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Abstract

We study the minimization of anisotropic total variation functionals with additional measure terms among
functions of bounded variation subject to a Dirichlet boundary condition. More specifically, we identify
and characterize certain isoperimetric conditions, which prove to be sharp assumptions on the signed
measure data in connection with semicontinuity, existence, and relaxation results. Furthermore, we
present a variety of examples which elucidate our assumptions and results.
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1 Introduction

Throughout this paper, we consider N ∈ N and a bounded open set Ω ⊆ RN with Lipschitz boundary. Our
main interest is in developing an existence theory for the minimization of functionals of type

Φ[w] ..=

∫
Ω

φ( · ,∇w) dx+

∫
Ω

w∗ dµ for w ∈ W1,1
u0

(Ω) , (1.1)

where the class W1,1
u0

(Ω) ..= u0 Ω
+W1,1

0 (Ω) with given u0 ∈ W1,1(RN ) specifies a Dirichlet boundary con-

dition. The first term in (1.1) is an anisotropic total variation with given integrand φ : Ω × RN → [0,∞)
positively homogeneous of degree 1 in its second argument ξ ∈ RN , while the second term in (1.1) involves
a given finite signed Radon measure µ on Ω and the Lebesgue representative w∗ of w. On a formal level,
where the non-differentiability of ξ 7→ φ(x, ξ) at 0 is disregarded for an instant, the Euler equation for this
minimization problem is the anisotropic 1-Laplace equation

div
[
∇ξφ( · ,∇u)

]
= µ on Ω . (1.2)

In previous literature, minimization problems and equations of this type have been studied mostly in
case of a weighted Lebesgue measure µ = HLN , in which the function H ∈ L1(Ω) can replace µ on the
right-hand side of (1.2). In this function case, the existence theory in the natural setting of the space
BV(Ω) is nowadays mostly understood: Minimizers of Φ can be obtained from the direct method, while
solutions to (1.2) are typically defined via Anzellotti’s pairing [3] and can be produced via convex duality or
p-Laplacian approximation; among numerous contributions to the topic compare, for instance, [14, 17, 32, 33]
for φ(x, ξ) = |ξ| and either H ∈ LN (Ω), certain H ∈ W−1,∞(Ω), or H ∈ L1(Ω), and [1, 36, 4, 31] for general
φ and H ≡ 0. Closely related is the case with the first term in (1.1) replaced by the non-parametric
area integral

∫
Ω

√
1+|∇w|2 dx and correspondingly (1.2) replaced by the non-parametric prescribed-mean-

curvature (PMC) equation div ∇u√
1+|∇u|2

= µ on Ω. This case with µ = HLN , H ∈ LN (Ω) is in fact even

more classical and has been studied already in [35, 25, 24, 23, 26]. Moreover, in both the (anisotropic) total
variation case and the area case, also right-hand side functions with more general u-dependent structure have
been considered in some of the references already mentioned.

In the case of the area, measures µ on the right-hand side have been called mean curvature measures and
have been considered in a few instances at least: A variational approach to BV solutions is discussed already
by Ziemer [48] (but under restrictive assumptions on µ, which rule out interaction between the different
terms of the functional), while Dai–Trudinger–Wang [15] and Dai–Wang–Zhou [16] develop an existence
theory for the PMC equation on basis of a priori estimates. Recently, a general variational existence theory
in the different setting of the parametric area functional with measures µ has been developed by the second
author [44], and around the same time Leonardi–Comi [29] have obtained a variety of existence, duality, and
comparison results for the non-parametric area functional and the PMC equation with measures µ. Here,
some technical devices for both the last-mentioned papers (choices of representatives, refined Anzellotti
pairing, duality-based notions of solutions) have been coined previously in [10, 11, 8, 40, 41, 42, 47], mostly
in connection with obstacle problems. Anyway, while the area case does not fall into the framework we
consider here (due the non-homogeneity of the area integrand ξ 7→

√
1+|ξ|2), in our forthcoming paper [22]

we actually develop a similar existence theory even for general non-homogeneous integrands of linear growth
(which then include the area as a special case) and for comparably general measures µ.

In this paper, however, we stick to anisotropic total variations with homogeneous φ. Moreover, we do
not directly investigate the equation (1.2), but rather attempt to study the minimization problem on the
level of semicontinuity of functionals and existence of minimizers. In fact, due to the lack of compactness in
W1,1(Ω) we work in the natural setting of the space BV(Ω), where in view of the failure of weak-∗ closedness
of Dirichlet classes the boundary condition cannot be kept in its original sense. These effects are coped with
in well-known manner by extending the anisotropic total variation term in (1.1) to a functional TVu0

φ on
BV(Ω) which includes boundary penalization (see (3.5) for the precise formula). The full functional (1.1) is
then extended by setting

Φ̂[w] ..= TVu0
φ [w] +

∫
Ω

w− dµ+ −
∫
Ω

w+ dµ− for w ∈ BV(Ω) , (1.3)
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where µ = µ+−µ− is the Jordan decomposition of µ, while w+ and w− denoteHN−1-a.e. defined approximate
upper and lower limits of w on Ω (see Section 2 for the precise definitions). We remark that in general it is
only w−

1 +w
−
2 ≤ (w1+w2)

− ≤ (w1+w2)
+ ≤ w+

1 +w
+
2 , so that the terms

∫
Ω
w− dµ+−

∫
Ω
w+ dµ− in (1.3) are

are no longer linear, but merely positively homogeneous of degree 1 and concave in w ∈ BV(Ω).

We now aim at a semicontinuity and existence theory for Φ̂ under standard convexity and continuity
assumptions on φ and for µ not necessarily absolutely continuous with respect to LN . A central case of
interest, which will also be supported by several examples, is when (a part of) the measure µ is (N−1)-
dimensional, and then the decomposition µ = µ+−µ− and the choice of the representatives w± in (1.3)

are essentially inevitable in obtaining reasonable lower semicontinuity results for Φ̂ on BV(Ω). Indeed, this
becomes apparent when considering smooth approximations wk, which converge to w ∈ BV(Ω) \ W1,1(Ω)
strictly in BV(Ω) and come either from above or below. Then on a pointwise HN−1-a.e. level one can hope
at best for wk → w+ (when coming from above) or wk → w− (when coming from below), and in view of
µ({w+ ̸= w−}) > 0 one can expect lower semicontinuity only when using as above min{w−, w+} = w− in the
µ+-term and (due to the negative sign in front) max{w−, w+} = w+ in the µ−-term. However, for obtaining

existence results one needs lower semicontinuity of Φ̂ on BV(Ω) not w.r.t. strict convergence but rather w.r.t.
weaker convergence such as L1(Ω)-convergence, and indeed right this L1(Ω) lower semicontinuity is obtained
in our first main result (Theorem 3.5) under a certain isoperimetric condition (IC) to be discussed in more
detail below. We stress, in any case, that our L1(Ω) lower semicontinuity — in contrast to the much simpler
strict lower semicontinuity mentioned before — does not apply separately to the different terms in (1.3), but
rather holds only for the full functional in (1.3) and allows for some controlled interaction, governed by the
IC, between the total variation and measure terms. Coping with such interaction effects, which are partially
present already in [9, 10, 11, 37] and have been recorded more explicitly for the area case in [44, 29], is one
of the main points in our semicontinuity proofs. Despite the above-mentioned concavity of the µ±-part of

the functional, one may clearly wonder whether the full functional Φ̂ remains convex and whether this is a
decisive background reason for the validity of semicontinuity. However, while we believe that our IC (at least

in the signed-measure case of this introduction) implies convexity of Φ̂, it seems to us that this is not a point
for semicontinuity. In fact, in the later Example 3.7 we exhibit a basic case, in which one can still check
convexity of Φ̂, but Φ̂ is not anymore L1(Ω) lower semicontinuous.

Our second main result (Theorem 3.8) is an existence result for minimizers of Φ̂ in BV(Ω) and is obtained
by the standard direct method in the calculus of variations. Indeed, also this result builds on the IC already
mentioned, which is needed not solely for lower semicontinuity of Φ̂, but is essentially inevitable for coercivity
of Φ̂ as well. Indeed, the connection with coercivity is valid already in the function case µ = HLN and is
presumably the most classical reason for requiring ICs in the literature. As an interesting subtlety, for
boundary data u0 ∈ L∞(RN ), we can extend our existence result to a certain limit case of the ICs, while, for
u0 /∈ L∞(RN ), we demonstrate with Example 3.9 that existence may indeed fail in this case.

Our third main result (Theorem 3.10) consistently completes the picture by identifying the functional Φ̂
in (1.3) as a natural extension of the initial functional Φ in (1.1). More precisely, the result provides, for
every u ∈ BV(Ω), a suitable recovery sequence from W1,1

u0
(Ω).

Finally, we wish to shed some more light on the IC, which is our central hypothesis in the tradition of
similar assumptions in [7, 25, 24, 23, 15, 44, 29], for instance (see also the discussion after Definition 3.1 for
a more extensive list of references). Indeed, our formulation essentially takes the form

|µ(A)| ≤ Pφ(A) for all measurable A ⋐ Ω (1.4)

with the φ-anisotropic perimeter Pφ(A) of A, where for the purposes of this introduction we have slightly
simplified by assuming that φ(x, ξ) is even in ξ and by disregarding precise choices of representative for A.
Let us point out two features of (1.4): On one hand we include the general anisotropy φ, while previously
only the case φ(x, ξ) = |ξ| with the standard perimeter P(A) on the right-hand side of (1.4) was considered.
On the other hand our condition is the most general one on the signed measure µ in the sense that we can
deal with merely |µ(A)| on the left-hand side, while in previous literature ICs were often imposed on functions
or non-negative measures and also the recent related results in [44, 29] (partially) require separate control
on µ+(A) and µ−(A). Though the precise form of the left-hand side of (1.4) is a technical detail, we believe
that this brings an improvement of some interest even in the standard isotropic case φ(x, ξ) = |ξ|, and we
will underline the corresponding gain in generality by the latter Example 3.2.
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The role of our IC as a reasonable assumption is further supported, beside its necessity for lower semi-
continuity and coercivity (cf. Proposition 7.7), by the fact that under suitable smoothness assumptions it
is a basic necessary criterion for the existence of a solution u to the Euler equation (1.2). In the isotropic
total variation and area cases this observation essentially goes back to [26], and here we take the occasion to
briefly point out the analogous necessity of our IC (1.4) in general. Indeed, for a C2 solution u of (1.2) with
∇u ̸= 0 on Ω, a C1 domain A ⋐ Ω with inward unit normal νA, and for φ(x, ξ) convex in ξ and differentiable
in ξ ̸= 0, the divergence theorem yields

±µ(A) =
∫
∂A

∇ξφ( · ,∇u) · (∓νA) dHN−1 ≤
∫
∂A

φ( · ,∓νA) dHN−1 = Pφ(A) ,

where we exploited that ∇ξφ(x, ξ) · ν = φ(x, ξ) +∇ξφ(x, ξ) · (ν−ξ) ≤ φ(x, ν) for all x ∈ Ω, ξ, ν ∈ RN\{0}
by homogeneity and convexity of φ(x, ξ) in ξ. Thus, (1.4) is indeed valid in this case. A slightly wider
perspective on this reasoning will in fact be opened up with the alternative characterizations of measures
µ with IC in the later Theorems 4.2 and 4.6. Indeed, one equivalent characterization of (1.4) will be the
representation µ = div σ for some σ ∈ L∞(Ω,RN ) such that φ◦( · , σ) ≤ 1 a.e. on Ω with the polar φ◦ of φ, and
this entails the necessity of (1.4) in larger generality. Here, the last-mentioned inequality may also be read
as the sub-unit condition ∥σ∥φ◦;L∞(Ω) ≤ 1 for the φ◦-anisotropic L∞ norm ∥σ∥φ◦;L∞(Ω)

..= ∥φ◦( · , σ)∥L∞(Ω)

and thus this gives an interpretation of the IC (1.4) as the sub-unit condition ∥µ∥φ◦;W−1,∞(Ω) ≤ 1 for the
corresponding φ◦-anisotropic W−1,∞ norm in the version homogeneous of degree −1.

To complete this introduction let us add brief comments on the reasons for actually restricting ourselves to
measures µ with IC (1.4) rather than allowing ideally all sub-unit (in the sense just mentioned) distributions
κ ∈ W−1,∞(Ω) ∼= (W1,1

0 (Ω))∗, which form the natural class of right-hand sides for BV solutions of (1.2).
Indeed, it seems to us that, in order to generally access the case of such distributions by the direct method,
one would need to explain evaluations Tκ ;w−u0U of κ for w ∈ BV(Ω), and could then potentially proceed
towards lower semicontinuity and existence results for

TVu0
φ [w] + Tκ ;w−u0U on w ∈ BV(Ω) . (1.5)

However, an apparent obstacle is that one cannot extend from ⟨κ ;w−u0⟩ for w ∈ W1,1
u0

(Ω) to Tκ ;w−u0U
for w ∈ BV(Ω) by continuity, since for strict approximations wk ∈ W1,1

u0
(Ω) of w ∈ BV(Ω) \ W1,1(Ω), the

limit value limk→∞⟨κ ;wk−u0⟩ may depend on the choice of wk. This problem persists already in the case
of measures, where it was discussed above and overcome essentially by employing the representatives w±.
As an abstraction of this proceeding we consider using a strict-convergence lower semicontinuous relaxation
rather than an extension by continuity. Therefore, mimicking our approach abstractly, for κ ∈ W−1,∞(Ω)
and w ∈ BV(Ω), one could let

Tκ ;w−u0U ..= inf
{
lim inf
k→∞

⟨κ ;wk−u0⟩ : W1,1
u0

(Ω) ∋ wk → w in L1(Ω) , TVu0 [wk] → TVu0 [w]
}
, (1.6)

where the isotropic version TVu0 of TVu0
φ was used in expressing an u0-extended strict convergence. But

then one would still face the principal difficulty of proving L1(Ω) lower semicontinuity of the full functional
(1.5) with possible interaction between its two terms. It is this decisive property which we do not know
how to approach for general sub-unit κ ∈ W−1,∞(Ω), since presently our arguments rely on the possibility
of decomposing µ = µ+−µ− and exploiting the concrete form of the measure terms through additivity and
continuity properties at several points. All in all, at this stage we leave it as an issue for further study to
explore if one can possibly turn (1.6) into more concrete representation formulas and can make progress in the
variational existence theory also for other reasonable classes of distributions κ ∈ W−1,∞(Ω) than measures.

The plan of this paper is now as follows. We first collect preliminaries in Section 2 before stating our
main results along with several illustrative examples in Section 3. In Section 4 we provide various equivalent
reformulations of our ICs (which so far were only touched upon rather briefly, but may also be of some
interest), and in Section 5 we complete the discussion of various examples stated before. In Section 6 we
extend the parametric semicontinuity results of [44] to general signed-measure cases. Finally, in Sections 7
and 8 we provide a few additional statements, but mostly focus on the proofs of the three main results.

Acknowledgements. The authors are grateful to G.E. Comi and G.P. Leonardi for a discussion on the
relevance of signed ICs of type (1.4). The figures in this article have been created in the vector graphics
language ‘Asymptote’.
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2 Preliminaries

2.1 Generalities

Throughout the paper we work in the Euclidean space RN with arbitrary N ∈ N, unless differently specified.
With LN we denote the N -dimensional Lebesgue measure, and we say that a property holds a.e. if it holds
except for a set of zero LN measure. In accordance we call a set measurable or negligible if it is measurable
or negligible with respect to LN , and we write |A| ..= LN (A) for the volume of any measurable A ⊆ RN . The
M -dimensional Hausdorff measure on RN for M ∈ [0, N ] is denoted by HM , though in the following we will
primarily work in the codimension 1 case M = N − 1. We write Br(x) for the open ball centered at x ∈ RN

and of radius r > 0, and we abbreviate Br
..= Br(0) whenever the ball is centered at the origin. The volume

of the unit ball in RN is denoted by ωN . The Euclidean distances between a point a and set A, B in RN are
dist(a,B) ..= infb∈B |a − b| and dist(A,B) ..= infa∈A dist(a,B). With A, Int(A) we refer to the closure and
the interior of a set A, respectively, and 1A denotes the indicator function of A. The symmetric difference of
two sets A, B is A△B, whereas we use A ⋐ B whenever A is compactly contained in B.

We recall that a Lipschitz function u : U → R on open U ⊆ RN is a.e. classically differentiable by
Rademacher’s theorem (see e.g. [30, Theorem 7.8]), and we then denote the a.e. defined gradient by ∇u.
Moreover, we record (see e.g. [30, Theorem 18.1]):

Theorem 2.1 (coarea formula for Lipschitz functions). Given a Lipschitz function u : U → R on open
U ⊆ RN , it holds ∫

A

|∇u| dx =

∫ ∞

−∞
HN−1 (A ∩ {u = t}) dt

for every Borel set A ⊆ U .

Our conventions for general measures mostly follow [2, Sections 1.1, 1.3], and specifically we use non-
negative, signed, and RM -valued Radon measures on locally compact U ⊆ RN in the sense specified there.
In particular, µ S is the restriction of a measure µ to a µ-measurable set S ⊆ RN , defined by µ S(A) ..=
µ(S ∩ A) for all µ-measurable A, and fµ denotes the weighting of a measure µ with a µ-integrable density
f , defined by fµ(A) ..=

∫
A
f dµ for all µ-measurable A. According to the Jordan decomposition theorem, for

any signed Radon measure µ on U , there exists a unique pair of non-negative, mutually singular measures
µ+, µ− on U (the positive and negative parts of µ) such that µ = µ+ − µ− and |µ| = µ+ + µ− for the total
variation measure |µ| of µ. Finally, if, for a non-negative Radon measure µ on U and an RM -valued Radon
measure ν on U , all µ-negligible sets are also |ν|-negligible, the Radon-Nikodým theorem asserts the existence
of a µ-integrable RM -valued density f such that ν = fµ. This density is known as Radon-Nikodým density,
is µ-a.e. uniquely determined, and is sometimes denoted by dν

dµ .

For measurable A ⊆ RN and θ ∈ [0, 1], we introduce the sets

Aθ ..=

{
x ∈ RN : lim

r→0

|Br(x) ∩A|
|Br|

= θ

}
and A+ ..=

{
x ∈ RN : lim sup

r→0

|Br(x) ∩A|
|Br|

> 0

}
,

respectively, of density-θ points and positive-upper-density points of A. We refer to A1 as measure-theoretic
interior and to A+ as measure-theoretic closure of A.

Remark 2.2. If A ⊆ RN is measurable and U ⊆ RN is open, then we have Aθ ∩ U ⊆ (A ∩ U)θ for any
θ ∈ [0, 1] and A+ ∩ U ⊆ (A ∩ U)+.

2.2 Basic BV theory

We employ standard notation (see again [2]) for the function spaces Lp, Wk,p
(0) , C

k, Ck
c , BV and their localized

versions. Specifically, the space BVloc(U) over open U ⊆ RN is the collection of all u ∈ L1
loc(U) such that the

distributional gradient of u exists as an RN -valued Radon measure Du. For the total variation of a measurable
function u : U → R in a Borel set B ⊆ U we sometimes use the notation TV(u,B) ..= |Du|(B) if u is BVloc in
some open neighborhood of B, otherwise we understand TV(u,B) ..= ∞. The space BV(U) of functions of
bounded variation contains all u ∈ BVloc(U), for which the norm ∥u∥BV(U)

..= ∥u∥L1(U) + |Du|(U) is finite,
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and is a Banach space with this norm. Since norm-convergence in BV(U) is too strong for many purposes,
we often deal with strict convergence of a sequence (uk)k in BV(U) to a limit u ∈ BV(U), which means both
limk→∞ ∥uk − u∥L1(U) = 0 and limk→∞ |Duk|(U) = |Du|(U). We follow the convention of indicating positive
and negative parts u± ..= max{±u, 0} of a function u by lower indices ±, which need to be distinguished
from upper indices ±. In fact, given U ⊆ RN and a measurable u : U → RN , we denote by u+(x) and u−(x)
the approximate upper and lower limit of u at x ∈ U , respectively, that is,

u+(x) ..= sup
{
t ∈ R : x ∈ {u > t}+

}
, u−(x) ..= sup

{
t ∈ R : x ∈ {u > t}1

}
,

and additionally we set u∗(x) ..= (u+(x) + u−(x))/2 . In particular, we make wide use of the resulting
equalities (1A)

+ = 1A+ and (1A)
− = 1A1 for any measurable A ⊆ RN . For functions u ∈ L1

loc(U), we record
u+ = u− = ũ in Lebesgue points, while u+ > u− are the two jump values in jump points, compare [2, Section
3.6]. Moreover, by the Federer-Volpert theorem [2, Theorem 3.78], for u ∈ BVloc(U), the representatives
u+, u−, u∗ coincide HN−1-a.e. outside the jump set of u. Specifically, for u ∈ W1,1

loc(U), the coincidence of the
representatives holds HN−1-a.e. on all of U . We also record that generally the estimates

u− + v− ≤ (u+ v)− ≤ (u+ v)+ ≤ u+ + v+ hold in U , (2.1)

while, for u, v ∈ BVloc(U), we have the HN−1-a.e. equality (u+ v)∗ = u∗ + v∗. Some more properties of the
representatives follow.

Remark 2.3. If µ is a non-negative Radon measure on RN such that µ vanishes on HN−1-negligible sets,
then, for every u ∈ BV(RN ), there hold{

u+ > t
}
= {u > t}+ and

{
u− > t

}
= {u > t}1 up to µ-negligible sets, for L1-a.e. t ∈ R . (2.2)

Proof. Given u ∈ BV(RN ), for every t ∈ R, we have {u+ > t} ⊆ {u > t}+ ⊆ {u+ ≥ t} and {u− > t} ⊆
{u > t}1 ⊆ {u− ≥ t} up to HN−1-negligible sets and thus also up to µ-negligible sets. Moreover, a standard
argument ensures

µ
(
{u± ≥ t} \ {u± > t}

)
= µ

(
{u± = t}

)
= 0

for all but countably many t ∈ R, in particular for L1-a.e. t ∈ R. In conclusion we arrive at (2.2).

From the HN−1-a.e. characterization of u+ and u− as jump values, one straightforwardly reads off:

Lemma 2.4. For each u ∈ BV(U) on open U ⊆ RN , we have a precise decomposition into positive and
negative parts in the sense that

(i) u+ = (u+)
+ − (u−)

− holds HN−1-a.e. in U ,

(ii) u− = (u+)
− − (u−)

+ holds HN−1-a.e. in U .

The next result deals with HN−1-a.e. convergence properties of strictly convergent sequences in BV. The
general case has been established in [28, Theorem 3.2], while particular cases such as the one of strongly
convergent sequences in W1,1 have been treated already in [21, Sections 4 and 10].

Theorem 2.5 (pointwise convergence of BV functions). Let U ⊆ RN be an open set and consider a sequence
(uk)k in BV(U) and u ∈ BV(U) such that uk → u strictly in BV(U). Then, there exists a subsequence (ukℓ

)ℓ
such that there holds

u−(x) ≤ lim inf
ℓ→∞

u−kℓ
(x) ≤ lim sup

ℓ→∞
u+kℓ

(x) ≤ u+(x) for HN−1-a.e. x ∈ U .

In particular, in case of u ∈ W1,1(U) this implies limℓ→∞ u∗kℓ
(x) = u∗(x) for HN−1-a.e. x ∈ U .
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2.3 Sets of finite perimeter and trace theory

We say that a measurable set E ⊆ RN has locally finite perimeter in open U ⊆ RN if 1E ∈ BVloc(U) holds.
The perimeter of measurable E ⊆ RN in a Borel set B ⊆ RN is given by P(E,B) ..= |D1E |(B) whenever
E has locally finite perimeter in some open neighborhood of B, otherwise we understand P(E,B) ..= ∞. As
usual we abbreviate P(E) ..= P(E,RN ). A set E ⊆ RN has finite perimeter in open U ⊆ RN if we have
1E ∈ BVloc(U) and P(E,U) < ∞. Whenever no domain U is specified, a set of (locally) finite perimeter is
intended to be of (locally) finite perimeter in RN .

If E ⊆ RN has locally finite perimeter in an open U ⊆ RN , the Radon-Nikodým theorem yields

D1E = νE |D1E | as measures on U ,

where the Radon-Nikodým density νE ..= dD1E

d|D1E | ∈ L∞(U ; |D1E |) is characterized by the Lebesgue-Besicovitch

differentiation theorem (see [2, Theorem 2.22] or [30, Theorem 5.8]) as

νE(x) = lim
r→0

D1E(Br(x))

|D1E |(Br(x))
for |D1E |-a.e. x ∈ U .

The reduced boundary U ∩ ∂∗E of E in U is defined as the set of points x ∈ U such that |D1E |(Br(x)) > 0
holds for all r > 0 and such that νE(x) exists in the sense of the preceding limit with |νE(x)| = 1 (compare
e.g. [2, Definition 3.54], [20, Definition 5.4], or [30, Section 15]). The unit vector νE(x) is then called the
generalized inward unit normal to E at x ∈ ∂∗E. A fundamental geometric characterization of |D1E | and
D1E in terms of ∂∗E and νE can be retrieved from [2, Theorem 3.59] or [30, Theorem 15.9], for instance,
and is now partially restated as follows.

Theorem 2.6 (De Giorgi’s structure theorem; partial statement). If E is a set of locally finite perimeter in
open U ⊆ RN , then one has

|D1E | = HN−1 (U ∩ ∂∗E) as non-negative measures on U .

As a consequence of Theorem 2.6, one further has D1E = νE |D1E | = νEHN−1 ∂∗E as RN -valued
measures on U and P(E,B) = |D1E |(B) = HN−1(B ∩ ∂∗E) whenever B is a Borel subset of U .

