A FAMILY OF NONLINEAR FOURTH ORDER EQUATIONS
OF GRADIENT FLOW TYPE
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ABSTRACT. Global existence and long-time behavior of solutions to a family of nonlinear fourth
order evolution equations on R% are studied. These equations constitute gradient flows for the
perturbed information functionals

1 2 A
Fa’A(u):%/I;JD(UQH dx—l—E/Rd |z)%u dz

with respect to the L?-Wasserstein metric. The value of « ranges from a = 1/2, corresponding
to a simplified quantum drift diffusion model, to @ = 1, corresponding to a thin film type
equation.

1. INTRODUCTION AND MAIN RESULTS

This paper is concerned with non-negative solutions to the following family of nonlinear fourth
order parabolic problems in (0, +00) x RY,

(1.1) Oy = —div (uD [ua_lAuaD + Adiv(zu) =0,
(1.2) u(0,2) = up(z) >0, / (14 |2*)uo(z) dz < +o0.
Rd

For the exponent « in (1.1) we consider values 1/2 < o < 1, and we assume A > 0. This class of
equations has recently been considered by Denzler and McCann, who constructed special solutions
[21]. However, apart from the special cases a = 1/2 and « = 1, which are described in some detail
below, analytical results for general solutions to (1.1) do not seem to have been available until
now. The current paper provides proofs for the existence of weak solutions and their long-time
behavior under mild assumptions on ug.

Solutions to (1.1) can be interpreted as nonlinear (confined) diffusion processes. In fact, our
results show remarkable similarities between (1.1) and the well-studied second-order (non-)linear
Fokker Planck equations [39],

(1.3a) v = 04 A(vH2) 4 Ay div(zv) if a > 1/2,
1
(1.3b) O = iAv + Ayjgadiv(ze) ifa=1/2,

with parameters defined by
V2«
= a1 Ao = VA ba, 0q:=2a—1)d+2.

The first similarity is that both equations (1.1) and (1.3) admit non-negative global weak solutions
u and v, respectively. The preservation of non-negativity by solutions to (1.1) is a remarkable fact

(1.4) Oy :
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in its own right, since maximum principles do not generally apply to fourth order equations.
Moreover, the integral (total mass)

(1.5) m=m(u) = /Rdudx

is preserved in time for both equations. It is no loss of generality to assume unit mass m = 1 in
the following.

Further, as is characteristic for diffusion processes, both solutions v and v dissipate a variety of
entropy functionals, like the perturbed entropy H,,  and perturbed information Fy, ) introduced
in (1.8)—(1.9b) below. For A > 0, this leads to the convergence of u and v to stationary solutions
Uso aNd Voo in the limit ¢ — oo. The attained profiles uo, and vs, are independent of the initial
conditions ug and vg, respectively.

In fact, the most striking similarity of (1.1) and (1.3), first observed in [21], is that the stationary
solutions us, and v, are identical. They are Barenblatt profiles or Gaussians, respectively,

o —1/2
(1.6a) b (@) = (a — blaf?) /TP b= a\/zf/AoM if o >1/2,
(0%
(1.6b) bijoam(®) =a exp (— Aoz |z[?) ifa=1/2.

Above, the positive parameter a is chosen to adjust the mass m to unity.

One of the goals of this paper is to provide an explanation of the aforementioned similarities be-
tween the fourth and the second order equations. By exploiting the gradient flow structure of (1.1),
these similarities turn out to reflect a natural correspondence between entropy and information
functionals.

Fourth order equations and gradient flows. The family (1.1) of nonlinear fourth order equa-
tions possesses a gradient flow structure [21]. This fact has been made use of by Giacomelli and
Otto [34] [25] in the case o = 1, and by Gianazza, Savaré and Toscani [24] in the case o = 1/2,
but it seems not to have been exploited previously for the intermediate range 1/2 < a < 1.

The suitable metric space is that of probability measures on R?%, endowed with the L?-Wasserstein
distance. Observe that equation (1.1) is formally equivalent to the canonical form of a Wasserstein
gradient flow [3, Ex. 11.1.2]

0F,
(1.7) dyu+div (uv) =0, v= 7D5,7A(U)7
U
where F,, ) is the perturbed information functional defined for smooth positive densities as
1 2 A 9
1. F, = D (u*)|"d — d
(1.8) N Za/Rd| (u®)] x+2/Rd|x\u:c
and 0F, /du denotes its Eulerian first variation,
0F, A A
5u7/\ = -V (au***Du) + afa — 1)u**7?| Du‘2 + §|x\2 = —u* TAu®) + §\m|2.

We remark that the range 1/2 < a < 1 corresponds to the range of convexity of Fy, x with respect
to linear interpolation of measures. On the other hand, we emphasize that even in this range of
a’s, the functionals F, » are not geodesically convex (= displacement convex); see Carrillo and
Slepcev [13]. The latter fact makes it impossible to apply the standard machinery for metric
gradient flows developed e.g. by Ambrosio, Gigli and Savaré [3] in a straight-forward manner.

The information establishes the link between (1.1) and the second order diffusion equation (1.3).
Namely, consider in addition the perturbed entropy functionals

_ @a a+1/2 a+1/2 Aoz,/\ 2 .
(1.9a) Ha’)‘(u)_afl/Q(/Rdu dz — m(u) )+ 5 /Rd lz|*udz  if a > 1/2,

1 A
(1.9b)  Hyjoa(u) = f(/ ulogudr — m(u)log (m(u))) + ﬂ/ |z|?uds  if o =1/2,
’ 2 Rd 2 Rd
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which Otto showed generate (1.3) as gradient flow with respect to the L?-Wasserstein-metric [35].
Define the associated entropy production as the time derivative of H, » along any sufficiently
regular solution v(¢) to (1.3). The latter amounts to

d
(1.10) —EHQ,,\(v(t)) =For(v(t)) — (6o — 2)A Ho A (v(2)).
The special form of (1.10), as well as the choice of A and ¢ in (1.4), is related to the rescaling

properties of the unperturbed functionals Fy, o and H,o with respect to the “mass preserving
dilations”

(1.11) ou() =r"tu(rt) >0,
which satisfy
(1.12) Foo(@u) =7"%F(u),  Hao@mu)=r%+D2H (u) Yr>0.

The connection between (1.12) and (1.10) are clarified in Remark 2.1.

Relation (1.10) is at the very basis of our investigations of the long-time behavior of solutions
u(t) to (1.1): as H, x is a geodesically A-convex functional [32], it generates a A-contractive
gradient flow (1.3), as in Ambrosio, Gigli and Savaré [3], Carrillo McCann and Villani [12], and
Sturm and von Renesse [38] [37], after work of Otto [35]. By means of (1.10), attraction towards
the fixed point is inherited by the gradient flow (1.1), regardless of the fact that its generating
functional F, x is not geodesically convex. The respective proof, in a very general setting, is
contained in section 3.

The limiting cases: DLSS and thin film equation. Another motivation for studying the
family (1.1) originates from the equations obtained for « = 1/2 and @ = 1. When o = 1/2 and
A = 0, the respective entropy (1.9b) turns into (half) the Boltzmann functional,

(1.13) Hyjg0[u] = %H(u), H(u) = /Rd ulog (ﬁ) dz,

and the information coincides with the classical Fisher information,
1 D ul?
(1.14) Fi2.0(u) :/ |D\/ﬂ|2d:c = f/ ﬂdz.
’ Rd 4 Rd U
The minimizers of the associated A-perturbed functionals are Gaussians (1.6b). For the respective
unperturbed gradient flow, one recovers the Derrida-Lebowitz-Speer-Spohn equation

(1.15) O+ div (uD Aﬁ) —0.
Vu
Originally, those four authors derived (1.15) in one spatial dimension on the half-line R as a
description for interface fluctuations in the Toom model [22] [23]. Later, this equation was re-
discovered in the mathematical theory of semiconductors. In three spatial dimensions, equation
(1.15) constitutes the low-temperature, field-free limit of a simplified quantum drift diffusion
system for the electron density wu; see [31] and references therein. Existence of solutions to the
initial value problem for (1.15) has been studied by Bleher, Lebowitz and Speer [8], Gianazza,
Savaré, and Toscani [24], and Jungel with Pinnau [31] and with Matthes [29]. While still little
is known about the qualitative properties of general solutions (strict positivity is essentially an
open problem, as is uniqueness), a variety of results on the rates for relaxation to equilibrium are
available [30].
On the other hand, the parameter o« = 1 corresponds to

V2 1
Hio(u) = ?</ u?/? dx — m(u)3/2), Fio(u) = 5/ |Du‘2dnc7
R4 R

respectively, and their associated A-perturbations. Notice that Fi g(u) is the Dirichlet energy of
u. Both Hj ¢(-) and Fy o(-) are minimized by the Smyth-Hill profiles
2

A
biam(x) = m(pz - |m\2)_~_7 p > 0 being chosen to adjust the mass m to unity.
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Equation (1.1) turns into the following particular thin film equation,
(1.16) dyu+ div (uD Au) = 0.

The degenerate parabolic fourth order thin film (or lubrication) equations of the more general
form

(1.17) Opu + div (m(u) D Au) =0

with an increasing, non-negative mobility function m have been extensively studied in the math-
ematical literature since the seminal paper of Bernis and Friedman [6]. The theory of existence
of weak solutions to (1.17) in dimensions d = 1,2,3 with physically relevant mobility functions is
quite complete, see Bertsch, Dal Passo, Garcke and Griin [7] and the references there. Proper-
ties of the solution, in particular the rate of convergence to the equilibrium state, the spreading
behavior of the support, and waiting time phenomena have been heavily investigated in a series
of publications; see e.g. [16, 26] and the review by Becker and Griin [5]. However, fundamental
questions — like the rupture of film for specific mobility functions — still remain largely open,
even in one spatial dimension.

The particular equation (1.16), which is (1.17) with the linear mobility function m(§) = &,
plays a distinct role in the theory, at least in d = 1 spatial dimension. The equation generates the
so-called Hele-Shaw flow, which describes the pinching of thin necks (with thickness ) in a Hele-
Shaw cell. The mathematical literature on problems related to the Hele-Shaw flow is extensive;
an overview over classical results can be obtained e.g. in Myers [33]. Analytical treatment in
the spirit of our investigations is found in Almgren, Bertozzi, and Brenner [1], Otto [34], and
particularly in Carlen and Ulusoy [10] and Carrillo and Toscani [15].

Main results. The results of this paper are twofold. The first concerns the existence of global
weak solutions to the initial value problem (1.1)&(1.2).

In order to formulate the existence theorem, we introduce our notion of weak solution. Observe
that the non-linearity g inside the first divergence operator of (1.1) can be formally rewritten as
(1.18) g=uD (uo‘flAua) =D (uO‘Auo‘) —u*" Y (Au*)Du=D (uo‘Auo‘) —a M (Au®) D u.
This expression has a (distributional) meaning even if o = u® € W2*(R%) only.

loc

Theorem 1.1. Assume that the non-negative initial condition uy € L*(R?) satisfies
(1.19) / |z|?uo(x) dz < 400, H(ug) = / () log (uo(x)) dz < +oo.
Rd Rd

Then there erxists a non-negative global solution u € C°([0,4+00); LY(RY)) with u(0) = vy and
u® € L% ([0,+00); W22(RY)), satisfying the initial value problem (1.1)€(1.2) in the following
sense

(1.20) Opu + div (D (u*Au®) — o (Au*) Du® — Mu a:) =0,

i.e., for every test function ¢ € C§°((0,+00) x R%) one has

+oo +oo
(1.21) / / (—8t§+)\m-DC)udxdt+/ / Aua(uo‘AC—i—a_lDua~D§>dxdt:0.
0 R4 0 Rd

Remark 1.1 (Weaker formulation). An even weaker form of (1.1) exists, which just requires
o =u* € L _((0,+00); WH2(R?)). Indeed, observe that the vector q defined in (1.18) has

loc
components (repeated indices are summed)

1
q; = 0i(09,0) — a1 (8,0)0%,0 = 5aiaj?j(a?) — 8;0;0> — a7'0;(0i00;0) + o1 (0},0)0;0
1,9/ 9 1 5 1
= 5828M (O’ ) - (]. — %)@@cﬂ - aaj (aiO'ajU).
The respective weaker formulation of (1.20) reads for A = 0 as

1 1
(1.22) O+ 5 A%(0%) — ( ) A|Do|? — aZafj(aiaaja) =0, o=u"
ij

1
1— —
2a
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This corresponds to the integral condition

+o0 +oo
(1.23) /0 /Rd (—3tC+)\x-D()udxdt+ | No(u;DQ)dt =0 VCGCSO((O,-i-OO);Rd),

upon defining for u € WHH(R?) with o0 = u® € WH2(R9) and ¢ = D¢ € C5°(R%; RY)

(1.24) Na(u;(:)::f; (aD02~Ddiv§+(2a—1)|DU|2divC+2DCDooD0)dx.
a JRrd

It is not difficult to check that (1.24) and (1.21) are equivalent if o = u® € LL _((0, +00); W22(R)).
Although the link of (1.1) to (1.22) is less evident than to (1.20), the weaker form (1.22) is well-
suited to our analysis for several reasons: first, (1.22) is the natural variational formulation of the
gradient flow equation that is obtained by the method of Jordan, Kinderlehrer and Otto [27], see
Lemma 2.5; second, the pointwise condition o = u® € WH2(R?) is satisfied as soon as F, \[u] is
finite; third, strong convergence of o = u® in L{ ((0, +00); WH2(R?)) is sufficient to pass to the
limit in the nonlinear operator N,. In particular, the last point is important for the passage to

the continuous time limit in the minimizing movement scheme introduced in the next paragraph.
The second result concerns the convergence of u in the long-time limit.

