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Traces of Sobolev spaces to irregular
subsets of metric measure spaces

A.1 Tyulenev

Abstract. Given p € (1,00), let (X,d, 1) be a metric measure space with
uniformly locally doubling measure p supporting a weak local (1, p)-Poin-
caré inequality. For each 6 € [0,p) we characterize the trace space of the
Sobolev Wz} (X)-space to lower #-codimensional content regular closed sets
S C X. In particular, if the space (X,d, u) is Ahlfors Q-regular for some
Q > 1 and p € (Q,0), then we obtain an intrinsic description of the
trace-space of the Sobolev space W; (X) to arbitrary closed nonempty sets
S cCX.
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§ 1. Introduction

The theory of Sobolev spaces on metric measure spaces X = (X,d, u) is an
important rapidly growing area of contemporary geometric analysis. Since no
additional regularity structure on X is assumed a priori, it is not surprising that
most studies available so far are related to the first-order Sobolev spaces Wpl (X),
p € (1,00). We refer to the recent beautiful monograph [1] and the lecture notes [2]
containing an exhaustive treatment of the theory of W, (X)-spaces, p € (1,00), and
related questions. However, some natural questions concerning the spaces I/Vp1 (X),
p € (1,00), remain open. One of the most difficult and exciting among them is the
so-called trace problem, that is, the problem of a sharp intrinsic description of the
trace-space of the space VVI}(X)7 p € (1,00), to different closed sets S C X. In all
previously known studies this problem was considered under some extra regularity
assumptions on S. In the present paper we introduce a new sufficiently broad class
of closed sets and solve the corresponding trace problem for sets from that class.

In order to pose the problem precisely, we recall several concepts from analysis
on metric measure spaces. First of all, by a metric measure space (an m.m.s. for
short) we always mean a triple X = (X, d, ), where (X,d) is a complete separable
metric space and p is a Borel reqular measure on (X, d) taking finite positive values
on all balls B,(z) of radius r € (0,00) centred at € X. Furthermore, we deal
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with m.m.s. X = (X, d, u) that are g-admissible for some ¢ € (1,00) (see §2.1 for
details). This means that the following conditions hold true:

A) the measure p has the uniformly locally doubling property;

B) the space X supports a weak local (1, ¢)-Poincaré inequality.
Given an m.m.s. X = (X,d, ) and a parameter p € (1,00), there are at least
five approaches to the definition of the first-order Sobolev spaces W} (X) which are
commonly used in the modern literature [3]-[9]. It is remarkable that in the case
when X is p-admissible, all of them are equivalent in an appropriate sense (see
§2.2 for the details). In this paper we take as a basis the approach proposed by
Cheeger [7] but in the equivalent modern form used in [3]. This approach appears
to be more suitable for the questions considered in the present paper.

1.1. The statement of the problem. Recall the notion of p-capacity C, (see
Ch. I, §1.4 in [10] for details). It is well known that (see details in §2.3), given
p € (1,00) and a p-admissible m.m.s. X, for every element F € Wp1 (X) there is
a Borel representative F' which has Lebesgue points everywhere except a set of
p-capacity zero. Any such representative will be called a p-sharp representative
of F. Given a set S C X of positive p-capacity, we define the p-sharp trace of an
element F' € W (X) to the set S as the (p-capacitary) equivalence class (modulo
p-capacity zero) consisting of the pointwise restrictions of all p-sharp representatives
of the element F to S and denote it by F|gs. In what follows we do not distinguish
between F|g and the pointwise restriction of any p-sharp representative of F to S.
We define the p-sharp trace space W;}(X”S as the linear space of p-sharp traces
F|s of all elements F € Wz}(X) We equip this space with the corresponding
quotient-space norm, that is, given f € Wz} (X)|s, we put

[Fllwyx)ys o= mf{[[Fllwix): f=Fls}. (L.1)

We also introduce the p-sharp trace operator as a map Tr|s: Wy (X) — Wy (X)[s
defined by the equality Tr|g(F) := F|g for F' € W}(X). It is not difficult to show
that the map Tr|g is a bounded linear operator from W) (X) to W, (X)|s. Finally,
we say that F' € W}} (X) is a p-sharp extension of a given Borel function f: S — R
if f = F|g. The equality f = F|s should be interpreted in the following sense:
the corresponding capacitary equivalence class of f coincides with F|g. The first
problem we consider in this paper can be formulated as follows.

Problem 1 (p-sharp trace problem). Let p € (1,00), and let X = (X,d, u) be
a p-admissible metric measure space. Let S C X be a closed nonempty set with
Cp(S) > 0.

(Q1) Given a Borel function f: S — R, find necessary and sufficient conditions
for the existence of a p-sharp extension F € Wp1 (X) of the function f.

(Q2) Using only the geometry of the set S and the values of a function f €
W, (X)|s, compute the norm [fllwrx)is up to some universal constants.

(Q3) Does there exist a bounded linear operator Extg: W, (X)|s — W) (X), called
a p-sharp extension operator, such that Tr|s o Extg =1Id on W) (X)|s?

A warning about notation. Note that, formally, the operators Tr|s and Extg
depend implicitly on p. However, we do not complicate notation since in all main
results of our paper the parameter p is fixed.
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In many particular cases the concepts of the p-sharp trace space and p-sharp
extension should be relaxed in an appropriate sense. For example, if a set S C X
has a ‘constant Hausdorfl dimension’, then it is natural to use the corresponding
Hausdorff measure instead of Cj,-capacity to describe ‘negligible sets’. For example,
in [11]-[18] the corresponding notions of traces of Sobolev functions were introduced
with the help of the corresponding Hausdorff-type measures rather than capacities.
However, the situation becomes more intricate if we deal with a set S consisting
of infinitely many ‘pieces of different dimensions’. Clearly, in this case the use of
a single Hausdorff-type measure in the definition of traces of Sobolev spaces can
lead to an ill-posed trace problem. At the same time, the use of C)-capacities seems
to be unnatural.

The above observations motivate us to introduce a more flexible concept of the
trace of a Sobolev function. Let X = (X, d, 1) be a metric measure space, and let
S C X be a closed nonempty set. Given a Borel regular locally finite measure m
on X, we denote by Lo(m) the linear space of m-equivalence classes of all Borel
functions f: suppm — R. Assume that suppm = S and the measure m is abso-
lutely continuous with respect to Cp, that is, for each Borel set E C S the equality
Cp(E) = 0 implies the equality m(E) = 0. We define the m-trace F'|¢ of an ele-
ment F' € Wz} (X) to S as the m-equivalence class of the p-sharp trace F|s. We let
W, (X)|§ denote the linear space of m-traces of all F' € W, (X) equipped with the
corresponding quotient-space norm, that is, given f € VVp1 (X)|%, we put

[fllwp g o= nf{||Fllwix): f=FI§} (1.2)

We also introduce the m-trace operator as a map Tr |§: W} (X) — W} (X)|§ defined
by the equality Tr [ (F) := F|§ for F € W, (X). It is not difficult to show that the
map Tr|§ is a bounded linear operator from W) (X) to W (X)|§. We say that
F € W, (X) is an m-extension of an element f € Lo(m) if f = F|§. The second
problem considered in the present paper can be formulated as follows.

Problem 2 (m-trace problem). Let p € (1,00), and let X = (X, d, u) be a p-admis-
sible metric measure space. Let m be a positive locally finite Borel reqular measure
on X that is absolutely continuous with respect to Cp, and let S = suppm.

(MQ1) Given f € Lo(m), find necessary and sufficient conditions for the exis-
tence of an m-extension F € Wy (X) of the element f.

(MQ2) Using only the geometry of the set S, the properties of m and the values
of f € Wy (X)|§ compute the norm [fllwrx)ig up to some universal constants.

(MQ3) Does there exist a bounded linear operator Extgm: W) (X)[§ — W, (X),

called an m-extension operator, such that Tr|% o Extgm = Id on W) (X)[3?

1.2. Previously known results. As far as we know, Problem 1 has been con-
sidered only in the case X = (R"™,|| - ||2, £"). Furthermore, this problem remains
open in full generality, that is, in the full range p € (1, 00). Below we briefly recall
the most powerful particular results available in the literature.

(R.1.1) The results in [19] and [20] cover completely the case when p > n, that is,
Problem 1 is solved without any additional regularity assumptions on S.

(R.1.2) In the case when p € (1,n], for each d € (n — p,n] Problem 1 has been
solved for any closed lower content d-regular (or, equivalently, d-thick) set S C R™
(see [21]).
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(R.1.3) Very recently, a weakened version of Problem 1 was solved by the author
without any additional regularity assumption on S (see [22] and [23]).

Now we describe briefly the available results concerning Problem 2. Let X =
(X,d, ) be a metric measure space. Throughout the paper we use the symbol
B () to denote the closed ball of radius r > 0 centred at x € X, that is,

B, (z) :={y € X: d(z,y) <r}.

Since in general metric spaces the behaviour of (B, (z)) is not so transparent, it was
observed in [14], [15], [12] and [11] that codimensional analogues of the Hausdorff
contents Hy s (see §2.1 for the corresponding precise definition) are more suitable
in this case. Following [14] and [15], given an m.m.s. X and a parameter 6 > 0,
we say that a closed set S C X is Ahlfors-David 6-coregular if there exist constants
cs.1(0), cs,2(8) > 0 such that

(B (1))

0 < Ho(Br(z)NS) < 0572(9)M for all (x,r) € S x (0,1].

CS,l(e) r0
(1.3)
We denote the class of all Ahlfors-David 8-coregular sets by ADRy(X).

(R.2.1) In [18] traces of Calderén-Sobolev spaces and Hajlasz-Sobolev spaces to
sets S € ADRy(X) were considered. It was assumed in [18] that the measure p is
globally doubling and, in addition, satisfies the reverse doubling property.

(R.2.2) In [17] traces of Besov, Lizorkin-Triebel and Hajlasz-Sobolev spaces to
porous Ahlfors-David regular closed subsets of X were considered. In fact, the
methods used in [17] allow one to achieve some relaxation of the Ahlfors-David
f-regularity condition by replacing it by Ahlfors-David #-coregularity.

(R.2.3) In [14], given 6 > 0 and a uniform domain @ C X whose boundary
0f) satisfies the corresponding Ahlfors-David #-coregularity condition, given p €
(max{1,6},00), an exact description of traces of the Newtonian-Sobolev N, (£2)-
spaces to 0f) was obtained. Furthermore, very recently a similar problem was
considered for homogeneous Sobolev-type spaces or, as they are sometimes called,
Dirichlet spaces D}(€2), p € (1,00) (see [12]).

(R.2.4) Very recently an analogue of Problem 2 for Banach-valued Sobolev map-
pings were studied in [24] in the case S € ADRy(X).

1.3. The aims of the paper. Given X = (X,d, ), an analysis of the results
mentioned in (R.2.1)-(R.2.4) shows that Problem 2 has been considered for sets
S C X satisfying Ahlfors-David-type regularity conditions. In particular, methods
and tools available so far have been found to be inapplicable even in the case
when S = S; U Sy, where S; € ADRy,(X), i = 1,2, for 1 # 05 and satisfying
S1N Sy # & and Hipax{e,,0,}(S1 M S2) =0. This elementary obstacle shows that the
classes ADRy(X), § > 0, are too narrow to build a fruitful trace theory. Hence it is
natural to introduce a relaxation of the Ahlfors-David regularity condition (1.3) by
replacing the Hausdorff measure by the corresponding Hausdorff content. We say
that a set S C X is lower 6-codimensional content regular if there exists a constant
As(6) € (0,1] such that

< Hor(Br(z)nS) forall (z,r) € S x(0,1]. (1.4)
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By LCR¢(X) we denote the class of all lower #-codimensional content regular
subsets of X. This class is a natural generalisation of the class of all d-thick subsets
of R™ introduced by Rychkov [16] to the case of general metric measure spaces.
Indeed, in the case when X = (R™,| - ||2,£") and d € [0,n], a set S C R™ is
d-thick in the sense of Rychkov if and only if S € LCR,—q(X). Very recently
some interesting geometric properties of d-thick subsets of R™ were actively studied
in [25]-[27]. One can show that if the measure p has the uniformly locally doubling
property, then ADRy(X) C LCR(X) for each € > 0, but this inclusion is strict in
general (see §4 for the details).

The class LCRy(X) is very broad. For example, in the case when X = (R”,
I ll2, £") any path-connected set I' C R™ containing at least two distinct points
belongs to LCR,,—1(X). Furthermore, if an m.m.s. X is Ahlfors Q-regular for some
Q@ > 0, then for each 6 > @ every nonempty set S C X belongs to LCRy(X).

The aim of this paper is to solve Problems 1 and 2 for all closed sets S € LCRy(X)
for each 6 € [0,p) (in the case when 6 > p the above problems appear to be ill
posed in general). We will show that our results cover all previously known results
(see [18], [19], [17] and [21]). Furthermore, we provide an illustrative example
(Example 8) in which Problem 2 is solved for a set formed by two Ahlfors-David
regular sets of different codimensions with nonempty intersection. Note that even
this elementary example was beyond the scope of the previously known techniques.
Finally, as a particular case of our main results, given parameters ¢J > 1 and
p € (Q,00), and an Ahlfors Q-regular p-admissible m.m.s. X, in Example 9 we
present a solution to Problem 1 for an arbitrary closed nonempty set S C X. This
example gives a natural generalization of one of the main results from [19].

1.4. Statements of the main results. In order to formulate the main results
of the present paper, we introduce some keystone tools.

Given an m.m.s. X = (X,d, ) and a parameter § > 0, we say that a sequence
of locally finite Borel regular measures {my} := {my }2° , is 6-regular if there exists
e = e({my}) € (0,1) such that the following conditions are satisfied:

(M1) there exists a closed nonempty set S C X such that

suppmy =S for all £ € Ny; (1.5)

(M2) there exists a constant C; > 0 such that for each k € Ny

for all z € X and all r € (0, €"]; (1.6)

for all z € S and all r € [€*,1]; (1.7)

(M4) for each k € Ny there exists wy € Loo(mg) such that m; = wymg and,
furthermore, there exists a constant C5 > 0 such that for any k&, j € Ny
Y wp(2)
Cs ~ wyy(x)

‘ < C3 for mp-a.e. z € S. (1.8)
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Given a nonempty closed set S C X, the class of all #-regular sequences of
measures {my} satisfying (1.5) is denoted by My(S). Furthermore, we say that
a sequence {my} € My(S) is strongly O-regular if

(M5) for each Borel set E C S,

f -a.e. E. 1.
A (B () >0 for mp-a.e. z € (1.9)

Given a nonempty closed set S C X, the class of all strongly #-regular sequences
of measures {my} satisfying (1.5) is denoted by 5™ (S). Condition (M5) can be
considered as a multiweight generalization of the famous A..-condition of Mucken-
houpt (cf. Ch. 5, §5.7 in [28]). It is clear that, given 6 > 0, we have the inclusion
M (S) C My(S). The question of the coincidence of MF™(S) and My (S) is rather
subtle and will be discussed in §5.2 of our paper.

The first main result in this paper looks like an auxiliary statement. Neverthe-
less, this result is new, and we believe that it can be of independent interest. It can
be considered as a natural and far-reaching generalization of a simple characteriza-
tion of Ahlfors-David #-coregular sets in R™ (see Definition 1.1 and Theorem 1 in
Ch. 1 of [13)]).

Theorem 1. Given p € (1,00), let X = (X,d, u) be a p-admissible metric measure
space. Let 0 > 0 and let S C X be a closed nonempty set. If S € LCRy(X), then
M (S) # . If M(S) # @, then S € LCRy(X).

For an exposition of the subsequent results it will be convenient to fix the fol-
lowing data:

(D1) a parameter p € (1,00) and a p-admissible metric measure space X =
(X, d, p);

(D2) a parameter 0 € [0,p) and a closed set S € LCRy(X);

(D3) a sequence of measures {my} € My(S) and a parameter € = e({my}) €
(0,1/10].

Given r > 0, we introduce important notation by setting

k(r) := max{k € Z: r < "}.

Now we introduce several keystone functionals, which will be the main tools in
obtaining different characterizations of traces of W, (X)-spaces. Given g € [0, +00),
we use the following notation. We set

Lo({mg}) : ﬂL m) and  LI°({mg}) : ﬂLlOC

Given a nonzero Borel regular locally finite measure m on X and an element
f € L*¢(m), for every bonded Borel set G with m(G) > 0 we put

/ |f(x) — c| dm(x).

En(f, Bar(z)) if B.(z) Nsuppm # &,
0 if B,(z) Nsuppm = @.

En(f,G) = inf —

For each r > 0 we put

En(f, Bo(2)) := (1.10)
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Now, given f € L¢({my}), we define the {my}-Calderon mazimal function as
a mapping f?mk} : X — [0, 400] defined by the formula

Py @)= sup ~Em (FBr(a),  wEX.

Furthermore, we consider the Calderdn functional on the space L°¢({my}) (with
values in [0, +00]) by letting, for each f € L°¢({my}),

CNp iy (F) = [y - (1.11)

Note that if X = 5 = R™ and my, := L" for all k € Ny, then the {m;}-Calderén
maximal function coincides with the classical maximal function f* introduced by
Calderén in [29]. Furthermore, in his paper [29] Calderén proved that, for g € (1, oo],
an element f € LP¢(R") lies in W}(R™) if and only if both f and f* belong
to Lq(R™). This fact justifies our name for the functional CN, fm,1-

Given ¢ > 1, we also introduce the Brudnyi-Shvartsman functional on LY°¢({my})
(with values in [0, +00]) by letting, for each f € L¢({m}),

N oy 1/p
BSNp tmy.c(f) ::sup(ZM(B:P( z) iy ([ B ()))”) : (1.12)

where the supremum is taken over all finite families of closed balls {B,,(z;)}¥
such that:

(F1) By, (z;) N By, (z;) = @ provided that i # j;

(F2) 0 <min{r;:i=1,...,N} <max{r;:i=1,...,N} <1

(F3) Bep,(x;) NS # @ foralli e {1,...,N}.

Note that if X = § = R™ and my := L™ for all & € Ny, then the functional
BSN p.{my},c 18 very close in spirit to that used by Brudnyi [30] to characterize
Sobolev-type spaces on R™. In the case when X = R™, p > n, and S C R" is
an arbitrary closed nonempty set, our functional is also very close in spirit to the
corresponding functionals used by Shvartsman in [19] and [20]. These observations
justify our name for the functional BSN, fm,1,c-

Given a parameter o € (0,1], we say that a ball B,.(z) is (S, 0)-porous if there is
a ball B, (2') C B.(z) \ S such that v > or. Furthermore, given r € (0, 1], we put

Sr(0) :={x € S: B.(x) is (S, 0)-porous}. (1.13)

We say that S is o-porous if S = S,.(o) for all r € (0, 1]. Porous sets arise naturally
in many areas of modern geometric analysis (see, for example, the survey [31]). In
the classical Euclidean settings, the porosity properties of lower content regular sets
were studied in [27].
We define a natural analogue of the Besov seminorm. More precisely, given
€ (0,1], we introduce the Besov functional on L'°°({m;}) by letting, for each

fe Lpe({mi}),
BNP:{mk},tr(f) = ||f?mk}||L (S,1)

<Z - p)/Sk . Emy (f Bek (2 )))pdmk(x))l/p. (1.14)
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If the space X is Ahlfors Q-regular for some @ > 0, S C X is a closed Ahlfors-David
O-coregular set for some 6 € (0,Q), and my = Hy|s, k € Ng, then the functional
BN p.{mp},o coincides with the corresponding Besov seminorm [17]. This justifies
our name for the functional.

The second main result of this paper gives answers to questions (MQ1) and
(MQ2) in Problem 2. Namely, we present several equivalent characterizations of
the trace space. It is important that condition (1.8) implies that W) (X)|g" =
W (X)|g* for all k € No.

Theorem 2. If {my} € M*(S), ¢ > 3/e and o € (0,€2/(4c)), then, given f €
Liee({my.}), the following conditions are equivalent:

() £ € W

(1) ONp. ey (F) = 12y (o) + CA'p gy () < 05

(111) BSNp,{mk},c(f) = ”fHLp(mg) + BSNp,{mk},c(f) < +00;

(iv) BNy fmpp,0(f) = ||f||Lp(mo) + BNp,{mk}ycr(f) < too.

Furthermore, for each ¢ > 3/e and o € (0,€2/(4c)), for every f € L*¢({m}),

Hf”WI}(X)\gO ~ CNP7{mk}(f) ~ BSNp,{mk},c(f) ~ BNP,{mk},U(f)7 (115)

where the corresponding equivalence constants do not depend on f.

In §11 we show that the equivalence of (i) and (iv) in Theorem 2 implies The-
orem 1.5 in [17] as a particular case. Furthermore, in the Euclidean settings the
equivalence of (i) and (iv) strengthens the author’s joint result in [21].

The third main result gives answers to questions (Q1) and (Q2) posed in Prob-
lem 1.

Theorem 3. A p-capacitary equivalence class of a Borel function f: S — R belongs
to the space WI}(X)|5 if and only if the following conditions hold:

(A) the mo-equivalence class [flm, of f belongs to W (X)[5";

(B) there exists a set Sy C S with Cp(S'\ Sy) =0 such that

klim |f(z) — f(y)ldmi(y) =0 forallz e S,;. (1.16)
—00 Bfk (:E)

Furthermore, for each ¢ > 3/e and o € (0,€*/(4¢c)), for every f € W, (X)|s,

1 llwx)1s & CNp,(mii} (f) = BSNp fmyy.e(f) = BNy (myy.0(f), (1.17)

where the corresponding equivalence constants do not depend on f.

Note that, in contrast to Theorem 2, condition (B) in Theorem 3 is delicate and
important. Roughly speaking, given f € L,(myp), the finiteness of the functionals
(1.11), (1.12) and (1.14) is not sufficient for the existence of a p-sharp extension of f.
On the other hand, the additional condition (B) allows one to relax restrictions on
the sequence of measures {my}. Indeed, we do not require that {m;} € M™(S)
in Theorem 3. We show in Example 9 that if X is geodesic and Ahlfors Q-regular
for some @ > 1, then Theorem 3 gives an exact intrinsic description of the p-sharp
trace space W} (X)|s to an arbitrary closed nonempty set S C X.
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The fourth main result of the present paper gives answers to questions (Q3) and
(MQ3) in Problems 1 and 2, respectively. Furthermore, it clarifies a deep connection
between Problems 1 and 2. This connection is given by the existence of a canonical
isomorphism between a priori different trace spaces W) (X)|s and W, (X)|§°. This
fact sheds light on the main reason why the concept of the p-sharp trace space
was not used in the previous investigations. As usual, given normed linear spaces
E; = (E1,] - ||1) and Es = (Es, || - ||2), we denote the linear space of all bounded
linear mappings from E; to Es by L(F1, Es).

Theorem 4. Let {m;} € M3™(S). Then the following assertions holds.

(1) There exists an mg-extension operator Ext:=Extg rm, € LW, (X)|§°, W, (X)).

(2) There exists a p-sharp extension operator Ext := Extg {m,}, € LW, (X)]s,
Wh(X)).

(3) The canonical imbedding L, : W) (X)|s — WH(X)|§° that takes f € W}(X)|s
and returns the mg-equivalence class [flm, of [ is an isometric isomorphism.

