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ABSTRACT. The Cheeger constant of an open set of the Euclidean space is defined by minimiz-
ing the ratio “perimeter over volume”, among all its smooth compactly contained subsets. We
consider a natural variant of this problem, where the volume of admissible sets is raised to any
positive power. We show that for sublinear powers, all these generalized Cheeger constants are
equivalent to the standard one, by means of a universal two-sided estimate. We also show that
this equivalence breaks down for superlinear powers. In this case, some weird phenomena appear.
We finally consider the case of convex planar sets and prove an existence result, under optimal
assumptions.
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1. INTRODUCTION

1.1. Cheeger’s constant. We recall that the Cheeger constant of an open set Q C RY is defined
by the following constrained isoperimetric—type problem

N-1 OE
(1.1) h1(Q) = inf {H|E(|) : E € Q) open set with smooth boundary} .
Here the symbol | - | stands for the N—dimensional Lebesgue measure, while HV =1 is the (N —

1)—dimensional Hausdorff measure. This constant and the minimization problem that goes with
it have attracted an increasing interest along the years. We cite for example [9, 6, 19, 20, 22, 25,
30, 31, 34, 35] and [37] for some studies on this topic. Without any attempt of describing here the
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5 BRASCO

main known results or listing all the papers connected with this problem, we refer to the survey [33]
by Leonardi. There, the interested reader will find some motivations and some auxiliary problems
leading to the study of this constant, together with an account of the main achievements on the
minimization problem.

Apart for being interesting in itself, Cheeger’s constant plays a particularly intriguing role in
Spectral Geometry. This was the original motivation to introduce it in [23] (see also [18]). In order
to explain this point, let us define the following sharp Poincaré constant

AQ) = inf {/ |Vul|? dz - / u|2da:1}.
ueCE @) \Ja Q

Whenever the space VVO1 2(Q) is compactly embedded in L?(Q2), we know that this quantity gives the
first eigenvalue of the Dirichlet-Laplacian on €2. More generally, this coincides with the bottom of
the spectrum of the Dirichlet-Laplacian on € (see for example [5, Chapter 10, Section 1.1]). Then,
we have the following celebrated lower bound

(12 (MY <o

usually called Cheeger’s inequality, see for example [36, Chapter 4, Section 2] for a proof.

It is quite remarkable that (1.2) gives a lower bound on the spectrum of the Dirichlet-Laplacian
on an open set, which holds without any assumption on the open set and with a constant having
an intrinsic geometric content. These features already explain quite neatly the interest gained by
the Cheeger constant along the years.

1.2. A variation on the theme. From the mathematical point of view, in principle there is no
reason to confine ourselves to consider the ratio “perimeter/volume” in the definition of hy. One
could for example consider different powers of the volume of the admissible sets. In other words,
for an exponent 0 < ¢ < N/(N — 1), we could consider the following generalized Cheeger constant
N-1
hq(2) = inf {H|E|(16E) : E € (2 open set with smooth boundary} ,
q

associated to every open set Q C R¥. In the case ¢ = 1, we are back with the familiar Cheeger
constant (1.1). We observe that the restrictions on the exponent ¢ are those making the constant
hg non-trivial (see Remark 2.1 below).

As one may expect, we have not been the first ones to consider this kind of generalization. We
cite for example [3, 7, 27] and [28], where these constants have been considered. More recently, a
systematic study of these constants has been started in the papers [21] and [38].

Nevertheless, it seems that many interesting questions on h, are still not fully understood. We
wish to list some of them, here below: the present paper will then focus on answering (at least
partially) some of them.

A first question which may arise is the following one:
(Q1) can one still prove “universal” lower bounds like (1.2), with hy in place of hy?
Another natural question, which is somehow connected to the previous one, reads as follows:

(Q2) is it possible to compare h1(2) and hq(Q2) with ¢ # 12
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Finally, let us consider one more question, which appears quite reasonable and interesting: this
concerns the relation of h,(€2) with sharp functional inequalities. In order to formulate the question,
we recall that hq () coincides with the following sharp Poincaré constant

A11(©) =  inf / |Vu|dz : / lulde =15,
’ ueCs (@) LJa Q

see for example [36, Theorem 2.1.3]. Then, by introducing the more general quantity

M,q(2) = inf /|Vu|da: :/|u|qda:=1 )
’ ueCs () Ja Q

one could ask the following question:

%

(Q3) is it true that A ¢(Q2) = hqe(Q), for every 0 < ¢ < N1

Actually, for ¢ > 1 we already know that the answer is yes, still by [36, Theorem 2.1.3]. One may
wonder what happens for 0 < g < 1.

The previous questions were more focused on the constant hy(€2) itself. One could try to have a
closer look at the minimization problem which defines it and study for example: the behaviour of
minimizing sequences, existence of a (possibly relaxed) solution, its regularity and so on. Some
interesting results of this type have been obtained by Pratelli and Saracco in [38], we will comment
below on these results.

Let us first make a couple of preliminary observations:

(1) if Ey, By € 2 are open subsets with smooth boundary such that Ei1NEy =0, then we have
HN N O(Ey U Ey)) = HN Y OE,) + HYN ~1(0E,),
while
> |Bi|v + |Bal7, 0<q<1,
1 .
|[E1 U Es|e ¢ = [E1| + |Eal, if g =1,

< |Ei|7 +|Byla, ifg> 1
This in particular implies that for ¢ > 1, as observed in [38], we have

HN TN O(E U By)) | HYTHOE) + HY TN (9E)

T 1 T
|Eq U B¢ |Ev|e + |Eald
N-1 E N-1 E
Zmin{H (81 1),H (? 2)}
|Eq | |Ea|a

Thus, in the minimization process for ¢ > 1, sets prefer not to split into multiple pieces.
The previous argument obviously breaks down for ¢ < 1;

IIn order to help the reader, we point out that one should use the result of [36] with the following choices
w(g) =lgl,  o(d9)=HN""(dg), B=0,  (z,Vu)=|Vul,

and g € 2 has smooth boundary.
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(2) for a cylindrical set, i.e. for a set of the form E = w x (0, L) for some w C R¥~1 open and
bounded, for L diverging to +0o we have

N-1(9E 0, if0<g<l,
L C2)) (f) N N 1, ifg=1,
|Els 400, ifg>1.

Thus, in particular, if the open set €2 is unbounded in some direction and contains a “tube”,
minimizing sequences for hy(€2) may have the interest to “stretch” as much as possible in
the case ¢ < 1, eventually preventing the existence of an optimal set. On the contrary,
in light of the previous computation, for ¢ > 1 minimizing sequences should rather stay
uniformly bounded, thus gaining some form of compactness.

These rough and clumsy observations may suggest that some new phenomena could appear in the
minimization problem and that the two regimes 0 < ¢ < 1 and g > 1 should give rise to qualitatively
different “results”, at least for disconnected sets and/or very elongated sets. Not surprisingly, we
will see that this is exactly what happens.

1.3. Main results. After this lengthy presentation of the aims and scopes of the paper, we list
below the main achievements of our discussion on the generalized Cheeger constant h,. They are
essentially of three different types:

(1) Comparison of Cheeger’s constants: here we answer the question (Q2). For every
1 <q< N/(N—1) and every Q C R" open set, we have

(13) e (m@) "

for two constants C1,Cy > 0 depending on N and ¢, only (see Theorem 4.1). On the other
hand, for every 0 < ¢ < 1 and every Q C R¥ open set, we still have
F-(N-1)
(1.4) he(Q) < Cs (hl(Q)) ,

for a constant C5 > 0 depending on N and ¢, only. But this time the estimate (1.4) can
not be reverted: indeed, we have

hi(RY =1 x (=1,1)) >0 and hy(RY = x (—1,1)) =0,
see Proposition 4.3.
Observe that by combining (1.2) and (1.3) or (1.4), we can answer the question (Q1),
as well. Indeed, we obtain the following generalized Cheeger inequality
1
C
with a constant C' > 0 depending on N and ¢, only. This holds for every open set  C RV
and every 0 < g < N/(N —1).

<@ <0 (m@) ",

(hal0) ¥ < @),

(2) Poincaré constants: for every 1 < ¢ < N/(N — 1), the constant h,(£2) always coincides
with a sharp Poincaré-Sobolev constant, i.e.

he(Q2) = A1 4(Q) == uegg(ﬂ) {/Q |Vu|de : /Q |ul? dz = 1} .
0

On the other hand, for every 0 < ¢ < 1, in general we only have
hq(€2) = A1 q(9),
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see Lemma 2.2 and the equality breaks down for some particular shapes, see Example 3.5.
This gives an answer to (Q3);

(3) Existence of extremals for convex sets: in dimension N = 2 and for every 1 < ¢ < 2,
if Q C R? is an open conver set (not necessarily bounded), then

H(IE)

I
|a

he(Q) = inf{ : E C Q open bounded convez set} ,

a fact already observed in [38]. Here we prove that the infimum is attained if and only if
the high ridge set of  is not empty, see Theorem 5.4. We recall that the high ridge set is
the following subset

M(Q) = {x €Q: B, (z)C Q}

where rq is the inradius of ). In particular, the infimum is attained whenever € is bounded.
On the other hand, for every 0 < ¢ < 1, for unbounded convex sets we always have
he(€2) = 0 and thus existence of a minimizer fails, see Lemma 5.6. The borderline case
g = 1 is peculiar: here, it may happen that hq(£2) > 0 but the infimum is not attained, as
for @ =R x (—1,1) (see for example [32, Theorem 3.1]).
Some remarks are in order, for each of the previous results. We also list some open questions, that

we think are quite interesting.