For the detailed definition of traces of BV functions, we refer to [2, Section 3]. We briefly recall that
u ∈ BV(U) has an interior trace and an exterior trace on each oriented countably HN−1-rectifiable set Γ ⊂ U ,
see [2, Theorem 3.77]. The traces are defined and are finite HN−1-a.e. on Γ, depend linearly on u, and are
here denoted by Tint

Γ u and Text
Γ u, respectively. If the context allows it, we sometimes omit the trace symbol

and simply write u instead of its (interior or exterior) trace. The decisive property of the traces is recorded
in the following restatement of [2, Theorem 3.84].

Theorem 2.7 (pasting BV functions across reduced boundaries). Consider an open set U ⊆ RN and
u, v ∈ BV(U), a set E of finite perimeter in U , with reduced boundary U ∩ ∂∗E oriented by νE. Then, for
w ..= u1E + v1U\E, it holds:

w ∈ BV(U) ⇐⇒
∫
U∩∂∗E

∣∣Tint
U∩∂∗Eu− Text

U∩∂∗Ev
∣∣ dHN−1 <∞ .

Moreover, if w ∈ BV(U), it is

Dw = Du E1 +
(
Tint

U∩∂∗Eu− Text
U∩∂∗Ev

)
⊗ νEHN−1 (U ∩ ∂∗E) + Dv E0 . (2.3)

If Ω ⊆ RN is open and bounded with Lipschitz boundary, each u ∈ BV(Ω) extends to a function in
BV(RN ) with value 0 outside Ω, compare [2, Theorem 3.87]. In this case, the trace T∂Ωu of u on the
boundary ∂Ω is the interior trace of the extension when ∂Ω is oriented by the inward normal. For this type
of trace, we recall (see e.g. [2, Theorem 3.88]):

Theorem 2.8 (continuity of the boundary trace operator). Consider an open and bounded Ω ⊆ RN with
Lipschitz boundary. Then we have T∂Ωu ∈ L1(∂Ω;HN−1) for each u ∈ BV(Ω). Moreover, the trace operator
u 7→ T∂Ωu is continuous from BV(Ω) with strict convergence to L1(∂Ω;HN−1) with norm convergence.
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Another useful result for our purposes is the isoperimetric inequality in the framework of sets of finite
perimeter, as treated for instance in [30, Theorem 14.1]:

Theorem 2.9 (isoperimetric inequality). Given E a measurable set in RN with 0 < |E| <∞, one has

Nω
1
N

N |E|
N−1
N ≤ P(E) , (2.4)

where equality holds if and only if |E△Br(x)| = 0 for some x ∈ RN and r > 0.

The next result is a standard version of Poincaré’s inequality. However, we cannot resist providing below
the one-line estimation, which identifies the sharp constant at least in case the domain is a ball.

Theorem 2.10 (Poincaré inequality). Let Ω ⊆ RN be open and bounded with Lipschitz boundary. Then, for
any u ∈ BV(Ω), it holds

∥u∥L1(Ω) ≤
r

N

(
|Du|(Ω) +

∫
∂Ω

|u|dHN−1

)
, (2.5)

where r is the smallest possible radius of a ball that contains Ω.

Proof. One may reduce to 0 ≤ u ∈ C∞
c (Ω), for which P({u > t}) = HN−1({u = t}) holds for L1-a.e. t > 0.

Then one finds (with understanding |E|N−1
N ..= 0 for negligible E in case N = 1)∫

Ω

udx =

∫ ∞

0

|{u > t}|dt ≤
(
ωNr

N
) 1

N

∫ ∞

0

|{u > t}|
N−1
N dt ≤ r

N

∫ ∞

0

HN−1({u = t}) dt = r

N

∫
Ω

|∇u|dx

by the layer-cake formula, the isoperimetric inequality (2.4), and the coarea formula of Theorem 2.1.

Specifically, Theorem 2.10 implies

∥u∥BV(Ω) ≤ C

(
|Du|(Ω) +

∫
∂Ω

|u|dHN−1

)
(2.6)

for all u ∈ BV(Ω) with C ..= r
N + 1 (for r as in the theorem).

2.4 Anisotropic total variations and anisotropic perimeters

We now collect typical assumptions on the integrand φ of an anisotropic total variation. Here, for convenience
in working with auxiliary functionals over arbitrary open U ⊆ RN or enlarged domains Ω ⊆ Ω′ ⊆ RN , we
directly consider φ as defined on all of RN × RN rather than on Ω × RN . We remark, however, that it is
indeed possible to extend a given φ from Ω×RN to RN ×RN such that the relevant properties are preserved.

Assumption 2.11 (admissible integrands). For a Borel function φ : RN×RN → [0,∞), we generally assume
that ξ 7→ φ(x, ξ) is positively homogeneous of degree 1, i.e.

φ(x, tξ) = tφ(x, ξ) for all t ∈ [0,∞) and x, ξ ∈ RN .

Moreover, we require that φ is comparable to the Euclidean norm of RN (in other words, comparable to the
standard isotropic total variation integrand) in the sense of

α|ξ| ≤ φ(x, ξ) ≤ β|ξ| for all x, ξ ∈ RN (2.7)

with fixed constants 0 < α ≤ β <∞. In addition, we often require:

(a) that ξ 7→ φ(x, ξ) is convex for a.e. x ∈ RN and (x, ξ) 7→ φ(x, ξ) is lower semicontinuous,

(b) that (x, ξ) 7→ φ(x, ξ) is continuous.
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In the sequel, by Assumption 2.11 we refer to the plain version without any of (a), (b), while the addition
of (a) or (b) or both will be specified whenever needed.

As a consequence of positive homogeneity and convexity, an admissible integrand φ satisfies the triangle
inequalities

φ(x, ξ + τ) ≤ φ(x, ξ) + φ(x, τ) and φ(x, ξ − τ) ≥ φ(x, ξ)− φ(x, τ) for all x, ξ, τ ∈ RN . (2.8)

For later usage we also put on record that in the special case of linearly dependent ξ and τ the inequalities in
(2.8) remain valid when merely positive homogeneity and non-negativity (but not necessarily convexity) of
ξ 7→ φ(x, ξ) are assumed. The reason is that on each 1-dimensional subspace of RN each function ξ 7→ φ(x, ξ)
is then nothing but a maximum of two linear functions and as such is automatically convex.

We also fix the following piece of notation.

Definition 2.12 (mirrored integrand). For an integrand φ : RN ×RN → R, we define the mirrored integrand
φ̃ : RN ×RN → R by setting

φ̃(x, ξ) ..= φ(x,−ξ) for all x, ξ ∈ RN .

Clearly, in many basic cases the integrand φ is even in ξ in the sense of φ̃ = φ, and then we need not
distinguish between φ̃ and φ at all. However, our results can in fact be stated without evenness assumption.

Next we recall the definition of the polar function. Given f : RN → [0,∞) with f(ξ) > 0 = f(0) for all
ξ ∈ RN \ {0}, the polar f◦ : RN → [0,∞] of f is defined by

f◦(ξ∗) = sup
ξ∈RN\{0}

ξ∗ · ξ
f(ξ)

.

We record that the polar f◦ is positively homogeneous of degree 1 and convex. In the following we are
interested in the polar function of the anisotropic integrand φ : RN ×RN → [0,∞) with respect to the second
variable only. In fact, we impose Assumption 2.11 and, for any fixed x ∈ RN , write φ◦(x, · ) for the polar of
the mapping ξ 7→ φ(x, ξ). Specifically, the definition of polar directly implies φ◦(x, ξ∗)φ(x, ξ) ≥ ξ∗ · ξ for all
ξ, ξ∗ ∈ RN . Moreover, the same bound returns

φ◦(x, ξ∗) = sup
ξ∈RN\{0}

ξ∗ · ξ
φ(x, ξ)

= sup
ξ∈RN

φ(x,ξ)≤1

ξ∗ · ξ for x, ξ∗ ∈ RN , (2.9)

where the last equality results from the homogeneity of φ in ξ.

At this stage we define the anisotropic total variation and the anisotropic perimeter.

Definition 2.13 (anisotropic total variation and anisotropic perimeter). We consider a Borel function
φ : RN ×RN → [0,∞] such that ξ 7→ φ(x, ξ) is positively homogeneous of degree 1 and a Borel set B ⊆ RN .
Whenever we have w ∈ BVloc(U) for some open U ⊆ RN with B ⊆ U , the φ-anisotropic total variation of
w on B is defined as

TVφ(w,B) ..= |Dw|φ(B) ..=

∫
B

φ( · , νw) d|Dw|

with the Radon-Nikodým derivative νw ..= dDw
d|Dw| . Specifically, whenever a measurable E ⊆ RN has locally

finite perimeter in some open U ⊆ RN with B ⊆ U , the φ-anisotropic perimeter of E in B is

Pφ(E,B) ..= |D1E |φ(B) =

∫
B

φ( · , νE) d|D1E |

with the generalized inward normal νE = dD1E

d|D1E | . If φ fulfills the lower bound in (2.7), this is reasonably com-

plemented with the convention Pφ(E,B) ..= ∞ in case of P(E,B) = ∞. Finally, we abbreviate occasionally
Pφ(E) ..= Pφ(E,R

N ).
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Clearly, in case of φ(x, ξ) = |ξ| the definitions reduce to the standard isotropic ones mentioned earlier.
Moreover, recalling |D1E | = HN−1 (U ∩ ∂∗E), we may recast the definition of anisotropic perimeter as
Pφ(E,B) =

∫
B∩∂∗E

φ( · , νE) dHN−1.

Lemma 2.14. Suppose that φ satisfies Assumption 2.11. Then, for any w ∈ BV(U) on open U ⊆ RN , we
have

α|Dw| ≤ |Dw|φ ≤ β|Dw| as measures on U . (2.10)

Proof. With the help of (2.7), for any Borel set B ⊆ U , we directly compute

|Dw|φ(B) =

∫
B

φ( · , νw) d|Dw| ≤ β

∫
B

|νw| d|Dw| = β|Dw|(B) .

Similarly, one checks |Dw|φ(B) ≥ α|Dw|(B).

We point out that (simply by evenness of the Euclidean norm) also the mirrored integrand φ̃ satisfies the
bound in (2.7). Therefore, (2.10) holds with φ̃ in place of φ̃ as well.

Specifically, (2.10) implies

αP(E,B) ≤ Pφ(E,B) ≤ β P(E,B) for all measurable E ⊆ RN and Borel B ⊆ RN . (2.11)

Next follows a decomposition result for anisotropic total variations.

Lemma 2.15. Suppose that φ satisfies Assumption 2.11, and consider an open U ⊆ RN and u ∈ BV(U).
Then the positive part u+ and the negative part u− of u are in BV(U), and the φ-variation of u decomposes
into the φ-variation of u+ and the φ̃-variation of u− in the sense that

|Du|φ = |Du+|φ + |Du−|φ̃ as measures on U . (2.12)

When additionally requiring (a) and (b) of Assumption 2.11, Lemma 2.15 can be proved by strict approx-
imation. Here, however, we prefer the subsequent proof which avoids both these extra requirements.

Proof. We initially record u± ∈ BV(U); compare the first part of the proof of [2, Theorem 3.96] or directly
[2, Theorem 3.99] for this conclusion. Then we decompose

U = J ·∪ Jc with J ..= {u+ > u−} and Jc = {u+ = u−}

and consider the jump part Du J and the diffusive part Du Jc of Du separately.
In treating the diffusive part, with u+ = u− = u∗ on Jc in mind we employ solely u∗. In fact, from [2,

Proposition 3.92] and the chain rule of [2, Theorem 3.99] have

Du
(
Jc ∩ {u∗ = 0}

)
≡ 0 , Du+ Jc = Du

(
Jc ∩ {u∗ > 0}

)
, Du− Jc = −Du

(
Jc ∩ {u∗ < 0}

)
in U . By the definition of the φ-variation, the preceding formulas, and the homogeneity of φ, for any Borel
set B ⊆ Jc ⊆ U , we deduce

|Du|φ(B) =

∫
B∩{u∗>0}

φ

(
· , dDu

d|Du|

)
d|Du|+

∫
B∩{u∗<0}

φ

(
· , dDu

d|Du|

)
d|Du|

=

∫
B

φ

(
· , dDu+

d|Du|

)
d|Du|+

∫
B

φ

(
· ,−dDu−

d|Du|

)
d|Du| = |Du+|φ(B) + |Du−|φ̃(B) .

In treating the jump part, we exploit that

u+ − u− =
[
(u+)

+ − (u+)
−]+ [

(u−)
+ − (u−)

−] in U (2.13)

by Lemma 2.4, and in addition we now verify the auxiliary HN−1-a.e. equalities

νu+
= νu on J+ ..= {(u+)+ > (u+)

−} , νu− = −νu on J− ..= {(u−)+ > (u−)
−} . (2.14)
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Indeed, [2, Theorem 3.78] gives |Du| J = (u+−u−)HN−1 J , which implies Du J = (u+−u−)νuHN−1 J
with the Radon-Nikodým density νu = dDu

d|Du| . Similarly, but also taking into account that J± ⊆ J and

Du±
(
J \ J±

)
≡ 0 by [2, Lemma 3.76], we find Du± J =

[
(u±)

+ − (u±)
−]νu±HN−1 J . We exploit these

observations to rewrite both sides of Du J = Du+ J − Du− J and subsequently compare the HN−1-
densities to conclude that(

u+ − u−
)
νu =

[
(u+)

+ − (u+)
−]νu+ −

[
(u−)

+ − (u−)
−]νu− holds HN−1-a.e. on J .

Then, comparing with (2.13) and taking into account |νu| = 1 = |νu± |, for V+ ..=
[
(u+)

+ − (u+)
−]νu+

and

V− ..= −
[
(u−)

+ − (u−)
−]νu− , we arrive at |V+ + V−| = |V+|+ |V−|. The last equality can occur with V+ ̸= 0

only if V+ + V− and V+ point in the same direction, in other words we have shown νu+ = νu on J+. In the
same way we deduce −νu− = νu on J− and thus have finally deduced the validity of (2.14). At this stage,
via the definition of φ-variation, the preceding representations of Du J and Du± J , the homogeneity of φ,
(2.13), and (2.14), for any Borel set B ⊆ J ⊆ U , we arrive at

|Du|φ(B) =

∫
B

(u+ − u−)φ( · , νu) dHN−1

=

∫
B

((u+)
+ − (u+)

−)φ( · , νu) dHN−1 +

∫
B

((u−)
+ − (u−)

−)φ( · , νu) dHN−1

=

∫
B

((u+)
+ − (u+)

−)φ( · , νu+
) dHN−1 +

∫
B

((u−)
+ − (u−)

−)φ( · ,−νu−) dHN−1

= |Du+|φ(B) + |Du−|φ̃(B) .

All in all, with the equalities obtained for both B ⊆ Jc and B ⊆ J , the proof is complete.

A fundamental property of the total variation measure is its lower semicontinuity. As a corollary of [2,
Theorem 2.38] we obtain that this property extends from the isotropic to the anisotropic case as follows.

Theorem 2.16 (Reshetnyak lower semicontinuity theorem). Let U be an open set in RN . Consider (uk)k
and u in BV(U) such that uk → u in L1(U). Suppose φ : RN × RN → [0,∞] satisfies φ(x, ξ) ≥ α|ξ| for
all x, ξ ∈ RN and some α > 0, that ξ 7→ φ(x, ξ) is positively 1-homogeneous of degree 1 and convex for all
ξ ∈ RN , and that (x, ξ) 7→ φ(x, ξ) is lower semicontinuous. Then it holds

lim inf
k→∞

|Duk|φ(U) ≥ |Du|φ(U) .

By [2, Theorem 2.39] anisotropic total variations also inherit continuity from the standard total variation:

Theorem 2.17 (Reshetnyak continuity theorem). Let U be an open set in RN . Consider (uk)k and u in
BV(U) such that uk → u strictly in BV(U). Suppose that φ : RN ×RN → [0,∞) satisfies φ(x, ξ) ≤ β|ξ| for
all x, ξ ∈ RN and some 0 ≤ β <∞ and that (x, ξ) 7→ φ(x, ξ) is continuous. Then it holds

lim
k→∞

|Duk|φ(U) = |Du|φ(U) .

In fact, we may summarize Theorem 2.17 by saying that (under the specified assumptions on φ) strict
convergence implies φ-strict convergence in the sense of the next definition.

Definition 2.18 (φ-strict convergence). Suppose that φ satisfies Assumption 2.11 and consider a sequence
of functions (uk)k in BV(U), where U is open in RN . We say that (uk)k converges φ-strictly in BV(U) to
some u ∈ BV(U) if we have limk→∞ ∥uk − u∥L1(U) = 0 and limk→∞ |Duk|φ(U) = |Du|φ(U).

We further record:

Theorem 2.19 (anisotropic Fleming-Rishel coarea formula). Consider φ : RN × RN → [0,∞) such that
Assumption 2.11 holds, and let U ⊆ RN be open. Then, for each u ∈ BV(U), the superlevel sets Et

..=
{x ∈ U : u(x) > t} satisfy P(Et, U) <∞ for a.e. t ∈ R, and the following coarea formula holds:

|Du|φ(U) =

∫ ∞

−∞
Pφ(Et, U) dt . (2.15)
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Though (2.15) is basically known (compare [1, Remark 4.4], for instance), previous recordings seem to be
based on slightly different definitions of φ-perimeter. Therefore, we briefly indicate how the formula can be
deduced from the standard isotropic case in [2, Theorem 3.40].

Sketch of proof for Theorem 2.19. Since [2, Theorem 3.40] directly confirms P(Et, U) < ∞ for a.e. t ∈ R,
it remains to establish (2.15). To this end, we rewrite the formulas of [2, Theorem 3.40] with the help of
Du = νu|Du| and D1Et = νEtHN−1 ∂∗Et as∫

U

g d|Du| =
∫ ∞

−∞

∫
U∩∂∗Et

g dHN−1 dt ,

∫
U

V · νu d|Du| =
∫ ∞

−∞

∫
U∩∂∗Et

V · νEt
dHN−1 dt , (2.16)

where we have generalized in a standard way from the sets B of [2, Theorem 3.40] to arbitrary bounded Borel
functions g : U → R and bounded Borel vector fields V : U → RN , respectively. Combining both formulas in
(2.16), we may also assert∫ ∞

−∞

∫
U∩∂∗Et

V · νu dHN−1 dt =

∫ ∞

−∞

∫
U∩∂∗Et

V · νEt dHN−1 dt . (2.17)

Next we fix a countable dense subset C of C0
c(U,R

N ) and let V ..= η(u)Ψ with arbitrary η ∈ C0
c(R) and

Ψ ∈ C . We plug (a Borel representative of) this V into (2.17), exploit u(x) = t for HN−1-a.e. x ∈ U ∩ ∂∗Et

for a.e. t ∈ R, and then use the fundamental lemma of the calculus of variations to infer∫
U∩∂∗Et

Ψ · νu dHN−1 =

∫
U∩∂∗Et

Ψ · νEt dHN−1 for all Ψ ∈ C and t ∈ R \ Z , (2.18)

where Z ⊆ R is negligible and due to countability of C can indeed be taken independent of Ψ ∈ C . By
density of C we generalize (2.18) from Ψ ∈ C to arbitrary Ψ ∈ C0

c(U,R
N ) with unchanged negligible Z.

Then, we apply the fundamental lemma of the calculus of variations once more to deduce that

νu = νEt
holds HN−1-a.e. on U ∩ ∂∗Et for a.e. t ∈ R . (2.19)

Via the definition of the φ-variation, the first formula in (2.16), the observation (2.19), and the definition of
the φ-perimeter, we then conclude

|Du|φ(U) =

∫
U

φ( · , νu) d|Du| =
∫ ∞

−∞

∫
U∩∂∗Et

φ( · , νu) dHN−1 dt

=

∫ ∞

−∞

∫
U∩∂∗Et

φ( · , νEt) dHN−1 dt =

∫ ∞

−∞
Pφ(Et, U) dt

and arrive at the claim (2.15).

The next lemma adapts [44, Lemma 2.9] to the anisotropic case and will be useful in dealing with
parametric semicontinuity.

Lemma 2.20. We consider an open U ⊆ RN and a Borel function φ : RN×RN → [0,∞) such that φ(x, ξ) ≤
β|ξ| for all x, ξ ∈ RN and some 0 ≤ β <∞. Then, for sets A,R, S ⊆ RN with P(A,U)+P(R,U)+P(S,U) <
∞, there hold

Pφ(A ∩R,U) ≤ Pφ(A,R
1 ∩ U) + Pφ(R,A

+ ∩ U) and Pφ(A \ S,U) ≤ Pφ(A,S
0 ∩ U) + Pφ̃(S,A

+ ∩ U) ,

where the conditions HN−1(∂∗A ∩ ∂∗R ∩ U) = 0 and HN−1(∂∗A ∩ ∂∗S ∩ U) = 0, respectively, are sufficient
for equality.

Proof. From [2, eq. (3.10)] we get P(A ∩R,U) = |D(1A1R)|(U) <∞, and from Federer’s structure theorem
[2, Theorem 3.61] we read off ∂∗(A∩R)∩U ⊆ (∂∗A∩R1 ∩U) ·∪ (∂∗R ∩A+ ∩U) up to HN−1-negligible sets.
In addition, the full statement of De Giorgi’s structure theorem as provided in [2, Theorem 3.59] implies, for
sets E ⊆ F of finite perimeter and x ∈ ∂∗E ∩ ∂∗F , that necessarily νE(x) = νF (x) holds. Therefore, we may
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even assert that, for HN−1-a.e. x ∈ ∂∗(A ∩R) ∩ U , there hold either x ∈ ∂∗A ∩R1 ∩ U , νA∩R(x) = νA(x) or
x ∈ ∂∗R ∩A+ ∩ U , νA∩R(x) = νR(x). As a consequence, we obtain

Pφ(A ∩R,U) =

∫
∂∗(A∩R)∩U

φ( · , νA∩R) dHN−1

≤
∫
∂∗A∩R1∩U

φ( · , νA) dHN−1 +

∫
∂∗R∩A+∩U

φ( · , νR) dHN−1

= Pφ(A,R
1 ∩ U) + Pφ(R,A

+ ∩ U) .

In case of HN−1(∂∗A∩∂∗R∩U) = 0, the reasoning with Federer’s structure theorem even yields the partition
∂∗(A∩R)∩U = (∂∗A∩R1∩U) ·∪ (∂∗R∩A+∩U) up to HN−1-negligible sets, and thus the preceding inequality
becomes an equality. This proves the claims for A ∩ R. The claims for A \ S follow by plugging in R = Sc

and exploiting Pφ(S
c, A+ ∩ U) = Pφ̃(S,A

+ ∩ U).

2.5 Approximation and continuity results

The next result on strict approximation of BV functions with arbitrarily prescribed boundary datum can be
retrieved from [5, Lemma B.2] or [43, Theorem 1.2]. In fact, the sources assert even area-strict convergence,
which is stronger than the strict convergence recorded here, but the latter suffices for our purposes.

Theorem 2.21 (strict approximation with prescribed boundary datum). Suppose that Ω is an open, bounded
set in RN with Lipschitz boundary. Then, for every u0 ∈ W1,1(Ω) and every u ∈ BV(Ω), there exists a
sequence (uk)k in u0 + C∞

c (Ω) such that, if we set uk ..= uk1Ω + u01RN\Ω and u ..= u1Ω + u01RN\Ω, then

(uk)k converges to u strictly in BV(RN ).

We will also make use of one-sided strict approximations, essentially obtained in [8, Theorem 3.3]. The
only marginal extra features recorded in our subsequent restatement are that we allow for unbounded U and
add the inequalities u1 ≥ uk and v1 ≤ vk. However, at least these extra inequalities are not really new,
since it has been shown in [47, Theorem 4.5, Corollary 4.7] by a slightly involved truncation argument that
even the whole sequences (uk)k and (vk)k can be taken monotone. Furthermore, we remark that the sources
provide even area-strict convergence, and we could do the same, but for simplicity we restrict ourselves once
more to the usual strict convergence, which is enough for our purposes. In any case, below we include a brief
deduction of precisely our statement on the basis of solely [8, Theorem 3.3].

Proposition 2.22 (one-sided strict approximation). Consider an open U ⊆ RN and u ∈ BV(U). Then
there exists a sequence (uk)k in W1,1(U) such that (uk)k converges to u strictly in BV(U) and such that
u1 ≥ uk ≥ u a.e. in U for all k. Analogously, there exists a sequence (vk)k in W1,1(U) such that (vk)k
converges to u strictly in BV(U) and such that v1 ≤ vk ≤ u a.e. in U for all k. If u has compact support in
U , we may even take uk ∈ W1,1

0 (U) and vk ∈ W1,1
0 (U), respectively.

