MEASURE STRUCTURED DEFORMATIONS

STEFAN KROMER, MARTIN KRUZIK, MARCO MORANDOTTI, AND ELVIRA ZAPPALE

ABSTRACT. Measure structured deformations are introduced to present a unified theory of
deformations of continua. The energy associated with a measure structured deformation is
defined via relaxation departing either from energies associated with classical deformations or
from energies associated with structured deformations. A concise integral representation of the
energy functional is provided both in the unconstrained case and under Dirichlet conditions
on a part of the boundary.

CONTENTS
1. Introduction 1
2. Setting and the definition of the energy in mSD 3
3. Auxiliary results 6
3.1. Equivalent characterizations of the relaxed energy densities 6
3.2. Nonlinear transformation of measures and area-strict convergence 8
4. Proof of Theorem 2.4 9
4.1. Upper bound 9
4.2. Lower Bound 11
5. Relaxation under trace constraints 12
6. Further properties and examples 17
References 19

1. INTRODUCTION

The primary objective of continuum mechanics in solids is to articulate how a solid body
will alter its shape when subjected to specified external forces or boundary conditions. A cru-
cial initial step towards achieving this objective involves selecting a category of deformations
for the continuum. In describing numerous continua, certain widely accepted criteria for the
chosen category of deformations have been established: these deformations should be reversible,
with differentiable mappings and inverses, and the combination of two deformations within this
category should result in another deformation within the same category. However, classical de-
formations may not always suffice for describing all continua, requiring alternative selections in
many cases. One approach involves introducing additional kinematic variables, such as the di-
rector fields in a polar continuum. An alternative approach entails incorporating supplementary
fields that, while connected to the deformation, function as internal variables. For instance, in
theories concerning plasticity, the plastic deformation tensor follows an evolutionary law outlined
in the constitutive equations of the continuum.

Del Piero and Owen [19] proposed an alternative approach that identifies classes of deforma-
tions called structured deformations, suited for continua featuring supplementary kinematical
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variables, as well as for continua featuring internal variables (we refer the reader to [24] for a
comprehensive survey on this topic). In the theory of structured deformations, if Q@ c RV is
the continuum body, the role usually played by the deformation field u: @ — R? and by its
gradient Vu: Q — R¥N is now played by a triple (x,g,G), where the piecewise differentiable
field g: Q\ kK — R? is the macroscopic deformation and the piecewise continuous matrix-valued
field G: Q\ k — R¥N captures the contribution at the macroscopic level of smooth submacro-
scopic changes. The (possibly empty) discontinuity set x C Q of g and G can be regarded as
the crack set of the material. The main result obtained by Del Piero and Owen is the Approx-
imation Theorem [19, Theorem 5.8] stating that any structured deformation (k,g,G) can be
approximated (in the L convergence) by a sequence of simple deformations {(kn,u,)}. The
matrix-valued field Vg — G captures the effects of submacroscopic disarrangements, which are
slips and separations that occur at the submacroscopic level. The spirit with which structured
deformations were introduced was that of enriching the existing class of energies suitable for
the variational treatment of physical phenomena without having to commit at the outset to a
specific mechanical theory such as elasticity, plasticity, or fracture. Ideally, the regime of the
deformation is energetically chosen by the body depending on the applied external loads: if these
are small, then the deformation will most likely be elastic, whereas if these are large, a plastic
regime or even fracture may occur.

The natural mathematical context to study problems similar to those mentioned above is
that of calculus of variations, in which equilibrium configurations of a deforming body subject
to external forces are obtained as minimizers of a suitable energy functional. In the classical
theories where the mechanics is described by the gradient of the deformation field u, a typical
expression of the energy is

E(k,u;Q) = / W(Vu)dz + Y([u), ) dHN T (1.1)
Q QNkK
where W: RN — [0, +00) and : R? x S¥=1 — [0, 4+00) are continuous functions satisfying
suitable structural assumptions and model the bulk and interfacial energy densities, respectively.
In the context of Del Piero and Owen, it is not clear how to assign energy to a structured
deformation (k,g,G); the issue was solved by Choksi and Fonseca who, providing a suitable
version of the Approximation Theorem [17, Theorem 2.12], use the technique of relaxation
to assign the energy I(g,G;€2) as the minimal energy along sequences {u,} C SBV(£2;R%)
converging to (g,G) € SBV (;RY) x LY (; R*N) = SD(Q; RY x R4*N) in the following sense:

u, =g in BV(;RY  and  Vu, >~ G in M(Q;RPN), (1.2)

where Vu,, denotes the absolutely continuous part of the distributional gradient Du. More
precisely, the relaxation process reads

I(g,G;9Q) = inf} { liminf E(S,, ,un; Q) : up, — (g, G) according to (1.2)} (1.3)

Un n— oo

and is accompanied by integral representation theorems in SD(Q;R? x R¥*N) for the relaxed
energy I(g,G;Q) (see [17, Theorems 2.16 and 2.17] and [28, Theorem 3]). The reader might
have noticed that the crack set x« has been identified with the jump set S, of the field w, €
SBV(Q;R?). The variational setting introduced in [17] gave rise to numerous applications of
structured deformations in various contexts, see [2, 8, 10, 11, 14, 25, 26], in which an explicit
form of the energy I(g,G;€) could be provided.

We stress that, although we look at targets (g, G) belonging to SBV (€; R?) x LY(Q; R¥*N)
in general, the convergence (1.2) might lead to limits that are in BV (Q; R?) x M(Q; R?>*YN) and
that, in assigning the energy (1.3), Choksi and Fonseca make the explicit choice to represent
the relaxed energy only in SBV (;RY) x L*(Q; R4*N). Moreover, from the mechanical point
of view, one cannot, in principle, exclude that {Vu,} develop singularities in the limit, which
would reflect on a weaker regularity of the field G, possibly not even of the same type as those of
the singular part D®g of the distributional derivative Dg, as is the case in [6, 9, 27]. Both these
mathematical and mechanical reasons suggest that the definition of structured deformations
should be extended from SD(Q;R? x R¥*N) to the larger set

mSD(QRY x R”N) i= BV (Q;RY) x M(Q;R*V), (1.4)

which we call measure structured deformations, and which we abbreviate here with mSD.
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In this paper, we generalize the results of [17] to mSD. In particular, denoting with w,, N
(g,G) in mSD the convergence in (1.2), we prove the Approximation Theorem 2.3: given any
measure structured deformation (g, G) € mSD, there exists a sequence {u,} C SBV(;R4)
such that u, — (g,G) in mSD. This serves to define the energy I: mSD — [0, +00) via the
relaxation (1.3) in the larger space mSD, see (2.2), for which we prove the integral representation
result, Theorem 2.4. This is one of the main results of the paper, in which we recover the same
structure of [17, Theorems 2.16 and 2.17] and [28, Theorem 3], with the presence of an additional
diffuse part. One of the novelties of our setting is that we manage to obtain a concise form of
the relaxed energy functional involving only a bulk contribution H and its recession function at
infinity H<°

dG d(D*g, G* s s
I(9,G; ) = /QH(Vg, o) da +/QH°°(CM) d|(D*g,G*)|(x),

where D®g and G* are the singular parts of the measures Dg and G, respectively, see (2.13),
in the typical form of Goffman and Serrin [20] for functionals defined on measures for a density,
which is a particular case of those treated in [4]. The relaxed bulk energy density H turns
out to be quasiconvex-convex; see Proposition 4.3. It is interesting to notice that not every
quasiconvex-convex function can be obtained as the bulk energy density associated with a struc-
tured deformation: ours retains the memory of the specific relaxation process (2.2) (see also the
counterexample in Proposition 6.3). In Theorem 6.1 we prove that the energy I(g, G;2) can be
obtained by relaxing from SD(Q;R? x R¥*N) to mSD(Q;R? x R*N) the energy (1.1) with
the addition of a term penalizing the structuredness Vg — G

Er(g.GsQ) = E(Sy.0:) + R / Vg - Glda,
Q

see (6.1). Another relevant result is the possibility of performing the relaxation under trace
constraints, see Theorem 5.1, which has the far-reaching potential of studying minimization
problems in mSD(£;R? x RN with the addition of boundary data.