Remark 1.1. We notice that the generalized Cheeger inequality (1.5) improves that of [3, Theorem
3.1], asserting that

2
qhe(€2) < Q2% <
( 5 < |9 A(Q), f0r17q<N_1.

While the latter only applies to open sets with finite volume, the estimate (1.5) holds for general
open sets, even having infinite volume. As for estimates (1.3) and (1.4), we point out that the
constants C7 and C3 are explicit and sharp. On the contrary, the constant C5 is explicit, but
determining the value of the sharp constant is an intriguing open problem.

Remark 1.2. As we said above, the fact that Ay 4(2) = he(Q) for 1 < ¢ < N/(N — 1) was already
known. On this point, the main new fact is the counter-example showing that in general we can
not have the same result for 0 < ¢ < 1. The counter-example crucially exploits the fact that for
disconnected sets “something strange” could happen, as previously exposed. In light of this fact,
one could (very) bravely guess that for convex sets, we could still have the equivalence between A; 4
and hg, even for 0 < ¢ < 1. This is an aspect that deserves to be investigated in the future.

Remark 1.3. We point out that our existence theorem for 1 < ¢ < 2 partially superposes with [38,
Theorem 4.2]. On the one hand, the latter is more general, since it deals with a class of open planar
sets, not necessarily convex; on the other hand, it is more restrictive, since the class considered is
that of “strips”, i.e. neighborhoods of regular curves (possibly infinite).

Our existence proof is different from that of [38] and it is based on a “four terms” geometric
inequality for convex sets, linking diameter, inradius, perimeter and area. This is taken from
our previous paper [11]. We point out that this argument, needed is order to infer compactness
of minimizing sequences of convex sets, would work verbatim in every dimension N > 2. The
restriction to the case of N = 2 is needed in order to assure that we can restrict to convex subsets,
without affecting the infimum hy(€2). As observed in [38], in dimension N = 2 this can be obtained
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by using that the convex hull of a connected set decreases the perimeter, while enlarging its area.
In higher dimensions this fails to be true and thus more sophisticated arguments would be needed,
maybe inspired to those used for the case ¢ = 1 (see for example [1]). This is certainly an interesting
point, that we leave for future research, as well.

1.4. Plan of the paper. The paper consists of five sections, plus two appendices. In Section 2 we
recall some basic facts about h, and the Poincaré-Sobolev constants A; 4. Section 3 is devoted to
briefly discuss the case of disconnected sets. We investigate the equivalence of generalized Cheeger’s
constants in Section 4. Finally, in Section 5 we present the case of convex planar sets. Appendix A
contains a classical local L> — L? estimate for the so-called p—torsion function, while Appendix B
records a simple approximation results for convex sets.
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some conversations with Giorgio Saracco, who also pointed out the references [1] and [3]. We thank
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The author has been financially supported by the Fondo di Ateneo per la Ricerca FAR 2024 and
the Fondo per l’Incentivazione alla Ricerca Dipartimentale FIRD 2024 of the University of Ferrara.

2. PRELIMINARIES

We indicate by Br(zo) the N —dimensional open ball centered at xq € RV, having radius R > 0.
For balls centered at the origin, we will simply write Bgr. By wy we mean the volume of Bj.
Occasionally, we will also need to work with cubes: we will use the symbol

N
Qr(xo) =H(x6—R,xé+R), with zg = (z,..., 2} ).
i=1
Here as well, we will simply write Qg when the center x( is the origin.
For an open set 2 C RY and a pair of exponents 1 < p < oo, 0 < ¢ < oo, we will use the

following notation
Apo(Q) = inf / Vupdx:/uqu——l}.
pal) uEC&”(Q){ Q‘ | Ql |

By a scaling argument, it is not difficult to see that for 1 < p < N we always have

Np
Apq(2) =0, for ¢ > N o

As exposed above, in this paper we want to consider the following geometric constant

N-1 E
he(2) = inf {H||(la) : F € Q open set with smooth boundary} ,
FElq

for every 0 < ¢ < N/(N —1). We notice that if Q = Bg(z), by the Isoperimetric Inequality we
get that

HN-L(OBRr(x -1 Ny N
(2.1) hq(Br(zo)) = ( R(l o)) =Nwy *RN"1774,

| Br(wo)]|®
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as already observed in [38, Section 2]. We also observe that
hq(Q) < hy (), for every open set Q' C Q.

This fact and (2.1) implies in particular that h,(2) = 0, whenever the open set  C RY contains
balls of arbitrarily large radius.
We now briefly explain the restrictions on ¢ (see also [38, Remark 2.1]).

Remark 2.1 (Limit cases). For N > 2, in the case ¢ = N/(N — 1) the constant hy(f2) is not
interesting. Indeed, it does not depend on €2 and it simply coincides with

hoy () =Nwi,

N—-1

i.e. this is the sharp Euclidean isoperimetric constant.
Analogously, for ¢ > N/(N — 1) the constant h,(€2) is not interesting, as well: in this case, taken
By, (z0) C 2, we have B,.(zg) € § for every 0 < r < ro and thus by (2.1)
N-1(9B, 1
he(2) < lim w = Nw}v “im PN =0,
™0 B, (z0)|7 N0

Finally, in the case N = 1, we could allow ¢ to take the limit value ¢ = oo, with the understanding
that 1/¢ = 0 and |E|° = 1. In this case, for every non-empty open set  C R we have

hoo(Q2) = inf {H°(OE) : E € Q open set with smooth boundary} = 2.
The infimum is attained by any interval (a,b) C Q.

We start with a standard result, showing the relation between Cheeger constants and principal
frequencies. As recalled in in the Introduction, this is well-known: however, we reproduce the proof
for the reader’s convenience. This will also permit us to highlight a first difference between the two
regimes ¢ < 1 and ¢ > 1.

Lemma 2.2. Let Q C RY be an open set and 0 < ¢ < N/(N —1). Then we have
ha(Q) = Arg(9).
Moreover, if 1 < q < N/(N — 1) the two quantities coincide.

Proof. For every E €  with smooth boundary, there exists a sequence {@,}neny € C5°(R2) such
that

(22)  lim [lon —1plzae) =0 and Tim [V ry) = Vig|(RY) = HN"H(OF).

Here 1p is the characteristic function of E. Such a sequence can be constructed by means of
standard convolution methods: we set

on =1g * 0n,
where {0 }n>1 is the usual family of standard mollifiers. By observing that o, € C§°(Bs/,) and

that E € Q, we get
on € C5°(Q), for n large enough.

The first property in (2.2) easily follows from the properties of convolutions, while by [2, page 121]
we have

Jim [Vl = lim [Vea|(RY) = [V1g|(RY),
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and the last term coincides with HY~1(0F) by [2, Proposition 3.62]. We thus get from (2.2)

N-1 / |Vn| do
HZOB) oy Jo T .
|E|§ n—r00

Q
q
([ 1ontras)
Q
By arbitrariness of E, we get the inequality hy(€2) > A1 4(€).
We now assume that 1 < ¢ < N/(N — 1) and prove the converse inequality. Let ¢ € C§°(Q2) \ {0},
by using the Coarea Formula, Sard’s Theorem and the definition of hq(€2), we get

/Q Velde= /0+°° WY ({z e lo@l=1}) di= (@) /O%O {zea: jpw)>1} "t

By using Cavalieri’s principle and [36, Section 1.3.5, Lemma 1], we get?

% +oo % +oo 1
</ |¢|de> - <q/ a1 ern ()] >tH dt) g/ erQ ()] >t} " dt.
Q 0 0
The two estimates above prove that
[ 1velds
— e > Ny(D).
([ 1otras)
Q
By arbitrariness of ¢, this gives that A; 4(€2) > hqe(Q2), as well. O

Remark 2.3 (The case 0 < ¢ < 1). We observe that for 0 < ¢ < 1 the previous proof does not
permit to infer that

A1,g(€2) = he(92).
There is a good reason for this fact: actually, in general the two quantities do not coincide. We

refer to Example 3.5 for a counter-example.

The next result is quite classical, as well. However, we try to keep the assumptions on the open
sets at a minimal level.

Lemma 2.4. Let Q CRY be an open set. For every 0 < g < N/(N — 1), we have
limsup Ap 4(£2) < Aq,4(82).