Theorem 1.2. If A > 0 then the weak solutions u to the initial value problem (1.1)€(1.2) con-
structed as the small time-step limit of the minimizing movement variational scheme (1.32) (which
in particular satisfy the properties stated in Theorem 1.1) converge exponentially fast towards the
respective Barenblatt profile by a.m in L*(RY),

(125) H u(t) - bo")‘?mHLl(Rd) < C (Ha,)\(UO) - Ha,)\(ba,)\;m))l/ze_/\t7

where the constant C > 0 only depends on a, A\, d,m. Moreover, the entropy and the information
functionals Hy x, Fo,x decay along this solution at an exponential rate,

(1'26) Ha)\(u(t)) - me\(ba,)\;m) < (Ha,)\(u()) - Ha,)\(ba,/\;m))e_Q/\t’
(1'27) Fa7/\(u(t)) - Fa7x\(ba,)\;m) < (Fa,,\(uo) - Fa7,\(ba7)\;m))e_2)‘t_

We refer to section 5 for more details, and also an improved convergence result in W12(R?)
for the “thin film” case o = 1.

In the unconfined case A = 0, there exists no non-trivial stationary solution, because u(t) tends
to zero in L}Oc(Rd) as t — oo. However, we are able to describe the intermediate asymptotics: u
approaches the self-similar spreading Barenblatt profile

(128)  baoum(t, ) = RE) ot (R() ™) = dpgybatms  R(E) = (1+ (6 +2)8) ),

in L'(RY) at an algebraic rate; see Corollary 5.5. Thanks to the scaling invariance (1.12) of equa-
tion (1.1), the latter result can be recovered from (1.25). The corresponding rescaling argument is
by now classical, see e.g. Dolbeault and del Pino [18]. In Section 5.3, we will present a variational
derivation of it, that is entirely based on the invariance property (1.12). In the particular case
a =1 of the thin film equation, it leads the following result:

Corollary 1.3. Assume a =1 and A\ = 0. Then any weak solution u to the initial value problem
(1.1)é(1.2) constructed as limit of the minimizing movement variational scheme satisfies

(1.29) Jlu(t,) =brom(t: Mpimey < CR(O™Y, IDult,) =Dbyowm(t, )2 (may < O R() 722,

Variants of the estimates in Theorem 1.2 are already known is two special cases. For the
situation @ = 1/2 of the Derrida-Lebowitz-Speer-Spohn equation (1.15), results equivalent to
those of Theorem 1.2 have been recently obtained by Gianazza, Savaré and Toscani [24]. Moreover,
alternative estimates on entropy and information decay are available for the Hele-Shaw flow (1.16)
in dimension d = 1,

(1.30) Oy = —(uuwm)x + (zu),.

In [15], entropy decay for solutions to (1.30) — at the same exponential rate — has been obtained
for strong solutions u. Instead of resorting to the general formalism of Wasserstein gradient
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flows, Carrillo and Toscani rewrite (1.30) in an ingenious way, so that all estimates can be made
completely explicit. As we show in Section 5.4, their appealing formal idea can in fact be extended
to the whole family of equations (1.1) with @ > 1/2, and to arbitrary dimensions d > 1.

Finally, we mention that the behavior of the perturbed information

F11[u) :%/R|ugg(x)|2dx+%/Rm2u(x)dx

along solutions to (1.30) was studied recently. By proving asymptotic equipartition of kinetic
and potential energy, an algebraic decay estimate was derived by Carlen and Ulusoy [10], and
subsequently improved by Carlen [9], leading to the same exponential equilibration behavior that
we find.

The discrete variational scheme. In order to prove Theorem 1.1, we closely follow the strategy
introduced by Jordan, Kinderlehrer and Otto [27] in the framework of the Wasserstein space, and
further developed in the book of Ambrosio, Gigli and Savaré [3]. After mass renormalization
m = 1, we associate to the time dependent density function u(t) satisfying (1.1) the (absolutely
continuous) probability measures u(t) := u(t,-)L? in R%. The quadratic moment of u(t) is finite
for all times ¢ > 0 if it is initially at + = 0. Hence u attains values in the Wasserstein space Po(R?),
metrized by the L2-Wasserstein distance Wy (-, -); we recall the relevant definitions in section 2.

A time-discrete approximation of solutions to (1.1)&(1.2) is constructed by application of De
Giorgi’s “minimizing movement” scheme to the information functional F,, x[u] = Fo x(u) (defined
on Borel probability measures). We review this scheme below; see section 3.2 for a more detailed
description.

Let a partition P, of the time interval [0, 4+00) be given,

(131) Pr={0=tl<ti<- <th<-}, mi=ti—trl lim 2= 7, =+o0.
n—-+oo
n
Associated to the step sizes T = (7,)nen and the initial measure M2 = upl?d € Po(RY), we
consider the sequence (M?),en recursively defined by solving the following variational problem
in ?2 (Rd)Z

(1.32) find M € Po(R?) which minimizes the functional M — %W;(M:f_l, M) 4+ Far[M].
n

The measure M? € Py at the nth time step — which serves as approximation of p(t?) = u(t?)L?

— is thus determined as the minimizer of a variational problem involving the Wasserstein distance

and F ».

Following this scheme, one obtains a family of piecewise constant approximating solutions
M, (t) = M in each interval (t771 t7], satisfying a suitable discrete version of (1.22). We prove
that in the limit as sup,, 7, | 0, one recovers a weak solution y = uL? of (1.20). Since the
functional F,, ) is not displacement convex, we cannot follows the standard procedures developed
in [3]. Strong a priori estimates are needed to pass to the limit and to characterize the equation
satisfied by the limit function.

Discrete dissipation estimates via auxiliary gradient flows. The standard strategy for
deriving these kinds of estimates is to get as much information as possible from the discrete
variational problems (1.32), usually by studying the first variation of the functional to be minimized
under suitable perturbations of the minimizer. The careful choice of such perturbations therefore
plays a crucial role.

In the present paper we propose a general strategy to find a sufficiently wide family of per-
turbations and to obtain corresponding discrete estimates, even in a general metric setting. The
underlying philosophy is simple: we perturb the minimizer M? of (1.32) by moving it along the
gradient flows SV generated by other, simpler functionals V defined on Py(R¢). In order to obtain
useful information, V should be k-displacement convex for some x € R, so that SV is k-contracting
and can be characterized by a suitable variational inequality, see Theorem 2.4 and (3.16). Assume
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& > 0 temporarily, for ease of presentation. Assume further that the dissipation of F, » along the
flow SV,

F —FanlSY
(1.33) DY F, A [1] := limsup o k] = Fanl hu],
h10 h
is non-negative, possibly up to lower order terms. Then, the discrete solution M satisfies the a
priori bound

VMR VM

(1.34) V[M"] 4 7, DY FoA[MP] < VM2~ or, equivalently,

Tn
See Theorem 3.2 for the complete statement, with x € R. We shall refer to inequality (1.34) —
or rather to its generalized form (3.22) — as the “flow interchange estimate” for the following
reason. The rate of dissipation 77! (V[M?~1] — V[M"]) of the functional V along the “discrete
flow” generated by F,, » through the minimizing movement scheme (1.32) is bounded from below
by the rate of dissipation DV Fon of Fo n along the continuous flow generated by V. It has the
advantage of converting the differential estimate of F, » along a known evolution (1.33) into a
discrete estimate for the approximation scheme of the flow for (1.1).
In the present paper we will repeatedly apply this principle with various choices of V:

1. In Section 2.4 and Lemma 4.2: V[u] = [ga ¢ dp, for ¢ € C§° (R%), generating the flow associated
to the linear transport equation

(1.35) dw —div(v D) = 0.

This first step (which goes back to the original ideas of [27]) shows that M is a weak solution
of a discrete version of (1.22).

2. In Lemma 2.6 and equation (4.9): V[u] = ma[u] := [z, |2|> dp, corresponding to the dilation
equation

(1.36) O — div(vz) =0, SYv(z) = eMv(elz) =v,-v ().
It provides a control on the quadratic moments of the solution in terms of the behavior of F, »
with respect to the dilations group S;, see (1.12).

3. In Theorem 4.3: V[u] = H|ul, the logarithmic entropy functional from (1.13), generating the
heat flow

(1.37) Opv — Av = 0.
It provides the discrete prototype of the following a priori estimate for solutions w to (1.1),
T
4d -1
1.38 H(u(T,- D2o(t,z)|?dadt < H VT >0, =
(138 HT)+e [ [ Dl dedt < Hw) =

This estimate is crucial for the passage to the limit in the nonlinear discrete equation. With a
different technique, an analogous idea has been exploited in [24]. In order to capture the full
power of the estimate hidden in the term DV JFa,x, which controls the second derivatives of u®,
we will use in a very careful way the integration by parts rule proved by Gianazza, Savaré and
Toscani [24] and by Jiingel and Matthes [29] (see also [28] for the development of an algebraic
technique for dealing with such formulas).

4. In Theorem 5.1: V[u] = Hq a[p], the power entropy (1.9a), generating the porous medium flow
(1.3a). It provides all the asymptotic estimates on the exponential decay of Hy » and Fu x
of Theorem 1.2. This result is actually more subtle, since it also uses the particular relation
(1.10) between information function Fy, » and the associated entropy Hg .

Open problems. The restriction to the range 1/2 < a < 1 — although natural for several
reasons — is seemingly non-optimal with respect to where existence and equilibration results can
be proven. The authors suspect that all of the aforementioned results extend mutatis mutandis
at least to

(1.39) (d—1)° g

21 ¢S
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The reason is that on this wider range an a priori estimate of the type (4.11) continues to hold
for sufficiently regular solutions.

Still, even the wider range (1.39) constitutes a rather unexpected restriction. In view of the
properties of the intimately connected slow and fast diffusion flows, the natural lower limit for «
should be aw = 1/2 —1/d (which is when the entropy H, x loses geodesical convexity), while there
should not exist any upper limit at all.

Plan of the paper. In Section 2 below we collect some essential facts on the L2-Wasserstein-
metric, its link with the entropy functionals (1.9a,b) and their gradient flows, and the related
properties of the information functional (1.8).

As explained in the previous paragraph, Section 3 is devoted to the core ideas of obtaining
dissipation estimates by using auxiliary gradient flows; its first part presents the basic heuristics,
deriving the estimates in the elementary case of smooth flows in the Euclidean space R™. The
general abstract results in metric spaces are developed in 3.2.

The proof of the existence result Theorem 1.1, based on the convergence of the minimizing
movement scheme (1.32), is carried out in Section 4. Besides the general ideas we have just tried
to explain, the crucial estimate and many technical steps are contained in Lemma 4.4.

The large-time asymptotic estimates from Theorem 1.2 are derived in Section 5, as a direct
application of the results of Section 3. Section 5.4 and 5.3 might be of independent interest. In
the first, a formal argument for estimate (1.25) is presented, inspired by Carrillo and Toscani’s
approach to the special case @« = d = 1 [15]. In the second, the intermediate asymptotics of
the unconfined gradient flow, i.e. equation (1.1) with A = 0, are investigated. The crucial tool
is a rescaling property for the discrete solutions of the minimizing movement scheme (1.32) for
functionals satisfying (1.12) under the action of the dilation group ...

2. PRELIMINARIES

The framework of the proofs will be that of measures on R% and the L?-Wasserstein distance.
For simplicity of notation, we restrict to probability measures from now on. Due to the scaling
invariance of (1.1), it costs little generality to consider only probability densities as solutions, i.e.
solutions of unit mass. In fact, if u(¢, z) is any solution to (1.1) of mass m > 0 in dimension d > 1,
then the rescaled function

a(t,) :==m~! Qdu(t,Q J=m"logou(t,), with Q:= m(2a—1)/4+2a-1)d
is another solution to (1.1), and is of unit mass.