2. SETTING AND THE DEFINITION OF THE ENERGY IN mSD

We assume that the main results about functions of bounded variations are known, otherwise
we refer the reader to the monograph [3] for a thorough introduction; likewise, we refer the
reader to [18] for an introduction to relaxation (see also [13]).

We consider an initial energy as in (1.1), which, since we take x = S,,, now can be written as
E: SBV(Q;R?) — [0, +00)
E(u;Q) = / W(Vu)dz + / Y([u), ) dAHY (), (2.1)
Q QNS
where W: RN — [0, +00) and 1: R? x S¥=1 — [0, 4+00) are continuous functions satisfying
the following assumptions for A € RN X X\, A\ € R and v € SV—1:
ewl Al < W(A) < Cu (1 + |A]); (w:1)
W is globally Lipschitz continuous; (W:2)
there exist ¢ > 0 and 0 < a < 1 such that
W(td)| _ c A
to] T e
W (tA
where W°(A) = lim sup (t );

t——+o0

W (A) — whenever ¢ > 0 and t|A| > 1,

cy| Al <A v) < CylAl; (
YA, v) = tp(A,v) and (=N, —p) = Y(A, p); (
YA+ A2, v) < YA, v) + (A2, v). (

)

endow the space mSD with the norm

19, Ollmsp = 9l By (mey + 1GI();
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the latter term denoting the total variation of the measure G. We are interested in assigning an
energy I: mSD — [0,+00) by means of the relaxation

1(g,G: Q) = inf { lim inf B(uy; ) : {un} € %(g,a;m}, (2.2)
where, for every open set U C €2,

#(9,G;U) = {{un} € SBV(U;RY) : u,, = (g|v,Glv) as in (1.2)} (2.3)
is the set of admissible sequences. Our main result is a representation theorem for this energy,
namely that I = J with the explicit representation of the limit functional given by

. dG?
J(g,G; Q) ::/QH(Vg,G“) dx + /Qmsg h ([g]7 d("Hngl_Sg)’yg) dHN 1 (z)

chg dGe ) dGs
+ hc<,, 9_)d|D|(z +/hc 0, 9} d|GE|(x),
/Q dDeg] diDeg ) WP+ J h (0 Gy ) UGl ()

where H: RN xRN — [0, +00), hY: RIXRN xSV — [0, +00), and h¢: RN xRN
[0, +00) are suitable bulk, surface, and Cantor-type relaxed energy densities. In (2.4), we have
the following objects: since g € BV (£;R?), we know that, by De Giorgi’s structure theorem,

Dg= D"+ D°g=D"g+ Dig+ D% = VgL + [g] @y, HN 'L S, + D°,

and we can decompose

(2.4)

G=G"+G =G"+G,+ G+ G,
where
, dG , dG
G < LN, 4G} = d‘ng‘d|DJg|, dG¢ = D]
Here, in case of G* and other measures absolutely continuous with respect to the Lebesgue
measure, our notation does not distinguish between the measure and its density with respect
to LV Also, notice that G is singular with respect to LY + |Dg].

dD%|, G =G -G"—GI—Gs.

To carry out our program, we will use the following results.

Theorem 2.1 (Alberti [1, Theorem 3], [17, Theorem 2.8]). Let G € L*(Q;R¥N). Then there
exist a function f € SBV(Q;R?), a Borel function B: Q — R¥™N and a constant Oy > 0
depending only on N such that

Df =GN + pHN LS, /Q ) 18| dHN T (z) < ON||G |11 (uraxw)- (2.5)
NSy

Lemma 2.2 ([17, Lemma 2.9]). Let u € BV(;RY). Then there exist piecewise constant
functions u, € SBV(;R?) such that @, — u in L*(Q;RY) and

[Dul(©) = lim [Da,|(©) = lim @] &KV (2). (2.6)

n— 00 QNSa,

The following approximation theorem generalizes the one obtained in [30].

Theorem 2.3 (approximation theorem). Let @ C RN be a bounded, open set with Lipschitz
boundary. For each (g,G) € mSD there exists a sequence {u,} C SBV(Q;R?) such that

U, = (g,G) in mSD according to (1.2). In addition, we have that

[1Dun || pesaxvy < Crll(9: G s - (2.7a)
and

[unll gy @mray < C2(Q) [1(9, Gl s (2.7b)
for constants C1 = C1(N) > 0 and C2(2) = C2(N,Q) > 0 independent of {u,} and (g,G).

Proof. Let {G*} C L'(;R¥N) be a sequence of functions such that G¥ = G as k — oo
and sup,cy ||Gk||L1(Q,Rde) < |G| (Q) (see [22]), and consider the corresponding pairs (g, G¥) €
BV (;R?) x LY(Q;R*N). By Theorem 2.1, for each k € N, there exists f* € SBV(Q;R?)
such that Vf¥ = G* and, by the estimate in (2.5),

DS () < On |G 11 e, < Cv 1G] ). (2.80)
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Since €2 is a Lipschitz set, we can use the Poincaré inequality and obtain that

S0 7y ) < CP(Q)Cn G () (2.8b)

By Lemma 2.2, for each k € N there exists a sequence {vF} C SBV (£); Rd) of piecewise constant
functions such that v% — g — f* in L'(Q;R?) and, by (2.6), |ka| — |D(g = f*)][ (Q) as
n — oo. Now, the sequence of functions v := anrfk is such that vk — g in L! and Vof = GF,
as n — oo, for every k € N. The convergences in (2.7) and the estimates in (2.7) now follow

from estimates (2.8) by a diagonal argument, by defining u,, := vn( ), with k(n) — oo slowly
enough. O

Before stating our integral representation result, we define the following classes of competitors
for the characterization of the relaxed energy densities below. We let @ C R be the unit cube
centered at the origin with faces perpendicular to the coordinate axes, and for v € SVN=1 we let
Q. C RY be the rotated unit cube so that two faces are perpendicular to v. For A, B, A € RN
and A € R?, we define

CP%(A, B; Q) = {u € SBV(Q;R?) : ulag(z) = (Az)|ag, ][ Vudz = B}, (2.9a)

courface (N A Q,) = {u € SBV(Qu;RY) : ulpg, () = sxuloq, (@ ][ Vudz = } (2.9b)

where sy, (z) == $A(sgn(z - v) +1). Moreover, for any open set U C RY and v € SBV (U;R?),
we let

E>*(v;U) ::/UWOC(VU) dx—i—/ Y([], vp) AHN (). (2.10)

uns,

Theorem 2.4 (integral representation). Let Q@ C RN be a bounded Lipschitz domain, and
assume that (W:1)-(W:3) and (¢:1)—(¢:3) hold true. Then

I(9,G;Q) = J(9,G;Q)  for all (g,G) € mSD(Q;RY x R>*N),
where I and J are defined in (2.2) and (2.4), respectively, and the densities in J are given by

H(A,B) = inf {E(;Q) : u € C"5(A, B; Q) }; (2.11a)
h? (N, A, v) == inf {E*(w;Q,) :ue Csurface()\7A;Q,,)}; (2.11b)
h¢(A,B) == inf { E®(u; Q) : u € cPuk(A, B; Q)} (2.11c)

The proof is given in Section 4.1 (upper bound: I < J) and Section 4.2 (lower bound: I > J).

Remark 2.5. For the special case (g,G) € SD(;RY x R¥>*N) ' Theorem 2./ reduces to [17,
Theorem 2.16] (for the functional Iy in the notation of [17]). Unlike [17], we assumed coercivity
of W in (W:1), but only to avoid additional technicalities.