A

Moreover, if Q0 has finite volume, then we also have

(2.3) timinf Ay o(©) > A g(€2).

2This passage crucially exploits the fact that ¢ > 1. For 0 < ¢ < 1 the inequality is reverted. This inequality can
be rephrased by saying that the we have the following continuous embedding L% (Q) < L?9(Q) = LI(f2) between
Lorentz spaces. This holds only for ¢ > 1. For 0 < ¢ < 1, the situation is reverted and the Lorentz space L?1(Q) is
actually larger than L9(Q).
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Proof. For every ¢ € C§°(€2) not identically vanishing, we have

/ Vol da / V| de
9] QO

limsup Ap 4(2) < lim = =

N1 TNl a T
v ( |so|qu) ( / |¢|de>
Q Q

By taking the infimum over C§°(2), we thus get

limsup Ap 4(£2) < Aq,4(£2).

P\l

We now assume that [Q] < +o00. To prove the lim inf inequality, we take ¢ € C5°(Q2) \ {0} and then
observe that by Holder’s inequality

[ velds ([ wera)
/\l,q(Q) < T < |Q|17; &

( :|¢|de)“ (f |90|qu); |

Mol <19 (Apg(@)

By taking the liminf as p goes to 1, we conclude. O

This shows that

Remark 2.5. The assumption || < +oco is probably not optimal for (2.3) to hold, but we may
notice that for general open sets this result can not hold. For example, for ¢ = 1 and

Q=RN"1x(-1,1),

we have
Ap1(Q) =0, for every 1 < p < oo, while A1,1(92) >0,
the second fact follows from the fact that € is bounded in one direction.

Thus, in this case (2.3) can not hold. We recall that the equality A, 1(2) = 0 follows from the
fact that?

Ap,1(22) >0 = DYP () — L'(Q) is compact,
see [36, Theorem 15.6.2] (see also [15, Theorem 1.2] for a different proof). For the set = RV ~1 x

(=1,1), the invariance by translation in the first N — 1 directions makes such an embedding non-
compact.

3We denote by D(l)‘p(Q) the homogeneous Sobolev space obtained as the completion of C§°(2) with respect to
the norm

o= [[VellLr(a)-

We also recall that the property Ap 1(£2) > 0 entails that Dé’p () coincides with the more familiar I/VO1 P(Q) (see for
example [14, Proposition 2.4]), the latter being the closure of C§°(£2) in the usual Sobolev space WP (£2).
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3. DISCONNECTED SETS
We begin with a very simple result for a particular class of real functions of one variable. The
proof is very basic.
Lemma 3.1. Let a,b,c,d > 0. For 8 > 0 we define the function

a+th
bp(t) =
For 8 > 1, we have

( +t5d)%’ for every t > 0.
c

¢p(t) > min {¢B(0)7

For 0 < B <1, we have

i 0s(0)} = in

8 s \
- AT (T .
mfoa) = (=) + (5 L Joreveryt >0,

Proof. The proof is just based on studying the intervals of monotonicity of the function ¢g. This
can be done by computing its derivative, i.e.

/

be—adtP?
ﬂ(t): 13717
(c+t8d)?

for every t > 0,

and observing that for 5 # 1 it changes sign exactly once, at the point ¢t = t3. In the borderline
the reader the missing details.

case 8 = 1, the derivative has a constant sign, which coincides with that of bc — ad. We leave to

The previous result permits us to compute \; , for disconnected sets.
1<qg< N/(N—1), we have

O
Lemma 3.2 (Case g > 1). Let Q1,95 C RY be two open sets, such that Q3 N Qs = 0. Then for

hg(Q1 U Q2) = Ay o(Q4 UQy) = min {Al,q(Ql), Al,q(Qg)} — min {hq(Ql), hq(Qg)}.

Proof. Tt is sufficient to prove the second equality for A; 4(21 US22), the others being a consequence
of Lemma 2.2. We take ¢1 € C§°(Q1)\{0} and 2 € C§°(Q22)\{0}. Then we have ¢; € C5°(21UQs),
for i € {1,2}. Accordingly, we get

Al,q(Ql U Qg) S Ql—

( / |3l da;)
1951
By arbitrariness of ¢ and 5, we thus get

)

Q=

for i € {1,2}.

A, (21 U Qo) < Ay o(Q),

for ¢ € {1, 2},
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which in turn implies
A17q(Ql U Qg) S min{)\Lq(Ql), ALQ(QQ)}.

In order to prove the reverse inequality, we take ¢ € C§°(21 U Q2) \ {0}. We call ¢1 and 9 the
restrictions of ¢ to Q; and s, respectively. Of course, we have ¢; € C§°(;), for i = 1,2. Let us
suppose at first that 7 Z 0 and @2 # 0. Then, if we set

| Verldart [ Vealds
(3.1) gq(t) = —— 22 , for ¢ > 0,

1
([ 1eransen [ feafta)
Ql Q2
by Lemma 3.1 we have

/ V| da / Ver|da + / Vs da
QU _ 0 Qo

T T
([ terae)™ ([ terdns [ fatrac)
QUQ5 Q1 Qo
/|V<p1|d:c /|Vg02|dx
Ql QZ

)

</Ql Isollqd:z:>le (/92 Isozlqdl“);
> min {)\17,1(91), Al,q(%)}-

On the other hand, it is easily seen that the same lower bound holds if o1 = 0 or @, = 0, as well.
By arbitrariness of ¢ € C§° (1 U 2), we thus get the claimed equality for Ay (21 U Qs). O

In a similar way, we can cover the case 0 < ¢ < 1, as well. In particular, we extend to the case
p=1and 0 < ¢ <1 a formula obtained in [12, Corollary 2.4]. As simple as it is, it will be useful
in order to construct some counter-examples.

Lemma 3.3 (Case 0 < g < 1). Let Q1,95 C RY be two open sets, such that Q3 N Qy = 0. Then
for0<g<1:

(1) if M1,q(Q1) > 0 and A 4(22) > 0 we have

q—1

(3.2) ALg(©1 U Q) = ((@) Y (Mj(%)) ) o

(ii) if A1,q(21) =0 or A1 4(Q2) =0, then we have

Proof. We start by proving item (i), thus we assume at first that both A1 4(©1) and A 4(22) are
positive. We take 1 € C§°(21)\{0} and 2 € C§°(Q22)\{0}. Then we have v+t p2 € CF°(21UQs),
for every t > 0. Accordingly, we get

A,q(21 U Q) < ¢y (1), for every t > 0,



12 BRASCO

where ¢,(t) is defined as in (3.1). We can now minimize with respect to ¢ > 0: thanks to Lemma

3.1, for 0 < f=¢q <1 we get
1 T 1 T4
([ tealas) (/[ tealvas)
Ql QZ

+
/ V| dx / |Vo| dx
Ql QZ

By arbitrariness of ¢1 and 2, we get the upper bound

wimom< (i) (i) )

In order to prove the reverse inequality, it is now useful to observe that the right-hand side is strictly
smaller than both values A1 (1) and A1 4(Q2). This is due to the fact that the function of two
real variables

/\17q(Ql U Qg) <

q—1

(3.3) (t,5) (t%q +sﬁ) T for (t,s) € (0, 4+00) x (0, +00),

is decreasing in both variables, thanks to the fact that ¢ — 1 < 0. In particular, we have

_a_ _a_ % 1 _a_ _a_ % 1
(tlfq +31*q) < n and (tlﬂz —l—sl*q) < -,
s

for every t, s > 0. This very simple observation shows that
/\17q(91 ] QQ) < min{)\Lq(Ql), Al,q(Qz)},

and thus A1 (€21 U Q2) can be equivalently defined, by restricting the minimization to functions
p € C§ (21 UQ) \ {0} such that both the restriction of ¢ to €; and that to {2y are not identically
vanishing.

In light of this fact, we can now run the same argument as in the second part of the proof of
Lemma 3.2. We thus take ¢ € C§° (01 UQ3) \ {0}. We call again ¢; and ¢ the restrictions of ¢ to
Q1 and Qo, respectively. By the previous discussion, we can suppose that ¢1 # 0 and 2 # 0. By
keeping the notation ¢4(t) as in (3.1), by Lemma 3.1 we have

/ V| dx
2,00, = ¢g(1) > inf @y (t)

q t>0
Q1UQ

(3.4) . . =t

1 1—gq

(/ lelqu) (/ |<p2|qdl‘>
Ql Q2

+
/ V1| dz / |Vpa| dx
Q1 Q2
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(/ |soi|qu)q
N VY

M@ [ veae

i

Moreover, by using that

for i € {1,2},

and recalling that the function (3.3) is decreasing in both variables, we get from (3.4)

/ V| dx a_ o\
QU0 > ( 1 )lq n ( 1 ) T—q
a7 \\ () A1,q(§22)
([ totar)
Q1UQs

By arbitrariness of ¢ € C§°(2; U Qs), we finally conclude the proof of point (i).

