ON OPTIMAL TRANSPORT MAPS
BETWEEN 1/¢-CONCAVE DENSITIES
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ABSTRACT. In this paper, we extend the scope of Caffarelli’s contrac-
tion theorem, which provides a measure of the Lipschitz constant for
optimal transport maps between log-concave probability densities in R?.
Our focus is on a broader category of densities, specifically those that
are 1/d-concave and can be represented as V~%, where V is convex. By
setting appropriate conditions, we derive linear or sublinear limitations
for the optimal transport map. This leads us to a comprehensive Lips-
chitz estimate that aligns with the principles established in Caffarelli’s
theorem.

Keywords. Monge-Ampere equation, Lipschitz change of variables, poly-
nomially decaying densities.
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1. INTRODUCTION

Given two probability densities f and ¢ on R? with finite second mo-
ments, the quadratic optimal transport problem between p(dz) = f(x)dx
and v(dy) = ¢g(y)dy consists in finding the change of variables T' between p
and v that minimizes the mean squared displacement:

/ & — () f (x)da
]Rd

subject to the constraint Ty = v requiring that 7" transports p to v, i.e.,

/ f(x)dz = / g(y)dy  for every Borel subset A of RY.
T-1(A) A

A seminal work of Brenier [2] states that there exists a unique (up to neg-
ligible sets for u) solution T to this quadratic optimal transport problem
and that T is characterized by the fact that it has a convex potential i.e.

Date: September 22, 2024.

CEREMADE, UMR CNRS 7534, Université Paris Dauphine, PSL, PL
de Lattre de Tassigny, 75775 Paris Cedex 16, France and INRIA-Paris,
carlier@ceremade.dauphine.fr.

ETH Ziirich, Department of Mathematics, Ramistrasse 101, 8092, Ziirich, Switzerland,
alessio.figalli@math.ethz.ch.

Universite Claude Bernard Lyon 1, ICJ UMR5208, CNRS, Ecole Centrale de
Lyon, INSA Lyon, Université Jean Monnet, 69622 Villeurbanne cedex, France,
santambrogio@math.univ-lyonl.fr.



2 GUILLAUME CARLIER, ALESSIO FIGALLI, AND FILIPPO SANTAMBROGIO

it is of the form T' = V¢ with ¢ convex. Without assuming that p and v
have finite second moments, McCann [15] extended Brenier’s result (with
a different strategy based on cyclical monotonicity arguments rather than
on optimal transport). The Brenier-McCann map 7' = V¢ with ¢ convex,
seen as the monotone change of variables between the absolutely continu-
ous measures ¢ and v on RY, is by now considered a fundamental object
which solves, in particular, in some suitable weak sense the Monge-Ampere
equation:

det(D*¢) g(Ve) = f. (1.1)
The regularity theory for the monotone transport and the corresponding
Monge-Ampere equation, initiated by Caffarelli [3], has stimulated an in-
tensive line of research in the last thirty years (see the survey [9] and the
textbook [11]). We shall consider the case of densities f and g which are
(at least) %S‘(Rd) with 1/f,1/g € L (R?), it follows from [8, 12] (see also
[1]) that ¢ € CIQO’? (R%) and solves the Monge-Ampere equation in the clas-
sical sense. Regarding global estimates, a pathbreaking result of Caffarelli
[4] states that if f =e™" and g = e~ for some Cﬁ)’i (RY) functions V and
W with D2V < AId and D?W > AId (A > 0, 0 < A < +00) then T is
globally Lipschitz with the explicit bound || DT foo(ga) < 1/A/A. To see the
importance of Caffarelli’s result, it is worth recalling that having a globally
Lipschitz transport between f and g enables one to directly transfer various
functional inequalities, in particular Poincaré inequalities, from f to g. We
refer the interested reader to [7], [6], [14], [10], [5] and the references therein
for extensions, alternative proofs, and applications.

Since Calffarelli’s argument uses in a crucial way the concavity of the
logarithm of the determinant, it is really tempting to try to exploit the
stronger fact that the determinant to the power 1/d is also a concave function
on the space of symmetric positive definite matrices, and to see whether this
can be useful to go beyond the case of log-concave densities. More precisely,
we shall consider densities of the form

with W typically convex (in which case, we will say that g is 1/d-concave)
and V semiconcave. Throughout the paper, we will always assume that V'

and W are of class C’llo’cl, bounded from below away from 0, and of course
we impose that V=% and W~¢ are probability densities

[ [
Rdvd_ Rde_ .