Remark 2.6. As shown in Proposition 3.1 below, h® coincides with the recession function H
of H, and h? can be replaced by h® = H> , more precisely,

R (N A, v) = hS(A @ v, A). (2.12)
This allows for another, much more elegant representation of J :

10.G) = [ a(D9.6) = [ 1#(Va. ) dot [ 1 (2GR ) D567 w), (219

see Definition 3.3 and Proposition 4.1 below.
Remark 2.7. (i) As a consequence of (1:1) and (1:3), ¥ is also globally Lipschitz in \:
(A1, v) =Y (A2, V)| < Cy [A1 = Aal. (2.14)

(ii) We will never use the symmetry condition in (1:2) directly, but it is necessary to make E
well-defined in SBV , as jump direction and jump normal are only uniquely defined up
to a simultaneous change of sign.
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Remark 2.8 (Instability of the contribution of G in I = J). As in the case of typical integral
functionals in BV with G = 0, the individual contmbutzons in J handling each of the four
components of the measure decomposztwn

d(Dg, G) oy d(Dg, G) d(Dy, )|D3 |+

acy d|Dg| d|Dig]

d|GS\

(Dg.C) = dDg,G), s

are not continuous with respect to strict or area-strict convergence; for instance, Lebesgue-
absolutely continuous contributions can generate Cantor or jump contributions in the limit. The
last contribution in J of the singular rest G is even worse than the others, though, because it
is not even continuous in the norm topology of BV (Q;R?) x M(Q; R4*M).,

Take, for instance, N =1,

1
Q= (_la 1)7 W= ||7 ¢('7V) = ||7 gk = %X(O’l)’ G = 60'

In particular, h°(0,B) = |B| for all B € R. Then (9x,G) — (9,G) = (0,00) strongly in
BV x M, but G;k = 0 for all k while G; = o (since Dig, = %60, the whole singular
contribution of G with respect to LN + |Dgy| is captured by %|ngk‘ = k100 = &g, while
g =0 so that G, = dp = G ). As a consequence, the contribution of Gy, in J jumps in the limit
as k— oo:

S S

lim h“(o ddé |) e (a:):O;él:hC(O,l):/th( dd|gs|)d6“|()

3. AUXILIARY RESULTS

In this section, we present some auxiliary results that are pivotal for the proof of Theorem 2.4.
In particular, we show that all three densities H, h’, and h¢ are linked (Proposition 3.1) and
we present a sequential characterization for them (Proposition 3.2). In Section 3.2, functionals
depending on measures are introduced, as well as the notion of area-strict convergence.

3.1. Equivalent characterizations of the relaxed energy densities.

Proposition 3.1. Assume that (W:3) and (1:2) hold true and H, h?, and h¢ are defined as
in Theorem 2.4. Then the strong recession function of H

H>(A,B) = tl}igrnoo M’
exists. Moreover, we have that
h¢=H> (3.1)
and for all B € RN X e R?, and v € SN 1,
heA®@ v, B) = h(A® v, B) = hi (\, B,v), (3.2)

where h¢ s obtained from h¢ by replacing the standard unit cube Q) by the unit cube @, oriented
according to the normal v, i.e.,

ho(A, B) = inf {E®(u;Q,) : u € C™" (A, B;Q,) }. (3.3)

Proof. We define H>*(A, B) := limsup,_,,, 1 H(tA,tB). With this definition, we obtain (3.1)
as a consequence of (WW:3) and (¢:2). Moreover, this even holds if ¢ is replaced by an arbitrary
subsequence. The limsup above is thus independent of subsequences and, therefore, a limit. It
remains to show (3.2).

First equality in (3.2): We claim that h¢(A, B) = h¢(A, B) for arbitrary A, B € RN,
We will first show that h¢(A, B) < h°(A4,B). Let ¢ > 0 and choose an e-almost minimizer
u € SBV(Q;R?) for the infimum in the definition of h¢(A, B):

E(u;Q) < hj(A,B)+¢e, u= Az on 0Q), ][ Vudz = B. (3.4)
Q
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Up to a set of measure zero, (), can be covered with countably many shifted and rescaled,
pairwise disjoint copies of @:

Uzi+6:0QcQ, c @ +6Q), (3.5)
ieN ieN
with suitable z; € @, 0 < §; < 1. Defining

)= ZXIiMiQ(x) (Ami + 5u<x ;%)) 7 (3.6)

we obtain @ € SBV(Q,;R?) with
|Dal(x; +0;,0Q) =0 forall i e N (3.7)
and 4 = Az on 9Q, (as well as on x; + §;0Q ). Observe that by the definition of E*° in (2.10),
the positive one-homogeneity of W™ and 1 and a change of variables,
E>® (x5 + 6;Q) = 0N B> (u; 3 + 6;Q) < 6 (hS(A, B) +¢), (3.8)

the latter due to (3.4). In addition, (3.5) gives that Y, 0~ = >,y LV (2 +6;Q) = LN (Q,) =
1. Using the additivity of the integrals in F, (3.5) and (3.7), we can sum (3.8) over ¢ to conclude
that

E>=(4;Qy) < hy(A,B) +e. (3.9)
Similarly, we can also check that J[Qu Vadz = B. Since € > 0 was arbitrary and @ is admissible
for the infimum in the definition of h¢, this implies that h¢(A, B) < h(A, B). The opposite
inequality follows in exactly the same way, with exchanged roles of @) and @Q, .

Second equality in (3.2): We have to show that h¢(\ ® v, B) = hi(\, B,v). For k € N,
define the laterally extended cuboid

1 2k +1
R,,(k)::{meRN‘\z-l/|<§, lz-vi| < -

; forj:l,...,N—l},

where y , j=1,...,N — 1, are the pairwise orthogonal unit vectors perpendicular to v cor-
rebpondlng to the lateral faces of @, . Notice that up to a set of measure zero formed by over-
lapping boundaries, R, (k) can be written as a pairwise disjoint union of (2k + 1)N~! shifted
copies of Q,:

R, (k) = U €+Q,), Z { Z]

ceZ(k) i=1

i) € {—k,. k}}.

Now let € > 0 and choose an e-almost minimizer u € SBV(Q,;R?) for the infimum in the
definition of hS(A ® v, B):

h,(A®@v,B)+e > E®(u;Q,), (3.10)
with E> defined in (2.10). Since vj- - v = 0, the affine function 2 — (A ® v)x determining the
boundary values of u is constant direction I/jL foreach j =1,..., N—1. We can therefore extend

u periodically in the (N —1) directions yj‘ to a function uy € SBV (R, (k); R?), without creating
jumps at the interfaces between elementary cells of periodicity: ug|g, = u, ug(z + I/JJ‘) = ug(z)
whenever z,z + v;- € R,(k), up = (A®@v)z on £+ 9Q, for each £ € Z(k) (in the sense of
traces), and |Dug|(§ + 9Q,) = 0 for each & € Z(k). As a consequence, (3.10) is equivalent to

1
520
for all £ € N. Analogously, we can also extend the elementary jump function sy, used in the
definition of h? periodically to sy, € SBV(R,(k);R?), again without creating jumps at the
interfaces since sy, is constant in directions perpendicular to v.