Proof. We fix u1 ∈ W1,1(U) such that u1 ≥ u a.e. in U and such that u1−u is bounded away from zero a.e. in
U ∩Br for each r > 0. Moreover, for each k, we choose Rk > 0 such that ∥u1∥L1(U\BRk

) + ∥u∥L1(U\BRk
) <

1
k ,

|Du1|(U \BRk
) < 1

k , and ∥Text
∂BRk

u1∥L1(U∩∂BRk
;HN−1)+∥Tint

∂BRk
u∥L1(U∩∂BRk

;HN−1) <
1
k , and we fix εk > 0 such

that u1 − u ≥ εk on U ∩ BRk
. Then we apply [8, Theorem 3.3] to ũk ..= u1U∩BRk

+ u11U\BRk
∈ BV(U) on

the bounded open set U ∩BRk+1 to obtain a sequence (wk,ℓ)ℓ in W1,1(U ∩BRk+1) such that (wk,ℓ)ℓ converges
to ũk strictly in BV(U ∩ BRk+1) and such that wk,ℓ ≥ ũk ≥ u a.e. in U ∩ BRk+1 for all ℓ. Now we consider
min{wk,ℓ, u1} ∈ W1,1(U), which coincides with u1 on U ∩ (BRk+1 \BRk

) and is extended by the values of u1
also outside BRk+1. We record

lim
ℓ→∞

∥min{wk,ℓ, u1} − u∥L1(U) = ∥ũk − u∥L1(U) = ∥u1 − u∥L1(U\BRk
) <

1
k ,

and we observe |{wk,ℓ ≥ u1} ∩ BRk
| ≤ |{wk,ℓ − ũk ≥ εk}| ≤ 1

εk
∥wk,ℓ − ũk∥L1(U) → 0 and, as a consequence,
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also |Du1|({wk,ℓ ≥ u1} ∩ BRk
) → 0 for ℓ→ ∞. All in all, we infer

lim sup
ℓ→∞

∣∣Dmin{wk,ℓ, u1}
∣∣(U)

≤ lim sup
ℓ→∞

[
|Dwk,ℓ|(U ∩ BRk

) + |Du1|({wk,ℓ ≥ u1} ∩ BRk
)
]
+ |Du1|(U \ BRk

)

≤ |Dũk|(U) + |Du1|(U \ BRk
)

= |Du|(U ∩ BRk
) + ∥Text

∂BRk
u1 − Tint

∂BRk
u∥L1(U∩∂BRk

;HN−1) + 2|Du1|(U \ BRk
)

< |Du|(U) + 3
k .

If now, for k ≥ 2, we choose uk ..= min{wk,ℓk , u1} ∈ W1,1(U) with suitably large ℓk, then (uk)k still converges
to u strictly in BV(U), and we have ensured u1 ≥ uk ≥ u a.e. in U . This completes the proof for the main
(uk)k case. (As a side remark we record that the preceding argument reduces quite a bit in case of bounded
U , since then one can take u1 ..= u+1, need not introduce Rk, εk, ũk, and can apply [8, Theorem 3.3] directly
to u itself to get just one sequence (wk)k.)

Now the (vk)k case follows from the (uk)k one by changing signs.
Finally, if u has compact support in U , we additionally multiply all uk and vk with a fixed cut-off function

in order to ensure even uk ∈ W1,1
0 (U) and vk ∈ W1,1

0 (U), respectively; compare e.g. with [44, Lemma 2.21].

For our purposes, the decisive feature of Proposition 2.22 is that the approximations obtained are good
enough for applying both the Reshetnyak continuity theorem and the following basic continuity lemma.

Lemma 2.23 (fine one-sided continuity properties of µ-integrals). Consider a non-negative Radon measure
µ on an open set U ⊆ RN such that µ(Z) = 0 for every HN−1-negligible Borel set Z ⊆ U and

∫
U
w+ dµ <∞

for every non-negative w ∈ BV(U). If a sequence (uk)k in W1,1(U) converges to u ∈ BV(U) strictly in
BV(U) and satisfies u1 ≥ uk ≥ u a.e. in U for all k, then there exists a subsequence (ukℓ

)ℓ such that

lim
ℓ→∞

∫
U

u∗kℓ
dµ =

∫
U

u+ dµ . (2.20)

Analogously, if a sequence (vk)k in W1,1(U) converges to u ∈ BV(U) strictly in BV(U) and now satisfies
v1 ≤ vk ≤ u a.e. in U for all k, then there exists a subsequence (vkℓ

)ℓ such that

lim
ℓ→∞

∫
U

v∗kℓ
dµ =

∫
U

u− dµ . (2.21)

Proof. In case of the non-increasing sequence (uk)k, the a.e. inequality u1 ≥ uk ≥ u induces the HN−1-a.e.
inequality u∗1 ≥ u∗k ≥ u+ in U , and hence Theorem 2.5 gives the subsequence such that limℓ→∞ u∗kℓ

= u+

holds HN−1-a.e. in U . By assumption on µ, the latter convergence remains valid µ-a.e. in U . Since the
assumptions on µ ensure also u∗1 ∈ L1(U ;µ) and u+ ∈ L1(U ;µ), we can apply the dominated convergence
theorem to deduce (2.20).

In case of the non-decreasing sequence (vk)k, we apply (2.20) with −vk in place of uk and −u in place of
u. Then we deduce (2.21) by reversing the sign on both sides and observing −(−u)+ = u−.

Lemma 2.24 (basic properties of truncations). Given an open set U ⊆ RN and a positive constant M , for
every u ∈ BV(U) we introduce the truncation uM of u at level M defined through

uM ..= max {min{u,M},−M} . (2.22)

We record :

(i) It is uM ∈ BV(U) ∩ L∞(U).

(ii) If φ satisfies Assumption 2.11, we have additivity of anisotropic TV on truncations in the sense that

|Du|φ = |D(u− uM )|φ + |DuM |φ as measures on U.

(iii) There hold uM → u and (uM )± → u± strongly in BV(U) as M → ∞.
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(iv) If φ satisfies Assumption 2.11, we have φ-strict convergence uM → u in BV(U) for M → ∞.

(v) We have the HN−1-a.e. convergences (uM )± → u± on U for M → ∞.

Proof. (i) We exploit that minimum and maximum of BV functions are still BV and that evidently |uM | ≤M .

(ii) Suppose first u ∈ BV(U) is non-negative almost everywhere. Then one checks that, for any M > 0, there
hold u− uM = (u−M)+ and uM =M − (u−M)− a.e. in U . Thus, applying (2.12) we find

|D(u− uM )|φ + |DuM |φ = |D(u−M)+|φ + |D(M − (u−M)−)|φ
= |D(u−M)+|φ + |D(u−M)−|φ̃ = |D(u−M)|φ = |Du|φ,

as required. For u ∈ BV(U) of arbitrary sign, we apply the previous result to u+ and u− and employ
(u− uM )± = u± − (u±)

M and (u±)
M = (uM )± a.e. on U . Using (2.12) again, we get

|Du|φ = |Du+|φ + |Du−|φ̃ = |D(u+ − (u+)
M )|φ + |D(u+)

M |φ + |D(u− − (u−)
M )|φ̃ + |D(u−)

M |φ̃
= |D((u− uM )+))|φ + |D(uM )+|φ + |D((u− uM )−))|φ̃ + |D(uM )−|φ̃
= |D(u− uM )|φ + |DuM |φ

as required.

(iii) Since the function t 7→ max{min{t,M},−M} is a contraction, a standard argument (see e.g. the first
part of the proof of [2, Theorem 3.96]) yields

|DuM |(U) ≤ |Du|(U) for all M > 0 .

In addition, as one easily checks uM → u in L1(U) asM → ∞, the lower semicontinuity of the total variation
yields

|Du|(U) ≤ lim inf
M→∞

|DuM |(U) .

Combining the previous observations, strict convergence is achieved. Moreover, by (ii) strict convergence of
the truncated sequence implies its strong convergence. The same works for (u±)

M .

(iv) From (iii) and (2.7), we have |D(u− uM )|φ(U) → 0 for M → ∞, and thus the claim follows by (ii). (If
even Assumption 2.11(b) applies, the claim also follows from (iii) and Theorem 2.17.)

(v) For each fixed x ∈ U such that u±(x) is finite, the convergence is immediate from the observation that
(uM )±(x) = u±(x) for all M > |u±(x)|.

Lemma 2.25 (fine continuity property of µ-integrals along sequences of truncations). Consider a non-
negative Radon measure µ on open U ⊆ RN such that µ(Z) = 0 for every HN−1-negligible Borel set Z ⊆ U .
Then, for every u ∈ BV(U) with

∫
U
|u|+dµ <∞ and its truncations uM from Lemma 2.24, there hold

lim
M→∞

∫
U

(
uM

)+
dµ =

∫
U

u+ dµ and lim
M→∞

∫
U

(
uM

)−
dµ =

∫
U

u− dµ . (2.23)

Proof. Suppose first that u ∈ BV(U) is non-negative. Then we have uM1 ≤ uM2 for M1 ≤ M2, and from
Lemma 2.24(v) we infer (uM )± → u± for M → ∞ first HN−1-a.e. and by assumption on µ also µ-a.e. on U .
Hence, the monotone convergence theorem confirms the claim (2.23) in this case.

For arbitrary u ∈ BV(U), Lemmas 2.24(i) and 2.4 yield HN−1-a.e. decompositions u± = (u+)
± − (u−)

∓

and (uM )± = ((uM )+)
±− ((uM )−)

∓ = ((u+)
M )±− ((u−)

M )∓, and these remain valid µ-a.e. as well. We can
thus apply the claim already established to the non-negative functions u+ ∈ BV(U) and u− ∈ BV(U) and
combine the resulting integral convergences to reach (2.23) in the general case. Here, in combining we exploit
that thanks to the assumption

∫
U
|u|+dµ <∞ all relevant integrals remain well-defined and finite.

Remark 2.26. For a non-negative measurable function u : U → [0,∞) on open U ⊆ RN and a positive
constant M , there hold

u+ = (u− uM )+ + (uM )+ and u− = (u− uM )− + (uM )− in U . (2.24)

Proof. From the definition of the approximate upper and lower limits, one can check by case distinction
between u±(x) > M and u±(x) ≤ M that (u − uM )± = (u± −M)+ and (uM )± = min{u±,M} hold. The
claims then follow when taking into account u± = (u± −M)+ +min{u±,M}.
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2.6 1-capacity

In the following we use 1-capacity in the sense of [8]. Indeed, one checks easily that the following definition
is equivalent to the one introduced in [8, Definition 2.1].

Definition 2.27 (1-capacity). The 1-capacity (or BV-capacity) of an arbitrary set E ⊆ RN is defined as

Cap1(E) ..= inf

{∫
RN

|∇u| dx : u ∈ W1,1(RN ), u ≥ 1 a.e. on U , U open neighborhood of E

}
(with the convention Cap1(E) ..= ∞ in case that the preceding infimum runs over the empty set).

It is not difficult to check that 1-capacity is an outer measure in the sense that for Ek, E ⊆ RN there
holds

E ⊆
∞⋃
k=1

Ek =⇒ Cap1(E) ≤
∞∑
k=1

Cap1(Ek) . (2.25)

A consequence of [8, Theorem 2.1] is the following alternative characterization of 1-capacity.

Proposition 2.28 (perimeter characterization of 1-capacity). For every E ⊆ RN , it is

Cap1(E) = inf
{
P(H) : H ⊆ RN measurable, |H| <∞, E ⊆ H+

}
.

Finally, the subsequent result of [21, Section 4] (compare also [20, Theorem 5.12], for instance) shows
that Cap1 has the same negligible sets of HN−1.

Proposition 2.29 (negligible sets). For every Borel set E ⊆ RN , we have

Cap1(E) = 0 ⇐⇒ HN−1(E) = 0 .

3 Statement and contextualization of the main results

At this stage we precisely introduce the isoperimetric conditions which will be our main hypotheses.

Definition 3.1 (φ-anisotropic IC). We say that a pair (µ, ν) of finite non-negative Radon measures µ and ν
on open U ⊆ RN satisfies the φ-anisotropic isoperimetric condition (in brief : the φ-IC ) in U with constant
C ∈ [0,∞) if it holds

µ(A+)− ν(A1) ≤ CPφ(A) for all measurable A ⋐ U . (3.1)

By the φ-IC for µ alone we mean the φ-IC for (µ, 0), that is, the validity of the preceding with ν ≡ 0. In case
of the standard isotropic integrand φ(x, ξ) = |ξ| we speak of the isotropic IC or standard IC.

In the isotropic case, this type of the condition for µ alone (or also for µ = HLN ) has already occurred in
several papers such as [7, 25, 24, 23, 45, 46, 34, 26, 19, 38, 15, 6, 18, 16, 39, 44, 29], for instance. Equivalent
reformulations have been recorded in [34, 19, 38, 39, 44] and may be taken in the spirit of expressing the
IC for µ as ∥µ∥BV(U)∗ ≤ C or ∥µ∥W−1,∞(U) ≤ C or µ ≤ CCap1 for certain natural norms (homogeneous of

degree −1) on the dual space BV(U)∗ of BV(U) and the negative Sobolev space W−1,∞(U) ∼= (W1,1
0 (U))∗

and for a relative 1-capacity Cap1 on U . Extensions of the characterization results to our anisotropic setting
with pairs (µ, ν) are addressed in the later Theorems 4.2 and 4.6, are very convenient in the sequel, and may
be of independent interest.

For what concerns examples of measures with IC, it has been recorded in [44, Proposition 8.1] that, for
each convex or pseudoconvex/outward-minimizingK ⊆ RN with |K|+P(K,RN ) <∞, the perimeter measure
P(K, · ) = HN−1 ∂∗K satisfies the isotropic IC in RN with constant 1 — where now we have normalized to
C = 1, the case most important for the purposes of this paper. As a straightforward consequence, at least
(α/β)Pφ(K, · ) with α and β from (2.7) satisfies also the φ-IC with constant 1. However, for x-independent,
convex, smooth φ, every bounded, convex, smooth K ⊆ RN is in fact Pφ-outward-minimizing, as discussed
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in [12, Section 2.1], and thus at least in this case we expect the validity of the φ-IC with constant 1 also for
Pφ(K, · ) itself.

Since any IC for µ alone implies by definition the same IC for (µ, ν), we obtain examples of pairs (µ, ν)
with IC by choosing µ as in the preceding discussion and ν arbitrary. However, this basic ansatz without
interaction between µ and ν does not yet clarify why we actually incorporate the additional measure ν with
negative sign in the “signed IC” (3.1). Rather the reason emerges only with the observation that an IC for
(µ, ν) can be based on cancellation effects and can thus be valid even though the corresponding IC for µ
alone fails. This is in fact shown by the following pivotal example, whose proof is postponed to Section 5.1.

Example 3.2 (a non-trivial signed IC). Fix θ ∈ (0, 1] and the Radon measures µ ..= (1+θ/2)H1 ∂B2 and
ν ..= θH1 ∂B1 on R2. Then (µ, ν) satisfies the isotropic IC in R2 with constant 1, while µ alone does not.

There is, however, a price for the additional generality of the “signed IC” of type (3.1): While an IC for
µ alone on U does imply

∫
Ω
v+ dµ <∞ for all v ∈ BV(U), somewhat surprisingly an IC for (µ, ν) on U does

not anymore allow this conclusion and does not even yield finiteness of
∫
Ω
v∗ dµ for all v ∈ W1,1

0 (U). In fact,
we have the following example, whose proof is partially deferred to Section 5.2.

Example 3.3 (the signed IC does not enforce finiteness on W1,1). For i ∈ N, consider the circles Si
..= ∂B1/i2

in R2, and take µ ..= H1
⋃∞

k=1 S2k−1 and ν ..= H1
⋃∞

k=1 S2k. Then both (µ, ν) and (ν, µ) satisfy the
isotropic IC in R2 with constant 1, but for the compactly supported v ∈ W1,1(R2) obtained by setting v(x) ..=(

1
|x|1/2−1

)
+

for x ∈ R2, it occurs
∫
R2 v

∗ dµ = 2π
∑∞

k=2
2k−2

(2k−1)2 = ∞ and
∫
R2 v

∗ dν = 2π
∑∞

k=1
2k−1
(2k)2 = ∞.

From Example 3.3 it is clear that, when working in the sequel with the “signed IC” (3.1), the finiteness
of integrals of the preceding type has to be added as an extra requirement. Therefore, we impose:

Assumption 3.4 (admissible measures). We consider non-negative Radon measures µ+ and µ− on the
bounded open set Ω ⊆ RN with Lipschitz boundary, and we assume

µ±(Z) = 0 for every HN−1-negligible Borel set Z ⊆ Ω (3.2)

and ∫
Ω

v+ dµ± <∞ for every non-negative v ∈ BV(Ω) . (3.3)

As the choice v ≡ 1 is possible, Assumption 3.4 includes the requirement that µ+ and µ− are finite.
Assumption 3.4 seems inevitable and imposes essentially the minimal conditions to keep the signed term∫

Ω
w− dµ+ −

∫
Ω
w+ dµ− in (3.4) below well-defined for all w ∈ BV(Ω). As explained in the introduction,

our main interest is still in the case that the non-negative measures µ+ and µ− result from the Jordan
decomposition of a signed measure µ or, equivalently, satisfy µ+ ⊥ µ−, i.e. are singular to each other. However,
since a good portion of our results (essentially semicontinuity, existence, and a part of the characterization
results in Section 4) remains valid even in case µ+ ̸⊥ µ−, we have formulated our overarching Assumption
3.4 for a general pair of measures µ+ and µ− and have not included the requirement µ+ ⊥ µ− there.

We also record that the combination of (3.2) and (3.3) is in fact equivalent with having the isotropic
IC (or alternatively any φ-IC with (2.7) valid) for both µ+ and µ− with some finite constant C < ∞; see
Proposition 4.1. This means in particular that, when specializing our following results to the case of just
one non-negative measure or when imposing separate ICs on µ+ and µ−, then (3.2) and (3.3) will be direct
consequences of the more decisive ICs with normalized constant 1, which are inevitable in the statements
anyway. In this sense, only the “fully signed case” illustrated by Example 3.3 truly needs (3.2) and (3.3) as
a weak complement to the main IC assumptions imposed below.

Before now stating our main results in Theorems 3.5, 3.8, 3.10 below, we recall that the BV version of
our functional takes the form

Φ̂[w] ..= TVu0
φ [w] +

∫
Ω

w− dµ+ −
∫
Ω

w+ dµ− (3.4)

for w ∈ BV(Ω). Here, the φ-anisotropic total variation

TVu0
φ [w] ..= |Dw|φ(Ω) = |Dw|φ(Ω) +

∫
∂Ω

φ( · , (w−u0)νΩ) dHN−1 (3.5)

17



of the extended function w ..= w1Ω + u01RN\Ω on Ω incorporates the boundary values u0 through the latter

penalization term, in which w and u0 are evaluated in the sense of traces and νΩ denotes the HN−1-a.e.
defined inward unit normal on ∂Ω. This said, we turn to our main semicontinuity result, which — as we
recall — allows for possibly non-even φ with mirrored integrand φ̃, but with regard to the precise assumptions
on µ± is new even in the standard isotropic case φ(x, ξ) = |ξ|. In fact, the result reads:

Theorem 3.5 (semicontinuity). We consider u0 ∈ W1,1(RN ) and impose Assumptions 2.11(a),(b) and 3.4.
If (µ−, µ+) satisfies the φ-IC in Ω with constant 1 and (µ+, µ−) satisfies the φ̃-IC in Ω with constant 1, then

the functional Φ̂ in (3.4) is lower semicontinuous on BV(Ω) with respect to L1(Ω)-convergence.

Theorem 3.5 crucially relies on considerations of Section 6, where we first adapt the parametric semicon-
tinuity results of [44] to the φ-anisotropic framework and to more general conditions on the measures. On a
rough level, the proof of Theorem 3.5 in Section 7.1 then uses the coarea and layer-cake formulas and exploits
the ICs in truncation arguments in order to finally deduce the conclusion from the parametric semicontinuity.

Though the ICs imposed in Theorem 3.5 seem just right for our purposes, for comparison and later
auxiliary usage let us next define also some more general ICs of a type introduced in [44].

Definition 3.6 (small-volume φ-IC). We say that a pair (µ, ν) of finite non-negative Radon measures µ and ν
on open U ⊆ RN satisfies the small-volume φ-anisotropic isoperimetric condition (in brief : the small-volume
φ-IC ) in U with constant C ∈ [0,∞) if, for every ε > 0, there exists δ > 0 such that

µ(A+)− ν(A1) ≤ CPφ(A) + ε for all measurable A ⋐ U with |A| < δ. (3.6)

As before, by the small-volume φ-IC for µ we mean the small-volume φ-IC for (µ, 0), and in case of the
standard integrand φ(x, ξ) = |ξ| we speak of the small-volume isotropic IC.

We emphasize, however, that the ICs imposed in Theorem 3.5 cannot be weakened to small-volume ICs.
This contrasts with the parametric situation of [44] and is in fact demonstrated by the following example.

Example 3.7 (failure of lower semicontinuity without IC). For N ≥ 2, consider any measurable Ak ⋐ Ω,
k ∈ N, with disjoint closures and with pk ..= P(Ak) > 0 such that

∑∞
k=1 pk <∞ (for instance, balls Ak with

P(Ak) = δ/k2, where δ > 0 is chosen suitably small that they fit into Ω). Then, µ− ..= 2HN−1
⋃∞

k=1 ∂
∗Ak

does not satisfy the isotropic IC in Ω with constant 1 (since µ−(A
+
k ) = 2HN−1(∂∗Ak) = 2P(Ak) > P(Ak) for

all k ∈ N), but does by [44, Theorem 8.2] still satisfy the small-volume isotropic IC in RN with constant 1.

Moreover, p−1
k 1Ak

∈ BV(Ω) converge in L1(Ω) to 0 (as ∥p−1
k 1Ak

∥L1(Ω) = P(Ak)
−1|Ak| ≤ const(N)P(Ak)

1
N−1

by the isoperimetric inequality (2.4)), but for µ+
..≡ 0, u0 ..≡ 0, and the isotropic integrand φ(x, ξ) = |ξ|

lower semicontinuity of Φ̂ fails along this sequence (as Φ̂[p−1
k 1Ak

] = p−1
k

[
P(Ak)−2HN−1(∂∗Ak)

]
= −1 for

k ∈ N and Φ̂[0] = 0).

It is interesting to compare Theorem 3.5 and Example 3.7 in some detail with the results of Carriero–
Leaci–Pascali [9, 10, 11] on functionals which are the sum of a standard first-order integral on W1,p(Ω),
p ∈ [1,∞), and a term

∫
Ω
g( · , w∗) dµ with the normal integrand g and the Radon measure µ both non-

negative. Specifically, [11, Theorem 5.2] guarantees lower semicontinuity of such sum functionals on W1,p(Ω)
under assumptions, which in case p = 1, g( · , w∗) = w∗

± resemble not the φ-IC of Theorem 3.5, but rather
the small-volume φ-IC for µ with constant 1. At first, this seems to be in remarkable contrast to Example
3.7 (which can be adapted to the W1,1 case), but in fact the result depends strongly on the coincidence of
the signs of g and µ and can be applied to our present framework only in cases where the effect of Example
3.7 cannot occur, namely for µ− ≡ 0 and sequences wk uniformly bounded from below, or alternatively
for µ+ ≡ 0 and sequences wk uniformly bounded from above. While it has already been observed in the
parametric setting of [44] that the sign of the measure term indeed matters for the precise IC needed, we
can now put on record that the same phenomenon manifests in the present non-parametric case as well. In
any case, we conclude the comparison by emphasizing again that all results of [9, 10, 11] remain restricted
to W1,p(Ω), while both the natural extension to BV(Ω) and the treatment of non-parametric measure terms
with arbitrary signs seem to be a novelty of the present work.

In fact, the ICs imposed in Theorem 3.5 also prove to be sharp hypotheses for deducing coercivity of Φ̂
and existence minimizers of Φ̂. The main result in this direction follows.
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Theorem 3.8 (existence). We consider u0 ∈ W1,1(RN ) and impose Assumptions 2.11(a),(b) and 3.4. If
(µ−, µ+) satisfies the φ-IC in Ω with constant C < 1 and (µ+, µ−) satisfies the φ̃-IC in Ω with constant

C < 1, then the functional Φ̂ in (3.4) has at least one minimizer in BV(Ω). Moreover, if we additionally
assume u0 ∈ L∞(RN ), the conclusion stays valid even in the extreme case with constant C = 1.

The proof of Theorem 3.8 is given in Section 7.3.
As a side remark we record that the continuity hypothesis of Assumption 2.11(b) is not essential for

Theorems 3.5 and 3.8. Indeed, this requirement is truly needed only in passing from A ⋐ Ω as in (3.1)
to general A ⊆ Ω; compare the later Theorem 4.2. Accordingly, if we would directly allow all measurable
subsets A in (3.1) instead of just the relatively compact ones, then all occurrences of Assumption 2.11(b) in
Section 7 would drop out and Theorems 3.5, 3.8 could be obtained under Assumption 2.11(a) only.

We observe that the extreme case C = 1 is also included in the results of [32, 33] for the isotropic case
with zero boundary datum u0 ≡ 0 (where C = 1 is actually the most interesting case) and in comparison is
included in Theorem 3.8 in the wider generality of arbitrary anisotropies and boundary data u0 ∈ L∞(RN ).
Interestingly, the following example demonstrates that the inclusion of the case C = 1 is no longer possible
and one truly falls back to C < 1 when the L∞ assumption on u0 is dropped.

Example 3.9 (non-existence in extreme case with unbounded boundary datum). Consider specifically the
two-dimensional Lipschitz domain Ω ..= {x ∈ B2 : x2 > −1}, a boundary datum u0 ∈ W1,1(R2) which extends
u0(x) ..= (|x|−1)−α for x ∈ B3 \ Ω with fixed α ∈ (0, 1/2), and the measures µ+ ≡ 0 and µ− = HL2 on Ω
with H ∈

⋂
p∈[1,2) L

p(Ω) defined by H(x) ..= |x|−1 for x ∈ Ω \ {(0, 0)}. Then µ− satisfies the isotropic IC in

R2 (exactly) with constant 1, but Φ̂ with isotropic integrand φ(x, ξ) = |ξ| has no minimizer in BV(Ω).
Furthermore, the preceding claims stay valid if in order to achieve even H ∈ L∞(Ω) one keeps the choice

H(x) ..= |x|−1 only for x ∈ Ω \ B1, but uses constant H ..≡ 2 on B1.