Under suitable additional assumptions, we will indeed obtain a bound on
the Lipschitz constant of the monotone transport between such measures,
in the spirit of Caffarelli’s result. A similar strategy and somehow similar
computations were already present in the recent paper [13], which instead
focuses on the case of moment measures (i.e. one of the two densities is
related to the potential ¢ itself through a negative power law). However,
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besides the fact that the moment measure case provides the Monge-Ampere
equation with a particular rigid structure, the claimed result of [13] is rather
different than ours.

As a first step of independent interest, we establish some linear growth
estimates on the monotone transport.

Theorem 1.1. Assume that, for some p > 1, VP is Lipschitz and

lim inf W(y) > 0, lim inf w
lyl=oo [y[P yloe W (y)

> 1. (1.2)

Then, the monotone transport T from V—% to W4 satisfies
T(z)] < C(L+]z]), VzeR (1.3)
for some explicit constant C' > 0.

Using the previous result together with the concavity of det"/* will enable
us to obtain global Lipschitz bounds a la Caffarelli. When V', W, and their
derivatives satisfy suitable power-like growth conditions (which imply that
the assumptions of Theorem 1.1 are satisfied, as will be explained in para-
graph 3.4), we can bound the Lipschitz constant of the monotone transport.

More precisely, let
(x) :=/1+ |z|?, Vo eR?

then we have:

Theorem 1.2. Assume that there exist exponents p > q > 1 and constants
A >0 and A > 0 such that

D?*W > X -)YP721d  and D?V < A(-)721d, a.e. on RY, (1.4)
and that

\q Y1
(N=PIww, ()Y, <V> and 1<+>\VV belong to L™ (RY).
(1.5)

Then, the monotone transport T' from V=% to W% is K -Lipschitz for some
explicit constant K.

Note that the previous result covers the case of heavy-tailed densities
(which do not necessarily have finite second moments) like

af g d d
f(UU)—W, g(y)—W7 reR% yeR
where oy > ay > 1, ay, a4 positive normalizing constants and My, M,
nonsingular matrices.

In section 2, we prove Theorem 1.1 and explore several of its variants.
Note that (possibly nonlinear) growth estimates were obtained by Colombo
and Fathi [6], using alternative methods based on concentration inequali-
ties. Section 3 is devoted to establishing limits on the Lipschitz constant of
the monotone transport map. This discussion includes a range of relevant
assumptions that cover Theorem 1.2 as a special case.
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2. POINTWISE BOUNDS ON T’

2.1. Proof of Theorem 1.1. For R > 1, let us replace W by Wrg:

CrW(y) if lyl <R
W f—
R () {—l—oo otherwise

where Cgr = ([ Br W~=4)"/4 is the normalizing constant making Wy 4 3 prob-
ability density, so that Cr — 1 as R — oo. Then, the optimal transport
map sending f = V¢ to Wg 4 is globally bounded. Our aim is to prove a
linear estimate on such a map, independent of R.

To simplify the notation, we shall still denote by T = V¢ the optimal
transport map sending f = V¢ to Wy 4 Also, we remove the subscript R
from Wg, that therefore will be denoted by W.

Normalize ¢ so that ming = 1. Since p(z) — oo as |z| — oo and |V

2
is bounded by R, the positive function % tends to 0 as |z| — oo, hence

achieves its maximum® at some Z. Setting

2
u e Vel 7
2

U
M = max —

then, at a maximum point Z, we have

Vu=MVy and D?u< MD?p. (2.1)
Writing the Monge-Ampere equation (1.1) in log form, namely

log det D?¢ = dlog W o Vi — dlogV,

we differentiate it in the direction ej (note that it follows from Theorem

1.1 in [8] that ¢ € Cﬁ)g) Then, with the convention of summation over

repeated indices, we get

BYgiji = dr o Vippi — dvk, B:= (D*)~ L. (2.2)

Now, we multiply (2.2) by ¢ and sum over k = 1,...,d. Using
Cijk Pk = Uij — PikPjk, Bk = trD*p = A,
and noting that, at z, thanks to (2.1), we have
vikpr = My;, BYu;; < MBY ;5 = Mtrld = Md,

we deduce the following inequality

VW 44
Md—Ap>d( M : - .
d (pd< W oVp-Vop v Vgo)

IThis is the only reason in the proof to approximate W with Wg, so that the density
ng is supported inside Brg.
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We now remark that, by the arithmetic-geometric mean inequality and using
again the Monge-Ampere equation (1.1), we have

Ap > d(det D?p) " = d@.
Thus, we arrive at

WoV 1474 vV
: szV oV Vo — — Vo,

M= W v
ie.,
VIV (V) VV - Ve—W(Ve) _|VV]
. —1l < < . 2.3
Wive) VP S v s o Ivel 23

Now our assumption (1.2) implies that there exist positive constants Ry,
dp > 0 and Cp such that whenever |y| > Ry, one has
VW(y) -y
W(y)

Note that, if |Vo(Z)| < Ry, using ¢ > 1, we have M < RT(Q).