We now come to the proof of (ii). We suppose that A; 4(€2) = 0, for example. We set 2, ,, = Q;NB,
for ¢ = 1,2, which are not empty for n large enough. By assumption and using that {Q; , }nen is
an exhaustion of ;, we get

lim /\1761(97;7”) = )\17,1(92'), for i = 1, 2,

n—oo
and
nlgr;o ALg(Q1n UQ25) = A1g(21 UQ2).

By observing that Q; , is an open bounded set, we have that A\ 4(€;,) > 0, for every n large
enough. We can thus apply formula (3.2) to £ , U s, and pass to the limit, in order to get

—1

1 ™ 1 AN
Q Q - 1. Q Q = 1. _— P —
A1,q(21 U Qo) jm M,q(Q1 ., UQsp) . ((/\1,(;(91,n)) + (M,Q(Qz,n)) )

By using that ¢ — 1 < 0 and that Ay 4(€2,,,) converges to 0, we conclude. O

Remark 3.4. The previous results can be easily iterated. Thus, for an open set of the form

Q= J ., with Q; N Q; = 0 for i # j,
neN

we get for 1 < g < N/(N —1)
Pa(©@) = A1g(@) = inf {A1y(20) € N} = inf {,(20) : n €N},

and for 0 < g <1

g-—1

o= (S (i) )

provided that A; 4(£2,) > 0, for every n € N.

Thanks to the formula of Lemma 3.3, we can highlight some weird phenomena for A; ; and h,,
in the case 0 < ¢ < 1. In particular, we show that in general it is no more true that Ay 4 = hy.
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Example 3.5. In dimension N = 2, we take the open set
O = B,(x0) U Br(yo), with 0 < r, R and |zg —yo| > r + R.

We take the following restriction

T VT -2
(3.5) <3

With the choice ¢ = 1/2, we are going to show that for this set we have
/\17%(9) < h%(ﬂ)

By definition, we have

HUOE) + HL(OFs) E; @ B,(z¢) open set with smooth boundary

h1(2) = inf 5 :  FEy € Bgr(yo) open set with smooth boundary ,
(1B | + | E2]) E UEy #0)
By using the Isoperimetric Inequality, we immediately see that this is the same as
LB, Y08, e
h;(Q) — inf H ( 1(1‘1)) +H ( 2(2y1)) . BT‘I (171) G Br(zO) ball 419> 0
: (lBTl ($1)| + |BT2(y1)|) Brz(yl) € BR(yO) ball
2
= — inf erz tri+re >0, rp<randro < R .
i (rf +73)
In order to determine this infimum, we need to find the infimum of the function
t+s
bs)= —2° _ for (t,s 6(0,r xO,R) 0,0)}.
V) = (t.5) € (10.7)  [0.R)) \ {(0.0)}
We first observe that 1 has no internal critical points: indeed, we have
B 2+ = 4(t+s)t
Vi(ts) = (0,0) A { t2+s2 = 4(t+s)s

Since t+s > 0, the last two equations imply that each critical point should have ¢t = s. By spending
this information in one of the two equations, we would get

212 = 8¢2.

Thus, the only critical point would be (0,0), which however belongs to the boundary. We now
study the restriction of ¥ to the boundary of its domain of definition. We first observe that

1 1
1/)(75,0):;,’2773:1/)(1",0), f0r0<t§r,
and ) )

Since by (3.5) we have r < R, points of the form (¢,0) can not be minimizers of ¢. We now study
the restriction ¢ (¢, R): we have

d

SV R) >0 t?+ R*>4(t+R)t

3t2 +4Rt—R*><0

2 )
+3ﬁR§t§ %ﬁR.

[
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By recalling that ¢ € (0,r7] and the restriction (3.5), we obtain that the last condition is always
satisfied. Thus, the function t — (¢, R) is increasing, which implies that

¥(0,R) < ¢(t, R) < (r, R), for ¢t € (0,7).

Thus, points of the form (¢, R) can not be minimizers of ¢, for ¢ > 0. Finally, we need to study the
restriction ¥(r, s): by symmetry, we have

d 247 —24+/7
—_ > — < _
dsz/)(r,s) >0 3 r<s 3 r

Thus, on (0, R) we have two intervals of monotonicity: first ¥(r, s) increases, and then it decreases.
In particular, we get

IN

Y(r,s) > min{y(r,0),¥(r, R)}, for s € (0, R).

By the previous discussion, the last two values have already been shown not to correspond to the
minimum of . At last, we get

1
Uits) 2 YO0, R) = o5, for (t.s) € ([0.7) x [0, 7)) \{(0,0)},
that is the function v is minimal for ¢ = 0 and s = R. By going back to our Cheeger constant
hy/2(92), we found that
2
hi(Q) = R hi(Br(y0)),

where the last identity follows from (2.1) with N =2 and ¢ = 1/2. By relying on this identity, we
can finally prove that A; ;/5(Q2) < hy/2(2). Indeed, by Lemma 3.3 with ¢ = 1/2, we have

1 1
A 1(Q) =
13(%) (M,;(BT(xo)) T (Bn

Finally, we can estimate the last term by Lemma 2.2, this entails that
A2 (€) <Ay 1 (Br(yo)) < hi(Br(yo)) = hy ().

This gives the desired conclusion.

QJO))) < 1,1 (Br(%))-

Remark 3.6. Though in general A; 4(£2) does not coincide with hq(€2) for 0 < ¢ < 1, we recall that
it is possible to give a characterization of sets for which A1 4(€2) is positive, in terms of isoperimetric—
like constants. This is due to Maz’ya, we refer to [36, Theorem 2.1.4] for more details.

4. COMPARISON OF GENERALIZED CHEEGER’S CONSTANTS

The next result shows that for an open set, all the generalized Cheeger constants are actually
equivalent, provided g > 1. In light of Lemma 2.2, this result is implicitly contained in [36, Theorem
15.4.1] (see also [8, Main Theorem & Theorem 6.1]). We give however a different proof, based on
PDE methods. This also produces an explicit constant, which is very likely not optimal.

Theorem 4.1 (The case ¢ > 1). Let N > 2. For every 1 < ¢ < N/(N —1), there exists an explicit
constant C = C(N, q) > 0 such that for every open set @ C RY we have

(Nwﬁ)N_% (hl(Q))%_(N_l) <hy(Q) < C (hl(Q))

The leftmost inequality is sharp, equality being attained for N—dimensional balls.

¥o(N-1)
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Proof. The first inequality is quite easy, it is a straightforward consequence of the Isoperimetric
Inequality. Indeed, for every E € ) with smooth boundary, we can write

N_(N_ N-I~
HN-1OE) (HNl(aE)) N AR A
|E|d |E| \E| "~ '

By using the Isoperimetric Inequality for the second term and the fact that N — N/¢q > 0 for ¢ > 1,

we have
N-1 3E) N= % 1\ N—
% 2 (N wy )
|E| ™~
This immediately gives the leftmost inequality, together with the equality cases, in light of (2.1).

(4.1)

alz

The converse inequality is more delicate. We will adapt an idea taken from [4, Theorem 9], which
involves an L°° bound for the so-called p—torsion function of a set.

We first suppose that @ C RY is bounded, with smooth boundary. For every 1 < p < 2, we take
wa,p to be the p—torsion function of ), i.e. wy o € Wol’p(Q) is the unique weak solution belonging
to W, P(Q) of the equation

—Apu =1, in Q.
In other words, we have

/Q<|ng,p\p72 Vwg ,, V) de = /Qgpdz, for every ¢ € WyP(Q).

We observe that wq, € L>(f), by standard regularity results (see for example [15, Proposition
3.1] or [17, Proposition 6] for an explicit estimate). Moreover, since we are assuming that € is
smooth, we have that wq , is continuous up to the boundary (see for example [40, Corollary 4.2]).
It is well-known that if we extend wq ,, by zero outside 2, we get that this extension weakly verifies

—Apwap <1, in RY,
ie.
(4.2) /R]\]<|VQUQJ,|”*2 Vwg p, Vo) do < /]RN pdz, for every ¢ € WyP(RN), ¢ > 0.

Accordingly, for* 1 < ¢ < N/(N — 1) by Proposition A.1 it satisfies the following L> — L4 local
bound

1
¢ _p_
(4.3) HU}Q)pHLoo(QR/Q(IO)) <CnNpyg (][ (w&p)q dl‘) + Rv—1 |,
Qr(zo)
for every cube
N
Qr(zo) =H(x6—R,x6+R), with zg = (z,..., 2} ).
i=1

We now set
M = |lwa pll L @y) = lwapllLe@)-

40bserve that if 1 < p <2< N, then
N
< p
N-1 N-—p

*

=p .
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We observe that there exists a point T € ) such that
M = wg’p(f).