Figure 1: The domain Ω of Example 3.9 and the graph of the
potential minimizer of Φ̂ (red surface) with some level sets (colored
arcs and pink disc) and with the position of the pole (pink dot).

We postpone the detailed treatment of Example 3.9 to Section 5.3, but provide a rough explanation
on the background idea already at this stage. Indeed, the boundary values specified in Example 3.9 are
constant on the circular-arc portion of ∂Ω, while on the flat portion of ∂Ω they are symmetric in x1, but
are unbounded from above and strictly increase towards a pole at (0,−1) ∈ ∂Ω; cf. Figure 1. Since one

expects level curves of a (potentially existing) minimizer u of Φ̂ to have curvature H, from the rotational
symmetry of H around (0, 0) it is plausible that such u should be constant on Ω ∩ ∂Br for every r ∈ (1, 2),
with the constant value prescribed at the two endpoints in ∂Ω of the arc Ω ∩ ∂Br; see Figure 1 again.
But then, since u0 gets unbounded at (0,−1) and u should increase towards (0, 0), one is lead to having
u ≡ ∞ on all of B1, and this is impossible for u ∈ BV(Ω). We believe that this contradiction on the basis
of heuristic expectations provides a fairly good background idea why existence fails in the situation of the
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example, but clearly we eventually turn this idea into a precise proof and then also verify suitable integrabil-
ity of the boundary values u0 (the latter in fact the reason for the restriction α < 1/2 in the above statement).

Finally, our last main result shows that the values of Φ̂ on BV(Ω) can be recovered from those of the
functional Φ, defined in the introduction, on the Dirichlet class W1,1

u0
(Ω).

Theorem 3.10 (existence of recovery sequences). We consider u0 ∈ W1,1(RN ) and impose Assumptions
2.11(a),(b) and 3.4 with additionally µ+ ⊥ µ−. Then, for every u ∈ BV(Ω), there exists a recovery sequence
(uk)k in W1,1

u0
(Ω) such that (uk)k converges to u strictly in BV(RN ) and such that we have

lim
k→∞

Φ[uk] = Φ̂[u] ,

where Φ denotes the functional defined in (1.1) with µ ..= µ+ − µ−.

The proof of Theorem 3.10 will be carried out in Section 8.
A direct consequence of Theorem 3.10 is the following coincidence of infimum values.

Corollary 3.11 (consistency). We consider u0 ∈ W1,1(RN ) and impose Assumptions 2.11(a),(b) and 3.4
with additionally µ+ ⊥ µ−. Then we have

inf
BV(Ω)

Φ̂ = inf
W1,1

u0
(Ω)

Φ .

In particular, Corollary 3.11 shows that a minimizer of Φ in W1,1
u0

(Ω), if it should happen to exist, also

minimizes Φ̂ in BV(Ω) — a conclusion which in our opinion very consistently completes the existence theory.
Another standard conclusion from Theorems 3.5 and 3.10 concerns the L1(Ω)-relaxation Φrel of Φ, defined

by

Φrel[w] ..= inf
{
lim inf
k→∞

Φ[wk] : W
1,1
u0

(Ω) ∋ wk → w in L1(Ω)
}

for w ∈ BV(Ω) ,

and in fact reads as follows.

Corollary 3.12 (relaxation). We consider u0 ∈ W1,1(RN ) and impose Assumptions 2.11(a),(b) and 3.4
with additionally µ+ ⊥ µ−. If (µ−, µ+) satisfies the φ-IC in Ω with constant 1 and (µ+, µ−) satisfies the

φ̃-IC in Ω with constant 1, then Φrel coincides with Φ̂ on BV(Ω).

We remark that the coincidence with Φ̂ stays true for the relaxation of Φ with regard to any convergence
“in between” the u0-extended strict convergence of Theorem 3.10 and the L1-convergence of Theorem 3.5.
In particular, one may also use weak-∗ convergence in BV(Ω).

The following example, whose details are addressed in Section 5.4, shows that the assumption µ+ ⊥ µ−
in Theorem 3.10 and Corollaries 3.11, 3.12 cannot be dropped. The main reason behind is that, in the case
considered, Φ̂ “sees” the single measures µ+ and µ−, while Φ involves their difference µ = µ+ − µ− only.

Example 3.13 (failure of consistency for µ+ and µ− not singular to each other). We consider the unit
disc Ω ..= B1 ⊆ R2, a boundary datum u0 ∈ W1,1(R2) with trace u0(x) = sgn(x1) for x ∈ ∂B1, and
the measures µ+

..= µ− ..= H1 ({0}×(−1, 1)). Then, for the isotropic integrand φ(x, ξ) = |ξ|, we have

infW1,1
u0

(B1)
Φ = 4 > minBV(B1) Φ̂ = 0 and Φrel[w] = TVu0 [w] = Φ̂[w] + |Dw|({0}×(−1, 1)) for w ∈ BV(Ω).

Additionally, we record that µ ..= µ+ = µ− considered here satisfies the isotropic IC in Ω with constant 1
2

(and this in particular implies the same IC for the pair (µ, µ) and the validity of Assumption 3.4).

However, the case µ+ ̸⊥ µ− may also come with cancellation effects, which are captured neither by Φ nor

by Φ̂ and which thus do not conflict with validity of the above results. Though after all our main interest is
still in the opposite case µ+ ⊥ µ− of a signed measure, at least an extreme case with µ+ = µ− and complete
cancellation still seems worth a brief recording:

Example 3.14 (cancellation of purely unrectifiable measures). Consider measures µ+
..= µ− ..= θHN−1 P

with any purely Hn−1-unrectifiable P ⊂ Ω and any density θ ∈ L1(P ;HN−1). Then, for each measurable
A ⋐ Ω with P(A) < ∞, countable HN−1-rectifiability of A+\A1 (see e.g. [2, Theorems 3.59, 3.61]) enforces
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HN−1(P ∩ (A+\A1)) = 0 and µ∓(A
+)− µ±(A

1) =
∫
P∩(A+\A1)

θ dHN−1 = 0. Analogously, for w ∈ BV(Ω),

countable HN−1-rectifiability of {w+ ̸=w−} (see e.g. [2, Theorem 3.78]) enforces HN−1(P ∩{w+ ̸=w−}) = 0
and

∫
Ω
w− dµ+−

∫
Ω
w+ dµ− =

∫
P∩{w+ ̸=w−}(w

−−w+)θ dHN−1 = 0. Thus, in such cases, the ICs for (µ−, µ+)

and (µ+, µ−) are trivially satisfied, and the µ±-terms in Φ̂ entirely cancel out. Moreover, we record that there
exist non-zero unrectifiable measures θHN−1 P which also meet the requirements of Assumption 3.4, for
instance the measure of Example 3.16 below.

Finally, we return to the discussion of the φ-ICs used above and address a technical subtlety of our
framework with possibly non-even φ. Indeed, we demonstrate by the following example that there is a point
in distinguishing between the φ-IC with constant 1 and the φ̃-IC with constant 1 in the above results, since
the one does not necessarily imply the other.

Example 3.15 (the φ-IC does not imply the φ̃-IC). Consider φ : R2 ×R2 → [0,∞) defined by setting

φ(x, ξ) ..=

{
|ξ| if ξ2 ≥ 0

|ξ1|+|ξ2| if ξ2 ≤ 0

and the unit triangle ∆ ..= {x ∈ [0,∞)
2
: x1+x2 ≤ 1} with catheti C1, C2 and hypotenuse H, for which we

have φ( · , ν∆) = 1 on C1 ∪ C2, φ( · , ν∆) =
√
2 on H, φ̃( · , ν∆) = 1 on ∂∆ = C1 ∪ C2 ∪ H. Then the φ-

perimeter measure Pφ(∆, · ) = H1 (C1 ∪C2)+
√
2H1 H satisfies the φ-IC in R2 with constant 1 (compare

the earlier discussion and see Section 5.5), but does not satisfy the φ̃-IC in R2 with constant 1 (as shown by
Pφ(∆,∆

+) = Pφ(∆) = 4 > 2+
√
2 = Pφ̃(∆)).

Beyond that, it turns out that the φ-IC with constant 1 does not even imply the small-volume φ̃-IC with
constant C. In fact, we have the following refined example, whose full details will be taken up in Section 5.6.

Example 3.16 (the φ-IC does not even imply the small-volume φ̃-IC). Consider φ and ∆0
..= ∆ from

Example 3.15. The three similarities Ti : R
2 → R2 given by T1(x) ..= (x+(0, 2))/3, T2(x) ..= x/3, T3(x) ..=

(x+(2, 0))/3 generate the iterates ∆k
..=

⋃3
i=1 Ti(∆k−1), k ∈ N, and the fractal ∆∞ ..=

⋂∞
k=0 ∆k with

H1(∆∞) =
√
2; cf. Figure 2. Then the Radon measure µ ..= 2

√
2H1 ∆∞ satisfies the φ-IC in R2 with

constant 1, but in view of µ(∆+
k ) = 4 > 2+

√
2 = Pφ̃(∆k) for all k ∈ N0 the φ̃-IC with constant 1 falls short

uniformly for the sets ∆k, which can realize arbitrarily small volumes |∆k| = 1
24

−k.

∆0

∆1 ∆2 ∆3

Figure 2: The iterates ∆0, ∆1, ∆2, and ∆3 of Example 3.16

We believe that the effect found in Example 3.16 indeed occurs solely on fractals in the sense that it can be
excluded for measures µ± = θ±HN−1 S with countably HN−1-rectifiable S and θ± ∈ L1(S;HN−1). This is
supported by the expectation that in analogy with [44, Section 8] the small-volume φ-IC with constant 1 for
such (µ+, µ−) and suitably good φ should be satisfied precisely if θ+ ≤ φ( · , νS)+φ̃( · , νS) holds HN−1-a.e.
on S, whereas the passage from φ to φ̃ plays no role. However, we have not explored such issues in full detail.

4 Reformulations of the ICs

We recall that Ω generally denotes a bounded open set with Lipschitz boundary in RN , N ∈ N, and in this
section collect various characterizations of ICs in Ω.
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4.1 IC characterization of admissible non-negative measures

We first verify the claim made in Section 3 that the requirements of Assumption 3.4 can be read as ICs for
µ± with arbitrarily large constant.

Proposition 4.1 (characterization of admissible measures). A non-negative Radon measure µ on Ω is ad-
missible in the sense of (3.2) and (3.3) from Assumption 3.4 (clearly with µ in place of µ±) if and only if µ
satisfies the isotropic IC (or equivalently any φ-IC with (2.7) in force) with some constant C ∈ [0,∞) in Ω.

Proof. We first suppose that µ fulfills (3.2) and (3.3), and we assume for contradiction that the isotropic IC
does not hold for µ with any finite constant in Ω. Since we know from [44, Theorem 7.5] that the IC can
be equivalently phrased with A1 instead of A+, we can then select a sequence of sets (Ak)k with Ak ⋐ Ω,
P(Ak) > 0, and

µ(A1
k) > kP(Ak) for all k ∈ N . (4.1)

Specifically, by (4.1) and the finiteness of µ, we find some k ∈ N such that P(Ak) < 1 for all k ≥ k. In the
case N = 1, this directly contradicts the standard observation that sets A ⋐ R of positive perimeter have
even P(A) ≥ 2. In the main case N ≥ 2, instead, we reason as follows. For any k, we fix αk

..= 1/(k2P(Ak))
and consider u ..=

∑∞
k=1 αk1Ak

. Then, from the isoperimetric inequality (2.4) we infer∫
Ω

αk1Ak
dx =

|Ak|
k2P(Ak)

≤ cN
P(Ak)

1/(N−1)

k2
≤ cN

1

k2
for all k ≥ k

with cN ..= (NNωN )−1/(N−1). Thus, u is well-defined and ∥u∥L1(Ω) =
∑∞

k=1

∫
Ω
αk1Ak

dx <∞. Furthermore,
we compute

|Du|(Ω) ≤
∞∑
k=1

αk|D1Ak
|(Ω) =

∞∑
k=1

αkP(Ak) =

∞∑
k=1

1

k2
<∞ ,

and hence we have u ∈ BV(Ω). Finally, taking into account that u+ ≥ u− ≥
∑∞

k=1 αk(1Ak
)− by (2.1) and

applying (4.1) we get∫
Ω

u+ dµ ≥
∞∑
k=1

αk

∫
Ω

(1Ak
)− dµ =

∞∑
k=1

αkµ(A
1
k) ≥

∞∑
k=1

kP(Ak)

k2P(Ak)
=

∞∑
k=1

1

k
= ∞ ,

and thus we reach a contradiction to the validity of (3.3) for non-negative BV functions.

For the proof of the opposite implication, suppose that µ satisfies the isotropic IC with some constant
C on Ω. Then, from [44, Theorem 7.5] we obtain (3.2) and

∫
Ω
|v∗|dµ ≤ C

∫
Ω
|∇v|dx for all v ∈ W1,1

0 (Ω).
Next, even for arbitrary v ∈ W1,1(Ω), we conclude

∫
Ω
|v∗|dµ < ∞ by using strict approximations vk in

W1,1
0 (Ω) of v of the type from Theorem 2.21, reading off HN−1-a.e. convergence v∗kℓ

→ v∗ on Ω of a subse-
quence from Theorem 2.5, and then deducing with Fatou’s lemma that

∫
Ω
|v∗|dµ ≤ lim infℓ→∞

∫
Ω
|v∗kℓ

|dµ ≤
C lim supk→∞

∫
Ω
|∇vk|dx < ∞. Finally, since every v ∈ BV(Ω) satisfies v ≤ ṽ for some ṽ ∈ W1,1(Ω), we

conclude
∫
Ω
v+ dµ <∞ for all non-negative v ∈ BV(Ω) and thus arrive at (3.3).

4.2 Anisotropic ICs for general pairs of measures

Next we deal with several formulations of ICs which are basically well-known and express these conditions
by either testing with sets (type 1), testing with functions (type 2), or in a distributional sense (type 3).
However, in the characterization results of [34, 38, 39] the constant C involved may very from one condition
to another, while here with our actual focus on C = 1 we wish to fix one precise constant C. In other
words, when viewing optimal constants C as a kind of dual norms, the previous results yield equivalence,
while we will establish actual equality. In fact, this is also the reason for not considering yet another type of
characterization via bounds for the density ratio here, since in this regard the preservation of the constant
seems difficult. While a closely related result for the isotropic perimeter and a non-negative measure has
already been recorded in [44, Theorem 7.5], here we will treat general anisotropic perimeters and “signed
pairs” (µ−, µ+). We emphasize that in Theorem 4.2 directly below we do not assume that µ+ and µ− are
mutually singular, but rather we postpone specifics of the case µ+ ⊥ µ− to the subsequent Theorem 4.6.
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Theorem 4.2 (characterizations of φ-anisotropic ICs, first version). We impose Assumptions 2.11(b) and
3.4, and fix C > 0. Then the following are equivalent :

(1a) The pair (µ−, µ+) satisfies the φ-IC with constant C and (µ+, µ−) satisfies the φ̃-IC with constant C,
that is,

−CPφ̃(A) ≤ µ−(A
1)− µ+(A

+) ≤ µ−(A
+)− µ+(A

1) ≤ CPφ(A)

for all measurable A ⋐ Ω (with emphasis on A ⋐ Ω).

(1b) The pair (µ−, µ+) satisfies

−CPφ̃(A) ≤ µ−(A
1 ∩ Ω)− µ+(A

+ ∩ Ω) ≤ µ−(A
+ ∩ Ω)− µ+(A

1 ∩ Ω) ≤ CPφ(A)

for all measurable A ⊆ Ω (now with emphasis on A ⊆ Ω).

(2a) We have (where the first and the last inequality are the non-trivial ones)

− C

(
|Dv|φ̃(Ω) +

∫
∂Ω

φ̃( · , vνΩ) dHN−1

)
≤

∫
Ω

v− dµ− −
∫
Ω

v+ dµ+

≤
∫
Ω

v+ dµ− −
∫
Ω

v− dµ+ ≤ C

(
|Dv|φ(Ω) +

∫
∂Ω

φ( · , vνΩ) dHN−1

)
(4.2)

for all non-negative v ∈ BV(Ω).

In addition, each of the properties above implies the subsequent equivalent conditions:

(2b) It holds

−C
∫
Ω

φ̃( · ,∇v) dx ≤
∫
Ω

v dµ− −
∫
Ω

v dµ+ ≤ C

∫
Ω

φ( · ,∇v) dx (4.3)

for all non-negative v ∈ C∞
c (Ω).

(2c) It holds

−C
∫
Ω

φ̃( · ,∇v) dx ≤
∫
Ω

v∗ dµ− −
∫
Ω

v∗ dµ+ ≤ C

∫
Ω

φ( · ,∇v) dx (4.4)

for all non-negative v ∈ W1,1
0 (Ω).

Furthermore, if we additionally require convexity in the sense that also (a) from Assumption 2.11 is in force,
then (2b) and (2c) are equivalent with the following property :

(3) There exists a vector field σ ∈ L∞(Ω,RN ) such that φ◦(x, σ(x)) ≤ C holds for a.e. x ∈ Ω and

div(σ) = µ+ − µ− holds in the sense of distributions on Ω .

Before proving the theorem, we briefly record that (1a), (1b), (2a) “see” to some extent the single measures
µ±, while (2b), (2c), (3) depend on the signed measure µ+−µ− only. Therefore, in the general case without
an additional assumption such as µ+ ⊥ µ−, there is no chance of getting back from (2b), (2c), (3) to (1a),
(1b), (2a).

Proof. First we verify that (1a) implies (1b). We suppose (1a) holds and consider a measurable A ⊆ Ω, where
in view of (2.7) we assume without loss of generality P(A) < ∞ and thus 1A ∈ BV(RN ) ∩ L∞(RN ). From
[43, Proposition 4.1] we obtain an increasing sequence (Ωk)k of open sets such that Ωk ⋐ Ω, P(Ωk) <∞ for
all k and Ωk → Ω in measure as k → ∞ and∫

∂∗Ωk

∣∣Tint
∂∗Ωk

(1A)
∣∣ dHN−1 ≤

∫
∂Ω

∣∣Tint
∂Ω(1A)

∣∣ dHN−1 +
1

k
, for all k ∈ N . (4.5)

In view of
⋃

k∈N (A ∩ Ωk)
+
= A+ ∩Ω and

⋃
k∈N (A ∩ Ωk)

1
= A1 ∩Ω, a standard property of measures yields

µ±((A ∩ Ωk)
+
) → µ±(A

+ ∩ Ω) and µ±((A ∩ Ωk)
1
) → µ±(A

1 ∩ Ω) as k → ∞ . (4.6)
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Moreover, we can apply Theorem 2.7 and exploit Ω1 = Ω, HN−1(∂Ω△∂∗Ω) = 0 for the Lipschitz domain Ω
to get

D1A∩Ωk
= D1A (Ωk)

1 +Tint
∂∗Ωk

(1A)νΩk
HN−1 ∂∗Ωk , D1A = D1A Ω+ Tint

∂Ω(1A)νΩHN−1 ∂Ω .

Hence, for every k, applying (4.5) we obtain

P(A ∩ Ωk) = |D1A∩Ωk
|(RN ) = |D1A|

(
(Ωk)

1
)
+

∫
∂∗Ωk

∣∣Tint
∂∗Ωk

1A
∣∣ dHN−1

≤ P(A,Ω) +

∫
∂Ω

∣∣Tint
∂Ω1A

∣∣ dHN−1 +
1

k
= |D1A|(RN ) +

1

k
= P(A) +

1

k
.

As A ∩ Ωk → A in measure, the previous inequality together with the lower semicontinuity of the perimeter
ensures P(A∩Ωk) → P(A) and 1A∩Ωk

→ 1A strictly in BV(RN ). As a consequence, Theorem 2.17 establishes
Pφ(A∩Ωk) → Pφ(A) for k → ∞ and the analogous convergence for the mirrored integrand φ̃. Finally, relying
on (4.6), on assumption (1a) for the sets A ∩ Ωk ⋐ Ω, and on the convergences just observed, we conclude

µ−(A
+ ∩ Ω)− µ+(A

1 ∩ Ω) = lim
k→∞

(
µ−

(
(A ∩ Ωk)

+
)
− µ+

(
(A ∩ Ωk)

1
))

≤ C lim
k→∞

Pφ(A ∩ Ωk) = C Pφ(A) .

The estimate from below involves Pφ̃, but otherwise is analogous, and thus we arrive at (1b).

In order to check that (1a) follows from (2a), it suffices to plug v ..= 1A with measurable A ⋐ Ω into
(4.2), where again we may suppose 1A ∈ BV(Ω). Taking into account (1A)

+ = 1A+ and (1A)
− = 1A1 in Ω,

the conclusion is then straightforward.

Now we turn to the proof that (1b) implies (2a). We extend the measures µ± by zero outside Ω. Moreover,
we consider 0 ≤ v ∈ BV(Ω), extend it to v ∈ BV(RN ) such that v = 0 on RN \Ω, and then deduce from the
layer-cake formula and Remark 2.3 that we have∫

Ω

v+dµ− −
∫
Ω

v−dµ+ =

∫ ∞

0

(
µ−

(
{v > t}+ ∩ Ω

)
− µ+

(
{v > t}1 ∩ Ω

) )
dt .

We may now apply the hypothesis (1b) to the superlevel sets {v > t} ⊆ Ω for a.e. t ≥ 0 and by the φ-coarea
formula (2.15) for non-negative functions on Ω obtain∫

Ω

v+dµ− −
∫
Ω

v−dµ+ ≤ C

∫ ∞

0

Pφ ({v ≥ t}) dt = C|Dv|φ(RN ) ,

where as usual we can rewrite |Dv|φ(RN ) = |Dv|φ(Ω) +
∫
∂Ω
φ( · , vνΩ) dHN−1. Together with an analogous

lower estimate this establishes (2a).

Next we record that (2a) implies (2c) and (2c) implies (2b) by straightforward specialization from BV(Ω)
to W1,1

0 (Ω) and from W1,1
0 (Ω) to C∞

c (Ω), respectively.

In a further step, we prove that (2b) implies (2c). Given 0 ≤ v ∈ W1,1
0 (Ω), for any M > 0 we consider the

truncation vM ∈ W1,1
0 (Ω) ∩ L∞(Ω). Then there is a sequence (vMk )k in C∞

c (Ω) such that vMk → vM strongly
in W1,1(Ω) for k → ∞. Since 0 ≤ vM ≤ M on Ω, by truncation of vMk at level M and mollification we can
assume that 0 ≤ vMk ≤M on Ω for all k ∈ N. Moreover, strong convergence and Theorem 2.5 give that (up
to a relabelling a subsequence) vMk → (vM )∗ pointwise HN−1-a.e. in Ω and hence also pointwise µ±-a.e. in
Ω. Applying the dominated convergence theorem to the sequence (vMk )k in L1(Ω, µ±), we get

lim
k→∞

∫
Ω

vMk dµ± =

∫
Ω

(vM )∗dµ± .

In addition, by Theorem 2.17 the strong convergence of vMk in W1,1(Ω) induces their φ- and φ̃-strict conver-
gence. Then, we can apply (4.3) to vMk and exploit the preceding convergences in passing to the limit. We
achieve

−C
∫
Ω

φ̃( · ,∇vM ) dx =

∫
Ω

(vM )∗ dµ− −
∫
Ω

(vM )∗ dµ+ ≤ C

∫
Ω

φ( · ,∇vM ) dx . (4.7)
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It remains to send M → ∞. From Lemmas 2.24(iii) and 2.25 we know vM → v strongly in W1,1(Ω) and

lim
M→∞

∫
Ω

(vM )∗dµ± =

∫
Ω

v∗dµ± .

Therefore, passing to the limit in (4.7), we infer

−C
∫
Ω

φ̃( · ,∇v) dx ≤
∫
Ω

v∗dµ− −
∫
Ω

v∗dµ+ ≤ C

∫
Ω

φ( · ,∇v) dx .

Hence, (2c) is proved.

If (3) holds, we consider the vector field σ ∈ L∞(Ω,RN ) such that φ◦(x, σ(x)) ≤ C for a.e. x ∈ Ω and
div(σ) = µ+ − µ− on Ω. From definition of polar function φ◦, we have

σ(x) · ξ ≤ φ◦(x, σ(x))φ(x, ξ) ≤ C φ(x, ξ) for all x ∈ Ω , ξ ∈ RN ,

and by change of sign in ξ we obtain in fact

−C φ̃(x, ξ) ≤ σ(x) · ξ ≤ C φ(x, ξ) for all x ∈ Ω , ξ ∈ RN . (4.8)

Integrating any non-negative function v ∈ C∞
c (Ω) on Ω and exploiting the equality div(σ) = µ+ − µ−, we

have ∫
Ω

v dµ− −
∫
Ω

v dµ+ = −
∫
Ω

v d(µ+−µ−) = −
∫
Ω

v d(div(σ)) =

∫
Ω

σ · ∇v dx ,

and then with the help of (4.8) we arrive at the estimate in (2b).

Finally, we assume (2c) and will deduce (3). To this end, we first claim that the inequalities (4.4) from
(2c) stay valid for functions v ∈ W1,1

0 (Ω) of arbitrary sign. To verify this, we apply (2c) to v± ≥ 0 and read
off

−C
∫
Ω

φ̃( · ,∇v+) dx ≤
∫
Ω

v∗+ d(µ−−µ+) ≤ C

∫
Ω

φ( · ,∇v+) dx ,

C

∫
Ω

φ̃( · ,−∇v−) dx ≥
∫
Ω

v∗− d(µ−−µ+) ≥ −C
∫
Ω

φ( · ,−∇v−) dx .