If, on the contrary, |V (Z)| > Rp, the first inequality in (2.4) implies that
the left-hand side of (2.3) is positive. In particular, the second term in (2.3)
must be positive, namely W(Vp(z)) < VV(Z)-Ve(z). This, combined with
the second inequality in (2.4), yields

Co|Ve(2)[” < W(Ve(1)) < [VV(2)[|[Ve(T)],

>1+d, Wy = Colyl. (2.4)

hence )
_ VV(z)|r—T1
V(@) < DT
cey!
Combining all these bounds with (2.3), we finally obtain
_p
T -1
ot < [TV
Vi)

Finally, since V1/? is Lipschitz,
VV (@)
V(z)
In conclusion, we have found a universal bound on M:
_pb
i (p1i0 )
?)

P
p—1

< (pLip V')

M < My := max{ T
SoCE™

Now, using

N\

\4 - A/ 5
Ve = 5 2= 1o
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we deduce that /p is % Lipschitz. Hence, denoting by z* the point

where ¢ is minimal (i.e., with our convention, ¢(z*) = 1), for all z € R? we

have
M, M,
«w@31+vi;x—xﬂs1+wifmeﬁm

therefore, since % < My,

IVe(z)| < v2Mo + Mola™| + Molx|. (2.5)

The proof will therefore be complete once we find a universal bound on x*,
which can be done as in [4, 7] by a simple mass balance argument that we
recall for the sake of completeness.

Given a € S%1, define the cone K, := {y € RY a-y > 1|y|}. Since
T'(xz*) = 0, the monotonicity of T implies the inequality T'(z) - (x — 2z*) > 0
for every z. In particular, if T'(x) € Ky« /|, we have

T(r) 2> T@)-a* > 5| |[T(x)],

which implies |z| > 3|2*|. Hence, we obtain T~ (K 1+ \{0}) C R\ B o+ .
2
Thanks to T f = g, this yields

a(g) == inf / g < / I
) aeS?t /K, RA\B o)
2

Since fRd\BT f — 0asr — 400, we get a bound on |z*| that only depends

\az*]ﬁZsup{r>0 : / fza(g)}.
R\ B,

Using this bound? in (2.5) completes the proof of Theorem 1.1.

on f and g:

Remark 2.1. Another way to bound M from above is to come back to (2.3)

and bound its right-hand side in terms of W*, the Legendre transform of
&

VIV (V) VV -V —W(Vy) < W*(VV)

W (V) v - v

Under our assumption, it is possible to prove the existence of a constant

C' > 0 such that W*(VV) < CV. Then, combining this bound with the

second condition in (1.2), we reach the same conclusion as in Theorem 1.1.

While in this case both arguments give the same result, the method pre-

sented in the proof of Theorem 1.1 seems more flexible than the one discussed

here. In particular, we shall use a variation of it in the proof of Theorems 2.2
and 2.4.

~V<,0—1] <

2Note that, since 1/g € L., one can bound from below a(g) regardless of the radius
R > 1 we used in the beginning to truncate g.
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2.2. Variants. We want to stress the fact that a similar proof as that of

Theorem 1.1 can lead to sublinear estimates on the optimal transport map.
[Vel?
2H ()
positive, increasing and smooth function H such that H(t) — 400 as t —

+oo. Up to replacing W by Wg as we did above (and normalizing again ¢
by fixing its minimum to 1), one can assume the maximum is achieved at
some point T and the goal is to estimate

VP Ve
M= s ) ~ 2H(p(@)

for some well chosen

The idea is to consider a maximum point of

At Z, one has

D*oVp = MH' (9)Ve, @ijker + einpir < MIH' (¢)pij + H" () pi;]-

Hence, as in the proof of Theorem 1.1, multiplying (2.2) by ¢ and summing
over k gives (recall the relation B = D?p~1)

