we find

(220) )= HE ) < W+ [ = [ g

We remark that, by the choice of p and 7, taking ¢ small it holds Bg C B° N E. Therefore, (2.20)
reads

1E) =g nE) < s+ [ g

implying

(2.21) J(E) — J(B°NE) < f([t/h)h)|We| — /( Ry

al = (Wl - [ gl
WS
By submodularity (2.8), using the definition of ¢ and assumption (D) we conclude

K40 < Ifl—f, 16l < Wl =, _sleulel = R)/M)

Passing to the limit ¢ — 0 we get

K+ w > liminf s),
£l > Jlmint  g(s)

from which the thesis follows applying G on both sides. O

Note that the previous result implies, in particular, that the discrete evolution starting from an
initial bounded set remains bounded in every bounded time interval (0,T).

We then provide an upper bound on the evolution speed of balls in the spirit of [16, 11]. We
remark that the relevant case is a = +00 as otherwise Lemma 2.9 yields

T}ftBR 2 BRfah'

Lemma 2.14. Let Ry > 0 and 0 > 1 be fized. Assume a = +oo. Then, there exist a positive
constant ¢ such that, if h > 0 is small enough, for all R > Ry and t € (0,+00) it holds

+
(2.22) Ty tBr 2 Britoa(—e(r/o)~|17llw)"

Proof. We prove the result for £ := T, Bg. Take h small enough so that T]—htBiRO # (. By
translation invariance and taking A small, one can see that® B n C E. We set

(2.23) p=sup{p € [0,+00) : [ B, \ E| = 0} € [{, +00),
3Indeed7 by translation invariance it holds
Th,tB% + B%R C Tyt BR,

and for h small (depending on R) the set ThitBR/zl is not empty.
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and note that p < 400 by the boundedness of E. Assume wlog p < R. Let & € 0B be such that
|B(Z,e) \ E| > 0 for any € > 0. Set p € (0,p) and 7 = (1 — p/p)z such that 0B(7,p) N 0B; = {z}.
Setting B¢ := ((1 4 €)7, p), consider the sets

We:= B\ E.
Notice that by construction, for e small, W¢ has positive measure and it converges to {z} as e — 0
in the Hausdorff sense. Since E minimizes (2.16) (as a = +00), we use its minimality to get

+ + s
I(T3E,Br) = (B UT;E Be) < S Wil + [ g (22 ).

Dividing by |W,| > 0 the equation above reads

J(TF Br) — J(BEUT*, B sd¥
(2.24) T ) |W(E| 2T Br) sf([t/h]h)+][ 59< de).

By submodularity and the definition of variational curvature (2.10) we see that
J(T;f,Br) — J(BS UTy Br) > J(B\ We) = J(B°) > [We| (—k(Z, BY) + 0(1)) ,
where 0.(1) — 0 as € — 0. We plug the estimate above in (2.24) and send € — 0 to conclude

—c(p) = Ifllse < limsup g(s).
s—cy(p—R)/h

Applying G to both sides of (2.24), we conclude
_ h . h _
(2.25) p=R+ ot (—=2(p) = Ifll) = R+ aG(—C(R/‘l) —l1flleo)

where in the last inequality we recalled that p > R/4. Using again the previous analysis with the
bound (2.25), we show (2.22) by taking h small enough. O

2.3. The scheme for unbounded sets. We now define the discrete evolution scheme for un-
bounded sets having compact boundary. Let us introduce the generalized perimeter

J(E):= J(E) forall E€ /.

Is is easily checked that J satisfies all the assumptions of Definition 2.6, and, denoting & the
corresponding curvature, that

R(z, E) = —k(z, E°).
Therefore, one has the bounds

E(p) = rrélg%(p max {‘%(‘T7 Bp)v _"%(Ia B;)} )

c(p) = mre%igp min {#(z, B,), —&(z, B;)} ,
where the functions ¢, ¢ are defined in (2.3). For every compact set K and h,t > 0, we let TﬁttK
denote the maximal and the minimal minimizer of j,ft, which corresponds to (2.11) with g(s) :=
—g(—s) instead of g(s) and —f instead of f. By changing variable F := F¢in (2.11), we see that
(T, K )¢ is the maximal solution to

(2.26) min {J(F) + /

FAKe®

o (st /) |+ NP1}
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Therefore, for every unbounded set E with compact boundary we define*
(2.27) T B = (T7E)

As in the case of compact sets, we set T}, := T, .E. Since g has the same properties of g, one
easily checks that analogous results to Lemmas 2.13, 2.10 and 2.14 hold also for (2.27).

Lemma 2.15. Let t,h > 0. The following statements hold.
o Let Fy C Fy be unbounded sets with compact boundary. Then, T;tFl - T,;tth,

o There exists C > 0 such that for every R > 0,h > 0 it holds T}fth% 2 B&icon-
o Let Ry >0 and o > 1 be fixred. Then, if a = +oo there exist ¢ > 0 such that for h > 0 small
enough and for all R > Ry, it holds

+ pe c
TriBr € Bry raoq-iflle)

If instead a < 400 it holds
Ty Bk € Bi-an-
Furthermore, Corollary 2.12 implies straightforwardly the following approximation result.
Corollary 2.16. Sett,h > 0 and let E € 4 be an unbounded set with bounded complement. Then,
there exists two sequences of sets (Ep)nen, (Bl )nen with uniformly bounded complement with the

following property. Each (E,)° is a minimizer of (2.26) with gV (—n) substituting g, and (E!,)¢ is
a minimizer of (2.26) with g A n substituting g. Moreover E, /T, E and E;, T,jftE.

