A PONTRYAGIN MAXIMUM PRINCIPLE FOR AGENT-BASED
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ABSTRACT. We derive a first order optimality condition for a class of agent-based sys-
tems, as well as for their mean-field counterpart. A relevant difficulty of our analysis
is that the state equation is formulated on possibly infinite-dimensional convex subsets
of Banach spaces, as required by some problems in multi-population dynamics. Due to
the lack of a linear structure and of local compactness, the usual tools of needle vari-
ations and linearisation procedures used to derive Pontryagin type conditions have to
be generalised to the setting at hand. This is done by considering suitable notions of
differentials and by a careful inspection of the underlying functional structures.
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1. INTRODUCTION

Presentation of the problem. Large systems of interacting agents, the so-called multi-
agent systems, have enjoyed growing attention from several mathematical communities in
recent years. Indeed, they may encompass a broad class of applications, including, e.g.,
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the modelling of autonomous vehicle ensembles [20], swarms and flocking structures in the
animal kingdom [27], coordinated animal motion [8], opinion dynamics on networks [9],
pedestrian flows [26], cell aggregation and motility [23,30], cooperative robots [25], and
influence of key investors in the stock market [11, Introduction|. The modeling of such
systems is usually inspired from Newtonian laws of motion and is usually described by
large dynamical systems based on pairwise forces accounting for repulsion/attraction,
alignment, self-propulsion/friction in biological, social, or economical interactions. On
the one hand, such discrete formulations often give rise to intractable problems because
of their very large dimensionality. On the other hand, for many applications one is not
interested in the exact pattern of the single agent, which may be indistinguishable from
another one, but rather on the collective behavior of the system. This point of view is also
relevant for control-theoretic purposes [2,3,33], where a policy maker aims at formulating
control laws which are as generic and global as possible in order to steer a given system
towards a desired goal.

To overcome the so-called curse of dimensionality one is naturally lead to consider
infinite-dimensional approximations of the class of multi-agent systems at hand. They
usually take the form of a continuity equation for the time-dependent distribution u
of the agent on the state space (a probability measure), driven by a possibly nonlocal
velocity field accounting for particle interactions and external control. This is often
referred to as mean-field approzimation of large particle systems (see [32] as well as the
survey [24]). These equations are studied in the space of probability measures endowed
with the Wasserstein metrics of optimal transport (see Section |4 below). The well-
posedness of mean-field optimal control problems, as well as their compliance with particle
formulations, has been addressed in several recent contributions (see, e.g., [22,28,29])
hinging on a variational approach.

From an applicative standpoint, the identification of mean-field optimal controls relies
on the implementation of suitable optimality conditions rather then on the direct min-
imisation of a cost functional. Such optimality conditions have been studied in the recent
literature [12.|14}/15]18,]21}134], resulting in a generalisation to Wasserstein spaces of the
celebrated Pontryagin Mazimum Principle (PMP). The works [12,|15|18] are of particu-
lar interest for our purposes. Indeed, in such papers the conditions of Pontryagin type
are recovered by adapting to the geometric setting of Wasserstein spaces some classical
tools coming from optimal control techniques in Euclidean setting, such as the use of
needle variations and linearisation of the evolution constraints. The optimal control has
to maximise a suitable Hamiltonian field H (v, u), where v is a probability measure on R??
accounting for both state and costate of the system, evolving through the Wasserstein
Hamiltonian flow driven by H.

In recent applications, a refined modelling comes into play, where the state space of
an agent is no more the Fuclidean, but is instead represented by a convex subset C' of
a possibly infinite-dimensional Banach space E. This point of view has been introduced
in the context of spatially inhomogeneous evolutionary games in [6]. In this case, the
state variable is a pair (z,\) € C := R? x P(K), where P(K) is the space of probability
measure on a compact metric space of pure strategies K. The agents’ state is therefore
described by their position x and by their mixed strategy A. A related point of view
has been considered in other contributions [41/5,31] to describe the evolution of systems
where each agent has a time-evolving degree of influence decoded by A. This is useful
in many applications where agents could belong to different populations, such as leaders
and followers. In particular, a mean-field selective optimal control problem has been
analysed in |1], where the action of the policy maker aimed at steering the whole system
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through a parsimonious intervention on possibly temporary leaders, i.e., via a control law
depending on the (time evolving) variable A. Notice that also the particle formulation
of this systems requires additional care, as the involved operators must satisfy a suitable
set of assumptions (see, e.g., [31]), in order to guarantee existence and uniqueness of
solutions for differential equations constrained to live in a given convex set (see [19]).

Our results. The goal of our paper is to extend the formulation of a PMP to the convex
constrained setting. The main technical tools are (i) a notion of differentiability for
functionals defined on a convex set C, (i) a weak notion of local differentiability for
functionals defined on P(C) , and (i) the introduction of a functional setting suitable
for linearisation and for the derivation of the adjoint equation.

We start with the controlled particle systems, which we recast in the form

min { /O ' L(t,c(t),u(t))dt} (1.1)

uel

subject to

aic(t) = A(t ce(t),u(t))  in (0,71,
{C(O) =co € C. (1.2)

In , U is a weakly compact space of admissible controls, while the assumptions on
the operator A are listed in (HAode) assure well-posedness of the state equation (|1.2))
constrained to C' and involve the notion of C-differentiability with respect to ¢ € C' (see
also [6]). In Theorem [3.4| we prove that the an optimal pair trajectory-control (¢(t), p(t))
solves

%<§2)=Hmmwwmmm@wm i 0.7).

C(O) =y € C,
p(T) =0 € Eg,

on C x Ef, where Eqc := R(C — (). Furthermore, the optimal control maximises the
Hamiltonian H (¢, c(t), p(t), u(t)) = (p(t), A(t, c(t),u(t))) — L(t, c(t),u(t)), where the du-
ality product is taken in Ef., Ec. The proof is based on needle variations and on passing
to the limit in the blow-up (c. — ¢)/e, where ¢. denotes the solution of the perturbed
problem. Here some care is required, since a linear structure is not available and can only
be partially replaced by convexity. In our setting tangent directions can be approximated
only at first order by the perturbed trajectories, so that a careful estimate of the behavior
of rest terms is in order. We refer to the proof of Theorems and for full details.
In Section [4] we turn our attention to the mean-field control problem

min { /0 "Lt (), u(t))dt} | (1.3)

uel

subject to

4(0) = 4 € P.(C), Y
The set of admissible controls U has a closed-loop structure with respect to the state
variable, which means that an admissible control u may depend on both ¢ and ¢, and
satisfies similar assumptions than the one considered in [18] to ensure compactness of
controls. The operator A is assumed to satisfy two sets of assumptions, namely (HA1)
and (HA2). The first is similar to (HAode), while the latter is crucial for writing a

linearised equation in form of a nonlocal Cauchy problem (4.19). This requires, besides
3
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the already mentioned C-differentiability of A, a suitable notion of Wasserstein gradient
with respect to p introduced in Definition 4.2, which is tailored for the functional setting
at hand. The core of our arguments is contained in Proposition [4.9] where we perform
the linearisation of the flow associated to ([1.4]). Here is where our analysis significantly
departs from [15|18]. Indeed the states space lacks of linearity and of local compactness;
furthermore we cannot in principle assume that the dependence of the velocity field A on
the closed-loop control w« is linear.

Also from a technical point of view the hardest part is contained in the proof of Propo-
sition[4.9] A crucial technical tool is a chain-rule with respect to the notion of Wasserstein
differentiability, which we prove in Proposition 4.3] allowing for a first-order expansion
of suitable compositions of flow maps close to the identity. This is heavily exploited in
Theorem to analyse the behavior of the perturbed solutions to (1.4]) arising from
needle variations of the optimal control, as well as in the derivation of the optimality
conditions for the Hamiltonian associated to the problem, which is explicitly given in
. Our main result is contained in Theorem m, where a PMP for 1} is
derived, coupling a maximality condition for the control v with a Wasserstein Hamilton-
ian flow in the space C' x Ef.. We remark that the derivation of such principle requires
some assumptions on the involved (possibly infinite-dimensional) functional spaces. In
particular, we need to assume E to be separable and E¢ to be reflexive. The compliance
of our setting with a model example inspired by [4] is shortly discussed in Section [f]

We conclude with the obvious remark that in the special case C' = R? one retrieves
the known results obtained for instance in [18] for closed-loop controls and in [15] for
open-loop controls.