Now choose functions ¢ € C°(R,(k);[0,1]) such that
v =1on R,(k—1) and |Vyi| <2o0n R, (k) \ R,(k—1)

he(A® v, B) + E* (uy; Ry (k)) (3.11)

Defining
U = @ruk + (1 — ©r)Sx vk,
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we obtain that @y = sy, on OR,(k), G =ug on R,(k—1) and

IDitg|(Ry (k) \ Ry (k = D)] < 2llu = 530l 11 (1, 61 s o1yty + 1Dk — D (R (k) \ Ry (k —

2N = 1)(2k + )N 2 |ju — sy VHBV(QV;R"’) ‘

Since #Z(k) = (2k + 1)V =1, we conclude that #Z(k |Duk|( L)\ R,(k—1))| =0(1/k) —» 0
as k — oo. Using the Lipschitz properties of W (W:2) and ¢ (2.14), we can can thus replace
up with @y in (3.11), with an error that converges to zero as k — co:

hREA@v,B) +e+O(1/k) > E*> (ux; Ry (k)) (3.12)

1
#7Z(k)
Since @y = sy, on OR,(k), we can define

() = ar((2k+1)%)  if & € st Ru(k),
Sxaw(Z) if( 2k+ 1)z e, )\ ﬁRV(k),

without creating a jump at the interface between ﬁRV (k) and the rest. As defined, iy is
now admissible for the infimum defining h’, and by a change of variables on the right-hand side

of (3.12), we see that

1 .
heA® v, B) + e+ O(1/k) > E® (ak; mm(k)) = E®(ix;Q,) > h(\B,v).  (3.13)
As £ > 0 and k € N were arbitrary, (3.13) implies that hS(A ® v, B) > h/()\, B,v). The reverse
inequality can be shown analogously. O

In the following proposition, we prove a sequential characterization of the relaxed energy
densities defined in (2.11). To do so, we define the classes of sequences of competitors (see (2.9))

CoM(A, B; Q) == {{un} C SBV(Q;R?) : u, = Az in BV, Vu, = BLY in M}, (3.14a)

seq
cortace (X, A;Qy) = {{un} C SBV(Qu;RY) : u, = sy, in BV, Vau,, = ALY in M}. (3.14b)
Proposition 3.2. Suppose that (W:1)~(W:3) and (1:1)—(1:3) hold true. Then
H(A,B) = inf { lim inf B(u; Q) : {un} € CL(4, B; Q)}; (3.152)
K (A A, v) = inf { lim inf B (un; Qu) : {un} € C2E°(N, A5 Q,) }; (3.15b)
n— oo
h¢(A, B) = inf { lim inf B (uy; Q) : {un} € CL*(4, B; Q)}. (3.15¢)

Proof. The formulae (3.15a) and (3.15¢) are obtained in the same way as in [17, Proposition 3.1]
(for the latter, notice that W = W is an admissible choice in (3.15a)); formula (3.15b) is
obtained in the same way as in [17, Proposition 4.1]. O

3.2. Nonlinear transformation of measures and area-strict convergence. The following
shorthand notation will prove useful below.

Definition 3.3 (nonlinear transformation of measures). For any Borel set U C RN | any Borel
function h: R™ — R with strong recession function h® and any Radon measure p € M(U;R™),

we define
Jano = [ (k) i+ [ n< () il

where p® denotes the singular part of the Radon-Nikodym decomposition of u with respect to the

Lebesque measure LN : p = dCMN‘CN w.

Definition 3.4 (area-strict convergence, cf. [21]). For a Borel set V, a sequence (Gy) C
M(VRPNY and G € M(V;R>N) | we say that Gy — G area-strictly if Gy — G in M

and
/da(Gk)%/ da(@), where a(€) :=1/1+|¢]?, € e RN,
14 14

Analogously, if V' is open, for a sequence (gr) C BV (V;R%) and g € BV (V;R%), we say that
gk — g area-strictly if g = g in BV and [, da(Dgi) — [,, da(Dg).

1)
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The following lemma is a generalized Reshetnyak continuity theorem; see [21, Theorem 4] or
[29, Theorem 10.3].

Lemma 3.5. If H: RN xRN 5 R s continuous and has a recession function in the strong
uniform sense (see Proposition 4.2), then the functional defined on M(Q; RPN) x M(Q; RIXN)
by

(F,G) > / dH(F,G)
Q
is sequentially continuous with respect to the area-strict convergence of measures.

We also need the following well-known lemma combining area-strict approximations in BV
and M.

Lemma 3.6. Let (9,G) € mSD. Then there exists a sequence {(gx,Gr)} € WHL(Q;RY) x
LY (Q;R*NY such that g, — g area-strictly in BV and Gy, — G area-strictly in M.

Proof. The sequences {gr} and {Gy} can be defined separately, essentially by mollification. As
to {gr}, see, for instance, [29, Lemma 11.1], while the case of {G}} is simpler. O

4. PROOF OF THEOREM 2.4

The proof of Theorem 2.4 is divided into two parts, each of which is carried out in the following
section.

4.1. Upper bound.

Proof. We have to show that I(g,G;Q) < J(g,G;Q), which is equivalent to the existence of
a “recovery” sequence {u,} admissible in the definition of I, i.e., such that u, - (g,G) in
mSD and E(u,;Q) = J(g,G; Q). The proof here is presented using a series of auxiliary results
collected below.

First observe that based on Proposition 3.1, our candidate J for the limit functional, in-
troduced in (2.4) using H, h?, and h¢, can be expressed as a standard integral functional
of the measure variable (Dg,G) using only H and its recession function H* as integrands
(Proposition 4.1). As H is continuous and its recession function exists in a strong enough sense
(cf. Proposition 4.2), J is sequentially continuous with respect to the area-strict convergence of
measures (Lemma 3.5). Since any (g, G) € mSD can be approximated area-strictly by sequences
in Whi x L' (Lemma 3.6), a diagonalization argument allows us to reduce the construction of
the recovery sequence to the case (g,G) € Whi x L' € SBV x L'. This special case was already
obtained in [17], see Remark 2.5. O

Proposition 4.1. Suppose that (W:1)~(W:3) and (¢:1)—(:3) hold. Then with the notation of
Definition 3.3,

J(9.G59) = /Q dH(Dg,G)

where J is defined in (2.4) and H is given by (2.11a).
Proof. Clearly, H(%) = H(Vg7 ddﬁ—GN) . In addition,

G
d|Dsg|

dG dG -
D,Gsz(l )DS 9:(1 )DC 1 ,)DJ G|,
(Dg.G)| = (1+ D%l +0 = (14 gper ) 1Pl + (1+ g0 ) 1Dl + 165
since |G| and |Dg®| + LN are mutually orthogonal by definition of G5, and the Cantor and

jump parts of Dg are mutually orthogonal as well. Since H* is positively 1-homogeneous, the
definition of J implies the asserted representation once we use Proposition 3.1 to replace H*
by h? and h®, respectively. O

We need the following regularity properties of H, in particular at infinity.
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Proposition 4.2. Suppose that (W:1), (W:3) and (1:1)—(1:3) hold. Then H is globally Lips-
chitz and the recession function H* exists in the strong uniform sense, i.e., the limit
H(tA',tB’
lim HA', tB)

(A’,B")—=(A,B) t
t——+o0

ezists for all (A, B) € RN x RN\ [(0,0)}.

(4.1)

Proof. The Lipschitz property of H was proved in [10, Theorem 2.10] (the case p = 1). Con-
cerning (4.1), first observe that since H is Lipschitz with some constant L > 0,

H(tA' tB") H(tA,tB)
t

; — H*(A,B)| < L|(A,B) - (A,B)| +

— H®(A, B) (4.2)

Here, H>®(A, B) = limsup,_,, + H(tA,tB) as before. It, therefore suffices to show that

i H(tAtB)

t——+o0

— H>®(A, B).

We claim that in fact, we even have that

H(tA,tB)

- — H>®(A, B)‘ < C(A,B)(tia + %) for all t >0, A, B € RN, (4.3)

where C(A, B) > 0 is a constant independent of ¢ and H>(A, B) = limsup,_, ., 1H(tA,tB).