We now deduce an equivalent version of (2.26), which will be used in the final proof. Let us
consider F such that £¢ C Bgr and assume a = +00. Recall that TftE D) B}c:c+0h for some C' > 0 by
Lemma 2.15. Adding to the functional in (2.26) the term fBR+Ch\(Th,,tE)C g(sd%/h) and restricting

the family of competitors, we note that T}, E' is the minimal solution to

FNBR+ch

(2.28) min {J(F) +/ g (sd;g/h) + f([t/nh)|F€| : F© C BR+Ch} .

The case a < +00 needs to be treated by approximation using Corollary 2.16. Lastly, we state
a comparison principle between bounded and unbounded sets. Its proof follows the one of [16,
Lemma 6.10], up to employing Corollary 2.16.

Lemma 2.17. Let Ey be a compact set and let E5 be an open, unbounded set with compact boundary,
and such that By C Es. Then, for every h,t > 0 it holds T}ftEl - T}ftEg.
3. MAIN RESULT

We start by introducing the discrete approximation scheme. Given a continuous function wug :
RY — R which is constant outside a compact set, we define the transformation

(3.1) Thiu(z) =sup{s € R : z € T} {uo > s}},

4To justify this, one can check that if a set E is moving according to (1.1), its complement moves according to
V(z,t) = —¢(vge(2))G(k(z, E°) + £) in the direction vge,

from which the incremental problem follows.
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and set up,(z,t) = up(z) for t € [0, h) and

(3.2) up(z,t) == (The—nun(,t — h)) (z).

By lemmas 2.10 and 2.15, one can see that the operator 7} ; maps functions into functions. The
following properties of the operator T} ; hold.

Lemma 3.1. Given t,h > 0, the operator T}, defined in (3.1) satisfies the following properties:

o T} 4 is monotone, meaning that ug < vy tmplies Ty, yug < Th 1vo;

o T, is translation invariant, as for any z € RN, setting T,up(z) := uo(z — 2), it holds
Tht(T20) = 7 (Thtuo);

o T, commutes with constants, meaning Ty, .(u + ¢) = (T}, u) + ¢ for every ¢ € R.

Proof. The first assertion follows from Lemma 2.10 and 2.15. The second one follows easily em-
ploying the definition (3.1), recalling the fact that the functional defined in (2.11) is invariant
under translations and that {r,ug > A} = {ug > A} + z for all A € R. The last result follows
analogously. |

The previous properties satisfied by the operator, in turn, preserve the continuity in space of the
initial function. Indeed, assume ug is uniformly continuous and let w : Ry — Ry be an increasing,
continuous modulus of continuity for ug. Then, for any s > s’ we have

{u > 8} + Bw—l(s_sl) - {u > 8’},
thus, by translation invariance we deduce
Th’t{u > S} —+ Bw—l(sfsz) g Th,t{u > Sl}.

This inclusion implies that the function T} ;u¢ is uniformly continuous in space, with the same
modulus of continuity w of ug.

The following lemma provides an estimate on the continuity in time of u;. Here, equality between
sets must be understood up to negligible sets.

Lemma 3.2. Fiz t,h > 0 and ug a uniformly continuous function. For all A\ € R it holds
Th{un(-t) > A} = {up(-,t +h) > A}, T;ft{uh(-,t) > A} = {un(-,t+h) > AL
Proof. Given ¢ > 0, by definition it is easy to see that
{Thoup > N+¢e} C T,fo{uo > A} C{Thoup > A —e}.
Passing to the limit ¢ — 0, we deduce
{un(-,h) > A} € Tip{uo > A} C {un(-h) > A}

Finally, since uy(+, h) is a continuous function, the equalities {up (-, h) > A} = int{uy (-, h) > A} and
{un(,h) > A} = {un(-,h) > A} holds and we prove the result for ¢ = h. The other cases follow by
iteration. ]

With the previous results and reasoning exactly as in [16, Lemma 6.13], we can prove that the
functions uy are uniformly continuous in time.

Lemma 3.3. For any € > 0, there exists 7 > 0 and hg = ho(g) > 0 such that for all |t —t'| < 7
and h < hg we have |up(-,t) — up (-, t')| < e.
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Thus, the family {up}r>o is equicontinuous and uniformly bounded as implied by Lemma 2.13.
By the Ascoli-Arzela theorem we can pass to the limit &~ — 0 (up to subsequences) to conclude
that uj, — u uniformly in any compact in time subset of R x [0, +00), with u being a uniformly
continuous function. Moreover, the function u is bounded and constant outside a compact set (as
implied by Lemma 2.13).

Proposition 3.4. Let T > 0. Up to a subsequence, the family {up}r>o defined in (3.2) converges
uniformly on RN x [0,T)] to a uniformly continuous function u, which is bounded and constant out
of a compact set.

We can thus state our main result.

Theorem 3.5. The function u defined in Proposition 3.4 is a continuous viscosity solution to the
Cauchy problem (2.5).

We finally recall the notion of a level-set solution to the evolution equation (1.1) (see e.g. [20]).

Definition 3.6. Given an initial bounded set Ey (or unbounded set with bounded complement)
define an uniformly continuous function ug : RY — R such that {ug > 0} = Ey. Then, setting u as
the solution to (2.5) with initial datum wug given by Theorem 3.5, we define the level-set solution to
the nonlinear mean curvature evolution (1.1) of Ey as

By = {u(-t) > 0}.

3.1. Proof of the main result. We start by an estimate on the evolution speed. For every r > 0,
using the notation of Lemma 2.14, we set

A I 1 —
() = min { =1, L6 (~(r)  |fl<) }
and, given ro > 0, we set r(¢) as the unique solution to
(t) = k(r(t
(33) {r( ) = A(r(1))
=T0.

Note that, in general, the solution r(¢) will exist in a finite time interval [0,T*(rq)], where T™*(rg)
denotes the extinction time of the solution starting from r¢ i.e. the first time ¢ such that r(¢) = 0.