2.1. Wasserstein distance. Denote by P(R?) (resp. Po(R%)) the space of the Borel probability
measures on R? (resp. with finite second moment mo[p] = [ga |z[*dp); further, P"(R) (resp.
Pr(R4)) is the subset of all the measures which are absolutely continuous with respect to the
d-dimensional Lebesgue measure £¢. Convergence in P(R?) refers to the weak convergence of
measures,

(2.1) tn — oo in P(RT) iff / ddp, — / ¢dp for all ¢ € CP(R?).
X X

Given a measure u € P(R?), its push-forward ryp € P(X) under a Borel map r : R? — R? is
defined by

T#N(A) = N(T_I(A))ﬂ
for all Borel sets A C X. When u = uL? is absolutely continuous with respect to the Lebesgue
measure L% and r is an injective differentiable map with non singular differential L%-a.e., then
fi = ryp < L7 is concentrated on 7(R?) and its density @ = dji/dL? can be expressed through
the formula

(2.2) aly) -

= —— 07T
‘detDr’

Notice that the particular choice of the dilation map r(z) = rz, r > 0, corresponds to (1.11), i.e.
ryp = (rid)gp = (0,u)L%

“y) for Lhae. y € r(RY).
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For measures pg, 1 € Po(R?), denote by Wa(po, 1) their L2-Wasserstein distance

(2.3) Wi ) = _min [ o=y dye),

YET (1o,11) JRA xR
where I'(pg, p11) is the set of all couplings between pg and pq, i.e. all probability measures v on
R? x R? whose marginals are o and p; respectively. We collect in the following Theorem some
useful properties of the Wasserstein distance, whose proof can be found, e.g., in Villani’s book [40].

Theorem 2.1. (P2(R%),Ws) is a complete metric space and a sequence pi,, € Po(R?) converges
to € Po(R?) if and only if it converges (2.1) in P(R?Y) and ma[u,] — mafu]. Wa is lower
semicontinuous in each argument with respect to convergence in P(R?), and it is convex in each
argument, i.e. for i, po, p1 € P2(R?) and 6 € [0,1], one has

W (i, (1 = 0)po + O0p1) < (1 — 0)Waliz, o) + OWa (i, i1 ).

If po is absolutely continuous with respect L9, then the minimum in (2.3) is achieved by a unique
coupling Yopt which is induced by a transport map t = t/;! : RY — RY, i.e. Yopt = (id, t) 0,
w1 = typo, and

(2.4) Wponin) = [ 16(e) = af dio(a).

In this case the curve py = ((1 —9)id+9 t)#uo for © € [0,1] provides a (constant speed, mini-

mizing) geodesic connecting po and p1, i.e. satisfying
(2.5) Wa(pge, o,) = [Jo — 91|Wa(po, pa)  for all Jo, 91 € [0,1].

Following McCann [32], a functional U : P3(R?) — (—o0, +00] with proper domain Dom(U) C
Pr(R?) is called displacement k-convex (or geodesically k-convex) if

K
(2.6) Ulno) = (1= U(uo) +IU(u1) — 5 (1~ D)IW3 (po, 1) V9 € [0,1], po, 1 € Dom(U),
where py is a geodesic connecting pg, p1 as in (2.5).

2.2. Integral functionals in Py(R%). Since the natural framework will be the space Po(R?) of
probability measures, we will use calligraphic letters H, F, to denote the natural extension of the
entropy H and the information functional F to P»(R?), with the convention that they take the
value +o0o when are evaluated on a measure u ¢ P5(RY).

For every measure pu = uLl? € P5(R?) we thus set

1

(2.7) Fanlp] = Fax(u) = %

A
/ |D(ua)|2 dz + 7/ |z[2u(z) dz, provided u® € WH2(R?),
R4 2 R4

otherwise F, \[u] = +oo. Likewise, the associated entropy functional is given by (recalling our
convention that m(u) = 1)

. __9a a+1/2 Aoy 2 .
(2.8) Hax[p] == Hax(u) = a—1/2(/Rdu dx 1) + 5 /Rd |z|*ude if @ > 1/2,

Avj2.a
(2.9) Hijoalp] == Hijon(u) = 91/2/ ulog udx + %/ |z|?u de,
R4 R4

provided u®*1/2 ¢ LY(RY), or ulogu € L'(RY), respectively, and H, \[1] = 400 otherwise.
Notice that H; /5 ¢ coincides with the usual logarithmic entropy functional %f}f associated to (1.13).
Our choice Ay = )\1/2((2a —1d+ 2)71/2 > 0 is motivated by Corollary 2.3 and Remark 2.1.

Some preliminary properties of the information functional F, ) are collected below. Since
p € Po(RY) and Foa[1] = Faoln] + dmafu], many properties of F, » can be reduced to the
corresponding ones of F g.
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Lemma 2.2 (Properties of the perturbed information functionals). For every a € [1/2,1] and
A > 0 the functional T, 5 is lower semicontinuous with respect to convergence in PRY), and
for every sequence i, = oL with o, € W12(R?), weakly converging to p on P(RY) with
sup,, Fa0(ptn] < +00, one has

(2.10)  p=o"LY oce WY RY), o, — o strongly in L*(R?Y) and weakly in W'2(R).
Fa.x s convex® (strictly, if o > 1/2), i.e. for po, 1 € P2(RY) and 6 € (0,1), one has
Far[(1=0)po + Op] < (1 —0)Far[po] + 0Fax[pu],

with equality only if po = w1, or if a = 1/2. Moreover, Fo 1] is finite if and only if one of the
following two (equivalent) conditions holds:

(1) p=vL? with v e WL (R?) and v*~ 1 Dol € L*(RY);

(2) p=wL% and v*+/2 € WEHRY) and v=1/?|Dvt1/2| € L2(RY).
If this is the case, then v € WYP(R?) for p = 2/(3 — 2a), v*t1/2 € WHL(RY), and F admits the
equivalent representations

1

_ )2 _a 2(a—1) 2 A2 -1 a+1/2)2

. a0l = 5— = = .

(2.11) Foolp] / |Dv*|*da / v |Dv|*dz @a/ v | Do |“dz
200 JRa 2 Jivsoy {v>0}

Proof. We start by proving lower semicontinuity of F, . Let a sequence p,, = 071/ L9 of measures
in P(R?) with limit g have o, € WL2(R?) and sup,, Fo r[1n] < +00. By Rellich’s compactness
theorem, there exists a subsequence (still denoted by p,,) with o, strongly converging in LIQOC(Rd)
to o € L*(R%) as n — 4o00. It follows that u = /L4, and

liminf/ |Dan|2dx2/ |Dol|?dz.
n—-+oo R4 R4

Lower semicontinuity of the perturbed functional F, » (with A > 0) follows from the lower semi-
continuity of the second moment my/[-].

It follows further that the sequence o, above converges strongly to ¢ in L'/ *(R), since
Jra o/*dz = 1. As 1/a < 2, and o, is bounded in L (R?), with 2* = 2d/(d — 2) > 2, the
Sobolev embedding theorem implies strong convergence of o, to o in L?(R%).

In order to prove the second part of the statement and (2.11), observe that for o = v* €
WL2(RY) it is easily checked that both v = ¢'/® and v®**+1/2 = g141/2% belong to WL (R?), and
that (1)—(2) are satisfied.

Conversely, if 0 < ¢ < v(z) < 7! L%a.e. in RY, then the three conditions v € VVI})’CI(Rd),
vet1/2 ¢ WEL(RY), and v/ € WL (R?) are equivalent, and any of them implies

@ _ a1 __ @ —1/2 1y ,,0+1/2
Dv® =av Dv—mv 2Dy /,
showing (2.11) in this case. By a standard truncation and approximation argument, this property
extends to the general situation.

Concerning the integrability of D v, we apply Hélder’s inequality to the product Dv = (v*~1 D v)v?

D

/Rd|Dv|pdx§ (/Rd(vale)de>g(/Rdvdx>Z)2.

Next, we observe that v~ ' Dwv € L?(R?) when F, ,[v] is finite, and trivially v € L'(R?). From
here, the Sobolev embedding theorem implies that v € LP(R?). An analogous argument, based on
the splitting D v®+1/2 = /2 (v=1/2D v +1/2) with v1/2 € L2(R?) and v~1/2| Dv**+1/2| € L2(RY),
shows that v**1/2 ¢ WLI(RY).

It remains to prove convexity of F, . To this end, observe that the function

(.y) € Ry x RY > o”Jy[?

We recall that Fa,x is not geodesically convex.

e}

)
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is jointly convex iff r = 2(a—1) € [—1, 0]; this convexity is inherited by Fqo, thanks to the second
representation in (2.11). In fact, the map above possesses a positive definite Hessian, and hence is
strictly convex, for —1 < r < 0, corresponding to 1/2 < « < 1. In the borderline case a = 1, the
strict convexity of [ |Dwv|?dz is obvious. The situation o = 1/2 has been discussed by Gianazza,
Savaré and Toscani [24]. Finally, F, ) differs from F, ¢ only by %mg[-], which is convex itself. O

We recall that the Wasserstein slope of a functional G : Po(R%) — (—o0, +00] is defined (as in
any metric space) by the formula

n
(2.12) |0G|(1) := lim sup M

v D .
s WQ(/% l/) H € Om(g)

Corollary 2.3 (Fundamental entropy—information relation). For every u € Pao(RY) with Ha 0[] <
+00 we have

2
(2.13) Faolt] = [0Ha0| (1)
Moreover, for every A >0
(2.14) Fanltl = |0Han]* (1) + (00 — 2)Aax Halul.

Proof. By [3, Theorem 10.4.6] the slope [0H, x|(x) is finite if and only if u = vL? with v*+1/2 ¢
WEH(RY) and there exists a & € L?(u; R?) such that

(2.15) v€ = 0, Dv Y2, in this case  [0Hqn |2 (1) = / |€ 4+ Az|* dp.
Rd

In the unperturbed case A = A = 0, relation (2.13) follows from the third representation of F, ¢
given in (2.11). In the general case, since & = O,v~ /2D v +/2 with [g. [€Pvda = Faou] < +00
and d, — 2 = (2« — 1)d, we obtain

2
|8ﬂ'€a,>\‘ <M):/u>0 |§'—|—AJC\2vdaz::/R'i |€]2vde + 2A0, Rdx~Dva+1/2dx+A2m2[u]

= Foolp] —2A0dO, [ v/ da + APmy[y]
Rd

1
=Fa0lul = A(da — 2)Han[p] + 5/\25@1112 (1]
= a)\[ﬂ] - A((Sa - 2)3{a,>\[ﬂ]a
where we applied the relation A2 = \/d,, and the integration by parts formula
(2.16) / x-Dg(x)de = —d/ g(z)dz to g=0vt/2 e WHY(RY). O
R4 R4

Remark 2.1. The specific choice of A in (2.14) is probably best understood from an alternative
derivation of (2.14), which only uses relation (2.13) and the scaling invariance (1.12). To avoid
technical details, we shall sketch this argument in an analogous finite-dimensional framework.
Consider a smooth function Vo : R™ — R which is positively homogeneous of degree —§/2 + 1.
Hence, its squared gradient Ug(z) = |[VVo(z)|? is homogeneous of degree —§ (homogeneity in the
euclidean setting corresponds to the scaling invariance (1.12) in the Wasserstein space). Setting
Va(x) = Vo(x) + $Alz|?, and observing that VVy(z) -z = (—=6/2 + 1)Vo(x) by homogeneity, one
finds

|VVA(2)]? = [VVo(x) + Ax|* = |V V() ]* + A2|z|* + 2AV YV (2) - =
= Uo(z) + A?|z|? — A(§ — 2)Vo(x) = Up(z) + %A26|m|2 — A6 = 2)V) ().
Therefore, with A := A%6 and U, (x) := Uo(z) + $A|x|?, one arrives at the analogue of (2.14),
Un(z) = [VVA(2)]> + A(S — 2)Va(z).
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2.3. A metric characterization of the Heat/Porous medium flow. For later reference, we
recall the “Wasserstein characterization” of the heat/porous medium equation, and its relationship
to displacement convexity of the functionals H,, .