For a proof of 4.3, first fix ¢ > 0 and choose e-almost optimal sequence {u;,}, for the
sequential characterization of H(tA,¢B) in Proposition 3.2, dependent on ¢t > 0 (and A,B).
This choice yields that

H(tA,tB) / W (Vuy n) der/Qms ¢([utv"]aVut,,,,)d/HNfl(x), (4.4)

Ut,n

The sequence vy, = tilutm then is also in the class of admissible sequences for the sequential
characterization of h¢(A, B) in Proposition 3.2, and since h¢(A, B) = H*(A, B) by Proposi-
tion 3.1, this entails that

HOO(A,B) g/QWOO(VUtVn) dz+/ %1/1([%@],l/vt,")dHNfl(I)’ (4'5)

Qns

Ut,n

where we exploited that W and (-,v) are positively 1-homogeneous. Multiplying (4.4)
by t~! and combining it with (4.5) yields

1 1 1
(A, B) — ;H(tA,tB) < € +/ (W”(Vvt,n) — tW(tV“t’”))> dx. (4.6)
Q
Analogously, we can also choose and e-almost optimal sequence @5 for the sequential char-

acterization of h°(A,B) = H>(A, B), which makes @ = ¢0;, admissible for the sequential
characterization of H(tA, Bt). With this, get that

LH@AtB) - H¥(A,B) <=+ / (1W(tVﬁt,n))—W°°(Vﬁt,n)> dz. (@.7)
Q

The right hands sides of (4.6) and (4.7) can now be estimated in the same fashion: by (W:1)
and the homogeneity of W™ we have that

W(td) _ W)
<[

1
W (A) ‘+W°O(A)|<CW<A|+t>+CW|A 3CW7 if t]A] < 1.

This is exactly the case excluded in (W:3), so that together with (17:3), we obtain that

11—«
W(tA) _ WOO(A>‘ < % —1—301/1/1
t ) (4.8)
< LH)JF;;CW* for all t > 0 and A € RPN,

te
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since 0 < a < 1. Moreover, (4.4) implies that ||[Vug,| ;1 =t ||[Vug,| ;1 is equi-bounded for
t > 1 since H is globally Lipschitz, 1) > 0 and W is coercive by (W:1). Similarly, |V ,l;. is
equi-bounded. Thus,

M(A7 B) = sup sup ( ||Vvt,n

t>1 neN

‘Ll + ||Vf}t,n

;1) < oo, (4.9)

Now we can use (4.8) to obtain upper bounds for the right-hand sides of (4.6) and (4.7) and
combine them. By (4.9), this yields that

1 1 1+ M(A,B 1
;H(tA, tB) — HOO(A,B)‘ < 5(¥ + 1) + w + 3L'N(Q)CW¥ (4.10)
for all ¢ > 1. Since ¢ > 0 was arbitrary, (4.10) implies (4.3). O

4.2. Lower Bound. Our proof of the lower bound relies on the following lower semicontinuity
property.

Proposition 4.3. Assume that (W:1)=(W:3) and (¢:1)—~(¢:3) hold. Then the integrand H
defined in (2.11a) is quasiconvez-convez in the sense that for all A, B € RN

]LH(A+VU,B+w)do:2H(A,B)
Q

for all (v,w) € W°(Q;RY) x L>®(Q; RN with ][ wdz = 0.
Q
Moreover, the functional (g9,G) — [, dH(Dg,G) is sequentially lower semi-continuous with
respect to the convergence in (1.2).

Proof. We will first show that (g9,G) — [, H(Vg,G)dz is sequentially lower semi-continuous
with respect to weak convergence in Wh! x L', Take (g,G) € WH1(Q;R?) x L1(Q;R>*N) and
{(gn,Gn)} € WELHOQ;RY) x LY RN) with (g,,Gr) — (9,G) weakly in Wt x L1, By [17,
Theorem 2.16] (recovery sequence for the case of I; therein), for each n there exists a sequence
{tn i }x C SBV(Q;R?) such that as k — oo,

Unk = gn in LY RY)  and  Vu,p = G, in M(Q;RPY),
and

E(un,k;Q)%/H(Vgn,Gn)dx.
0

In addition, we may assume that up to a (not relabeled) subsequence

liminf/ H(Vgn,Gp)dae = lim | H(Vg,,G,)dx < +o0.
Since E is coercive as a consequence of (W:1) and (¢:1), the latter implies that {Duy, } is equi-
bounded in M (£2; R4*N). We can therefore find a diagonal subsequence Up j(n) With k(n) — oo
fast enough, such that

(Un,k(n)s Vin k(n)) = (9,G) in mSD and nh%rr;o E(up ;) = nlLII;O ; H(Vg,,G,)dz.
Since the sequence {uy, j(n)}n is admissible for the lower bound in [17, Theorem 2.16] (for the
functional I ), we conclude that

lim H(Vgn,Gp)dz = lim E(uy, jn); Q) = / H(Vyg,G)dz,
n—oo [o n— o0 O

i.e., the functional with integrand H is weakly lower semicontinuous in W' x L'. Since H also

has at most linear growth by Proposition 4.2 and is non-negative as a consequence of (W:1),

[15, Theorem 1.1] (see also [16]) implies that H is quasiconvex-convex.

It remains to show that (g,G) — [, dH(Dyg,G) is sequentially lower semi-continuous with
respect to the convergence (1.2). This follows from [4, Theorem 1.7]. Here, notice that with A :=
(Curl, 0), A(Vgr,Gr)" = 0 in the sense of distributions, and the .A-quasiconvexity of H for this
special case is equivalent to quasiconvexity-convexity of H. The latter can equivalently be tested
with periodic functions on the simply connected U where all curl-free fields are gradients. [
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Proof of Theorem 2.4, lower bound. Let H be the integrand in (2.11a). Moreover, let (g,G) €
mSD and {v,} € SBV(Q;R%) be such that v, — (g,G) in the sense of (1.2). Observing
that for each n, v, can be interpreted as a constant sequence converging to itself in mSD, by
Proposition 3.1 and [17, Theorem 2.16] (its lower bound for the case of I; therein), we have that

/dH(Dvn,anﬁN) g/W(vun)der/ Y([vn), v, JAHY 7 (2). (4.11)
Q Q QNS

Un

In addition, (u,G) — [, dH(Du,G) is weak*-sequentially lower semicontinuous in mSD by
Proposition 4.3. In particular,

/ dH(Dg,G) < liminf [ dH(Dv,, Vo, LV). (4.12)
Q

n— oo Q

Taking Proposition 4.1 into account, the lower bound inequality now follows from (4.12) and
(4.11):

n—oo

J(g,G;Q) = / dH(Dg,G) < liminf / dH(Dv,,, Vu,LN)
Q Q

n—oo n—oo

< liminf/ W (Vu,)dz —|—/ V([vn), v, )JAHY 71(z) = liminf E(v,). O
Q Q

5. RELAXATION UNDER TRACE CONSTRAINTS

Let € be a bounded Lipschitz domain such that Q C €', and let
I':=9Q non.

Let ug € WHL(Q;R?) and let (g,G) € mSD. The relaxed functional subject to the Dirichlet
condition u = ug on I' is defined as

Uy € S’BV(Q;Rd),un =wugon I,
Ir(g,G; Q) = inf lirr_1>inf E(un; Q) | u, = g in BV (Q;RY), , (5.1)
Vu, = G in M(QUT;R>N)

where, for every open subset A of ', F(-; A) is the functional given by (2.1), with W and ¢
satisfying (W:1)-(W:3) and (¢:1)-(¢:3),

We have the following integral representation for I .

Theorem 5.1. Let Q C RN be a bounded Lipschitz domain and assume that (W:1)—-(W:3)
and (1:1)~(1:3) hold. Moreover, let Q' D Q be a bounded domain and ug € WHH(QV;R?). In
addition, for T == Q' NOQ assume that HN =1 (T\T) =0. Then,

Ir(g,G; Q) = Jr(g,G; Q) for every (g,G) € mSD,

where

Jr(g, G;Q) ::/QdH(g,G)

d([g — uo) @ vp HNILT, G) .
HOO dl(fg - LD,G
+/F <d|([9—uo]®VpHNl|_p’G)| |(lg —uo] @ vr H LG,

and H is the function defined in (2.11a).