We fix such a point T and, without loss of generality, we can assume that it coincides with the
origin and we will omit to indicate it.
Finally, we take n to be a Lipschitz cut-off function such that
OSUSL UElOUQR/% UEOODRN\QRv
and
2

IVl < .
for a radius R > 0 whose choice will be declared in a while. We use ¢ = nwq ,/||nwapllLiq) as a
test function in the definition of A, ,(€2). This yields

</ [Vwg P nP dx) + (/ VP (wa,p)? dx)
Qr Qr
([ wnpita)
Qr

1
p —
(/ [Vnl? (wa,p)? da:) <oty MRNpp7
Qr
thanks to the properties of 1. For the first term in the numerator, we use the following Caccioppoli
inequality

(4.4) / |Vwa P nP do < p? / VP (wo,p)? de +p / nP wq p de.

Qr Qr Qr
This easily follows from (4.2), by inserting the test function ¢ = 7 wq ,. Indeed, with such a choice
we get

/ |Vwa p|P n? dz +p / <|Vw9,p|p72 Vwg, ,, V) 77p71 wopdr < / n" wa,p de.
R R

R

(al®)” <

We now observe that

On the left-hand side, by using Young’s inequality we get for every § > 0

p / <|Vw52,p|p72 va,pv Vﬂa >,]7p71 wa,p dx > —6 (p - 1) / |vw52,p|p ﬂp dx

Qr Qr
g / IVIP ()P de.
Qr
The last two equations in display give
(1-46(p—-1)) / |Vwe,p P nP dz < 6P /
R

By choosing § = 1/p, we then obtain (4.4), as claimed. In turn, from (4.4) and the properties of 7,
we get

IVnl? (wa,p)? de +/ nP wq p dz.

R R)

(/ [Vwa p|? nP d:v) "< (20N pP RN =P M2 4+ 2N p M RY)
Qr

=

o=

=R (207N P MP 4 2N p M RP)7
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Finally, for the denominator we use that

N 1
(s ([, o)
Qr QRr/2

1

N P N
> M R% — R7T R%,

N.p,q
thanks to (4.3) with R/2 in place of R and thanks to the choice of the cube, which is centered at
the maximum point of wgq ,. By collecting all the estimates, we have obtained

1
¥ —p 20N pP MP 4 2N p M RP)?
(A,,,q(m)p < g2 | i 2o )"
M — Rp-T
N.p,q
It is now time to declare the choice of R: we choose it in such a way that
M » M

— Rvr1 =0 ,
CN,p,q CN,p,q

for 0 < 6 < 1, that is

p—1

R= <(19)cfv\iq> ’

N
po1y N2 <2p+Np”+2Np <c_ ) )
% M o N,p,q
(al) s((u—e) ) ) g .

Cn D59
We can now observe that

This finally gives

1 \7 71
M=l > (5g)
thanks to [15, Theorem 1.3] (see also [17, Proposition 6]). By using this estimate and the fact that
N-p N
p q

we get

where

-

1-6\"""\"
poiy Moz N | 2PFN pp g 9Ny <>
o B 1-60\ » CNp.q
N,p,q,0 — CN,p,q 0 )
CN,p,q

for every 0 < 6 < 1. By taking the limit as p goes to 1 and using Lemma 2.4, Lemma 2.2 and
Proposition A.1, we get

N _(N-1)

ha(©) < On,1.q0 (1 () ,
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with N
3-2%Cn
ON1,40 = qu
We can finally let 8 go to 1 and obtain the claimed estimate, under the assumption that Q is
bounded, with constant given by
C=3-2NCn1,

Finally, in order to remove the boundedness and smoothness assumption on 2, it is sufficient to
take an exhaustion {Q,},en of Q made of open bounded smooth sets, see [24, Proposition 8.2.1]
for the existence of such an exhaustion. By using that

. _ <
nl;n;o he(Qn) = he(Q), for every 1 < ¢ < N1’
we can pass to the limit in the estimate previously obtained and conclude. ([l

Remark 4.2. It would be interesting to compute the sharp constant C' for the inequality

T-(N-1) N
) , 1<g< N1
among all possible open sets. The constant obtained with the previous proof is probably quite
rough: its precise expression can be obtained by looking at the value of Cx 1 4 obtained in the proof

of Proposition A.1.

ha(@) < C (m(®)

For 0 < g < 1, the previous result holds only partially. More precisely, we have the following

Proposition 4.3 (The case 0 < g < 1). Let N > 2, for every 0 < q < 1 and every open set 2 C RN
we have

bl

m@ < (ved)" 7 ()T

with equality for N—dimensional balls. Moreover, there exists an open set Q C RN such that
hi(Q) >0 and he(©2) = 0.

Proof. The upper bound on h,(£2) can be proved as the lower bound in Theorem 4.1. It is sufficient
to observe that in the right-hand side of (4.1), the exponent N — N/q is now negative. Thus, by
using the Isoperimetric Inequality as above, this time we get an upper bound (still sharp).

We now take Q = RV~1 x (—2,2). Since  is bounded in the direction ey, we have A 1(£2) > 0.
By using that A1 1(©2) = h1(€2) (thanks to Lemma 2.2 for ¢ = 1), we immediately get that hq(£2) > 0.
In order to prove that h,(2) = 0, for every L > 1 we take the ellipsoid®

N—1 o
xTs
€L:{x:(x1,...,mN)€RN: E Lg—l—xf\,<1}.
i=1

Its volume is simply given by |£r| = wy LV ~!. The surface measure of its boundary is given by

HN*((?EL):2/ VIF V@),
BL(©)

50ne could also take the family of cylinders (—L, L)N =1 x (=1, 1), in place of ellipsoids. We prefer to take a family
of ellipsoids, in order to deal with smooth sets and avoid the (standard, yet annoying) approximation procedure to
make the cylinders admissible for our definition of hg.
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where 2’ = (z1,...,2x-1) and B} (0) is the (N —1)—dimensional ball centered at the origin, having

radius L. The function f is given by

|2']?
R

flay =1~

With simple computations, we see that

_ 1 1./2
HY 1(6&)2//( V1+ V() da’ —2/ o \/Hp L2| | /IQd/
L

=2(N - 1wy- 1/ ,/1+§L2_QQQN *do

1

for |2| < L.

=2(N - 1wy LN 0 1+ﬁ1_t2tN 2at
<2(N—-1Dwy_1 LN ! 01,/
We thus get
he(9) < M = Cq (V=1 (1-%)
]

By taking the limit as L goes to +o0o and using that 0 < ¢ < 1, we get the desired conclusion. [

5. GENERALIZED CHEEGER’'S CONSTANTS FOR CONVEX PLANAR SETS
5.1. Unbounded convex sets. For an open set Q C R, we will use the following notation
do(xz) = inf |z — forz € Q
Q( ) yEDQ | y‘v )

for the distance function from the boundary. We recall that the previous infimum is actually a
minimum, see for example [10, Problem 1.7.26]. We also introduce the notation

ro = sup do(x).
z€eQ

Such a quantity is called inradius. This coincides with the supremum of the radii of open balls
entirely contained in ). Finally, we define

M(Q) = {x €Q: B, (z)C Q}
the high ridge set of Q. In this section, we will characterize unbounded planar convex sets with
finite inradius rq, depending on whether the high ridge set is empty or not.

The following technical result will be useful in a while.

Lemma 5.1. Let Q C RY be an unbounded open conver set. For every 0 < r < rq, there exists a
sequence of points {x,}nen C Q, all lying on the same line, such that

lim |z,| = 400 and B, (z,) C Q.

n— oo

Moreover, if M(Q) # 0, the previous result is valid for r = rq, as well.
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FIGURE 1. The construction in Lemma 5.1: the leftmost point is T, while the
rightmost one is x,,, with m > n + 1. In dashed line, the radius . The black dot
is x,,, whose distance from the boundary 02 is at least the length of the segment
in bold line.

Proof. Let us take 0 < r < rq, by definition there exists a point T € Q such that B,.(Z) C Q. For
every w € SV we set

L,(T) = {x eRY : 2 =7+ tw for some t > O},
i.e. the half-line originating from T, with direction w. By convexity, we have that L, (Z) N is a
segment. Since Q is unbounded, there exists a direction wy € S¥ ! such that
L, (T) N Q = L, (7).
We now choose the following sequence of points
Tpn=T+nrwy €, for every n € N.

We have to prove that B,(z,) C €: at this aim, we are going to show that dq(x,) > r. We fix
n € N\ {0} and take m > n 4+ 1. We then consider the convex hull T, of the disk B, (%) and the
point z,,,. Of course, we have that T;, C €2, by convexity of the latter. We then have

do(xy,) > dist(zy, 0T).