VW (V) -V vV
W(Vy) 4
< BY (M[H’(cp)wj +H"(0)pis] — soiksvjk>
=dMH'(p) + MH"(p)BV¢ -V — Agp
H"(¢) W(Ve)
< dMH Vol> —d
< (¢)+H,(¢)! ol v
where, in the last line, we have used the arithmetic-geometric mean inequal-

ity and that, at Z, one has M (D?p)~1Vp = HY(“;). Since |V|? = 2M H(¢p)

d(MH'(SO) Vw) = Bk

at the point x, we arrive at the inequality
VW(Vp) Ve | 2H"(p)H(p)| _ VV Ve - W(Vy)

M 2.6
W(Ve) dH'(p)*> |~ H'(p) V (26)
An easy consequence of (2.6) is the following:
Theorem 2.2. Assume that for some p,q > 1 such that
dig—1(p—-1)>q-p (2.7)
one has
lminf YW S0 it WY (2.8)
lyl—oo [yl wlooe  Wi(y)
and, for some A > 0,
v A
VV@)l VV(@)| < A0+ )Y, VeeRL  (29)

Viz) — 1+ |z|
Then the monotone transport T from V= to W4 satisfies
-1
T(z) < CA+|z))r~T  VaeRY

for some explicit constant C > 0.



8 GUILLAUME CARLIER, ALESSIO FIGALLI, AND FILIPPO SANTAMBROGIO

Proof. Let
q—1 2c 2q — 2
o = _—, 9 = =
p—1 l1+a p+qg—2
Our aim is to bound )
M := max ]V(p\ .
29

For this, we choose the function H () = ¢ in (2.6) so that, at the maximum
point Z, we get
VW (V) 2 —20 1o VV - Vo —W (V)
wr[o(TVE) g, ) . |
[ W(Ve) L %
As in the proof of Theorem 1.1, it suffices to consider the case when |Vp(Z)|
is large. In particular, by (2.8) and (2.7), the postfactor after M in the

left-hand side of (2.10) is strictly positive. This implies the nonnegativity
of the right-hand side, that combined with (2.8) and (2.9) gives

(2.10)

1

Ve(@)| S [VV(@)[7=t < (1+[2)* (2.11)

(here, the symbol < is just hiding a positive multiplicative constant). Then,
using (2.10), (2.9), and the definition of M, we have

1 |Vo(z M3 |Vo(z)*7
M < |Vo(z)| -4 (2) < 2 |Vp(z)| 0

1+12] 35 () N4z pmEe
L a(2-6)
< Ml—% (1 + ’JZ‘D 0 < Ml—%

where, in the second line, we used (2.11) and % = 1. This gives a universal

bound on M, and therefore on the Lipschitz constant of gpl_%. So, arguing
as in the end of the proof of Theorem 1.1 (using a bound on the norm of
the minimum point of ¢), we obtain

4 _6
T =Vel Sz S(A+|-))27 =(1+]-])7%
as desired. O

Remark 2.3. It is unclear to us whether the condition (2.7) (that is automat-
ically satisfied when p > ¢ or when d is large) is really necessary to obtain
a superlinear bound on |T'| when p < q.

Using the same method, a similar sublinear estimate can be obtained
when the target is Gaussian:

Theorem 2.4. Assume that g is a Gaussian and that there exists A > 0
such that

V() A
Vi) — 14|z
Then the monotone transport T from V~% to g satisfies

IT(z)| < Cv/1+log(1 + |z|) Vo €RY,

Ve R (2.12)
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for some explicit constant C' > 0.

Proof. Performing a translation and a suitable change of coordinates if nec-
ly|®

essary, we may assume that W is of the form W(y) = cdegT (so that
g = W% is a standard Gaussian). This time, we take H(p) := log(e + ¢)
and consider

Note that the function H is concave, so that (2.6) implis in this case

VW(Vy) Ve ] < VV -V —W (V)
W(Vy) - H'(p) V

M[ (2.13)

At a maximum point Z (again such a point exists provided we replace W
by Wg as in the proof of Theorem 1.1), (2.13) becomes

VV -V —W(Vy)
7 .

M [224 log(e + @) — 1} [ IVel* — 1] (e+¢)

Again, we look for an explicit bound on M. If M < d there is nothing to
prove. If M > d, the left-hand side is larger than M log(e+¢(Z)) (remember
¢ > 1> 0) therefore, at the point Z, we have

(e+¢) VV-Vo—W (V)
~ log(e + ¢) Vv )

(2.14)

As in the proof of Theorem 1.1, the positivity of the right-hand side implies

\Vsa( )12

cae < [VV(@)[[Ve(2)].