The proof will be given in two parts. We immediately start with the lower bound, and the
proof of the upper bound will follow after an auxiliary result needed there.

Proof of Theorem 5.1, the lower bound. We have to show that Ir(g,G;Q) > Jr(g,G;Q). For
every k € N, let €, := {z € RV : dist(z, Q) < 1}, and consider

?C = QO ne'.
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Thus I' = Q) N 0N, for every k and Q) shrinks to QUT as k — oo. As for Ir(g, G; ), define
for every k € N

Ir(g,G; ) == W (Vo) d
Q\Q

+ inf { lim inf E(u,; Q) : up, € SBV(Q; RY), u,, = ug on 99,
n—oo
un 5 g in BV(RY), Vau, > G in M(QU F;RM)}.
Thus

Ir(g,G; Q) = Ir(g, G; ) — W (Vug)dz. (5.2)
Q4\Q

On the other hand,
Ir(g,G; Q) = inf { lim inf E(v,; Q) : v, € SBV (%, RY), v, = ug in Q) \ Q,

n—oo

vn 5§ in BV (QRY), Vu, = G in M( ;;Rde)},

N g in Q A G in QUT,
g = i — and G := i _
up in Q) \ Q Vug in Q) \ Q.

where

In particular,
Dglr=[g — uo) @ vp HN LT
Clearly, for every €,

jF(ga G; Q;c)
>1(g,G; :/ dH (3,G
— up] @ vr HN-L LT, G)
—w] @up HN-LLT, Q)|
where I(g, G: ) is the functional introduced in (2.2), and in the equality we have exploited

Theorem 2.4 and Remark 2.6. The proof is concluded by letting & — oo, in the above inequality,
taking into account (5.2) and the fact that limy o [, o W(Vug)dz =0. O
k

Qk
) d([g N—-1
E/QdH(g,G)—F I‘H <d|([g >d|([g—uo]®llr7'[ LT, G),

Below, we will reduce the construction of the recovery sequence needed for the upper bound
to that of Theorem 2.4. This relies on the following lemma.

Lemma 5.2 (domain shrinking [23, Lemma 3.1]). Let Q C RN be a bounded Lipschitz domain.
Then there exists an open neighborhood U D Q and a sequence of maps {¥;} C C>®(U;RY)
such that for every j € N,

U;: U — W,;(U) is invertible and ¥;(2) CC €. (5.4)
In addition, V; — id in C™(U;RYN) as j — oo, for all m € NU{0}.

Proof. This is the case I' = @ in [23]. The statement there has ¥, only defined on Q, but the
proof also provides the extension to U (as long as U is still fully covered by the union of 2 and
the open cuboids covering 92 in which 02 can be seen as a Lipschitz graph). O

Remark 5.3. If Q is strictly star-shaped with respect to some xg € ), Lemma 5.2 is easy to
show with ¥;(z) == xo + ]Jﬁ(x —x9). The proof of 23, Lemma 3.1] for the general case glues
local constructions near the boundary using a decomposition of unity, exploiting that everything
happens uniformly C*-close to the identity to preserve invertibility.

Proof of Theorem 5.1, the upper bound. We have to show that Ir(g,G;Q) < Jr(g,G;Q), for
each (g,G) € BV (;R?Y) x M(QUT;R>*N). For this, it suffices to find a recovery sequence,
i.e., asequence (u,) admissible in the definition of Ir(g, G; Q) such that E(u,;Q) — Jr(g, G;).
In particular, we must have u,, = ug on I' in the sense of traces in BV . The proof is divided
into three steps. In the first two steps, we define a suitable approximating sequence of limit
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states (§;,G;) such that (§;,G;) = (9,G) in mSD, Jr(j;,Gy; Q) = Jr(g,G;Q) and §; = ug
on I'. In the final step, we will then use the upper bound in Theorem 2.4, which for each j gives
a “free” recovery sequence {u;,}, C BV for I(g;, Gj; Q) that again can be modified to match
the trace of its weak™ limit g; on I'. The assertion then follows by a diagonal subsequence
argument.

Step 1: Approximating limit states (g;,G;) with values “close” to uy near TI'.
Choose a bounded neighborhood U of € according to Lemma 5.2 and an extension

g € BV(U;R?) with glo = g, |Dg|(09) =0, g € WU\ % RY).
With this, we define
BV(U;R%) 3 g =xqg + Xvun@ @ ¥ + Xpna' 9
M(U;RPN) 5 Gy ==xqurG.
In particular, with the outer normal vr to 92 on I',
GoL(QUT) =G, Dgl(QUT)=DgLQ+ (ug—g)@up HNILT,

GoL(U\ (QUT)) =0, gola = g, and go jumps at I' from (the trace of) g to up and at
UnN @Y\ Q) from g to ug.

With the maps ¥; from Lemma 5.2, we define

®; =W " and (g5, G;) = (g0 0 ®;,(Go 0 ®;)VP;) € BV(¥;(U); RY) x M(¥;(U); RN,

Here, in the definition of G;, Goo®; is the measure defined as (Goo®;)(A) = Go(®,(A)) for all
Borel sets A C ¥;(U), and V®; € CO(U; RV*V) is interpreted as a continuous density function
attached to it by matrix multiplication from the right. Altogether, G; is the measure satisfying
dGj(z) = d(Go o ®;)(2)V®;(z), similar to Dg; which satisfies dDg;(z) = (Dgo ®;)(2)V®;(z)
by the chain rule. Also notice that as a consequence of Lemma 5.2 (where we only need the case
m = 1), for all j big enough, V¥;(x) is an invertible matrix for all z € U, © C ¥;(U) and
®,;(02) NQ = . Passing to a subsequence (not relabeled), we thus may assume that

U, : U — U,;(U) is a diffeomorphism, Q C ¥;(U) and ;(0Q)N Q=0 forall j€N. (5.5)
We claim that the sequence {(g;,G;)}; has the following properties:
T lg; — wollparizey =2 00 1GHII) = 1G51(99) =0, (5.6)

where Tq : BV (;RY) — LY(95;R?) denotes the trace operator,
gila = g in BV(;RY), (Dg;LQ,G;LQ) = (Dgol(QUT),Gp) in M(QR>N)2  (5.7)
and
/ dH(Dg;,G;) — | dH(DgoL(QUT), ). (5.8)
Q J=roe Jaur
The second part of (5.6) follows from the definition of G; because ®;(0Q) C U \ Q and
|Gol(U\ Q) = 0. As to the first part of (5.6), first notice that since ug € WH1(U;R?), we do
not have to distinguish between the inner and outer traces Tquo and Ty\quoe of ug on 9.
Moreover,
95 —uo = (g0 0 ®j —ug o ®;) + (uo © ; — uo)
and ug o ®; — up in WhL(Q;RY), so that the asserted convergence of traces follows from the
continuity of the trace operator in W once we see that (go—ug)o®; = 0 in some neighborhood
of I' (which may depend on j). The latter is trivial by definition of go if

O,;T)cQ\Q foraljeN; (5.9)

here, we already have that ®;(T') N2 = . We can therefore assume (5.9) without loss of
generality: otherwise, if ®;(T) ¢ ', we can define r(j) := £ Dist(®,(T),Q) > 0 and take
Q= U{z e RY | dist(z,®,(T)) < r(j) for a j € N}

instead of €’. Here, recall that €’ is just an auxiliary object to define I' (and go above, outside
of ), and by construction, €’ still has all the properties we required for ©: Q' 5 Q is a
bounded domain and ' NN =T = Q' NIN.
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For the proof of (5.7) and (5.8), fix ¢ € C(Q2), continuously extended to ¢ € C(RY). By
the definition of (g;, G;) and the change of variables z = ®,(z), we get that for every Borel set
Vcu,