By simple geometric considerations (see Figure 1), we see that
n
dist(xy,, 0T,) > (1 — —) T, form>n+1.
m
By joining the last two estimates and taking the limit as m goes to co, we get the conclusion. [

In the next geometric results, we restrict ourselves to dimension N = 2 and we study the
properties of unbounded convex sets, with finite inradius. In higher dimension, the picture would
be slightly more complicate. It is useful to recall that for a convex set, the high ridge set M(Q),
if it is not empty, is a closed convex set, with empty interior. Actually, it coincides with the set of
maximum points of the distance function x — dg(x) which is concave, by convexity of .

Lemma 5.2. Let Q C R? be an unbounded open convex set, with rq < +o0c. Let us suppose that
M(Q) # 0. Then, up to a rigid movement, it holds

(51) [0,+OO) X (—TQ,TQ) - Q - R x (—TQ,TQ).
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Proof. We first observe that in this case, since € is unbounded, we must have that M(Q) is
unbounded as well. This is a plain consequence of Lemma 5.1 applied with r = ro and the
convexity of M(Q). This yields that M(§) must contain a half-line. Up to a rigid movement, we
can suppose that this coincides with [0, 4+00) x {0}. Since this half-line is made of centers of disks
with maximal radius contained in €2, we also get that

[0, +00) X (—7q,rq) C Q.
Let us now suppose that there exists a point z € Q\ (R x (—rq,rq)). By convexity, then £ must
contain the convex hull of {z} and [0, +00) x (—rq,7q). It is easy to see that such a set contains
a disk with radius strictly larger than rq. This would violate the maximality of rq. In conclusion,
we get that

O\ (R x (=ro,mq)) =0,
and thus (5.1) follows. O

We now inquire about the structure of an unbounded planar convex set with finite inradius, hav-
ing empty high ridge set. We have the following result, whose proof is lenghty, though elementary.

Lemma 5.3. Let Q C R? be an unbounded open convex set, with rq < +o0c. Let us suppose that
M(Q) = 0. Then there exists a convexr function f : (—rq,rq) — R with at least one of the two
limits

im t), lim t),
t—)(—ng)+ f( ) t—)(’l"g))7 f( )

equal to +00, such that, up to a rigid movement, we have
Q= {(xl,xg) eER?: —rg <axo <rqand x> f(:cg)}

Proof. We set St = {w = (cos¥,sind) : ¥ € [0,7)}. For every w € S%, we define II,, : R? — (wt)
the orthogonal projection on (w™), given by

I, (2) =2 — (z,w) w, for every = € R?.
We need to show at first that, under the standing assumptions on 2, the following property holds
true:
(5.2) there exists a unique wy € SY such that I1,, () is bounded.

Indeed, assume this were not true, then we would have two possibilities:

(i) either there exist (at least) two distinct wy,ws € S such that both IL,, () and IL,, (2) are
bounded;

(ii) or the projection II,, () is unbounded, for every w € S.

In case (i), let us set ; = I1,,,, (), for i = 1,2. By assumption, these are two non-collinear segments.
Accordingly, we have that H;il (€2;) are two non-parallel strips. By construction, we would have

O CI5H() NI, (Q2),
and the latter is a bounded set. This would contradict the fact that €2 is unbounded and thus case
(i) can not hold.
We now suppose that case (ii) holds. By Lemma 5.1, we get in particular that { must contain
a half-line £;. Up to a rigid movement, we can suppose that £, has direction e; = (1,0). We now

consider the projection ITe, (€2), by assumption this is a one-dimensional unbounded convex set, i.e.
it contains a half-line. By convexity, this entails that 2 must contain another half-line L5, such that
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Ly # Lo. More precisely, £; and Lo are not parallel, since the image through Ile, of every half-line
parallel to £ would be a single point. Since € is convex, it must contain the convex hull of £ U L.
The latter contains arbitrarily large disks, since £; and Ly are not parallel. This contradicts the
fact that ro < +oo.

In conclusion, we established the validity of (5.2). Without loss of generality, we can suppose
that w = e; and that Ile, (©2) = (—a,a), for a suitable a > 0. Thus, we have that

(5.3) QCRx (—a,a).

Observe that a > rq: indeed, for every € > 0, we have that €2 contains at least a disk of radius
rq —&. The orthogonal projection of this disk along the direction e; is a segment of length 2rq —¢,
thus (—a, a) must contain a segment having this length. By arbitrariness of e, we get that a > rq,
as claimed.

We have already observed that {2 must contain at least a half-line £;. By (5.3), we have that
L1 has direction e;. On the other hand, it can not contain a line, otherwise 2 would coincide with
a strip. Since for a strip the high ridge set is not empty, we would get a contradiction with the
assumption M(Q) = (.

For every z2 € (—a,a), we now define

f(xe) = inf{xy : (x1,29) € Q} and g(z2) = sup{z1 : (x1,22) € Q}.
By construction, we have (f(z2),g(z2)) x {z2} C Q. Since {2 can not contain a line, for every
x2 € (—a,a) we have that either f(x2) > —o0 or g(x2) < +00. Let us fix 23 € (—a, a), without loss of
generality we suppose that f(z3) > —oco. Then we must have g(z2) = +o00: indeed, if g(z2) < 400,
then Q has to contain the convex hull of the half-line £; and the segment (f(x2),g(z2)) x {z2}.
Such a convex hull contains in particular the half-line (f(z2), +00) x {x2}, thus contradicting the
definition of g(xs).

We pick ¢t € (—a,a) such that ¢ # z2, we show that we must have f(t) > —oo and g(t) = +o0,
as well. We already know that these quantities can not be both infinite or both finite. We have
to exclude the case f(t) = —oo and g(t) < +o0o. In this case,  would contain the convex hull of
the two half-lines (—oo, g(t)) x {t} and (f(x2),+00) x {x2}. Such a convex hull is given by a strip,
thus © would contain a line, which is not possible (as previously said).

From this discussion, we finally obtain that

flza) > —o0 and g(x2) = +o0, for every —a < 23 < a.
It is not difficult to see that f is convex: let us take 7 € (0,1) and z2,ts € (—a,a). Let z1 and t; be
such that (z1,22) € Q and (t1,%2) € Q. By convexity, we have (711 +(1—7)t1, 722+ (1—7)t2) € Q,
as well. Thus, by definition of f we get
flreze+ (1 —=7)te) <721+ (1 —7)¢1.
By taking first the infimum over the admissible x; and then over the admissible ¢, we finally obtain

frag+ (1 —7)t2) <7 fla2) + (1 —7) f(t2).
The fact that € coincides with the epigraph of f follows by its construction and the convexity of

Q). We also observe that actually it holds a = rq. Indeed, we already proved that a > rq: on the
other hand, if @ > rq by the previous properties we would get that {2 contains the two half-lines

(f(re), +o0) x {ra} and (f(=rq), +00) x {-ra}.

Then it must contain their convex hull, as well. In particular,  would contain an open disk of
radius rq, violating the fact that M(Q) = 0.
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Finally, the fact that f must blow-up in at least one of the extrema rqo or —rq follows from a
similar argument: if both limits were finite, then {2 would contain an open half-strip with width
2rq. In particular, we would have again M(Q) # 0. O

5.2. An existence result. The main result of this section is the following existence one, dealing
with planar convex sets with finite radius. The last assumption is not restrictive, since when
ro = 400 we have hy(2) = 0 for every 0 < ¢ < N/(N — 1), as already observed in Section 2.

Theorem 5.4. Let Q C R2 be an open conver set with rq < 4+00. Then, for every 1 < q¢ < 2 we
have

LOE

(5.4) he(§2) = inf {H|(1) : E C Qs a bounded open convex set with |E| > 0} .
FEla

Moreover, the infimum is attained if and only if

M(Q) = {x €Q: B,,(z)C Q} £ 0.

Proof. We divide the proof in 4 parts, for ease of readability.

Part 1: reduction to connected sets. Let us take an open set F € €2 with smooth boundary
and let us suppose that £ = Fy U F5, with E; and FEy disjointG. Without loss of generality, we can
suppose that
W\OF) _ H\(OF)
A AT
By using the subadditivity of the concave map 7 +— 71/¢ and Lemma 3.1 with 3 = 1, we have

H(OF) +H(OF) _ H'(OF:) + H'(9E)

(|| + | Ba|)7 |Ev|7 + | Eo|d
1 1 1
> min{H (3&71)’ " (8132)} = i (3%’1).
| E1 | | Ea | | By |

This estimate guarantees that we can restrict the minimization to open sets with smooth boundary
E € Q, such that E is connected.

Part 2: reduction to convex sets. As already observed in [38, Theorem 1.2], if we take an open
set F € Q with smooth boundary such that E is connected, then the convex hull E* of E is such
that

|E| > |E| and HY (OE™) < H'(OE).
In the latter, we crucially used that we are in dimension N = 2. See for example [26, Proposition
5] for a proof of this result in the wider context of finite perimeter sets. This shows that

YoOE

hge(£2) > inf {H|(|1) : E C Qis a bounded open convex set with |E| > 0} .