Lemma 3.7. Let u be the function given by Proposition 3./ and assume that there exists A € R
such that B(xzo,70) C {u(-,t0) > A}. Then, if a = +o0, it holds
B(zo, r(t —to)) € {u(-,t) > A}

for every t < T*(ro) + to, where r(t) is the solution to (3.3) with extinction time T*(ro). If instead
a < 400 it holds

B(zo, 10 — alt —t9)) C {u(,t) > A}

for all t such that ro —a(t —tg) > 0. The same result holds for sublevels substituting superlevel sets.

Proof. The result in the case a < +oo follows directly by Lemma 2.9, so we assume a = +0o0. We
consider wlog {u(-,tg) > A} bounded, as the other case is analogous. For a fixed Ry < 79, taking
h(Rp) small enough, we can ensure that B(xg, Rg) C {un(,t0) > A}. We then fix o > 1 and define
recursively the radii R,, by

Rop1 =R, + %G (—e(Rn/o) = || flloo) -
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By Lemmas 2.10, 2.14 and 3.2, we see that B(xo, Rjt—ty)/n+1) € {u(:,t) > A} for every t > to such
that Rj;—¢)/n+1 > 0. Let then 7, be the unique solution to the ODE

{ (t) = &lro (t) /o)

(34) TU(O) = R().

Employing the monotonicity of &, if r,(t) < R,, then

ro((n+1)h) < R, + /(nl)h (T”(S)> ds < R, + /n(nl)h i (R"> ds

nh g h g

x>

(n—1)h

SRt [ RG(elRafo) - [le) ds = Rusa.
nh

Therefore, B(xg,7,(h[(t —to)/h] + h) C {up(-,t) > A} for t > to as long as the radius is positive.

We conclude sending h — 0, then Ry — 19 and o — 1. O

We are now in the position to prove our main result.

Proof of Theorem 3.5. Consider u as defined in (3.4): we show that u is a subsolution, as proving
that it is a supersolution is analogous. Let n(x,t) be an admissible test function in z := (z,#) and
assume that (Z,1) is a strict maximum point for u — 7. Assume furthermore that v —n = 0 in such
point.

Case 1: We assume that Vn(z) # 0. Firstly, in the case a < 400 we remark that if
0/ (Vn(2)) < —a, then (2.7) is trivially satisfied, thus we can assume wlog that

9 (2)
(3.5) —— > —a.
(Vn(2))
By classical arguments (recalled in [11]) we can assume that each function up, — 7 assumes a local
supremum in B,(Z) at a point zp, =: (2, tx) and that up, (2n,) — w(Z) as k — co. Moreover, we

can assume that Vn(zy) # 0 for k large enough.
Step 1: We define a suitable competitor for the minimality of the level sets of uj. By the previous
remarks we have that

(3.6) up(z,t) < n(,t) + cx
where ¢i 1= up, (Tg, tr) — n(xg, tr), with equality if (x,t) = (ag,t;). Let 0 > 0 and set
ag
M (@) == (@, ) + e + 5\1 — x|
Then, for all 2 € RV,
up, (z,tx) < np, ()

with equality if and only if © = x. We set Iy, = up, (zk, k) = Mhs (zx). We fix £ > 0, to be chosen
later, and define Eif = {uhk(-,tk) >l — e’:‘} = Thy tr—hy, {uhk(-,tk —hg) >l — 6}5 and

(3.7) WE = EE\{nf, () > I +¢} .

5The choice of working with the open superlevel sets is motivated by our need to employ (2.17)
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Assume that E¥ is bounded and let us define Efn as the sets constructed by Corollary 2.12 where
{un, (-, tx, — hg) > lx — e}, E¥ substitute E, T, E respectively. We thus have that EF, /N EF as
n — oo and that each E¥  is the minimal minimizer of a problem in the form (2.16). We define

(3.8) Wk, =EX \{nf () >l +e, }.

It is easy to see that, along any subsequence n(g) — oo as € — 0, it holds WP y {z}ase - 0in

e,n(e
the Hausdorfl sense. Furthermore, we check that for every ¢, k > 0 there exists n(e, k) large enough
such that [WF, | > 0 for all n > n(e, k). Indeed, by the continuity of 77 and since [Vn(z)| # 0 there
exists a positive radius r such that

(B(xg,r) N EY) C WE.

Since z;, € E¥ and it is an open set, it holds |[IW*| > 0. Recalling that Efn — E¥ in L', we conclude
that [WF,| > 0 for all n = n(e, k) large enough. Note also that, for every fixed k, n(e, k) — oo as
e —0.

By minimality of Efn we have

aEt)+ [ X (Bt @) v e = 7 (] ) 192,

(3.9) < J(BE, 0 {nf, > 1}) + /

Lgq? T ) V (—n)dx.

Adding to both sides J ({1, > Iz} U EF, ) and using the submodularity of .J, we obtain

Ty, > e+ ey UWE) = I (g, > b+ 2) = £ (3] ) W2,

1 v _ <
+ /Wk g (hk Sd{uhk("tkhk)>lk€}(x)> V (—=n)dx <0.

Equation (3.6) implies {up, (-, — h) > lp — e} C {n(-,tx — hx) > lx — ¢, — €}, therefore by
monotonicity we get

Ty, > e+ ey UWE) = I (g, > b+ 2) = £ (3] ) W2,

(3.10)
1 %
0 (Es s @) ¥ (n) dr <0,

e,n

If instead E¥ is an unbounded set with compact boundary, we employ (2.28) instead of (3.9) to
obtain (3.10) in the computations above. See [16, 11] for details.

Step 2: We now estimate the terms appearing in (3.10). We start with the first two terms
J({ng, >l +ey UWE,) —J({ng, >l +e}). By definition of variational curvature, we get

(311)  J({ny, >l +etU an) —J({np, >l +e}) > |W5kn (K(.Ik, {nh, >l +e})+ 05(1)) ,
The last term in (3.10) can be treated as follows. For any z € W,, we have

(3.12) n(z,tk)+ck+%|zka|2 <lp+e.