(4) We have the following commutative diagram:

Id
W,(X) T W,(X)

1.5. The keystone innovations. Note that even in the particular case of
X = (R™, || |l2, £™) our results are new. Indeed, characterizations via Brudnyi-
Shvartsman-type functionals were never considered in the literature for p € (1,n]
(the case p > n was considered in [19]). The keystone innovations in the present
paper can be summarized as follows.

e In contrast to the classical Whitney method used in the previous investiga-
tions, we build a new extension operator by constructing, for a fixed element
f € L°({m}), a special approximating sequence {f7} C L°¢({m;}), and
we obtain the resulting extension as the weak limit of this sequence.

e We introduce the Brudnyi-Shvartsman-type functional in metric measure
settings.

e In contrast to the previously known studies related to Problem 2, we use the
so-called ‘vertical approach’ to Sobolev spaces on metric measure spaces,
introduced originally by Cheeger [7]. This gives a natural symbiosis with
our new extension operator and leads to the Brudnyi-Shvartsman-type char-
acterization of the trace space.

e We introduce the new concept of the m-trace of the Sobolev VVp1 (X)-space
and investigate its relationships with the notion of the p-sharp trace of the
space W) (X).

o We introduce the new class of sets LCRy(X) which is a natural general-
ization of the class of d-thick sets introduced by Rychkov in [16] from the
case of finite-dimensional Euclidean space R™ to the case of admissible met-
ric measure spaces.
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e We introduce the new class of sequences of measures M5 (X). This allows
one to obtain a characterization of the my-trace space of the Sobolev I/Vp1 (X)-
space using only the finiteness of the corresponding functionals.

1.6. The organization of the paper. The paper is organized as follows.

In § 2 we collect some classical results about metric measure spaces and Sobolev
functions defined on such spaces. These results form the fundament for the subse-
quent exposition.

In §3 we introduce weakly noncollapsed measures and show that they possess
some sort of asymptotically doubling properties, which will be very important in
proving the existence of strongly #-regular sequences of measures in § 5.

Section 4 is devoted to some elementary properties of sets S € LCRy(X), 6 > 0.
We also present some simple examples.

Section 5 is a ‘technical basis’ of the paper. We prove Theorem 1 and study
in detail various properties of f-regular sequences of measures. Furthermore, we
present elementary examples of sets S for which one can easily construct explicit
examples of strongly f-regular sequences of measures.

Section 6 is devoted to investigations of some delicate pointwise properties of
functions. This section plays a crucial role in proving that the new extension
operator is a right inverse of the corresponding trace operator.

In § 7 we construct our new extension operator.

Sections 8 and 9 contain a technical foundation for the proofs of the so-called
direct and reverse trace theorems, respectively.

In § 10 we prove the main results of the paper, that is, Theorems 2, 3 and 4.

We conclude our paper by § 11, where we show that the most part of the available
results are mere particular cases of our main results. On the other hand, we present
simple examples which do not fall into the scope of the previous investigations.
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§ 2. Preliminaries
The goal of this preliminary section is to recall some basic material related to
modern analysis and to set the terminology that we adopt in this paper.

2.1. Geometric analysis background. Given a metric space X = (X,d) and
a set E C X, we denote by int E, cl E and JF the interior of E, the closure of E
and the boundary of E in the metric topology of X, respectively. Unless otherwise
stated, all the balls in X are assumed to be closed. More precisely, we put

B.(z) :={y € X: d(z,y) <r} for (z,7) € X x[0,+00).

Clearly, if one regards a given ball B just as a subset of X, then it can occur that its
centre and radius are not uniquely determined. Hence, in what follows we always
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consider a ball B together with some fixed centre zp and fixed radius rp. Given
a ball B = B,(z) and a constant A > 0, we set AB := By, ().

Given a metric space X = (X, d) and a Borel set E C X, we denote by B(E) the
set of all Borel functions f: E — [—o00,400]. We denote by C(X) and C,(X)
the linear space of all continuous real-valued and all compactly supported con-
tinuous real-valued functions, respectively. We equip these spaces with the usual
sup-norm. Finally, the symbol LIP'¢(X) (LIP(X)) denotes the set of all real-valued
uniformly locally Lipschitz functions (Lipschitz functions, respectively) on X, that
is, f € LIP*°(X) (f e LIP(X)) if and only if for each R € (0,40c0) (for each
R € (0, 400], respectively)

L¢{(R):= sup —F——"= < +o0.
! 0<d(z,y)<R d(a:,y)

For each function f: X — R we define its local Lipschitz constant lip f: X —
[0, 400] (which is also called the slope of f and denoted by |V f|) by the equality

w— |f(y) — f(2)]

A/ il
lip f(2) i= [VS](@) i= { =0 d(zy)

0, x is an isolated point.

x is an accumulation point,

(2.1)

It is clear that for each function f € LIPIOC(X) the local Lipschitz constant lip f is
finite everywhere on X and belongs to B(X). Below we summarize the elementary
properties of the local Lipschitz constants of Lipschitz functions.

Proposition 1. Given a metric space X = (X, d), the following properties hold:
(1) if f =c on X for some number ¢ € R, then lip f =0 on X;
(2) if f1, f2 € LIP'*°(X), then
lip(f1 + f2)(x) <lip fi(z) +1lip fa(z) for v € X;
(3) lip(f + ¢) = lip f for each function f € LIP'°(X) and any number ¢ € R.
The following fact is well known (see Corollary 1.6 in [2], for example).

Proposition 2. If X = (X,d) is a compact metric space, then the space C(X) is
separable.

Given a metric space X = (X,d) and a number ¢ € (0,1), for each k € Z we
denote by Zi(X,e€) an arbitrary mazimal e*-separated subset of X. Furthermore,
the symbol Ay (X, €) denotes the corresponding index set, that is,

Z1(X,€) = {zha: a € A(X, )} (2.2)

It is clear that if X is separable, then A (X, €) is an at most countable set. For
each k € Z we introduce the special family of balls By (X, €) by setting

Bi(X,€) :={Ber(21,a): o € A(X, €)}. (2.3)
Finally, we put

Z(X,€e) =] Zr(X.e) and ZE(X,e):= ] Zv(X,e), keL. (2.4)
kEZ k>zk
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Given a complete separable metric space X = (X, d), we say that m is a measure
on X if m is a Borel regular outer measure on X. A measure m on X is said to be
locally finite if m(B,(z)) < +oo for all pairs (z,7) € X x[0, +00). Given a Borel set
E C X and a measure m on X, we define the restriction m| g of m to E, as usual,
by the formula

m|g(F):=m(FNE) for any Borel sets F C X. (2.5)

Sometimes it will be convenient to work with so-called weighted measures. More
precisely, if m is a measure on X, then we say that v € B(X) is an m-weight if
~v(x) = 0 for m-a.e. € X. In this case ym should be interpreted as the measure on
X defined by

ym(E) := / ~v(z)dm(z) for every Borel set F C X. (2.6)
E

Given a locally compact separable metric space X = (X, d), following [32] we say
that a sequence of measures {my} := {my}32, on X converges locally *-weakly to
a measure m on X and write my — m as k — oo, if

kli_)nolo ; o(z) dmy(x) = /ch(x) dm(z) for every ¢ € C.(X).

The following fact is well known. For a detailed proof, see, for example, Corol-
lary 1.60 in [32].

Lemma 1. Let X = (X,d) be a locally compact separable metric space, and let
{my} == {mp}22, be a sequence of measures on X such that

sup mg(B) < 400 for every ball B C X. (2.7)
keNy

Then there is a locally x-weakly convergent subsequence {myg, } of the sequence {my}.

We also recall some standard properties of locally x-weakly convergent sequences
of measures.

Proposition 3. Let (X,d) be a locally compact separable metric space. If a sequence
of measures {my}32, on X converges locally *-weakly to a measure m on X, then
for every open set G C X and every compact set F C X,

lim m(G) > m(G) and kl?n my(F) < m(F). (2.8)

k—o0

Throughout the paper, by a metric measure space (an m.m.s., for short) we
always mean a triple (X,d, pu), where (X,d) is a complete separable metric space
and g is a nonzero locally finite measure on X such that supp u = X.

Remark 1. In what follows, given an m.m.s. X = (X,d, u), by a measure on X we
always mean a measure on the metric space (X,d).
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Given a complete separable metric space X = (X,d) and a measure m on X,
we assume that the collection of m-measurable sets is the completion of the Borel
o-algebra with respect to m. Furthermore, given a Borel nonempty set £ C suppm
and a function f € B(F), we put

[flm = {f: E — [—00, +00]: f(z) = f(z) for m-a.e. z € E}. (2.9)

We put Lo(E,m) := {[fln: f € B(E)} and Lo(m) := Lo(suppm, m). Given

€ (0,00) and a Borel nonempty set £ C suppm, we let L,(E,m) (Li*°(E,m))
denote the linear space of m-equivalence classes [f], of all functions f € B(E) which
are (locally) p-integrable on E with respect to the measure m. We let Lo, (F, m)
(L'°¢(E,m)) denote the linear space of m-equivalence classes of all (locally) bounded
on E Borel functions. For each p € [0,00] we set L,(m) := L,(suppm,m) and
Ll¢(m) := LI*°(suppm, m). Given p € [0, oc], for a sequence of measures {m;}72
on X we put

oo

L,({my}) : ﬂL my) and  L°({me}) = ) Lp®(my).

k=0

Given an m.m.s. X = (X,d, u), a parameter p € [0,00] and a Borel set S C X,
we use the notation L,(S) := L,(uls).
We introduce the following important definition.

Definition 1. Let X = (X,d) be a complete separable metric space. Given
a measure m on X and a Borel set E C suppm, we define a mapping I,,: B(E) —
Lo(E,m) by setting I, (f) := [f]m for each function f € B(FE).

Remark 2. Typically, given a complete separable metric space X = (X, d), a measure
m on X, and a parameter p € [0, o], it will be convenient to identify the functions
f € [f]m for each [f]m € L,(m). We follow this path whenever our statements
depend only on the equivalence classes without further mention, provided that this
is clear from the context. In this case we use the symbol f instead of [f], and the
phrase ‘a function f belongs to L,(m)’ should be interpreted as [f]m € L,(m). But
we do not consider functions agreeing m-almost everywhere to be identical if we are
concerned with fine pointwise properties of the single function.

Given a metric space X = (X,d) and a family of sets G C 2%, we denote by
M(G) its covering multiplicity, that is, the minimum integer M’ € Ny U{+o00} such
that every point x € X belongs to at most M’ sets from G. We say that a family
G is disjoint if M(G) < 1. The following proposition is elementary; we omit the
proof.

Proposition 4. Let m be a measure on a complete separable metric space X= (X, d).
Let G C 2% be an at most countable family of sets with M(G) < +oo. Then

Z/ |f(z)| dm(z /|f ) dm(z) for every f € Li(m|g), (2.10)

Geg

where G = | J{G: G € G}.
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Given a complete separable metric space X = (X,d) and a measure m on X,
for each f € L!°°(m), and every bounded Borel set G C X such that m(G) < 400
we put

1
fom = f F(@) dm(z) = @/Gf(x)dm(x)’ m(&) >0, (2.11)
G 0 0.

Furthermore, we put

Enf.G) = int { [f(a) clam(a). (2.12)

In order to built a fruitful theory we work with measures satisfying some restric-
tions.

Definition 2. Given a complete separable metric space X = (X,d), we say that
a measure m on X has a uniformly locally doubling property if, for each R > 0,

Cn(R) = sup_sup WEz(2)

< +o0. 2.13
re(0,R) zeX m(Br(x)) ( )

Remark 3. Clearly, we have the following chain of inequalities:

G><][Gyf< g dma f][u )| dm(z) dm(y) < 26 (f, C).

Furthermore, if m has a uniformly locally doubling property7 then it follows easily
from the above chain of inequalities that for each R > 0 and ¢ > 1 there is a constant
C > 0 such that for every pair (z,r) € X x(0, R)

|fB, () m — [Bor(w)m| < CEm(f, Ber(x)) for Bn(x') C Ber(x). (2.14)

We will sometimes use the following rough upper estimate of &£, (f, G), which
is an easy consequence of Remark 3, Hdolder’s inequality for sums and Holder’s
inequality for integrals.

Proposition 5. If p € [1,00), then

En(1.CF <2 { 1@l dnio)

Given an m.m.s. X = (X, d, p), it is well known that the global doubling property
of the measure p implies the globally metric doubling property of the space (X, d)
(see, for example, p. 102 in [1]). Similarly, we have the following result (we put
[c] :=max{k € Z: k < c}).

Proposition 6. Let X = (X,d, 1) be a metric measure space. If p has a uniformly
locally doubling property, then for all R > 0 and ¢ > 1, any closed ball B = B.g(x)
contains at most N, (R,c) := [(C,((c + 1)R))'e229+1] 4 1 disjoint closed balls of
radius R.
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Proof. If B' = Br(z') C B then B C By.r(z'). Applying (2.13) [logy(2¢)]+1 times
we have
p(B) < (Cul(e + 1) R)IE=CNHL(B) < (Cpul(c + 1) R)) 2T (B,

If B is a disjoint family of closed balls of radius R in B, then ) {u(B’): B’ € B} <
wu(B). Hence

B ! !/
(Cullc+ f)(R)))logz(%)H <D _{n(B"): B' € BY < u(B).

As a result, we have #B < N, (R, c).

Given a number € € (0,1) and a family of closed balls B C 2%, for each k € Z
we put

#B

B(k,e) :={B € B: rp € (1, "]} (2.15)

Proposition 7. Let X = (X,d, 1) be a metric measure space. If p has a uniformly
locally doubling property, then for each ¢ > 1, € € (0,1), and any disjoint family of
closed balls B,

M({eB: B € B(k,e)}) < N, <ek+1, 26) for every k € Z,
€

where the number N, (e, 2¢c/€) is the same as in Proposition 6.

Proof. Fix ¢ 2 1, € € (0, 1), a disjoint family of closed balls B and a number k € Z.
Consider the family B(k, €) consisting of the closed balls whose centres are exactly
the same as in the family B(k, ¢) but of radius ¢**!. Given a point = € X, if x € cB

for some B € B(k,¢€), then B C By, (). Since the family B(k,€) is disjoint, by
Proposition 6,

M({cB: B € B(k,e)}) <sup Y xen(2)
T€X BeB(k,e)

< sup #{B € B(k,€): B C Byeur ()} < N, (&“, 20) (2.16)

zeX €
The proof is complete.

The following proposition, which is an easy consequence of Proposition 6, is also
well known (we recall that all balls are assumed to be closed).

Proposition 8. Let (X,d,u) be a metric measure space. Let the measure p have
the uniformly locally doubling property. Then each ball B = B,(x) is a compact
subset of X.

We recall the notation (2.2) and (2.4).

Definition 3. Let X = (X, d) be a complete separable metric space and € € (0, 1).
We say that a partial order < on Z(X,¢) is admissible if the following properties
hold:

(PO1) if 2o = 21,8 for some k,l € Z, then k > [;

(PO2) for any | < k and zi,o € Zk(X,€) there is a unique 2,3 € Z;(X,€) such
that z o = 21.8;



1256 A.1. Tyulenev

(PO3) if k € Z and 21,0 = 2zk—1.5, then d(2xa, 2k-15) < €74
(PO4) if k € Z and d(zk,q, 2k-1,8) < &%, then zi o < 2K—1,.

The following proposition was proved in [33].

Proposition 9. For any complete separable metric space X=(X,d) and any param-
eter e € (0,1) there exists at least one admissible partial order on the set Z(X,€).

According to one beautiful result of Christ [33], given a metric measure space
X = (X,d, ), if the measure p is globally doubling, then there exists a natural
analogue of Euclidean dyadic cubes in R™. However, an analysis of the arguments
in [33] shows that, in fact, the uniformly locally doubling property of 4 is sufficient
to establish the following result.

Proposition 10. Let X = (X,d) be a complete separable metric space. Let € €
(0,1/10], and let =< be an admissible partial order on the set Z(X,e). Given
a € (0,1/8], for each k € Z, and every a € Ay(X,€) let the generalized dyadic
cube Q.o in the space X be defined by the equality

Qro = |J intB,u(zps) (2.17)
2§82k, 0
Then the family {Qro} = {Qra: k € Z, o € Ap(X,€)} is at most countable

and has the following properties:
(DQ1) for each k € Z the equality X = UaGAk(X,e) cl Qg holds;
(DQ2) if j > k, then either Qj 3 C Qr,a 07 Q3N Qra = I;
(DQ3) if Il < k and o € Ar(X,€), then there is a unique 8 € A;(X,€) such that
Qk,a C Qup;
(DQ4) B g(2k,0) C Qk,a C Boer(2k,a) for each k € Z and any o € Ap(X,€).
If, in addition, a measure p on X has a uniformly locally doubling property, then
(DQ5) 1(0Qk.o) =0 for each k € Z and every a € Ap(X,€).

Given € € (0,1) and r > 0, we use the following important notation:
E(r) == ke(r) == max{k € Z: r < '}. (2.18)

Proposition 11. Let X = (X, d, ) be a metric measure space, and let the measure
w have the uniformly locally doubling property. Let e € (0,1), k € Z, and let {Qg o}
be a family of generalized dyadic cubes. For each ¢ > 1 there exists a constant
Cp(c,k) > 0 depending only on C,,((c+ 1+ 2)ek), €, ¢ and k such that, for each
r € X and any r € (0,€],

#{Oz S Ak(,)(X, 6): Cle("“)Jl N BCT(JZ) 7é @} < CD(C, E) (219)

Proof. Note that if clQp(y),a N Ber (), then by property (DQ4) in Proposition 10
we have the following inclusions

4k ()

el Qr(ry,a C <c+ )Br(x) C <c+ j)Br(o:).

On the other hand, the closed balls %Bék(r) (Zk(r),a), @ € Ap(X,€), are disjoint.
As a result, an application of Proposition 6 proves the claim.
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Let X = (X, d, ) be a metric measure space. In the case when p has a uniformly
locally doubling property, given g € (1,00), a > 0 and R > 0, we define the local
fractional mazimal function MJ,(f) of f € L¢(X) by

1/q
. z):= sup r¢ 4 T . .
ME(f)(x) = sup <]/B,,<x>'f(y)' du(y)> . rex (2.20)

re(0,R]

It is well known that the doubling condition coupled with Vitali’s 5B-covering
lemma (see §3.3 in [1]) allows one to prove the following proposition.

Proposition 12. Let (X,d,u) be a metric measure space, and let the measure
have a uniformly locally doubling property. Let p € (1,00) and q € (1,p). Then for
every R > 0 there is a constant C > 0 depending only on p, ¢ and C,,(R) such that

IMSo(Nl, ) < Clfll,x) for all f € Ly(X). (2.21)

Given ¢ € [1,00), a metric measure space X = (X, d, i) is said to support a weak
local (1,q)-Poincaré inequality if for each R > 0 there are constants C = C(R) > 0
and A\ = A(R) > 1 such that for any function f € LIP(X) (we use the nota-
tion (2.12))

1/q
(i )" du))  for all (2.1 € X x(0. L
(2.22)

Remark 4. Recall [3] that a function g € B(X) is said to be an upper gradient of
a function f € B(X) if for every absolutely continuous curve v: [0,1] — X,

Eu(f, Bo(2) < or( /

AT (T)

(1) - F((0))] < / 9((5))Vis| ds,

where || is the so-called metric speed of 7y at s € [0,1], that is,

] = Hm t—s|

Notice that in the literature inequality (2.22) is typically required to hold for
Borel representatives of f € L°°(X) and their upper gradients. However, using
results of [3] it is not difficult to establish the equivalence of these two approaches.
In other words, inequality (2.22) holds true for all functions f € LIP(X) if and only
if, for every Borel function f € L{°°(X) (recall Remark 2) and each upper gradient
gof f,

1/q
S B <Cr( @) du)  forall ()€ Xx(0. R (223)

Ar(w)

Here the positive constant C' is the same as in (2.22).
If i is doubling, then a similar result was established in Theorem 8.4.2 in [1].

In this paper we always work with a special class of metric measure spaces which
is commonly used in modern geometric analysis.
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Definition 4. Given ¢ € [1,00), we say that a metric measure space X = (X, d, u)
is g-admissible and write X € 2, if the measure p has a uniformly locally doubling
property and X supports a weak local (1, ¢)-Poincaré inequality.

The following powerful result due to Keith and Zhong will be useful for us (see
Ch. 12 in [1] for a detailed proof and historical remarks).

Proposition 13. Letp € (1,00) and X € A,. Then there is a parameter q € [1,p)
such that X € 2,.

Our assumptions about the space X under consideration are quite typical in
modern geometric analysis and imply some nice properties of X. In the beautiful
monograph [1] the reader can find a detailed exposition of the theory of metric
measure spaces satisfying the assumptions adopted in our paper. We have the
following result.

Proposition 14. Let X € 2, for some p € [1,00). Then the space X has the
following properties:

(1) the metric space X = (X,d) is locally convex, that is, for each R > 0 there
exists a constant L(R) > 1 such that any two points x,y € X for which d(x,y) < R
can be joined by a curve vg, of length l(vz,) < L(R) d(z,y);

(2) for each R > 0 there is a number QQ = Q(R) > 0 such that the measure y has
a relative volume decay property of order @ up to the scale R, that is, there exists
a constant C(R,Q) > 0 such that, for any balls B C B of radii 0 < rg < r5 < R,

r(B\? _ ~ w(B)
(5) <cmolig: (224

(3) for each R > 0O there is a number ¢ = q(R) > 0 such that the measure
u has a reverse relative volume decay property of order q up to the scale R, that

is, there emwists a constant C(R,Q) > 0 such that, for any balls B C B of radii

0<rp<rg <R,
j(B) r(B)\’
ﬁ < C(R,q) <7“(B)) : (2.25)

Proof. To prove (1) it is sufficient to repeat, with appropriate technical modifica-
tions, the arguments in the proof of Theorem 8.3.2 in [1] and take Remark 4 into
account.

To establish (2) one needs to modify the arguments in the proof of Lemma 8.1.13
in [1].

To prove (3) it is sufficient to use the arguments in Remark 8.1.15 in [1].

Having Proposition 14 at our disposal we formulate the following definition.

Definition 5. Let X = (X, d, 1) be a metric measure space, and let p have a uni-
formly locally doubling property. Given R > 0, we let Q,(R) denote the set
of all @ > 0 for each of which (2.24) holds. Furthermore, we set QM(R) =

inf{Q: Q € Q,(R)}. Similarly, we denote by q,(R) the set of all ¢ > 0 for which
(2.25) holds. We set q,,(R) :=sup{q: q € q,(R)}.
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Remark 5. It is clear that g,(R) < Qu(R) for any R > 0. Unfortunately, given

R > 0, in many cases there is a ‘gap’ between these parameters, that is, QH(R) can
be much smaller than Q“(R). The reader can find interesting examples illustrating

this phenomenon in [34].

It is well known that in Euclidean space R™, n € N, the d-Hausdorff measures
provide a useful tool for measuring some L"-negligible sets. Clearly, from Remark 5
it follows that the dependence of (B, (z)) on r is not powerlike in general. By this
reason it is natural to construct codimensional substitutions for the usual Hausdorff
contents and measures. More precisely, following [12], [11], [14], [15] and [17], given
an m.m.s. X = (X, d, u) with locally uniformly doubling measure i and a parameter
6 >0, for 6 € (0,00], for each set E C X we put

He 5( 1nf{z wB : EC|JB,,(x:) and r; < 5}, (2.26)

where the infimum is taken over all at most countable coverings of F by closed
balls {B,,(z;)} of radii r; € (0,4). Given § > 0, the mapping Hg s: 2% — [0, +00]
is called the 8-codimensional Hausdorff content at the scale of 6. We define the
0-codimensional Hausdorff measure by the equality

Ho(E) := ;i_I)I%)Heﬁ(E). (2.27)

Remark 6. It is clear that, given 0 € [O,QM(R)), R > 0, the equality Hy(@) = 0

follows from the existence of a sequence of (closed) balls {B;} = {B,,(z;)}2,
of radii r; — 0 as i — oo, such that pu(B;)/(r;)? — 0, as i — oco. As a result, by
Theorem 4.2 in [35], in this case Hy: 2% — [0, +00] is a Borel regular outer measure
on X. Clearly, the inequality 0 < 6 < g, is sufficient for this. Unfortunately, this
condition is far from necessary.