FEla
In order to prove the reverse equality, we take an admissible convex set £ C 2. We fix x¢ € Q2 and
for every t € (0, 1) define the rescaled set E; =t (E — ) + 2. By construction, we have E; € Q,

60bserve that the smoothness assumption on E entails that we have 0E1 N 0E = 0, as well.
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for every ¢t € (0,1). We now use that for the open convex set E, there exists a sequence {E} », }n>n,
of smooth open convex sets, such that

lim | By | = | Bl and lim H'(OE:,) = H'(OF;).

n—oo

Moreover, since E; € §, this sequence can be constructed so that E,, € € for n large enough
(depending on t), see Lemma B.1 below for these properties, for example. Thus, we obtain

1 1 ) 1
(@) <t L OF) HOB)_ g HOE)
n—oo |Et,n|‘1 |Et‘q |E‘<1

By arbitrariness of both 0 < ¢ < 1 and E, this is enough to get (5.4).

Part 3: existence. We do not assume that € is bounded, but only that € contains at least a ball
of maximal radius rqo. We recall that M () is a convex closed set, with empty interior. We have
two distinguish two cases:

(i) either M(€) is bounded;
(ii) or M(2) is unbounded.

In case (i), it is not difficult to see that 2 must be bounded, as well. Indeed, suppose by contradiction
that  is unbounded. From Lemma 5.1, we could infer existence of a infinite sequence of disks
B, (z,,) with centers diverging at infinity, all contained in Q. Thus, {z,}neny C M(£2) and this
would violate the boundedness of M ().

If Q is bounded, existence can be proved by using the Direct Method in a standard way. We
take {E, }nen @ minimizing sequence made of convex sets contained in 2, such that |E,| > 0 for
every n € N. We can assume that

HL(OE,) 1

5.9 —— = < he(Q2 )
(55) pr <@

for every n € N.

In particular, the leftmost quantity is uniformly bounded by h,(2) + 1. By applying the Isoperi-
metric Inequality to each E,,, we get

2V
hq(Q) +1

Thanks to the fact that ¢ < 2, this gives a uniform lower bound on |E,,|. We now observe that, from
the sequence of open sets {E, }en contained in the compact set 2, we can extract a subsequence
(not relabeled) that converges with respect to the Hausdorff complementary topology’ to an open
set E C Q (see [29, Corollaire 2.2.24]). Moreover, by [29, point 8, page 33] we know that E is still
convex. We also observe that for convex sets, the Hausdorff convergence implies the convergence
in the sense of characteristic functions, as well. This means that we have

(5.6) < |En\%_%, for every n € N.

Jim Ile, —1ell1(@) =0,

"We recall that this means that

lim max{ max dist(z,Q\ E), max dist(z,Q\ En)} =0,
n—00 z€Q\Ep 2€EQ\E

see for example [29, Définition 2.2.7].
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and thus by [29, Proposition 2.3.6] we get
lim |E,|=|E| and HY(OFE) = |[V1g|(RY) < liminf |Vig, |(RY) = lim inf H' (OE,).
n—oo n—oo n—oo

The first fact, in conjunction with (5.6), shows in particular that |E| > 0. From (5.5) and the
previous limits, we eventually get that ¥ must be a minimizer.

Let us consider the case (ii). In this case Q is unbounded, as well. By Lemma 5.2, we know that
[0,400) X (—7q,70) CQCR x (—rg,rq),

up to a rigid movement. Once we gained this geometric information on €2, we can proceed to prove
existence of an optimal set. We start by taking a minimizing sequence {F, },en of open convex
sets as above. We still have the bounds (5.5) and (5.6). We need to infer some compactness on
{En}nen, by paying attention to the fact that now € is unbounded. Here we will crucially exploit
that 1 < g < 2. Indeed, this assumption enables us to use the following “four terms geometric
inequality”

Hl(aEn)>“
Byl

for a constant C; = C1(q) > 0 which degenerates as ¢ /2, see [11, Proposition B.6]. By using that
rg, <rq < 400, the fact that 1 < ¢ < 2 and (5.5), we finally obtain that

Cy diam(E,) < (rE)q%l <

diam(E,) < Csy, for every n € N,

with Cy not depending on n. In particular, by (5.1), we get that {E, },cn is a sequence of convex
sets with equi-bounded diameters contained in the strip R x (—rq,rq). Thus, for every n € N,
there exists a translated copy E, of F, such that

E, C (0,Cy) x (—rq,rq) C Q,

where we used again (5.1). We can now repeat the argument of the case (i) above, applied to the
sequence {E, }nen, to infer existence.

Step 4: non-existence. We are left with proving that if M(2) = 0, then the minimization
problem does not admit a solution. We first observe that this condition assures that 2 is unbounded.
According to Lemma 5.3, the set  has a very peculiar form: up to a rigid movement, it is given by

Q= {(:z:l,xg) eER?: —rg <x9 <rgand z; > f(xQ)},

for some convex function f : (—rq,rq) — R, which blows-up to 400 at (at least) one of the two

boundary points xo = rq or o = —rg. Thus, if E C Q would be an optimal set, we could translate
it rightward and slightly scale it by a factor ¢t > 1, without exiting from 2 (see Figure 2). By the
scaling properties of the ratio H'(:)/| - |/9, this would violate the minimality of E. O

The previous existence result for hy(2) = A1 4(©2) under the sole assumption M(Q) # () is a bit
surprising, since an analogous statement does not hold for

Ap,g(2) = inf {/ [VulP do : / |ul|? = 1} = inf {/ [VulP do : / |ul? = 1},
weC () Jq Q ueWy ?() LJa Q

with 1 < p < ¢g. This is the content of the next result.
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FIGURE 2. An unbounded convex sets with finite inradius, such that the high
ridge set M(Q) is empty. The subset E C Q can be moved “rightward” and then
“inflated”, without exiting from 2.

Lemma 5.5. Let 1 < p < q and let us consider the half-strip

Q= (0,+00) x (—1,1),
for which we have M(Q) # 0. The infimum value Ay 4(2) is not attained in W, (Q).
Proof. To prove this, it is sufficient to notice that

Apa(§) = Apq(2 +aey),

for every a € R, since sharp Poincaré-Sobolev constants are invariant by translations. On the other
hand, for a > 0 we have
Q+ae; C Q.

Assume that u € W, ?(Q) is a minimizer for \, ,(Q). Without loss of generality, we can assume
this to be positive. Then

U(Z‘,y) = U(I,y - CL),
would be a positive minimizer for A, ;(2+ ae1), as well. By extending v to 0 to Q\ (2 +ae1), we
would get

P

v e WyP(Q) and / |VolP de = Xy 4(Q) (/ |v]9 dm) ’
Q Q

This shows that v is a non-negative minimizer for A, 4(€2). By optimality, it must be a weak solution
of

—Apv =Xy 4(2) HUHZ(qQ) vqila in Q.

In particular, v is a weakly p—superhamonic function in €2, not identically vanishing. By the
measure-theoretic strong minimum principle (see for example [10, Lemma 4.4.5]), we get a contra-
diction, since by construction v is identically zero on the set

Q\ (Q+aeq),

which has positive measure. (|

We conclude this section, by showing that for 0 < ¢ < 1 the situation abruptly changes. Indeed,
for unbounded sets the problem hy(€2) never has a solution.
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Lemma 5.6. Let Q C R? be an unbounded open convex set, with rq < +oo. If 0 < g < 1, then we
have
he(2) = 0.

Proof. By appealing to Lemma 5.1, there exists a sequence of disks B,.(x,) C Q with fixed radius
and centers diverging at infinity. In particular, by taking as E, the convex hull of B,.(x¢) and
By (zn), we get

HYE, 2 2|z — xn,
ho(@) < tim ZEEn) oy, 2rrE2@e =2l
n—00 |En|§ n— o0 (777,2+2T|1,071,n|)3
thanks to the fact that 1/¢ > 1. Thus, if Q is an unbounded open set, we have h,(Q2) = 0
Accordingly, we can not have existence of an optimal set. (]

APPENDIX A. AN A PRIORI LOCAL L° BOUND

In what follows, for 1 < p < N we will indicate by T, the sharp constant in the Sobolev
inequality, that is
TNy = sup {||<P||Lp*(RN) : ||V<P||LP(RN) = 1}~
PECE (RN)
Its explicit expression can be found for example in [39, equation (2)]. For our scopes, it is useful to
recall that

. 1
(A].) ;1\‘rr11 TN,p = TN71 =1,

Nwf
where on the right-hand side we can recognize the reciprocal of the sharp Euclidean isoperimetric
constant. The following result is well-known, but we need to keep track of the relevant constant,
as p goes to 1.

Proposition A.1. Let 1 <p <2 and let u € VVli’Cp(RN) N L2 (RY) be a non-negative local weak
subsolution of

—Ayu =1, in RY.
Then, for every p < q < p* there exists a constant Cn 4 > 0 such that for every cube Qr,(zo) we

have )

E _p_
[l (@ry 2(@0)) < CNpig (][ U|"d$> + Ry
QRrq(z0)

Moreover, for every firted 1 < g < N/(N — 1) the constant Cnpq > 0 has a finite positive limit
CnN,1,q, a5 D goes to 1.