Outlook. This work provides a general functional setting for identifying optimality con-
ditions for agent-based systems with convex state space, where the evolution of the sys-
tem is described by the continuity equation . Possible generalisations of the present
framework may take into account evolutions driven by differential inclusions or stochastic
effects, which have recently been considered in the Euclidean setting (see [16] and [13],
respectively). As pointed out in [17] for systems with unconstrained state space, opti-
mality conditions for the finite particle control problem f in combination with
convexity assumptions on the Hamiltonian H may lead to Lipschitz regularity of optimal
controls for the mean-field problem —. Such topics will be the focus of future

investigation.

2. PRELIMINARIES AND NOTATION

In a Banach space (E, | - ||g), let C be a closed convex subset of E. For R > 0 we
define Br := {e € E : |e]lp < R} and Brc = Br N C. For any vectorial subspace W
of E we denote by L(W; E) the Banach space of linear bounded operator from W to
E and by W* the dual space of W, i.e. W* = L(W;R). Recall that, by density, each
operator in L£(W; E) uniquely extends to an operator in £L(W;E). By (-,-) we denote
the duality pairing between a vectorial space and its dual. We denote by F¢ the closed
vector subspace R(C' — C) C E and, for ¢ € C, by E. the convex cone of directions

E.:=Ry(C—¢c)C Ec CE.
We have the following definition of C-differential.
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Definition 2.1. Let (F,|| - ||r) be a normed space and let f: C — F. We say that f
is C-differentiable in c € C' if there exists a linear operator M € L(Ec; F') such that

oo 1) = £e) = Ml =

¢ I = el

=0.

We will denote the C-differential in ¢ € C by D.f. Notice that such map is a priori
well-defined in E,. and can be uniquely extended by linearity and density to a map in F¢.

Given (X,d) a separable Radon metric space, we denote by P(X) the family of all
Borel probability measures on X. For p > 1 we further consider

Py(X) = {u eP(X): /Xd(x,:l_c)pdu(:c) < +oo for some T € X}

and P.(X) the subset of P(X) of measures with compact support in X recalling that the
support is the closed set

supp(p) = {x € X : u(V') > 0 for each neighborhood V' of x}.

If X is contained in some Banach space Y, we define the p momentum of pu € P(X) as

) = ( [ ol du(%)y for p > 1.

Let X; and X, be separable Radon metric spaces, we define for every p! € P(X;) and
p? € P(X,) the transport plans with marginals p! and p?

(u', p?) = {’7 € P(X; x Xy): 71';4'7 = ' for i = 1,2} ,

where 7¢: X; x Xy — X is the projection on X; and W;gy € P(X;) is the pushforward
of 4 through 7. Note that I'(u', 4?) is a not empty and compact subset of P(X; x X3)
(see Remark 5.2.3 of [7]). We define the p-Wasserstein distance between two probability
measure ' and p? in P,(X) by

WP (u', i) = min {/X ; d(xy, xo)Pdy(zy,m2) 1 v € F(ul,/f)} :

it follows from Proposition 7.15 of [7] that P,(X) endowed with the p-Wasserstein distance
is a separable metric space which is complete if X is complete.

3. PONTRYAGIN MAXIMUM PRINCIPLE FOR OPTIMAL CONTROL PROBLEMS IN
CONVEX SPACES

Let the following assumptions hold:

e (E,| - ||g) is a Banach space;

e (' C F is a closed and convex subset of E;

e (U,dy) is a compact metric space of admissible controls;

o U :={u:[0,T] — U such that u(-) is Lebesgue measurable}.

We introduce here the main set of assumptions for the operator A appearing in (|1.2]).
5



(HAode) Let A(t,-,): C x U — E,t € [0,T], be a family of operators satisfying
the following properties:

(7) for every R > 0 there exists a constant Lr > 0 such that for every ¢;, ¢y €
Bre,te€[0,T] and u e U

[AG; e1,uw) = AL, e0,u)l[p < Liller = el m; (3.1)
(1) there exists M > 0 such that for every ¢ € C, t € [0,7] and v € U it holds
IAGE, ¢, w)lle < M(1+ |lel|);

(i11) for every ¢ € C and u € U the map t — A(t, c,u) belongs to L*([0,T]; E);
(iv) for every t € [0,T] and ¢ € C the map u — A(t, c,u) belongs to C°(U; E);
(v) for every R > 0 there exists § > 0 such that for every ¢t € [0,T] and u € U

ceCcle < R=c+0A(t, c,u) € C,

(vi) for every ¢ € C, t € [0,T] and u € U, A is C-differentiable at ¢ € C, i.e.
there exists B ) € L(Ec; Ec) such that

i HA(t’ d, u) - A(t7 Cy u) - B(t»cﬂt) [CI - C] HE

Coc'—c ||CI—C||E

=0; (3.2)

Note that (v) implies A(¢,-,u): C — E, and that by (3.2)) we have for every e € E,

. A(t,c+ he,u) — A(t, c,u)
Biewlel = 1 :
(t’ El )[e] hi}%l+ h
For every t € [0,7] and u € U, we denote the C-differential of A in ¢ € C by

D.A = {B(t,c,u) € ,C(Ec; EC) : B(t,c,u) fullfils }

Let us give some results related to the notion of C-differentiability given in (vi).

Lemma 3.1. Let A satisfy (vi). Then the map DA: C — L(E¢; Ec) with DA(c) := D A
is single valued. Moreover, if (i) holds, Doy A = B oy € L0, T); L(Ec; Ec)) for
every c € AC([0,T];C) and u € U.

Proof. First we prove that DA is single valued. If e € E,., then, by (3.3), D.Ale] is a
singleton. Moreover, if v € R(C' — C), then v = a(c; — ¢3) = afc; — ¢) — afcy — ¢) for
some c1,co € C'and a € R. Hence, by linearity, we deduce

D.A[v] = aD Alc; — ¢] — aD. Aley — ],

where ¢; — ¢, co — ¢ € E.. Therefore D.A[v] too is singleton and, by density, DA is single
valued.

Now let ¢(t) € AC([0,T];C) and u € U. By continuity we have that ¢(t) € Br ¢ for some
R > 0. Since for h small enough we have ¢(t) + he € C' N By with e € E ;) (recall that
C' is convex), it follows from and that ||DcwAlell|lp < [||e]|g for some [ > 0
depending on R. This property can be extended for v € R(C — (). Indeed, using the
decomposition v = a(c; — ¢3) = afc; — ¢(t)) — a(ca — ¢(t)), we have

(3.3)

Do Allllz = ol [[DeAler — e(#)] = DegyAlez — c(®)]]]
] || lim A(t, e(t) + h(er — c(t), u) — A(t, c(t) + hlcr — c(t)), u)
h—07+ h ;
= Ja||| lim A(t, (1 = h)e(t) + hey,u) — A(t, (1 — h)e(t) + hea, u)
h—0+t h .
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(i)
< lalller = e2llp = vl 2.

Hence, using again a density argument and recalling that Fc = R(C — C), we deduce
that Doy Alle(ripieey < L in [0.7], O

From now on we use D.A instead of B, ). We define the adjoint operator D}A €
L(EL, EE) of DA as

(D:A[p|,v) == (p,D.A[v]) Vpe E;,ve Ec.
Remark 3.2. By its definition
1D Al 2z, m2) = IDeAll2(mo:Eo)-
Then it follows from the second statement of Lemma that
DA € L>([0,T]; L(EG, ET)), (3.4)
for every c € AC([0,T];C) and u € U.