Thus, assuming without loss of generality that |Vy(Z)| is large (because if

not, we automatically get a bound on M), the left-hand side is larger than
Ve ()|

|IVo(Z)|le 4 — and we get

|V (z)| < 2d+\/1og(|VV (Z)]) < /1 + log(1 + |Z])

where, in the second inequality, we used the fact that (2.12) implies a power
growth condition on VV.

Denoting by * the minimum point of ¢ and arguing as in the last step
of the proof of Theorem 1.1 in order to bound |z*|, we get

p(z) <1+ V()12 +[2]) < O+ |z])v/1 +log(1 +|z]).  (2.15)
Also, by (2.14), the definition of M, and (2.12), we have

Ale + o)) _AVEM (e+ (@)
< fogle +2@) A+ =) PN = TTD Voste 1 0@
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Hence, combining this bound with (2.15) and the fact that ¢t € [1,+00) —
—=t__ s increasing, we get

log(e+t)
VM < A\/? (e +¢(2))
(1 +12[) \/log(e + ¢())
1+ log(l + |Z
V1 + log((1 + |2]) /T + log(1 + [2]))
which gives the desired bound on M.
Defining now
t 1
@t::/ds, t>1,
) 1 +/log(e + s)
we see that the function ® o ¢ is v2M Lipschitz. Hence
®(p(x)) < V2M(je| +|2*) < C(L +|a]),  VzeR?,
which implies
V(o) < V2M,/log (e + ®-1(C(1 + |a))). (2.17)

Noticing that ®1(0) = 1 and (®~!) = \/log(e + ®~1) < V&L, one easily
gets the subquadratic bound ®~!(t) < (1 + 1t)?, that together with (2.17)
gives the desired estimate on |T|. O

3. BOUNDING THE LIPSCHITZ CONSTANT OF T

3.1. A formal argument. Assume that the optimal transport T" = Vo
from V=7 to W~ has at most linear growth, i.e., it satisfies (1.3) for some
constant C' (as is the case for instance under the assumptions of Theorem
1.1). Also assume that there are constants A, B, A > 0, and A > 0 such
that for every = and y in R%,

2 2 2
e <G e <P 6D
and, for a.e. € R, y € R?,
A1+ |VV(2)*)Id
V(z) ’
Remark 3.1. Since we have
1 DV VV @ VV
DQ(_V) =y 2 5)3 ’

A1+ VW (y)]>)1d
W (y) '

D*V(z) < D*W(y) > (3.2)

we obtain
D%v
V2

2 2
l) ZD V_2|VV| Id.

ZDQ(‘V V2 V3
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Thus, the first condition in (3.2) amounts to a semiconcavity condition on

—% bounding from above its Hessian by a multiple of %Id. This
explains the first condition that will appear in the sequel in (3.18), which
may look strange at first glance but is simply an incremental ratio version
of this semiconcavity assumption.

We now show how, under assumptions (3.1)-(3.2), one can (at least for-
mally) derive a bound on the Lipschitz constant of T, i.e., the largest eigen-
value of D?p by an argument & la Caffarelli. Then, in the next section we
will show how to make the argument rigorous.

Let (Z,€) maximize the function R? x S¥1 5 (z,e) — (D?p(x)e, €), and
assume, without loss of generality, € = e;. Then

Vi1 =0, D%p1 <0, ¢ =0fori#l1, (3.3)
where the last condition follows from the fact that e; has to be an eigenvector
of D%p(z). Writing the Monge-Ampere equation in the form

_ WoVp
SV

and differentiating it first once and then twice with respect to the x1 variable,
we get

F(D?%p) where F = det"/ (3.4)

Wipoa  ViW

/ 2 2 _
F(‘D SD)D 901_ V V2 9

and

<F”(D2(p)D2(p1,D2Q01> + F/(DQ(’D)DQ(’Dll — ’Lk%pll(pkl + 1(10211

Vv Vv
WipnVhi VW VEW
—— - D e 39)

where W and its derivatives are evaluated at V. Since F' is concave on the
space of symmetric definite positive matrices, the first term in the left-hand
side is nonpositive. Since, at the point Z, D?¢1; < 0 and F is nondecreasing
(in the sense of matrices) on the space of symmetric semidefinite positive
matrices, the second term in the left-hand side of (3.5) is nonpositive at
the point z. Thanks to (3.3), at the point Z the right-hand side of (3.5)
simplifies to