The problem of finding an appropriate range of parameters for which Hy is
a nontrivial outer measure (that is, there exist nonempty subsets of X with finite
positive measure) appears to be quite subtle and depends on the particular struc-
ture of a given metric measure space. The situation is completely transparent for
so-called Ahlfors Q-regular spaces, that is, when u(B,.(z)) ~ r?, r > 0, z € X,
for some @ > 0 (independent on x and 7). In this case Hy is a nontrivial outer
measure in the full range of 6 € [0, Q). In the case when 6 = @ the measure Hg is
a counting measure and Hq(E) = +oo for any infinite set E.

In what follows we use the following result from [11] (see Lemma 3.10 and the
discussion after the lemma).

Proposition 15. Let f € LY¢(X), suppose t > 0, and set

Ay = {xeX: mrt][ f(y)|d,u(y)>0}-
r—0 By ()

Then Ht (At) =0
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There is a special class of m.m.s. for which the behaviour of (B, (x)) is, roughly
speaking, expressed by the function 7% for some @ > 0. The detailed discussion
of such spaces is beyond the scope of this paper. We mention only [7], [17], [36]
and [37], where the reader can find interesting results related to such spaces.

Definition 6. Given @) > 0, we say that a metric measure space X = (X,d, p) is
Ahlfors Q-regular if there exist constants c, 1, c,2 > 0 such that

cu1r® < (B (7)) < ¢u0r?  for all (z,7) € X x[0, diam X).

2.2. Sobolev calculus on metric measure spaces. As mentioned in § 1, given
an m.m.s. X = (X, d, ) and a parameter p € (1, 00), there are at least five different
approaches to the definition of Sobolev-type spaces on X. In the literature the
corresponding spaces are as follows: the Korevaar-Schoen-Sobolev space KS)(X)
[5], [9], the Hajlasz-Sobolev space M) (X) [6], the Cheeger-Sobolev space Ch,,(X) [7],
the Newtonian-Sobolev space Nz} (X) [8] and the Sobolev space W, (X) [4], [3], [38].
The reader can also find some useful information relating to these spaces in Ch. 10
of [1], the lecture notes [2] and [39].

Remark 7. Given an arbitrary m.m.s. X = (X,d, ) and a parameter p € (1,00),
there are canonical isometric isomorphisms between Ch}(X), N, (X) and W} (X) [3].
Furthermore, if X € 2, for some p € (1, 00), then it follows from the results of [3]
and [9] that KS)(X) = M, (X) = Ch}(X) = N}(X) = W, (X), where equalities
should be interpreted in the sense of the existence of canonical (not necessarily
isometric in general!) isomorphisms, the corresponding norms being equivalent.
In all main results of our paper we always assume that X € 2, for some p € (1, c0).
Hence, when dealing with Sobolev spaces, without loss of generality one can identify
(in an appropriate sense) different Sobolev spaces and use the symbol W, (X) to
denote each of them. However, it will be convenient for us to use Cheeger’s approach
elaborated originally in 7] and modified in [3].

Keeping in mind Remark 7 we recall the approach of Cheeger to Sobolev spaces
in the Lipschitz interpretation of [3].

Definition 7. Given p € (1,00), the Sobolev space W, (X) is a linear space con-
sisting of all F' € L,(X) satisfying Ch,(F) < 400, where Ch,(F) is the Cheeger
p-energy of F defined by

Ch,(F) := inf{ lim /(lip F,)Pdu: {F,} c LIP(X), F, — F in LP(X)}.
X

n—oo

The norm in the space W, (X) is defined by
1wy = I1F L, x) + (Chy(F)) 2.

Remark 8. Tt is well known that for each p € (1,00) and any F € W (X) there is
a well-defined nonnegative function |VF|, , € L,(X) (in fact, a u-equivalence class
of functions), called the minimal p-relazed slope of F, which, if X is a smooth Rie-
mannian manifold, coincides p-almost everywhere with the modulus of the distribu-
tional differential of . Furthermore, Ch,(F) = |||V F|. p |z, x) (see [3]). However,
it follows from the results of [3] and [40] that, by contrast with the classical settings,
the minimal p-relaxed slope can depend on p.
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The following assertion will be important in the proofs of some key estimates
in §10.

Proposition 16. Let R > 0, ¢ € (1,00), p = q and X € A,. Then, for each
FeW,(X),

1/q
(IVE|sp)? du(y)) for all (z,r) € X x(0, R],
(2.28)

£.(F, B,(2)) < Cr( ][B

ar ()
where C'= C(R) and A = A(R) are the same constants as in (2.22).

Proof. According to the main results of [3], given F' € W) (X), there is a sequence
{F,} C LIP(X) such that F,, — F as n — oo in the L,(X)-sense and lip F,, —
|VF|.p as n — oo in the L,(X)-sense. Hence, taking into account that L,(X) C
Li¢(X) for all ¢ € [1,p], we use (2.22) and pass to the limit as n — oo. This gives
(2.28) and completes the proof.

It was shown in [38] that under mild assumptions on an m.m.s. X = (X, d, ), the
Sobolev space WI}(X) is reflexive for every p € (1,00). In particular, we have
the following result.

Proposition 17. Let p € (1,00) and X € 2,. Then the Sobolev space W) (X) is
reflexive.

Remark 9. In fact, it was assumed in [38] that the metric space (X,d) is glob-
ally metrically doubling. However, a careful analysis of the proof shows that the
uniformly locally doubling property of the measure p is sufficient.

2.3. Traces of Sobolev spaces. We assume that the reader is familiar with the
notion and basic properties of so-called Sobolev p-capacities Cp, p € (1,00) (see
§§7.2 and 9.2 in [1] and §1.4 in [10] for details). In fact, the main properties of
p-capacities sufficient for our purposes are contained in the following proposition.

Proposition 18. Letp € (1,00) and X € A,. Then the following properties hold:
(1) for each F € W, (X) there is a set Ep with Cp(Er) =0 such that

F(x) = @) F(y)du(y) € R for all x € X\Ep, (2.29)
T BT(’E)

and, furthermore, each v € X \EF is a p-Lebesque point of F;
(2)if0 € [0,p), then C,(E) = 0 implies that Hg(E) = 0 for any Borel set E C X.

Proof. To prove (1) one should repeat almost verbatim the arguments from the
proof of Theorem 9.2.8 in [1] and note that the additional requirement @ > 1 was
used only at the end of the proof to establish higher-order integrability.

Property (2) was proved in the recent paper [11] (see Proposition 3.11 therein).

Given a metric measure space (X,d, ) and a parameter p € (1,00), a measure
m on X is said to be absolutely continuous with respect to Sobolev p-capacity Cy, if,
for any Borel set E C X, the equality C,(E) = 0 implies the equality m(E) = 0.
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Definition 8. Let p € (1,00) and X € 2,. Let S C X be a Borel set such that
Cp(S) > 0. Given an element F € W, (X), we define the p-sharp trace F|s of F to
the set S by the equality

Fls:={f € B(9): Co({f(2) # F()}) = 0},

where F is the representative of F' defined in (2.29). Furthermore, we define the
p-sharp trace space of the space I/Vp1 (X) by the formula

W, (X)|s == {Fls: F € W, (X)} (2.30)

and equip this space with the usual quotient space norm, that is, given f €
W, (X)|s, we set

A llwpxys o= mi{[[Fllwix): f=Fls}.

As already mentioned in § 1, sometimes it is useful to work with a relaxed ver-
sion of the p-sharp trace space of the Sobolev W;(X)-Space. This motivates us to
introduce the following concept.

Definition 9. Let p € (1,00) and X € ,. Let S C X be a Borel set such that
Cp(S) > 0. Let m be a nonzero measure on X which is absolutely continuous with
respect to C}, and such that S C suppm. Given an element F' € VVp1 (X), we define
the m-trace F|§ of F to the set S as the m-equivalence class of its p-sharp trace.
More precisely,

FI§ ={f: § > R: m({f(z) # F(x)}) = 0},

where F' is the representative of F' defined in (2.29). Furthermore, we define the
m-trace space of the space W, (X) by the formula

W,(X)[§ = {FI§: F e W;(X)}

m

and equip this space with the quotient space norm, that is, given f € WZ} (X)|g,
we set

1 llws ) 1= nf {1 F s o2 £ = FIS} (2.31)
Having different notions of trace spaces at our disposal, it is natural to define
the corresponding trace and extension operators.

Definition 10. Let p € (1,00) and X € 2,. Let S C X be a Borel set such that
Cp(S) > 0. Let m be a nonzero measure on X which is absolutely continuous with
respect to C}, and such that S C suppm. We define the p-sharp trace operator by
the formula

Tr|s(F) = Fls, F e W, (X). (2.32)

Furthermore, we define the m-trace operator by the equality
Tr|$(F) = FIg,  FeW,(X). (2.33)

Remark 10. Let us compare (2.32) and (2.33). If we identify functions that differ on
a set of p-capacity zero, then one can write Tr [§ = I, o Tr |g. This formula is correct
because m is absolutely continuous with respect to C}, according to our assumptions

and, thus, if f1, fo € B(S)NF|g for some F € W (X), then Inn(f1) = In(f2) = F|¥.
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Definition 11. Let p € (1,00) and X € A,. Let S C X be a Borel set such
that C,(S) > 0. We say that a map Extg := Extg,: W) (X)|s — W, (X) is
a p-sharp extension operator if it is a right inverse of Tr |g, and we say that a map
Extgm: W, (X)|§ — W) (X) is an m-extension operator if it is a right inverse of Tr |

Remark 11. Typically, the index p will be fixed in the main theorems of the paper.
For this reason we omit it from the notation for the p-sharp trace operator and
the p-sharp extension operator. In contrast to this we keep the symbol m in the
notation of the m-trace operator and the m-extension operator. Indeed, generally
speaking, given a closed set S C X, there exists an infinite family of different
measures whose supports coincide with the set S. As a result, by varying measures
we obtain a different accuracy in the description of the trace to different ‘pieces of
the set .

Remark 12. In view of Definitions 8-10 it is clear that the p-sharp trace operator
and the m-trace operator are linear and bounded.

§ 3. Relaxing the doubling property

Given a metric measure space X = (X, d, ), in the next sections we work fre-
quently with measures m on X that fail to have the uniformly locally doubling
property (2.13). However, given a measure m on X, in some cases it is sufficient to
have some sort of the uniformly doubling property only for a fixed family of balls.
This motivates us to introduce the following concept.

Definition 12. Given a locally finite measure m on a metric measure space X =
(X,d, u), we say that m has the uniformly weak asymptotically doubling property if,
for each ¢ > 0,
m(B
Cpn(c):= lim sup  inf m(Ber (¥)) < 4o00. (3.1)
R—+0 zesuppm r€(0,R] M(B,.(z))

Remark 13. The word ‘weak’ was used in Definition 12 because in [1] one can find
the notion of uniformly asymptotically doubling property, which means that, for
each ¢ > 0,

6l‘ﬂ(c) = lim sup sup M

< 400.
R—+40 zesuppm r&(0,R)] m(BT(x))

Typically, in the present paper we deal with measures that cannot degenerate
too rapidly.

Definition 13. We say that a locally finite measure m on a metric measure space,
X = (X,d, p) is weakly noncollapsed if

m(B,(z))

Cp = _inf lim > 0. 3.2
# o wesuppm, —5 u(Br (7)) 32
It is well known that, given a measure m on the Euclidean space (R™, | - ||2),

there are a lot of ‘doubling balls’. This fact was mentioned in [41] without a proof.
We are grateful to D.M. Stolyarov who kindly shared with us the key idea of
that proof. Using a similar idea we establish the following simple result, which
is quite important in what follows. We recall property (2) in Proposition 14 and
Definition 5.
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Lemma 2. Let X = (X, d, ) be a metric measure space and let the measure i have
the uniformly locally doubling property. If a measure m on X is weakly noncollapsed,
then it satisfies the uniformly weak asymptotically doubling property. Furthermore,
foralle>1 and Q € Q,(1),

C,.(0) < 9([log; +1)Q (3.3)

Proof. We fix ¢ > 1 and assume for a contradiction that C, (c) > 2([log2cl+1)@,
We fix k = [logyc] + 1 and M € (259 C, (c)). It is clear that there exist a point
x € suppm and a number 7 = 7(M, ¢) € (0,1) such that

m(Be,(z))

(B (@) > M for all r € (0,7]. (3.4)

By Definition 13 we clearly have

Tim (Br(2)) <L

r=om(B,(z) O (8:5)

Hence, combining (2.24) with (3.4) and (3.5), for all sufficiently large ¢ € N
we obtain

= 1(Br/ix (2))

9—Qki < C(1,Q) — T Q)MBF/?&(@) m(Bx(x)) m(B?/zi&(@)

m(Brjgu (z)) p(Br(z)) m(Br(z))

20(1,Q) m(Br(z (1 :
Cr u(Br) \M )

However, for sufficiently large i € N the above chain of inequalities leads to a con-
tradiction with the choice of M.

Let X = (X,d, ) be a metric measure space. We recall the notation (2.18).
Given a sequence of locally finite measures {my} := {m;}?°, on X, a parameter
e € (0,1), and a Borel set E C (3, suppmy, for each z € E we introduce the
lower and upper ({my}, €)-densities of E at x by setting

—{my} w— Mg (r) (Br(z) N E)

{mi} . My () (Br(z) N E) .
D (z,€) := lim and D (z,€) := lim
E r—0 mke(r)(Br(x» e r—0 mkg(r)(Br(x)() )
3.6

We say that @ € E is an ({my}, €)-density point of E if
DI (g, e) = D™ (2, 6) = 1.

It is clear that if there is a measure m on X such that m; = m for all k£ € Ny, then
we obtain the standard lower and upper m-densities of E at x, which are denoted
by D™ (z) and Dy(z), respectively (in this case the parameter € is irrelevant and
we omit it from our notation).

It is well known that if m is a locally uniformly doubling measure on X, then
m-almost every point x € E is an m-density point of F. Unfortunately, this is not
the case if m fails to have the locally uniformly doubling property. However, the
following result holds.
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Lemma 3. Let X = (X,d,u) be a metric measure space with uniformly locally
doubling measure . Let m be a weakly noncollapsed measure on X. Then for each
Borel set E C X, any parameter ¢ > 1 and m-almost every point x € E there is
a sequence {r;(x)} decreasing to zero such that

I Bmax C T\ . BT xT m E 1
im m( B{ i) (7)) <N and lim m( g (@) ) > IN (3.7)
l—o0 m( T’z(ﬂﬂ)(x)) l—o00 m( Tl(fﬁ)(x))

where N = C,, (5max{c,5}). In particular, D(z) > 0 for m-almost every x € E.

Proof. By Lemma 2, for every point © € E there exists a sequence r;(z) | 0
satisfying

m(Bmax{c,5}n (z) (x))
W(By,(z)/5(2))

Given n € N, we consider the set

< C,(5max{c,5}) =N forallleN. (3.8)

— 1, . lim m(BTl(w)(l‘)ﬁE) l
G { € B lm = En < n} (3.9)

We show that m(G,,) = 0 for all n € NN (2N, +00). Without loss of generality we
assume that all sets G,,, n € N are bounded. Since the measure m is locally finite,
in the rest of the proof we may assume that m(G,,) < +oo for all n € N. Applying
the 5B-covering lemma (see p. 60 in [1] for details) and taking the Borel regularity
of the measure m into account, for each n € N we obtain a family of closed balls
Bn ={By, (x;) (J]Z)} such that:
(1) the family B,, : ={iB: B € B,} is disjoint;
(2) G, cU{B: BeB, }CUE (G,,) for some &, > 0;
(3) [m(U, (Gn)) — m(Gn)| < 53
(4) m(B ) < gNm( B) for all B € By;

(5) m(BNE) < -m(B) for all B € B,.

We fix an arbitrary n > 2N and assume that m(G),) > 0 (note that if G,, is not
m-measurable, then we consider m as an outer measure). Hence, taking e > 0 small
enough, from the above properties (1)—(5) we deduce

)< {m(BNG,): BEB,} <Y {m(BNE): Be€B,}
<3N {m(;B) Be Bn} < %m(UEn(Gn)) <o)

2m n

This contradicts the assumption m(G,,) > 0.
As a result, we obtain m(G,,) = 0 for every n > 2N and complete the proof.

Now we introduce a new concept, which can be looked upon as a natural gen-
eralization of the notion of a Lebesgue point of a locally integrable function. This
concept will be extremely useful in the analysis of the local behaviour of the traces
of Sobolev functions. We recall (2.18).
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Definition 14. Let X = (X, d, 1) be a metric measure space. Let {mj} = {m;}72
be a sequence of measures on X, and let € € (0,1). Given f € B(X) such that
[flme € Li°(my), k € No, we say that z € N3 suppmy, is an ({my}, €)-Lebesgue
point of f if

lim |f(z) — f(y)l dmg, oy (y) = 0. (3.10)
"= J B (z)

We denote the set of all ({my}, €)-Lebesgue points of f by Rm,;.(f)-

If there is a measure m on X such that m; = m for all £ € Ny, then an
({my}, €)-Lebesgue point of f is called an m-Lebesgue point of f (in this case the
parameter ¢ is irrelevant, and we omit it from the notation).

§ 4. Lower 0-codimensional content regular sets

Throughout this section, we fix a metric measure space X = (X, d, u) with uni-
formly locally doubling measure p. We also recall that all balls are assumed to be
closed.

The following concept was actively used in [12], [14] and [15], where problems
similar to Problem 2 were considered. We recall (2.27).

Definition 15. Given # > 0, a closed set S C X is said to be codimension 6
Ahlfors-David regular if there exist constants cg1(S),ce,2(S) > 0 such that, for
every pair (z,r) € S x (0,1],

B (z))

0. (5) 2 u(Br(2))

< HQ(BT(CU) N S) < 0972(5) 0

(4.1)

The class of all closed codimension § Ahlfors-David regular sets is denoted by

ADR,(X).

The following proposition shows that the scale of 1 in (4.1) is not crucial.
The proof is quite simple and follows easily from Proposition 6. The details are left
to the reader.

Proposition 19. Let § > 0 and S € ADRy(X). Then for each R > 1 there
exist constants cg.1(S, R) > 0 and cg2(S, R) > 0 such that, for every pair (z,r) €
S X (07 R}?

(1(Br(x))

) <My (B() 01 S) < coa(s, ME@) g

09)1(57 R) 7"0

Remark 14. In the case when 0 = 0 sets S € ADRy(X) were called regular sets
in [18].
Now we introduce anatural generalization of the class ADRy(X). We recall (2.26).

Definition 16. Given 6 > 0, we say that a set S C X is lower 0-codimensional
content regular if there exists a constant \p(S) € (0, 1] such that, for every pair
(x,r) € S x(0,1],
B, (z
AH(S)w < Hor(B,(2) N S). (4.3)

The class of lower #-codimensional content regular sets is denoted by LCRy(X).
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Remark 15. Let n € Nand X = (R", ||-]|, £L™). It is easy to see that, given 6 € [0,n],
a set S lies in LCRy(X) if and only if

L(Br(x))

rf

Ho.oo(Br(x) NS) = X (S) for all r € (0, 1]. (4.4)
In other words, in the classical Euclidean settings one can replace Hg , by Hg, oo-
Consequently, a set S lies in LCRp(R™) if and only if it is an (n — #)-thick set
in the sense of Rychkov [16]. Furthermore, d-thick sets, d € [0,n], were actively
studied in [25] and [26], where they were called d-lower content regular. In general
metric measure spaces the replacement of Hg , by Hg o in (4.3) can lead to a more
narrow class of sets. The reason for this phenomenon is a ‘possible gap’ between
parameters g, (R) and QH(R) which we mentioned in Remark 5.

The following lemma was proved in [21] in the particular case of X = (R",
[I-ll2, £"). The proof in the general case is similar. We present the details for the
completeness of our exposition.

Lemma 4. Given 6 > 0, ADRy(X) C LCRy(X).

Proof. Fix § > 0 and S € ADRy(X). Assume that S # @. Consider an arbitrary
closed ball B, (z) with z € S and r € (0,1]. Let B be an at most countable family
of closed balls such that B,.(z) NS C |J{B: B € B}, rg € (0,r) for all B € B, and

Z{ 1(B) :Be B} < 2Hg  (Br(xz) N S). (4.5)
(rp)?

Without loss of generality we may assume that for each ball B € B we have
BN S # @. For each B € B we choose an arbitrary point 7z € BN .S and consider
the ball B of radius 2rp centred at xg. Clearly, BN S C BNS and B C 4B for
all B € B. Hence, using (4.5), the subadditivity property of Hy and Proposition 19
we obtain the required estimate

1 u(B) |
2o (Br(2)15) > (o S| G B <)

> co.2(S, 2)1(0#(2))2 Z{HG(E NS): B e B}

1 co1(S,1) w(Br(z))
Z SR e B NS > G

The proof is complete.

The following example demonstrates that if X is sufficiently regular, then the
classes LCRy(X), 6 > 0, are quite broad. We recall Definition 6.

Ezxample 1. Assume that the space X is Ahlfors Q-regular for some @ > 0. We fix
0 € [max{0,Q — 1}, Q) and show that any path-connected set S C X consisting of
more than one point belongs to the class LCRg(X). Indeed, fix z € S and r € (0, 1]
and consider two cases. In the first case S C B,(z). Then (clearly, Hg 1(S) > 0)

Q-0 5 Ho,1(S) M(BT(CC)).

Cpu2 70

HQJ(BT(Q?) N S) = HQ’T(S) > H@J(S)T‘ (4.6)
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In the second case there is a point y € S\ B,(z). Hence there exists a curve 7,
joining  and y. Let B be an at most countable family of closed balls such that

B.(z)NnS Cc |U{B: B € B} and rg < r for all B € B. Consider the family B :=
{int(2B): B € B}. By Proposition 8 the set 7, , N B,(x) is compact. Furthermore,
it is not difficult to see that there is a path-connected component I' Cvz,y N By(x)
such that diam T > r. Hence there is a finite family {B;}., C B, N € N, such that

I c U _,int2B; and for every x,y € I there is a subfamily {B; }}L, C {B;}}\,
with N < N, ij € {1,...,N} such that € I'Nint2B;,, y € ' Nint 2B, _ and
I'Nint2B;; Nint2B;,, # @ for all j € {1,...,N —1}. Then from the triangle
inequality we deduce the crucial estimate

N
r < diam(I') < > diam(TI" N int 2B;)
i=1
As a result, since Q — 6 € (0, 1], we obtain

E:(Tjg u1§: m; cml(gér&>Q9>ch<Z)Qi (4.7)

BeB BeB

diam(int 2B;)

H'Mz
-
-

Taking the infimum in (4.7) over all families B we obtain

Q-0
Hor(Br(x) NS) = cpn (r> > ol #(B: (@) (4.8)

4 4Q-0¢, 5 a4
Finally, we conclude the discussion by combining (4.6) and (4.8).