(Hypode) Let ¢: C — R be C-differentiable for every ¢ € C' with C-differential
D.p € E{ defined as in (vi), i.e.
o(¢) = @(c) = (Dewp, & — ¢)|

=0.
Coc—c ||CI — C”E

Under the sets of assumptions (HAode) and (Hpode), we aim at finding necessary
conditions for optimal solutions (¢(t),u(t)) € AC([0,T];C) x U of the following Mayer
problem with free terminal point:

min p(c(T, u)) (3.5)

ueU

subject to

{%C(@ = A(t,c(t),u(t)) in (0,7, (3.6)

C(O) =y € C.
Notice that from the assumptions on A and from Theorem 1.4 of [19] we deduce that
(3.6) admits a unique weak solution ¢ € AC([0,T'; C) for every control u and every initial

condition ¢ € C.
We have the following result:

Theorem 3.3. Consider the optimal control problem (3.5))-(3.6|), under the assumptions
(HAode) and (Hpode). Let u € U be an admissible control whose corresponding tra-
jectory ¢ € AC([0,T];C) is optimal. Let p: [0,T] — Ef, the weak solution of the adjoint
equation

Lp(t) = ~Diy Alp(t)]  in [0,7),

p(T) = _Dc(T)QO'

Then the mazximality condition

(p(1), A(t, ¢(), u(t))) = max {(p(t), At, ¢(t),w)) }

welU

holds for almost everywhere t in [0,T].



Proof. Fix any time 7 € (0,7] and any admissible control value w € U. For ¢ > 0
sufficiently small, we consider the following function called needle variation:

ug(t):{w ifte|r—er,

u(t) otherwise.

It follows from the assumptions on A and from Theorem 1.4 of [19] that

de(t) = Alt,c(t),uc(t)) in (0,7
{C(O) =ceC (3.7)

has a unique weak solution c.(t) € C for a.e. ¢t € [0,7]. By its definition c.(t) = ¢(¢)
for a.e. t € [0,7 —¢]. Now we prove that c.(t) converges to ¢(t) uniformly in [0, 7.
By assumptions on A we deduce that A(¢,¢(t),u(t)), A(t, c(t), u-(t)) and A(t, c.(t), us(t))
are integrable on [0,7]. Moreover R > 0 depending only on ¢y and 7" exists such that
lc()||z + ||c=(t)||le < R in [0,T]. Hence, we have

[e(®) - e.(t) 1o [ 1A 6).0069) = Aol oD

n / JAGs, <(5), ue(s)) — A(s, ex(s), ua(s))]| s

/0 1AGs, (), u(s)) — As, c(s), ua(5))]| s

+Ln /0 le(s) — e.(s)|| sds. (3.8)

Since u. converges to uin L'([0,T]; U) as € tends to 0T, by (iv) we obtain that A(¢, ¢(t), u-(t))
converges to A(t,c(t),u(t)) almost everywhere in [0,7] as ¢ tends to 07. Using (ii) we
have that ||A(s, c(s),u(s)) — A(s, c(s),u(9))||lg < 2M (1 + R) for some M > 0. Then ap-
plying the Lebesgue theorem we obtain that A(t, ¢(t), u.(t)) converges to A(t,¢(t),u(t))
in L*([0,T]; E) as ¢ tends to 0. This, together with (3.8]), implies

le(t) = c-(t) | < 6 + L / le(s) — eo(s)l| ds.

where 0. — 0 as ¢ — 01. Applying the integral formulation of the Gronwall inequality
we get
le(t) = c-(t) || < de™T,
whence
lim c.(t) = c(t) uniformly in [0, 7. (3.9)

e—0t
Note that, since A(t, c(t),w) and A(t,c(t),u(t)) are integrable in [0, 7], then a.e. time
7 in [0,77] is one of their Lebesgue points. From now on 7 is a time with such property.
Notice that such set of Lebesgue points can be made independent of w € U, since U is
a compact metric space. It follows that a positive d. tending to 0 as € tends to 0 exists
such that

D) =) (45, r),0) - A ()

E

: / ©AGs,c(s),w)ds — Al o(r), )

<- / 1AGs, cx(5),w) = A(s, e(5),) | pdls + H
8
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1 T
+ ‘A(T,C(T),u(T)) — g/ A(s,c(s),u(s))ds
T—€ E
< Lrllc — |l z(o.ry:m) + 9
Therefore, by (3.9)), we obtain
lim <) =) _ A(r,¢(7),w) — A(T, (1), u(r)), (3.10)
e—0Tt £

whence we get A(7, ¢(7),w) — A(7,¢(7),u(7)) € E¢).
Now we consider the following equation a priori defined in E¢

{%v@) — Dy Afo(t)] in (r,7],

(1) = A(7, ¢(1),w) — A(T, ¢(7),u(T)). (3.11)

By assumption (vi) and Lemma [3.1] using Theorem 1.4 of [19] we infer the existence of
a unique weak solution v € AC([r,T]; Ec) such that Sv € L'([r,T]; Ec). We want to

prove that
o(t) = lim D=0

e—0t 15

uniformly in [r, 77, (3.12)
which in particular implies that v(t) € Ey a.e. t € [r,T]. Let us start by noting that
c.(t) and ¢(¢) in [1, T solve the same equation (i.e. (3.6)) with u(¢) replaced by u(t)) with
c.(7) and ¢(7) respectively as initial datum. We define

(1) — (2
ve(t) == cet) = elt) for t € [1,T].
€
Hence by its definition v.(t) € Ey) for every ¢t € [7,T]. Thus (3.12)) is equivalent to
lim [|ve(t) = V()| poorr g = 0. 3.13
i o) ~ o0 (3.13)

Moreover by (3.10)) ve(7) converges to v(7) in E. Now, recalling that ||c.(¢)|| g+ |c(t)]|z <
R in [0, 7] and denoting by L the constant given by (13.1)) (we omit the subscript R), by
continuity with respect to the initial data (see Theorem 1 of |1]) we obtain for ¢ € |1, T]

loe@®)lle < e Jlo(D)llz < 2 u(7)|. (3.14)
Now we note that by its definition v.(t) satisfies
1
Sun(t) = = (Aft, (0), u(t) — A(t, €(8), (1)) = Dy Aloc(®)] +720),  (3.15)

where
re(t) = é (A(L, (1), u(t)) — A(t, e(t),u(t))) — Doty Afve(1))-

It follows from (3.9), and (3.14) that for every t € (7,7
AR, ce(t), ut) — Al e(t), u(t)) — D Alee(t) — c(®)]lle

}:I_I)I(l) Hrf-?(t>||E = £1_>0 ||C5(t) _ c(t)HE HUE(t)”E = 0.
Moreover by Lemma [3.1] we have
1
lr@lle < AR c(t), u(t)) = A, e(t), u(®))l|l & + [De Alve(t)]]| &
(30)

< (L+ \!Dc(t)A|!Loo<{o,§];z:(Ec;Ec))) [|v= (1) || &-



Hence using (3.14)) and applying the Lebesgue theorem we obtain that r. — 0in L' ([r, T]; E)
as € — 07. Therefore, recalling that v solves ([3.11)) and using again Lemma , we obtain

t t
loa®) —o@®)lls < uelr) — o) s + / Do Alte(s) — v(s)]ds|| + / ro(s)ds
T E T E
:
< 5s+HDc(wAHLoo([o,TLﬁ(Eo;Ec))/ |ve(s) — v(s)| pds, (3.16)

where 6, := ||v.(7) — v(T)|l& + |7l (rrE) — 0 as e = 0. Since |Jv.(t) — v(t)||g is a
continuous function from |7, 7] to R, by ({3.16)), applying the integral form of the Grénwall
inequality and recalling that ||Dw)Al| Lo (jo,11;(Ec:E0)) < L it follows that

lve(t) = v(t)l| & < ™.

This implies (3.13)) and, consequentially, (3.12)).
Since the control u(t) is optimal in U, we deduce for every ¢ > 0

p(e(T)) < p(ce(T)). (3.17)
Moreover by (3.12) we have c.(T) = ¢(T) + ev(T') 4+ o(¢). Hence, recalling that ¢ is
C-differentiable and that

c=(T) = ¢(T) = ev(T) + ofe) € B

we have
p(c(T)) —(e(T)) = @(c(T) +ev(T) + ofe)) — p(c(T1))
= (Deryp,ev(T) + o(€)) + o(e). (3.18)
Therefore -
0 ' 2 ) lim o(c(T)) — p(e(T)) (E8E) (Deryip, 0(T). (3.19)

Now we consider the adjoint equation of (3.11) which transports p(T') = Dryp € E¢:
backward in time, i.e.