Wuel, WiVien  VaW  VEW

Vv V2 V2 V3

Thus, setting § := V(Z), we deduce

@W(y) | 2V@Wi(Hen() 2V1(2)*W (9)

(7) V(z V(z)?
V(@)W () | Wu@)en(x)? | 2Vi(z)*Wi(y
( (

V(z) + 2 V(Z)2Wi1(g) ’

v
Wi ()p11(2)? <

<

<
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where we have used Young’s inequality in the last line and discarded the
last (negative) term of the previous one. Therefore, we arrive at

Wiu@en (@) _ Vu@W(y) | 2Vi(@)*Wi(y)®
2 - V(@) V(2)*Wi1(9)
which, thanks to (3.2), yields

_ 20 AN14|VV(2)]2  W(y)?
2

<
pu(@)” < ( ) +>\2) V(@? 1+ VWP
Thus, (3.1) and (1.3) imply that, denoting by M = M (A, B, A\, A) the ex-

plicit constant
2A
M=\/— AB
VxR

1+ |y 1 z
rgéeX(D%(x)e,@ = () < M j: ;g: =M ﬁfijﬁ(! ) <
where C is the constant in (1.3).

This shows that 7' = V¢ is M (14 C') Lipschitz, as desired. Unfortunately,
this argument is only formal not only because it assumes ¢ to be four times
differentiable (which anyhow could be assumed by approximation) but, more
importantly, because maximizing sequences for the second derivatives of ¢
need not be bounded. Hence, to give rigorous statements and proofs, we shall
use incremental ratios (similarly to [7]) as explained in the next section.

(3.7)

one has

M(1+0C),

3.2. Using incremental ratios. Given a function i : R? — R, a small
constant ¢ > 0, and (z,e) € R? x S¥1, set

he(z,e) := h(x + ce) + h(x — ce) — 2h(z). (3.8)

For R > 0 (chosen large in a way that will be specified later), we replace W
by Wg as we did in the beginning of the proof of Theorem 1.1. Then, by an
abuse of notation, we denote the monotone transport map from V to Wgr
by T'= V. To obtain a Lipschitz bound on T', our goal is to find an upper
bound that does not depend on R on the quantity
limsup e 2 sup ¢°.
e—=0t R xSd—1

Indeed, this will enable us to conclude thanks to the stability of the mono-
tone transport map as R — oo. Thanks to Lemma 3.1 in [7], denoting
&= for z € R%\ {0}, one has

T(x) — R — 0 as |z| — +o0. (3.9)

This implies in particular that, for any fixed € > 0, the positive function

=[5 (T(x+te) — T'(x — te)) - edt tends to 0 as |z| — oo, uniformly
ine E Sd I In particular, it achieves its maximum at some point (Z,ée) (for
the moment, we do not explicitly write the dependence of (Z,€) in terms of
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€). Setting 7 := V(Z), the fact that (Z,é) maximizes ¢° over R% x S¢!
yields

Vo(Z 4 €e) + V(T —cé) = 2, D*p(T + eé) + D*p(z — eé) < 2D?p(Z)

(3.10)
and that, for some § € R, one has
Vo(z +ece) — V(T — ce) = 2de. (3.11)
Thus, using the notation dz¢p = V - €, we have
1
Vo(ztee)=y+de, §=—(0:0(T+ce)— dzp(T — ce)). (3.12)

2

In particular, it follows from (3.12) that we have
15
sup ¢ = ¢°(T,€) = / (8ég0(a_c + té) — Ozp(T — té)) dt
Rdx§d—1 0

< /(E (0z0(T + c€) — Osp(T — €€)) dt = 26, (3.13)
0

where we have used the convexity of ¢ to obtain

6580(.%' + té) < aé@(i‘ + Eé), 6§QD(.T — té) > GQSO(i' — Eé), Vte (O, 6).
(3.14)
Hence, to prove ¢?(Z,€) < Ke? for some universal constant K, it will be
sufficient to show § < Ke for some universal constant K.