/Q o(z)dH (Dg;, ;) (2)

= /(; gD(Z)dH((DgO o <I>j)V<I>j, (GO o (I)J)VCI)J) (Z)

—/Ml) so(‘I’j(x))H(Vgo(V\I/j)*l, %(Wj)fl) det(VV;(z)) da

4 / (U (@) AH® (D*go(V;) 1, G5 (V;) ™) ()
@,;(Q)

- ([pm)mv(@ o W) H (Voo (V). %(Wj)*) det(V; (2)) de (5.10)

+ [ <soo%>dH°°(DSgo<Wj>%Gé(vwl)(w))
o, )NV

., dGo )
+ (Lj(m\v(‘f’ o ‘I’j)H(Vgo(V‘I’j) ,@(V\I/j) ) det(VV,(z)) dz

+ [ <soowj>de(DSg()(wj)-%GS(w»—l)(x))
@, (Q\V
=8i(p; V) + Tj(p; V)

As to the second term Tj(¢; V) (integrals on ®;(£2)\ V'), we exploit that (V¥;)~! is uniformly
bounded and H has at most linear growth. Hence, there is a constant C' > 0 such that with

Cp:=0C ||90||L°°(U) )
limsup |T;(; V)| < Gy limsup(LY + [Dgo| + [Go| ) (®;(Q2) \ V)
j—o0

j—o0
< Cp(LN + [Dgo| + |Gol) @\ V) (5.11)
=Cp(LN + [Dgol + |Gol)(QUT) \ V),
by dominated convergence and the fact that ®; — id in C'. Here, we also used that
[Dgol(0Q\T) = 0 = [Go[(92\T),
by definition of gy, Go and our assumption that H¥~1(T\ ') = 0.
For the term S;(y; V) (integrals on ®,;(€2) N V') on the right hand side of (5.10), we again

use that ®; — id in C'; in particular, (V¥;)~! — I (identity matrix) uniformly. In addition,
H > 0 is Lipschitz and ¢ is uniformly continuous. Consequently, for all ¢ > 0,

L <de(Dgo,Go)(w)<li,rginf5j(so;V)Slimsuij(w;V)é/ @dH(Dgo, Go)(z). (5.12)
j—oo

anv j—roo Qnv

Here, to handle the limit in the domain of integration ®;(2) NV, for the lower bound we used
monotonicity and the fact that Q C ®;(Q2) for all j by (5.5), while for the upper bound we used
that ®;(Q) \, Q and dominated convergence.

By splitting a general ¢ into positive and negative parts, (5.12) immediately implies that

i Si(eiV) = [ pdH(DmGe) = [ pdHDmO@  (13)

J—oo anv (Qun)nv

for all ¢ € C(U). Combining (5.10), (5.11) and (5.13) for the case V = QUT', we infer that
/ wdH(Dg;,G,;)(z) = wdH(Dgo,G)(z) asj — oo. (5.14)
Q Qur
In particular, (5.14) yields (5.8) when we choose ¢ = 1.

In addition, we can analogously obtain (5.14) for other functions instead H (globally Lipschitz
with a uniform strong recession function in the sense of (4.1); if needed, H can be temporarily
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split into a positive and a negative part for the proof of (5.13), just like ). With the choices
H(A,B) :=A;; and H(A, B) := B;;, where A= (4;;) and B = (B;;),

for i =1,...,d and j = 1,...,N, (5.14) implies the second part of (5.7), in particular that

Dg;LQ = DgoL(QUT) in M(Q;R¥N). Finally, it is not hard to see that g; — g in L'(Q;R9).

We conclude that g; X g in BV(Q;R%), which completes the proof of (5.7).

Step 2: Approximating limit states (§;,G;) with §; =ug on I'.

The functions g; defined in the previous step do not yet satisfy g; = up on I', although their
traces converge to ug by (5.6). We can correct this using the trace extension theorem: Choose
{v;} € WH(;R?) such that

Tovj|r = Ta(g; —uo)lr  and  [[vjllyy11 g.pey < Coa [Talg; — wo)ll 1 ppay - (5.15)
By (5.6), we infer that ||vj||W1>1(Q-Rd) — 0. Consequently, for
gj :==g; —v; and Gj =G,
instead of (g;,G;) we still have (5.6), (5.7) and (5.8), and in addition, §; = ugon I'. Namely,
defining
O = (ng — UQ) ® Z/F'HN71 LT
so that Dgy = Dg+ © on QUT', we have that

gi=upon T, |G,|(T)=|G,](8Q) =0, (5.16)
gila = gin BV(Q;RY), (DgLQ,G;LQ) = (Dg+0,G) in MQUT;R>N)2 (5.17)

and

lim dH(ng,G’j):/ dH(g,G)+/ dH>(0, Q). (5.18)
Q r

j—© Jo

Step 3: Recovery by diagonalizing free recovery sequences for (§;,G,)

We first observe that I in (2.2) admits the following equivalent representation

I,(9,G;Q) := inf { liminf E(u,; Q) : {u,} € SBV(Q;RY),u, = (9,G),u, = g on 89}, (5.19)

n—oo
for every (g,G) € mSD.

Clearly I(g,G;9) < I4(g,G; Q). The opposite one can be obtained following an argument of
[12]. The details are provided below for the reader’s convenience.

For any SBV (Q;R%) 3 u,, = (¢9,G) in the sense of (2.7), almost optimal for I(g,G;Q), i.e.,
for every € > 0,

liminf E(u,; Q) < I(g,G; Q) + €.
n—roo

Without loss of generality, assume that the above lower limit is indeed a limit and consider
the sequence of measures v,, == LY + |Du,| + |Dg|, which converges weakly* to some Radon
measure v.

Denoting, for every t > 0, ; = {z € Q| dist(z,9Q) > ¢}, we fix some n > 0 and for
every 0 < 0 < n we define the subsets Ls := Q,_25 \ Q,+s5. Consider a smooth cut-off function
s € C3°(2y—5;[0,1]) such that ¢5 =1 on Q,. As the thickness of the strip Ls is of order §,
we have an upper bound of the form [|Vs||~(q, ;) < C/é. Define

n—s
wp, = un@s + g(1 = ¢s).
Clearly this sequence converges to g in L'(€;R?) and satisfies Tow$ = Tag on 0Q.
Moreover
Vwd > G and Dw’ = Dgin M(Q; RN
as n — oo and then § — 0. Indeed
Vwd = Vs @ (un — g) + 05(Vu, — Vg) + Vg,
Dwd = Vs @ (un — g) + ps(Duy, — Dg) + Dag.
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Concerning the energies, we have
Ewl; Q) < EwS; Q) + E(wl: Q\ Qy_s) + E(ud; Q25 \ Tpis)
< E(un; Q) + E(g; 2\ 2—5)
1
+Cun (6% + 1D+ Da) (L) + 3 [ = glaz).
Ls

where Cyy,y is any bigger constant which bounds from above the constants appearing in (W:1),
(1:1) and in L*™ bound of Vs on Ls. Taking the limit as n — co we have

liminf E(wd; Q) < lim F(un; Q) + Cwyv(Q\ Q,—s) + Cw.yv(Ls)
n—oo n—oo

<1I1(9,G;Q) + e+ Cwyv(u; Q\ Qy—s) + Cw.yv(Ls).
Letting § — 0 we obtain
I4(9,G;Q) < I(9,G; Q) + € + Cw,pr(\ Q) + Cw,yv(082y).
Choose a subsequence {n,} such that 7, — 0" and v(94,, ) = 0. By letting first n — oo and
then € — 07 we conclude that I,(g,G;Q) < I(g,G;Q).