Remark 16. Even in the case of X = (R? | - ||, £?) it is clear that generic path-
connected sets S C X can fail to satisfy the codimension 1 Ahlfors-David regularity
condition. Furthermore, it was shown in [42] that relevant examples can be obtained
as the graphs of locally Lipschitz functions. Coupled with Lemma 4, this shows
that, given 6 > 0, the family ADRy(X) can be a very poor subfamily of LCRy(X)
in general.

Example 2. Assume that X is Ahlfors @Q-regular for some @) > 0. Then each
nonempty set S C X belongs to LCRy(X) for every § > Q. Indeed, fix z € S,
r € (0,1] and an at most countable family of balls {B;} of radii r; < r that cover
B,(z)N S. Then

c B, (z
ZN 22 e S0 3 e > . 1(Br(@))

Cu,2 r

Taking the mﬁmum over all such coverings we obtain the required result.

§ 5. O-regular sequences of measures

Throughout this section we fix p € (1,00) and an mm.s. X = (X,d,pu) € A,.
We recall the definitions of the classes My (S) and M5 (S) given in §1. We also
recall the notation B, (x) in §2. It is clear that there are smallest constants for
which conditions (M2) and (M4) hold. We denote them by C{y,y,1 and Cyy,}.3,
respectively. In a similar way, there is a greatest constant for which (M3) holds.
We denote it by Cim,y,2- We use the symbol Cyy,} to denote the set of these
constants, that is, C{mk} = {C{mk},la O{mk}72, C{mk},B}-
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5.1. Elementary properties. The following fact is an immediate consequence
of (1.6) and the definition of the set functions Hy, 6 > 0. We omit an elementary
proof.

Proposition 20. Let 6 > 0 and {my} € My(S) for some closed set S C X. Then
for each k € Ny the measure my, is absolutely continuous with respect to Hg. Further-
more, for any Borel set E C S, for each k € No, we have mp(E) < Cym,y,1Ho(E).

Given a sequence {my} € My(.9), it is natural to ask whether the measures my,
k € Ny, have the doubling property. Unfortunately, this is not the case in gen-
eral. Nevertheless, we have at our disposal the following important result (we put
By (x) := Bu(x) for all x € X and k € Z).

Theorem 5. Let 0 > 0, let the closed set S belong to LCRy(X), and let {my} €
Mo (S). Then for each c > 1 there is a constant C > 0 depending on ¢, Cim, ) and
C,.(2¢) such that, for each k € Ny and any y € S,

1 1

(B < (LB ) < muleB() < OmilBG) 6.1

Proof. We set k := min{k € Z: ¢* < %} and consider the upper and lower bounds
in (5.1) separately.

To prove the upper bound we consider two cases. In the case when k € {0,..., k},
a combination of (1.6), (1.8) and the uniformly locally doubling property of u gives
the existence of a constant C' > 0 such that (we recall (2.3) and take Proposition 7
into account)

my(cBi(y)) < Cmo(cBi(y)) <C Y mo(BNcBi(y))

BeBL(X,e)
<C > uB)<Cul(e+2)Bi(y) < Cu(Bi(y).  (52)
BeBy(X,e)
BNcBy (y)#9

In the case when k& > k, using (1.6)—(1.8), and the uniformly locally doubling
property of u we obtain

my(cBy(y)) <

C
Cu(Bk—k(y)) < OM(Bk(y))

S < cBEEE <omuBuy). (53)

Combining (5.2) and (5.3) we deduce the required upper bound in (5.1).

Now we fix k € Ny. To prove the lower bound in (5.1), an appeal to (1.6)—(1.8)
and the uniformly locally doubling property of u gives us the required estimate

my, (in(y)> > ka+k<i3k(y)> 2 Otk (Br+k(y))

Cu(il:i(y)) > CM(Bk(:U)) > Cmy(Bi(y)). (5.4)

WV

The proof is complete.
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Theorem 5 leads to the following useful corollary (we put B (z) := Bex(x)).

Proposition 21. Let § > 0, let the closed set S belong to LCRy(X), and let
{my} € My(S). Then for each ¢ > 1 there exists a constant C > 0 such that
for each k € Ny,

1
——dmy, <C forallze S. 5.5
/CB,C(Z) my (B (y)) () 4 (5:5)

Proof. Fix k € Ny and z € S. Note that 2¢Bi(y) D ¢Bg(z) for all y € ¢Bg(z).
Hence by Theorem 5,

1 C C
et M (eBa®) S et mi(2eBi(y) S mi(cBa(z))
Consequently,
/ 1l m<c / L imy) =0 (56)
¢Bi(z) mk(CBk(y)) cBi(z) mk(CBk(Z))

The proof is complete.

5.2. Comparison of different classes of measures. Now given a closed set
S C X, we formulate a simple condition that is sufficient for the equality of the
classes M5 (S) and My(S). We recall Definition 5 and Remark 6. We also recall
the notation (2.18) and (3.6) and put k(r) := kc(r).

Theorem 6. Let 0 € [07Q#(1))7 and let S C X be a closed set such that He(S) €
(0,+00). Then

M5 (S) = Mo(S).

Proof. Clearly, it is sufficient to show that My(S) C M*(S). Assume that
My(S) # @ and fix an arbitrary sequence of measures {m;} € My(S). We also
fix a Borel set E C S and verify (1.9). We put N := {z € E: E;{Emk}(x,e) = 0}.
Since 0 € [O’Qu(l))’ by Remark 6 the set function Hg|s is a finite measure on X.

Furthermore, my(S) < 400 by Proposition 20. If mg(N) > 0, then using Egorov’s
theorem, given € > 0, we find a compact set K. C N and a number 6(¢) > 0 such
that mo(N \ K.) < € and

sup sup mk(r)(EmBr(x))
zekK. r<s(e) Mi(r) (Br(7))

<e. (5.7)

By the assumptions of the lemma we have Hy(S) < +o00. Hence we find an arbitrary
at most countable covering of K. by balls {B;}}L,, N € NU {oo}, of radii r; :=
r(B;) < §(e)/2 such that

Z IEE,B;O) < 2H975(5)/2(K5) < QHQ(S). (5.8)

Without loss of generality we may assume that, for each B;, K. N B; # @. For
each j we fix a point z; € B;NK.. We obviously have B; C By, (x;) C 3B;. Hence,
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combining (1.6), (1.8) with (5.7), (5.8) and taking into account the uniformly locally
doubling property of u, we have

mo(K <Zm0 EOB‘ <szk(r- EOB27.j(J:j))<£C’ka(rj)(Bg,.j(xj))

CZ

B27‘]

eC Z BB o ‘zgﬂ’e) < eCHy(S).
’ (5.9)

Hence for all sufficiently small € > 0 we have mo(K.) = 0. Since mo(N \ K.) < ¢
and € > 0 can be chosen arbitrarily, we obtain the equality my(N) = 0, completing
the proof.

In the proof of the next theorem we build a simple example that exhibits a deli-
cate difference between the classes M5 (S) and My (S). Despite its simplicity, the
corresponding constructions are typical and reflect the essence of the matter. One
can build similar examples in higher dimensions and even in some nice classes of
metric measure spaces. However, the corresponding machinery will be much less
transparent.

Theorem 7. Let X = (R?, |- ||2, £?) and S := {(x1,22) € R?: 21 € [0,1], 25 = 0}.
Then for each 0 € (1,2) there exists a sequence of measures {my} € My (S) \ W™ (S).

Proof. We fix an arbitrary 6 € (1,2) and put

1 d () = 27
— an C min T Ne—1°
Ko 2 jeNg (14 )01

M8

C1 (9) =2

b
Il

1

It is convenient to split the proof into several steps.
Step 1. Let E denote the closed Cantor-type set built recursively as follows.
At the first step we put

=0 (5 - o) 5+ 2a) )
and ) .
U, = (2 — (e (0) 7, 5 + (201(9))_1).

Suppose that for some k € N we have already built closed sets Fy D --- D Ej and
open sets Uy, ..., Uy such that

1
1 N = )
EU<| |U> [0,1] and L (U;) O foralli e {1,...,k}.

Furthermore, for each i € {1,...,k} the set E; is a disjoint union of 2! closed
intervals I; ; and each U; is a disjoint union of 2¢=1 open intervals Jiy. From the
middle of each closed interval I}, ; we remove an open interval of length 1/(c;(0)2%k?)
and consider the union of the remaining closed sets. Then we obtain a set Ejy;
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and put Ug41 := Ej \ Ext1. As a result, we obtain the sequence {Ej }72 ; of closed
sets and the sequence {Uy}72, of open sets. Furthermore, for each k£ € N we let Z;,
and J denote the corresponding families of closed and open intervals, respectively.
More precisely, Ey, = J{I: I € Z},} and U, = J{J: J € Ji} for all k € N. Now we
put E :=(),_, E, and define weight functions wy, € L1([0,1]), k& € Ny, by (we put
Uy .= @)

200Dk (g 4 1)0-1 Z Yo, (z), z€0,1]. (5.10)
i=k+1

Finally, we recall (2.6) and put my := wiyH'|g, k¥ € No (here H! is the usual
1-dimensional Hausdorff measure). We put ¢ = 1/2 and claim that {m;} :=
{my}ren, € Mo (S) \ ME™(S). This will be shown at the next steps.

Step 2. Note that suppmy = S for all k € Ny. This verifies (M1).

Step 3. By (5.10) it is easy to see that for each k € Ny and every j € N,

c2(0) 1 (k+1)°-1 < we () <1
207 7 20-1i(1 4 5)0-1 T 200-Di(k + 14 )01 T wpyi(z)

z € [0,1].

(5.11)
This proves that condition (M4) is satisfied with C3 = max{1, (c2(6))~1}.
Step 4. To verify (M2) we proceed as follows. We fix arbitrary k € Ny, j > k and
Q@ € D; (by D; here and throughout the rest of the proof we denote the family of
closed dyadic intervals of length 277). Given i € N, there are two cases to consider.
In the first case (c1(0))™'27% % < 277. Since § > 1, we obviously have
2(9—1)1'2'9—1 2(0—1)1'7;9—1 1 1 (01(9))2—9

2140 = 2(0—14+2-0)i;0(60—1+2-0) S 2(2-0)i ;0(2—0) S 2(2-0)j - (5'12>

Consequently, given J € J;, from (5.10) and (5.12) we obtain (since (c;(#))' =% < 1)

2(9_1)k(k + 1)9—1 2(9—1)1’7;0—1 1
= < —— < -, 0>k,
1 N 1 Ne c1(0)2%49 c1(0)2i49 2(2-0);
imk(Q ) = §mk( ) = 2(971)1‘2‘971 1 )
@20 S 2005 isk
(5.13)
In the second case (c1(6))™127%~% > 277. Since 6 > 1, we clearly have
2(9—1)1'2-9—1 2(9—1)%-0—1 2(9—1)%-0—1 (61(9))1_9
- < - - < - — < .
2J 2(2-0)j9(0—1)j (c1(9))0-12(2-0)72(0-1)i0(0—1) 2(2—0)j
(5.14)
Consequently, given J € J;, from (5.10) and (5.14) we obtain (since (c1(8))' =% < 1)
(0-1)k o1 (6—1)i;6—1
2 (k+1) LA 1
1 27 27 2(2-0)j
SmE(@NJ) < (5.15)
2 2(9—1)%9—1 1
i < k.

Y = 9(2-0)5°
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As a result, combining (5.13) and (5.15), we have

mk(Qﬁ J) <

< 5@-0; for each ¢ € N for every Q € D;j and any J € J;. (5.16)

We fix a closed interval I € Z; and note that INU; = @ for all i € {1,...,j}.
Hence, taking into account that for each i > j + 1 the set U; N I is formed by at
most 2°~7 open intervals of length (c1(6))7127% % we have

s L= ) )
177, <97 i—0 < —J '1—9.
cl(e)‘ZL(UZﬂI)\2 ‘Zz <527
i=j+1 i=j+1
Using this observation and keeping in mind that 6 € (1,2) and ¢;(6) > 2, by (5.10)

we have

mi(QNT) <mg(l) <277 + 207V + 1)1 Y LY U )

i=j+1
1 -1 9(6-1)k 0—1 ; 0—1
S L@@ O 11 G 1
2(2-0)j 0—1 27 j0-1 22-0); -1 50-1  202-6)j
< 2 L f h D; 5.17
S m m or eac Q S g ( . )

By the construction of U; we have Zézl LY(U;) < 1/2 for all [ € N. Hence
it is easy to see that each closed interval I € I; has length greater than 271,
Consequently, it is easy to see that () can intersect at most three different closed
intervals in Z; and at most two different open intervals in (JI_; J;. As a result,
given € R? and r € (27771,277], combining the above observations with (5.16)
and (5.17) we obtain

20 15
QED;

Consequently, we conclude that {my} satisfies condition (M2).

Step 5. We fix x € F and k € Ny. By the construction of E there exists
an interval Iy(z) € Zj such that z € Ir(xz). Hence, taking into account that
for each i > k + 1 the set U; N Ix(z) consists of 2¢~% disjoint intervals of length
(c1(0))7127% =% we obtain

my(Byk(2)) = my(I(z) > 2 (k+ 1)1 Y7 LY (U0 k()

i=k+1
200-Dk (4 1)0-1 X1 1 1
> (k+1) S o . (5.19)
c1(0)2* i 7 ¢ (0)(6 —1) 2+C=0)

i=k+1

This observation, in combination with (5.11), easily implies condition (M3).
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Step 6. By (5.10) it is easy to see that my(E N By—x(z)) < 27F*! for all z € E
and all k£ € Ny. Since # > 1, the above observation in combination with (5.19),
shows for every = € E that

mi (B () NE) _ 261(6)(6 — 1)
mg(Ba-r(2)) = 2k(0—-1)

— 0, k — oo. (5.20)

This proves that {my} ¢ M5 (S).
The proof is complete.

5.3. Proof of Theorem 1. We begin with a necessary condition for the existence
of a f-regular sequence of measures.

Theorem 8. Let S C X be a closed nonempty set. If 6 > 0 is such that My (S) # &,
then S € LCRy(X).

Proof. Let {my} € My(S) and € = e({my}) € (0,1). Given r € (0,1] and x € S,
let B = {Bj}jen = {Br;(x;)}jen be a sequence of closed balls such that r; € (0,7)

forall j €N, B;NS # @ forall j €N, B.(z) NS C ey By and

”(1_3]2 < 2Hg (B (z) N S). (5.21)

We recall the notation (2.18), put k; := k(r;), j € N, and, for every j € N, fix
a ball B; of radius TR, = 2r; centred at some point x; € SN Bj. It is clear that

B; C Ej C 4B, for all j € N. Hence, using the uniformly locally doubling property
of the measure p, applying (1.6), and then taking Theorem 5 into account we obtain

ZM > ZM > ZNB/z
202\1% ( ) szk (5.22)

Now we combine (5.21) with (5.22), take into account that k(r) < k; for all j € N,
and use (1.8). This gives

He,r( r szk ka(r)( ( )ﬂS)

Since r € (k1 k(M) using Theorem 5 and (1.7) we can continue the previous
estimate and obtain

Bk B,
Hor(B(2)15) > Oy (B (2) 15) > OL PO GHBHD) 5
€
Since x € S and r € (0, 1] were chosen arbitrarily, the theorem follows from Defini-
tion 16.
Theorem 8 is proved.
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The following result presents conditions on a set S C X that are sufficient for
the existence of a strongly f-regular sequence of measures whose supports coincide
with S.

Theorem 9. Let § > 0. If S € LCRy(X) is closed and nonempty, then MG (S) # @.

Proof. We fix an arbitrary ¢ € (0,1/10] and recall the notation (2.2)—(2.4). Since
S is a closed subset of the complete separable metric space (X, d), the space S :=
(S,d|s) is a complete separable metric space (here d|s is the restriction of the
metric d to the set .S).

Step 1. We recall Definition 3 and Proposition 9 and fix an admissible partial
order on Z(S,¢). Given k € Ny and 2z, € Zi(S, €), we put

Qra = ({int Bei s(25,8): 218 = 2k.a)- (5.24)

Note that the @k,a, k € Ng, a € Ai(S, €), are open subsets in X. However, they are
neither generalized dyadic cubes in X, nor generalized dyadic cubes in S. At the
same time, by (2.17) Q.o NS is a generalized dyadic cube in the space S for each
k € Ny and any « € Ag(S,¢€). The only reason for the introduction of such special
sets @k,a is that the ‘centres’ of these ‘quasicubes’ belong to the set S. This fact
is crucial at Step 8 below.

Since € € (0,1/10], it is easy to see from (PO3) in Definition 3 and (5.24) that

@k,a C Baer(2k,0) for each k € Ny and any a € Ag(S,¢€). (5.25)

Repeating almost verbatim the arguments in the proof of Lemma 15 in [33] we
obtain that

if I >k, then either Q5 C Qo of QusNQra=2. (5.26)
Furthermore, by (5.24) and (5.26) we clearly have
Z M(ékﬂﬁ) < ,u(@k,a) for each k € Ny and any « € Ai(S,¢€). (5.27)
Zk4+1,832k,a

Finally, let B = B,(z) be an arbitrary closed ball of radius r € (0,1] centred
at x € X. Let ¢ > 1 be such that B..(x) NS # &. The same arguments as in the
proof of Proposition 11 give

#{a € Ay (S,€): Ad(Qrpry.a NS) NeB # 2} < Cple,0). (5.28)

Step 2. For each j € Ny and any 8 € A;(S,€) we put hj g := u(@jﬁ)/eje. Now,
for each j € Ny we define a measure m’ on S by the formula (by J, we denote the
Dirac measure concentrated at x € S)

m = > hypd. (5.29)

2j,8€Z;(S€)

Given j € N, we modify the measure m?J in the following way. If o € A;_1(S,€) is
such that

M (Qj 1,0 NS) =m ({2551 2jp = Zj-1.a}) > hj-1,as
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then we reduce the mass of m/J uniformly on {z;3: 2;3 < zj_1,} until it
becomes equal to h] 1,a- On the other hand, if o € A;_1(S,¢€) is such that
mJJ (@J 1,0 NS) < hj_1,4, then we leave m7J unchanged. In this way we clearly
obtain a new measure m77~1. We repeat this procedure for m?/~! obtaining m77 =2,
and after j steps we obtain m»?. Given j € Ny and k < j, it follows from thls
construction that

m*(Q;3NS) < hip foreachie {k,...,j} for all §.€ A (S,e). (5.30)

By (5.27) it is clear that

-1
M := inf  inf h hia > €. 5.31
M k€No 2,0 €Z1(S,€) (Zk+1;zk k+1,5> k.o Z ( )
Note that by the above construction, for each k € Ny and every j > k there is
a family of positive constants {c; (@, 3): 8 € A;(S,€)} such that

m?F(Qj5 N S) = ¢;1(Q )M (Q;5NS) for all B € Ay(S,e). (5.32)
Furthermore, by (5.31), for each k € Ny, i € {0, ..., k}, and every j > k, we have

€ C] k(Qg ﬁ) < G k— Z(QJ 5) cj, k(Qy @) for all ﬂ € .Aj(S, 6). (533)

Step 3. Using estimates (5.30) and (5.28) we obtain sup;, m?*(B) < oo for
every closed ball B C X. Hence, by Proposition 8 and Lemma 1, for each k € Ny
there is a subsequence {m’s’*} and a (Borel regular) measure m; on X such that
mJs* —~my as s — oo. In fact, from the standard diagonal arguments we conclude
that there is a strictly increasing sequence {j;}7°, C N such that mik ~ my as
| — oo for every k € Ny (in the case when j; < k we put formally m7-* := mF-F).

At the next steps we show that the sequence {my} := {my}2, satis-
fies (M1)—(M5).

Step 4. From properties (M3) and (M4) verified at Steps 5 and 7 below it follows
that my(B;(z)) > 0 for every x € S and all k,j € Ny. This implies that condition
(M1) is satisfied.

Step 5. We fix arbitrary k,i € Ng. By (5.32) and (5.33), for each ¢ € C¢(X) and
all sufficiently large I € N we obtain

6i0/)(‘ﬁ(x) dmjl’k+i(x) </><(p(x) dmjl’k(x) </§0(x)dmjz,k+i(x).

X

Hence, passing to the limit as [ — oo, we have

eig/X‘P(x) dmyy(z) < /X‘P(x) dmy,(z) < /X<P($) dmyyi(w) for all p € Ce(X).

As a result, using the Borel regularity of the measures my, k& € Nj, and the
Radon-Nikodym theorem we see that condition (M4) is satisfied with C3 = 1.
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Step 6. Given k € Ny, we fix an arbitrary closed ball B,(z), where z € X and
r € (0,€"]. If @k(r)’a N By, () # @ for some a € Ay (S, €), then by (5.25) we have
CNQk(T)ya C Be(z) for ¢ = 4€*(") /r + 2. Furthermore, since k(r) > k, by (5.30) we
have mjl*k(@k(r),a) < Mgy, for each o € A (S, €) and all sufficiently large [ € N.
Finally, by construction we have mjl’k(aék(r)’a) = 0 for each a € Ay (S, €) and
all sufficiently large | € N. As a result, we apply Proposition 3 to G = int By, (z),
then take the above observations into account and, finally, use the uniformly locally
doubling property of the measure p. This gives

my (B, () < my(int By, () < lim m/0F (int By, (x))

l—o0

< him Z{mjl’k(@k(r),a): @k('r‘),a N B?T(x) # @} < Clu

l—o00 ,'a9

(Ber(2)) _ i(Br(2))

<

(5.34)

Hence condition (M2) is satisfied.
Step 7. To verify condition (M3) it is sufficient to show that there is a constant
C > 0 such that (we put By (z) := B () for brevity)

for all k € Ny and all z € S. (5.35)
Indeed, assume that we have already proved (5.35). Then, given k € Ny and
r € [¢¥,1], we note that k(r) < k in accordance with our notation (2.18). Hence,
using (M4) and, taking into account the uniformly locally doubling property of the
measure u, for each = € S we obtain the required estimate

mi (B (7)) = My (Bir)+1 (7)) = emp)41(Brry4+1(2))

#(Br(ry+1()) 1(By(x))
20— Gmme 20

To prove (5.35) we fix an arbitrary k € Ny and = € S. Using the subadditivity
property of the set function Hy .« and (5.28) we find a cube Q. o, @ € Ak(S,¢),
such that Cl(@k,a NS)N B # @ and

Ho o ((Qra 1 5)) > mm,ek (Bu(z) N ). (5.36)

Note that for each j > k and any z;3 < 2. such that 3 € A;(S,€), there is
a minimum number among all integers s € {k,...,j} for which there exists v €

As(S, €) such that z; 5 < 254 = 2k,q and mj’k(Qsﬁ N S) = hs. Thus, there exists
a disjoint finite family {Qs, », }Y;, where i € {1,..., N}, such that

N N
mj’k(Qkﬂ ns) = ij’k(QSi,’n ns) = Z i i
i=1

i=1

At the same time, by (5.24) and (5.25) we have

N N

~ ~ 1 ~

Qk*o‘ nsc U cl Qsz’m C U Baes: (Zsi»'Yi) and §B€Si (Zsi»'Yi) - Q5i1')’i
i=1 i=1
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for all j € {1,..., N}. Consequently, using the uniformly locally doubling property
of the measure i in combination with Proposition 7 we obtain

Bes; (4Besi (25
m]7 Qkams Z'u ZSM’Y'L CZM zz,’Yt))

€Si % €Si i0
i=1
N
>0 e S {u(B): BN Bai (24,,) # 8} 3 CHy (@ N S)).
i=1 BeBs, (X,e)

(5.37)

Since the closed ball Bs.x(z) is a compact set and @k,a C Bsr (), we use Propo-
sition 3 for F' = Bs.x(x), then combine (5.36) and (5.37) and, finally, take Defini-
tion 16 into account. This gives us the crucial estimate

mk(B5€k (Z‘)) = lim mj"k(B56k (.CC)) = lim mj”k(@k@) = C% (538)
l—o00 l—o0 €

As a result, using (5.38) and the upper bound in Theorem 5 (we can use it because

the proof of this upper bound is based on condition (M2) which has already been

verified above) we arrive at (5.35) completing the proof of (M3).