Since, in turn, n(z,t;) + ¢ > I, — ¢ it follows that o|z — x1|? < 4¢ and thus, for € small enough,

(3.13) WE C B, z(x).
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Therefore, by Hausdorff convergence it holds that for every e,k > 0 there exists n = n(e, k) large
enough such that

(3.14) WE, C By jz(xp).

On the other hand, by a Taylor expansion, for every z € an we have

1
(3.15) n(z,tgy — hi) = n(z, tk) — hdin(z, tr) + hi/ (1- s)@fm(z,tk — shy)ds.
0

Then, we consider y € {n(-,tx — hx)(y) = lx — cx — €} being a point of minimal ¢-distance from

z, that is, ¥(z —y) = |sdf{pn(.7tk_hk)(y)>lk_Ck_s}(z)\. One can prove (see [11, eq. (4.26)] for details)
that

(3.16) 12—yl = O(h).
Moreover, it holds (see [16, eq (6.26)] for details)

Vin(y, te — hi) Vin(y,tk — hi) \ ;. v
—y) . Dk PR —2 > ) dist
-9 IVn(y, ti — ha)| v Vn(y,te — b)) i t=m) ) =t-cu—e) (2)

with a “4+7 if z € {n(-,tx — h)(y) <l — cx — e} and a “-” otherwise. We get
n(z,tk = hi) =yt — hie) + (2 = y) - Vn(y, ti — )

1
+/0 (1= 5) (V2n(y + 5(z — y)s b — ) (2 — ) - (= — ) ds
=l —cxp—e— Sd'f{/),,(.7tk_hk)(y):lk_ck_e}(ZW(VW(%tk — hg))

(3.17) + /O (1—5) (V?n(y+s(z—y),tk — ha)(z —y)) - (z —y) ds.

Note that, in view of (3.12) it holds |n(z,tx) — n(y,tr)| < ce + chy, = O(hy), provided € < hy, and
small enough. Thus, using also (3.14),(3.16) we deduce

L g (2) > Oin(z,tr) — 3= — O(hw) — O, (1)
—S z
hy Gtk he)>hemen=e} 0= P(Vn(y, tk — he))
_ Om(zx, ) + O(VE) — 3= — O(hi) — O, (1)

V(Vn(zk, ty — hi)) + O(VE) + O(he)

and we apply g to both sides to conclude

On(w, tr) — On, (1)
1 q¥ > tTI\ Tk, Uk By
19 3 (5t e0®) 29 (s
Step 4: We conclude the proof. Combining (3.10), (3.11) and (3.18), we arrive at
(3819) 02 WE,|(w(ax, {07, > b +e}) +o0-(0) = £ (3] i) +
(s, ti) — On, (1) >
V(— .
(st Ly s o) V)

Choosing n = n(e, k), we can divide by |W€k;n(€,k)\ > 0 and apply G to both sides to get

& (=, {0, > e <)) +o:(0) + f ([ b)) =



VARIATIONAL NONLINEAR AND NONLOCAL CURVATURE FLOWS 19

In(wr, ty) — On, (1)
G (9 <¢(vn(xk,tk — ) + O(hk)> V (—n(e, k))) .

Let us fix £ > 0 and send € — 0 (thus also n(e, k) — 0). Thanks to the continuity of G and recalling
also that WF g — {z} as e = 0, we let £ — 0 and arrive at

en(
o (catestar, > 1) 41 ([4] ) = R Pty

which finally implies the thesis by letting simultaneously ¢ — 0 and k — +o0.

Case 2: We assume V7(Z,t) = 0 and prove that 9;n(Z,t) < 0. The proof follows the line of the
one in [16]. We focus on the case a = +00, the other being simpler.

Since Vn(z) = 0, there exist £ € £ and w € C*°(R) with w’(0) = 0 such that

n(z,t) = n(2) = 0m(2)(t — 1] < |l — 2[) + w(|t — 1)

thus, we can define

(e, t) = 0 (2)(t — 1) + 2£(|lz — 2[) + 2w(|t — 7))
1

(@, t) = 0(x,t) + -1

We remark that u — 7 achieves a strict maximum in z and the local maxima of u — 7, in RY x [0, ]
are in points (zg,tg) — Zz as k — oo, with t,, < ¢. From now on, the only difference from [16] is in
the case zj, = Z for an (unrelabeled) subsequence. We thus assume z, = z for all k¥ > 0 and define
by, =t —t; > 0 and the radii

rE = ﬁ_l(akbk),

where ar — 0 must be chosen such that the extinction time for the solution of (3.3) satisfies
T*(rx) >t — tg, for k large enough. To show that such a choice for a;, is possible, we set

(3.20) B(t) = sup R ) (9))

where £ is as in (3.3). Note that by Definition 2.3 it holds 8(t) < &(t) for ¢ small, 3 is non decreasing
in ¢ and g(t) — 0 as t — 0. We then have

T IO 1 b
(rs) > —/ —ds / —ds
T 4

b " bk Josp 8(8) bk Ji-1(agin 2y f(5)
ag ar by 1 ap 1
3.21 :7][ . dr>%_~ __o
(3.21) 2 I TN Y Z 2 B

where in the last equality we chose ay, := 45(bx) which tends to 0 as k — oc.
By definition of 7 it holds

B(z,r) S {Me (- te) < M@, tr) + 26(rr)}
C{ultr) < uw(@, tg) +20(rk)},

by maximality of u — 7 at z and since u(zy) = 7k (2x). Since the balls B(-, 7)) are not vanishing,
by Lemma 3.7 we have