We subtract the second line from the first and take into account ∇v = ∇v+, ∇v− ≡ 0 a.e. on {v ≥ 0} and
∇v = −∇v−, ∇v+ ≡ 0 a.e. on {v ≤ 0}. Then we indeed arrive at (4.4) for v of arbitrary sign.

Next we consider the subspace

W ..=
{
∇v : v ∈ W1,1

0 (Ω)
}
⊆ L1

(
Ω,RN

)
and define a linear functional F on W such that

F[W ] = F[∇v] ..= −
∫
Ω

v∗ d(µ+−µ−) =

∫
Ω

v∗ dµ− −
∫
Ω

v∗ dµ+ for all W = ∇v ∈ W .

Let now Iφ : L
1(Ω,RN ) → R be defined through

Iφ[W ] ..= C

∫
Ω

φ( · ,W ) dx for all W ∈ L1(Ω,RN ) .

At this point we decisively exploit the convexity from Assumption 2.11(a) to ensure that Iφ is sub-linear.
Moreover, by the arbitrary-sign version of (4.4) it is F ≤ Iφ on W. Additionally, F is bounded on W in the
sense of

|F[W ]| =
∣∣∣∣∫

Ω

v∗ d(µ+−µ−)

∣∣∣∣ ≤ Cmax

{∫
Ω

φ( · ,∇v) dx ,
∫
Ω

φ̃( · ,∇v) dx
}

≤ Cβ∥W∥L1 for all W = ∇v ∈ W .
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By the Hahn-Banach theorem we then extend F to a functional F̃ defined on the whole space L1(Ω,RN )

with same dual norm and such that the inequality F̃ ≤ Iφ is preserved on all L1(Ω,RN ). Then, applying

Riesz’ representation theorem to F̃, we find σ ∈ L∞(Ω,RN ) with ∥σ∥L∞ = ∥F̃∥(L1)∗ = ∥F∥W∗ ≤ Cβ as well

as F̃[W ] =
∫
Ω
σ ·W dx whenever W ∈ L1(Ω,RN ). In particular, on W we obtain

−
∫
Ω

v∗ d(µ+−µ−) =

∫
Ω

v∗ dµ− −
∫
Ω

u∗ dµ+ = F[∇v] =
∫
Ω

σ ·∇v dx for all v ∈ W1,1
0 (Ω)

and a fortiori for all v ∈ C∞
c (Ω). Thus, we have verified div(σ) = µ+ − µ− as distributions.

We claim furthermore that φ◦(x, σ(x)) ≤ C holds for a.e. x ∈ Ω. Indeed, from F̃ ≤ Iφ we deduce∫
Ω

σ ·W dx = F̃[W ] ≤ Iφ[W ] = C

∫
Ω

φ( · ,W ) dx for all W ∈ L1(Ω,RN ) .

Specifically, when we plug in W = ψξ with arbitrary 0 ≤ ψ ∈ C∞
c (Ω) and a constant vector ξ ∈ RN , the

homogeneity of φ leads to∫
Ω

(
σ · ξ − C φ( · , ξ)

)
ψ dx ≤ 0 whenever 0 ≤ ψ ∈ C∞

c (Ω) .

Hence, the fundamental lemma of the calculus of variations gives for every ξ ∈ RN a negligible set Nξ ⊆ Ω
such that

σ(x) · ξ ≤ C φ(x, ξ) for x ∈ Ω \Nξ . (4.9)

In order to estimate φ◦(x, σ(x)), we first deduce from (4.9) that

sup
ξ∈QN\{0}

σ(x) · ξ
φ(x, ξ)

≤ C for x ∈ Ω \
⋃

ξ∈QN

Nξ .

Then, by density of QN in RN and continuity of φ in the second variable we arrive at

φ◦(x, σ(x)) = sup
ξ∈RN\{0}

σ(x) · ξ
φ(x, ξ)

≤ C for x ∈ Ω \
⋃

ξ∈QN

Nξ .

As
⋃

ξ∈QN Nξ is still negligible, this finalizes the deduction of φ◦(x, σ(x)) ≤ C for a.e. x ∈ Ω and of (3).

Among the characterizations of the φ-IC for (µ−, µ+) plus the φ̃-IC for (µ+, µ−) in Theorem 4.2, at least
the conditions of types 1 and 2 have all been expressed through two separate estimates from above and below.
At least for the conditions of type 2 we now record the alternative of giving up the non-negativity of the
functions v and expressing the conditions as just one inequality for v of arbitrary sign (compare also the
preceding proof, where for (2c) this was partially touched upon):

Remark 4.3 (φ-anisotropic ICs for functions of arbitrary sign). Yet another equivalent reformulation of
condition (2a) of Theorem 4.2 is∫

Ω

v+ dµ− −
∫
Ω

v− dµ+ ≤ C

(
|Dv|φ(Ω) +

∫
∂Ω

φ( · , vνΩ) dHN−1

)
for all v ∈ BV(Ω) (4.10)

with no restriction of the sign of v. In an analogous manner, also conditions (2b) and (2c) of Theorem 4.2
can be expressed equivalently with functions of arbitrary sign.

Proof. To check that (2a) of Theorem 4.2 implies (4.10), we consider v ∈ BV(Ω) and apply the upper bound
of (2a) for v+, the lower bound for v−. This yields∫

Ω

(v+)
+ dµ− −

∫
Ω

(v+)
− dµ+ ≤ C

(
|Dv+|φ(Ω) +

∫
∂Ω

φ( · , v+νΩ) dHN−1

)
,

−
∫
Ω

(v−)
− dµ− +

∫
Ω

(v−)
+ dµ+ ≤ C

(
|Dv−|φ̃(Ω) +

∫
∂Ω

φ̃( · , v−νΩ) dHN−1

)
.
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Summing up term by term and employing the HN−1-a.e. decomposition of v+ and from v− from Lemma
2.4 together with the equality |Dv|φ = |Dv+|φ + |Dv−|φ̃ of Lemma 2.15, the last two estimates combine to
precisely (4.10).

Now suppose that (4.10) is fulfilled. Rewriting this inequality for −v with (−v)± = −v∓ we obtain

−
∫
Ω

v− dµ− +

∫
Ω

v+ dµ+ ≤ C

(
|Dv|φ̃(Ω) +

∫
∂Ω

φ̃( · , vνΩ) dHN−1

)
for all v ∈ BV(Ω) . (4.11)

Finally, specializing both (4.10) and (4.11) to non-negative v, we deduce the two inequalities of (2a).

For what concerns (2b) and (2c), the reasoning is analogous (and with v and v∗ in place of v± even
slightly simpler).

4.3 Anisotropic ICs for a signed measure

Next we turn specifically to mutually singular measures µ+ ⊥ µ−, or in other words to the most relevant
case of a signed measure µ = µ+ − µ−. Before eventually coming back to the assertions of Theorem 4.2, we
show that in this situation we can actually construct strict approximations of an arbitrary u ∈ BV(Ω) such
that in the limit we reproduce the representative u+ in the µ−-term and at the same time the representative
u− in the µ+-term. This is made precise in the next technical proposition, which will also be useful in the
different context of the later Section 8. We emphasize that a similar result, which allows even for arbitrary
representatives between u+ and u−, has been obtained in a slightly different framework in [29, Lemma 4.11]
on the basis of fine approximations from [29, Theorem 3.3].

Proposition 4.4. We impose Assumption 3.4, even with an arbitrary open U ⊆ RN instead of Ω, and
additionally assume µ+ ⊥ µ−. Then, for every u ∈ BV(U), there exists a sequence (wk)k in W1,1(U) such
that (wk)k converges to u strictly in BV(U) with

lim
k→∞

∫
U

w∗
k dµ− =

∫
U

u+ dµ− and

∫
U

w∗
k dµ+ =

∫
U

u− dµ+ . (4.12)

If u has compact support in U , we may even choose (wk)k in W1,1
0 (U).

Proof. Given u ∈ BV(U), we employ Proposition 2.22 and Lemma 2.23 with the measures µ± and pass to
suitable subsequences. In this way, we obtain on one hand a sequence (uℓ)ℓ in W1,1(U) which converges to
u strictly in BV(U) with uℓ ≥ u a.e. in U for all ℓ ∈ N and with

lim
ℓ→∞

∫
U

u∗ℓ dµ± =

∫
U

u+ dµ± . (4.13)

On the other hand, we also get a sequence (vℓ)ℓ in W1,1(U) which converges to u strictly in BV(U) with
vℓ ≤ u a.e. in U for all ℓ ∈ N and with

lim
ℓ→∞

∫
U

v∗ℓ dµ± =

∫
U

u− dµ± . (4.14)

In the sequel we construct wk by interpolation between uℓk and vℓk with the help of suitable cut-off
functions ηk. To this end we first decisively use µ+ ⊥ µ− to decompose U = P ·∪M into Borel sets P and M
such that µ+(M) = µ−(P ) = 0. In view of Assumption 3.4 we have

∫
U
(u+ − u−) dµ± ≤ 2

∫
U
|u|+ dµ± < ∞

for the non-negative function u+ − u−. Thus, by absolute continuity of the integral, for every k ∈ N, there
exists some δk > 0 such that µ+(E) < δk for Borel E ⊆ U implies

∫
E
(u+ − u−) dµ+ ≤ 1

k and likewise

µ−(E) < δk implies
∫
E
(u+ − u−) dµ− ≤ 1

k . Since µ+ is finite and concentrated on P , for every k ∈ N, there
is a compact set Kk;P ⊆ P such that µ+(U \Kk;P ) < δk, and analogously there is a compact set Kk;M ⊆M
such that µ−(U \Kk;M ) < δk. Altogether we may thus record∫

U\Kk;P

(u+ − u−) dµ+ ≤ 1
k and

∫
U\Kk;M

(u+ − u−) dµ− ≤ 1
k . (4.15)
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Next we consider cut-off functions ηk ∈ C1
c(U) with ηk ≡ 1 on Kk;M and ηk ≡ 0 on Kk;P and 0 ≤ ηk ≤ 1 in

U . At this stage, we come back to the strict convergences of (uℓ)ℓ and (vℓ)ℓ to u and record that these imply
∥uℓ − vℓ∥L1(U) → 0 for ℓ → ∞ plus (ψ|Duℓ|)(U) → (ψ|Du|)(U) and (ψ|Dvℓ|)(U) → (ψ|Du|)(U) for ℓ → ∞
whenever ψ ∈ C0(U)∩L∞(U); compare e.g. [2, Proposition 1.80]. Also keeping (4.13) and (4.14) in mind, we
may then choose an increasing sequence (ℓk)k of positive integers such that, for later convenience, we have
the inequalities

∥uℓk − vℓk∥L1(U) ∥∇ηk∥L∞(U,RN ) ≤ 1
k , (4.16)

(ηk|Duℓk |)(U) ≤ (ηk|Du|)(U) + 1
k and

(
(1− ηk)|Dvℓk |

)
(U) ≤

(
(1− ηk)|Du|

)
(U) + 1

k , (4.17)∫
U

(u∗ℓk − u+) dµ± ≤ 1
k and

∫
U

(u− − v∗ℓk) dµ± ≤ 1
k (4.18)

for all k ∈ N. We proceed by defining

wk
..= ηkuℓk + (1− ηk)vℓk ∈ W1,1(U)

and aim at establishing (4.12). To this end, for fixed k ∈ N, we rewrite∫
U

w∗
k dµ− =

∫
U

u∗ℓk dµ− −
∫
U

(1− ηk)(u
∗
ℓk

− v∗ℓk) dµ− ,∫
U

w∗
k dµ+ =

∫
U

v∗ℓk dµ+ +

∫
U

ηk(u
∗
ℓk

− v∗ℓk) dµ+ .

(4.19)

Next we exploit that v∗ℓ ≤ u± ≤ u∗ℓ holds µ±-a.e. in U and that we have ηk ≡ 1 on Kk;M and ηk ≡ 0 on
Kk;P . Also bringing in (4.15) and (4.18), we then estimate

0 ≤
∫
U

(1− ηk)(u
∗
ℓk

− v∗ℓk) dµ− ≤
∫
U\Kk;M

(u+ − u−) dµ− +

∫
U

(u∗ℓk − u+) dµ− +

∫
U

(u− − v∗ℓk) dµ− ≤ 3
k ,

0 ≤
∫
U

ηk(u
∗
ℓk

− v∗ℓk) dµ+ ≤
∫
U\Kk;P

(u+ − u−) dµ+ +

∫
U

(u∗ℓk − u+) dµ+ +

∫
U

(u− − v∗ℓk) dµ+ ≤ 3
k .

Employing (4.13), (4.14) together with the preceding estimates we may pass to the limit in (4.19) and then
indeed reach (4.12).

In addition, we now check that (wk)k converges to u strictly in BV(U). To this end, we first read off from
the strict convergence of (uℓ)ℓ and (vℓ)ℓ to u that wk → u in L1(U) for k → ∞, and by lower semicontinuity
of the total variation we deduce

lim inf
k→∞

|Dwk|(U) ≥ |Du|(U) .

Furthermore, from ∇wk = (uℓk − vℓk)∇ηk + ηk∇uℓk + (1− ηk)∇vℓk and the estimates (4.16), (4.17) we get

|Dwk|(U) ≤ ∥uℓk − vℓk∥L1(U) ∥∇ηk∥L∞(U,RN ) + (ηk|Duℓk |)(U) +
(
(1− ηk)|Dvℓk |

)
(U)

≤ (ηk|Du|)(U) +
(
(1− ηk)|Du|

)
(U) + 3

k = |Du|(U) + 3
k .

This yields
lim sup
k→∞

|Dwk|(U) ≤ |Du|(U) ,

and all in all we have verified strict convergence of (wk)k to u in BV(U).
Finally, we turn to the case that u has compact support in U . In this case, we still use the construction

described above and additionally exploit that the approximations uℓ and vℓ from Proposition 2.22 can even
be taken in W1,1

0 (U). As a consequence, we find wk = ηkuℓk + (1 − ηk)vℓk ∈ W1,1
0 (U), since the term ηkuℓk

inherits zero boundary values from uℓ (and also from ηk), the term (1− ηk)vℓk from vℓ.

Remark 4.5. The sequence (wk)k of Proposition 4.4 can be taken such that it converges not only strictly,
but even area-strictly. In fact, a variant of Proposition 2.22 provides even area-strict approximations uℓ and
vℓ, and it is possible to preserve even this somewhat better type of convergence in the construction of the
preceding proof.
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As announced earlier, in the case µ+ ⊥ µ− we now improve on Theorem 4.2 and complete the picture by
establishing the equivalence of all six assertions considered there. In addition, we will show that in contrast
to Theorem 4.2 we need not impose condition (3.2) from Assumption 3.4 (that is, the vanishing of µ± on
HN−1-negligible sets) as an explicit hypothesis, as now it follows automatically from each of the six assertions.

Theorem 4.6 (characterizations of φ-anisotropic ICs, second refined version). We impose Assumption
2.11(b), consider non-negative Radon measures µ+ and µ− on Ω such that µ+ ⊥ µ− and (3.3) hold, and fix
C > 0. Then all the assertions (1a), (1b), (2a), (2b), (2c) of Theorem 4.2 are mutually equivalent with each
other. If additionally Assumption 2.11(a) is in force, also assertion (3) is equivalent. Moreover, any of the
six assertions implies the vanishing condition (3.2).

Proof. We first reason that (1a) implies (3.2). To this end, we consider an HN−1-negligible Borel set Z ⊆ Ω,
and in view of µ+ ⊥ µ− we decompose Ω = P ·∪M into Borel sets such that µ+(M) = 0 = µ−(P ). We will
now show

µ+(K) = 0 for every compact K ⊆ Z ∩ P . (4.20)

Given ε > 0 we fix an open set O with K ⊆ O ⋐ Ω and µ−(O) < ε. Then HN−1(K) = 0 implies by a
well-known covering argument (see e.g. [44, Lemma 2.7]) the existence of an open set A with K ⊆ A ⋐ O
and P(A) < ε. Exploiting the left-hand inequality in (1a) for this A and involving (2.7) we infer

µ+(A
+)− µ−(A

1) ≤ CPφ̃(A) ≤ CβP(A) < Cβε .

Taking into account µ−(A
1) ≤ µ−(O) < ε this leads to µ+(K) ≤ µ+(A

+) < Cβε+ ε, and then, since ε > 0
was arbitrary, we arrive at (4.20). An analogous argument based on the right-hand inequality in (1a) gives
also µ−(K) = 0 for every compact K ⊆ Z ∩M . Then, via inner regularity of µ± we arrive at µ±(Z) = 0 and
have completed the proof of (3.2).

At this point, since (1b) is stronger than (1a) and (2a) induces (1a) by specializing to characteristic
functions (compare the proof of Theorem 4.2), we also know that (1b) and (2a) imply (3.2).

Next we argue that also (2b) implies (3.2). We begin the reasoning right the same way as the first step of
this proof, but then suitably mollify the characteristic function 1A of the open set A with K ⊆ A ⋐ O and
P(A) < ε. In this way, we obtain v ∈ C∞

c (Ω) with 1K ≤ v ≤ 1O in Ω and
∫
Ω
|∇v| < ε. Using this v in (2b),

we find ∫
Ω

v dµ+ −
∫
Ω

v dµ− ≤ C

∫
Ω

φ̃( · ,∇v) ≤ Cβ

∫
Ω

|∇v|dx < Cβε .

As before, in view of
∫
Ω
v dµ− ≤ µ−(O) < ε we deduce µ+(K) ≤

∫
Ω
v dµ+ < Cβε + ε and then arrive at

(4.20) once more. Together with the analog for µ− this yields (3.2) also under (2b) as an hypothesis.

Again, as (2c) is just stronger than (2b), we infer that (2c) implies (3.2) as well, and finally (3) implies
(3.2) by [13, Proposition 3.1]. At this point, having verified that each of the six assertions enforces the validity
of (3.2), we can deduce from Theorem 4.2 that all equivalences and implications of that theorem are valid
also in the present framework.

Therefore, it suffices to additionally prove that (2c) implies (1a). So, we assume (2c) and consider a
measurable A ⋐ Ω, for which we suppose without loss of generality P(A) <∞. By applying Proposition 4.4
to the compactly supported function 1A ∈ BV(Ω) we then find a sequence (wk)k in W1,1

0 (Ω) which converges
to 1A strictly in BV(Ω) and satisfies

lim
k→∞

∫
Ω

w∗
k dµ− =

∫
Ω

(1A)
+ dµ− = µ−(A

+) and

∫
Ω

w∗
k dµ+ =

∫
Ω

u− dµ+ = µ+(A
1) .

Moreover, by Theorem 2.17, the convergence is also φ-strict and thus in particular

lim
k→∞

|Dwk|φ(Ω) = |D1A|φ(Ω) .

Employing now the right inequality of (4.4) in (2c) for wk ∈ W1,1
0 (Ω) and letting k → ∞, by the convergences

just recorded we obtain
µ−(A

+)− µ+(A
1) ≤ C |D1A|φ(Ω) = C Pφ(A) .
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Moreover, from Proposition 4.4 we can also obtain yet another sequence (w̃k)k in W1,1
0 (Ω) which has the

same properties as (wk)k with with roles of µ+ and µ− switched, and clearly we may also use φ̃-variations
instead of φ-variations. Employing then the left inequality of (4.4) in (2c) for w̃k ∈ W1,1

0 (Ω) and letting
k → ∞, we get analogously

µ−(A
1)− µ+(A

+) ≥ −C |D1A|φ̃(Ω) = −C Pφ̃(A) .

With the last two inequalities, we arrive at (1a), and this completes the final step of the equivalence proof.

Finally, in the next remark we point out that in case of µ+ ⊥ µ− we may also switch the representatives
in our ICs. Nevertheless, the particular choice of Definition 3.1 and the preceding results is convenient for a
few later statements, valid even without µ+ ⊥ µ−, and thus we mostly stick to this convention.

Remark 4.7 (φ-anisotropic ICs with other choices of representatives). In case µ+ ⊥ µ−, condition (1a) of
Theorem 4.2 can be equivalently rewritten as

−CPφ̃(A) ≤ µ−(A
□1)− µ+(A

□2) ≤ CPφ(A) (4.21)

for all measurable A ⋐ Ω with any fixed choice of □1,□2 ∈ {+, 1}, that is, when using one of the four possible
combinations of A+ and A1 in the formula. Still for µ+ ⊥ µ−, conditions (1b) and (2a) can be equivalently
rephrased in the same manner, in case of (2a) with any of the four combinations of u+ and u−. (For the
further conditions (2b), (2c), (3) instead, there is no similar issue of choosing representatives.)

Sketch of proof. In view of A1 ⊆ A+, the original (1a) implies the variant (4.21) for any choice of □1,□2.

Moreover, if we start from (4.21), we can mimic parts of the proof of Theorem 4.2 in order to deduce (2c).
The essential argument for this purpose is the one based on the coarea and layer-cake formulas, recorded
previously in going from (1b) to (2a). In particular, when considering only v ∈ W1,1

0 (Ω) as in (2c), Remark
2.3 ensures {v > t}+ = {v > t}1 up to µ±-negligible sets for a.e. t ∈ (0,∞), which underpins the irrelevance
of the chosen representatives A+ and A1 in this reasoning. Anyway, since we assume µ+ ⊥ µ−, once (2c) is
at hand, Theorem 4.6 gives the validity of the original condition (1a) as well.

The equivalence with the variants of (1b) and (2a) comes out along the same lines, since also these imply
(2c) by the coarea and layer-cake argument just roughly touched upon.

5 Various examples

In this section we are concerned with the details of the various examples presented earlier, where a recurring
issue will be the verification of (φ-)ICs. While the validity of such ICs is often geometrically plausible from
their very definition, for their precise verification it is typically much more convenient to uncover a divergence
structure and then apply the very useful Theorem 4.6.

5.1 A non-trivial signed IC (Example 3.2)

Here we briefly justify the claims made for the Radon measures

µ ..= (1+θ/2)H1 ∂B2 and ν ..= θH1 ∂B1 on R2 , with fixed θ ∈ (0, 1] .

Verification that (µ, ν) does satisfy the isotropic IC in R2 with constant 1. By setting

σ(x) ..=


0 for |x| < 1

−θ x
|x|2 for 1 < |x| < 2

2 x
|x|2 for 2 < |x|

we obtain a vector field σ ∈ L∞(R2,R2), and in view of θ ≤ 1 we have ∥σ∥L∞;R2 ≤ 1 (i.e. σ is a sub-unit
field). Moreover, a standard computation with the divergence theorem reveals div(σ) = µ− ν in the sense of
distributions on R2. At this point, Theorem 4.6, applied with (µ+, µ−) = (µ, ν) and σ above (or alternatively
with (µ+, µ−) = (ν, µ) and −σ in place of σ) and in any case with φ(x, ξ) = |ξ|, yields the isotropic IC for
(µ, ν) with constant 1 first on Ω = Br, r ≫ 1, and as a consequence also on R2.
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Verification that µ alone does not satisfy the isotropic IC in R2 with constant 1. This claim is immediately
confirmed by observing µ(B2) = 4π(1+θ/2) > 4π = P(B2).

We additionally record that in this exemplary case also (ν, µ) and ν alone do satisfy the isotropic IC in
R2 with constant 1. This can be checked analogous to the reasoning for (µ, ν), where now one merely needs
to consider ν alone and then can use an even slightly simpler σ.

5.2 The signed IC does not enforce finiteness on W1,1 (Example 3.3)

With regard to Example 3.3 it merely remains to check the ICs for the Radon measures

µ = H1
∞⋃
k=1

S2k−1 and ν = H1
∞⋃
k=1

S2k on R2 ,

where we recall the abbreviation Si = ∂B1/i2 .

Verification that (µ, ν) and (ν, µ) satisfy the isotropic IC in R2 with constant 1. For the auxiliary numbers

αi
..=

∑∞
j=i

(−1)j−1

j2 (the remainders of the Dirichlet η(2) series), we observe sgn(αi) = (−1)i−1 and |αi| ≤ 1
i2 .

Then, by setting

σ(x) ..=

{
α1

x
|x|2 if |x| > 1

αi
x

|x|2 if 1
(i−1)2 > |x| > 1

i2 for some i ≥ 2

we obtain a vector field σ ∈ L∞(R2,R2) with ∥σ∥L∞;R2 ≤ 1. Once more, with the divergence theorem one
checks div(σ) = µ− ν in the sense of distributions on R2. Then, as in the previous Section 5.1, Theorem 4.6
yields the claimed IC for both (µ, ν) and (ν, µ).

5.3 Non-existence in extreme case with unbounded boundary datum (Example
3.9)

Here we provide a detailed treatment of Example 3.9, which — as we recall — works on the Lipschitz domain
Ω = {x ∈ B2 : x2 > −1} ⊆ R2 with any datum u0 ∈ W1,1(R2) which extends u0(x) ..= (|x|−1)−α for
x ∈ B3 \ Ω with some fixed α ∈ (0, 1/2).

At first we turn to the auxiliary claim that such an extension u0 exists, which follows from standard
Sobolev extension results as soon as u0(x) = (|x|−1)−α and |∇u0(x)| = α(|x|−1)−(α+1) give L1 functions on
B3 \Ω. These integrabilities, in turn, depend only on the behavior near the singular point (0,−1) ∈ ∂Ω and
are verified through the subsequent lemma (for u0 with β = α < 1/2 and for |∇u0| with β = α+1 < 3/2).

Lemma 5.1. For β ∈ (0,∞), we have∫
(−1,1)×(−2,−1)

(
|x| − 1

)−β
dx <∞ ⇐⇒ β <

3

2
.

Proof. A shift of domain transforms the integral of the lemma into
∫
(−1,1)×(−1,0)

(√
|x|2−2x2+1− 1

)−β
dx.