Step 8. By (M4) and (M3), which were verified at Steps 5 and 7, respectively, we
have mo (B (7)) = €“my,(Bi(z)) = Cu(By(z)) for all z € S. By Definition 13 this
implies that the measure mg is weakly noncollapsed. We fix an arbitrary Borel set
E C S and recall the notation (3.6). Throughout this step we set ¢ = 4/e+2 and use
Lemma 3. This gives us the existence of a set E' C E satisfying mo(E\ E') = 0 and
such that for each point € E’ one can find a sequence {r;(z)} strictly decreasing
to zero such that (recall (3.1))

= . mO(Brz(x) (.Z’) N E) 1
D (z) 2 D(7) := lim > )
p (@) 2 D)= lm =g ) 26 (50)

Tm mO(Bcrl(x) (l‘))
m ——
l—o0 mO(Brl(x)(x))

< G, (50).

Furthermore, fix x € E' and € € (0,1). We recall the notation (2.18) and put
r; = ri(z) and k; := k.(r;) for all | € Ny. Clearly, there is L = L(z,¢) € N such
that, for all { > L,

M _E 7;3 an
0B, (2)) >(1 8>D() !

Using the Borel regularity of the measure mg, given [ € N, we find an open set
) C By, (z) containing B, (z) N E and a compact set K; C BTL( )N E such that

Mo (Ber, (2))
m < 2G4, (5¢). (5.39)

™

[mo () — mo (K[ < oD (2)mo(Br, (2))- (5.40)

oo

Since o7 := dist(K;, X\Q;) > 0 for the o;/2-neighbourhood U,, /2(K;) of K,
we obtain
K; C UO-L/Q(KI) Cecl UUL/Q(KZ> C  C By, (z). (5.41)
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Since the index [ is occupied for the sequence {r;} and for the sake of simplicity,
we assume at this step that m?* — my as j — oo. To verify condition (M5) it is
sufficient to establish the existence of a constant C'(z) > 0 independent on ¢ and I
such that for each | > L there is N = N(z,l,¢) > k; such that for any j > N

7 (Qryp) N Usyj2(K1)) = Clz)mdF (Qp, 5(;))  for some B(j) € A, (S, e).
(5.42)
Indeed, suppose that we have already proved (5.42). Then, given [ > L, we use (5.24)
and (5.41) and apply Proposition 3 to F' = cl(U,/2(K))) and G = int B, /s(2x,,5)-
This gives (we use the notation By, (2) := B, (2), z € X)

i () > iy (L Uz, 2 (K1) 2 Tim m? M (el U, o (K0)) 2 i m? ™ (U, jo(K))

Jj—o0

> lim w7 F(Q, 5y N Uy, 2(K7)) = Cz) lim m?™ (Qy, 5())

Jj—oo j—oo

.1
> C(z) lim m?* <1nt =By, (2, ﬂ(j))> C(z)my, <1nt gBkz (Zkl,ﬁ(j))>- (5.43)

Jj—o0

Since le 8G) N Bay,(z) # @, from (5.25) we obtain B, (z) C 6By, (2x,,3(;))- The
crucial fact is that zy, g;) € S and we can use Theorem 5 for ¢ = 6,8 and y =
2k, B(5)- As a result,

my, () = C(z)my, <int éBkz (Zklﬁ(j))) > Cmy, (6B, (21,,5())) = Cm, (Br, (2)).

(5.44)
The constant C' > 0 on the right-hand side of (5.44) does not depend on ! and e.
Finally, since €; D E N B,,(z) was chosen arbitrarily and since the measure my, is
Borel regular, we obtain the required estimate my, (EN By, (2)) > Cmy, (B, (z)) for
a positive constant C independent of [ € N. Since [ > L was chosen arbitrarily, this
verifies (M5).
To prove (5.42) we proceed as follows. We fix | > L, apply Proposition 3 to
G = U,,/2(Ki) and F = By, (x) and use (5.39)-(5.41). This gives (recall that
€(0,1))

lim mj7O(UJL/2(Kl)) 2 mO(Uo’l/Q(Kl)) > (1 - ;)D(‘T)mo(Brl (z))

j—o0
> Cmo(Ber, (z)) > C lim m?(Be,, (z)),
j—oo
where C' = D(z)/(4C,,, (5¢)). Hence there exists N = N(z,1,¢) > k; such that for
all j > N, -
WUy ja(K1)) > 2 D i (B, (2)). (5.45)
5C,,, (5¢)
From (5.28) and (5.41) we see that there are at most Cp(2,0) generalized dyadic
cubes Qr, 5 NS in S whose closures have nonempty intersections with Uy, /o(K).
Furthermore, any such cube is contained in B, (z) together with its closure. Hence,
using (5.45) we conclude that for each j > N there exists 5(j) € Ay, (S, €) such that
the inequality
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m?(Q, 5(j) N Usy/2(K1)) = Cla)m?° (B, (z)) = C2)m?0(Qp, pjy)  (5.46)

holds for C(z) := (5Cp(2,0)C,,, (5¢))'D(z). As a result, taking (5.32) into
account we deduce from (5.46) the required estimate

m* Q. 5(7))
mI0(Qr, 5(j))

m?(Qy, 5(7)) = C@)m™™ (Qr, 5(j))-

W (Qy sy N Usy (K1) = w0(Qi5) N Uz 2(K1))

I (Q, 5(7))
mI0(Qr, 5(5))

Theorem 9 is proved.

> C(z)

Theorem 1 follows from Theorems 8 and 9.

5.4. Some examples. In this subsection we show that for some sets S € LCR(X),
6 > 0, one can easily build concrete examples of sequences {my} € My(S). For
generic sets S € LCRy(X), where 8 > 0, finding explicit examples of sequences
{my} € My(S) is quite a sophisticated problem. In [42] an explicit example
of {my} € My (') was constructed in the case when I' C R? is a simple rectifiable
plane curve of positive length. In [21] an explicit example of {my} € 9, _1(K)
was given for the case of a single cusp K in R". In fact, one can show that these
sequences of measures belong to the more narrow classes 95 (T') (one should use
Theorem 6) and M5 | (K), respectively.

n—1
Ezample 3. Recall Remark 6. Let 0 € [O,Q#(R)) for some R > 0, and let S €
ADRy(X). In this case, given 6 > 6, we put € = 1/2 and define

mg = Qk(eig)HgLSW ke No.

It is easy to verify that {m} € 95" (S). Indeed, conditions (M1)—(M4) follow
immediately from the construction. To verify (M5) one should repeat with minor
technical modifications (keeping in mind (1.3)) the corresponding arguments from
the proof of Theorem 6.2 in [35].

Ezample 4. Let N € N and {6,,...,05} C [O,QM(R)). Given i € {1,...,N}, let

S; € ADRy, (X). Set 6 := max{f,,...,0y}. Now we put e =1/2 and, given 6 > 6,
define

N
my = 280N, | keN. (5.47)
i=1

Based on Example 3, we obtain {my} € 95" (S). Indeed, properties (M1)—(M4)
can be verified easily. The most delicate condition (M5) can be verified as follows.
We consider the case N = 2. The general case is a little bit more technical but
ideologically similar. For each Borel set E C (S1\ S2) U (S2\ S1), condition (1.9) is
satisfied by (5.47) because S; and Sy are closed. Now we assume that £ C 51N S
and 0; > 0,. Given z € E, by condition (M3) already verified we have (we use the
notation adopted at the very beginning of §5)
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my(By(z) N E) _ 2070 Hy, |5, (Ba-r(z) N E)
m (B ()~ my(By-x (2))
27k

2 -
C1pu(By-r)

Ho, |5, (Ba-+(2) N E).

Consequently, taking into account the Ahlfors-David regularity of S; and using
the corresponding arguments from the proof of Theorem 6.2 in [35] (with minor
technical modifications) we complete the verification of (M5).

§ 6. Lebesgue points of functions

Throughout this section we fix the following data:

(D.6.1) a parameter p € (1,00) and an mm.s. X = (X, d, ) € Ay;

(D.6.2) a parameter 6 € [0,p) and a closed set S € LCRy(X);

(D.6.3) a sequence {my} € M (S) with e = e({my}) € (0,1/10].

In this section, for any x € X and k € Z we use the notation By (z) := B ().

Definition 17. Given ¢ > 0 and § > 0, we say that a family of closed balls
B :={B,,(x;)},, where N € N, is (S, ¢, §)-nice, if the following conditions hold:

(B1) By, (x;) N By, (x) = @ ifi,j € {1,..., N} and i # j;

(B2) 0 <min{r;:i=1,...,N} <max{r;:i=1,...,N} <¢;

(B3) By, (zi) NS # @ forallie{l,...,N}.

Furthermore, we say that B is an (5, ¢, 8)- Whitney family if it satisfies (B1)—(B3)
and

(B4) B ¢ X\S for all B € 5.

We will call (S, ¢, 1)-nice families and (S, ¢, 1)-Whitney families just (5, ¢)-nice
families and (S, ¢)- Whitney families, respectively.

Remark 17. Given d € (0, 1] and ¢ > 1, every (S, ¢, §)-Whitney family is an (S, ¢, §’)-
Whitney family and every (S, ¢, d)-nice family is an (5, ¢’,§’)-nice family for any
§ ed,1] and ¢ > c.

We recall the notation (2.18) and, given a ball B = B,.(z), we put k(B) := k(rp).
Furthermore, we recall the notation introduced at the beginning of § 5.

Proposition 22. Letc> 1 and ¢ > c+1. If a closed ball B = B,.(x) in X is such
that r € (0,1] and cBN S # &, then

pB)  _ (Culd))® 2 Climgys
mk(B)(c'B) 69 C{mk},Q

(rp)°. (6.1)

Proof. Note that there exists a ball B C ¢ B such that rg = rp and the centre z
of B belongs to S. In this case we have B C 2¢'B. Furthermore, in accordance
with our notation, e*(B)+1 < rp < #(B). Hence from (1.7), (1.8) and the uniformly
locally doubling property of p (we set [¢] :== max{k € Z: k < c¢}) we obtain

B 2%'B \llog, 2¢'1+1 (7
N( )/ < /’L( Ci) < (CM(C )) . 2 {mx},3 (TB)0~ (62)
my(p)(¢/'B) ~ myp)(B) € Clmy} .2
This completes the proof.
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In this and the subsequent sections we need a Brudnyi-Shvartsman functional ‘on
small scales’. More precisely we recall (1.10) and formulate the following concept.

Definition 18. Given ¢ € (0,1] and ¢ > 1, we introduce the §-scale Brudnyi-
Shvartsman functional on LY°¢({my}) (it takes values in [0, +oc]) by letting

- 1/p
BN, o) = [y 500 0 £ Gy (FeeB)) (03

BeB? (TB)p

where the supremum is taken over all families (S, ¢, §)-nice families B°.

Remark 18. Keeping in mind (1.12) and the notation used in Theorems 2 and 3,
for 6 = 1 we write BSN,, 11, ) c(f) instead of BSN;;,{mk},c(f)'

Lemma 5. Let 6 € (0,1] and ¢ > 1. Then there is a constant C > 0 depending
only on 6, Cym, 3, ¢, €, 0 and C,,(2c) such that if Bs is an arbitrary (S, c)-nice family
of balls such that rg > 0 for all B € Bs, then for each f € Ly(myg),

> @( Empe, (f,2¢B))" 0/ |f (@) [P dmo(z). (6.4)

BEBs ( B)p

Proof. We fix f € L,(mg) and an (S, ¢)-nice family Bs such that rp > ¢ for all
B € Bs. Let k be the largest integer k satisfying the inequality €* > §. Below we
write explicitly all intermediate constants to indicate their dependence on k (and
hence on §). By Proposition 7 we have (we take into account that N, (e*,C) <
N,(1,C) for all k € {0,...,k} and C > 0)

k

— 4

M({2¢B: B € B5}) <> _ M({2¢B: B € Bs(k,€)}) < (1 + k)N, (1, :) (6.5)
k=0

Given k € {0,...,k}, an application of Proposition 5 to m = my, yields

(Emi(£26B))" <20 f [FGIP dma(z)  for any B € Bs(k.e)
2cB

Hence, from Proposition 22 for ¢ = 2¢ and (1.8), for any k € {0,...,k} and
B € B;s(k, €) we obtain
Clmy.s  pu(B)
B)(Em, (f,2cB))? < 2p—Lmet / Pd
,LL( )( mk(fa c )) ko mk(2cB) 2cB|f(Z)‘ mO(Z)

(Cu(zc))logz ettt (C{mk} 3)? 0
'4 2 p
T e ew) [ 5P (). (66)

Note that the right-hand side of (6.6) depends on k but does not depend on k €
{0,...,k}. Consequently, using Proposition 4, (6.5) and (6.6) we obtain (recall that

0 € [0,p))

<2
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Z @( mk(B) (f, QCB))

feg, rB)P
C,u(20)) 082441 (Cn,y 3)° )
) Z 6 elkr1)f C{ﬂlk}? /ch|f(Z)| dmo(2)
BEBs s
4c 27 (C(20))' %24 (Cmy) ) /
< (1+ k)N, v . e
(1+k) /< >5p 0 Crmy |f(2)|P dmg(z).

The proof is complete.

It is natural to ask whether the finiteness of BSNp {(my},c(f) for small § > 0
implies that of BSN), 1, 1.c(f). Fortunately, we have an affirmative answer.

Lemma 6. BSN,, 1, 3..(f) < 400 if and only BSN?
d € (0,1].
Proof. Necessity follows from Remark 17. To prove sufficiency, given an (.5, ¢)-nice

family B, we divide it into two subfamilies. More precisely, we put B° := {B € B:
rp <0} and Bs := B\ B°. Now the claim follows from Lemma 5.

We start with the following lemma (we use the notation By (z) := B (), k € Ny,
z € X).
Lemma 7. Let f € LY°({my}) be such that BSNp {mp}.e(f) < oo for some c > 1

and § € (0,1]. Then there exists a Borel function f: S — R and a Borel set S C S
satisfying Ho(S '\ S) = 0 such that

p,{mg},c (f) < 400 for some

lim |f(z) — fy)|dmi(y) =0 forallz € S. (6.7)
k—oo By (z)

Proof. We fix £ € (0, (p — 0)/(2p)) and split the proof into several steps.
Step 1. Consider the function

R(x) := lim > Emi(f.Br(z), weX. (6.8)
ek<r
It is clear that, given 6’ € (0, d], we have

— ek‘s p 1

() < T S Getnlr Bule))) €O s o (En (1 B@))" (69)
err
Given t > 0, we introduce the t-superlevel set of RP by letting E; := {x € S:

RP(x) > t}. Our aim is to show that
Ho(E:) =0 forallt>0. (6.10)
Now we fix arbitrary ¢ > 0 and ¢’ € (0,0]. For each = € E; we find k, € Ny such

that e®= € (0,6’) and

ep

o’
t<C eka ep( Mky (f7 Bkw(x)))p'
Clearly, the family of balls B: {By, (z): * € E:} is a covering of F;. Using
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Vitali’s 5B-covering lemma we find a disjoint subfamily B C B such that E, C
\U{5B: B € B}. Hence we have

{7 <52 O

Note that any (S, ¢, d’)-nice family is also an (S, ¢, §)-nice family. Furthermore, by
Theorem 5 and Remark 3 it is easy to see that Ew, , (f, B) < C€n, ., (f,cB) for

all BEB. As a result, we obtain

:Be€ E} > CHy 55 (Ey). (6.11)
7“5B

M5 (Er) CZ ) = (Empn (1, B))"
@y (T(B)fx Emay (1+¢B))" < CO)P (BN, () (012

BeB

Passing to the limit as & — 0 and taking into account that ¢ > 0 is arbitrary we
obtain (6.10).

Step 2. If I,k € Ny are such that [ > k, then from Remark 3 and Theorem 5 it
is easy to see that

]l ]Z f(2)| dmy(y) dmg(z)
B (z) Bk(:r
l
< ; ][Bi(z) ][Bm(x) F() — (o) dmi(2) dmisa () < o;gm (/. Bi(x).

(6.13)

Consider the set S := S\ J,ooE¢. Since R(z) = 0 for all z € S, it follows
from (6.8), (6.13) that if z € S, then

{ JZBM ) dmk(w}:o_l

is a Cauchy sequence. Hence for every = € S there exists a finite limit

f(z) == lim f(z) dmy(2).
l—o0 Bi(z)
An application of Fatou’s lemma together with (6.13) leads to the required estimate

lim |F(z) = f(y)] dmg(y)

k=00 J By ()

< lim lim
k—00 00 By (z)

][ F(2) dm(z) — £()| dmi ()

< lim lim ][ ][ f(2)] dmi(y) dmy(2)
k=001 500 J By () Bk(x)
< C lim ngi f,Bi(z)) < CR(z) =0 forall z € S. (6.14)
ik

From (6.10) we obviously have Hy(S \ S) = 0 completing the proof.
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We recall the following classical result (see Corollary 3.3.51 in [1]).

Proposition 23. Let m be a locally finite measure on X. Given p € [1,00), for
each f € B(X) such that [flm € Lp(m) and every ¢ > 0 there exists an open set
O C X such that m(O) < e and f|x\o is continuous on X\O.

Now we are ready to state the main result of this section. We recall Definition 14.

Theorem 10. Let f € B(X) be a function satisfying [flm, € Li>°({my}) and such
that BSNg,{mk}7c([f]m0) < 400 for some ¢ >1 and 6 € (0,1]. Then

mo(S\ (Rim,y.e(f)) = 0. (6.15)

Proof. Let f and S be the same as in Lemma 7. By Proposition 20 we have
moe(S\ S) = He(S\ S) = 0. Hence in order to establish (6.15) it is sufficient to
show that

f(z) = f(z) for mg-a.e. z € S. (6.16)

We apply Proposition 23 for m = mg. This gives, for each € > 0, the existence of
an open set O, C X such that mg(O,) < ¢ and f € C(X\O.). We recall (3.6) and

put Se :={z € S\ O.: 5:{;{181 (z,€) > 0}. Taking (D.6.3) and (1.9) into account,
for each sequence satisfying €, | 0 as n — oo we obtain

m (5\ J{s-. mS}) =0. (6.17)

neN

Fix a sufficiently small € > 0 and a point z € S, N.S. By Chebyshev’s inequality,
for any fixed o > 0 we have

(my(Br(2))) "' mi({y € Br(2): [f(y) = f(z)| > o})

<> f W -T@ldm) -0, kos (019
0 JBy(x)

We set ¢(z) := Eg‘fgi (z, €) for brevity. Hence, given o > 0, there exists a sufficiently

large number k = k(z,0) € N such that
m({v e Bu)s 110 - Tl < 5. 170) - 1@ < 5} ) > Lo (Buto,

As a result, |f(z) — f(z)| < o by the triangle inequality. Since, given z € S,
one can chose o > 0 arbitrarily small, we obtain

f()=f(z) forallzeS.NS. (6.19)

Finally, taking into account that ¢ > 0 can be chosen arbitrarily small and combin-
ing (6.17) with (6.19) we deduce (6.16) and complete the proof.



1286 A.1. Tyulenev

§ 7. Extension operator

Throughout this section we fix the following data:

(D.7.1) a parameter p € (1,00) and an mm.s. X = (X, d, ) € Ay;

(D.7.2) a parameter 6 € [0, p) and a closed set S € LCRy(X);

(D.7.3) a sequence of measures {my} € M5 (S) with parameter € = e({my}) €
(0,1/10].

In this section we put By (z) := Bex(x) for each k € Z and all € X. Further-
more, we recall the notation (2.2) and fix a sequence {Z;(X,€)} := {Zr(X, €) }rez.
We recall (2.3) and put

Eha := By (2k,q) for each k € Z for every o € Ap(X,€). (7.1)

Given k € Z, the kth neighbourhood of S and the kth layer of S, respectively, are
defined by

Up(S) := {x € X: dist(x,S) < 5"} and  Vi(S) := Up_1(S) \ Ux(S).  (7.2)

The advantages of such layers are clear from the following elementary proposition.

Proposition 24. Let k, k' € Z be such that |k — k'| > 2. Then, for any ball B =
By« such that BNV (S) # @ and any ball B' = By o such that B' N Vi (S) # @
we have BN B' = &.

Proof. We fix arbitrary balls B and B’ satisfying the assumptions of the lemma.
If BN B’ # @, then by the triangle inequality we obtain dist(V4(S), Vi (5)) <
4(e* 4 €*"). On the other hand, since € < 1/10, we have

dist(Vi(S), Vi (9)) = demintkh’} | gemax{hk’}

This contradiction proves the claim.

A useful property of our space X is the following simple and known result about
partitions of unity (see Lemma 2.4 in [9] for details).

Lemma 8. There is a constant C > 0 depending only on C,,(10) such that, for
each k € Ny,

) C
0< ¢ra <Xp, . lPPra< TXB,. for all o € Ap(X,€) (7.3)

and, furthermore,

Z Pk,a = 1. (74)

ac A (X e€)
Now we establish a simple combinatorial result which is a folklore. Nevertheless,

we present the details for the completeness of our exposition.

Lemma 9. There ezists a constant N € N depending only on C,(10) such that for
each k € Ny the family By, := {Bg,o: @ € Ap(X,€)} can be decomposed into at most
N < N disjoint subfamilies {B}ﬁ}fil
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Proof. We fix k € Ny and put E(0) = Z;,(X, €). We denote a maximal 5¢*-separated
subset of Z;(X,e€) by Z(1) and put E(1) := Zr(X,e) \ Z(1). Arguing by induc-
tion, suppose that for some i € N we have already built sets Z(1),...,Z(i) and
E(1),...,E(i) in such a way that

-/
?

E(i") = ZvX, )\ J2(1), ief1,...,i}

=1

Let Z(i + 1) be a maximal 5e-separated subset of E(i), and let E(i + 1) =
E@@)\ Z(i+1). We put N := [N,(1,24)] (where N,(R,c) is the same as in
Proposition 6). We show that E(i) = @ for each ¢ > N. Indeed, assume that there
is a number ¢ > N such that F(i) # @ and fix z(i) € E(¢). Given ¢ € {1,...,i},
from the maximality of Z(i’) and the obvious inclusion E; C E; _; it follows that
there is a point z(i') € Z(i') such that d(z(i’),z(i)) < 5¢*. Hence

Bery4(2(i')) C Beer (z(4))-

As a result, since i’ can be chosen arbitrarily, there exists a family

F = A{Berjs(z(i')): i € {1,...,i}}

of pairwise disjoint balls contained in the ball Bg.(x(¢)) such that #F = i.
Combining this observation with Proposition 6, we obtain a contradiction. Conse-

quently,
#{i € N: B(i) # 2} < N.

It remains to note that for each i € {1,...,N} and any z,2’ € Z(i) we have
BQEk (Z) n B2€k (Z/) = J.
The lemma is proved.

Given k € Z, we set
AR(S) == {a € Ap(X,€): Bro NUk_1(S) # @}, (7.5)

Remark 19. Since € € (0,1/10], it is easy to see from (7.2) and (7.5) that for each
k € Z and any o € Ag(S) there exists a point x € S such that

3~
Bek (g) - EBk,a = BG/G(Zk,a)~

The following result is an immediate consequence of (7.2)—(7.5).