(3.22) T e {u(t) <u(@, ty) +20(rg)}
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Finally, using again the maximality of u — 1 at z, the choice of ry and (3.22), we obtain

n(z) (@ te) _ n(z) — (@t _ w(z) —u(@t) _ 26(r)

t—tg b - b - by
Passing to the limit & — oo, we conclude that 9;n(z) < 0. O

= Qak

4. UNIQUENESS OF VISCOSITY SOLUTIONS

The viscosity theory developed in [16] shows uniqueness for viscosity solutions to the Cauchy

problem

dwu(x, t) + |Vu(z, t)| k(z, {u(-,t) > u(z,t)}) =0

u(+,0) = uo,
which corresponds to (2.5) for G = id,v = |- | and £ = 0, under some additional assumptions on
the curvature considered. In particular, the curvature x must either be of first order or satisfy
a uniform continuity property (see conditions (FO) and (C’) below). Given that the nonlinearity
G is continuous, it follows that if x satisfies the first-order condition, then —G(—x) also satisfies
it. Similarly, assuming G is uniformly continuous, we can deduce that if s satisfies the uniform
continuity condition, so does —G(—«). Consequently, Theorem 3.5 establishes the convergence of
the minimizing movements scheme to the unique continuous viscosity solution to

Ou(x,t) — |Vu(z, t)|G(—k(x, {u(-,t) > u(z,t)})) =0
u(+,0) = up.

In this section we detail how one can generalize the results of [16] to show uniqueness of viscosity

solutions to (2.5), under some additional assumptions on  (but, quite surprisingly, not on G). In

particular, the major difficulty comes from the presence of a time-dependent term in the operator

involving the curvature, which can not be decoupled straightforwardly (because of the presence of

the nonlinearity G), see (2.5).

4.1. Setup. We start recalling notation and some results from [16]. We start introducing the notion
of super/subjets.

Definition 4.1. Let E C RN, 25 € 9E, p € RN, and X € Sym(N). We say (p,X) € Tz (x0),
the superjet of E at zg, if for every § > 0 there exists a neighborhood Us of xg such that, for every
r € ENUs it holds

1
(4.1) (x —x0)-p+ §(X+5I)(mfx0)~(xfxo) > 0.
Moreover, we say that (p, X) is in the subjet jé’f(xo) of E at xg if (—p, —X) is in the superjet
jﬂgz’f\E(wO) of RN\ E at zg. Finally, we say that (p, X) is in the jet J2(zo) of E at zg if (p, X) €
Ty (w0) N T~ (o).
Analogously, one introduces the notion of parabolic super/subjet.

Definition 4.2. Let u : RV x (0,T) — R be upper semicontinuous at (x,t). We say that (a,p, X) €
R x RY x Sym(N) is in the parabolic superjet P?%u(z,t) of u at (z,t), if
u(y,s) <ula,t) +als —t) + p-(y—x) + 3(X(y—2)) - (y —2) + ot — 5| + |z —y|?)

for (y, s) in a neighborhood of (z,t). If u is lower semicontinuous at (x,t) we can define the parabolic
subjet P%~u(x,t) of u at (z,t) as P>~ u(z,t) := —P>F(—u)(z,1).
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The notion of semijet induces a notion of convergence.

Definition 4.3. Let E,, C RY and xy € OE,,. We say that (p,, X,,) are in the superjet Jé’j(xo)
uniformly, if for every positive 6 > 0 there exists a neighborhood Us of zg (independent of n) such
that, for allm € N,

1
(4.2) (x —x0) - pn + §(Xn +I)(x — xo) - (x — x0) > 0 for every x € E, N Us.

We say that (p,, X,, E,) converge to (p, X, E) with uniform superjet at zo if £, — E in the
Hausdorff sense, the (p,, X,)’s are in the superjet jé’j(mo) uniformly and (pn, X,,) — (p,X) as
n — oo. Moreover, we say that (pn, Xy, E,) converge to (p, X, F) with uniform subjet at zg if
(—=pn, — Xy, ES) converge to (—p, —X, E°) with uniform superjet.

One can then introduce semicontinuous extensions of k.

Definition 4.4. For every F' C RV with compact boundary and (p, X) € j;’+(x), we define
Folw,p, X, F) i= sup {w(e, B) : E€ C* B2 F,(p,X) € T3~ (x)}
Analogously, for any (p, X) € J2~ (z) we set
K (x,p, X, F) = inf{n(w,E) :EeC* ECF,(p,X) e Jé+(x)}

As shown in [16, Lemma 2.8], one can prove that s, k™ are the l.s.c and the u.s.c. envelope of
x with respect to the convergence with uniform superjet and subjet. Noting that

(=G(=r))x = =G(=rx), (=G(=r))" = =G(=~"),
one can also show the following equivalent characterization of viscosity solutions.

Lemma 4.5. Let u be a viscosity subsolution of (2.5) in the sense of Definition 2.4. Then, for all
(z,t) in RN x (0,T), if (a,p, X) € P>Tu(x,t), and p # 0, it holds

a — ¥(|p|) G(—kx (z,p, X {y s uly, ) > u(z,t)} + £(1)) < 0.
A similar statement holds for supersolutions, with P?~, k* replacing P>, k,.

4.2. Proof of the Comparison Principle. We now show how to adapt the proofs of Theorem 3.5
and Theorem 3.8 of [16] to our setting. We will assume that » satisfies assumptions (A)-(D) and
either:

(FO) For any ¥ € C? 2 € 9% and (p, X),(¢,Y) in j§’+(x), jg’_(x) respectively, then
ki (@,p, X, 5) = £™(2,¢,Y, %)
(C’) Replace (C) by the following. For every R > 0 there exists a modulus of continuity wg
with the following property. For all ¥ € C?, 2 € %, such that ¥ has both an internal and

external ball condition of radius R at z, and for all C?—diffeomorphism ® : RY — RV,
with ®(y) =y for |y — 2| > 1, we have

|k (2, 5) — £(®(2), 2(E))| < wr([|® - Id]c2).