The following theorem summarizes some of the results from McCann [32], Otto [35], Ambrosio,
Gigli, and Savaré [2]; see also Carrillo, McCann, and Villani [12] and Sturm [37]. For notational
convenience, we introduce the right time derivative

d* ¢(t+h) —¢(t)
2.17 —((t) =1 e
(217) 7<) = tmsp S5
for real functions ¢ : [0,4+00) — R.
Theorem 2.4. The functional Hy x is displacement A-convez, in the sense of (2.6). It generates
a A-flow in Po(R?): for a given initial condition 1o = upl?® € Dom(H,, ) C P (RY), there exists a

unique, locally Lipschitz curve p : (0, +00) — P2(R?Y) with py = w;£% € Dom(F, ) C Dom(H,, )
for every t > 0, which satisfies

1d*
2.dt
and attains the initial condition, limg o pue = po in TQ(Rd). The associated densities u; constitute
a weak solution of the porous medium equation

Oruy — @AU?H/Z + Adiv(zuy) =0 in (0,400) x RY,
with the values for © = ©4 >0 and A = A, » > 0 given in (1.4).

A
(2.18) W3 (e, v) + §W22(ut, v) + Hanl] < Hanlv] Vv € Dom(Ha ), ¢ =0,

Remark 2.2. The case a = 1/2 and A = 0 of the previous Theorem concerns the relative entropy
functional

(2.19) Hp) = 231 2 0[p] := H(u) = / ulogudz, p=ul?c PyRY).
Rd

Up to a factor two, the Wasserstein gradient flow p; = u, L% of H = 25, /2,0 corresponds to the
heat equation
(2.20) Ou—Au=0 in (0,+00) x RY,
whose solution can be expressed by convolution with the initial condition,

1 2
(2.21) w(e) = s [ esp(le = /40) dio(y).
In particular, u € C*((0, +o0) x R%), and it is strictly positive.
2.4. First variation in the Wasserstein space. As we are concerned with the gradient flow
of Fu ., we need to calculate its first variation in the L2-Wasserstein-metric. Here, we resort to
a very direct approach to calculate the latter, which was introduced by Jordan, Kinderlehrer and

Otto [27]. The following notation is needed. For any smooth, compactly supported vector field ¢
on RY, there exists an associated smooth flow map X* : R4 — R?, satisfying

d ., .
(2.22) CXO() = Co X (@), X)) =,

S
for all z € R? and all s € R.
Lemma 2.5. Let a vector field ¢ € C§°(R?) and a measure p = ul? € P5(R?) with Fo \[1] < 00
be given. Then the map s — Fo z[Xyp] is differentiable at s =0, and

d

(223 T Fe X = Mol = Nalisi 44 [ @+ (o) duto),
sls=0 R4

where the nonlinear operator N, is defined in terms of o := u® as

(2.24)  No[w;¢] = —% (aD(divC) ‘Do?+2D¢Do-Do + (2o — 1)(div ¢)| DU|2) dz.
Rd



A FAMILY OF NONLINEAR FOURTH ORDER EQUATIONS 13

Remark 2.3 (First variation and weak formulation). Notice that the functional N [u; ] corre-
sponds to the expression Ny, (u; €) related to the weak formulation of (1.1) we discussed in Remark
1.1: in fact

(2.25) Nolw: ¢] = No(u; ¢) if p=ul? € P'(RY).

Proof. 1t is sufficient to discuss the case A = 0. The evaluation of the first variation for the linear
contribution can be found in e.g. [27].
Introduce the pushed-forward measure and its density,

= d,us

dgd’
and write o, = u®. Moreover, for y € R?, define the volume distortion V;(y) = det( D Xs(y)) > 0.
According to formula (2.2),

/’[’S = (XS)#'U/7 us

(2.26) us(X*(y)) = uly) - (Va(y)) ™, 0s(X°(y) = a(y) - (V) "
Changing variables = X*(y) under the integral, we obtain
_ 6 oo(z)|* dz = 1 0,) 0 X5(y)|? .
g:a,O[HS]*Qa/Rd}DI s )| d 2% Rd}(Dr s) X(y)‘ Vs(y) dy

Taking into account that XY is the identity, it follows

d 1 d
: — wols) == [ Dy L= D, 0.) o X*(y) Va(y) /2| dy.
(2.27) ds’s:osr olps] « /Rd o) dS’s:O|:( 0‘) o X () Vs (v) } Y
Differentiation of o5 in (2.26) with respect to y gives
(2.28) (Da o) 0 (X*(y)) - Dy X*(y) = Dy a(y)Va(y) ™ — ao(y)Vily)~**V - D, Vi(y).

By multiplying both sides by the factor Vi(y)'/? and from the right by the matrix inverse of

D, X*(y), one obtains a representation for the expression in the square brackets in (2.27),
(2.29)
(D 0s) o (X2()Va(®)'/? = Va(y) =2 (Dy o (y) — ac(y) Dy (log Va(y)) - (Dy X* (1)) -
In order to evaluate the s-derivative of the right-hand side at s = 0, we make use of the following
elementary identities:

d , d _
$‘S:0Vs(y) = div¢(y), &L:(](Dy Xs(y)) f=- D, ¢(y).

The first identity is immediate. The second follows from the well-known relation between de-
terminant and trace, det(1 + sA) = 1 + strd + o(s) for arbitrary square matrices A as s — 0.
The last identity is a consequence of the differentiation rule for inverse matrices, d(A~1)/ds =
—A~1.(dA/ds) - A=L. Applying (2.30) to the time-derivative of equation (2.29), one obtains

(2.30) Voly) =1,

d
7ol [De o (X @) Va()"?]
= —(a—=1/2)div,((y) Dy o(y) — ao(y) Dy divyC(y) — Dy o(y) - Dy C(y).
Inserting this into the right-hand side of (2.27) yields the desired result (2.23). O

Another variation of F, » of subsequent relevance is the one along the dilation group X*(z) =
e *z. A direct computation yields

Lemma 2.6. The derivative of F, x along the dilation group X*(z) = e~ *x is given by
d
(2.31) Faol ;S#/‘] = daFa,0lul; &LZO?Q,A[X;&N] = 0aFa,0 — Ama[p],

where 64 := (2ac — 1)d + 2 is the coefficient introduced in (1.4).

&L:O
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Proof. If p = ul? with 0 = u® € WH2(R?) then, recalling (2.2), Xyp = us L% with u, and
os = uY satisfying
ug(x) = ePu(e’s), oy(x) = e o(e*s), Doy(x) =TV Do(e’s),
so that a simple computation yields
(2.32) FaolXn] = €2 Faolp], ma[Xpl = e **my[u].
Differentiating (2.32) we obtain (2.31). O

Notice that (2.31) is consistent with (2.23), applied to {(x) = —z = —D(|z|?/2), which gen-
erates the dilation flow X*. Although ¢ is not compactly supported, Lemma 2.6 above can be
derived from Lemma 2.5 by an approximation argument. Fix a smooth real function ¢ such that
C(ry=1ifr <1and {(r)=0if r > 2 and we take a family of smooth functions

(233) Cale) =~ elPC(el/ ), Cple) = D () = ~C(lal/Rx - where C(r) = C(r) 3¢/ (r),

so that

1
(2.34) —Cr(x) 1 §|x\2, Cp(z) = —x as R +oo Vo e R
It is not difficult to check that
J
2. li ; == Do|*dz = .
(235) i Noli¢al = 5% [ Dol de = 6,Tal

3. AUXILIARY ESTIMATES FOR METRIC GRADIENT FLOWS

This section contains two essential estimates. The first inequality (3.22), which we will refer to
as “flow interchange estimate”, gives a precise meaning to the following observation: the dissipation
of one functional along the gradient flow of another functional equals the dissipation of the second
functional along the gradient flow of the first. This estimate will be applied repeatedly in the
next section. The second inequality (3.25) provides an equilibration rate for a gradient flow whose
potential is the dissipation of another functional along its own gradient flow. Notice that, in view
of Corollary 2.3, the information JF, x and the entropy H, » are connected exactly in this way.

3.1. Estimates in the smooth finite dimensional case. In order to clarify the main ideas,
we shall first derive analogous estimates in a smooth, finite dimensional setting. Suppose that
U,V : R™ — R are smooth functions and let us consider the associated gradient flows S%, SV :
[0, +00) x R™ — R™. For every u,v € R™ the curves u; = S (u), v := S} (v) are defined as the
solutions of the ordinary differential equations

(3.1) uy = —VU(ut), v, =—VV(vy) with initial condition wug = u, vy = v.

It is a trivial calculation to check that V is decaying along SY at precisely the same rate that U
is decaying along SV. A quantitative estimate can be obtained in terms of the rate of dissipation
of U along SV:

(3.2) DVU[v] := —%U(Stv(v))h:o.

Lemma 3.1. The solution u; = S (u) of the U-gradient flow satisfies
d
(3.3) 7 V) + DY Uuy] = 0.

Suppose moreover that V is k-convex, D?V > kI, with some constant k > 0, and that U can be
written as

(3.4) U(u) = [VV(u))? +2(0 — &) V(u)
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with some 6 > 0. Then u; converges to the unique minimum point umin of V (and U) as t T +o00
with explicit exponential rates,

(3.5) g|ut — Umin|* < V() = V(timin) < (V(ug) = V(tmin)) exp(—4r6t),

(3.6) U(ue) = Wumin) < (UW(uo) — Wumin)) exp (— 4(k A 0)61t).
Proof. (3.3) follows immediately by the identity

(3.7) DWue] = (ViUl(), V() = i b (Vas) = V(S ()

(3.8) = B (V) = V) = = V()

Now assume that V is k-convex, and U is given by (3.4). The uniform convexity of V entails the
existence of a unique minimizer u,;, satisfying

1
(3.9) g|u — Umin|? < V(1) = V(tmin) < 2—|D\7(u)|2 for all weR™.
K

Thanks to (3.4), and since 6 > 0, Ui, is also the unique minimizer of U. A direct computation
shows

~DYU(u) = 2(D*V(u)DV(u) + (0 — k)DV(u (w)) > 20DV (u)|* > 460(V(u) — V(tmin))-
An application of Gronwall’s estimate to (3. 8) ylelds (3.5). In order to show the second estimate
(3.6), define
U(u) := [DV(u)?>, DV (u) = 2D*V(u)DV(u).
Since U satisfies (3.4), it follows that

- %U(ut) = |IDU(us)|? = DU (uy) — 26 DV (uy) + 20 DV(uy)|?

= DU (u;) — 26 DV (ug)|? + 40 (DU (uy) — 26 DV(uz), DV(uy)) + 402DV (us)|* > 4020 (uy),
where we have used that
(DU (u) — 26 DV (ur), DV(ur)) = 2(D*V(ug)DV(us), DV (1)) — 26DV (uy)|? > 0.
Since, moreover,

0V kK

(3.10) U(u) = U(umin) = ¥(u) +2(0 — £) (V(w) = V(tmin)) < 1+£7(0—£)")T(u) = -

U (u),

we eventually obtain

d 402K
(3.11) —&(U(ut) — U(umin)) > v (U(ut) — U(umin)) =40(k N 0) (U(ut) — U(umin)). O
Remark 3.1. Estimate (3.5) is sharp: one can simply take m = 1 and V(u) := 5u?, so that

U(u) = kOu? and u; = ug exp(—2k0t). The same example shows that also (3.6) is sharp, at least
in the case 6 > k.

3.2. Gradient flows in metric spaces. We shall now extend the estimates of the previous
section to functionals U,V and their gradient flows defined in a complete metric space (X, d).
Since the previous calculations heavily rely on the use of gradients and scalar products, it is not
immediate how to generalize the results in the absence of a linear structure.

k-convexity and k-flows. Let V : X — (—o0,+0o0] be a proper and lower semicontinuous
functional, with proper domain Dom(V) = {z € X : V(z) < 4o0}. We will work under the
additional assumption that V is geodesically k-convex: every ug,u; € Dom(V) can be connected
by a (minimal, constant speed) geodesic ¥ € [0, 1] — uy € Dom(V) such that

(3.12)  d(ug,uy) <9 —nld(uo,u1), V(ug) < (1—9)V(uo)+IV(u1) — gﬂ(l — 9)d?(ug, u1)
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for every 6,71 € [0,1]. Geodesic convexity with x > 0 implies the existence of a unique minimizer
Umin for V. In fact, recall the definition of the slope from (2.12),

) v
(3.13) |OV|(u) := hrvn:;lp PR

Then wuy,;, satisfies
1

(3.14) ng(u,umin) <V(u) = V(tmin) < ?|8V|2(u).
K

A gradient flow of V, which is referred to as a x-flow, is a continuous semigroup SV € C° (Dom(V); Dom(\?)),
ie.,

(3.15) SY (S (u)) =Sy (u), lhlg)l SY(u) =u forall u€ Dom(V),t>0,
which satisfies the evolution variational inequality
1d+
(3.16) §%d2(5y(u), v) + ng(Sy(u), v) +V(SY (u)) < V(v) for all u,v € Dom(V), t > 0.