Proposition 25. For each k € Ny,

XU (@) <Y pral@) Sxu_ys)(@),  weX.
ac A (S)

Now, keeping in mind Remark 19, given an element f € L°¢({m;}), for each
k € Ny we define a special family of numbers. More precisely, we put

][  fla)dmg(x) if a € Ap(S),
(3/€) Bk,
0 if o € Ap(X,e) \ Ar(S).

fk,oz = (76)
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The following simple proposition will be useful in what follows. We recall the
notation (1.10).

Proposition 26. There exists a constant C > 0 such that for each f € L°({m})
and every k € Ny the inequality

€

~ 3 ~
fa — fgl < O, (f, Bk,a) (7.7)

holds for each k' € {k,k + 1} and any o € Ai(S) and B € Ag/(S) for which
Bk,a N Bk/“@ * .

Proof. We fix f € Ly“({my}), numbers k € No and k" € {k,k + 1}, and indices
a € A, (S) and 8 € Ay (S) such that By o N By g # @. By (7.1) we have

3~ 3 ~ 6 ~
ka/”@ - ( +4)Bk,a C ka,a.
€ € €

Hence, using (7.6), (1.8), Theorem 5 and Remark 3 we obtain the required estimate

[fia = fi, <][ - ][ I fy) = f@) | dmy(y) dmge (y')
(3/€)Br,a v (3/€)By g

cof i) - 56 i) < o, (2B ).
(6/€)Bk,a v (6/€)Bk.a € -

The proof is complete.
Given an element f € L°¢({m;}), for k € Ny we put

fi(@) = Z Pk,a() fr,a = Z ©k,a() fr,as reX. (7.9)

a€AL(X,e€) a€AL(S)

Having Propositions 25 and 26 at our disposal we obtain nice pointwise estimates
for the local Lipschitz constants of the functions fi, k € Ng. We recall (2.1).

Proposition 27. There exists a constant C > 0 such that, for each f € L'°({my}),
for every k € Ny and every x € Uy_1(S) the inequality

lip fi.(z) < egkgnk (f, i)ék,a> (7.10)

holds for any index o € Ay (S) satisfying the condition Ek’g Szx.

Proof. We fix k € No and z € Uy_1(S5). We also fix an arbitrary index o € A, (5)
such that x € By . By property (3) in Proposition 1 and (7.4) we have

lipfk(x)lip<fk Z %k,afka)(l’)-

acA,(X,e)
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From (7.5) it follows that if & € Ak(X,€) and @y o(z) # 0, then o € Ag(S). Hence
we use (7.9) in combination with (7.3) and, finally, take Propositions 7 and 26 into
account. This gives

lip fi(z) < Y lip¢ra(@)|fia = fral= Y lip@ral@)fra -

acA,(X,e) acAk(S)
C~ 3~
<C Y X, |f;m Jral < ZEmi| [, = Bra )- (7.11)
OIG.Ak S)

The proof is complete.

Proposition 27 leads to a nice estimate for the local Lipschitz constant in the
Ly-norm. Recall that, given a Borel set £ C X and an element f € L;,OC(X), we put

Iz, ) = Ifllz,Emu-

Lemma 10. There ezists a constant C > 0 such that for each f € LP¢({my}),
every k € Ng and any Borel set E C Ug_1(S),

n _ P
lip sl oy <C S (ﬁ’;’“)( (f, BM)). (7.12)

ENBj,o#9

Proof. By Proposition 27, for any ball Ek?a such that Eﬂéha # & we clearly have

/| mEm<hpfk(:v»"du(az:)<C’“‘(ESC,I,B%“)(~ (725..))"

This observation in combination with (7.5) gives

[ fiaydutz) < 3 /E (lip fu(2))" diu(a)

acAg( mBk «

<c ¥ “(i’;’“)<~ <f7 B,m))p. (7.13)

ENBy o #9

This completes the proof.

To construct our extension operator, given an arbitrary f € L°¢({my}), we build
a certain special sequence {f7} jen. Informally speaking, the graph of each f7 looks
like a stairway formed of elementary steps St;[f], ¢ = 1,...,j. More precisely, given
f € Lie({my}), we set fo := 0. Furthermore, arguing by induction, for each i € N,
we define the elementary ith step of f by

Sti[f](x) := Z ©ia(®)(fi,a — fim1(2)), reX. (7.14)

acA;(S)

Remark 20. In view of Proposition 25 it is clear that supp St;[f] C U;—2(S) for
all i € N.
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Finally, we define the special approzimating sequence by letting, for each j € N,

fi(x) = Z St [f](x), z e X. (7.15)

Proposition 28. For each point x € X \S there exists j(x) € N such that fi(z) =
1@ () for all j > j(x).

Proof. For each x € X\S, from Remark 20 and (7.15) we obtain f7(z) = fi*1(x),
provided that € X\U;_1(S5). Since U;11(S) C U;(S) for all j € N, the claim
follows.

Now we are ready to present our extension operator.

Definition 19. Given f € L°¢({m;}), we put

Extg (m,}(f) == xsf + xx\s ]hj{.lo £, (7.16)

where by xsf we mean an mp-equivalence class and xx\s lim;— f7 denotes the
pointwise limit of the sequence {f7} on the set X\S.

Remark 21. Let Ny, be a linear space of all functions f: X — R such that f(z) =
for mg-almost all x € S and f(x) = 0 for all x € X\S. By Proposition 28 formula
(7.16) gives us a mapping Extg (m,}: LP°({mr}) — B(X)/Num, which is well defined
and linear.

The main reason for introducing the sequence { f/} in this way is some remarkable
pointwise properties of the steps St;[f], i € N. More precisely, the following result
holds.

Proposition 29. Let f € L'°°({my}). Leti € N,z € U;_5(S) and o € A;_1(S) be
such that x € B;_1 . Then

Z XBLa |f1a fz—l(&)' mL 1(fa i— 1,a>a (717)
acA;(

where the constant C' > 0 depends neither on f nor on i, x or .

Proof. By (7.4) and (7.9) we have

Z Z XEi,a(@(Pi—l,a’ (@)|fi,a = fim1,00]-

a€A;(S)a’eA;—1(X,e€)

Using the triangle inequality we have | f; o — fi—1,0/| <|fi.a—fi—1.0|+| fic1,a—fic1,0/]-
Hence, using (7.3) and Proposition 26 and taking Proposition 7 into account we
obtain

Z Z Xéi’, /( )‘fz’ o — fie 1a| m7 1<f7€Bi—170£)'
i'=i—1a’'€A, (X,e)

The proof is complete.
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Proposition 29 leads to useful estimates for the L,-norms of steps and their local
Lipschitz constants.

Lemma 11. There exists C' > 0 such that, for each i € N, the following properties
hold:
1) for each Borel set E C U;—2(S) and any measure v on X,

. p
S gy <C 30 u(Bi_l,a)( - 1(f, i 1)) ;
Bi_1,oNE#®
2) for each Borel set E C U;_2(S),
e TEIP WBis1a) (& 3= P
IS <03 o (B (7 2B0m1a) )
Bi_1,aNE#2

Proof. Fix i € N and a Borel set E C U;_2(S5).
To prove claim 1) we note that by (7.3) we have | St;[f](z)] < St;[f](x) for all
x € X. Hence an application of Proposition 29 gives

IS, o) < ISULANE iy < 30 [ (@) dviz)

acA;_1(s)” Bi-1. Q”E
_ P
< C Z V(Bil,a>( m;_1 (fa i— 1,a>) . (718>
Bi_1,aNE#®
To prove claim 2) we note that by (7.14), Proposition 1, (7.3) and (7.4) we have
lip(StalfD(@) < D lipwia(@)fia —ficr@|+ D ¢ial@)lip fii(2)
a€Ai(S) acA;(S)
Cxs :
< = Sti[f](w) +1ip fi—1(z) for all x € X.
€

Hence, using Lemma 10 for K =i — 1 and (7.18) for v = p we obtain the required
estimate

lip(S o< C wBiro) (7 BENCar

ip(St: (DI, (my < Z T Dp Emi 4 f, Biia) ). (719
Bi_1,oNE#®

The proof is complete.

The crucial observation is made in the following lemma.

Lemma 12. There is a constant C > 0 such that, for each f € L°({my}) and
every j € N,

p L,(Uo(S)) g mi \ Jo 7 Dia s .
=1 B;,anVi(S)#2

where V;(S) :== Vi(S) if j > 2,i € {1,...,5 =1} and ‘A/](S) =U,;_1(9).
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Proof. For a moment fix j € N, j > 2 and i € {1,...,5 — 1}. Given z € ‘//\;(S),
from (7.2) and Remark 20 it is clear that St;[f](z) = 0 for all i’ > ¢ + 2. Hence,
using (7.15) and Proposition 1 we obtain,

lip f7(z) <lip fi(z) +1ip Sty [f](2).
Thus, applying Lemmas 10 and 11 to E = ‘A/Z(S) we deduce

J|P P : . P
||hpf || ||hp fl” S)) + ||hp StZ"!‘l[f]”Lp(‘Z(S))

<c Z /@)(gm(f?’é)) (7.21)

BianVi(S)#2

Vi(s) =

On the other hand, given j € N, an application of Lemma 10 to E = U;_1(S5)
gives

Ip 211Z, sy = 1P SlIZ, o)
Bio)(z (+35 )\
¢ ¥ u(ejfpg)<gmj<f763j7a>). (7.22)
§_7,Q0U7—1(5)7£®

Summing inequalities (7.21) over all i € {1,...,57 — 1} and then taking (7.22)
into account we arrive at (7.20) completing the proof.

Lemma 13. There erists a constant C > 0 such that, for each f € LY¢({my}),
I1lE, x) + P fLl7 ) < CUAIT, mo)- (7.23)

Proof. Combining the first inequality in (7.3) with (7.6) and (7.9) and using Holder’s
inequality we obtain

h@r<e ¥ g @(f, wlime) . aex. @2

acAq(S)

Similarly, taking the second inequality in (7.3) into account we have

(lip fi(z))? <C Y xp, (= (][E |f(y)|dm1(y)> ., zeX. (7.25)

acA,y (S)

Combining (7.24) with (7.25) and using Holder’s inequality we obtain

VA o+ D Al ) < C Z WBro) f, Ul dm). (720

OtE.A1

By (7.5) we have (6/¢—1)B; NS # @ for all & € A;(S). Hence using Proposition 22
for c =6/e—1 and ¢ = 6/€ and taking into account the uniformly locally doubling
property of u we obtain

M(EIN,Q)

<C forall o € A1(9).
ml(%Bl,a)
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As a result, using this observation, Propositions 4 and 7 and taking (1.8) into
account we obtain

S u(Bra) ][ 5, TP dm

acAq(S)
<c Y / )P dmi(y) < CULIE oy < CIFIL oy (7:27)
acA(S) Bla

Combining (7.26) and (7.27) we obtain the required estimate.
The lemma is proved.

We recall Definitions 17 and 18. We also recall (1.10) and write for brevity
k(B) := k(rp). Now we introduce a new useful functional.

Definition 20. Given f € L'°¢({m;}), we put

u(B) v
Np,{mk},c(f) - glIIéBSNp {my}, (f)+sup<z (T,B)p ( My (B) (f7 CB)) ) ) (728)
BeB

where the supremum in the second term is taken over all (.9, ¢)-Whitney families B.

Now we present a keystone estimate for the local Lipschitz constants of the
functions f7, j € N.

Theorem 11. For each ¢ > 3/e there exists a constant C' > 0 such that
lim [lip 717 ) < CNpumpy.e(f) for all £ € L({my}). (7.29)
j—00

Proof. Without loss of generality we may assume that Ny, r,3..(f) < +o0, since
otherwise the inequality is trivial. We split the proof into several steps.

Step 1. We claim that for each j € N, j > 2, there is an (S, ¢)-Whitney family
of balls B (S) such that (we put k(B) := k(rB) as usual, and recall (1.10))

Z éL(B) ( mk(B)(f> CB 7]\7 Z Z %(gmz(f’ cgi’o‘))p’

J TB)p — i=1
BeB(S) BL «NV;i(S)#£2

(7.30)
where the constant N is the same as in Lemma 9. Indeed, we split the sum on
the right-hand side of (7.30) into sums over the odd and even i € {1,...,j — 1},
respectively. Without loss of generality we may assume that the sum over the
odd indices is not smaller than the one over the even indices. Next, for each odd
i€{l,...,j— 1} we use Lemma 9 and divide the family {B; : B; o N V;} into at
most N disjoint subfamilies. For each odd i € {1,...,7 — 1} we choose a subfamily
which maximizes the corresponding sum and denote it by G;. By Proposition 24
we have G; NGy = @ if i # /. Finally, we set B](S) := |J{Gi}, where the union is
taken over all odd i € {1,...,7 — 1}. This clearly gives (7.30). On the other hand
it is clear that

w(B)
Z (rB)p( Emye (f.cB))
BeBI(9) BeB

mk(B)(f? CB)) (731)

where the supremum in (7.31) is taken over all (S, ¢)-Whitney families 5.
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Step 2. Given j € N, by Lemma 9 there is a disjoint (S, ¢)-nice family B5(S)
such that

1(B) u(B o
Z (rB)p( mk(B)(f7 CB N Z er mj (f, ch,a)) . (7.32)
BeBL(S) = aeA, (S)
By Definitions 17 and 18 we have
u(B) & g
Z (T(B)i (gmk(B)(f7 CB))p < BSNZ%,{mk},c(f)' (733)
BeBL(S)

Step 3. Using Lemma 12 and (7.30), (7.32), for any sufficiently large j € N we
obtain (here we use the estimate En, , (f,c1B) < CEmMB)(ﬁ caB) for 1 < ¢ < eq,
which follows from Remark 3 and Theorem 5)

. i B) -~
/Uo(S) (lip /7 (@))" du(z) < € Z #(5) ( mk(B)(f7 CB))

p
BeBI(S)UBL(S) (rs)

Combining this inequality with (7.31) and (7.33) and (7.28) we deduce
lim [|lip 7|7 o8y S ONp fmyy.e(f)- (7.34)

j—oo
Step 4. From Remark 20 and (7.15) it follows that fi(x) = f7(x) for each j € N

and all z € X\Uy(S). Hence, using Lemma 13 we obtain
lim ||11Pfj||L (X \Uo(S)) = HhPfIHL »(X\Uo(S)) < CHinp(mo)- (7.35)

j—o0
Step 5. Combining (7.34) and (7.35) and taking (6.3) and (7.28) into account

we obtain the required inequality (7.29).
The theorem is proved.

The finiteness of N, ri,3..(f) allows one to establish some interesting conver-
gence properties of the sequence { f7}. More precisely, the following assertion holds.
Theorem 12. If BSNP {mp},c(f) < +oo for some ¢ = 3/e and § € (0, 1], then:

(i) {f7} converges to f mg-almost everywhere on S and converges to Extg fmg3(f)
everywhere on X \S;

(ii) [/ = Exts ) (H)lr, 00 — 0 as j — oo;

(iii) for each k € N, || f7 = fllL,(m,) — 0 as j — oc.

Proof. Recall Remark 2. By Proposition 28 and Definition 19 the sequence {f7}
converges to the function Extg fm,}(f) everywhere on X\ S. Now we recall Defini-
tion 14 and fix an arbitrary point € R(m,} (f). Since Ry, (f) C S, from (7.9)
and (7.15) it follows that f7(z) = f;(z) for all j € N. Hence using (7.3) and (7.6)
and Theorem 5, for every j > 2 we have

f@) =@l < Y eia@lf@) -~ fial

a€A;(S)
PIRAC fp W@ swlim@ <0 f 15 - sl

(7.36)
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Now, using (1.8) we obtain
)= P@I<Cf 1w - fwldm ) 0, o

Combining this observation with Theorem 10 we arrive at assertion (i).
Now let us prove (ii). Given i > 2, by Lemma 9 there exists an (S, 2, 2¢/~!)-nice

family B such that
_ P
Z M(Bi—l,a)( m;_1 (fv i— 1,01))

Bi_1,aNU;_2(8)#£2

< c%mm( - 1<f, )),, (7.37)

Given i > 2, by Remark 20 we have || St;[f][|z,x) = [ St:[f]l|L, v, _.(s))- Hence we
apply Lemma 11 to v =y and E = U;_2(5), use (7.37) and take Definition 18 and
Remark 17 into account (here we use the estimate gmk(B) (f,aaB) < Cgmk(B) (f,c2B)
for 1 < ¢1 < co, which follows from Remark 3 and Theorem 5). As a result,
given ¢ > 2, we obtain

1St (£, x) < C€' BSNp {mk} (f)-

Thus, by the triangle inequality, for each [ € N such that €=' < § and any m > [
we deduce

£ = ™00 < D IStlflllz, x) < Ce BSN (o (f)-
1=l+1

Consequently, ||f! — ™z, x) — 0asl,m — oo. Since L,(X) is complete, there
exists ' € Ly(X) such that ||[F — f7||, x) — 0 as j — oo. The classical arguments
ensure the existence of a subsequence {f’s} converging to F p-almost everywhere.
On the other hand the measure p is absolutely continuous with respect to the
measure mg and, consequently, using assertion (i) already proved we obtain F' =
Extg {m,}(f) in the sense of equality almost everywhere. This proves the claim.

To establish (iii) we fix k& € Ng. Given ¢ > 2, by Lemma 9 there exists an
(S,3/e,2€¢ " )-nice family B such that

= (e (1250

Ei—l,anUi—Z(S)ig
p
<Cka(B)< - 1<f, >) . (7.38)
BeB

For each i € N, ¢ > 2, we apply Lemma 11 to v = my, and E = U;_5(S), use (7.38)
and take Remark 20 into account. This gives

p
L(m;C szk <m71<f7 >)
BeB

1St (/]
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Thus, by (1.6), Definition 18 and Remark 17, for each ¢ > 2, i > k, we obtain
(here we use the estimate gT“k(B)(f’ c1B) < Cé’mk(B)(f, coB) for 1 < ¢1 < ¢g, which
follows from Remark 3 and Theorem 5)

ISt (AT, (e < CeP=D1(BSNZ ().

Since 6 € [0,p), given 6 € (0,1], an application of the triangle inequality gives,
for all sufficiently large I € N and all m > [,

1 = F™ Ly me) < Z 1St: (f) |2,y (me) < Ce@=OD/PBIND Ly (£)
i=l+1

Since Ly(my) is complete, there exists h € Ly(my) such that [|h— f7]| (m,) — 0 as
j — oo. Thus, there is a subsequence { 7=} converging to h my-almost everywhere.
Combining this fact with the above assertion (i) and (1.8) we obtain h = f in the
sense of equality my-almost everywhere and complete the proof of (iii).

The proof is complete.

While the finiteness of BSNp {my e (f) for small § > 0 is sufficient to control
the convergence of the sequence {f7} in the L,(X)-sense, it is still not sufficiently
powerful to obtain an appropriate estimate for the limit in the L,(X)-norm.

Theorem 13. Given ¢ > 3/¢, there exists a constant C > 0 such that

[Exts (me} ()2, 0 < CBSNp mey.c(f)  for all f € LP({my}). (7.39)

Proof. The arguments used in the proof of assertion (ii) of Theorem 12 give, for
any m > 2,
/™ = ML, ) < CBSN (m,3.e(f)-

On the other hand, from Lemma 13 we obtain

1, ) < ClF Nz, (me)-

As a result, by the triangle inequality and assertion (ii) of Theorem 12,
[Exts, tmiy (N2, 00 = lim 1L, x) < CBSN fm,}.c(f)-

The proof is complete.

Unfortunately, it is difficult to estimate || Extg (m,}(f)|lz,(x) from above in terms
of Np, fm,}.,c(f) with a constant C' > 0 independent on f. On the other hand, we
have a weaker result which, however, is sufficient for our purposes.

Corollary 1. Given ¢ > 3/e, for each f € L,(mg) there exists a constant Cy > 0
such that

1Exts (my.} ()L, x) < Cr Ny myy.e(f)- (7.40)
Proof. If Np tm,1,c(f) = +o0o, then one can put Cy = 1. If f € L,(my) and
p,{mk}ﬁ(f) < 400, then by (7.28) there is § = §(f) € (0,1) such that

BSNP {mp},e(f) < +oo. Hence BSN 1,3 o(f) < +00 by Lemma 6. This fact, in
combination with Theorem 13, proves the claim.
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Now we are ready to prove the key result of this section. We recall Definition 7.

Theorem 14. IfN,, 1, 3..(f) < +00 for some ¢>3/e, then Extg (m, 3 (f) €W, (X).
Furthermore, there exists a constant C > 0 such that

Chy (Exts, {me} (f)) < CNp tmpr.e(f)  for all f € LP({m}). (7.41)

Proof. If N, tm, .} (f) =00, then inequality (7.41) is obvious. If N, 1,1 c(f) <400,
then by Theorem 12 and Corollary 1 we have Extg (m,}(f) € Lp(X) and f7 —
Extg {m,}(f) as j — oo in L,(X)-sense. Furthermore, from Theorem 11 we obtain

Chy (Bxts, my} (f)) < Lim [[1ip 7|, x) < CNp gmppe(f)-

J—00

By Definition 7 this implies that F' € W) (X) and (7.41) holds.
The proof is complete.

§ 8. Comparison of different trace functionals

The aim of this section is to compare the functionals CNy, rm, 1, BN}, tm, 1,05
BSN, mi},c and N g, 1. Recall that these functionals are originally defined on
the space L°°({m;}) and take their values in [0, +oc0].

Throughout this section the following data are assumed to be fixed:

(D.8.1) a parameter p € (1,00) and an mm.s. X = (X,d, ) € Ap;

(D.8.2) a parameter 6 € [0,p) and a closed set S € LCRy(X);

(D.8.3) a sequence of measures {my} € My(S) with parameter € = e({my}) €
(0,1/10].

We recall Definitions 18 and 20. The first keystone result of this section is
straightforward.

Theorem 15. For each ¢21, N, (m,},c(f) S2BSN, (m,1,0(f) for all f € L*¢({my}).

Proof. In the case when BSNy, f,1..(f) = +00 the inequality is trivial. We fix
f € L*°({my,}) such that BSN,, (m,}..(f) < 400. Since each (S, ¢)-Whitney family
is an (S, ¢)-nice family, we have

- 1/p
Sup(z LB) (gmk(B) (f7 CB))p> < BSNp,{mk}.,c(f)7

BeB (rp)?

where the supremum on the left-hand side is taken over all (S, ¢)-Whitney families B.
On the other hand, by Remark 17 we have

%BSNZ,{mk},c(f) < BSNp,{nw},c(f)'

Combining these observations we obtain the required estimate.
The theorem is proved.

To go further we recall the notation adopted at the beginning of § 5. Furthermore,
we set By () := B () for all k € Z and all z € X.
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Proposition 30. Let ¢ > 1, and let k € Ny be the smallest k' € Ny satisfying
et < 1/(2¢). Then there exists a constant C > 0 depending on p, 0, k, ¢ and Cqn,y
such that if k >k, r € (¥T1,¢*] and B, (y) is a closed ball such that SN Be,.(y) # &
and B, (x) C B (y) for some x € SN Be-(y), then

gmlc (fv Bcr(y)) < C inf gmk—ﬁ(fv Bk*@(z)) fOT‘ all f € Llloc({mk})' (81)

ZeBCT(y)

Proof. We fix a ball B,.(x) C Be.(y) centred at * € SN cB,(y). Since r/e > €,

we have

Bj_i(z) C (20+ k1+1)B () and ¢B,(y) C Br_r(z) forall z € cB,(y).