If (FO) holds, we say that the curvature « is of first-order, since its relaxation depends only on the
first-order parabolic jet. Otherwise, we say that the curvature x is of second-order. As detailed in
[16], an instance of first-order curvature is the one associated to the fractional perimeter, while the
classical mean curvature is a second-order one satisfying (C’).

Assuming (FO), the following comparison between &, and * holds.
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Lemma 4.6 (Lemma 3.4 in [16]). Assume (FO), and let F,G be a closed and an open set respec-
tively, with compact boundary and such that F C G. Let x € OF,y € 0G satisfy

|z — y| = dist(OF, 0G).
Then, for all (p, X) € jfﬁ‘(m) and (p,Y) € Jé’_(x) with p = x — vy, it holds
kx(2,p, X, F) > £*(y,p, Y, G).
Assuming instead (C’), we recall the following results from [16].

Lemma 4.7. Assume (C’). Then, given R > 0, there exists a modulus of continuity wr with the
following property. For any F € C?, x € OF, with internal and external ball condition at x of
radius R, any (p, X) € Jp* () with p # 0, |X|/|p| < 1/R, and any ® : RN — RN diffeomorphism
of class C?, it holds

|k (@, 0, X, F) = ku(®(x), D(1h 0 1) (@ (), D* (¥ 0 @7 1)(D(2)), D(F))| < wr(||® — Id]|c=)
where P(y) = (y —x) - p+ 2 X(y — x) - (y — x). The same holds for k*.

Lemma 4.8. Assume (C). Let x € RN, F,G € C? with F C GU {z} and OF N 0G = {z}. Let
(p,X) € TpH(x), (0,Y) € T&~ (x), with X <Y. Then,

lﬁ*(I,p, X7 F) Z K'*(xapaKG)'
Our main result of this section is a comparison principle for sub/supersolutions.

Theorem 4.9. Assume either (FO) or (C°). Let u,v be u.s.c and l.s.c functions on RY x [0,T],
both constant outside a compact set, a subsolution and a supersolution to (2.5), respectively. If
u(-,0) < v(-,0), then u < v in RN x [0,T].

Proof assuming (FO). We assume wlog that u(-,0) < v(+,0) and by contradiction that there exists
(z,t) € RN x (0,7 such that u(z,) — v(z,f) > 0. Setting F(t) := {u(-,t) > u(#,t)} and G(t) :=
{v(-,t) > v(z,t)}, it holds F () € G(t). Note that one can perturb the sets F, G so that they satisfy,
respectively, an internal, external ball condition, uniformly in time, and xr, ¥ are still a sub and
supersolution. Let ¢ € L. We replace u,v by

1) = oz —&) = AL(&) + 72

s u(z,1) cern2X . XEC )z = &) = ML) +77)
: B . - )

v(at) = i X6-n (@ =& +AUE +77),

where ) is a positive parameter, big enough so that u(-,0) < v(+,0). The functions u,v are equal to
one on F, G, zero outside a compact set, and each superlevel set satisfies an internal, external ball
condition respectively, uniformly in time. Furthermore, v is a subsolution while v is a supersolution
in RN x [2/v/X\, T]. We refer to [16] for the proof of these facts.

Let a, 8, > 0 and set

O(z,t,y,8) := u(z,t) —v(y,s) — al(|x —y|) — Blt — s|* — (t + s).
Noticing that ® is w.s.c., let 2% = (2°,t% y#, %) be a maximum point of ¢. Note that choosing ¢
small (depending on f), we can assume that the maximum is strictly positive and that %, s? are
strictly positive. Moreover, for A large enough and 8 > A, one can ensure that t%,s% > 2/ V.
Case 1: 2 = y? along a sequence 3,, — +0o. In this case, defining

pla,t) = v(y?,s%) +e(t + %) + al(le —y°|) + Blt — 5"

4.4
() V() = ula®, 1) = (t +5) — al(a” — yl) - Bit” — s,
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since u,v are a sub- and supersolution respectively, we have
0> (2P, t7) =26(t° — %) +¢, 0<y(yP,s°) =287 —s°) —¢,

which yields a contradiction.
Case 2: z” # 9P for all 3 sufficiently large. Note that

(2807 = s >+eaf(\pﬁ|>|6| X) € P ru(a® %),

B
(260 = ") = e, ar (97) 1. =) € P el ),

where p? := 2% — y# and X := V(28 t#), with ¢ defined in (4.4). Thus, by Lemma 4.5, we have

28(t° = ) + & = w(°)) 6~ (27, af (10" |>| ot
(4.5) 5

26t = 5%) — < - wupﬂ)c(—n*<yﬁ,af'<\pﬂ|>f;—ﬂ|, ~X o %) 2 0@ 1)) + £(57)) <0,
FB o= {u(1%) > u(@®,19)},GP = {u(1%) > v(a?, 1)} We

X {ul, 1) 2 u(@? )} +1(89)) <0,

Let us denote pB = af’ (|Pﬁ|)
then remark that

\pﬁl’

{u('vtﬂ) > u(‘%ﬁﬂtﬁ)} + B(O, |y6 - xﬁl) - {U('7 Sﬁ) > U(yﬁ, 86)}'
Indeed, if z € {u(-,t?) > u(2?,t?)} and |y — z| < |y® — 2P|, since 2” is a maximum point for P, it
holds
v(y?,s%) = oy, s7) < u@” 1) —ulz,t) + al(lz - yl) - al(lz” —y7|) <
so that y € {v(-,s%) > v(y?,5”)}. Thus, we can apply Lemma 4.6 to infer from (4. ) that

(4.6) 2e < —(Ip"]) (6(—+" + £(s”)) = 6(~r" + £(t7)) ).

where we set x° = r*(y%,p”, —X,G?). Since all the superlevel sets of u,v satisfy a uniform
internal, external (respectively) ball condition, and thanks to Lemma 4.6, the term x” is bounded
as B — +oc, and so we can assume (|?|+||£]|o0) < M. Since G is uniformly continuous in [—M, M],
(4.6) implies
2¢ = O(|£(s”) — £(t7))
as  — +oo, a contradiction.
O