{%p@s) =D, Alp(t)]  in[r,T), (3.20)

p(T) = _Dc(T)QO € Eé’
It follows from (3.4)) and Theorem 1.4 of [19] that p(t) € AC([r,T]; Ef) is the unique
weak solution of (3.20). Then Sp € L'([r,T]; EZ). The density of C'([r,T]; Ec) and
CY([r,T); Et) in WYi([r,T]; Ec) and W ([7, T); E.) respectively implies that the func-
tion (p(-),v(-)): [7,T] — R is weak differentiable and its weak derivative is
4 (), v(t) = (1), v(1)) + (p(t), Fv(1)).
Therefore, using equations (3.11]) and (3.20) and the definition of adjoint operator, we
obtain
L), v(t)) =0 ae. te[r,T).
This implies that (p(t),v(t)) is constant in [r, 7], more precisely
(B19),3:29)
0 = (p(T),o(T)) = {pt),v(t)) = (p(7), v(7))
B11)
(p(7), Alr, (7). ) = A(r, (), u(r)))
for a.e. 7 € [0,T]. Since w € U is arbitrary, we have that

(p(1), A(T, ¢(T),u(1))) = IBEEL&{{Q)(T),A(T, ¢(r),w))} forae 7€l0,7T)

10



Now we focus on the Bolza problem with running cost L, i.e.

min { /O ' L(t, c(t), u(t))dt} (3.21)

uelU

subject to (3.6). We assume:

(HLode) Let L: [0,7] x C' x U — R be a map satisfying:
(a) for every R > 0 there exists a constant Lgr > 0 such that for every ¢q, ¢y €
Bre,t€[0,T) and u € U
|L(t, c1,u) — L(t, ca,u)| < Lgller — co||g;
(b) for every ¢ € C' and u € U the map t — L(t, ¢,u) belongs to L*([0,T]; R);
(¢) for every ¢t € [0,T] and ¢ € C the map u +— L(t,c,u) belongs to C°(U; R);
(d) for every c € C, t € [0,7] and u € U, L is C-differentiable at ¢ € C with
C-differential D.L € L(E¢;R).

Under these assumptions on L with the same argument contained in Lemma/|3.1|we have
that D.L is single valued in E¢ and DL € L*([0,TY]; E¢.) for every ¢ € AC([0,T]; C)
and v e U.

We can rewrite the Bolza problem in Mayer form introducing the auxiliary variable

Conlt) = / L(s, c(s), u(s))ds,

with ¢4, (0) = 0. We introduce the following notations:

- ¢ . v — p *
g.—(Cau)GC’XR, g.—(vau)eECxR, E.—<pau>€EC><R,
Al(t,c,u
A= fren ). (3.22)

Since A and L are C-differentiable, it follows that A: [0,7] x C x R x U — E¢ is
C-differentiable and

D.L 0

Finally, we denote by D;A the adjoint operator of D.A. Note that for every ¢ €
AC([0,T);C) and u € U, since DA € L>([0,T]; L(Ec x R; E¢ x R)), with the same
argument of Remark we obtain D} A € L>([0,T]; L(E: x R; E¢ x R). Recalling
that A(t,c,u) € E. C E¢, we define H: [0,7] x C x Ef, x U — R as

H(t,c,p,u) = (p, A(t,c,u)) — L(t, c,u). (3.24)
By its definition and since A and L are C-differentiable, it follows that H is C-differentiable
at ¢ € C and its C-differential D.H € Ef has the form

D H[v] = (p,D.Alv]) — D.L[v] = (D> A[p],v) — D.L[v] Vv € Ee.

Moreover H is Fréchet-differentiable with respect to p and D, H = A(t, c,u) € Ec C Ef.
It follows that H is differentiable in C' x Ef and

D*Alp] — D.L N
D(c,p)H(ta C, D, u) = ( CAEJZ} ‘. u) ) c EC X EC. (325)

11
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In this way the Bolza problem (3.21))-(3.6)) is equivalent to the Mayer problem
migll Cau(T, ) (3.26)
ue

subject to
aic(t) = A(t.c(t),u(t))  in (0,71,

c0)=| @ )ecxRr (3:27)
0

Thanks to the assumptions on A and L we can apply Theorem [3.3]to problem (3.26))-(3.27)
obtaining the following result.

Theorem 3.4. Under the assumptions (HAode) and (HLode), let u € U be an ad-
missible control whose corresponding trajectory ¢ € AC([0,T];C) is optimal for problem
(3.21))-(3.6)). Then there exists p € AC([0,T); E.) such that (¢,p) solves in distributional

Sense

4 ( c(t) ) Dt c(t), (D), u(D))  in [0.7),

p(t)
C(O) =y € C,
p(T)=0¢€ Eg,

where H is defined by (3.24) and J: Ef, x Ec 3 (T,e) — (e,—T) € Ec x Ef.. Moreover

the mazimality condition

H(t,c(t),p(t),u(t)) = max H(t, c(t),p(t),w)

wel

holds for almost everywhere t in [0,T].

Proof. Let us start by noting that, if u € U be an admissible control whose corresponding

trajectory ¢ € AC([0,T7]; C) is optimal for problem (3.21))-(3.6)), then by (3.22]) and (3.21))
we have that ¢ = (¢, ¢q) € AC([0,T]; C x R) is optimal for problem ({3.26)-(3.27). Since

o(c(T,u)) = cqu(T,u), we deduce that D ryp = < 0

€ E7, x R. Hence it follows from

1
Theorem [3.3] that
(p(t), At c(t), u()) =" (p(), A(t, c(t),u(t))) + Pau(t) L(t, c(t), u(t))
= max {{p(t), A(t, (), w)) + Pau(t) L2, e(t), ) } (3.28)
holds for almost everywhere # in [0, 7], where p is the weak solution of
%B(t) = _D:(t)A[_(t)] in [0,7),
]_Q(T) = _DE(T)%O = ( _01 ) € Ezv x R. (3.29)
Then for (v,0) € Ec x R it holds
wno = (oo ()= (vl ()
_ v 3 p(t) DewAlv]
= 00| ) EER (L0 ). (5050 )

— (D Alp(t)],v) — Pau(t)Dewy L{v]. (3.30)
12



Therefore, recalling (3.24)) and (3.25]), in order to have the result it remains to prove that
Pau(t) = —1 almost everywhere ¢ in [0,7] or, equivalently, since p,.(T) = —1, to prove
that $pe,(t) = 0 almost everywhere ¢ in [0, T]. Using (3.29) and the definition of adjoint

operator we obtain that
gy = (00,9 )) = (-Dioaion. (] ))

= (a0 | 7 |) Fo

Hence, by substituting p..(t) = —1 in (3.28) and (3.30)), the result follows from (3.24)
and ((3.25)). O

3.1. A generalization to finite particle control problems. In this subsection we
rewrite the results obtained in Theorems [3.3] and for a control problem involving
N particles, N € N. Before stating the assumptions on the velocity field and the cost
functions, we introduce some notation. We denote by c a generic element (c1,...,cn) €
CY and by c(t) a generic element (ci(t),...,en(t)) € LY([0,T];CY), by p an element
(p1,-..,pn) € (E5)N and by p(t) an element (pi(t),...,pn(t)) € L*([0,T]; (EL)N), by
u an element (uy,...,uy) € UY and by u(t) an element (u(t),...,uyn(t)) € UY respec-
tively.

We make the following assumptions on the velocity field A and on the cost functional L,
which are the finite-particle counterparts of (HAode) and of (HLode), respectively.