(8.2)
Since z € S, it follows from (8.2) and Theorem 5 that

sup my(Bip_k(z)) <m <<QC+ kl_H)B (x)) < Cmy(Br(2)) < Cmy(eBy(y)).

2€Ber(y)

Hence, by the second inclusion in (8.2), Remark 3 and (1.8), for each z € B.,(y)
we have

gmk(f7CBr(y)) < (mk CB ) /Bk ) Ak k(z) (w)|dmk(v) dmk(w)
c ][Bk k ][Bk ) = ) d g0 ) < C (. Bics ).
(8.3)

Since z € Be,(y) was chosen arbitrarily, the claim follows.

We recall that in Theorem 2 we defined CNy, 1, 3 (f) := CNp fme3y (F)+ 1 FII L, (mo)

for f € Li*¢({my}). The following assertion is the second keystone result of this
section.

Theorem 16. For each ¢ > 1 there exists a constant C' > 0 such that

BSN,, tmet.c(f) < CCNp ey (f)  for all f € LP°({my}). (84)

Furthermore, for each 6 € (0,1/(4c)] there is a constant C > 0 (depending on )
such that

IBSNY, (in, 3. () = £ 12y tmo | < Cllf oy 120 (st (8.5)

Proof. We put § := 1/(4c). Let k be the smallest k € Ny satisfying € < 6.

We start with the second claim. We fix § € (0,8]. Without loss of generality
we may assume that f?mk} € Ly(U(c41)5(S)) because otherwise inequality (8.5) is
trivial. Let B° be an arbitrary (S, c, §)-nice family of closed balls. Since cBNS # @
for all B € B°, we obtain

B C Uii1)5(S) for all B € B°. 8.6
(e+1)
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We recall the notation (2.15). Given k > k and B € B?(k, €), we use Proposition 30
for ¢ replaced by 2c¢. This gives

gmk: (fa QCB) < Czuel]g gmk—ﬁ(f7 Bk—&(z))'

Consequently, we have

(B)

(rp)?

=

(Emscn (£:268))” <C [ (Fy )P ). (8.7)

Combining (8.6) and (8.7) and taking into account that B° is a disjoint family of
balls we obtain

Z ZA(BB)E)( mk(B)(f720B C’Z Z / f{mk} )P du(y)

BeB? k>k BEB (k,e)

<c (o ()P diz).
Uet1)s(S)

Since B? was chosen arbitrarily, the claim follows from (6.3).

To prove (8.4), given an (5, ¢)-nice family of closed balls B, we split it into two
subfamilies. The first, B, consists of the balls of radius greater than or equal to &
and the second is B2 := B\ B!. Applying Lemma 5 we obtain

> M(B)( Empim (f,2¢B)) C/ Lf ()P dmo(y). (8.8)

BeB! (TB)p

On the other hand, using (8.5) just proved and taking (1.11) into account we obtain

5= ) (s (1:268))" < C(CN (1) 59

nege rB)P

It remains to combine (8.8) and (8.9) and take into account that B was chosen
arbitrarily. This proves the first claim.
The proof is complete.

The following lemma is an important ingredient for comparing the functionals
Ny (my},c and BN, (4, 1.5. Recall that in Theorem 2 we set

BN, iy (F) = 1 Ly (mo) + BN iy (F) - for f € Ly ({mp}).

Lemma 14. For each ¢ > 1 and every o € (0,¢2/(4c)) there exists C > 0 (depend-
ing on o) such that for each (S, c)-Whitney family of closed balls B

B
Y= Z (“:B)B)( Empimy (f:2¢B))”

BeB
< C (BN, qm,1.0()" forall f € LY*({my}). (8.10)
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Proof. We put & := ¢2/(4c) and let k be the smallest k € Ny satisfying ¥ < 1/(4c).
Since B is an (5, c)-Whitney family, we have ¢cBN S # & for all B € B. We
recall the notation (2.15). Given k > k and B € B(k,¢), it is easy to see that
B C B(gct1)yry (x) C Ber—x(x) for all x € 2B N S. If B € B(k,¢) for some k > k,
then

|

rp = £ ek
Hence for each k > k and every o € (0,7] we have
2¢BNS C Sk_i(o) for all B € B(k,e). (8.11)
Given k > k and B € B(k, €), by Proposition 30 (for 2¢ instead of ¢) we have

Em, (f,2¢B) < C inf En,  (f, Bk—r(y))- (8.12)
yE2cB -

It follows from (1.7) and (1.8) that
nB) _
(rp)P

This estimate in combination with (8.12) leads to the inequality

u(B)
(rp)P

As a result, using (8.11) and taking Propositions 4 and 7 into account we derive

ka*E(B) < ka,E(QCB n S)

(Ema (f,2¢B))” < C /  (Ema o Buea) (),

DY ) Eme(f.2¢B))"
k=k+1 BeB(k, 5)
< C Z / (gmk,—g(fu Bk*&(y)))p dmk*&(y) < C(BNp,{mk},a(f))p'
k=k+1 Sk k(U)

(8.13)

On the other hand, by Lemma 5 we clearly have

ZZ

k=0 BeB(k, e)

Eme(f.20B)))" < C / FEPdme(z).  (8.14)

Combining (8.13) and (8.14) we obtain (8.10).
The lemma is proved.

Now we are ready to formulate and prove the third keystone result of this section.

Theorem 17. Given ¢ > 1, there exists a constant C' > 0 such that for each
o € (0,€2/(4c)) the inequality

Np,{mk,},()(f) < CBNp,{mk},a(f) (815)

holds for any f € L'**({my}) satisfying CN, (m,}(f) < +oc.
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Proof. We fix an arbitrary o € (0,€?/(4c)). If CN,, m,1(f) < +o0, then by Theo-
rem 16 we have

1muﬁN;mﬁpw><c(gg.ﬁmﬁuAmHmw»+|ﬂuwmQ

6—0
= O(”f,?mk}HLp(S) + ||f\|Lp(mo))- (8.16)

On the other hand, by Lemma 14 we obtain

sup » (f((jg))j?(gmkw)(f, 2¢B))" < C(BN, {myy.0(f))7, (8.17)
BeB

where the supremum is taken over all (S, c)-Whitney families B. Collecting esti-
mates (8.16) and (8.17) we obtain (8.15).
The theorem is proved.

Finally, the fourth keystone result of this section reads as follows. We recall (1.11)
and (1.14).

Theorem 18. For each o € (0,1) there exists a constant C > 0 such that

BNy (w10 (f) < CCNp (i (f)  for all f € LY({my}). (8.18)
(

Proof. We recall the notation (1.13) and (2.3). We put Si(0) := S (o) and By, :=
Bi(X,e€), k € Ny, for brevity. We set By (z) := B () for k € Ny and z € X, as
usual. For each k € Ny and for any ball B € B that has a nonempty intersection
with Sk(o) we fix a point xg € BN Sk(0) and a ball B = B'(B) C By(zp) \ S of
radius g > o€,

Since ¢! > 10, given k € N and B € By, for any point z € B’(B) we have
By_1(%) D 2B (y) and 2By (y) D B for all y € BN Sk(o). Hence, by Proposition 30
(forx=y,c=2and k=1)

Em,, (f,2Bi(y)) < C&m,_,(f, Br—1(2)) forally € BN Sk(o) and all z € B'.

On the other hand, by Remark 3 and Theorem 5 we have &n, (f, Bx(y)) <
Céum, (f,2Bi(y)) for C > 0 independent of f, k and y. These observations, in
combination with the uniformly locally doubling property of u and (1.6), give

k(0—p) / (Eme (f, Bi(v)))" dmy(y)
BNSk (o)

<6k(9_p)mk(3) inf (&nk—l(f’Bk*l(Z)))p

ZG%B/

<CUB) inf oy <C [ (fly @V du). 319)

Given k € N, the key property of the balls B'(B), B € By, is that for some
L =1(0) € N (because € € (0,1/10])

1
§B’(B) C Uper (S) \ Uert1(S)  for each B € By, such that BN Sk(o) # @. (8.20)
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Furthermore, since 1 B’(B) C 3B for all B € By, and the family {1B: B € By} is
disjoint by Proposition 7, we have

M({;B’(B): B € By and BN Si(o) # @}> <. (8.21)

Consequently, using (8.19)—(8.21) and Proposition 4, for each k € N we obtain
A [ (e, (1, Bul))” de(a)
Sk (o)

<O 3 /B o (En 1 B@))” 0

BeBy,

< X
B;k 3 B'(B)
BNSk(0)#2

Py P dut) < | ( (s )7 duly).

—1(S)N\Uk+1(S)
As a result, we have

S0 [ (e, (1. Bua)) dmn(e) C [ (f ) due). (522
k=1

Sk (o) Uo(S)

Combining (8.22) with (1.11) and (1.14) we obtain (8.18).
The theorem is proved.

§ 9. Trace inequalities for the Riesz potentials

The aim of this section is to establish a Hedberg-Wolff-type inequality. Of course,
the results of this section are not surprising for experts. Nevertheless, the author
has not succeeded in finding a precise reference in the literature. We present the
details for completeness.

Throughout the whole section we fix the following data:

(D.9.1) a parameter ¢ € [1,00) and an m.m.s. X = (X,d, u) € Ay;

(D.9.2) a locally finite measure m on X, a parameter ¢ € (0,1/10] and a number
keZ.

Having Proposition 10 at our disposal we fix a family {Qg o} of generalized
dyadic cubes in X and introduce the essential part of X by letting X :=
Mres UaEAk(X,e) Qk,o. Furthermore, given a generalized dyadic cube Qo in X,
we put

@k,a = U{Cl Qk,a’ :cl Qk,a’ N 5B, (Zk,a) 7& @} (91)
From Propositions 7 and 10 we easily obtain the following assertion.

Proposition 31. There exists a constant C' > 0 such that
M{Qra: a € Ax(X,0)}) <C  for all k > k.

From (9.1) and properties (DQ2) and (DQ3) in Proposition 10 we immediately
obtain the following result.
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Proposition 32. For each k > k and o € Ap(X,¢)
(H@Qjs: Qip C Qria} C Qra forallj > k.

Given a point « € X and a number k > k, there is a unique a(z) € Ax(X,¢) for
which z € Qo (z)- In what follows we set

Qk,a(‘r) = Qk,a(w) and @k,a(x) = @Iua(z)- (92)

Given a Borel set E C X such that u(E) > 0, we put

= m(E) iam
an(E) = W(E) d E. (9.3)

Given R € (0,¢E], the restricted Riesz potential of m is the mapping If[m]: X —
[0, 4+00] defined by

Iflm)(z) == Y am(Bu(z)), z€X. (9.4)

e* <R

We also introduce the restricted dyadic Riesz potential of the measure m by the

formula Z R
N am(Qk,a(x))a MRS X7
Im)(x) == { <r (9.5)
0, z e X\X.

Given p € (1,00), we set p’ :=p/(p—1). Given a Borel set £ C X and a parameter
R € (0, €Y, the restricted energy and the restricted dyadic energy of the measure m
are defined by

efm(E)i= [ (I"w)(@)” du(e) and EFfml(E) i= [ (Fml(2)” o).
E E

(9.6)
By (DQ4) in Proposition 10 it is clear that

Qr.o C 9B (21.0). (9.7)

Hence, by the uniformly locally doubling property of p there is a constant C' > 0
such that for each R € (0, €k],

I%m)(z) < CT%[m](z) for all z € X. (9.8)

The following elementary observation will be important in the proof of Theo-
rem 19 below.

Proposition 33. Let j > k and 8 € A;(X,¢€). Then

Y Y a@ea) < _inf ITMml(2), ke {k....j).

z€Q; gNX
k'=k Qu..0Q;s QpnX
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Proof. Indeed, by (9.2)

Z Z am(@k/

k'=k Qi .o DQj,8

Qk’ for all z € Qjﬁ. (99)

I M“

Combining this observation with (9.5) we obtain the required estimate.

The following three assertions will be crucial in what follows. In fact, the cor-
responding proofs are based on ideas very similar to the ones used in the proof of
Proposition 2.2 in [43]. However, in order to realise these ideas in our case we must
make some modifications because of the lack of Euclidean structure. We present
the details.

Lemma 15. Letp € (1,00). Then there exists a constant C' > 0 such that for each
R € (0, €] the inequality

~ ~k ’_

EmE <H Y Y @) [ W@)P ) (90)
P <R a€AL(X,€) Qr,aNE

holds for any Borel set E C X.

Proof. First of all, we claim that

(Tm)(@)” <p' Y am@ral@)T m]@@)" 1,  zeX (9.11)

e*<R

Indeed, in the case when I%[m](z) = +oo the inequality is obvious. Assume that

IAR[m](x) < +00. Recall that for any s > 1 the elementary inequality 3° — a® <
s(8 — a)B*~! holds for all real numbers 0 < o < 3. Hence, given z € X, if k € Z is
such that e* < R, then

(= am@mwy (= am@mwy

j=k j=k+1

< (n(@une)) (L am(@ia(o)) )

Jizk

p'—1

Clearly, if T%[m](z) < 400, then we have I [m](z) — 0 as k — oo. Thus, the
standard telescopic-type arguments, in combination with the above inequality, lead
0 (9.11). As a result, combining (9.5), (9.6) and (9.11) and taking into account
(DQ5) in Proposition 10 we arrive at the required estimate.

The lemma is proved.

Now we can estimate the restricted dyadic energy from above in the case when
p =2

Lemma 16. Let p € [2,00). Then there exists a constant C' > 0 such that, for
each R € (0,¢E] and any Borel set E C X,

E) < ¢ Z Z ekm(éjk,a)(am(@k,a))p/_1~ (9.12)

# <R Qk,aNE£D
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Proof. We fix R € (0,e] and a Borel set E C X. We have p’ € (1,2], and so
p’ —1 < 1. We change the sum and the integral, use (DQ1), (DQ2) and (DQ5)
in Proposition 10, and take (9.3), (9.5) and (9.7) into account. As a result, given
k> k and a € Ay(X, €), we obtain

L‘(C;k,a)/Qk,mE(fEk[m]( ) " du(z) (fka;am 5, 5(e) du(a )) p—1
< ( ) ;k N % (@m))p_,

Given j > k, using Propositions 31 and 32 we obtain ZQjBCQkam(Qj"ﬁ) <

Cm(@k,a). Hence, using the above inequality, (DQ4) in Proposition 10 and the
uniformly locally doubling property of the measure p, we derive

- T Tl () Y du(z ekM v a0 =1
1(Qk,a) /Qk,amE(I [m](=)) dp(z) < C< M(Qim)) < Clam(Qr,a))? -
(9.13)

Finally, using Lemma 15 and (9.13), we obtain (9.12) and complete the proof.
Now we are ready to establish the keystone estimate.

Theorem 19. Let p € (1,00). Then there exists a constant C > 0 such that,
for each k >k,

€ [m](Q.o) \CZ Yo Im(Q)p)(am(@ )

J=k Q;,8CQk,a
for all a € Ax(X,€). (9.14)

Proof. In the case when p € [2,00) the assertion of the theorem follows from
Lemma 16.

Consider the case when p € (1,2). We fix k > k, a € Ax(X,¢) and argue by
induction. More precisely, the base of induction is that (9.14) holds for p’ € (1,1],
where [ = 2. We are going to show that (9.14) holds for each p’ > 1. We
assume that (9.14) is proved for p’ € (1,1], for some | € NN [2,00), and show
that (9.14) holds for all p’ € (1,1 + 1]. We use Lemma 15, and then take into
account that p’ — 1 € (1,1]. As a result, we obtain

EmQra) < Y. Y an(@Quar) /Q (T [m] ()"~ du(z)

k'=k Qi o' CQk,a k'

<CY Y am@ea) Y, DL Em(@Qip)(am(@sp)”

k'=k Qs o CQk,a J=k Qj,sCQRL o
Changing the order of summation we obtain

J

[ Qka CZ Z ém (Qjﬁ)(am Qjﬁ p/—QZ Z am(@k’7a’)~

7=k Q;,8CQk,« =k Qo DQj,8
(9.15)
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Hence, by Proposition 33, (9.3) and (9.7), and the uniformly locally doubling prop-
erty of p,

Q)<Y Y /Q Qi) (. (B, )21 () d(z)

= kaCQk 1(Qj.0)

<C Z am (Q.(2)))" (T [m] () dps(z). (9.16)

Qrka j—

An application of Holder’s inequality for sums with exponents ¢ = (p' — 1)/(p' — 2)
and ¢’ = p’ — 1 gives

> S
Z(am(Q], Z Om QL 1/(p -1 (am(Qj,g(x)))p —2+(p'-2)/(p' 1)
j:k J:k

A @' =2)/('-1)
) . (9.17)

< O [m)(z)) /@Y (Z(am(@j,a(w)))p

=k

Now we plug (9.17) into (9.16) and apply Holder’s inequality for integrals with
exponents p’ — 1 and (p' — 1)/(p’ — 2). This gives

€ m](Qka)
< C /ésk 1/(17 _1) am i3
< O(& m)(Qu.0)) (/Q S (an(@35(2)” du(a)

ka] k

)(p/—Q)/(z)’—l)

As a result, if @;k (M(Qk.a) < +00, then we have the required inequality

[ Qka C o Zangﬁ ()

<0 Y Om@pan@) . (918)

7=k Q;,3CQk,a

To remove the assumption @;k [M(Qk,a) < 400 we proceed as follows. Given

I €N, we consider the [th truncation of the restricted Riesz potential ¢ [m]
obtained by summing only over I < k¥’ < k in (9.5) (note that here we use the index
k' instead of k in (9.5)). Clearly, the corresponding truncations of the restricted
dyadic energies @;L’Gk [m](Qk,«) are finite for all [ € N. Repeating the above argu-
ments with minor changes, for any fixed | € N we obtain an analogue of (9.18) for
/Q\E;k [m](Qk.) replaced by @;lvfk [M](Qk,o)- Then we pass to the limit as I goes to
infinity.
The theorem is proved.

Given R > 0, the restricted Wolff potential is a mapping W [m]: X — [0, +o0]
defined by

Whm(z) == ) (ekpm)p'l, reX. (9.19)
*<R €
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Now we are ready to establish a Hedberg-Wolff-type inequality.

Corollary 2. There are constants c1,co > 1 depending on € only such that the
following holds. Given p € (1,00), there is a constant C > 0 such that for each
R € (0, €] and every Borel set E C X,

eFmE)<C [ W Tml(y) dm(y). (9.20)
o Rr(E)

where U, r(F) = {y € X: infyepd(y,z) < caR}.
Proof. We fix R € (0, €k], recall the notation (2.18), and put k := k.(R). By (9.6),
(9.8) and (DQ5) in Proposition 10,
~ k
CmI(E)<C D € [ml(Qra): (9:21)
Qk,amEig
From (DQ1) in Proposition 10 and (9.1), (9.7), given j > k, it is clear that, for any
generalized dyadic cube @); 5 in X we have
B (Zjﬁ) - @j,g C Bigei (y) C Bo7ei (Zj,g) for all y € @jﬁ.

Hence, using the uniformly locally doubling property of the measure 1 we obtain

(B N (B Y pm(Biso )\
m(Q]ﬁ)( m(QJﬂ)) <C @j,,@( FL(BlSeJ(y))) dm(y)

Combining this estimate with Theorem 19 we deduce

& Q) <C [ DS X, (I ). 022

J=k Q;,8CQRkK, a

For each j > k we put k(j) := kc(18¢’) (we use the notation (2.18)). By the
uniformly locally doubling property of u it is easy to see that

¢ m(Bisei (¥)) o) m(Bero) (y))
1(Brsa) = WBoo )

Hence, letting ¢; = 18¢¥/R and taking into account (9.19) and Proposition 31,
we can continue (9.22). This gives

& m](Qra) < C : W] (y) dm(y). (9.23)

We put c; = 11¢¥/R. By (9.7) we have @ha C U,r(E), provided that
Qr,o N E # @. Hence combining (9.21) and (9.23), and taking Proposition 4 into
account we obtain (9.20).

The corollary is proved.
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§ 10. Proofs of the main results

In this section we prove Theorems 2—4. We recall Proposition 13.

Throughout this section we fix the following data:

(D.10.1) a parameter p € (1,00), an m.m.s. X = (X, d, u) € 2, and a parameter
g € (1,p) such that X € 2;

(D.10.2) a parameter 6 € [0,¢) and a set S € LCRy(X);

(D.10.3) a sequence of measures {my} € My(S) with parameter € = e({my}) €
(0,1/10].

Again, we recall the notation (2.18) and (2.20).

Lemma 17. Let o > 6/p. Then for each R > 0 there is a constant C' > 0 such that
M550 ()2, (mo) < Cllgllz, ) for all g € Ly(X). (10.1)

Proof. Given g € L,(X), let

Xo(g) :== {J: € X: }%imOMZfa(g) = O}.

By Proposition 15 and Holder’s inequality, Hap(X\ Xo(g)) = 0. Since ap > 6,
by (2.27) we have Hg(X \ Xo(g)) = 0. By Proposition 20, we have my(X \ Xo(g))=0.
Using this observation and Hélder’s inequality, we see that MJ, (g)(x) < +oo for
all z € Xo(g). Given = € Xo(g), we fix r, € (0, R] such that

1/q 1
e (£ wram) > gk
By, (2)
We put G :={B,_ (2): € Xo(g)}. Given k € Ny, we put

R R
E, = {a: € Xo(g): mz € (2k+1, 2,4} and Gy :={B,, (x): © € Ey}.

Obviously, Ey N Ej = @ for k # j and Uycy, Ex = Xo(g). Hence

/X(M;?a( )())P dmg(z Z/E 2))P dmg (). (10.2)

Given k € Ny, using Vitali’s 5B-covering lemma we find a disjoint family of balls
Gr C Gy, such that Ej, C U{sB: B € gk} Using the uniformly locally doubling
property of u we obtain
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By Theorem 5 and (1.6) we have mg(5B) < €25 u(B) for all B € Gj,. Consequently,
using Hdélder’s inequality and Propositions 4 and 7 we deduce

/| (ML (0) () dmo() < €210 B% u65) { Tl auty)
< C2H0mer) 3" P duy) < C25C=P) [ o) [P du(y).  (10.3)
Be Qk/ /

Since ap > 6, a combination of (10.2) and (10.3) gives (10.1).
Lemma 17 is proved.

The following result is crucial for our analysis. We recall (2.11), and throughout
this section we put Fg := Fg,,. Furthermore, we set By (z) := B (x), as usual.

Theorem 20. For each ¢ > 1 and p € (q,p| there exist C > 0 and ¢ > ¢ such that,
if Bi(2') C ¢Byg(z) for some k € Ng, 2’ € S and x € X, then

) 1p
f o 20~ P, o) < Cek( f o (L) du(y)> (10.4)

for all F € W)(X).

Proof. Fix ¢ > 1. We also fix k € Ny, 2’ € S and = € X such that By(z') C ¢By(x).
Throughout, we put B := By(z).
Step 1. By Definition 9, for mp-almost all y € ¢B N S we have

[Fls°(y) = Fep| = lim |Fp, ) = Fe| < [Fpy(y) = Fen| + > 1Fsw) = Fapnwl-
i=k
(10.5)
Combining Remark 3 with Proposition 16, for mg-almost all y € ¢cB NS we obtain

oo (oo} ]
Z |FBi(y) - FBi+1(y)| < Czel(][)\
i=k

i=k

1/q
<|VF|*,p(v>>qdu<v>) C(106)

Bi(y)

We recall (2.20). Using the uniformly locally doubling property of u it is easy to
see that for each ¢ > k,

1/q
(][ <|VF|*,p<v>>Qdu<v>) <C_inf (][ (vr
ABi(y) z€Bi(y) \ J (A+1)B; ()
<C ][ MGV (IVFp)(2) dps(z) for all y € cB. (107)

1/q
*,p(v))qdu(v)>

As aresult, using estimates (10.6) and (10.7) and taking (2.6) and (9.4) into account
we obtain

[e%e] . -
£ X Fn - Froldm) <o 10" (9Pt dm) ).