Proof assuming (C’). We assume wlog that u(-,0) < v(-,0) and by contradiction that there exists
a € Rand ¢t € (0,7] such that F(t) := {u(-,t) > a} € G(t) := {v(-,t) > a}. We can assume that
F, G satisfy, respectively, an internal, external ball condition, uniformly in time, and x g, xg are
still a sub and supersolution. For fixed £ € £ and A > 0, we can replace u,v by

_ _ _ 2
u(t) = max X (@ =€) = MO +7)

t) = i _n(z— A(¢ %).
v(at) = min X6e-n (@ — & +AUE +77)

Note that it holds u(-,0) < wv(-,0) for A big enough. We omit the dependence on A, as it will
be a fixed parameter. The functions u,v are equal to one on F, (G, zero outside a compact set,
and each superlevel set satisfies an internal, external ball condition respectively, uniformly in time.

(4.7)
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Furthermore, u is a subsolution while v is a supersolution in RY x [2/\5\, T]. For a, B,e > 0 and
N > 8 > A, we define

(I)(xatayv 5) = U(I,t) - 'U(y, S) - €(t + 5) - Oéé(|$ - y|) - B|t - S|27

which is semiconvex. For ¢ > 0 small and «, 3 large enough the function ® admits a positive
maximum at some (277,97, s%) € RN x [0,T] x RY x [0,7] with %, s® > 0. Note also that
[tP — sP| — 0 as B — +oo. Since u,v are compact outside a compact set, and by translation
invariance is not difficult to see that z”, y# admit cluster points g, yo as 3 — +oo (see for instance
[25, page 14]). We thus assume wlog that (27, y%) — (20,90) as B — +oo. If 27 = 37 infinitely
often, one can conclude considering ¢, ¢ defined in (4.4) (see the previous proof and [16]). Thus, we
assume z” # y# for all 3. One can also assume that £(|z° — y®|) < 1 and check that u(z?,t%) < 1.
Step 1: In this step we provide useful estimates for the final argument. The constructions are
similar to those contained in the proof of [16, Theorem 3.8], we just recall the necessary results.
We fix 8 and omit the dependence on it of the approximating parameters.

Let q : [0,+00] — [0,1] be a smooth, nondecreasing, function with ¢(r) = r* for » < 1/2 and
q(r) =1 for r > 3/2. For p > 0, let then

®y(z,t,y,5) = (x,t,y,5) = pla(le = 2°|) + ally = y°|) + a(t = °]) + a(|s — s°])],

so that (27,17, 4%, s%) is a strict maximum of ®,. Let n: RY — R be a smooth cut-off function,
with compact support and equal to one in a neighborhood U of the origin. We may assume that
for every 0 > 0 sufficiently small there exists A, 5 1= (¢2°, k£, (L0, kA7), with |A, 5| < 8, such
that the function

@P,é(xvt7y75) = (I)P(xvtayas) - (17(33 - zﬁ)( 5’67hﬁ’6) ! (‘T?t) +77(y - yﬁ)( 5’63 hzﬁ) : (y35)>

attains a maximum at some z, 5 := (25,5, Yp,6, Sp,5) Where @5 , is twice differentiable and such
that z, 5 — 2°, y,s —y® € U and t, 5, s, 5 > 0. Moreover,

(4.8) zps — (27,1%, 9P sP) as 6 — 0.
Notice that since @, is twice differentiable at z, s it follows that also u,v are twice differentiable at
(@p,5,tp,5) and (Yp,s,5p,5), respectively.
Let 7%, 7£° € R be the maximizing 7’s in (4.7) corresponding to the points (z,.5,%5.6), (Yp.6,5p.5)5
respectively. Setting
~ 4
e, 1) 1= max {xp o) (@ =€) = Mg | = A70)?

EERN

oy, s) = min, {Xc<577515>(y -+ M(I&\)} +A(T0)?,

we note that

\‘ﬁl

u(Tp5,tp5) = UW(Tps5,tp,s),

(4.9) -
V(Yp,ss Sp,é) = 0(Yp,s5 Sp,é)-

IN IV
3

Set now
a(x,t) = d(z,t) — p (q¢(|lz — 2p.6]) + q(lz — 2°|) + q(|t = t°])) — n(z — 27)(E5°, 1°) - (1),
iy, s) =6y, 8) + p (a(ly — ypol) + ally = ¥°)) + a(ls = s°])) + n(y — y") (€0, h°) - (y, ).

Then, the function
a(x,t) = 0(y, s) —e(t + ) — al(|lz —y|) - Blt — s,
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has a maximum at z, s, which is strict with respect to the spatial variables. Thus

F/Ms(t) = {ﬁ(,t) > ﬁ(xp,57tp75)}7 épﬁ(s) = {’0(7 5) > ﬁ(yp,éa Sp,é)}'

satisfy Fp’g(tp’(s) C CA}'p’g (sp,5) and moreover z, 5 € Fp,(;(tp’(s) and y, s € G'p’(; (tp,5) are the only points
realizing the distance between F), 5(t,5) and G, 5(t,5). In particular, F, 5(t, 5) and G, 5(t, ) satisfy
respectively an external, internal ball condition of radius |2® — y®| > 0. We observe that at the
maximum point,

|Di(zp5,tp6) — agl(kfﬁ - y6|) = w(p,9)

where w — 0 as its arguments tend to 0, thus since ¢'(|z® — y?|) # 0, the term |Di(z,5,t,5)|
is bounded below for p,d small. In addition, the function @ is semiconvex, hence F, 5(t,s) has
an interior ball condition at x,s with a radius depending on A only, thus independent on p, 9, if
small enough, and 8. Analogously, C;’py(;(sp,(;) has an exterior ball condition at y, s with a radius
depending on A only.
Set
B (24,1, 5) = Bps(, 4,9, 8) + bl — yl) + Blt — 5

and

9

(ap 5,p,,5,X 8) = (0:D5.5(2.5), Da®p s5(2p.6), D2y 5(25.5)),
(bp.5+Gp.6: Y5) = (05@,5(20.5), Dy®p.5(2.6), D@y 5(2p.6))-
Then, it holds

v 9 2
(4.10) (ap75,pp,5,X ) e P: (:p st 6)X (xp7§,tp,5),

(411) (bP J’qP 57 ) € Pv(yp5,sp S)XG (yp,675p,6)~

Since z, s is a maximum of ®,, s,

o

By construction, <I>p s is also semiconvex, so that X ps > —cl, Y,
not depend on p, d.