Then, for any (gj,cl‘j) X (g,G) as in Step 2, satisfying (5.16), (5.17), and (5.18), we can
apply Theorem 2.4 and find a recovery sequence for I, (g;, Gj; 0) = I(g, éj; Q) for each j, i.e.,
{ul}n, € SBV(Q;R?) such that u) = (§;,G;) in the sense of (2.7), Toul, = Toj; on S, in
particular Toul = ug on T', and

lim F(u,; Q) = J(gj,Gj;Q) :/ dH (g;,G5).
Q

n—oo
Since |G|(9Q) = 0, we also have that Vul, = G; in M(QUT; RN,

A standard diagonalization argument, exploiting the coercivity of E given by (W:1) and (¢:1)
to obtain bounds uniform in n and j, now concludes the proof. O

6. FURTHER PROPERTIES AND EXAMPLES

As shown below, we also have an alternative way of interpreting I, as a more classic relaxation
problem of a functional on SBV x L' in BV x M.
Theorem 6.1. Assume (W:1)~(W:3) and (¢:1)~(1):3). For (g,G) € SBV (Q;RY)x L1 (; R¥*N)
and R >0, we define
ER(ga Gy Q) = /

Q(W(Vg) + R|Vg - G|)dx + / (lg), vg) dHN T (2) (6.1)

5,n0
and its relazation

In(g,G;9) i= inf { timinf Ep(ga, G Q)| SBV x L'3 (g, Ga) = (9,G) in BV x M}
for (g,G) € mSD. Then there exists Ry = Ro(N,W,¢) > 0 such that

Ir(,Q) =1I(-,Q) forall R> Ry,

where I(-,-;Q) is the relaxation of E(-;Q) defined in (2.2).
Remark 6.2. Theorem 6.1 in principle opens another route to proving Theorem 2.4, our rep-
resentation theorem for I, via a relaxation theorem characterizing Ir. However, the closest

available results in this direction seem to be [4, 5] (for the case A = (Curl,0)) and [7]. However,
the former does not allow us to choose ¢ freely, and the latter does not allow us to include G .

Proof of Theorem 6.1. We first observe that, for every R > 0, ER(u, Vu, ) = E(u; Q) for every
u € SBV(Q;RY). Let (g,G) € mSD and let SBV(Q;R?) 3 g, = (g9,G) according to (1.2).
Since {(gn, Vgn)} is an admissible sequence for Fr(g,G; ),

Ir(g,G;Q) < liminf E(g,; Q).
n—oo
Hence, passing to the infimum over all the admissible sequences {g,}, we have

jR(g7G>Q) < I(g7G7Q)
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To prove the opposite inequality for R > Ry with a suitable Ry to be chosen later, take
{(gn,G,)} admissible for Ig(g,G;Q), so that g, — g in BV, G,, = G in M. We choose a
sequence {v,} given by [30, Theorem 1.1] such that

n—0 in BV,  Vu,=-Vgn+Gn,
and

D, () /|G —Vgu|dz = C(N )/Q|an\dx. (6.2)

In particular, the sequence u, = g, + v, is admissible for (g, G;).

Taking into account that

Sg, = (Sgn \ Sgntvn) U (Sgn n Sqn-&-vn) and Sy, 4y, = (Sgn n Sgn-i-vn) U (Sgn-‘rvn \Sgn)7
also using (W:1), (¢:1) and (2.14) we obtain that

Er(gn, Gn; Q) — Eg(gn + vn, V(gn +vn); Q)

:/ (W(Vgn) = W(Vg, + Vu,)) dz —|—/ R|Vg, — G,| dzx
Q Q
+/ U(lgnl, vg,) dHY (@) — / U([gn +val, vg,+0,) AHY ()
QNS QNSgp, +un,

f/L\an|dx+/ R\an|dx+/ w([gn],ugn)d"HNfl(x)
Q2 Q Qm(sgn\(sgnJrvn)

—/ Oyl [va]|[dHN ™ () —/ Oy |[vn]|[dHN ()
Qm(sgnmsgn+vn,) Qm(Sgn+vn\Sgn)

/(R L)|vu,,\dx—/m Coplfon]| dHN ()

>(R—(L+CyuC( / |V, |dx >

as long as R > Ry = L + CyC(N). Here, L, Cy, and C(N) denote the Lipschitz constant
of W, the Lipschitz and growth constant of ¢ in (2.14) and (¢:1), and the constant appearing
n (6.2), respectively. Passing to the limit as n — oo, we conclude that

lim inf Eg(gn, Gn; Q) = liminf Eg (g, + v, V(gn + vn); Q) = liminf E(g,, 4 va; Q) > I(g,G; Q)
n— o0 n— o0 n—00

for all R > Ry. As this holds for all sequences {(gn,Gy)} that are admissible for I(g,G;€),
the thesis follows. O

In view of Theorem 6.1, it is a natural question to what degree our relaxed functional I is
influenced by its origin from FE, defined on structured deformations. The following example
shows that this special background is still present in the relaxed I at least in the sense that not
all quasiconvex-convex densities H (that could be obtained by general relaxation in BV x M)
can be obtained in I.

Proposition 6.3. For all W and i satisfying the assumptions of Theorem 2./, there exists
By € RN gnd € € RY, v € RY with |€] = |v| = 1 so that for the function H defined in
(2.11a),

H(By+t£®v,By) =W (By) +v(t€,v) forall t>0. (6.3)
In particular, for any possible choice of W and 1,

because the function (0,+00) 3t — Ho(By + t£ @ v, By) is not affine.

Proof. To see “<” in (6.3), it suffices to choose a suitable admissible sequence in (3.15a), the
sequential characterization of H: On @, we have Vu, — By in M and u, — Agz for
Ap = By +té v for

un(z) == Box + %[nm -V,
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where [s] == min{z € Z : |z — s| = dist(s,Z)} denotes rounding of s to the closest integer.
An upper bound for H(Ay, By) is therefore given by lim, E(u,; Q) = W(By) + ¢ (t&,v) (by
1-homogeneity of 1), for any possible choice of By, £ and v.

To obtain “>” in (6.3), we use a particular choice: Since both W and v are continuous and
W is coercive, there always exists global minima By of W on R¥™¥ and (&, v) of 1 on the
compact set S971 x SN = {(&,v) e R x RN | |¢] = [v| = 1}. As a consequence,

W (By) = W**(By) and (&, v) < (€, D) for all (€,0) € ST x VN1, (6.4)

Here, W** denotes the convex hull of W. For any u admissible in the definition (2.11a) of
H(Ag, By) with Ay := By + t£ ® v, we now have that

/ W (V) de > / W (V) da > W (Bo) = W(Bo) (6.5)
Q Q

by Jensen’s inequality, since §, Vudz = By for all admissible u in (2.11a). Moreover, since
u € SBV and u = Apx on 9@, we have that

/ [u]®uudHN—1(x)=/ dDu—/Vudx:Ao—Boztf(Xw.
S.NQ Q Q

Multiplied with the fixed unit vector v from the right, this reduces to

/ ] (v - 1) AN () = ¢, (6.6)
5.NQ
By the positive 1-homogeneity of ¢, the minimality property of (£,v) in (6.4) and another
application of Jensen’s inequality with (6.6) to the convex function |- |, we infer that
_ U _
[ edman @ = [ (o) o @)
S.NQ SuNQ |[u]]

(6.7)

WV

/ ] - D)0lE, ) AHN ) (2)
SuNQ

> [tE[Y (&, v) = (i€, v)

for all ¢ > 0. Combining (6.5) and (6.7), we conclude that E(u;Q) > W(By) + ¥(t&,v) for
all u admissible in (2.11a) with (A, B) = (Ag, By). This implies the asserted lower bound for
H(Ao, By). O
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