Then, in view of the routine estimates 1
4 t ≤

√
1+t−1 ≤ 1

2 t for t ∈ [0, 8] and x21−x2 ≤ |x|2−2x2 ≤ 3(x21−x2) for
x ∈ (−1, 1)×(−1, 0), it suffices to investigate finiteness of

∫
(−1,1)×(−1,0)

(x21−x2)−β dx. For the last-mentioned

integral, however, we can use symmetry in x1 and carry out x2-integration to derive in case β ̸= 1 the formula∫
(−1,1)×(−1,0)

(x21 − x2)
−β dx =

2

β − 1

(∫ 1

0

x2−2β
1 dx1 −

∫ 1

0

(x21 + 1)1−β dx1

)
,

where
∫ 1

0
(x21+1)1−β dx1 is always finite, while

∫ 1

0
x2−2β
1 dx1 is finite if and only if β < 3

2 . In case β = 1
finiteness is checked analogously (then with x2-integration giving logarithmic, but still integrable terms).

Now we come to the main non-existence claims of Example 3.9. In this regard, we crucially exploit another
lemma:
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Lemma 5.2. For every measurable A ⊆ R2 with |A| <∞, we have∫
A

1

|x|
dx ≤ P(A) . (5.1)

Moreover, equality occurs in (5.1) if and only if |A△Br| = 0 holds for some r ∈ [0,∞) (where in connection
with this lemma we understand B0 = ∅).

Proof. We fix r ∈ [0,∞) with |Br| = |A|. Then the isoperimetric inequality (2.4) and a standard computation
give

P(A) ≥ P(Br) =

∫
Br

1

|x|
dx . (5.2)

Additionally, in view of |A \ Br| = |Br \A| we find∫
A

1

|x|
dx ≤

∫
A∩Br

1

|x|
dx+

1

r
|A \ Br| =

∫
A∩Br

1

|x|
dx+

1

r
|Br \A| ≤

∫
Br

1

|x|
dx , (5.3)

and both estimates combined yield (5.1). Moreover, it is evident from the reasoning that |A\Br| = 0 = |Br\A|
is sufficient for equality in both (5.2) and (5.3) and necessary (already) for equality in (5.3).

We record that Lemma 5.2 (or alternatively the representation 1/|x| = divx(x/|x|) for 0 ̸= x ∈ R2)
implies the claimed limit-case IC for the case of Example 3.9 with density H(x) = 1/|x| and then e.g. by
Proposition 4.1 ensures finiteness of the last term in the relevant functional

Φ̂[w] = |Dw|(Ω) +
∫
∂Ω

|w−u0|dH1 −
∫
Ω

w(x)

|x|
dx among w ∈ BV(Ω) (5.4)

(where in the H1-integral we use the traces of w and u0). We can now proceed with:

Verification that there exists no minimizer for (5.4). Since only the values of u0 near ∂Ω matter and the
formula for u0 on B3 \ Ω depends only on |x|, we can assume that u0 ∈ W1,1(R2) is rotationally symmetric
and radially decreasing on all of R2 with bounded support. Moreover, by the usual extension procedure we
can pass from (5.4) to the equivalent minimization problem for

Φ̂∗[w] ..= |Dw|(R2)−
∫
R2

w(x)

|x|
dx among w ∈ BVu0 ,

where we abbreviate
BVu0

..=
{
w ∈ BV(R2) : w = u0 a.e. on R2 \ Ω

}
.

We will now prove non-existence by showing on one hand

inf
BVu0

Φ̂∗ ≤ 0 (5.5)

and on the other hand
Φ̂∗[w] > 0 for all w ∈ BVu0

. (5.6)

In order to establish (5.5), for arbitrary ε > 0, we define uε ∈ W1,∞(Ω) by

uε(x) ..=
1

max{ε, |x|−1}α
for x ∈ Ω ,

and extend to a non-negative function uε ∈ BVu0
. Then, since {uε > t} is a ball centered at 0 (up to

negligible sets) for t ∈
(
0, ε−α

)
, the coarea and layer-cake formulas together with Lemma 5.2 yield

Φ̂∗[uε] =

∫ ∞

0

(
P({uε > t})−

∫
{uε>t}

1

|x|
dx

)
dt =

∫ ∞

ε−α

(
P({uε > t})−

∫
{uε>t}

1

|x|
dx

)
dt

≤
∫ ∞

ε−α

P({uε > t}) dt =
∫
B1+ε\Ω

|∇u0|dx+

∫
B1+ε∩∂Ω

(u0−uε) dH1 .
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In view of the previously checked integrabilities and the resulting integrability of the trace of u0 on ∂Ω, the
right-hand side of the last estimate vanishes in the limit ε→ 0. Thus, we have verified (5.5).

For the proof of (5.6), we use Lemma 5.2 once more and observe

Φ̂∗[w] ≥ |Dw|({w > 0})−
∫
{w>0}

w(x)

|x|
dx =

∫ ∞

0

(
P({w > t})−

∫
{w>t}

1

|x|
dx

)
dt ≥ 0

for all w ∈ BVu0
, where equality occurs only if {w > t} is a circular disc centered at 0 (up to negligible sets)

for a.e. t ∈ (0,∞). However, since {w > t}\Ω = {u0 > t}\Ω = Br(t) \Ω with some r(t) > 1 (in case t ≥ 2−α

explicitly r(t) = 1+t−1/α ≤ 3) is prescribed, in the equality case we even deduce |{w > t}△Br(t)| = 0 for
a.e. t > 0. This, however, results in w = ∞ a.e. on B1 and is impossible for w ∈ BV(R2). Therefore, the
equality case is ruled out, and we have verified (5.6).

Finally, the case of Example 3.9 with the modified density H ∈ L∞(R2) (which, by the way, satisfies
H(x) = divx(x/max{|x|, 1}) for x ∈ R2 \ ∂B1) is similar. Indeed, a reasoning mostly analogous to the proof
of Lemma 5.2 establishes ∫

A\B1

1

|x|
dx+ 2|A ∩ B1| ≤ P(A)

for all measurable A ⊆ R2 with |A| < ∞, where equality occurs if and only if |A△Br| = 0 for some
r ∈ [1,∞) ∪ {0}. On the basis of this observations, one can then establish the second non-existence claim in
Example 3.9 by treating the full-space-extended functional

Φ̂∗[w] ..= |Dw|(R2)−
∫
R2\B1

w(x)

|x|
dx− 2

∫
B1

w(x) dx among w ∈ BVu0

right as before.

5.4 Failure of consistency for µ+ and µ− not singular to each other (Example
3.13)

We recall the Example 3.13 works on the unit disc Ω = B1 ⊂ R2 with the isotropic integrand φ(x, ξ) = |ξ|, a
boundary datum u0 with trace u0(x) = sgn(x1) for x ∈ ∂B1, and the measures µ+ = µ− = H1 ({0}×(−1, 1)).

Verification of the claims made in Example 3.13. For all w ∈ W1,1
u0

(B1) with trace u0(x) = sgn(x1), by ab-
solute continuity along lines (or alternatively by specializing formula (5.8) below) we have

TV[w] ≥
∫
B1

∂1w dx =

∫ 1

−1

∫ ℓ(x2)

−ℓ(x2)

∂1w(x1, x2) dx1 dx2 =

∫ 1

−1

[
u0(ℓ(x2), x2)− u0(−ℓ(x2), x2)

]
dx2 = 4 ,

where we abbreviated ℓ(x2) ..=
√

1−x22. Moreover, for u ∈ BV(B1), defined by u(x) ..= sgn(x1) for x ∈ B1,
we have TVu0 [u] = |Du|

(
B1

)
= 2H1({0}×[−1, 1]) = 4. Thus, by standard consistency and relaxation results

for the TV term alone (that is, the versions of Corollaries 3.11, 3.12 with µ+ = µ− ≡ 0), we can identify

min
BV(B1)

TVu0 = inf
W1,1

u0
(B1)

TV = 4 and TVrel[w] = TVu0 [w] for w ∈ BV(B1) .

Since with µ = µ+ − µ− ≡ 0 the measure term of Φ entirely vanishes, this gives in particular

inf
W1,1

u0
(B1)

Φ = 4 and Φrel[w] = TVu0 [w] for w ∈ BV(B1) .

Moreover, now taking into account µ+ = µ− = 2H1 ({0}×(−1, 1)), for all w ∈ BV(B1) we observe

Φ̂[w] = TVu0 [w] +

∫
{0}×(−1,1)

(
w−−w+

)
dH1 = TVu0 [w]− |Dw|

(
{0}×(−1, 1)

)
≥ 0
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with equality in case w = u for the specific u considered before. Therefore, with

min
BV(B1)

Φ̂ = 0 and TVu0 [w] = Φ̂[w] + |Dw|
(
{0}×(−1, 1)

)
for w ∈ BV(B1)

the main claims of Example 3.13 are verified.
Finally, the claimed IC for H1 ({0}×(−1, 1)) follows from [44, Proposition A.2], where the isotropic IC

with constant 1 has been checked even for 2H1 ({0}×R) in all of R2. Alternatively, one can get the same IC
by writing 2H1 ({0}×R) = div(σ) with σ(x) ..= (sgn(x1), 0) and then arguing as in Sections 5.1 and 5.2.

5.5 The φ-IC does not imply the φ̃-IC (Example 3.15)

With regard to Example 3.15, we comment further only on verifying the claimed φ-IC. As indicated earlier,
we believe that this can be approached by a general line of argument based on Pφ-outward-minimality.
Alternatively, a quick verification can be based once more on Theorem 4.6 with the vector field σ, which
vanishes on ∆ and coincides with the one of the subsequent Section 5.6 outside ∆. However, here we prefer
providing yet another comparably self-contained reasoning tailored out for the concrete situation at hand.

Indeed, the sole information needed on the integrand φ will be

max{|ξ1|, |ξ2|,−ξ1 − ξ2} ≤ φ(x, ξ) for all x, ξ ∈ R2 , (5.7)

which is easily verified for the choice of φ in the example. Moreover, for u ∈ BV(RN ), a bounded open
Lipschitz domain Ω in RN , a Borel set X ⊆ ∂Ω, and i ∈ {1, 2, . . . , N} we will rely on the integration-by-parts
formula

∂iu (Ω ∪X) = −
∫
(∂Ω)\X

uint∂Ω (νΩ)i dHN−1 −
∫
X

uext∂Ω (νΩ)i dHN−1 , (5.8)

with the inward normal νΩ to Ω, as it can be derived initially with X = ∅ from [2, Theorem 3.87] and then
for general X with the help of [2, Theorem 3.77]. On this basis, we now turn to:

Verification of the φ-IC for Pφ(∆, · ) = H1 (C1 ∪ C2) +
√
2H1 H. We consider a measurable set A ⋐ R2,

for which we may assume P(A) < ∞ and A ⋐ Br, r ∈ (0,∞), and we fix u = 1A in (5.8). Then, since up
to HN−1-negligible sets max{(1A)int∂Ω, (1A)

ext
∂Ω} equals 1 on A+ ∩ ∂Ω and equals 0 elsewhere on ∂Ω, for any

choice of X such that {(1A)int∂Ω = 0 , (1A)
ext
∂Ω = 1} ⊆ X and {(1A)int∂Ω = 1 , (1A)

ext
∂Ω = 0} ⊆ (∂Ω) \X, formula

(5.8) reduces to

∂i1A(Ω ∪X) = −
∫
A+∩∂Ω

(νΩ)i dHN−1 , (5.9)

and this simplified formula will now be used in implementing the basic idea illustrated in Figure 3.

Ω1

Ω2

ΩH
1

ΩH
2

A

Figure 3: The portions of Ci and H (thick green and blue lines) covered by A+ (orange
area) are estimated by integrating along the green and blue stripes, respectively, till they
leave A+. This works out even in the blue intersection area, since HN−1-a.e. point where
blue stripes leave A+ in both right and upward direction is in particular contained in the
upward red-colored part of ∂∗A which contributes to Pφ(A) with its larger 1-norm length.
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Specifically, for C1 = {0} × (0, 1) and Ω1
..= (−R, 0) × (0, 1) with corresponding X1 ⊆ ∂Ω1, we obtain from

(5.9) and (5.7), applied in the first and last step, respectively,

H1(A+ ∩ C1) = ∂11A (Ω1 ∪X1) =

∫
Ω1∪X1

(νA)1 d|D1A| ≤ Pφ(A,Ω1) .

Analogously, for C2 = (0, 1)× {0} and Ω2
..= (0, 1)× (−R, 0) with corresponding X2 ⊆ ∂Ω2, we get

H1(A+ ∩ C2) = ∂21A (Ω2 ∪X2) =

∫
Ω2∪X2

(νA)2 d|D1A| ≤ Pφ(A,Ω2) .

For the hypotenuse H of the unit triangle ∆, ΩH
1

..=
(
(0, R) × (0, 1)

)
\ ∆, and ΩH

2
..=

(
(0, 1) × (0, R)

)
\ ∆

with corresponding XH
1 ⊆ ∂ΩH

1 and XH
2 ⊆ ∂ΩH

2 , we similarly achieve

1√
2
H1(A+ ∩H) = −∂i1A (ΩH

i ∪XH
i ) =

∫
ΩH

i ∪XH
i

(
−(νA)i

)
d|D1A|

for i ∈ {1, 2}. We add up the last equation over i ∈ {1, 2} and use (5.7) to estimate −(νA)1−(νA)2 ≤ φ( · , νA)
on the intersection of domains and −(νA)i ≤ φ( · , νA) elsewhere. Then we arrive at

√
2H1(A+ ∩H) ≤ Pφ(A,ΩH

1 ∪ ΩH
2 ) .

Finally, we combine the estimates and take into account that Ω1, Ω2, and ΩH
1 ∪ ΩH

2 are essentially disjoint.
Thus, we conclude with (

H1 (C1 ∪ C2) +
√
2H1 H

)
(A) ≤ Pφ(A)

as required.

5.6 The φ-IC does not even imply the small-volume φ̃-IC (Example 3.16)

Here we go into the details of Example 3.16, which involves the self-similar fractal ∆∞. We start with:

Brief justification of the claim H1(∆∞) =
√
2. The upper bound H1(∆∞) ≤

√
2 follows from the definition

of the Hausdorff measure by covering ∆∞ for k ≫ 1 with the 3k triangles of diameter 3−k
√
2 which constitute

∆k. The lower bound H1(∆∞) ≥
√
2 results from the observation that the orthogonal projection of ∆∞ on

the second diagonal fully covers the line segment
{
(t,−t) : t ∈

[
− 1

2 ,
1
2

]}
of length

√
2.

In addition, we record that the polar φ◦ of the anisotropic integrand φ defined already in Example 3.15
takes the form

φ◦(x, ξ∗) =

{
|ξ∗| if ξ∗2 ≥ 0

max{|ξ∗1 |, |ξ∗2 |} if ξ∗2 ≤ 0
(5.10)

and then are left merely with the verification of the claimed φ-IC for the equi-distributed measure µ on ∆∞.
This verification will now be achieved via a construction partially inspired by [27] and once more with the
help of Theorem 4.6.

Verification that µ = 2
√
2H1 ∆∞ satisfies the φ-IC in R2 with constant 1. We define σk ∈ L∞(R2,R2) as

illustrated in Figure 4 for k ∈ {1, 2} and subsequently formally described for all k ∈ N.
We fix the values of σk outside ∆0 as σk ..≡ (1, 0) on (−∞, 0)×(0, 1) and σk ..≡ (0, 1) on (0, 1)×(−∞, 0)

and σk(x) ..= (−1,−1) if |x2−x1| < 1 < x1+x2 and complement these choices with σk ..≡ 0 elsewhere outside
∆0. In addition, the values on ∆0 are defined iteratively. First, we define σ1 on ∆0 by setting (with slight
abuse of notation for the characteristic functions)

σ1(x) ..=
( 23−x2, x1)
|( 23−x2, x1)|

1|(x1,x2− 2
3 )|<

1
3
+ (−1,−1)1|x2−x1|< 1

3
+

(x2,
2
3 − x1)

|(x2, 23 − x1)|
1|(x1− 2

3 ,x2)|< 1
3

for x ∈ ∆0 \∆1

and σ1 ..≡ 0 on ∆1. Then, for 2 ≤ k ∈ N, we define σk on ∆0 by setting σk(Ti(x)) ..= σk−1(x) for x ∈ ∆k−1,
i ∈ {1, 2, 3} and σk(x) ..= σk−1(x) for x ∈ ∆0 \∆k.
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Figure 4: An illustration of σk for k ∈ {1, 2}, where σk ≡ 0 on ∆k (orange regions), σk ∈ [0, 1]
2 ∩ ∂B1 on

blue-arrow regions, σk ≡ (−1,−1) on red-arrow regions, and σk ∈ [−1, 0]
2
in red-blue-superposition regions.

Despite the somewhat lengthy formal description of σk, we can read off that all values of σk remain in
([0, 1]

2∩∂B1)∪([−1, 0]
2
), and therefore (5.10) implies φ◦( · , σk) ≤ 1 a.e. on R2. Moreover, we decisively record

that only the normal component of σk jumps at the boundary of the superposition regions illustrated in Figure
4. Since these normal jumps do not contribute to div(σk), it then turns out that div(σk) = −θkH1 ∂∆k in
the sense of distributions on R2 with θk ≡ 1 on the horizontal and vertical portions of ∂∆k, but θk ≡

√
2 on

the diagonal ones.
Finally, we pass to the limit k → ∞. Since for a.e. fixed x ∈ R2 the value σk(x) is eventually constant

for k ≫ 1 and moreover σk are bounded in L∞(R2,R2), it turns out that σk converge a.e. on R2 and weak-∗
in L∞(R2,R2) to some σ ∈ L∞(R2,R2) with φ◦( · , σ) ≤ 1 a.e. on R2. In addition, since (θkH1 ∂∆k)(T ) =
(2
√
2H1 ∆∞)(T ) holds for each of the 3k triangles T which ∆k consists of, a standard argument shows that

θkH1 ∂∆k weak-∗ converge to 2
√
2H1 ∆∞ as measures on R2. In view of the convergences we can then

pass to the limit with the condition div(σk) = −θkH1 ∂∆k and obtain div(σ) = −2
√
2H1 ∆∞ on R2. At

this stage, applying Theorem 4.6 as in the earlier Sections 5.1 and 5.2, we conclude that 2
√
2H1 ∆∞ indeed

satisfies the φ-IC in R2 with constant 1.

6 Refined semicontinuity of parametric functionals

In this section we work in a parametric setting and mainly aim at refining the finite-measure case of the
semicontinuity results in [44, Theorems 1.2, 4.1]. Indeed, while these previous results deal with the isotropic
perimeter and with separate small-volume ICs for µ+ and µ−, we here cover general anisotropic perimeters
and reach the “truly signed situation” with small-volume ICs for (µ−, µ+) and (µ+, µ−), where we can even
allow for µ+ ̸⊥ µ−. We remark that in this generality we cannot deduce suitable ICs for µ+ and µ− alone (as
one can see at hand of Example 3.14), and thus we cannot follow the approach of [44, Section 4], which first
treats the functionals with one of the two measures only. Rather we will implement a related, but somewhat
more delicate reasoning, which can cope with both measures and the two corresponding types of cancellation
effects at the same time.

However, before reaching the main statement in Theorem 6.2 we deal with a key lemma, which closely
resembles and slightly refines [44, Lemma 4.4]. In fact, in the specific case of a finite measure µ we can here
dispense with a certain technical condition imposed in [44, Lemma 4.4] (see (6.1) below) and can work with
the vanishing on HN−1-negligible sets as our sole hypothesis on µ. This refinement is helpful in coping in
the sequel with semicontinuity under assumption of merely our “signed” ICs.

Lemma 6.1 (good exterior approximation). We consider a finite non-negative Radon measure µ on RN

such that µ(Z) = 0 for every HN−1-negligible Z ⊆ RN , a Borel function φ : RN × RN → [0,∞) such that
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ξ 7→ φ(x, ξ) is positively homogeneous of degree 1 and (the upper bound in) (2.7) is valid, and an arbitrary
ε > 0. If 1Ak

∈ BV(RN ) converge in L1(RN ) to 1A ∈ BV(RN ), then there exists a Borel set S ⊆ RN with
1S ∈ BV(RN ) such that we have

A+ ⊆ Int(S) , µ
(
S
)
< µ(A+) + 3ε , and lim inf

k→∞
Pφ(S,A

+
k ) < βε .

Proof. An analogous claim for the case φ(x, ξ) = |ξ| has been established in [44, Lemma 4.4] under the
additional assumption that there exist M ∈ [0,∞) and δ > 0 such that

µ(A+) ≤MP(A) + ε for all measurable A ⊆ RN with |A| < δ . (6.1)

In the present case with finite µ we will now employ a contradiction argument to show that (6.1) is
automatically valid for some M ∈ [0,∞) even with δ = ∞ (where the reader should carefully observe that
this does not mean having a small-volume IC for µ, since our M will actually depend on ε). We base the
contradiction argument on the assumption that (6.1) with δ = ∞ fails for arbitrarily large M and thus infer,
for each ℓ ∈ N, the existence of a measurable set Aℓ ⊆ RN with |Aℓ| < ∞ and µ(A+

ℓ ) > ℓ2P(Aℓ) + ε. In
particular we record

P(Aℓ) < µ(RN )ℓ−2 and µ(A+
ℓ ) > ε

for all ℓ ∈ N, and we introduce

E ..=

∞⋂
k=1

∞⋃
ℓ=k

A+
ℓ .

Now, from the subadditivity in (2.25) and the characterization in Proposition 2.28, on one hand we find

Cap1(E) ≤ Cap1

( ∞⋃
ℓ=k

A+
ℓ

)
≤

∞∑
ℓ=k

Cap1(A
+
ℓ ) ≤

∞∑
ℓ=k

P(Aℓ) ≤ µ(RN )

∞∑
ℓ=k

ℓ−2

for all k ∈ N. From this, taking into account the finiteness of µ we infer first Cap1(E) = 0, then (recalling
Proposition 2.29) HN−1(E) = 0, and by assumption on µ finally µ(E) = 0. On the other hand, we have

µ(E) = lim
k→∞

µ

( ∞⋃
ℓ=k

A+
ℓ

)
≥ lim inf

k→∞
µ(A+

k ) ≥ ε .

This contradicts the previous finding µ(E) = 0 and verifies the existence of M such that (6.1) is valid.
On the basis of (6.1) we may then deduce the claim of Lemma 6.1 for the case φ(x, ξ) = |ξ| with β = 1

by applying [44, Lemma 4.4]. The claim for general φ directly follows by exploiting the upper bound in
(2.7).

With Lemma 6.1 at hand we now turn to the announced main statement.

Theorem 6.2 (lower semicontinuity of anisotropic parametric functionals). We impose Assumption 2.11(a)
and, for finite non-negative Radon measures µ± on RN , assume µ±(Z) = 0 for every HN−1-negligible
Z ⊆ RN . If (µ−, µ+) satisfies the small-volume φ-IC in RN with constant 1 and (µ+, µ−) satisfies the
small-volume φ̃-IC in RN with constant 1, then it holds

lim inf
k→∞

[
Pφ(Ak) + µ+(A

1
k)− µ−(A

+
k )

]
≥ Pφ(A) + µ+(A

1)− µ−(A
+) (6.2)

whenever Ak and A are measurable in RN and Ak converge locally in measure to A.

Proof. We first treat the case that
⋃∞

k=1Ak ⋐ Br (and then also A ⋐ Br) for some large ball Br. Clearly,
in this case we need not distinguish between local and global convergence in measure of Ak to A. Possibly
passing to a subsequence, we assume that limk→∞

[
Pφ(Ak)+µ+(A

1
k)−µ−(A

+
k )

]
exists and is finite. By

finiteness of µ− and (2.7) this implies lim supk→∞ P(Ak) < ∞ and then also P(A) < ∞. In particular we
have 1Ak

,1A ∈ BV(RN ) for k ≫ 1. We now we fix an arbitrary ε > 0 and apply Lemma 6.1 to µ− with φ̃
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instead of φ to find a Borel set S with 1S ∈ BV(RN ) and a subsequence of (Ak)k (which we do not relabel)
such that

A+ ⊆ Int(S) , µ−
(
S
)
< µ−(A

+) + 3ε , lim
k→∞

Pφ̃(S,A
+
k ) < βε .

Moreover, we apply Lemma 6.1 also to µ+ and for the complements Br \Ak, Br \A to obtain another Borel
set S′ ⊆ RN with 1S′ ∈ BV(RN ) and yet another subsequence such that

(Br \A)+ ⊆ Int(S′) , µ+

(
S′
)
< µ+((Br \A)+) + 3ε , lim

k→∞
Pφ(S

′, (Br \Ak)
+) < βε .

In the sequel we work with S and the complement R ..= Br \ S′ of S′, which in view of Ak ∪ A ⋐ Br,
∂Br ⊆ Int(S′), and R ⋐ Br has the dual properties 1R ∈ BV(RN ),

R ⊆ A1 , µ+

(
Int(R)

)
> µ+(A

1)− 3ε , lim
k→∞

Pφ̃(R, (A
c
k)

+) < βε .

We record in particular R ⊆ Int(S) and start our line of estimates by splitting terms in the sense of the
(in)equalities

Pφ(Ak) = Pφ

(
Ak, Int(S) \R

)
+ Pφ

(
Ak, Int(S)

c
)
+ Pφ̃

(
Ac

k, R
)
,

µ+(A
1
k) ≥ µ+

(
A1

k \ Int(S)
)
− µ+

(
(Ac

k)
+ ∩ Int(R)

)
+ µ+

(
Int(R)

)
,

µ−(A
+
k ) ≤ µ−

(
A+

k \ S
)
− µ−

(
(Ac

k)
1 ∩R

)
+ µ−

(
S
)
.