Proof. We will use the standard Moser iteration technique, by paying due attention to the constants
appearing in the estimates, exactly as in [13, Lemma A.1]. We fix Ry/2 < r < R < Ry and a pair of
concentric cubes Q,.(xg) € Qr(xg). For simplicity, from now on we will omit indicating the center
xo. We take 1 to be a standard Lipschitz cut-off function, such that

OSﬁSL nElonQT, nEOOHRN\QR;

and
1

R—1r’

IVl =

We then use the test function
o=n"(u+t),
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where ¢t > 0 and 5 > 1. We get
B / |Vul|? (u+t)P~1nPde +p /(\Vu|p_2 Vu, V) (u+ )P~ P~ de
< /np (u+t)? dz.
Observe that by Young’s inequality, we have for every ¢ > 0
D /<|Vu|p_2 Vu, V) (u+ t)ﬁ_1 P lde > —(p—1)6 / [Vul|P (u+ t)B_l nP dx
st / VnlP (u+ 6P+ da.

In particular, by choosing § = 3/p we get

é p B-1,p <p>p_1 p B+p—1 P B
p /|Vu| (u+t)’ " nPde < 5 /|V77| (u+1) dm—i—/n (u+t)” de.

We now observe that

p

9

p
_ P Btp—1

and
1
B B+p—1
(u+t)” < (u+4t)"? g

Thus, from the previous estimate, we obtain

p—1 —1 p
/‘Wuﬂ)“y " de < <B+p> /|VnV’ (u+ )77 da

B
—1\" 1
B e fresra
In order to simplify a bit the estimate, we use that
B+p—1\" _
(B <@B+p-1""p,

and
B+p—1>p p o1
— ] S<(B+p-1 D-
( P B ( )
This yields

B4+p—1 _ D
(A.2) / V) 5 e < (Bp-1""p / [anp+t31] (u+ )57~ da.
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By combining Minkowski’s inequality and (A.2), we can infer

(/‘v<(“+t>p+§_l ?7) ’ dz)é < (/‘V(wt)‘”i‘l " npd:c);
s 1)% v </ {|V77|P T " } (u+ t)s+r=1 dx)’l’

=
+ (/ VP (u+ t)PHA=1 dm) "

We can bound from below the leftmost integral by using Sobolev’s inequality. This yields

Tj/,p (/ ((u—&—t)% n)p* dx)pl*

<Brp-1)F p (/ [vmu 7" ] (u+t)ﬁ+p1dx>”

tp—1

4 (/ VP (u+ )P+ dw) '

It is now time to use the properties of 1. These lead us to

T;p </Qr ((U—f—t):‘”rg*l)p* dx)p*

(A.3) <@+r-0F 0 [t ' (f (st iz

We also observe that

1

p—1 1 1 1 B
< —1) » P | —_— -
e G A {(R—T)P +tp—1}

By using this elementary observation, from (A.3) we get

</Q (w+0™52)" dm) N

1
p=1 1 1 1 P _ D
SZTN,p (ﬂ‘f’p*l) r pr |:(R—’I“)p+tp_1:| </ (u+t)ﬂ+p 1d:17> .
R

We now set 9 = 8+ p — 1 in the previous estimate and raise both sides to the power p/¢¥. This
gives

1% 1 1 1 |?
(A4) ||U + tHL%ﬁ(QT) S (,Lgp 1) v (2ppT1%7p)ﬂ |:M + tplil ||U + t||L‘9(QR)~
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We want to iterate the estimate (A.4), on a sequence of shrinking cubes. At this aim, we take
p < q<p*"and set

* w0\ 1
190 =q, 191'4_1 = % 191 = <p) q, 7 S N,

and
Ry Ry

=24 LY, QEN,
R 5 + 5 1€
where Ry has been fixed at the beginning. From (A.4), we get
1
1\ % 1
||u+t||L0,-+1(QR‘ < (ﬁf 1) (QPPTJZ\)LP)M

z+1) -

gHINP 1 1%
X |:< RO) +tp_1:| ||u+t||L19’i(QRi)'

We now choose the free parameter ¢: we take it to be

_pP
(A.5) t=RIT.

With simple manipulations, we then obtain

1
% 21)pr i i+2
-1\ Y N, r=
el g, < (907 ( R? ) e

We start from ¢ = 0 and iterate infinitely many times this estimate. By using that

0017100 p)ZN
qu(p* qp’

1=0

[+t Lo:(@r,)-

together with

00 1 n 1
H (19];_1) " = lim exp ((p -1 Z 5 log191>
i=0 i=0 "
_1 n 1 *
= lim exp (p Z (p*> {z log — + log q})
n—00 q =0 p
—1 N(N - * -1
o (B YO )y ()
p p
and
e + 42
PV D, = ] log 2
E)( )7 = lim exp (p; 5 log )
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we finally get the estimate

N
(QPpTIZ\)/ p) "
-+ 1 @) < AN g 3 ([ (wt)da
Roq @ro

In particular, by recalling that v > 0 and using Minkowski’s inequality, we get
1

Q=

N 7a !
||uHLOO(QR0/2) <27 ANy BNpg (2ppTJI\)/,p) o ][Q lul? dx +1
Ro

By recalling the choice (A.5) of ¢, we conclude.
Finally, we observe that for every fixed 1 < ¢ < N/(N — 1), we can take 1 < p < 2 such that
p < q. In particular, since p > 1, we have ¢ < p*. Moreover, it holds
N e 4 g
lim 2« An g BN p,g (2ppTJZ\)/ p> = Bnig | —
Pl ’ Nwy
In the last identity, we used the definitions of Ay p 4, By pq and (A.1). O

Remark A.2. We observe that the constant By 1,4 is given by

1 00 - 1 [
BN,]_,q = exp (q Z(Z + 2) (1 — N) 10g 2) .

i=0
This has the following asymptotic behaviour

N2
BN,l,q ~ 2 )

as the dimension IV goes to oco.

APPENDIX B. A SIMPLE APPROXIMATION LEMMA FOR CONVEX SETS

Lemma B.1. Let N > 2 and let E C RN be an open bounded convex set. Then there exists a
sequence of smooth open bounded convex sets {Ey}p>n, C RY and a constant Cg > 0, such that

C C
(B.1) (1 — i) ECE,C (1 + nE> E, for every n > ng.

Moreover, we have
lim HY"Y(0FE,) = lim HN1(OFE).
n—oo n—oo
Proof. We first show that the last property follows from (B.1). Indeed, since all the sets involved
are convex, by using the monotonicity of the HN~! measure of the boundaries with respect to set
inclusion (see [16, Lemma 2.2.2]), we have
ce\"! N—-1 N—1 ce\"! N—-1
1-—= HYTH(OE) <HY (0B, < [1+ — HY T (OF), for every n > ng.
n n
By taking the limit as n goes to oo, we get the desired conclusion.
In order to construct the sequence {E,, },cn, we suppose for simplicity that 0 € E and introduce
the Minkowski functional of F| i.e.

i) :inf{)\>0 cre )\E}.
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This is a positively 1—homogeneous convex function, which is globally Lipschitz continuous and
such that for every ¢ > 0 we have

jlx) <t if and only if relE.

Moreover, we have j(x) > 0 for every # € RY and j(z) = 0 if and only if + = 0. We then
set jn, = J * on, where {g,}n>1 is the usual family of standard mollifiers. Observe that this is a
non-negative smooth convex function. We define

E, = {x eRY . j,(2) < 1}.

Let us call C'g the Lipschitz constant of j. For every x € (1 — Cg/n) E, we thus have

i< (1-%2).

n

for every n large enough. By using the definition of j,, we have
= [ ie-pewd= [ -y i@lewd+ie)
B1(0) B1(0)

<CE+j(x)<CE+<1—CE>:1.
n n n

This shows the validity of the leftmost inclusion in (B.1). In a similar way, if € E,, then we have
) . . . C )
1o ae) = [ (o= 9) = @) ea)dy+ i) = - F + o),
B1(0) n

that is j(x) < 1+ Cg/n, which shows the validity of the rightmost inequality in (B.1), as well.

We are left with observing that dF,, coincides with the level line {x € RV : j,(z) = 1}. Such
a level line is smooth, since it does not contain critical points of j,: indeed, we recall that for a
convex function every critical point is automatically a global minimum point. On the other hand,
by using the Lipschitz character of j and the fact that j(0) = 0, we have

. . C
jn(0) = / J(—y) only) dy < <.
B1 (0) n

and the latter is strictly less than 1, for n large enough. This shows that the value 1 can not be
the minimum of j, and thus 0FE,, = {x € RY : j,(z) = 1} does not contain any critical point of
Jn- O
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