(& i=k &
(10.8)
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On the other hand Bj(y) C (¢ + 1)B for all y € ¢B. Hence, using Remark 3,
Proposition 16 and Hélder’s inequality we obtain

_ 1/p
|Fp,(y) — Fenl < Cek<][ (IVF|sp(2))P du(z)) for all y € ¢eB. (10.9)
A

(e+1)B

Step 2. From the standard duality arguments it is clear that, given a constant
C > 0, a parameter R > 0 and locally finite measures v and o on X,

||IR[gV]||L1(a) < ClgllLy) for all nonnegative g € Li(v)
if and only if (we set p' :=p/(p — 1) as usual)
117 ko)l L, ) < CllhllLo () for all nonnegative h € Log(0).

Note that in (10.8) we work only with the part of the measure p concentrated on
(c+ 2+ MN)B. Now we set ¢ := max{c+ 2+ A\ A(c+ 1)} and apply the duality
arguments given above to the measures ¢ = my|.p and v = p|zp and to g =

Mé:})+1)€k(|VF|*7ngB). This gives
k ek'
|1 (9 F L xemil() dmeo)
(A1) = 1/
<c( [ @y Qv e duty)) (10.10)

for the constant C' := (Qf%k [mk](EB))l/ﬁl.
Step 3. By Corollary 2 we have

<Q>ﬁ'<0( e ) o)
ca+cC

Hence, using (9.19) and (1.6) and Theorem 5 we obtain

)y <c / ST (T N dmy (y) < Cu(B)FT-OF 7k (10.11)
(c2+20)B cie ek

Step 4. Since By(z') C ¢B, we have B C (¢ + 1)Bg(z'). Hence, using (1.7) and
the uniformly locally doubling property of u we obtain

1 1 6k0 6k9 k6

me(eB) = mBe@)) - B CutervBa <y 10

Step 5. Combining (10.5) with (10.8)—(10.12) and taking Proposition 12 into
account we obtain (10.4).
The theorem is proved.
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Now we recall (1.11) and establish the following powerful estimate.

Corollary 3. There exists a constant C' > 0 such that
CNyp (i} (FI5°) S CNIVF|pllL,x) for all F € W, (X) (10.13)
and, furthermore,
IF15° 2, me) < ClIFllwcx)  for all F € W, (X). (10.14)

Proof. We fix p € (¢,p) and put f := F|° for brevity. Using (2.12) and Theorem 20
for ¢ = 2, for each ball By(x), k € Ny, such that By(z) NS # @ (we set B(z) :=
B« (z)) we obtain

Ems (/. 2B4(x) < ][ e, 1) = P ol ami()

. \/p
cod(f qvrlPaw) . (o
¢Bg(x)
From Theorem 5 it is easy to see that ffmk}(x) < C'supyen, € “€my, (f,2Br(x))
for all € X. Hence, using (10.15) we obtain
Fla () < CME(|VF.p)(@) forall z € X.

As a result, an application of Proposition 12 gives (10.13).
We recall the notation (2.3) and fix a family B := By(X,e). By Holder’s
inequality,

Ji@rdn < S [ i@ dm)

BeB
BNS#2
P 2 my(B) )P .
<C Bze:B (/ |f(z) — Fap|” dmo( )+u(2B) /23 |F ()| du( )). (10.16)
BNS#Y

Given B € B such that BN S # &, by the triangle inequality we have
[ 19@) = Faup dmo(z)
B

< / |Fio(e — Fonl? dmo(z) + / £(@) — FaylP dmo(z).  (10.17)
B B

By Remark 3, |Fp, () — Fap| < CEL(F,2B) for all z € BN S. Hence, by Proposi-
tion 16,

/ Fay(e) — Fanl? dmo(z) < Cmo(B) ][ (VF|.,)Pdu(y).  (10.18)
B 2)\B
By Definition 9, given ¢ € (0,1/2), we have

o is
€
|f(x) — Fpya)] < E 6W|F]3i(gc) —Fp, (o] for mp-ae xz€Sb. (10.19)
i=0
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Using Holder’s inequality for sums, Remark 3, Proposition 16 and taking (2.20)
into account, for mp-almost all x € S we obtain

|f(z) = Fpy@)|" < Cze_ipé‘FBi(x) —Fp@l?

i=0
<C Z £t (P—pd) <f
i=0 A

p/q
<|VF|*,p<y>>Qdu<y>) < C(M_as(IVF.p)(@))".

(10.20)

By (1.6), mp(B) < Cu(B) for all B € B. We combine estimates (10.16)—(10.20),

and take Propositions 4 and 7 into account. Finally, choosing § > 0 sufficiently

small so that p — 2pd > 0 we use Lemma 17 for « = 1 — 24. This gives (10.14).
The corollary is proved.

We should warn the reader that the following result is not a consequence of
Theorem 20. Indeed, at this moment it has not yet been proved that Extg (y,} is
a right inverse of Tr|g°.

Theorem 21. Assume that {my} € M3 (S). Then for each ¢ > 3/e there exists
a constant C > 0 such that for every f € L'°({my}) satisfying N, (m,},.(f) < +00,
each k € Ny and any ball B = Bex(x) such that x € S,

1/p
][B F(y) — Faldmi(y) < C ( ][qu*,p(y))p du(y)) , (10.21)

where F':= Extg (m,}(f)-

Proof. We fix f € L*({m;}) such that N, {m,}.c(f) < +00. By Theorem 14 we
have F' = Extg {m,}(f) € W, (X). Consequently, the right-hand side of inequality
(10.21) makes sense. We recall the concept of a special approximating sequence
introduced in (7.15). By Theorem 11 there is a constant C' > 0 independent on f
and a subsequence {f7:} of the sequence {f7} such that for all sufficiently large
s € N we have

[|lip fjs||Lp(x) < ONp fmpye(f)-

At the same time, by Theorem 12 and Corollary 1 we have

hlelg ”fj”Lp(X) < C(f Np,{mk},c(f) < +o00.
J

By Definition 7 this implies that Ch,(f’s) < 4oo (while we do not claim that
the functions f7, j € N, are Lipschitz, yet it is not difficult to show that these
functions are uniformly locally Lipschitz, and so, multiplying them by the cor-
responding Lipschitz cut-off functions, one can easily obtain the finiteness of the
corresponding Cheeger p-energies) and, moreover, by Remark 8 |||V f7], ||, (x) <
CNp {my1,c(f) for all sufficiently large s € N, where the constant C' > 0 is inde-
pendent of f and s. Hence the sequence {7} is bounded in W (X). In view of
Proposition 17 there exists a weakly convergent subsequence of the sequence {f7s}.



Traces of Sobolev spaces to irregular subsets of metric measure spaces 1313

By Mazur’s lemma there is an increasing sequence {N; };en and a sequence of con-
vex combinations fNt := Zi\i’o Ny, fNH, where Xy, > 0 and Z?ilo Ny, = 1, such
that

||F - leHWI}(X) — 0 asl — oo.

Since, given | € N, the function le is continuous, the mg-trace of fN ! to S is an
mp-equivalence class of the pointwise restriction of fV to S. Hence from Theo-
rem 20 we obtain

B _ _ 1/p
£ P - ) < (£ OV 0r i) . 02)
B B

By Theorem 12 the sequence {f’} converges both in L,(X) (hence in L°¢(my))
and L,(my) to F and f, respectively. Clearly, the same holds true for the sequence

{fNi}. As a result, passing to the limit in (10.22) we obtain the required estimate.
The theorem is proved.

Now we are ready to show that our extension operator Extg (m,} is the right
inverse of the mg-trace operator Tr|g°. We recall Definition 14.

Corollary 4. Assume that {m} € M (S). If f € B(X) is a function such that
Ny tmpte([flmo) < +00 for some ¢ > 3/¢, then

lim [f (@) = Exts fm, 1 ()W) duly) =0 for Hp-a.e. & € Rym,3.(f)-

k—oo Bk(a:)
(10.23)
In particular, Tr|g° o Exts,{mk}([f]mo) = [flmo -

Proof. We put F' := Extg {m,}([f]m,). It is clear that, given & € Ny and x € S,
we have

][Bk@ (@) — F(y)] duy) < ‘f(x) - s dmk(y)‘

k()

i ][Bk(@ ][Bk(x) |/ (y) = F(y)l dm(y) dply) =: ; Rj,(x). (10.24)

By Definition 14 we have limy_ Rj(x) = 0 for all & € Rym,},e(f). On the other
hand, combining Remark 3, Propositions 15, and Theorem 21, we obtain

(R2(x))P < CevP ][ (IVF]sp)Pdu(y) — 0, k— oo, forHpyae xzelS.
B (z
() (10.25)
Combining (10.24) and (10.25) we derive (10.23). Finally, to prove the second claim
it is sufficient to use Theorem 10, Proposition 20 and take into account that the
inequality p > 0 implies that Hg|g is absolutely continuous with respect to H,|s.
The corollary is proved.

We recall the concept of a p-sharp representative introduced in §2.3.
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Proposition 34. Given F € W; (X), let F' be an arbitrary p-sharp representative

of F. Then Cp(S \ Rimy},e(F)) = 0.

Proof. One should repeat almost verbatim the proof of Lemma 4.3 in [21] using
(at appropriate places) Propositions 18, 15 and Theorem 20 of this paper instead
of Propositions 2.4, 3.1 and Theorem 3.1 from [21].

Proof of Theorems 2-4. We fix ¢ > 3/e and o € (0, €?/(4c)) and split the proof into
several steps.

Step 1. We recall Definition 20 and fix a function f € L°¢({m;}) such that
Ny fm},e(f) < +00. By Theorem 14 we have F := Extg (m,}(f) € W, (X). From
Corollary 4 we conclude that f € W (X)[§° and f = Tr|§°(F). Hence from Corol-
lary 3 we obtain CNp m,1(f) < +oo. By Theorem 16 this implies that
BSNy {m},e(f) < +oo for any ¢ > 1. Combining these observations with Theo-
rem 15 we prove the equivalence of (i), (ii) and (iii) in Theorem 2. An application
of Theorems 17 and 18 verifies the equivalence of (i)—(iv) in Theorem 2.

Step 2. By Theorems 13-16 we have (we put F' = Extg m,}(f))

[l xymo < 1 Mlwpx) < OBSNp gy y.0(f) < CCNp g3 (f)- (10.26)
From Remark 8, Theorem 14 and Corollary 3 we obtain

CilCNn{mk}(f) < H|VF|*,p

|,x) < CNp fmgy.e(f)- (10.27)

By (10.26) and (10.27) and Theorem 15 we have N, rm,3.c(f) = BSN,, (m,}.c(f) =
CNy {m,}(f). Finally, combining this fact with (10.26) and Theorems 17 and 18 we
obtain (1.15). As a result, we complete the proof of Theorem 2, and, furthermore,
we prove assertion (1) in Theorem 4.

Step 3. Now we prove the first claim in Theorem 3. If f € W[} (X)|s, then
by Definitions 8 and 9 it is clear that I, (f) € W) (X)[§°. Consequently, condi-
tion (A) in Theorem 3 holds. Furthermore, condition (B) in Theorem 3 holds by
Proposition 34. Conversely, assume that a function f € B(S) is such that condi-
tions (A) and (B) in Theorem 3 hold true. Note that the corresponding assertions
in §§7, 8 and 10, Theorem 2 and assertion (1) in Theorem 4 remain valid if we
replace the requirement {my} € 95" (S) by the requirement {my} € My(S) in
combination with condition (B) in Theorem 3. By Theorem 2, Definition 14 and
Corollary 4 we obtain f € W, (X)s.

Step 4. By Definitions 8 and 9 it is clear that In,: W, (X)|s — W}(X)[3" is
a continuous embedding. From Definitions 8 and 9 and Remark 10 it follows that
for each [f] € W) (X)|3® there is a representative f € W}(X)|s. Hence Iy, is
a surjection. Now we show that the mapping I, is injective on Wz} (X)|s. Assume
that, given f € W, (X)|s, we have Iy, (f)(z) = 0 for mg-almost every z € X.
Consequently, by (B) in Theorem 3 this implies that f(x) = 0 everywhere on S
except on a set of p-capacity zero, that is, f = 0 in the sense of Wp1 (X)|s- As aresult,
from Definitions 8 and 9 it follows easily that I, is an isometric isomorphism. This
verifies (3) in Theorem 4.

Step 5. We put m&{mk},p = Extg {m,} ©Im,- By Remark 10 this gives
a well-defined linear operator Extg fm,}.,: Wy (X)|s — W (X). Furthermore, since




Traces of Sobolev spaces to irregular subsets of metric measure spaces 1315

Iy : Wy (X)|s — W, (X)|§° is an isomorphism, from Definition 10 we see that
Tr|s = (Im,) "' o Tr|§° and conclude that the diagram in Theorem 4 is commuta-
tive. Since I, : W (X)[s — W (X)[5° is an isometric isomorphism, it follows that
||Eixts’{mk}’p|| = || Extg {m,} || Combining this fact with (1.15) we obtain (1.17)
and complete the proof of Theorems 3 and 4.

§ 11. Examples

In this section we show that many results related to Problems 1 and 2 and avail-
able in the literature are particular cases of Theorems 2—4 in this paper. In addition,
we present a model example (Example 8) which does not fall into the scope of the
previously known investigations. In fact, in some examples we present only sketches
of the corresponding proofs, leaving the routine verifications to the reader.

Ezample 5. First of all, we note that in the particular case of X = (R, || - ||2, £"),
by Theorem 3 and assertion (2) of Theorem 4 we obtain a clarification of the results
in [21]. Indeed, in contrast to Theorem 3, the criterion presented in Theorem 2.1
of [21] was based on a more subtle Besov-type norm. Furthermore, characterizations
via Brudnyi-Shvartsman-type functionals were not considered in [21].

For the next examples we recall the notation (1.13) and Definition 6.

Ezample 6. Let p € (1,00) and X € 2,. Assume, in addition, that the metric
measure space X is Ahlfors Q-regular for some @ > 0. Let 6 € (0, min{p, @}) and
S € ADRy(X). Since 6 > 0, we have (S) = 0. By Theorem 5.3 in [37] there exists
o > 0 such that for each € € (0,1] we have S (o) = S for all k € Ny, that is, the
set S is porous. We put my, = Hy|s for all k € Ny. In accordance with Example 3,
we have {my} € M (S). As a result, using the equivalence between (i) and (iv)
in Theorem 2 and assertion (1) of Theorem 4 we obtain the following criterion due
to Saksman and Soto [17] (see Theorems 1.5 and 1.7 therein).

A function f € L,(Hg|s) belongs to the space Wz} (X) 7319 if and only if the Besov
seminorm of f is finite, that is,

[e.°]

11 arng5) == D20 [ (B (1B e(@) M) < +oc.
o k=0

Furthermore,

||FHWI}(X)|?;9 ~ Hf”Lp('HeLs) + ||f||Bé;6/p(S)’

where the equivalence constants are independent of f. Moreover, there exists an

Hg | s-extension operator Extg € L(W, (X) Ho, Wy (X)).

Example 7. Let p € (1,00), X = (X,d, p) € A, and S€ ADRy(X). We recall Exam-
ple 3 and note that by letting my = p|g for k € Ny we obtain {my} € 9™ (S). We
recall a combinatorial result, which is a slight modification of Theorem 2.6 in [18].

Proposition 35. Let B be an (S, ¢)-Whitney family of balls. Then there exist con-
stants c1,¢o > 0 and 7€(0,1) and a familyU :={U(B): B€ B} of Borel subsets of S
such that U(B) C c1B, u(U(B)) = 7u(B) for all BEB and M({U(B): BeB})<cs.
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Based on Proposition 35, one can repeat the arguments used in Example 6.1
of [21] with minor modifications and deduce, for each o € (0,1), the existence of
a constant C' > 0 such that, for every f € L*°(u|s),

S 2k / (Eua (. Bae (@) duls(@) < CUF Ly uie) + 155y ure):
k=

Sk (o)
(11.1)
Hence, using the equivalence between (i) and (iv) in Theorem 2 and assertion (1)
of Theorem 4 we arrive at Shvartsman’s criterion [18].
A function f € Ly(uls) belongs to the space Wy (X)| if and only if fgu €
L,(pls). Furthermore,

I lwa e = ey uls) + HfﬂLSHLP(MS),

where the equivalence constants are independent of f. Moreover, there exists a pi| g-
extension operator Extg € LW} (X)[5, W, (X)).

Now we present a model example, which exhibits interesting effects arising in
the case when we describe the trace spaces to closed sets consisting of pieces of
different dimensions.

Example 8. Let p € (1,00) and X = (X,d,u) € 2,. Assume that X is Ahlfors
Q-regular for some Q > 1. Let B = Bg(x) be a closed ball of radius R > 0
centred at € X and v: [0,1] — X be a rectifiable curve such that I' := ([0, 1]) €
ADRg-1(X), T N B = ~(0) = {z} for some point € 9B and, furthermore, for
some k > 0, dist(y(¢), B) = l(v([0,¢])) for all ¢t € [0,1]. We put S := BUT and
recall Example 4. For each k£ € Ny we set my, := 2’“(‘9_1)”[54—7-[@,1 |r. Hence we
obtain {my.} := {my}p>, € MF",(S).

Given k € Ny, we mtroduce the kth gluing functional by letting, for each
feLye({m}),

L(f,z du(y) dHo—_1(2). 11.2
gl (/. ][BQBM ][m(w @) duly) Mo (2) (112)

We put k := min{k € N: 2¥ > 1/k} and a := 1 — (Q — 1)/p. Using Remark 3
and letting Bg(x) := By—x () and Si(c) := Sy-x(0) it is easy to see that, given
€(0,1),

E+1 1/p
(22’“‘”/3() mk(f,Bk(x)))pdmk(x)) SOfllLpuls) + 1y roi o)

(11.3)
Using the arguments presented in Examples 6 and 7 and taking into account that
for each k > k we have S N By(z) = B N By(x) for all x € B\ By_g(z) and
SNBy(xz) =T'NBg(x) for all x € '\ By_g(z), one can show that, given a sufficiently
small o € (0,1) (depending on I'),

3 gk / (Em (F Bu(@))dmp(@) < C(IFE 1T oy HIF e 1)-
k=k+2 Sk(6)\Br—k(z) B
(11.4)
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Since 1/e > 10, for x € Si(0) N Bi—x(z) and k > k we have Bk(x) C Bi—g—1()
and By_g—1(z) C Bg—g—2(x). By Remark 3 and Theorem 5, &
C’glkfkfl(f, z). Furthermore, it is easy to see that mk(Bk_E( x)
a result,

VB
N
Q
~

/ (5mk(f7 Bk(m)))pdmk(‘r) < C2_k(glkfkfl(f7£))p' (115)
Sk (o)NBr—k(z)

On the other hand, given x € Si(0) N B_k(z) and k > k + 1, we have Bj_x(z) C
By_p—1(x) and By_p_1(x) C Bi_g—2(z). Hence, from Theorem 5 and Remark 3
it is easy to obtain gl,, ;. _;(f,z) < C&m, (f, Br—g—2(x)). If o € (0,1) is sufficiently
small, then one can show that my(Sy(c) N By (z)) =~ 27%. As a result,

(gl (/)" < C2* /S o En U B @) dme).(16)

At the same time it follows from Examples 6 and 7 that there is C' > 0 such that
for all '€ W}(R"), for f = F|§° we have

Iy uls) + 1L, (g (o) + ||fﬁ@||L,,(u@) + 1 fllBg ) < ClIFllwa®ny- (11.7)

Finally, combining (11.3)—(11.7) it is easy to deduce the following result from
Theorem 2 and assertion (1) of Theorem 4.
A function f € Ly(u|B) N Ly(Hg|r) belongs to Wy (X)|5° if and only if fﬁ

Ly(pls). f € Byp @ V/P(T) and

(GL(f,m))P ==Y 2"~ (gl (f,2))? < +o0.

k=1

Furthermore,

Hf||w1(><)|‘“0 ~ ||fHLp(l"LB) + ||fHL (Holr)
+ ||f,§L£HLp(uL§) + ||fHB;;<Q—1>/p(F) +GL(f,z), (11.8)

where the equivalence constants are independent of f. Moreover, there exists an

mg-extension operator Extg (.} € LW, (X)]5°, W}(X)).

We conclude by presenting a natural generalization of Theorem 1.2 from [19].

Ezample 9. Let X = (X,d, 1) be a geodesic metric measure space. Assume that
X is Ahlfors @Q-regular for some @ > 1. Furthermore, assume that p € (Q,c0)
and X € 2,. Also fix a parameter 6 € [Q,p) and a nonempty closed set S C X.
For simplicity we assume that S C By (z) for some z € X. According to Example 2,
we have S € LCRy(X).

Combining results from [3] with Theorem 9.1.15 from [1] we obtain that each
F e Wz}(X) has a continuous representative F such that for each closed ball B,

1/p
sup [F(z) — Fa| < CrB(fB<|VF|*,p<y>>pdu<y>) | (11.9)

rEB
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Furthermore, it is clear that, given F' € Wz} (X), the p-sharp trace F|g is well defined
and coincides with the pointwise restriction of F' to the set S.

From Remark 3 it is easy to see that if a ball B,.(z) of radius r € (0, 1] centred
at € X is such that B..(x) NS # @ for some ¢ > 1, then for each sequence
{mi} € MG(S),

Empr (fs Baer(2)) < sup  [f(y) — f(z)| forall f e C(S). (11.10)
Y,2€Bacr (z)NS

We define the modified Brudnyi-Shvartsman-type functional on C(S) (with val-
ues in [0, +00]) as follows. Given a function f € C'(X), we put

— N T 1/p
BN =sup( L PPy ) - P

i—1 T y,2€Bsor; (z:)NS

where the supremum is taken over all finite dlSJOlIlt families of closed balls { B;}¥, =
{Bm ()}Y, in X of radii ; € (0,1], i = 1,...,N. In the particular case of

= (R™,]| * |loo, £™) our functional is very similar to that used in [19]. The only
dlfference is that in [19] the corresponding coefficient of dilation of balls was 11
rather than 60. Using (11.9) and Proposition 7 it is easy to see that

BSN ,(F|s) + inf |Fls(2)| < C[Flwyeo for all F e Wy(X). (11.11)

On the other hand, if x,, € S is a minimum point of f and zp; € S is a maximum

point of f, then it is easy to see that |f(zm) — f(za)| < (w(Bi(z )))71/”55\'./\//1)(]")‘
As a result, by (11.10)

BSN,, (m, .30 (f) < BSN () + sup | f(z)]

zES

<C(BSN,(f)+ it |f(2)]),  feC(s).  (11.12)

Finally, we apply Theorem 3 for e = 1/10 and ¢ = 30 and use (11.11) and (11.12).
This leads to the following criterion.

A function f € C(S) belongs to the space W (X)|s if and only ifggﬁp(f) <4o0.
Furthermore,

|£llwy cors = BSN,(f) + inf |£(2)],

where the corresponding equivalence constants do not depend on f. Moreover, there
exists a p-sharp extension operator Extg, € LW} (X)|s, W, (X)).
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