The splittings combine to

lim
k→∞

[
Pφ(Ak) + µ+(A

1
k)− µ−(A

+
k )

]
≥ lim inf

k→∞
Pφ

(
Ak, Int(S) \R

)
+ lim inf

k→∞

[
Pφ

(
Ak, Int(S)

c
)
+ µ+

(
A1

k \ Int(S)
)
− µ−

(
A+

k \ S
)]

+ lim inf
k→∞

[
Pφ̃

(
Ac

k, R
)
− µ+

(
(Ac

k)
+ ∩ Int(R)

)
+ µ−

(
(Ac

k)
1 ∩R

)]
+ µ+

(
Int(R)

)
− µ−

(
S
)
,

(6.3)

and the terms on the right-hand side of (6.3) are now estimated separately. For the first term, we apply
Theorem 2.16 on the open set Int(S) \R and exploit the inclusions R ⊆ A1 ⊆ A+ ⊆ Int(S) in the estimate

lim inf
k→∞

Pφ(Ak, Int(S) \R) ≥ Pφ(A, Int(S) \R) ≥ Pφ(A,A
+ \A1) = Pφ(A) . (6.4)

In order to control the second term, we first record that in view of A+ ⊆ S we get |Ak\S| ≤ |Ak\A| ≤ |Ak△A|
and that consequently the assumed convergence in measure implies limk→∞ |Ak\S| = 0. This allows the
crucial application of the small-volume φ-IC for (µ−, µ+) to Ak \ S for k ≫ 1. Taking into account the
inclusions A+

k \S ⊆ (Ak \S)+, (Ak \S)1 ⊆ A1
k \ Int(S), S0 ⊆ Int(S)c and bringing in Lemma 2.20, we deduce

µ−
(
A+

k \ S
)
− µ+

(
A1

k \ Int(S)
)
≤ µ−((Ak \ S)+)− µ+((Ak \ S)1

)
≤ Pφ(Ak \ S) + ε

≤ Pφ(Ak, S
0) + Pφ̃(S,A

+
k ) + ε

≤ Pφ(Ak, Int(S)
c) + Pφ̃(S,A

+
k ) + ε

for k ≫ 1. Now we rearrange terms in the resulting estimate and take limits. Then, also employing the last
property from the choice of S, we conclude

lim inf
k→∞

[
Pφ(Ak, Int(S)

c) + µ+

(
A1

k \ Int(S)
)
− µ−

(
A+

k \ S
)]

≥ − lim
k→∞

Pφ̃(S,A
+
k )− ε > −(β+1)ε . (6.5)

For the third term on the right-hand side of (6.3), by applying the small-volume φ̃-IC for (µ+, µ−) to A
c
k ∩R

again for k ≫ 1 and by analogous reasoning, we have the dual estimate

µ+

(
(Ac

k)
+ ∩ Int(R)

)
− µ−

(
(Ac

k)
1 ∩R

)
≤ µ+((A

c
k ∩R)+)− µ−((A

c
k ∩R)1

)
≤ Pφ̃(A

c
k ∩R) + ε

≤ Pφ̃(A
c
k, R

1) + Pφ̃(R, (A
c
k)

+) + ε

≤ Pφ̃(A
c
k, R) + Pφ̃(R, (A

c
k)

+) + ε
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for k ≫ 1, and this leads to

lim inf
k→∞

[
Pφ̃(A

c
k, R)− µ+

(
(Ac

k)
+ ∩ Int(R)

)
+ µ−

(
(Ac

k)
1 ∩R

)]
≥ − lim

k→∞
Pφ̃(R, (A

c
k)

+)− ε > −(β+1)ε . (6.6)

Finally, for the last terms in (6.3), it suffices to recall that by choice of R and S we have

µ+

(
Int(R)

)
> µ+(A

1)− 3ε and µ−
(
S
)
< µ−(A

+) + 3ε . (6.7)

Collecting the estimates (6.3), (6.4), (6.5), (6.6), and (6.7), we finally arrive at

lim
k→∞

[
Pφ(Ak) + µ+(A

1
k)− µ−(A

+
k )

]
≥ Pφ(A) + µ+(A

1)− µ−(A
+)− (2β+8)ε .

Since ε > 0 is arbitrary, with this we have proven the claim (6.2) under the initial uniform boundedness
assumption for Ak and A.

In order to extend (6.2) to the general case without boundedness assumption, we assume once more that
limk→∞

[
Pφ(Ak)+µ+(A

1
k)−µ−(A

+
k )

]
exists and is finite, and we infer P(Ak) + P(A) <∞ for k ≫ 1. By the

isoperimetric inequality we have either |A| < ∞ or |Ac| < ∞, and we now consider the first of these two
cases. We fix an arbitrary ε > 0 and then choose r large enough for having

|A \ Br| < ε , P(A, (Br)
c) < ε , and µ±((Br)

c) < ε ,

where the latter exploits finiteness of µ±. From the local convergence of Ak to A we infer |Ak∩(Br+1\Br)| < ε
for k ≫ 1, and in view of ∫ r+1

r

HN−1(A1
k ∩ ∂Bϱ) dϱ ≤ |Ak ∩ (Br+1 \ Br)| < ε

we can choose ϱk ∈ [r, r + 1] such that HN−1(A1
k ∩ ∂Bϱk

) < ε. Via Lemma 2.20 and (2.7) this implies

Pφ(Ak ∩ Bϱk
) ≤ Pφ(Ak, (Bϱk

)+) + Pφ(Bϱk
, A1

k) ≤ Pφ(Ak) + βHN−1(A1
k ∩ ∂Bϱk

) < Pφ(Ak) + βε

for k ≫ 1. Passing to a subsequence, we can additionally assume that ϱk ∈ [r, r + 1] converge to ϱ ∈ [r, r + 1].
Then, since Ak ∩ Bϱk

are all contained in Br+1 and converge to A ∩ Bϱ in measure, the claim established
under the uniform boundedness assumption, after some elementary manipulations, implies

lim inf
k→∞

[
Pφ(Ak ∩ Bϱk

) + µ+(A
1
k)− µ−(A

+
k ∩ Br)

]
≥ Pφ(A,Br) + µ+(A

1 ∩ Br)− µ−(A
+) .

By choice of r and ϱk we can pass on to

lim inf
k→∞

[
Pφ(Ak) + µ+(A

1
k)− µ−(A

+
k )

]
+ (β + 1)ε ≥ Pφ(A) + µ+(A

1)− µ−(A
+)− 2ε

and by arbitrariness of ε arrive at (6.2). In the remaining case |Ac| < ∞, we exploit the rewriting of the
functional (here spelled out for A, but valid in the same way for Ak)

Pφ(A) + µ+(A
1)− µ−(A

+) = Pφ̃(A
c) + µ−((A

c)1)− µ+((A
c)+) + C ,

where the finite constant C ..= µ+(R
N ) − µ−(R

N ) does not affect semicontinuity at all. Thus, we can run
the same reasoning as in the previous case, now with Ac

k and Ac in place of Ak and A, with φ̃ in place of φ,
and with the roles of µ+ and µ− just exchanged (where the combination of such modifications also matches
with the assumed ICs). This completes the deduction of (6.2) in the general case.

When eventually applying Theorem 6.2, we will choose the measures µ± as extensions from open U ⊆ RN

to all of RN . The following lemma adapts an argument from the proof of [44, Lemma 7.3] and ensures that
also the relevant ICs carry over suitably from U to RN ; compare with the subsequent Remark 6.4.

Lemma 6.3 (small-volume IC for extended measures). We impose Assumption 2.11. For finite non-negative
Radon measures µ and ν on open U ⊆ RN , we introduce the extended measures µ and ν, defined by µ(S) ..=
µ(S ∩ U) and ν(S) ..= ν(S ∩ U) for Borel sets S ⊆ RN . If (µ, ν) satisfies the small-volume φ-IC in U with
constant C ∈ [0,∞), then also (µ, ν) satisfies the small-volume φ-IC in RN with constant C.

39



Proof. We assume the small-volume φ-IC for (µ, ν) in U and will deduce even a seemingly stronger version
of the small-volume φ-IC for (µ, ν) in RN , namely that, for every ε > 0, there exists some δ > 0 such that

µ(A+)− ν(A1) ≤ CPφ(A,U) + ε (6.8)

for all measurable A ⋐ RN with |A| < δ. To this end, we denote by d : RN → [0,∞] the distance function
such that d(x) ..= dist(x, U c) for x ∈ RN . We record that d is Lipschitz continuous in RN with Lipschitz
constant 1 and by Rademacher’s theorem satisfies |∇d| ≤ 1 a.e. on RN . Since µ and consequently also µ
are finite measures, we have limt↘0 µ

({
d < t

})
= µ

(
U c

)
= 0. Therefore, given an arbitrary ε > 0, we may

choose a value t0 > 0 such that

µ
({
d < t0

})
<
ε

3
.

At this stage, we fix δ′ > 0 such the small-volume φ-IC for (µ, ν) in U with constant 1 (see (3.6) for the
underlying definition) applies with ε/3 and δ′ in place of ε and δ, and we set δ ..= min

{
δ′, t0ε

3βC

}
. For proving

(6.8), we consider a measurable A ⋐ RN with |A| < δ as above and in view of the lower bound in (2.11) may
additionally assume P(A,U) <∞. With the help of Theorem 2.1 we then deduce∫ t0

0

HN−1
(
A+ ∩ {d = t}

)
dt ≤

∫
A

|∇d| dx ≤ |A| < t0ε

3βC
.

Thus, there exists t ∈ (0, t0) such that

HN−1
(
A+ ∩

{
d = t

})
≤ 1

t0

∫ t0

0

HN−1
(
A+ ∩ {d = t}

)
dt <

ε

3βC
. (6.9)

At this point we introduce E ..= A ∩
{
d > t

}
⋐ U . Then Remark 2.2 gives A+ ∩

{
d > t

}
⊆ E+ ⋐ U , and

thus taking into account the small-volume φ-IC for (µ, ν) in U together with |E| ≤ |A| < δ′ we find

µ
(
A+

)
− ν

(
A1

)
≤ µ

(
A+ ∩

{
d > t

})
− ν

(
E1

)
+ µ

({
d < t0

})
≤ µ

(
E+

)
− ν

(
E1

)
+
ε

3
≤ CPφ(E) +

2ε

3
.

(6.10)

We further estimate Pφ(E) by exploiting Lemma 2.20, the upper bound in (2.11), Theorem 2.6, and the
previously derived estimate (6.9). In this way, we deduce

Pφ(E) = Pφ(E,U) ≤ Pφ

(
A,

{
d > t

}1 ∩ U
)
+ Pφ

({
d > t

}
, A+ ∩ U

)
≤ Pφ(A,U) + β P

({
d > t

}
, A+

)
= Pφ(A,U) + βHN−1

(
A+ ∩

{
d = t

})
≤ Pφ(A,U) +

ε

3C
.

(6.11)

Combining (6.10) and (6.11) we arrive at

µ
(
A+

)
− ν

(
A1

)
≤ C

(
Pφ(A,U) +

ε

3C

)
+

2ε

3
= CPφ(A,U) + ε .

This establishes (6.8) and completes the proof.

We stress that Lemma 6.3 and its proof crucially rely on the small-volume feature of the ICs in the
following sense: Even when starting from a φ-IC for (µ, ν), in general one may only expect the small-volume
φ-IC, but not the φ-IC for (µ, ν). Anyway, this will be enough for our purposes and will eventually be
exploited in the manner explained next.

Remark 6.4 (on the interplay of Theorem 6.2 and Lemma 6.3). In the non-parametric framework of our
main results, µ± are Radon measures on open Ω ⊆ RN such that (µ−, µ+) and (µ+, µ−) satisfy a φ-IC and
a φ̃-IC in Ω, respectively. When in this situation we extend to measures µ± on RN by µ±(S) ..= µ±(S ∩Ω),
Lemma 6.3 guarantees that (µ−, µ+) and (µ+, µ−) satisfy at least the small-volume φ-IC and the small-volume
φ̃-IC in RN . It is only the validity of the latter small-volume ICs on all of RN which indeed paves the way
for eventual applications of Theorem 6.2 with µ± replacing µ± in its statement.
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Before closing this section we wish to point out that a slightly less general version of Theorem 6.2 can
also be derived in closer analogy with the approach of [44]. This approach requires separate small-volume
ICs for µ+ alone and µ− alone and then derives semicontinuity at first separately for functionals of type
P(A)+µ+

(
A1

)
and P(A)−µ−

(
A+

)
and only eventually for the general type P(A)+µ+

(
A1

)
−µ−

(
A+

)
; see

[44, Section 4] for the details. In principle this strategy extends to our setting with φ-anisotropic perimeters
as soon as suitable separate ICs for µ+ alone and µ− alone are available. Hence, we could in fact strengthen
our hypotheses to the small-volume φ-IC on µ+ alone and the small-volume φ̃-IC on µ− alone (both in RN

with constant 1) and could then derive the conclusion (6.2) by the alternative strategy just described. What
seems more interesting to us, however, is that we could also proceed that way when keeping our “signed
ICs” for (µ−, µ+) and (µ+, µ−) and additionally requiring µ+ ⊥ µ−, because then the separate ICs will
automatically follow by Proposition 6.5 below. We will not work out the details of this general approach
(since after all it requires the extra hypothesis µ+ ⊥ µ− and gives a less general result), and thus we will
not make use of Proposition 6.5 in the sequel. Nevertheless, we feel that at least the proposition and its
proof may be of independent interest and are worth being briefly recorded here. In fact, the proof partially
resembles the one of Lemma 6.3 and thus will be kept comparably concise.

Proposition 6.5 (the small-volume φ-IC for (µ, ν) with µ ⊥ ν implies the small-volume φ-IC for µ alone).
We impose Assumption 2.11 and consider finite non-negative Radon measures µ and ν on open U ⊆ RN

such that µ ⊥ ν. If (µ, ν) satisfies the small-volume φ-IC in U with constant C ∈ (0,∞), then also µ alone
satisfies the small-volume φ-IC in U with constant C, and indeed even the extended measure µ of Lemma 6.3
satisfies the small-volume φ-IC in RN with constant C.

Proof. We assume the small-volume φ-IC for (µ, ν) in U and establish the following claim which contains the
first part of the conclusion: For every ε > 0, there exist an open set O ⋐ U and some δ > 0 such that

µ(A+) ≤ CPφ(A,O) + ε for all measurable A ⋐ U such that |A| < δ . (6.12)

For verifying this claim, we first deduce from the assumption µ ⊥ ν the existence of Borel sets Sµ, Sν ⊆ U
such that U = Sµ ·∪Sν and µ(Sν) = ν(Sµ) = 0 hold. Now we fix an arbitrary ε > 0. Since µ and ν
are concentrated on Sµ and Sν , respectively, there exist compact sets Kµ ⊆ Sµ and Kν ⊆ Sν such that
µ(U \ Kµ) ≤ ε/6 and ν(U \ Kν) ≤ ε/6. In view of dist(Kµ,Kν) > 0, we may further choose the open
set O such that we have Kµ ⊆ O ⋐ U \ Kν . We now let d(x) ..= dist(x,Oc) for x ∈ RN . Observing
limt↘0 µ (U ∩ {d < t}) = µ(U \O) ≤ µ(U \Kµ) ≤ ε/6, we may choose t0 > 0 small enough for having

µ
(
U ∩

{
d < t0

})
<
ε

3
.

We further proceed in close analogy with the proof of Lemma 6.3. We choose δ′ > 0 such that the assumed
small-volume IC for (µ, ν) holds with ε and δ replaced by ε/3 and δ′. Then we fix a measurable A ⋐ U with
|A| < δ ..= min

{
δ′, t0ε

6βC

}
, and w.l.o.g. we assume P(A,O) < ∞. Arguing in the same way as for (6.9), we

find some t ∈ (0, t0) such that

HN−1
(
A+ ∩

{
d = t

})
<

ε

6βC
.

Setting E ..= A ∩
{
d > t

}
⋐ O, we then follow the derivation of (6.10) to obtain

µ(A+) ≤ CPφ(E) + ν(E1) +
2ε

3

(where we have brought the ν-term to the right-hand side and have now explicitly recorded that we need to
evaluate ν only on E1 rather than A1). In analogy with (6.11) we also get

Pφ(E) ≤ Pφ(A,O) +
ε

6C
.

Finally, we combine the preceding estimates and exploit E ⋐ O ⋐ U \ Kν in order to additionally control
ν(E1) ≤ ν(U \Kν) ≤ ε/6. This results in

µ(A+) ≤ C
(
Pφ(A,O) +

ε

6C

)
+
ε

6
+

2ε

3
= CPφ(A,O) + ε .
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Hence, the claim (6.12) and the asserted small-volume φ-IC for µ in U are proved.
Finally, the asserted small-volume φ-IC for µ in RN can now be read off from Lemma 6.3 (or can

alternatively be derived directly by adapting the previous reasoning for estimating µ(A+) ≤ CPφ(A,O) even
for all measurable A ⋐ RN such that |A| < δ).

7 Existence theory for non-parametric functionals

We recall that we work, for arbitrary N ∈ N, over a bounded open set Ω ⊆ RN with Lipschitz boundary.

7.1 Lower semicontinuity of non-parametric functionals

Here we aim at proving the lower semicontinuity result of Theorem 3.5 for the functional Φ̂ from (3.4). In
this regard it will be convenient to introduce two closely related auxiliary functionals:

Definition 7.1. We impose Assumptions 2.11 and 3.4. Then we introduce a full-space extension Φ of our
non-parametric functional Φ̂ and a variant Φ̃ of the full-space extension with mirrored integrand φ̃ and roles
of µ+ and µ− switched by setting, for w ∈ BV(RN ),

Φ[w] ..= |Dw|φ(RN ) +

∫
Ω

w− dµ+ −
∫
Ω

w+ dµ− and Φ̃[w] ..= |Dw|φ̃(RN ) +

∫
Ω

w− dµ− −
∫
Ω

w+ dµ+ .

In fact, we shall consider the functionals Φ and Φ̃ only on those w ∈ BV(RN ) which are non-negative and
coincide outside Ω with a fixed boundary datum u0 ∈ W1,1(RN ). Before turning to semicontinuity itself we
put on record a basic observation on the boundary term and an auxiliary estimate for truncations.

Remark 7.2. Whenever φ satisfies Assumption 2.11, the reverse triangle inequality (2.8) (for ξ and τ
linearly dependent) gives, for any w ∈ BV(RN ), the estimate

|Dw|φ(∂Ω) =
∫
∂Ω

φ
(
· ,
(
Tint

∂Ωw−Text
∂Ωw

)
νΩ

)
dHN−1

≥
∫
∂Ω

φ
(
· ,Tint

∂Ωw νΩ
)
dHN−1 −

∫
∂Ω

φ
(
· ,Text

∂Ωw νΩ
)
dHN−1 .

Lemma 7.3. We impose Assumption 2.11(b) and 3.4. Let (µ−, µ+) satisfy the φ-IC in Ω with constant 1 and
(µ+, µ−) the φ̃-IC in Ω with constant 1, and fix a non-negative u0 ∈ W1,1(RN ). Then, for all non-negative
w ∈ BV(RN ) such that w = u0 a.e. in RN \ Ω and all M > 0, we have

Φ[w] ≥ Φ[wM ] + cM with cM ..= α

∫
RN\Ω

|∇(u0 − (u0)
M )|dx− β

∫
∂Ω

|T∂Ω(u0−(u0)
M )|dHN−1 , (7.1)

where uM denote the truncations of Lemma 2.24. Moreover, we record limM→∞ cM = 0.

Proof. For w as in the statement, the equivalent φ-IC (4.2), applied to w − wM ≥ 0 with C = 1, yields

−
∫
Ω

(w − wM )+ dµ− +

∫
Ω

(w − wM )− dµ+ ≥ −|D
(
w − wM

)
|φ(Ω)−

∫
∂Ω

φ
(
· ,Tint

∂Ω(w − wM )νΩ
)
dHN−1 .

Employing the results of Lemma 2.24(ii), Remark 2.26, and Remark 7.2 for the difference w − wM , we
conclude

Φ[w]− Φ[wM ] = |D(w − wM )|φ(RN ) +

∫
Ω

(w − wM )− dµ+ −
∫
Ω

(w − wM )+ dµ−

≥ |D(w − wM )|φ(RN \ Ω)−
∫
∂Ω

φ
(
· ,Tint

∂Ω(w − wM ) νΩ
)
dHN−1

≥ |D(w − wM )|φ(RN \ Ω)−
∫
∂Ω

φ
(
· ,Text

∂Ω(w − wM ) νΩ
)
dHN−1

= |D(u0 − (u0)
M )|φ

(
RN \ Ω

)
−
∫
∂Ω

φ( · ,T∂Ω(u0 − (u0)
M ) νΩ) dHN−1

≥ α

∫
RN\Ω

|∇(u0 − (u0)
M )|dx− β

∫
∂Ω

|T∂Ω(u0 − (u0)
M )|dHN−1 .
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This confirms (7.1) with the constants cM defined there. Moreover, the convergence of (u0)
M to u0 in

W1,1(RN ) and Theorem 2.8 imply the claim limM→∞ cM = 0.

The next lemma is the main technical achievement of this section and carries over semicontinuity from
the parametric functionals of Section 6 at first to the non-parametric functional Φ.

Lemma 7.4 (semicontinuity of Φ on non-negative functions with prescribed values outside Ω). We impose
Assumptions 2.11(a),(b) and 3.4. Let (µ−, µ+) satisfy the φ-IC in Ω with constant 1 and (µ+, µ−) the φ̃-IC
in Ω with constant 1, and fix a non-negative u0 ∈ W1,1(RN ). Then, for (uk)k and u in BV(RN ) such that
uk → u in L1(RN ) with uk, u ≥ 0 a.e. in Ω and uk = u = u0 a.e. in RN \ Ω for all k, we have

lim inf
k→∞

Φ[uk] ≥ Φ[u] .

Proof. Consider a sequence (uk)k and u as in the statement, where by a standard reasoning with subsequences
we may additionally assume uk → u a.e. in RN . Once more we denote by µ± the extended measures given
by µ±(S) ..= µ±(S ∩ Ω) for Borel sets S ⊆ RN , and we record that by Remark 2.3 we have{

(uMk )+ > t
}
=

{
uMk > t

}+
and

{
(uMk )− > t

}
=

{
uMk > t

}1
µ±-a.e. in R

N for L1-a.e. t > 0 .

We now employ Lemma 7.3, the anisotropic coarea formula of Theorem 2.19, and a layer-cake argument for
uMk ≥ 0 (which exploits the previous equalities) to deduce

Φ[uk] ≥ Φ[uMk ] + cM = cM + |DuMk |φ(RN ) +

∫
RN

(
uMk

)−
dµ+ −

∫
RN

(
uMk

)+
dµ−

= cM +

∫ ∞

0

[
Pφ

({
uMk > t

})
+ µ+

({
uMk > t

}1
)
− µ−

({
uMk > t

}+
)]

dt .

Since the bound uMk ≤ M implies µ−
( {
uMk > t

}+ )
≤ 1(0,M)(t)µ−(Ω) with 1(0,M)µ−(Ω) ∈ L1(R+), the

integrands in the last integral are bounded from below by an L1 function independent of k. Therefore, we
may apply Fatou’s lemma to deduce

lim inf
k→∞

Φ[uk] ≥ cM +

∫ ∞

0

lim inf
k→∞

[
Pφ

({
uMk > t

})
+ µ+

({
uMk > t

}1
)
− µ−

({
uMk > t

}+
)]

dt .

Since uMk → uM a.e. in RN for k → ∞ with uMk = uM outside Ω, the sets At
k,M

..=
{
uMk > t

}
converge

in measure to At
M

..=
{
uM > t

}
for k → ∞ whenever t ≥ 0 satisfies |{uM = t}| = 0. In particular, this

convergence of sets is valid for L1-a.e. t ≥ 0, and thus by the parametric semicontinuity result of Theorem
6.2, applied in combination with Lemma 6.3 as described in Remark 6.4, we infer

lim inf
k→∞

Φ[uk] ≥ cM +

∫ ∞

0

[
Pφ

({
uM > t

})
+ µ+

({
uM > t

}1
)
− µ−

({
uM > t

}+
)]

dt .

We can identify the right-hand side of the last inequality as simply Φ[uM ] + cM by the same rewriting as
before via Remark 2.3, the coarea formula of Theorem 2.19, and the layer-cake formula. Therefore, we arrive
at

lim inf
k→∞

Φ[uk] ≥ Φ
[
uM

]
+ cM .

In order to finally send M → ∞ we exploit on one hand that |DuM |φ(RN ) → |Du|φ(RN ) by Lemma 2.24(iv)

and on the other hand that
∫
Ω

(
uM

)±
dµ∓ →

∫
Ω
u± dµ∓ by Lemma 2.25. Thus, also recalling limM→∞ cM = 0

from Lemma 7.3, we may pass to the limit with all terms of Φ to conclude

lim inf
k→∞

Φ[uk] ≥ Φ[u] .

This completes the proof.

Likewise we have semicontinuity also for the functional Φ̃:
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Lemma 7.5 (semicontinuity of Φ̃ on non-negative functions with prescribed values outside Ω). We impose
the same assumptions as in Lemma 7.4. Then, for (uk)k and u in BV(RN ) such that uk → u in L1(RN )
with uk, u ≥ 0 a.e. in Ω and uk = u = u0 a.e. in RN \ Ω for all k, we also have

lim inf
k→∞

Φ̃[uk] ≥ Φ̃[u] .