&l
=

(HAsym) Let A: [0,7] x ON x O x U — E be an operator satisfying the following
properties:

(4) for every c€ C, c € OV t € [0,T] and u € U it holds
A(t,c,c,u) = A(t,o(c),c,u) for every permutation o: O — O,

(77) for every R > 0 there exists a constant L > 0 such that for every ¢, ¢ €
Brc,t€[0,T], c,¢ € Bfand u € U
||A(t7 ¢, ¢, u) - A<t7 C, ¢, U)HE < Lg (HC - 6||E + W (% PDARE S D Dl 55i>) )

(ii7) there exists M > 0 such that for every c€ C, c € CN, ¢t € [0,T] and u € U
it holds

[A(t ¢ c,u)llp < M (1+ [l +ma (7 2, 6,)) ;
(iv) for every ¢ € C, c € CV and u € U the map t — A(t, c,c,u) belongs to

LY([0, T; E);

(v) for every t € [0,T], c € C and ¢ € CV the map u — A(t, c,c,u) belongs to
Co(U; E);

(vi) for every R > 0 there exists # > 0 such that for every t € [0,T], ¢ € BIJ,{C
and u € U

ceC|cllg £ R=c+0A(t,c,c,u) € C;
(vii) for every ¢ € C, ¢ = (c1,...,¢,...,cn) € CN t € [0,T] and u € U, A is
C-differentiable at ¢ € C| i.e. there exists D.A € L(E¢; E¢)
’ |A(t, ¢, u) — A(t,c,c,u) — DA — || g
im

= 0.
C3c'—c ”C’ — CHE

13



sym) Let L: |0,7] X X — e a continuous function such that
(HL ) Let L: [0, 7] x CN xUY - R b i f i h th
(a) for every c € CV, t € [0,T] and u € U" it holds

L(t,c,u) = L(t,0(c),t(u)) for every permutations o: C~ — OV, 1: UN — UY;

(b) for every R > 0 there exists a constant Lr > 0 such that for every c,¢ €
(BS)N, t €10,T] and u € UV

|L<t7 C, U) - L(t7 67 u)| S LRWI (% Zfil 6%7% Zfil 651') ;

(¢) for every ¢c € C, ¢ = (c1,...,¢,...,cy) € CN, ¢t € [0,T] and u € U, L is
C-differentiable at ¢ € C' with C-differential D.L € L(E¢;R).

We consider the following Bolza problem

min {/OTL(t,c(t),u(t))dt} (3.31)

u(t)euN

subject to the system

{fféy):?g’g(t)’ clt)w(®) i O.T] 1,...,N. (3.32)

Thanks to the assumptions on A and by Theorem 1.4 of [19] for every u € UV there
exists a unique weak solution c(t) € AC([0, T]; C™) of system (3.32).

Assume that the minimum control problem (3.31)-(3.32) admits a solution (c¢,u) €
AC([0,T]; CN) x UN. Then, after an application of Theorem the following result
follows.

Theorem 3.5. Let A and L satisfy (HAsym) and (HLsym) respectively. Let u € UN
be an admissible control whose corresponding trajectory ¢ € AC([0,T]; CN) is optimal for
problem (3.31))-(3.32)). Then there exists a family of co-state curves p € AC([0,T]; (EL)N)
such that (¢,p,u) solve in distributional sense the following system

i ( o ) = DML €0) B0 0E) 0 [0.T),

¢;(0) =cp; € C, for everyi=1,... N,
p,(T) =0 € E,

u(t) € argmax H(t, c(t), p(t), u),

\ ueUN

where the Hamiltonian H: [0,T] x CN x (E5)N x UY — R is defined by

N
H(t,c,p,u) = Z(pi, A(t,c,ci,u;)) — L(t, c,u).

i=1

4. PONTRYAGIN MAXIMUM PRINCIPLE IN THE WASSERSTEIN SPACE OF CONVEX
SPACES

We will henceforth need stronger assumptions than those in Section[3] Let the following

assumptions hold:
14



e (E,| - ||g) is a separable Banach space;
e (' C F is a closed and convex subset of E;
e F is reflexive;

e (Z,] - |lz) is a separable Banach space;
o U = L'([0,T);U) where U is a not empty compact subset of the normed
space

(Cy(C52), I lley) = {u € CHC; Z) : |ulley =supccc lu(e)llz+supeec ||Dcu||c(EC;z><+oo},

where C*(C; Z) means continuous C-differentiability.

From now on we will often use for any u € U the identification u(t)(c) = u(t, c).

Remark 4.1. Since C is closed in E (which is Banach and separable) we deduce that
C with the induced metric is a complete separable metric space. This implies that C' is
a separable Radon space (it is actually a Polish space). Similarly, since E¢ is reflexive
and separable, then Ef, is a separable Banach space, and so a separable Radon space. It
follows that C' x Ef, is a separable Radon space and that P,(C), Py(EE) and P,(C x Ef)
are complete separable metric space for every p > 1.

We define
P.(C) :={pu € P(C) : supp(u) is compact in C'}
and
Pp(C) :={u € P(C) : supp(p) is bounded in C'} .
From now on, unless otherwise specified, when we write P.(C) and P,(C') we mean the

separable metric spaces (P.(C), W;) and (P,(C), W) respectively, both seen as subset of
the separable complete metric space (P;(C), Wh).

Note that Ecxg:, = R(C x Ef, — C x Ef) = Eg x Ef and (Eg x E¢)" = Ef X EE =
Ef x E¢ (recall that E¢ is reflexive). We define the linear and continuous operator
J: Bt x Ee — Ecx E
(T,e) = (e,=T)
We define the R-fattening of the support of a measure pu € P.(C) as
B.(R):= |J Brelo),
cesupp(u)

where Bg ¢(c) is the closed subset {e € E : ||e — ¢||g < R} N C. Note that, since p has
compact support, if n € P(B,(R)) then n € Py(C).

From now on let ¢: P1(C) — Y be such that P,(C) C D(¢) = {u € P1(C) :
lo(n)]ly < 400}, with (Y,]| - ||y) a Banach space. We introduce a definition of local
differentiability of ¢ at u € P.(C).

Definition 4.2. A functional ¢: P1(C) — Y is locally differentiable at u € P.(C) if there
exists a map V,¢(p) € L2(C; L(Ec;Y)) in Bochner sense such that for every R > 0 and
for every v € P(B,(R)) it holds

¢(v) = () = /Cw Viup()(e)ler — alldy(er, ¢2) + or(Way (1, 1))
15



for any € (i), where
W)= [ = aldrten e
CxC

This new notion of local differentiability for functional with values in Banach spaces
enjoys the following chain rule.

Proposition 4.3. Let u € P.(C) and V' be a closed and bounded subset of C' such that
supp(p) C V. Suppose that ¢: P(V) — Y is locally differentiable over P.(V'). Let
Yv: C'— C be a C-differentiable map with C-differential D) such that

(1) Dy € L2(C; L(Ec; Ec)) where Dy(c) :== D;
(i) supp(ygp) C V.
Letg >0 and G: (—€,8) x V. — C be a map such that:
(113) G(0,-) = Idy and the map € — G(e,c) € C C E is Fréchet-differentiable at ¢ = 0
uniformly in V;
(v) the map F:V — E¢ which is defined by ¢ — F(c) = d%g(s,c)L:O belongs to
LZO(Va EC’);
(v) supp((¢ 0 G(e,-))gp) CV for every e € (—¢,E).
Then the map € — ¢(( 0 G(e,-))xp) is Fréchet-differentiable at ¢ = 0 and

WG Ny = [ Tospblbps) W) DAF@ dule). (4)

Proof. For notational convenience set 1. := () 0 G(e,-)): C' — C'. First we observe that,
by (1), since ¢: C' — C is continuous and p € P.(C), then supp(up) = (supp(p))
is compact in V' (see formula (5.2.6) of [7]). Hence ¢up € P.(V) and, by (v), (¢)up €
P(Bu(R)) for R > 0 large enough. Then, using that p. := (¢, 9:), p € T (Ygp, (Ye) )
and that ¢ is locally differentiable over P.(V'), from Definition we obtain

(V) git) — P(gp)

€

= /C va#M(w#ﬂ)(C) {%61 dpe(c, ¢) +%oR (Wape (g, (vhe) )

— /CVw#ucb(?ﬂ#u)(lD(C)) [M} dp(c)

+ éOR <(/C [4he(c) — w<c>\|édu<c>) é) : (42)

Using that G is Frechet differentiable at ¢ = 0 uniformly in V' and since ¢ is C-
differentiable, we have

Ve(c) = (G(e,c)) = ¢ (c+eF(c) +r7(e)) = ¥(c) + eDA[F(0)] +7(e,0),  (4.3)

where

r(e,c) = Deplrz(e)] + ol[[eF(e) + rx(e)]])
with 7£(e) = o(e) not depending on c. It follows from (i) and (iv) that

(e, )l e cizey < 20DV e (cscizesen IrF(e)lle = ofe). (4.4)
Now we can pass to the limit in (4.2]) as ¢ — 0. Indeed, by (4.3)-(4.4]), we have
lim Ye(e) = ¥le) = D[F(c)] ae ceC
e—0 g
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and
ws (C> - 1/}(0)

. < 2| DY || g (cse(BesEon 1F | L (3 B0) -

L (CiEc)
Hence we deduce that

((/ [=(e) = ()l dpe )) 2) =ogr(e) ase—0.