Equivalently, the k-flow of V is characterized in Ambrosio and Savaré [2, Thm. 5.7] by

u)— i (u 2(S) (u), u
(3.17) 0V (u) = lim V(w) Z(Sh( ) :E%%

for all w € Dom(V).

Minimizing movements. We shall now consider another lower semicontinuous functional U :
X — (=00, +0o0] such that Dom(U) C Dom(V). But we will not impose any particular convexity
requirement on U. Thus, the construction of its gradient flow (which is not guaranteed to exist
a priori) is much more difficult in general, and one cannot expect to find an appealing metric
characterization like (3.16). Therefore, we shall not work on the continuous level; instead, we
reproduce the decay estimates from the finite dimensional situation at the time-discrete level, in
the framework of so-called minimizing movements described in [3, Chap. 2].

Our main assumption is that for every time step 7 € (0,7,], and every U € X, the functional
defined on X

(3.18) Vi %dQ(V, U)+U(V) admits a minimum point in Dom(U).
T

Assumption (3.18) expresses that time-discrete gradient flows of U can be obtained by means of
the implicit Euler scheme. The discrete solution is constructed as follows: let a partition P, of
the time interval (0,400) be given, with an associated sequence = = (7, )nen of time steps,

(319) Pro={0=tl<tl <. <tP<.o}, T=tl—tl7 lim 2= 7, =+o00.
n

n—-+4oo
For later reference, introduce the projection of an arbitrary ¢ > 0 onto the partition by
tr = min{t? > ¢ |t} € P}

Given further an initial datum U2 € X, we can recursively define a sequence (U}),en in X, such
that U minimizes the functional (3.18) with U := U1 i.e.

1 1
(3.20) 2—d2(Uf, urh +uwum) < 2—d2(V, UrY +u(V) forall V € Dom(U).
T T
Finally, in analogy to (3.2) we set
Sy
(3.21) DVU(u) := limsup U(u) = UlSy (u))
h10 h

We are now in the position to formulate and prove the analogous estimates to (3.3), (3.5) and
(3.6).
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Theorem 3.2. Let (Ul)n>0 be an arbitrary solution of (3.20). Then, for every n > 1, the
following “flow interchange estimate” holds:

(3.22) V(UF) + DY W(UR) + S (U7, UFTY) < VUpTY).
Moreover, assume that k > 0, and that
(3.23) U(u) = |0V]*(u) +2(0 — k)V(u) for all u € Dom(U),

with some 8 > 0. Then V and U have the same minimum point Uy, and for every n > 1, the
following estimates hold,

(3.24) (L4460 7,) (V(UZ) = V(tmin)) < V(U2 = V(tmin),
(3.25) (1+40(k A O)T0) (U(U.f) - u(umin)) < u(Uﬁil) — U(umin)-

Before proving Theorem 3.2, we briefly comment on its applicability. Lacking any convex-
ity property of U, the existence of its gradient flow is not guaranteed a priori. However, the
construction by means of (3.20) obviously provides a time-discrete approximation of the sought
time-continuous flow. Denote by U : (0,+00) — Dom(U) the piecewise constant interpolant of
the discrete values on the grid P, (1.31) defined by

(3.26) Ur(t) :=Ur ifte (2t 7).

A typical strategy to obtain the gradient flow of U is to pass to the limit as sup,, 7, | 0, in (a
suitable subsequence of ) the time-discrete flows U,. In order to obtain the limit by a compactness
argument, T-independent a priori estimates for the U, are needed. Formula (3.22) provides a
powerful tool to derive such estimates, as will be seen in section 4, where (3.22) is applied with
U = Fa,x, and various choices of V (see also [3, chapters 2,3] for further examples).

On the other hand, estimates (3.24) and (3.25) are used to give a quantitative description of
the equilibration behavior of solutions to (1.1) in section 5. Notice that by Corollary 2.3, the
functionals F, » and H, » are related exactly in the way (3.23).

Proof. In order to prove (3.22), choose V := SY(UP) with A > 0 in the variational inequality
(3.20) for U. This gives

n

(3.27) U(U7) = WS (U) < 5 (dz(S?Z(US), upth) - d* Uy, U;H)).

Tn
Dividing by h > 0 and passing to the limit as h | 0, the variational characterization (3.16) of V,
with t =0, u = U? and v = U1, yields

(3.28) DYu(Ur) < 7.t (V(U_f*l) —VUr) - gdz(U"’r_L’ U_:lq))’

which is estimate (3.22).

Let us now suppose that U is as in (3.23), with x > 0. The existence of a (unique) minimum
point umi, of V follows easily from the convexity assumption (3.12) and the completeness of X
(see e.g. [3, Lemma 2.4.8]). Inequality (3.14) and the fact that |0V|(umin) = 0 show that wpy, is
also the unique minimum point of U.

From now on, we assume without loss of generality that V(umin) = U(umin) = 0. Since, by [2,
Thm. 5.7,

(3.29) lim sup |0V (u) — |8V|2(SX(U))

> 26|0V|?(u) for all w € Dom(|0V]),
h10 h

the second characterization (3.17) of the s-flow induces a lower bound on DVU,

(3.30) DYU(u) > 2x|0V*(u) + 2(0 — £)|OV|*(u) = 200V (u)|* > 40KV (u),

where the last inequality follows from the k-convexity of V, see (3.14). Insert (3.30) in (3.22) and
neglect the non-negative term kd?(UZ,UP~1)/2 to obtain estimate (3.24).
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It remains to prove the last inequality (3.25). Estimate the difference on the right hand side of
(3.27) by the triangle inequality to find

(331)  UWUR) —WSTU) < d(SHUR).UR) (d(ST (), Up ™) +d(U7. U ).

Divide this inequality by h and pass to the limit h | 0, then use the second variational character-
ization (3.17) of SV to identify the limit on the right hand side. In combination with (3.30), we
obtain the two-sided estimate

(3.32) 207,|0V)2(UR) < 7,DYW(UR) < |aV|(UM)d(U?, Ur).

This leads further to

(3.33) 207, |OV|(UR) < d(UZ,UP™Y),  40(0 A )T2U(UR) < d>(UR, URY).

For the derivation of the second estimate above, we have made use of (recall U(umin) = 0)

0V kK
<

- K

(3.34) U(u) OV2(w),
which follows in the same way as (3.9) in the finite-dimensional case, simply using (3.23) instead
of (3.4), and (3.14) instead of (3.10).

Direct substitution of (3.33) into the characterization (3.20) of the time-discrete flow for U,
with V := UP~1, gives a bound similar to (3.25) but with the smaller constant 26(6 A k). A more
refined estimate is needed to recover the better constant.

To this end, introduce the so-called De Giorgi’s variational interpolants: for r € (0, 7,,] we define
U™" a minimizer of the functional V — d?(V,U2~1)+U(V), thus obtaining a path joining U?~*
with U? (which can be chosen equal to U™ ). Replacing 7, with r, and U with U»", estimates
(3.33) and monotonicity of U, i.e. W(UM") > U(UL), see [3, Lemma 3.1.2], yield

(3.33)
(3.35) 40(0 A K)PPUUR) < 40(0 A )P2U(URT) < d* (U2, UR Y Vr e (0,7,

The crucial inequality satisfied by U™" is provided by [3, Thm. 3.1.4], which shows that the map
r— d(UM", U 1) is Borel and

1 Tn 1 )
(3.36) W) + 58Uz + [ L Uz dr < uws ),
27, o 2r?
Inserting (3.33) and (3.35) into (3.36) we eventually get (3.25). O

The following remark shows that the discrete estimates (3.24) and (3.25) give rise to equilibra-
tion estimates analogous to (3.5) and (3.6).

Remark 3.2. Let (A}),>0 be a sequence of non-negative numbers, and let A, be its piecewise
constant interpolant, taking the value A7 in the interval (t271,¢7]. For a given time ¢t > 0 we set
ty := inf{tF : t¥* > ¢,k € N}. Assume that

(3.37) (1+c7,)A” <A™ ' for all n € N and some ¢ > 0.
Then, with c,(¢) := 7, log(1 + c7,) for t € (t271,¢7], we get

(3.38) A (t) < Ap(s) exp ( - / N e (r) dr) V> s> 0.

.

If AY is uniformly bounded, Helly’s Theorem shows that any sequence 7}, of partitions admits a
subsequence (still denoted by 7) and a limit function A such that limgjeo Ar, (t) = A(¢) for every
t > 0. If limgoo tr, =t for every ¢ € [0, +00) then we eventually get

(3.39) A(t) < A(s)exp (—c(t — ).
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4. EXISTENCE OF SOLUTIONS

The existence proof follows the ideas first developed by Jordan, Kinderlehrer and Otto [27] and
later generalized in Ambrosio, Gigli and Savaré [3]. First, a family of time-discrete approximative
solutions is constructed by means of the variational minimizing movement scheme, which has
been introduced in section 3.2 above. The decay of the information F, y is immediate from the
construction and leads to a priori estimates. The latter provide weak compactness of the set of
discrete solutions, and thus allows to conclude the existence of a time-continuous limit curve.

In order to show that the limit curve constitutes a weak solution to the gradient flow, we need
to pass to the limit in the non-linear discrete equation. Additional compactness is needed for this
step. A sufficient a priori estimate is obtained by evaluating the dissipation of the logarithmic
entropy along the discrete flow.

The procedure is thus similar to the one developed in Gianazza, Savaré and Toscani [24].
However, we will follow a different strategy to derive the a priori estimate and to prove the
convergence of the scheme.

4.1. The semi-discrete scheme. For the reader’s convenience, we review the main steps of
the semi-discretization procedure in a series of lemmas. For any further details, we refer to the
exhaustive treatment in [3]. Given a partition P, of [0,+o00) induced by the sequence of time-
steps T = (T )nen as in (3.19), and an initial measure M2 € Py(R?), we consider the sequence
(M) ,en recursively defined by solving the following variational problem in Py(R%):

1
(4.1) find MP € Po(R?)  which minimizes = M Q—WQZ(M;H, M) + For[M].

Tn
The existence and uniqueness of a minimizer follows by standard methods from the calculus of

variations, employing the continuity and convexity properties of Wy and F, » collected in Theorem
2.1 and Lemma 2.2.

Lemma 4.1 (Basic discrete estimates). For each choice of T and M2 € Py(R?), there exists a
unique sequence (MP),en C P5(RY) solving (4.1). The information functionals Fo x[MP] are
finite and monotone non-increasing with respect to n,

(4.2) FalM7] < Faa[MPTY] < Fan[M7].

Moreover, the quadratic moments and Wasserstein distances between measures at consecutive time
steps satisfy for every N >0

0 Wo (M Mn—l 2
43) Tn(M) < 2F . A\ [MY, sup mo[ M) < 2ma[M2] + 4N Fo A [MY).
n=1 Tn ’ 1<n<N ’

Proof. By the minimality property of M}, one has
1

(4.4) o

W3 (ME™ M) + Tz [M7] < Faa[MET,
which induces (4.2) and the first inequality of (4.3) by summation over n = 1,2,.... In order to
prove the second bound, we sum up the triangular inequalities

Vma[M2] <y fmo Mz + Wa (M7, M2,

from n =1 to n = N, observing that
N N 12, N
Sowaaz ) < (Yom) (Y i )
n=1 n=1 n=1

The traditional way to proceed from here is to introduce the discrete velocity vector fields.
However, for our existence proof, we shall not pursue that line of argument. Nonetheless, we
briefly recall the definition and basic properties of the velocity field for the sake of completeness,
and also since it provides a natural interpretation of the gradient flow structure.

As each M? is absolutely continuous, Theorem 2.1 guarantees the existence and the (M?-
essential) uniqueness of a Borel map t? : RY — R? with (%), M2 = M?~!, realizing the optimal

1/2
. O
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transport from M to MZ~! in the definition of the Wasserstein distance (2.3). Introduce the
discrete velocity vector field v by

n 1 n
(4.5) vi(z) = p (1: — t,_(x)).
For each n =1,2,..., the v} satisfies the nonlinear characterization
(4.6) (z) - vZ(z) dMZ(x) = Na A[M7; (]

Rd

for all test vector fields ¢ € C§°(R?, R?), with N, » as defined in (2.24). As showed by [27],
the relation (4.6) follows by taking the first variation of the minimizing functional (4.1) at the
minimum point M7 along the flow Ss(u) := X u, obtained by taking the push-forward of a
measure p under the maps (2.22) induced by the vector field (.

The discrete solution thus satisfies a system composed of the non-linear constraint (4.6), and a
transport equation, which follows directly from the definition (4.5) and reads in weak form as

(4.7) S@(ME(@) - M3 (@) = [ (60) ~ 0l — 7vh(a) AME().
R Rd

The system (4.6)—(4.7) is a canonical starting point for studying the continuous time limit.