Denoting as before F' = det"?, the second condition in (3.10) yields
1 1
F(D%*p(z)) > F(§D250(;i + €e) + §D2<,p(:7: — sé))
1 2 e 1 9
> — — —
> 2F(D o(z —I—ee)) + 2F(D o(Z 66))

where we used again the concavity of F'. Using the Monge-Ampeére equation
(3.4) at the points z, T + e, and recalling (3.12), we obtain

W(y+de)  W(y— de) W(y)
V2 Vater) " Va-e9) Vi)
_ Wy +de) + W(y — de) — 2W(y)
V(z)
+ (W+00) -w(@) (V(l':-c”@) - Vg))
_ _ 7 1 !
+ (W(y —de) — W(?J)) (V(f —eé) V(:E))
— 1 1 2
+ W(y)(V(E tee) V(z—ce) V(_)>'
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Thus, multiplying by V(Z) and using the notation in (3.8), we obtain a
discrete analog of (3.6):

Wig.e) <TH 4T+ V@) - 1) (@), (3.15)
where
V(z+£ee)—-V(z)
V(z £ ce)
The goal now is to find suitable assumptions ensuring that (3.15) implies
0 < Ke. This is the purpose of the next section.

I+ = (W(j + 66) — W (7))

(3.16)

3.3. Assumptions ensuring that T is globally Lipschitz. We aim to
find assumptions guaranteeing that (3.15) implies a universal bound § < Ke.
Indeed, thanks to (3.13), this will imply a uniform bound on the eigenvalues
of D?¢p.

We shall assume that V' and W satisfy assumptions (3.1) and (3.2) that
naturally appeared in the formal discussion in Section 3.1. However, to
address the case where the maximizer T = Z(g) escapes to oo as € — 0, we
shall need extra hypotheses that are, to some extent, asymptotic incremental
ratio versions of (3.1) and (3.2) (recall Remark 3.1). Still, as we shall see, the
constants from these extra assumptions do not appear in the final Lipschitz
bound.

These extra assumptions are as follows: There exist Ag, Bo, Ao, Ag, Ro, ag >
0 such that, for every z € R%\ Bpr,, e € S%1 and « € (0, ag), the following
holds:

V(z+ae) - V(z)] Ag (W (z 4+ ae) — W(z)|W(z)
aV(z+ ae) = 1+ 2| a(l + [VW(2)[2) < Bo(1 + |z),
) Wl L4 [TWD)
_ 1\« Ao(1+|VV (2 Yz,e z
(- L) oy < MUEITVEID) - Woae) , 2o+ VWY
(3.18)

We are now in position to prove:

Theorem 3.2. In addition to the assumptions of Theorem 1.1, let V and
W satisfy (3.1)-(3.2)-(3.18)-(3.17) for some constants A, B,A\,A > 0, and
Ay, Bo, Ao, Ao, R, 9. Then, the monotone transport map T = V¢ from
V= to W4 satisfies

DT(z) = D*p(z) < K1d,  Vz eRY (3.19)

with K := \/% + /\‘L—QAB(l + C), where C is the constant in (1.3) obtained
in the proof of Theorem 1.1.

Proof. Recall that we have truncated the target measure g by replacing
W with Wpg. This slightly affects the value of constants A and B in the
assumptions concerning W, but these values will converge to the ones of W
when in the end one lets R — oco. Note also that, since W~¢ is supported
inside Bpg, the arguments of W and its derivatives will also belong to Bg.
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In addition, as in the proof of Theorem 1.1, we have a linear bound on
T = Tg, with a constant which converges to the value C in (1.3) as R — co.
Hence, to prove (3.19), it is enough to show the same inequality for Tg
with these modified constants depending on R, and then to let R — +oo.
For this reason and to simplify the notation, in what follows we omit the
dependence on R. On the contrary, we shall from now on explicitly write
the dependence of z, € §y = Vp(Z), and § with respect to €, denoting them,
respectively, Z(¢), é(e), y(e), and d(e). We will need to consider two cases.
e First case: 7(¢) has a limit point as ¢ — 0. In this case, up
to regularizing V' and W (which only slightly changes that value of the
constants in the assumptions, and that anyhow will converge to the original
values as the regularizing parameter goes to zero), we can assume that V
and W are both of class 01203 for some a > 0. This guarantees, in particular,
that the function ¢ is at least of class C*.