Therefore, recalling that Vy,,¢(Yup) € L2(C; L(Ec;Y)), after an application of the

Lebesgue theorem we obtain (4.1)). O
We start by considering the following Mayer optimal control problem:
min (u(T)) (4.5)
subject to
Si0(t) + div (At p(t), - u(t,)u(t) =0 in (0,71, (4.6)
11(0) = p° € P(C).

We assume that the non-local velocity field A: [0,T] x P,(C) x C' x CY(C; Z) — E¢
satisfies the following.

~

(HA1): Assumptions on A for the well-posedness of (|4.6))
(i) there exists a constant L > 0 such that for every ¢ € [0,T], u, i € P.(C),

c,c € Cand u,u € C)(C; 2)
A ) — At @) < L (lle = &l + Wil ) + Ju— illeg) :
(i7) there exists M > 0 such that for every ¢t € [0,T], u € P.(C), ¢ € C and
u € U there holds
[A(E 1 e u)lle < M1+ lellp +ma(p);

(1) for every p € P.(C), c € C and u € U the map t — A(t, i1, ¢, u) belongs to
LY([0,T); B);

(iv) for every R > 0 there exists § > 0 such that for every ¢t € [0,T], u € P.(C)
and u € U

ceC|cllg £ R=c+0A(t, u,c,u) € C.

Under (HA1), it follows from Theorem 3.3 of [6] that, for every u € U, there exists a
unique solution p € AC([0,T]; P.(C)) of (4.6). The curve u(t) can be represented as

u(t) = (cpf(gt)) W0 fort € 0,7], (4.7)

where, for 0 < s <t < T, <I>“ (S : C' — C denotes the family of non-local flows defined by

t
W)= et [ 4 (t,ma), Uy (@) (0,0 () ) doy with = p(s). (4.8)
Moreover, by Theorem 1 of [1], for every 0<s<t<T we have
e ene) (49)

In order to find necessary conditions for the optimal control problem (4.5))-(4.6) we

need further assumptions.
17



(HA2): Assumptions on A for the well-posedness of (4.14)
(v) for every t € [0,T], u € P.(C) and ¢ € C' the map u +— A(t, i, c,u) belongs
to C1(C;(C; 2); E);

(vi) for every t € [0,T], p € P.(C) and u € U the map ¢ — A(t, i, c,u(t,c)) is
C-differentiable with C-differential D.A and the application DA: P.(C) x
C' x U — L(E¢; Ec) defined by (p,c,u) — D.A := D A(t, u, c,u(t,c)) is
continuous for every t € [0, T;

(vii) for every t € [0,T], c € C and u € U the map P.(C) 3 u — A(t, p,c,u) €
E¢ is locally differentiable at any p in the sense of the Definition with
differential V,A := V,A(t, i1, ¢, w) and the application P.(C) xCxU xC >
(i, c,u,¢) — V,A(C) € L(Ec; Ec) is continuous for every ¢ € [0, 7.

With an extended but similar argument to the one used to prove Lemma (3.1} we can

get a boundedness result for Dgus (C)A. We state such result in the following lemma
(s:0)

which will be proved in Appendix A.
Lemma 4.4. Under the assumptions (HA1)-(i) and (HA2)-(vi), it holds that

HD AH <L for every 0 < s <t <T andc € C, (4.10)

us
PO £ (BB

where L is a positive constant which only depends on the Lipschitz constant of A and
on U. In particular,

the map (t,c) = Dgus oA belongs to L, . ([s,T] x C; L(Ec; Ec)) -
(s,8)

Thanks to Lemma |4.4] we can deduce a regularity result for the family of non-local
flows defined in . In the next lemma we show that this family is C-differentiable and
characterize its C-differential. Since the techniques used in the proof are similar to those
seen in Section [3] we postpone the proof in Appendix A.

Lemma 4.5. Under the assumptions (HA1) and (HA2)-(vi), it holds that for every
s € [0,T] the map @’(L:,t): C — C is C-differentiable with C-differential DCqD‘(‘;t) at ce C
and

the map (t,c) — DCCID’(“‘;) belongs to L7, s ([s,T] x C; L(Ec; Ec)) -

Moreover, for every ¢ € C and f € E¢, D(@f;t) [f] is the unique solution to the linear
differential equation

{%z@,c):Dw Al (5T, (4.11)

(s,)
2(s,c) = f.
To adapt the needle variation technique to the infinite-dimensional case we need an-
other lemma describing how the flow (4.8) and the solution of (4.6) behave when we

do an infinitesimal variation of the control. Also in this case we postpone the proof to
Appendix A. For simplicity of notation we give the result for initial time s = 0.

Lemma 4.6. Assume (HA1) and (HA2). Lete > 0. Let u,u. € U be such that u. — u
in L([0,T); (U || - llep)) as € = 0. Let p° p € Pe(C) be such that Wi (ul, u°) — 0 as
e — 0. Let p be the solution of (4.6) with initial datum p° and corresponding family
of flows q)’(‘(it). Let . be the solution of (4.6)) in which u is replaced by u. with initial

datum p? and corresponding family of flows @f(’)“t%. Then the following hold as € — 0:
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(a) Eouts) - CDI(LOt in CY([0,T] x C;C);
(b) Wl(,ug( ), 1(t)) — 0 uniformly in [0, T];

(¢) D @fo“;) —D (I%t in L(Ec; Ec) for every c € C and t € [0,T].
As for the final cost ¢: P.(C) — R we assume:

(He): ¢ is Lipschitz continuous w.r.t. the W;-metric and locally differentiable over
P.(C) with differential V. Moreover, the map C 3 ¢ — V,¢(c) € Ef is
continuous.

We define the Hamiltonian H: [0,T] x P,(C' x Ef) x U — R of the Mayer problem
[5)- @) as

H(t,v,w) :/C . (p, A(t, Ty, c,w(c)))dv(c, p). (4.12)

Note that, by (HA1)-(i7), H(t, v, w) is finite for every v € P,(C x Ef,). Moreover, thanks
to the assumptions (HA1)-(HA2) we can apply Lemma to obtain that H is locally
differentiable at any v € P.(C x Ef,) in the sense of Definition [£.2] The following explicit
formula for its differential V, H(t,v,u): C x Ef — Ef X E¢ holds:

DA el + [ Vi At e w(@dv(E D)

oxEr 7 ;

Y H (v, ) e, p) =
Alt, 7T;1¢l/, ¢, u)
(4.13)
where D* A(t, 7T;1¢l/, ¢, 1) is the adjoint operator of D . A(t, 7T71¢V, c,u)and V*, A(t, W#V, é,u)(c)
#

is the adjoint operator of Vﬂ;&l,A(t, Ty, & u)(c).

We state the Pontryagin maximum principle for the infinite-dimensional Mayer problem

E3-@E0).

Theorem 4.7. Let (p,u) € AC([0,T]; P.(C))xU be an optimal pair control trajectory for
(4.5)-(4.6). Then there exists v € AC([0,T]; P.(C x E)) which solves in distributional
sense

V() = —diviey) (IVuHEv(0), u®) () v(t) i 0,T),

TLu(t) = u(t), (4.14)
where H and V,H are defined by (4.12) and (4.13)) respectively. Moreover the following
mazimality condition holds

H(t,v(t),u(t)) = ng{%(t,v(t),w)} for a.e. t €[0,T]. (4.15)

In what follows we are concerned with the proof of Theorem [4.7]
First we give a boundedness result for V, A which will be useful to derive the linearised
non-local equation.