However, we shall take another approach which does not make use of the velocity vector fields.
Instead, we will derive the weak form of the gradient flow equations in the continuous time limit
by means of the next lemma.

Lemma 4.2 (Discrete time derivative). Let a test function ¢ € C5°(R?) be given, which satisfies
—|&|I < D?¢ < |k|I for some k < 0. Then
(4.8)

—wEup T < | cany - /R camzt mNoa D) < Blwpiary ap)

Moreover, the second moment satisfies
(4.9) (1 + 207 ) mo[M2] + WE (M2, ME™1) = mo[M2 ™ + 2607,F 0.0[M2].

Notice that (4.8) is a discrete local version of the weak formulation (1.23) for the gradient flow
of I, x. This can be seen after division of both sides by 7, > 0, and taking into account that we
expect W2 (M2, M*~1) = o(r,,) (at least in an integral sense) in the limit 7, | 0.

Proof. Choosing ¢ := — D, the semi-group SY coincides with the x-Wasserstein gradient flow of
the functional V(u) := fRd' ¢dp [3, Example 11.2.2]. We apply the “flow interchange estimate”
(3.22) to U := F,,», where

DV U(u) = —Naa[1;¢] = Naa[p; D]

by Lemma 2.5. Substituting V with —V yields (4.8). The particular choices ¢ := %/{\x|2 with
r = +1 correspond to V(p) = £3ma[y] in Theorem 3.2 and yield (4.9) via Lemma 2.6. O

4.2. An a priori estimate related to entropy dissipation. The classical estimates (4.2)—(4.3)
on the discrete scheme are sufficient to prove the existence of continuous limits of M., and v, as
sup |7,| — 0. An additional a priori estimate is needed to verify that these limits indeed satisfy
the desired nonlinear evolution equation (1.23). Below, we obtain a sufficient estimate from the
decay of the logarithmic entropy 3 = 23, /3 o along the discrete flow.
To simplify notations, we introduce
l-—a

(4.10) B = ;

[e%

which is in one-to-one correspondence to «, and varies between 8 = 0 for o = 1, and 6 = 1 for
a=1/2.
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Theorem 4.3. Let M = U L% be any solution of the discrete variational scheme (4.1), and
define o = (UM)®. Then UF € W*Y(R?) and o € W22(RY) satisfy for every n > 1

2

(4.11) comn /Rd I D2 J¢H2 de < H[MEY — H[MP] + dA7,, where ¢y := é(l - c(lc(icl—kl;)ﬂ)
Proof. The expression on the left-hand side of (4.11) constitutes a lower bound on the dissipation
rate of H along the gradient flow of ¥, . In the spirit of Theorem 3.2, the roles of H and JF, » will
be interchanged: we calculate the dissipation of the information F, ) along the Wasserstein gradi-
ent flow of H, which corresponds to the classical heat equation (see Remark 2.2). The regularizing
effect of the heat flow makes it comparatively easy to justify the necessary manipulations.

Apply the “flow interchange estimate” (3.22) with the choice V := H (which is geodesically
convex, thus k = 0) and U := F, . Then (4.11) follows once we have shown that

(4.12) DY U(p) zco/ D20 dz — dX if = ul?, o = u®.
Rd
This is the content of Lemma 4.4 below. O

A remark concerning the choice of the logarithmic entropy H as a Lyapunov functional is due
at this point. First, it is a convenient choice since the resulting entropy dissipation has the right
homogeneity to provide W'2-compactness for o easily. Second, it is a canonical choice since the
heat flow generated by 3 dissipates every functional ¥ : P(R?) — R that is jointly convex in u
and D w; so in particular it dissipates F, » for 1/2 < a < 1.

Lemma 4.4. Let py = uol? € Dom(F) and let ps = usL be the associated solution to the heat
equation (2.20) on RY, which is given by (2.21). If the right derivative liminfy o +(Fan[p] —
fﬂx,,\[uh]) is finite, then o9 = ug € W22(R4) and

+

d A 1 2 2
(4.13) —E%A[MS]B:O - h%nfﬁ(s"m[uo} — Farlin]) > co /R | D? 00" dz — dA.

Remark 4.1. We emphasize that the dimension-dependent prefactor of 3 in the definition of cq
is always less than one, and converges to one for d — oo. Hence, for 0 < g < 1 — corresponding
to % < a <1 — the coefficient ¢q is positive. Further, observe that in the case o = 1, it follows
o = u, and (4.13) reduces for A = 0 to the well known estimate

1 2 2 2.2
- |Dus|”da = |Aug|® do = | D ug|”® da.

d

s 2 Rd Rd R4

Proof. Since Foa[pt] = Fa0lp] + Smalu] and

(4.14) img[,us] = i/ |lz|? dps = —2/ z-Dugdx (2.16) 2d us dx = 2d,
ds ds Rd Rd R4

thanks to us € W11(R?), we can simply consider the case of A = 0 and evaluate the time derivative
of Faolps] = 5 Jga | Dug|* da.

By standard parabolic theory, us is a C'°°-smooth, strictly positive probability density for each
s > 0. Moreover, for every 5 > 0 there exists a constant Cs such that for all s > 5 and p € [1, +o0],

(415) ||US||LT’(Rd) + H Dus”LP(Rd;Rd) + || D2 USHLP(Rd;RdXd) S Cg

We stress that this classical estimate holds with any probability density ug as initial condition,
thanks to the representation (2.21) of solutions to the heat equation. For ¢ > 0 we consider the
smooth real functions

(4.16) fo(r) == (Y + 1) —e, 1 el0,+00),

whose first and second derivatives are uniformly bounded; recall that 1/2 < o < 1. Then the func-
tions p. s == f-(us) € C°°(RY) satisfy bounds analogous to (4.15) (with constants also depending
on £ > 0) and the evolution equation

(4.17) Ospe = Ape + Ble + pe) | Dp5|2,
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where 3 has been defined in (4.10). It follows that for every test function ¢ € C§°(R?),

1d 1
_77/ \Dp58|2(dx:——/ Dp.-9sDp. s Cdx
2acds JRra ' o JRra ’

1

_ 1 _
:7/ ApE(ApE—i—IB(E—l—pE) 1|Dp€|2>gdx+f/ (Ap5+ﬂ(g+p€) 1|Dp€|2>Dp6.D<d$
« R4 (0% R4

We integrate the previous inequality with respect to s from arbitrary points 0 < s; < so and we
choose a family of cutoff functions ((x) = (,(z) := (o(227"), where 0 < (o < 1 and (p(z) =1
if |z] < 1. The contribution of last integral vanishes in the limit as n — 400, since D {,(z) =
27" D (o(x27™). Consequently,

14 rge L : D
(4.18) 50 ds Rd|DpE,3| dz = a/Rd ((Ape) + BAp:(e + pe) 7| D pe )dx
(4.19) = 3/ ((Ap5)2+4ﬂAps|DzE|2) da.

o JRrd

where z. := (e 4 p.)"/? — €'/ satisfies 2D z. = (e 4+ p.) /2 D p..
For further estimation, we recall that

(4.20) 0= [ ID*pfde = [ (8p)"da,
R4 R4

and the following integration by parts rule (see [24, Theorem 3.1] for a proof),
(4.21) 0= / div (|D 22D p.) da: = / (Ap€| Dz|>+2D%p. Dz Dz — 4 Dz€|4) du,
R4 R4

Introducing the parameters

4B 1y 88 L @d-1B 1, (d-1)B
(422) Cl’*a(d+2)*&(m*4ﬂ)’ c27c0+a(d+2)7&(1+d(d—|—2))’

we add ¢; times the equality (4.21) and co times the equality (4.20) to the dissipation relation
(4.19). This gives

_td 2 4y — 2 2 L/ iz d=1.
20 ds Jra |07 dx_cO/Rd ID%pelldo+ Ty Jou V@ DIP el = == (80e)
(4.23) —8dD2p5Dz€-ng+8ApE|D25]2+16d|Dz€‘4}dx.

As a final ingredient, we need the following elementary estimate for the error term in the Cauchy-
Schwarz inequality (see e.g. [29, Lemma 2.1] for a proof).

Lemma 4.5. Let A = (a;;) be a real symmetric d x d-matriz, and let 0 # e € R? be an arbitrary
vector. Then the square-norm ||A||> = 3 aZ; and the trace trA = Y ai; of A satisfy

d—1
d

(4.24) (d—DJAJ? — = (txA)* >

1 2\ 2
> d|e|4(dAeoeftrA|e| ).

Lemma 4.5 is applied with A = D? pe and e = D z. to estimate the norm of the Hessian inside
the second integral in (4.23). A straight-forward calculation reveals

1 d
4.95) —— — Dp.|?dz > D? p.|%d
@25) —gegs [ IDePdeze [ D2 p P

ds D?p.Dz-Dz. 1 5\ 2
4.26 ( — ZAp. —4|D )d.
(4.26) +oz(d+2)/Rd D] gore —ADz[") de

In view of 8 > 0, the last term is non-negative. Integration of (4.25) from s = 0 to s = h > 0 thus
provides

1

h
1
2 [ IDpaldrtco [ ID* e deds < o [ D pugds
o JRrd 0 Rd 2x Rd
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By definition of p. from w by means of f. given in (4.16), it follows,

Pes = (a;/a +€1/Q)a, os = ul.

Using that o < 1, we conclude by definition of F, g,

1 « |DO‘0|2
el Dp.ol?dr = = dx < F, .
2a JRa [Dp ’Ol . 2 /Rd (Ué/a _|_€1/a)2(1—o<) r= ’O[MO]

Moreover, it clearly follows that u. (L% — s = psL% in the sense of P(R?) as e | 0, pointwise in
s € [0, h]. Hence, by lower semi-continuity of F, o and of the W?%?-semi-norm,

h
Tl +o [ [ 1D*oulP dods < ool
0 Rd

After addition of the contribution due to the confinement potential, and division by h > 0, the
limit h | 0 provides the desired estimate (4.13). t

4.3. Passage to the continuous time limit. To conclude the construction of the discrete
approximation, we introduce interpolants of M} and U} for all times ¢ > 0: denote by M., U,
and t,, respectively, the right-continuous piecewise constant functions with

Mp(t) = M =UZLY, U (t):=UZ, t.:=tF forte (21t

T

Moreover, introduce accordingly o, = (U, )“.
We recall the notion of generalized minimizing movement introduced by De Giorgi [17] (and
here adapted to the case of a scheme with variable time steps):

Definition 4.6 (Generalized minimizing movements). For a given partition P, the function
M : [0, +00) — P2(RY) obtained by piecewise constant interpolation of the solutions M2 of the
minimization scheme (4.1) are called discrete solutions.

We say that a curve p € C°([0,4+00); P2(RY)) is a generalized minimizing movement for F,
with initial datum po € Pa(RY) if there exist

(i) a sequence of partitions Tj with limy_, sup {Tn : Z?:l 7 < T} =0 for every T > 0;

(ii) sequence of initial data M2, converging to pg in P2(RY) with Ho x[M2,] — Haalpo] and
Far M2, ] — Faxlpol;

(i1i) a corresponding sequence of discrete solutions M, (t) such that
(4.27) M, (t) — u(t) in Po(RY) Vi >0.
We denote by GM M (Fo x; o) the collection of all the generalized minimizing movements.

Concerning assumption (ii), we remark that convergence of F, x implies convergence of H, y if
to € Dom(Fq 5)-

The next theorem is the main statement of this section and in particular yields Theorem 1.1 in
the case pio € Dom(F, 5).

Theorem 4.7. Assume that py € Dom(Fq x). For every sequence of partitions 71 and discrete
solutions My, (t) whose initial data My, (0) = M2 satisfy conditions (i) and (ii) of the previous
definition, there exists a subsequence (still denoted by Ty ) such that as k — oo,

(4.28) My, =Up L% — = ul? in Po(RY), uniformly in each compact interval [0, T],

(4.29) Ur,. (t) — u(t) in LTYV2RYHNLYRY) Vi>0,
(4.30) or, — o strongly in L*((0,T); WY3(RY)), and weakly in L*((0,T); W*?(R%)), VT > 0,
(431) Fan[Mr, (0] = Farlu®)] for Lloa.e. t> 0.

The limit u is a solution of (1.1) in the weak form (1.20), (1.21). In particular, any generalized
minimizing movement p = ul® € GMM (Fo x; po) s a weak solution of (1.1) in this sense.
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Proof. The proof is naturally divided into various steps.
Step 1: Compactness. We prove that there exists a suitable subsequence (still denoted by T ) such
that for every t,T > 0

(4.32) My, (t) = Urp ()LT — p(t) = u(t)L? in P(RY), o, (t) — o(t) strongly in L?(RY),
(4.33) or, (t) = o(t) weakly in WH2(RY), o, — o weakly in L2((0,T); W»%(R%)).