Proof. We record that the assumptions of Lemma 7.4 imply the analogous assumptions in which φ̃ takes the
role of φ and at the same time the roles of µ+ and µ− are switched. In particular, all relevant properties
directly carry over from φ to φ̃, while the roles of µ+ and µ− and the two assumed ICs are suitably symmetric
and are just exchanged. With these findings in mind, we may apply Lemma 7.4 with (φ̃, µ−, µ+) in place of
(φ, µ+, µ−) and directly arrive at the claim.

In order to finally reach the main semicontinuity result of Theorem 3.8 for the functional Φ̂, we split Φ̂
into Φ- and Φ̃-terms as follows.

Lemma 7.6. We consider u0 ∈ W1,1(RN ) and impose Assumptions 2.11 and 3.4. Then, for every w ∈
BV(Ω), we have

Φ̂[w] = Φ [w+

]
+ Φ̃

[
w−

]
− |Du0|φ

(
RN \ Ω

)
,

where the extension w = w1Ω + u01RN\Ω ∈ BV(RN ) incorporates the values of u0 outside Ω.

Proof. From Lemma 2.15 we have

|Dw|φ
(
Ω
)
= |Dw|φ

(
RN

)
− |Du0|φ

(
RN \ Ω

)
= |Dw+|φ

(
RN

)
+ |Dw−|φ̃

(
RN

)
− |Du0|φ

(
RN \ Ω

)
.

Moreover, the HN−1-a.e. decompositions w+ = (w+)
+ − (w−)

− and w− = (w+)
− − (w−)

+ of Lemma 2.4
together with (3.2) and w± = w± on the open set Ω directly yield∫

Ω

w− dµ+ −
∫
Ω

w+ dµ− =

∫
Ω

(w+)
− dµ+ −

∫
Ω

(w+)
+ dµ− +

∫
Ω

(w−)
− dµ− −

∫
Ω

(w−)
+ dµ+ .

By definition of Φ̂, Φ, Φ̃ the last two displayed equations combine to the claim of the lemma.

With the preceding lemmas at hand, the final semicontinuity conclusion is then quite quick:

Proof of Theorem 3.5. If we have L1(Ω)-convergence of a sequence (uk)k in BV(Ω) to u ∈ BV(Ω), then (uk)±
converge to u± in the same sense. In view of (uk)±, u± ≥ 0 and (uk)± = u± = (u0)± on RN \ Ω, Lemmas
7.4 and 7.5 yield

lim inf
k→∞

Φ
[
(uk)+

]
≥ Φ

[
u+

]
and lim inf

k→∞
Φ̃
[
(uk)−

]
≥ Φ̃

[
u−

]
.

Taking into account Lemma 7.6, we can add up to arrive at

lim inf
k→∞

Φ̂[uk] ≥ Φ̂[u] .

This is the claimed lower semicontinuity of Φ̂.

7.2 ICs are necessary and sufficient for coercivity

Next we observe that essentially the same ICs exploited for semicontinuity are also necessary and sufficient
for both coercivity and existence of minimizers. Our statements in this direction are rather straightforward
extensions of those made for the function case µ± = H±LN already in [25, 24].

We start by addressing the necessity of the ICs with constant 1 even for boundedness from below of Φ̂
on BV(Ω). Clearly, this entails the necessity for both coercivity of Φ̂ on BV(Ω) and the existence of any

minimizer of Φ̂ in BV(Ω).
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Proposition 7.7 (necessity of ICs with C = 1). We consider u0 ∈ W1,1(RN ) and impose Assumptions 2.11

and 3.4. If Φ̂ is bounded from below on BV(Ω), then (µ−, µ+) satisfies the φ-IC in Ω with constant 1, and
(µ+, µ−) satisfies the φ̃-IC in Ω with constant 1.

Proof. It suffices to establish the ICs in form of

−Pφ̃(A) ≤ µ−(A
1)− µ+(A

+) ≤ µ−(A
+)− µ+(A

1) ≤ Pφ(A) for all measurable A ⋐ Ω . (7.2)

Indeed, suppose that the right-hand inequality in (7.2) fails for some measurable A ⋐ Ω, which then satisfies

µ−(A
+)− µ+(A

1) > Pφ(A) .

The functions uk ..= k1A ∈ BV(Ω), k ∈ N, are compactly supported in Ω, and we record |Duk|φ(Ω) = kPφ(A)
and

∫
Ω
(uk)

+ dµ− −
∫
Ω
(uk)

− dµ+ = kµ−(A
+)− kµ+(A

1). Consequently, we find

Φ̂[uk] = k
(
Pφ(A)− µ−(A

+) + µ+(A
1)
)
+

∫
∂Ω

φ( · ,−u0νΩ) dHN−1 −−−−→
k→∞

−∞ .

This means that Φ̂ is unbounded from below and contradicts the opposing hypothesis of the proposition.
Thus, the right-hand inequality in (7.2) is verified.

If the left-hand inequality in (7.2) fails for some measurable A ⋐ Ω, an entirely analogous reasoning with
the functions uk ..= −k1A, which satisfy |Duk|φ(Ω) = kPφ̃(A), leads to a contradiction. Thus, the left-hand
inequality in (7.2) holds as well (and the middle inequality in (7.2) is trivially valid anyway).

The following statement formalizes that our ICs with constant C < 1 are also sufficient for coercivity of
Φ̂. Clearly, the coercivity will eventually be combined with the semicontinuity of Theorem 3.5 in order to
establish existence of minimizers.

Proposition 7.8 (sufficiency of ICs with C < 1 for coercivity). We impose Assumptions 2.11(a),(b) and
3.4 and consider u0 ∈ W1,1(RN ). If (µ−, µ+) satisfies the φ-IC in Ω with constant C < 1 and (µ+, µ−)

satisfies the φ̃-IC in Ω with the same constant C < 1, then Φ̂ is coercive on BV(Ω) (in the sense of Φ̂[w] ≥
ν∥w∥BV(Ω) − L for all w ∈ BV(Ω) with constants ν > 0 and L ∈ R).

Proof. We here exploit the ICs in the convenient form of (4.10) and make use of (2.7) and (2.8). In this way,
for arbitrary w ∈ BV(Ω), we estimate

Φ̂[w] = |Dw|φ(Ω) +
∫
∂Ω

φ( · , (w−u0)νΩ) dHN−1 −
∫
Ω

w+ dµ− +

∫
Ω

w− dµ+

≥ |Dw|φ(Ω) +
∫
∂Ω

[
φ( · , wνΩ)− φ( · , u0νΩ)

]
dHN−1 − C

(
|Dw|φ(Ω) +

∫
∂Ω

φ( · , wνΩ) dHN−1

)
= (1− C)

(
|Dw|φ(Ω) +

∫
∂Ω

φ( · , wνΩ) dHN−1

)
−
∫
∂Ω

φ( · , u0νΩ) dHN−1

≥ α(1− C)

(
|Dw|(Ω) +

∫
∂Ω

|w|dHN−1

)
− β

∫
∂Ω

|u0|dHN−1 .

The claim follows by estimating the first term in the last line from below via the Poincaré inequality (2.6).

7.3 Existence of minimizers

At this stage, we provide a proof of Theorem 3.8. In fact, with Theorem 3.5 and Proposition 7.8 at hand,
existence in the non-extreme cases is a routine consequence of the direct method:

Proof of Theorem 3.8 in case C < 1. By Proposition 7.8 the functional Φ̂ is coercive on BV(Ω), and thus

every minimizing sequence (uk)k for Φ̂ in BV(Ω) has a subsequence which converges in L1(Ω) to some
u ∈ BV(Ω). By the lower semicontinuity of Theorem 3.5 we then obtain

Φ̂[u] ≤ lim
k→∞

Φ̂[uk] = inf
w∈BV(Ω)

Φ̂[w] .

Thus, u is a minimizer of Φ̂, and the proof is complete.
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Finally, we turn to the more interesting extreme case of Theorem 3.8, which will be covered with the help
of the following auxiliary lemma.

Lemma 7.9. We impose Assumptions 2.11(b) and 3.4 and consider u0 ∈ W1,1(RN )∩L∞(RN ). If (µ−, µ+)
satisfies the φ-IC in Ω and (µ+, µ−) satisfies the φ̃-IC in Ω with constant 1, then we have

Φ̂[wM ] ≤ Φ̂[w] for all w ∈ BV(Ω) and all M ≥ ∥u0∥L∞(RN ) .

Proof. We first record (w+)
M =

(
wM

)
+

=
(
wM

)
+
, where the second equality is based on the bound

M ≥ ∥u0∥L∞(RN ). Moreover, this bound also means (u0)
M = u0. Therefore, Lemma 7.3 applies with cM = 0

and yields
Φ[w+] ≥ Φ

[
(w+)

M
]
= Φ

[(
wM

)
+

]
.

Applying this outcome with (−w, φ̃, µ+, µ−) in place of (w,φ, µ−, µ+), we also get

Φ̃[w−] ≥ Φ̃
[(
wM

)
−

]
.

Relying on Lemma 7.6 we may then add up the two inequalities obtained to reach the claim of the lemma.

Proof of Theorem 3.8 in case C = 1. We work with u0 ∈ W1,1(RN ) ∩ L∞(RN ) and a minimizing sequence

(uk)k for Φ̂ in BV(Ω). If we fix some M ≥ ∥u0∥L∞(RN ), the estimate Φ̂
[
uMk

]
≤ Φ̂[uk] of Lemma 7.9 applies

and guarantees that
(
uMk

)
k
is still a minimizing sequence for Φ̂. Possibly passing to a subsequence, we may

suppose
sup
k∈N

Φ̂
[
uMk

]
<∞ .

Moreover, since we have
∥∥uMk ∥∥

L∞(Ω)
≤ M and µ± are finite measures, the terms

∫
Ω

(
uMk

)±
dµ∓ are k-

uniformly bounded, and thus we can deduce even

sup
k∈N

TVu0
φ

[
uMk

]
<∞ .

Employing (2.7), we estimate

TVu0
φ

[
uMk

]
≥ αTVu0

[
uMk

]
≥ α

(∣∣DuMk ∣∣(Ω) + ∫
∂Ω

∣∣uMk ∣∣ dHN−1 −
∫
∂Ω

|u0|dHN−1

)
and then bring in the Poincaré inequality (2.6) in order to infer the boundedness of

(
uMk

)
k
in BV(Ω). At

this stage, we conclude the reasoning in the same way as in the case C < 1 by selecting an L1(Ω)-convergent
subsequence of

(
uMk

)
k
and applying the lower semicontinuity of Theorem 3.5 along (uMk )k.

8 Existence of recovery sequences

We recall once again that N ∈ N is arbitrary and Ω ⊆ RN denotes a bounded open set with Lipschitz
boundary and that, with Assumptions 2.11 and 3.4 in force and a given u0 ∈ W1,1(RN ), the functionals

Φ[w] ..=

∫
Ω

φ( · ,∇w) dx+

∫
Ω

w∗ d(µ+−µ−) for w ∈ W1,1
u0

(Ω)

and

Φ̂[w] ..= |Dw|φ(Ω) +
∫
∂Ω

φ( · , (w−u0)νΩ) dHN−1 +

∫
Ω

w− dµ+ −
∫
Ω

w+ dµ− for w ∈ BV(Ω)

are well-defined. Moreover, we record that Φ̂ is an extension of Φ in the sense of Φ̂[w] = Φ[w] for w ∈ W1,1
u0

(Ω).
The aim of this section is proving Theorem 3.10, which crucially relies on the additional assumption

µ+ ⊥ µ− and then recovers the value Φ̂[u] even at an arbitrary u ∈ BV(Ω) from the values of Φ on W1,1
u0

(Ω).

In fact, a slightly weaker statement with recovery from the values of Φ̂ on all of W1,1(Ω) is already at hand by
Proposition 4.4 and — as said earlier — to some extent resembles [29, Lemma 5.1]. Thus, we start by recasting
Proposition 4.4 in only slightly modified form and recall for this purpose that w = w1Ω+u01RN\Ω ∈ BV(RN )

denotes the extension of w ∈ BV(Ω) which uses the values of u0 outside Ω.
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Proposition 8.1 (recovery sequences with free boundary values). We impose Assumptions 2.11(b) and 3.4
with additionally µ+ ⊥ µ−. Then, for every u ∈ BV(Ω), there exists a sequence (wk)k in W1,1(Ω) such that
(wk)k converges to u strictly in BV(Ω), in particular also (wk)k converges to u strictly in BV(RN ), and such
that we have

lim
k→∞

|Dwk|φ(Ω) = |Du|φ(Ω) , (8.1)

lim
k→∞

∫
∂Ω

φ( · , (wk−u0)νΩ) dHN−1 =

∫
∂Ω

φ( · , (u−u0)νΩ) dHN−1 for each u0 ∈ W1,1(RN ) , (8.2)

lim
k→∞

∫
Ω

w∗
k dµ− =

∫
Ω

u+ dµ− , lim
k→∞

∫
Ω

w∗
k dµ+ =

∫
Ω

u− dµ+ . (8.3)

In particular, it holds
lim
k→∞

Φ̂[wk] = Φ̂[u] .

Proof. Proposition 4.4 provides a sequence (wk)k in W1,1(Ω) which converges to u strictly in BV(Ω) and
satisfies (8.3). Since the strict convergence implies φ-strict convergence by Theorem 2.17, we also have
(8.1). Moreover, since the strict convergence in BV(Ω) induces convergence of the traces in L1(∂Ω;HN−1)
by [2, Theorem 3.88] and since the upper bound in (2.7) is available, we deduce (8.2). In addition, with the
convergence of traces at hand, also the strict convergence of (wk)k to u comes out. The final convergence

limk→∞ Φ̂[wk] = Φ̂[u] follows by writing out Φ̂ and using (8.1), (8.2), (8.3) for the single terms.

In order to improve on the situation of Proposition 8.1 and regain prescribed boundary values in the
trace sense, we next aim at approximating an arbitrary w ∈ W1,1(Ω) by a sequence (vk)k in W1,1

u0
(Ω) such

that all relevant terms converge. In this regard, the technical handling of the µ±-terms seems a bit subtle,
since even with µ±-a.e. convergence v

∗
k → w∗ at hand in general cases with |Dw|(∂Ω) > 0 it does not seem

straightforward to deduce the convergence of the µ±-integrals on Ω by e.g. the application of a convergence
theorem or an IC. However, if we arrange for a sequence (vk)k bounded in L∞(Ω), we easily get through with
the dominated convergence theorem. The next lemma actually manages to reduce to this favorable situation
at the cost of requiring an L∞ bound for the boundary datum u0 only.

Lemma 8.2 (from free boundary values to L∞ boundary values). We impose Assumptions 2.11(b) and 3.4.
Then, for every u0 ∈ W1,1(Ω) ∩ L∞(Ω) and every w ∈ W1,1(Ω), there exists a sequence (vk)k in W1,1

u0
(Ω)

such that (vk)k converges to w strictly in BV(RN ) and such that we have

lim
k→∞

∫
Ω

φ( · ,∇vk) dx =

∫
Ω

φ( · ,∇w) dx+

∫
∂Ω

φ( · , (w−u0)νΩ) dHN−1 , (8.4)

lim
k→∞

∫
Ω

v∗k dµ± =

∫
Ω

w∗ dµ± . (8.5)

In particular, there hold Φ̂[vk] = Φ[vk] and

lim
k→∞

Φ[vk] = Φ̂[w] .

Proof. We work with the truncations uM ∈ W1,1(Ω) ∩ L∞(Ω) of Lemma 2.24.

Step 1. In this step we keep M ≥ ∥u0∥L∞(RN ) fixed. Since this ensures uM = uM for all u ∈ BV(Ω), we

stick to writing uM for such terms in the sequel. We apply Theorem 2.21 to wM to obtain a sequence (uℓ)ℓ
of approximations in W1,1

u0
(Ω) such that (uℓ)ℓ converges to w

M strictly in BV(RN ). If we pass to (uℓ)
M with

additional truncation at levelM , in view of ∥u0∥L∞(RN ) ≤M we still have (uℓ)
M ∈ W1,1

u0
(Ω). Moreover, since

the limit satisfies ∥wM∥L∞(RN ) ≤M , it is a standard matter to check that also the convergence is preserved

and thus
(
uℓ

M
)
ℓ
still converges to wM strictly in BV(RN ). By Theorem 2.17 the latter convergence is also

φ-strict and in view of (uℓ)
M ∈ W1,1

u0
(Ω) and uℓ

M = u0 = wM on RN \ Ω may be spelled out as

lim
ℓ→∞

∫
Ω

φ
(
· ,∇(uℓ)

M
)
dx =

∫
Ω

φ
(
· ,∇wM

)
dx+

∫
∂Ω

φ
(
· ,
(
wM−u0

)
νΩ

)
dHN−1 . (8.6)
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Moreover, Theorem 2.5 enforces HN−1-a.e. convergence
(
(uℓ)

M
)∗ →

(
wM

)∗
in Ω for ℓ→ ∞, and by (3.2) this

convergence remains true µ±-a.e. as well. Since (uℓ)
M are equi-bounded by M , the dominated convergence

theorem yields

lim
ℓ→∞

∫
Ω

(
(uℓ)

M
)∗

dµ± =

∫
Ω

(
wM

)∗
dµ± . (8.7)

Step 2. In this step we pass to the limit M → ∞. By Lemma 2.24(iii) and (iv) we have that wM converge
to w strictly in BV(RN ) for M → ∞ and also that

lim
M→∞

∫
Ω

φ
(
· ,∇wM

)
dx =

∫
Ω

φ( · ,∇w) dx (8.8)

holds. Via convergence of traces wM → w in L1(∂Ω;HN−1) (which can be deduced either from strict
continuity of the trace operator or elementarily) and via (2.7) we additionally arrive at

lim
M→∞

∫
∂Ω

φ
(
· ,
(
wM−u0

)
νΩ

)
dHN−1 =

∫
∂Ω

φ( · , (w−u0)νΩ) dHN−1 . (8.9)

Moreover, from Lemma 2.25 we have

lim
M→∞

∫
Ω

(
wM

)∗
dµ± =

∫
Ω

w∗ dµ± . (8.10)

Finally, we combine the convergences of Step 1 and Step 2 : We fix any sequence (Mk)k such that
Mk ≥ ∥u0∥L∞(RN ) for all k and limk→∞Mk = ∞. Then, we set

vk ..= (uℓk)
Mk ∈ W1,1

u0
(Ω) ,

where for each k we have chosen ℓk large enough for ensuring that vk converge to w strictly in BV(RN ), that
on one hand (8.6) and (8.8), (8.9) induce (8.4), and that on the other hand (8.7) and (8.10) induce (8.5).

The convergence limk→∞ Φ[vk] = Φ̂[w] follows by spelling out Φ and Φ̂ and using (8.4), (8.5) for the single
terms.

With Proposition 8.1 and Lemma 8.2 at hand, the proof of Theorem 3.10 is in reach. However, since
Lemma 8.2 requires boundedness of u0, we still need to approximate a general boundary datum u0 with
bounded ones, and the next lemma will help in preserving all relevant properties of a recovery sequence in
this process. Here, since we vary the boundary values, we switch to the more precise notation wu0 instead of
simply w for the extension w1Ω + u01RN\Ω of w ∈ BV(Ω) which uses the datum u0 ∈ W1,1(RN ).

Lemma 8.3 (varying the boundary values). We impose Assumption 2.11(a) and suppose that (u0,k)k con-
verges to u0 in W1,1(RN ). Then, for every sequence (zk)k such that zk ∈ W1,1

u0,k
(Ω) for all k ∈ N, there exists

a sequence (uk)k in W1,1
u0

(Ω) such that (uk−zk)k converges to 0 in W1,1(Ω), in particular also (uk
u0 −zku0,k)k

converges to 0 in BV(RN ), and such that we have

lim
k→∞

(∫
Ω

φ( · ,∇uk) dx−
∫
Ω

φ( · ,∇zk) dx
)

= 0 and lim
k→∞

(∫
Ω

u∗k dµ−
∫
Ω

z∗k dµ

)
= 0 (8.11)

whenever a non-negative Radon measure µ on Ω satisfies the isotropic IC in Ω with some constant C ∈ [0,∞).
Specifically, if Assumption 3.4 applies for non-negative Radon measures µ+ and µ− on Ω, then we have

lim
k→∞

(
Φ[uk]− Φ[zk]

)
= 0 .

Proof. We choose
uk ..= zk − u0,k + u0 ∈ W1,1

u0
(Ω)

and observe ∥uk−zk∥W1,1(Ω) = ∥u0,k−u0∥W1,1(Ω). Thus, it is immediate that (uk−zk)k converges to 0 in
W1,1(Ω), and the convergence of (uk

u0−zku0,k)k to 0 follows as usual via Theorem 2.8. The first convergence
in (8.11) can then be deduced with the help of (2.8) and (2.7), since in fact these inequalities yield φ( · ,∇uk)−
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φ( · ,∇zk) ≤ φ( · ,∇uk−∇zk) ≤ β|∇uk−∇zk| and an analogous lower estimate. For proving the second
convergence in (8.11) we exploit the assumed isotropic IC for µ in the form of Remark 4.3. Indeed, by using
(4.10) from that remark with the isotropic integrand, with (µ, 0) in place of (µ−, µ+), and with uk−zk ∈
W1,1(Ω) in place of v ∈ BV(Ω), we find∫

Ω

u∗k dµ−
∫
Ω

z∗k dµ =

∫
Ω

(
uk − zk

)∗
dµ ≤ C

(∫
Ω

|∇uk −∇zk|dx+

∫
∂Ω

|u0,k − u0|dHN−1

)
,

where by the previous observations and the continuity of the trace operator the right-hand side vanishes in
the limit k → ∞. Since an application of (4.10) with zk−uk ∈ W1,1(Ω) instead of v ∈ BV(Ω) gives an
analogous lower estimate, also the second convergence in (8.11) follows.

Finally, taking into account Proposition 4.1 we deduce from Assumption 3.4 that an isotropic IC with a
large constant C holds for µ+ and µ−. Thus, under Assumption 3.4 we have the convergences in (8.11) and
may combine them to infer limk→∞

(
Φ[uk]− Φ[zk]

)
= 0.

With Proposition 8.1 and Lemmas 8.2, 8.3 at hand, we are now ready to restate Theorem 3.10 in a slightly
extended version and finally approach its proof. We emphasize that the decisive assumption µ+ ⊥ µ− enters
only through the application of Proposition 8.1 and can then be traced back to the proof of the earlier
Proposition 4.4.

Theorem 8.4 (existence of recovery sequences). We impose Assumptions 2.11(a),(b) and 3.4 and addition-
ally require µ+ ⊥ µ−. Then, for every u0 ∈ W1,1(RN ) and every u ∈ BV(Ω), there exists a recovery sequence
(uk)k in W1,1

u0
(Ω) such that uk converges to u strictly in BV(RN ) and such that we have

lim
k→∞

∫
Ω

φ( · ,∇uk) dx = |Du|φ(Ω) +
∫
∂Ω

φ( · , (u−u0)νΩ) dHN−1 , (8.12)

lim
k→∞

∫
Ω

u∗k dµ− =

∫
Ω

u+ dµ− , lim
k→∞

∫
Ω

u∗k dµ+ =

∫
Ω

u− dµ+ . (8.13)

In particular, there hold Φ̂[uk] = Φ[uk] and

lim
k→∞

Φ[uk] = Φ̂[u] . (8.14)

Proof. Step 1. We assume even u0 ∈ W1,1(RN )∩L∞(RN ). Then, we approximate u ∈ BV(Ω) by a sequence
(wk)k in W1,1(Ω) as in Proposition 8.1 and afterwards each wk ∈ W1,1(Ω) by a sequence (vk,ℓ)ℓ in W1,1

u0,k
(Ω)

as in Lemma 8.2. In summary, for uk ..= vk,ℓk ∈ W1,1
u0,k

(Ω) with ℓk chosen suitably large, we obtain that (uk)k
converges to u strictly in BV(RN ) with exactly (8.12) and (8.13).

Step 2. We consider a general u0 ∈ W1,1(RN ). Then we choose an arbitrary sequence (u0,k)k in
W1,1(RN ) ∩ L∞(RN ) such that (u0,k)k converges to u0 in W1,1(RN ). For instance, we might again use
truncations u0,k ..= (u0)

k. In any case, for the sole relevant terms which involve the boundary datum, we
exploit once more Theorem 2.8 and record

lim
k→∞

∫
∂Ω

|u−u0,k|dHN−1 =

∫
∂Ω

|u−u0|dHN−1 ,

lim
k→∞

∫
∂Ω

φ( · , (u−u0,k)νΩ) dHN−1 =

∫
∂Ω

φ( · , (u−u0)νΩ) dHN−1 .

Then, by applying the outcome of Step 1 for each fixed u0,k and once more by suitable choices of a second
index, we obtain a sequence (zk)k such that we have zk ∈ W1,1

u0,k
(Ω) for all k, such that (zk

u0,k)k converges

to uu0 strictly in BV(RN ) and such that (8.12) and (8.13) hold with zk in place of uk. With this we have
reached the point for applying Lemma 8.3. The lemma in fact yields a sequence (uk)k in W1,1

u0
(Ω) (now with

the correct fixed boundary datum) such that (uk
u0−zku0,k)k converges to 0 in BV(RN ) and (8.11) applies

with µ = µ±. In conclusion we get that (uk
u0)k converges to uu0 strictly in BV(RN ), and moreover (8.11)

perfectly fits for passing from (8.12), (8.13) with zk to the claimed form of (8.12), (8.13) with uk. The final

claim limk→∞ Φ[uk] = Φ̂[u] follows once more by writing out the functionals and employing the convergences
of the single terms. The proof of Theorem 8.4 is complete.
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