Lemma 4.8. Let A satisfy (HA1)-(i) and (HA2)-(vi). Then
|V A 2oy < L

for every (p,c,u) € P(C) x C x CHC;Z) and a.e. t € [0,T] and p-a.e. ¢ € supp(u),
where L is the Lipschitz constant of A. In particular,

VA € L, ,([0,T] x C x supp(n); L(Ec; Ec)).
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Proof. Let p € P.(C), c € C and u € CL(C; Z). Fix ¢ € supp(p) and ¢y, c2,¢ € C. We
define forr >0, 0 <e<landi=1,2

G for ¢ € B.(co) NC,
0l (8) = (1 - “5”;7")@- + (&) ¢ for ¢ € (Brye(co) \ By(co)) NC, (4.16)
c

otherwise.

Then ¢! are continuous functions from C to C for i = 1,2. Since C' is convex, we deduce
that (1 —e)ld +epl: C — C, and therefore pf := (1 —¢)Id + egl), pu are in P.(C). Tt
follows choosing in Definition

v = (1 —e)Id+epL, Id) , p € T, p)
that
At 2 e,u) — At pt, e,u) = A(t, 12, e u) — At e, u) — (A(t, pl e u) — A(t, p,c, u))

—¢ /C Y, Atnean(@) [2(0) — 91(@)] du(@)
+on ( ([ 1220 - alauco)) ) +on ( ([ 1t - etance)) ) .
Hence, by (4.16]), using (HA1)-(¢) and recalling that supp(u) is compact in C, we have

[ Vienen(@ [0 - 2] @
Byrye(co)NC

E

1 1
< =A@, p2, e u) — At pl, e w)|| , + ' —og (Me)
€ € E
L 1
< St ) + | Fon (1)
£ £ 5
1
< Ll|ley — col|lgpe (Brie(co) N C) + on (Me)|| (4.17)
E

where M is a positive constant dependent on ¢, ¢;, ¢ and supp(p). Now, by Definition 4.2
VAt uen) € LZ(C; L(Ec; E¢)). Moreover,
192(€) = 2@l < (lells +llealle + I2lle) € Li(C; Ee)
and
©2(C) — pL(€) = (c2 — ¢1)X{B.(eo)nc} Pointwise in E.

Therefore, after an application of the Lebesgue theorem for general measures, we infer
that as e — 0*

1
R — VvV, A tu,en)(C) [co — ¢ du(c < Llles — ¢ ) 4.18
(B (co) N C) /Br(co)ﬂC pAtmen)(€) [ — er] dp(e) : lea —erlle (4.18)

Finally, by (HA2)-(vi), V,Atucu) € C°(C; L(Ec; Ec)) for a.e. t € [0,T]. Then, apply-
ing Lebesgue differentiation theorem to (4.18)), we deduce as r — 01 that

IVuAtuew(co) [c2 — el |5 < Lllez — a1l
for any ¢, ¢, ¢ € O, € P.(C),u € CH(C; Z) and ¢y € supp(p). Thanks to the arbitrari-
ness of co — ¢; € E¢, the result follows. O

Now we derive the expression of the linearised Cauchy problem associated to the non-
local continuity equation (4.6)).
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Proposition 4.9. Let V be a closed and bounded subset of C and u° € P.(V). Assume

(HA1)-(HA2). Fiz u € U and let p(t) and <I>’(‘(;t) be the solution of (4.6) and the
associated non-local flow defined in (4.8]) respectively.

Letz >0 and G: (—€,8) x V. — C be a continuous map such that:

(i) G(0,-) = Idy and the map € — G(e,c) € C C E is Fréchet-differentiable at ¢ = 0
uniformly in V;

(i1) the map F:V — Ec which is defined by ¢ — F(c) == LG(e, c)! belongs to
L5 (V3 Ee);

(i1) supp((P! (Ot 0G(e,"))gu?) CV for every e € (—€,2).

Set 112 == G(e,-)ppu’. Then, the map (—%,2) 3 € @’{50( c) € C is Fréchet-differentiable

at € = 0 for all (t,c) € [0,T] x V. Moreover, its differential v(t,c) is continuous with
respect to ¢ and it is the unique solution of the non-local Cauchy problem

Lo(t,c) = D0 )A(t,p(t),fbfoo’t)(c),u(t,¢?£t>(0)))[U(t, c)]

(e
(0,t)
~ 0 ~ ~ ~ ~
+ / Vo A(uuaty (1315, @) (@loy (@) [Dedly, (F (@) + v(t,7)| du(@),
C

v(0,¢) = 0.
(4.19)

Proof. For notational convenience we define G*(¢) := G(g, ¢) for every (e,¢) € (—,8) x V

and p.(t) == <(I)l(%)¢)># p. Note that pu.(t) is the unique solution of (4.6 with initial

datum p. Moreover, by (HA2), we can apply Lemma obtaining that there exists a

unique distributional solution v(t, c) of (4.19) which is continuous with respect to c.
Let v.: [0,7] x V — E¢ be

(p.us @H
ve(t, c) == () = . (Ot)( ) for e € (—¢,%). (4.20)
Then the thesis is equivalent to
liII(l) ve(t,c) = v(t,c) for any (t,c) € [0,T] x V. (4.21)
e—

To prove (4.21)) we divide the proof into steps.
Step 1. In this step we prove that v.(¢,¢) is uniformly bounded in [0, 7] x V for |e]

small enough.
By (4.8) we have for a positive constant Ly only dependent on V' that

|ve(t, )| e < %/t HA svus(s)@fgs)(cm(89?(%5)(0))) — A(s,p(s),@f‘o(:)(c),u<S,¢70?5>(c))) HEds

(HA1)- (i)
= |€|/ ‘@08> P H + Wi (pe(s), (s ))}ds
.7
< / |lva(s,c)||lpds + — / Wy ( (IDME ,ua, <<1>(Os)> ,uo) ds
| ! #
<

/ ||lve(s, ¢ ||Eds+ ‘(M‘ )/ e?tveds.
0
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where in the last inequality we have applied Theorem 4.1 of |6]. Therefore we deduce

that t o
W
loelt, )| < L/ s (s, ¢)llp ds + (27 — 1) %
0

To estimate the second term on the right-hand side of (4.22), we use the definition of
1-Wasserstain distance recalling that (G, Id)xu® € T'(u2, u°) to obtain

WGt = W@t t) < [ 16060 =il 4

(4.22)

(i) =) " o &
= /V||€]'"(C) +0(e)lledp’(8) < 20el |l F ||z vire).
Hence, in view of (4.22)), we infer that
¢
ot 0l < L [ s olleds + (@7 = 1) 1P,z

which implies, applying the Gronwall inequality, that for || small enough
|lve(t, c)||p < egLT||]-"||Loo (ViEe) uniformly in [0, 7] x V. (4.23)

Step 2. In this step we explicitly write v.(t, c) — v(t, c).
By (4.20) and (4.19), we have, noting that v.(0,c) = 0, that for every (¢t,¢) € [0,T] x V

t
ve(t,c) —v(t,c) = / D0 (e )A(s,u(s)@g‘gs)(c),u(s,d)g‘(is)(c)D[UE(S, c) —v(s,c)lds
0

(0,s)

- / s A (s 0t (501, 0) ) (Bl [ex(5,8) — v(s, )] d(@)ds
/0 re(s,c)ds, (4.24)

where
re(t,c) = é {A(t pe(b), @”Et)(c) u(t @fo (e ))) — A(t,,u(t),@ﬁii)(c),u(t,@ﬁit)(c)))}
-D, ! t)( )A(t u(t), <1>(0 (), u(t,(bfo’t)(c)>> [ve(t, c)] (4.25)

~ 0 ~ ~ ~ ~
_/(;V (t)A( ORI t)( c)su (t@?oo,t)(c))) ((I)‘(‘O t)( >> [Dg@‘(o,t)(c)}"(c) + UE(SaC)] dp’(@).
By adding and subtracting to (4.25)) the term

At 0 (1015,0)) A (1 (085000°) sty 00(1015,00))

we obtain
Ir(t, c)||p < T4 11+ 111, (4.26)
where
[ = Hé {A(t,u(t) o2, (@), u(t ol (e ))) — A(t,,u(t),@f”(it)(c),u(t,@’(ﬁt)(c)))}
- D%U( )A(t,,u(t),@ﬁit)(c),u(t,@fo({t)(c))) [v-(t, c)] _ (4.27)
= H% {A( A )#“ ¢<Ot>(c)’“(t’¢7§“(6))> Afeat q><°f>(c)’“<t’©5§t>(c))>}
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0o 0o, - o
= [ A (st o (uty ) (@) [Pe, @] 4@ (429
and
1
I = —{A(tug(t) (§t>() (t,@fogt)(c)))—A(t,(@é‘it)ogs> 10 %t)( (Ot)(c }

(4.29)

/ OV IR REM (TN (@/g’ﬂ(a)) [v2(t, )] dp ()

Step 3. In this step we prove that r.(t,¢) — 0 ase — 0in E for any (¢,¢) € [0, T] x V.
To estimate I, we rewrite the right-hand side of (4.27)) in the following way

1

I = _ _ {HA tu(t) @l t)(c),u(t@jgt)(c))) — A(t,u(t),cp(“;) t)(c),u(t,{)ﬁ)ot)(c)))
1976,y (c) = Py (c) | | |
0

- D@MO (C)A( u(t), <I>(0 t)(c)’u<t’®tb(it)(c)>>[CD?OEt)( ) (I)?oﬂ:)(c)] E} ||U€(tvc)“E7

then, it follows from (HAZ2)-(vi) and using (4.23)) that I — 0 as € — 0 for any (¢,¢) €
0,T] x V.