Pointwise weak convergence in P(R?) follows immediately from (4.3) and a simple extension of
Ascoli-Arzelad compactness Theorem (see e.g. [3, Prop. 3.3.1]), which in particular implies

(4.34) Wa (M (1), My (5)) < (2Fan[M2)"/

Strong (resp. weak) convergence in L?(R%) (resp. in W12(R?)) then follows by the properties of
Fa.x stated in Lemma 2.2, and the uniform bound F, \[M2] < Fo 1 [MY], see (4.2).

An explicit bound of the quadratic moment, even in the case A = 0, can be easily obtained
from (4.9), which gives

(4.35) my [ M (t)] < ma[uo] + 200ty Fa o(M2).

Finally, weak convergence in L2((0,T); W22(R%)) is a consequence of the uniform bound

Sty —s0)Y? VO<s<sp <t<t,.

(4.36) co/ / D% 0y 2 da dt < HIMO] + wma[MO] + (A + 2580 F a o[ ME)(T +7) VT > 0.

Here and below, 7 := sup{7; | ¢ € N} controls the time step size in the given partition, and
inequality (4.36) is obtained by summing the central a priori estimate (4.11) for o, with the
bound (4.9) on the second moment, taking into account (see e.g. [24, Sect. 2.3]) that

(4.37) H[p] + mmau] >0 Ve Po(RY).

Step 2: Discrete equation. We prove that for every 0 < s < sp = s <t <t =t8 and { €
C°(RY) with —kI < D?*¢ < kI one has

(4.38) CM(0) = | can( / Noa[M(r); D (] dr‘ < KT Fan[MY]

‘ Rd
Summing up (4.8) from n = m + 1 to n = p one gets

m K n n—1
‘ CdMP — / cdM? +n§m:+lrn Na[My(r);D ()| < §n:§m: 2(M7, MY,
Claim (4.38) above then follows recalling (4.3).
Step 3: Continuous limit equation. We prove for the limit curve p of step 1, that for every 0 <

s <t and ( € C°(R?), one has

(4.39) / Cdp(t) / Cdpu(s / Naat(r); D¢ dr =0,

and that the Lebesgue density u(t,-) of u(t) satisfies the weak formulation (1.23) and (1.21) of the
gradient flow (1.1).
Equation (4.39) above follows by passing to the limit in (4.38) as k T oo and applying Step
1. Notice that weak convergence of o, to o in L((0,T); W2?2(R?)) and strong convergence in
L2((0,T); L2(R?)) immediately yields strong convergence in L2((0,7T); W2(R%)) and, up to the
extraction of a further subsequence, (4.31). Further, observe that the map o — N(a%/*, D) is
continuous and quadratic in W12(R?). Hence, one can pass to the limit in the integral term
JiT Naa[Mr (r);D (] dr

It is then a standard fact that (4.39) implies that o satisfies the weak formulation (1.23). Finally,
the other weak formulation (1.21) can be deduced integrating by parts, which is admissible since
o=u*¢e L% ([0,+00); W22(R?)); see Remark 1.1.
Step 4: Convergence of quadratic moments. We prove that for every t > 0,

(4.40) leiinoo mo[ M, (t)] = mo[u(t)] so that My, (t) — u(t) in Po(RY).
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Insert the family of test functions {r — introduced in (2.33) — in formula (4.39) above. Recalling
that pu(t) € Po(R?) and arguing like in the derivation of (2.35), we get

(4.41) )]+ 2)\/ ma[u(r)] dr = ma[uo] + 204 / w0lu(r)] dr

On the other hand, summing up estimate (4.9) from n =1 to N yields

T T,
(4.42) mo[M(T)] + 2/\/O mo[M,(r)] dr < mafuo] + 25a/0 FaolM-(r)]dr

The strong convergence of o, to o in L2 _((0,4+00); W2(R%)) permits passage to the limit in the
right-hand side of (4.42) as k T co. Convergence of M., (t) in P(R), and the lower semicontinuity
of the quadratic moment yield for all T' > 0,

T T
imsap s M, (7) < malu(0)] + 2( [ malu)]dr = tpnint [ maldtr, (] ar) < malu(7)L

This implies pointwise convergence (and a posteriori also locally uniform convergence, see (4.34))
of M, (t) in Po(R?).

Step 5: Convergence in L*+1/2 (R%). We prove that the densities U, converge strongly in Lot1/2,
In view of the previously established convergence results, is obviously sufficient to show that the
norms ||Ur(t)[| La+1/2(ra) converge to their respective limits ||u(t)|| pa+1/2(ray. Observe that these
norms and the (unperturbed) entropies are equivalent,

o a—1/2
015 = C S 0t ont (1) 1

[0

By the convergence of M., in P2(R?) and the uniform boundedness of F, g,
1/2
(4.43) Ho o[ M, (1)] = Hao[u(D)]| < Wa(Mr, (£), 1(8)) (Far0(Mr, (1)) + Fao(u(t))) "

converges to zero, and so does the difference of the respective L*+1/2(R%)-norms.
Thus, the proof of Theorem 4.7 is complete. O

To complete the proof of Theorem 1.1, it remains to treat the case in which the initial condition
ug has finite logarithmic entropy H, but infinite information.

Theorem 4.8 (Regularizing effect). Suppose po = upl? ¢ Dom(F, ») but (1. 19) is satisfied,
and the discrete initial data M2 = USL? converging to po in Po(R?) satisfy H[M2 ] — Hlug] <
400. Then the conclusions of Theorem 4.7 remain valid even in the absence of hypothesis (i) of
Definition 4.6, except that (4.28) and (4.29) may fail at the endpoint t = 0.

Proof. A combination of Sobolev inequalities and standard interpolation results yields
(4.44) Ve>03Q:>0: || DO—H%Z(Rd) <e H DQUH%Z(Rd) + Qe ||U||%1/Q(Rd)

for every function o € W22(R%) N L'/*(R?); recall that 1/a < 2.
Multiply the bound (4.9) on moments by 27, and take the sum with the a priori estimate (4.11),

HIM] + 2mma[ M) + conl| D? 07|72 (gay < H[MF 1] + 2mma[ M7 1]

il
+ T ()\d + 207 7o || DO':.LH%Z(Rd)>.

Choosing & > 0 in estimate (4.44) such that 2o~ '7d.e = co/2, and observing that |07 11/a Ry =
1, we obtain

(4.45) H[ME] + 2mma[MP] + —7'n|| D? 07172 (ray < HIMP™] 4 2mmg[ M2~ + Cry,

where C := \d + 2o~ 78, QE In particular, in view of inequality (4.37) this implies the estimate

Co

(4.46) || D? 07 (1) |72 gy At < HIMP] + 2mma[M])] + CT.
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Now combine the fact that n +— F, A[M}] is nonincreasing with the moment estimate (4.42) and
inequality (4.46) above to deduce both a pointwise and an integral bound for the functional Fy, z:

T Fo A Mo (1)) < / Fo (M (1) dt

IN

Tr
(1400/2) [ FoalMr @)t + ol

1+0a/2 (17 1
T/o (el D o7 (8) 172 ey + Q) dt + Jma[MY]

IN

With these estimates at hand, we can repeat the arguments given in the proof of Theorem 4.7 on
each interval [ep,, +00), for a vanishing sequence ¢, > 0. A standard diagonal argument concludes
the proof. O

5. CONVERGENCE TO EQUILIBRIUM

The large time behavior of the previously constructed weak solutions u(t) to (1.1) is described as
follows. For a positive confinement force A > 0, the solutions converge to a Barenblatt profile b, »,
which is the common minimizer of the entropy H,, » and the information F , in Ll(Rd) at the
exponential rate of \; see section 5.1 below. In addition to the convergence estimates in L!(R?),
we obtain estimates for the equilibration of the information F, . For a = 1, this translates into
a convergence estimate for u(t) in W12(R4); see section 5.2.

For vanishing confinement, no minimizer of F,, o exists, and solutions converge weakly to zero.
However, the solutions become asymptotically self-similar: they converge in L*(R?) after a suitable
rescaling. The limit is again a Barenblatt profile b, . The rescaling arguments are spelled out in
section 5.3.

To close the discussion, we provide an alternative (but largely formal) argument that leads to
L'(R%) convergence in section 5.4. The argument extends the idea developed by Carrillo and
Toscani [15] for the confined thin film equation (¢« =1 and A = 1) in d = 1 dimension.

5.1. Equilibration of the confined gradient flow. Throughout this section, we assume posi-
tive confinement A > 0.

In order to study the equilibration of solutions to (1.1), we shall employ the estimates (3.24)
and (3.38) that have been derived in the general metric framework in section 3. At the very basis
of our argument is the intimate relation (1.10) between the entropy H,, and the information
Fa,x. We recall their definitions,

® a+1/2 A
= H T« a+1/2 _ / a,A/ 2
ol = Hoali = 25 ([ west2an = ([ wan)™ ) 202 [ e uga),

where

V2a A
= — Aa = - 50& == 2 - 1 d 2.

2+ 1’ A=V, (2o = 1)d +
And, according to Corollary 2.3, the information can be expressed in terms of the entropy as
follows,

(5.2) Fanlt] = |0Han]* (1) + (o — 2)A Fa [1):

Thus, Fg, is connected to H,,» in precisely the same way that U is connected to V in the equation
(3.23) considered in section 3; see (5.7) below for the exact correspondences.

Since A > 0, also A = A, > 0. Among the probability densities on R¢, there exists exactly one
minimizer 8, x € P2 of 4z, and it is also the unique minimizer of F, . This follows immediately
from Theorem 3.2. For a € (1/2,1], the minimizer 8, \ = by 2L? is given by a Barenblatt profile

(5.1) Oa
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(1.6a) of mass m = 1, which naturally coincides with the unique stationary solution of the slow
diffusion equation (1.3a). With the coefficients defined as above, this profile takes the form

_ on1/(a—1/2) _a—1/2 V2 ac1y2 | Aoy
(5.3) ba,x(z) = (a—b|z| )+ , b= o A, so that D(Za—lb“’A +§|x\ ) =0.

Here a > 0 is a parameter chosen to adjust the mass of b, » to one. For o = 1/2, the minimizer
B1 y is a Gaussian measure.

To simplify calculations, we shall use normalized versions of entropy and information, which
are non-negative and vanish exactly in the equilibrium state of (1.1). Introduce accordingly

g:fa,A[u] = f}ca,)\[ﬂ] - g{a,)\[ﬁa,)\]a EFa,)\[M] = ga,A[u] - :Ta,)\[ﬁa,)\]a ﬁa,)\ = ba,)\Ld-
Since H, » is geodesically A-convex in Py (RY), it satisfies the bounds

A . 1
(54) §W22(/1'7ﬁa,)\) S j{a,)\[/ff} S ﬁ|aj—ca)\|2(u)‘

As Otto and Villani note, these bounds generalize the logarithmic Sobolev and Talagrand trans-
portation inequalities [36].

The equilibration estimate (1.25) is a consequence of the following exponential decay of the
entropy.

Theorem 5.1. Under the assumption of a positive confinement strength A > 0, any solution u(t)
to problem (1.1)&(1.2) constructed in Section 4 satisfies

(5.5) D WR((0) B) < Hoa (1)) < exp(—200) 5 o],

(5.6) Farlu(t)] < exp(—2X)Fa a (o)

Proof. Since H,, » is geodesically A-convex in Py(R?), it generates a A-flow (see Theorem 2.4).
Because F, ) satisfies (5.2), we can apply Theorem 3.2 in the complete metric space X := P(R)
with

1
(5.7) Vi=Han, U:=Fan, k:=A 6:= §A52,‘$7 4k0 = 2.
By (3.24) the discrete solutions M introduced in section 4.1 satisfy
(5.8) (14 227 FH o A [MP] < HIMEY, (14 2X70) Fan[MP] < Faa[MEH.

Recalling Remark 3.2, the lower semicontinuity of H, x, Fo,x, and the pointwise convergence of
M, to p in Po(R?) we conclude both (5.5) and (5.6). O

To conclude estimate (1.25) of Theorem 1.2, we invoke a Csiszar-Kullback inequality. The latter
allows to estimate the L!-distance of a given probability density u to the Barenblatt profile b, x
in terms of the normalized entropy H, x. The following result can be found in [11, Theorem 30].

Lemma 5.2. There exists a positive constant co » only depending on o and A such that for every
measure u = ul? € P5(RY)

(5.9) [ = bapll ey < Cax Hanlu]'/?.
Clearly, (1.25) is obtained in combination of (5.9) with (5.5).