Now, up to a suitable extraction, we may assume that Z(e) converges to
some Z and that €(e) converges to a unit vector, say e;. Then, it is easy to
check that

011(Z) = max  (D?*p(x)e,e). (3.20)

(z,e)ERIXxSA—1
Thus, in this case, the formal argument described in Section 3.1 can be
applied verbatim to deduce that

_ 2A 4
pu() <[5+ 15 AB(1L+0),
proving the desired estimate.

e Second case: |T(g)| — oo as € — 0T. Note first that, thanks to (3.9)
and (3.11),

1
§(e) = §|T(:E(5) +ee(e)) — T(x(e) —ce(e))) -0  ase— 0T,

Also, again by (3.9),

lg(e)| = |T(z(e))| = R ase — 0T,
Hence, up to choosing R large enough, we may assume that for £ small
enough one can use the asymptotic assumptions (3.17)-(3.18) concerning
W (respectively V) at (z,a,¢e) = (y(e),0(g), £é(e)) (resp. (Z(e),e, £e(e)).
Thus, for € > 0 small, it follows from (3.15), (3.17), and (3.18), that
1+ 5(e)| L+|VV@EE)?  W(HE)
1+ [z(e)] V(z(e))? 1+ |VW(y(e)l?
Combining this bound with (3.1), we obtain
1+ 15(e)| L9
1+ [z(e)] L+ z(@)
Since |Z(g)| — oo and |g(e)| — R as ¢ — 0T, this implies

d(e) = o(e).

/\05(6)2 < 2AOBQ 6(5(6) + AO

/\05(5)2 < 2AOBO 5(5(6) + A0A232
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Recalling (3.13), this implies that D2y = 0, which would prove that the map
T is constant, and is a contradiction (since g is not a Dirac mass). Hence,
this second case cannot happen, which concludes the proof. O

3.4. Proof of Theorem 1.2. It suffices to check that the assumptions of
Theorem 1.2 imply those of Theorem 3.2 (and in particular those of Theorem
1.1).

We start from some preliminary considerations. First, note that, by (1.4),
W is convex. Thus, combining (1.4) and the asssumption |[VW| < (-)P~1,
it follows that W (-)~P is bounded both from above and away from 0 (which
we shall simply denote as W ~ (-)P).

Using Taylor’s formula with an integral remainder, (1.4) yields

1
WIVW ()| = VW () -y = W) — W)+ /O S(DPW (sy)y, y)ds

)\ D
n Y|

> Wiy) —W(0) »

(3.21)
from which we deduce (1 + |[VW]) ~ (-)P~L

We list here below the different assumptions that we need to prove, and
explain how to obtain them.

e Lipschitz condition on VP (an assumption in Theorem 1.1): the

fact that V% (hence also V%, since p > g and V' is bounded away from
0) is Lipschitz directly follows from the second and third conditions
in (1.5).

e First condition in (1.2) (an assumption of Theorem 1.1): we already
pointed out that we have W ~ (-)P; in particular, W satisfies the
first condition in (1.2).

e Second condition in (1.2) (an assumption in Theorem 1.1): this is a
consequence of (3.21), dividing it by W (y).

e Upper bound on % (from (3.1)): we saw that from (3.21) we
obtain (1+ |[VW/|) ~ (-)P~1; this, together with W ~ (- )P, provides
the desired bound.

e Upper bound on M (from (3.1)): this is a consequence of the
second and third conditions in (1.5).

e Upper bound on D?V (first condition in (3.2)): one deduces from
(1.5) that V' ~ (-)4; therefore, thanks to the last condition in (1.5),
we have (-)772 < H‘Vﬂ. The result then follows by assumption
(1.4).

e Lower bound on D?W (second condition in (3.2)): this is a conse-
quence of the assumption (1.4), together with (14 |[VW/|) ~ (.)P~1
and W ~ (-)P.

e Upper bound on the second-order incremental ratio of —1/V (first
condition in (3.18)): Let e € %1, a € [-1,1], and z € R? with |z
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large. Since —D2< ) < sz , using (1.4) and V ~ ()9, we get

1 (z + Te)? _
R ) < < q-2,2
( ) (z,€) A/ / 22+T€)deS (z2) 7T«

which implies the first condition in (3.18) since (-)7972 < w

e Lower bound on the second-order incremental ratio of W (second
condition in (3.18)): this is essentially the same argument as the
previous one (note, however, that the constants A and A in (3.18)
may differ from those in (1.4).

e Upper bounds on the incremental ratios of V' and W (the two con-
ditions in (3.17)): for large |z|, these two conditions can be deduced
from upper bounds on |VV|/V and |[VW|W/(1 4+ |[VW|?), respec-
tively, and these two quantities are bounded thanks to the assump-
tions (1.5) (in what concerns V') and to the fact that (3.21) provides
(L+ VW) ~ ()L and W~ ()P,
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