As detailed in [16], one can then build a C? diffeomorphism ¥, s with the following properties:
U, 5(2p.5) = 25, it is a constant (small) translation outside a neighborhood of 2, it converges C?
to the identity as p,d — 0. From this, define the set

Fps(t) i= W, 5(F(t = 7£°) —wy.5),
where w, 5 is chosen so that x, s + w5 is the projection of x, 5 on F(t, s — 75’6). By construction,
Fpg(tp s) C Fpg(t 5) and z,5 € 8Fp5( 5,6) N 5‘Fp5( 5,6). Since Fp,g(tp)g) satisfies a uniform
external ball condition in z, 5 (of radius |#” — y#|), so does F), 5(t,s). Since I satisfies an internal
ball condition uniformly in time, we can assume additionally that F), 5(¢,s) satisfies a uniform

internal ball condition for p,d small enough, with radius depending on A.
Finally, defining

(4.12) dm(g — lu)p75 = 2¢, ﬁp 5§ = §p75, X 5 < Y/
<c

I for a constant ¢ that does

(Pp,s> Xps) = (Dx(ép,é('atpﬁvypﬁ’ 5p,6) © Wp5)(@s),

ng((i)p,(s('a tp,65Yp,s, 3/),6) © q’p,&)(zé))y
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one can check that

+
zp,(ﬂtp‘(s)

9 2,
(Gp,5:Dp,5, Xp,5) € 737;( s (p,s +Wps,tp.5)

Xp—rf®)

Since @(Tp,6,%p,6)X (s 05y is a subsolution, we have

(4.13) ap,s +(Ipp,s|)G (“* (Tp,5 + Wp,5,Dp,65 Xp5: F(tp,s — 7’5’6)) + f@pﬁ)) <0.

Note that

Pp.s — Du(scﬂ7tﬁ) #0,
as p, 6 — 0, and thus |p, s| is bounded away from zero for p and ¢ sufficiently small. Since also
X, s and hence X, 5 is bounded, the curvature terms k. (2, 5, Bp.s; Xp.s, Fos(tps)) are uniformly
bounded from above and below as p,d — 0. Thus, G is uniformly continuous and by Lemma 4.7 we
deduce from (4.13) that

9 -

(4.14) aps +V(Pp,s])G (l‘c*(xp,zs,ﬁp,a, Xps,Fp5(tps)) + f(tp,é)) < w(p,d),

where w is a modulus of continuity that depends on 3, and w(p,d) — 0 as p, § — 0. Analogously,
from (4.11), (4.12) and since 0(y,,s, sp,(;)xc(t_Tp‘a) is a supersolution, we also have

v

(4.15) ap,s — 26 +Y(|Dp,s)G (H*(yp,(s,ﬁp,a, Y5, Gpo(5p5)) + f(%,a)) > w(p,9)
for a suitable set G, 5(s,5)) such that

F(tpﬁ) + Yp.s — Tps) C Gpﬁ(Sp,&)) and 8(Fp75(tp75) + Wp.s = Tp,s)) N 3@,)75(5975)) ={Yps}
By the above, (4.12) and Lemma 4.8 we get

V] o -

s (Tp,6, Dp,6s Xp,os Fp’é(tp,é)) > K" (Yp,61 Dp,5s Yp,60 Gp,é(sp,é))a
and thus by (4.14) and (4.15) we arrive at

—2e +Y(|Pp.sl) [G (’f*(xp,éaﬁpﬁ’ Xp,t% Fp,é(tp,é)) + f(sp,é))

] -

—G (ﬁ*(xp,(s,ﬁp,é, Xps,Fps(tps)) + f(tp,a)) } > 2w(p, d).

Step 2: We now pass to the limit p,6 — 0 then 8 — +o0. Recalling that (z?,y%) — (z0,0) as
8 — 400, we distinguish two cases.
Case 1: Assume that z¢ # yo. In this case, |27 — y?| is uniformly bounded from below, and thus

the term k. (2,5, Pp,5, Xp,65 Fp,g(tp75)) is uniformly bounded in p, d, 3. Therefore, the continuity of
G is uniform as p, d, 8 vary, and (4.16) implies

& (|£(s%) — £(P)]) + w(p,0) > .

for a modulus of continuity @ such that @w(r) — 0 as » — 0. We pass to the limit p,§ — 0 then
8 — +oo to arrive at a contradiction.
Case 2: It holds xy = yg. In this case, we recall that

(4.16)

Pp.s — Du(z? 1°) = al' (|27 —yP|), asp,d — 0.

Recall that the set F), 5(t,s) satisfies a uniform internal and external ball condition of radius
|z# — yP|. In particular

|H*(Ip,6alu7p,éaXp,6a Fp,é(tp,é))| < E(|I5 - yBD'
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Therefore, equation (4.16) implies

d(Ipp.s| +w(p, ) G (22" — 7| + 2] ) + 2w(p, 8) > 2.

Sending p,d — 0 we get
_ G (e(l2” = y°| + 1£]l)

recalling the properties of £ (see Definition 2.3), we arrive at a contradiction sending § — +o0o0. O
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