5.2. Equilibration in W2(R%) for the thin-film equation. In the special case o = 1 of the
thin film equation, the exponential convergence of the information functionals has the consequence
that the solution u(t) converges to its steady state in W12(R?), also exponentially fast.

Theorem 5.3. Assume oo =1 and X\ > 0. Then there exists a constant Cy 4 (only depending on
A and d) such that any weak solution u(t) constructed in the proof of Theorem 1.1 satisfies

(5.10) [u(t) = bra|[5n s ey < Crafia(uo) exp(—2)¢).
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Above, the stationary state

A
bia(z) = m(;ﬁ - \x|2)i, p = px > 0 chosen to adjust the mass to unity,

is the Smyth-Hill profile.

Proof. For a given probability density u, define the linear segment ug = 6u + (1 — )by » for
0 <6 < 1. Since by, is the minimizer of F} y,

(5.11) Fly,\[ug] - FL)\[U()] >0
for all § € [0, 1]. Divide (5.11) by 6 > 0 and calculate the limit ¢ | 0, finding
A
/ (Du—Dbl’)\)'DbL,\dl’-‘r*/ |l‘|2(u—b1’/\)d$20.
Rd 2 Rd
In view of the definition of F} j, it follows easily that

(5.12) %/Rd IDu—Dbyy|*de < Fia(u) — Fua(bin) = Foalul — FialBia] = Fualul.
The information decay (1.27) thus implies

(5.13) H Du(t) — Dbl!)‘Hiz(Rd) < 2F1,>\(u0) exp ( — 2Xt).

Interpolation of this estimate with the equilibration in L! from (1.25) provides the L2-estimate

(5.14) u(t) - bMHQLQ(Rd) < Hy (o) exp (— 2Xt).

Since A > 0 and F > |9H|2 > 2AK, the claim (5.10) follows by combination of (5.13) with
(5.14). O

5.3. Equilibration in the absence of confinement. We shall now consider the gradient flow
(1.1) in the limit of vanishing confinement, A = 0. In fact, one may argue that the most natural
gradient flow to study in this context is not (1.1) associated to the functional Fi, x, but the one
for the unperturbed information F, . The corresponding equation reads

(5.15) dyw = — div (wD [w* " Aw®]).

Since the unconfined information functional F, ¢ enjoys the scaling property (1.12), solutions w
to its gradient flow can be related to solutions u of a confined gradient flow as follows.

Lemma 5.4. A function u € L2 _((0,T); W?2(R%)) is a weak solution of (1.1) for X\ =1 if and
only if the function

(5.16) w(t,) = dpyullog R(t),-) = R(t) “u(log R(t), R(t)™1), R(t) = (14 (0 +2)t)"/ "),
is a weak solution of (5.15).

The proof follows by straight-forward calculations.
An immediate consequence of Lemma 5.4 is that equation (5.15) possesses self-similar solutions.
One is defined by

(5.17) bao(t,) == R(t) P ba1 (R(t)™" ) = dr)bai ("),
where b, 1 is the Barenblatt profile from (5.3) with unit confinement strength, and the rescaling

factor is given by

(5.18) R(t) = (14 (3o +2)t) /"

Another consequence of Lemma 5.4 are the intermediate asymptotics of solutions w. In the limit
t — o0, any solution w to (5.15) converges to zero in L}, (R?), and does so by approaching the
self-similar solution w, from (5.17).
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Corollary 5.5. Let w be generalized minimizing movement induced by Fo o (and a fortiori a
weak solution to equation (5.15)). Then w approaches the self-similar solution by from (5.17) as
follows,

(5.19) lw(t, ) = bao(t, ')pr) <C-R(t)™,
where C' > 0 depends only on Hy 1(wo) only.

We remark that estimate (5.19) is a global estimate, which provides little useful information
locally. Indeed, on any bounded set M C R?, the L'(M)-norm of w,(t) obviously converges to
zero at rate R(t)~%, which is at least as fast as the approximation of w, (t) by w(t) at rate R(t)~*.
In order to obtain meaningful local rates, refined asymptotics would need to be studied, as has
been done for the related slow diffusion equation with @ > 1/2 and d = 1 by Angenent [4], and
with @ < 1/2 but d > 1 by Denzler, Koch and McCann [20] [19]. Globally, however, (5.19) is a
non-trivial statement, by its equivalence to (1.25).

The goal is to obtain Corollary 5.5 as a consequence of estimate (1.25) of Theorem 1.2. The
obstacle is that (1.25) has not been proven for general weak solutions to (1.1), but just for those,
which are obtained by means of the minimizing movement variational scheme. Hence, it remains to
be shown that generalized minimizing movements for the rescaled and for the unrescaled equation
are in correspondence. To this end, we prove the following (generalized) discrete counterpart of
Lemma 5.4.

Theorem 5.6. Assume that a functional U : Py(R?) — (—o0, +00] satisfies
(5.20) UQRpp) = R™OU(u) Yp € Pay(RY), R>0; dgp=(Rid)yp.

Let M € Po(R%), 7> 0 and R > S > 0 be given. A measure M € Dom(U) is a minimizer of the
functional
_ 1

_ A
(5.21) p B My, A) = oo W5 (i, M) + Up) + Smap]

if and only if 9o M minimizes

o _ A ‘
(05 M, 7, X) = o= W3 (11,05 M) +U(p) + Smalps],  with

S(1+AM)—R
TR ’
In particular, the result applies to U = F,,0 with § = d,. When comparing discrete solutions
to (1.1) and (5.15), respectively, R represents the rescaling factor of the current time step, and S
that of the previous one; Theorem 5.6 is applied with A = 0, so that R = (1 + Ar)S.

(5.22)
7i=7S8ROY X:=

Proof. By (5.20) and the rescaling property of the Wasserstein distance,

(5.23) W2 (osp,05v) = S2Wi(u,v) Y p,v e Py(RY,
it is sufficient to prove the theorem in the case S = 1, when (5.22) corresponds to

| _ A < 1+M-R
(5.24) D(us M7 A) = W3 (M) +UG) + Gmalul, with 7= 7RO A= %.

Let us then introduce the functional ¥ : Dom(U) x (0, +00) — R
1 — 1
(5.25) U(p,r) = §W22(0T,u,M) +r7U(p) + 57‘(1 + AT — r)ma[p].
Observe that
(5.26) TN (1) = @ M7, A), (PR T, R) = Bpp M7,

with 7, X given by (5.24). For fixed y € Py, the expression W(y,-) is linear in its second argument;
in fact, if v € P2(R% x R?) is an optimal coupling in I'(u, M), then (Rid,id)4~ is an optimal
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coupling in T'(0ru, M). Hence,
W3 (01, M) =/ [rz — y[* dy(@,y) =/ (22l = 2rw -y + 1yl dr(z, )
R4 xR R4xR4

:Tsz[u]*Qr/Rd Rdfc~ydv+mz[m,
X

and
1+ A7 1 _
Wiar)=r(= [ gy )+ mafu]) + Smal)
RIxR? 2 2

Differentiating with respect to r we get

0 14+ A7

W) == [ oydy el + 5 ol

T Rdx R4

= SWR(u, M) U)o ma] — SmalM] = (s, 1) — L[N

2 2 2
If M is a minimizer of (5.21), then it is also a minimizer of ¥(-,1) and of 9, ¥(-,r). It follows that
(5.27) U(M,r) < U(u,r) ¥Yr>1, p€ Dom(U).

In view of the second relation in (5.26), it follows that 9pM is a minimizer of (5.22). The same
argument shows that if M is a minimizer in (5.22), then ¥(dp-1M, 1) coincides with U(AM, 1), and
therefore 01 M is a minimizer in (5.21). O

By means of the previous theorem, we conclude that generalized minimizing movements indeed
enjoy the same rescaling property stated in Lemma 5.4.

Corollary 5.7. A continuous curve p € C°([0,4+00); P2(RY)) belongs to GM M (F 15 110) iff the
rescaled curve v(t) = g p(log R(t)) belongs to GM M (F 0, po)-

Proof. Let M, be a discrete solution associated to the functional F, ; for a given partition P.
Define a sequence of discrete rescaling S inductively by

n _ qQn—1
(5.28) SO =1, St =(1+7,)82 e Sro S st

Tn

We remark that this is the explicit Euler scheme for solution of the differential equation
d
5.29 —S(t) =S5t
(5.29) SS(1) = 5(1)

on the partition P,. Correspondingly, we introduce the new family of partitions P,,, induced by
n
(5.30) M = TS (S e 5= N .
m=1

Further, we define the piecewise linear time rescaling map L. : [0,00) — [0, 00) by

(5.31) Lo(t2) = 82,

By definition, L (t) = S?~1(S?)%+L in (t2~1 7). Employing Theorem 5.6 with S := S?~! and
R := 57, it is immediate to check that the sequence My defined as

L is linear in [t71, ¢7].

(5.32) M} = dgn M

is a discrete solution associated to the unperturbed functional F, ¢ with respect to the rescaled
partition 7. The corresponding piecewise constant interpolant M, satisfies

(5.33) My (L (1)) = 05,y M (2),

with S; being the piecewise constant interpolant of the S7 with respect to the partition P,.

By definition, p1 € GMM (F, »; p0) implies that there exists a sequence of partitions 7 such
that M., — p locally uniformly in P2 (R?). Moreover, S, (t) — e* locally uniformly and L., (t) —
L(t) = 1+ (6, + 2)"Le=+2)t by (5.30). Thus, up to the extraction of a further subsequence, we
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find that Mnk converges locally uniformly in Po(R?) to some limit curve v. Again, by definition of
the generalized minimizing movements, v € GM M (Fy,0; o). Passage to the limit in (5.33) yields

(5.34) V(L)) = 0erp(t) V> 0.

Consequently, v(s) = 0ps)u(log R(s)), since L(t) = s means that ¢t = log R(s). The reverse
implication can be proved in a similar way. O

Corollary 5.7 provides the sought correspondence between generalized minimizing movements
for equation (1.1) and for equation (5.15). Corollary 5.5 thus becomes a direct consequence of
estimate (1.25) from Theorem 1.2.

5.4. An alternative approach to entropy decay. The following constitutes an alternative
approach to the equilibrium estimate (5.5). This alternative approach is purely formal in the range
a > 1/2, where solutions are not generally smooth, but might be expected to apply rigorously
to the (upper end of) the range « € [(d — 2)/2d, 1/2], where examples suggest broader classes of
solutions will be smooth (and possess rapid spatial decay). We include it here since it provides
an enlightening view on the very particular structure of the gradient flow (1.1). The key idea is
to rewrite the equation (1.1) in a way which is inspired by Carrillo and Toscani [15] and allows us
to perform completely explicitly the estimates that resulted in an abstract way from the theory
of gradient flows in the previous section.

Assume that u is a smooth and strictly positive solution to (1.1), which decays rapidly enough
at for || — oo to justify all subsequent integration by parts. A tedious but straight-forward
calculation reveals that u satisfies

20— 1

(5.35) Oy = diV(uD Ga,,\) ot

pA (uo‘+1/2AGa7A) — pD?: (uo‘+1/2 D? G%k)

20+ 1

with the notation

_ V2a A
2a—1A’
and A is as in (5.1). Notice that the representation for the one-dimensional thin film flow used in

[15] is a special case of the general formula (5.35) above.
Next, rewrite the definition of H, » in the form

_A q a+1/2 A2
Hanlul = A/(a+1/2u 5l “) dz = Ca.

It is straight-forward to check that

A 2
|0FH o n|* = <X) /u\DGa,/\\de.

A A
Ga,)\ :qua_1/2+§|$\2, pP= V2O‘X7

On the other hand, the time derivative of the relative entropy along a solution becomes

Ad
—K%J{a)\[u(t)] = — - Goa Orude

:/ u{DGa’,\|2dx
Rd
n 20 — 1
20 +1°

a 2 2 a 2
/Rdu T2 AGa | dx+2a+1p/Rdu T2 D? Gy || da.

Neglect the contribution from the last two terms, which are non-negative for o > 1/2. (In fact,
their sum is non-negative in the range o > (d — 2)/2d where H, [u] is Wa-geodesically convex.)
Instead, relate the first term of the entropy production to the entropy itself, observing that

d A 2 A 9 -
dtj{a,)\[u(t)] = /Rd u’ D Ga,)\| dx A |6j—ca,)\| = (2/\) g{oc,)\a
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employing the convexity estimate? (5.4). One arrives again at the exponential decay estimate
(5.5), and thus at an alternative proof of Theorem 1.2. Currently — lacking estimates on higher
regularity of the solution u — it is, however, unclear how to turn this formal argument into a
rigorous proof.
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