The fact of II — 0 as ¢ — 0 follows from Lemma [4.5] and assumption (HAZ2)- (vzz)
which allow us to apply Prop051t10n H in (4.28) with ¢(p) = A(t, p, c,u) and ¢ = <I>(0 .

Thus we have

E

)
lim {I+ 11} = 0. (4.30)
e—0

The estimate of term III is trickier. By (HAZ2)-(vii), recalling Definition 4.2 and that
pe(t) = <(I>“5 o Qs> u°, we have

At (5@ (0, 0)) = 4 (“(‘I’é‘oo,w"ga) 005 (1005 (e >)>

" /oxo V< PooG° ) “OA<t7 (@(Loo’”oge)# i q% oo (t’q)étogt)(c))) (c1)[ca — er]dy(er, c2)
" (WM (( 0) °g€> MO’( (0.t) Og&) “0))

-A< ( foh© )#Hop(“(%t)(c),u(t@ﬁit)(c)))

+€/CV( @t t)oge) MOA(t,(@f‘o(it)oge)#”03)?‘(%”(0),“(@@;‘3”(c))) ((I)’(lo’t)(ga(é)» [v:(t, G5 (¢))] dp® (&)

+o (\6! (/C [ve (2, GE(@)H%duo(é))%) ) (4.31)

where in the last equality we have chosen v = (q)“ = 0Gs P ) © g€> (0. Combin-
#

ing and (| - we deduce
(4.7 I3 Iz N (¢ (¢ C
H “ /C’V< 0, t>ogs) u0A<t’(Qﬁit)ogE)#“O’¢(02t>(C)’“(t’q><§,t>(c))> (q)?ovt)(g <C))> [oe(t, G7(2))] du”(@)

_ /CV(‘PEL(?”) 0A<t, ((bfoo,t))#Mqu’ﬁit)(C)’“(t’(p?o%z)(c))) (cbéto t)(~>> [Ue<t7 5)} duo(é)
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%
L <|e| ([ 1. @lzana) ) (132
c E
By adding and subtracting to the terms within the norm in (4.32)) the term
0 c ~
/ V(o) oA (0 (0000) e (1900,00) ) (#60(@) (8, G7(0)) (0
we obtain
%
I < U + 1" + || =0 | |¢] (/ ||v€(t,ga(é))||%du0(6)> : (4.33)
C E
where
0 0 0 e/~
I = ‘ /C (V( o MOA< (906057 7¢2‘&t><c>,u(t7¢?&t)<c>)> (@0 (0°(@))
o, e/~ -
=V (o)A (550) o tigneal0) (%t)(c))) 01,5 @)@
and
" =

A ) oA (5 e atigern(eato) ) (an (@) et 6°@) = (0.0 di@)

(0,t) E

First we focus on III'. Using (4.23) and applying Holder inequality, we obtain for a
positive constant M

0 0 0 e/~
0 ([ [90,c0_ o (+(0507) (i) (90 0700)

2 3
V), MOA<t,(¢g§ﬂ)#uo,¢¢§t><a,( b >)> <<I>“ (~)) d,ﬂ(é)) . (4.34)

L(Ec;Ec)

By the continuity assumption (HA2)-(vii) and recalling that in Step 1 we have seen that
0 0
Wy ((@ﬁ)ﬂ:) o g5># ul, (Cbé‘w))# ,uo) — 0 as ¢ — 0, we deduce

. 0 ~
llg(l) {V( att t)ogf) MOA(t,(cpfst)oge) 0 q:u”st)(c) u(t,d)?é’t)(c))) ((I)’{O t)(ga(c))> }
L(Eg;Ec)

- V( (0, t)) 0 A <t’ (él(too,t)) #Moy(bﬁ?’” () (t’q)ﬁ?’t) (C)) ) <(I)I(LO ) (~)>

o’

uniformly for ¢ € supp(u®) (recall that supp(u’) is compact in C). Moreover, by
Lemma [4.8] it follows that

0 0 0 5
H ¢ o (o) () (90 00)
0 0 0 o .
_V<<I)€Oot>) MOA(t,(d)’(*()’t))#u()’(b’{o’t)(c),u(t,@’(*o’t)(c))) (CDQLOJ)(C))
B 4

Thus, after an application of the Lebesgue theorem for general measures to the right-hand
side of (4.34)), we infer that

<2L.

L(Ec;Ec)

lim 11T = 0. (4.35)

e—0
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As for I11”, using again Lemma we infer
1" < M/ |ve(t, GZ(€)) — ve(t, )| A’ (€), (4.36)
c

for a positive constant M. Moreover by assumption (7)-(27) and thanks to the property

of uniform C-differentiability of " and @

(0.) O supp(p°) given by Lemma H, we
have as ¢ — 0

(0,t)

0t G°(0) — vu(t.0) ED <I>€‘5t (95(5))—<I>’{g7t)(gf(é))_<I>’(‘§,t)() qﬂ{Ot)()

€ €
1

= G @) (@) — ol (7@ + 0l (2}

€

= L {epetd, 1F(@)] - Dl [F@)] +o(e)}
)

— <D q).us

0 ~ 0]
5y — Dy ) [F@) + 22 0,

(O7t

where in the limit we have applied Lemma 4.6, Thanks to (4.23) and applying the
Lebesgue theorem to the right-hand side of (4.36)), we obtain

lim 111" = 0. (4.37)

e—0

Finally, using again (4.23)), we infer that

hgl{ (|e| ([ 107 >>||Edu<>)%>}=o.

Hence, combining the last limit with (4.33)), (4.35)) and (4.37)), we conclude that
lim IIT = 0.
e—0

This, together with (4.26)) and (4.30)), implies that

lir% re(t,e) =0  V(t,c) €[0,T] x V. (4.38)

E—

Step 4. In this last step we prove the result.

Using (HA1)-(i), the fact that Wi (u.(t), u(t)) < Mle| (as seen in Step 1) and (4.20]) in
the first term of the right-hand side of (4.25)), inequalities (4.10]) and (4.23]) in the second
term and Lemma [4.8] Lemma [4.5 assumption (i7) and again (£.23) in the third term
respectively, we deduce for a positive constant M that

|lr(t, o)l <M Y(t,c) €0, T] x V.
Therefore, by (4.38) and applying the Lebesgue theorem, we infer that

re(t,c) = 0 in L. o([0,7] x C; E) as € — 0. (4.39)

Lxpo

Finally, we estimate (£.24). By (4.10) and Lemma [4.8] we deduce

[ve(t, ) = o(t,0)lle < L/O [ve(s, ) = v(s, ) || pds

t [ [ fonto.) = o0t @1

t
T / I72(s, ¢)| wdls. (4.40)
0
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Integrating over C, recalling that x°(C) = 1 and applying Fubini theorem, we have

/C los(t.€) — v(t,¢)[2dp®(c) < 2L / /c x5, ) — v(s, 0)| edp®(c)ds

t
[ [ It ollsdid s,
0o Jc
which implies, applying Gronwall inequality and using (4.39)), that

T
/ [oo(t, &)=t ) [pdp(c) < o.e2Et, 4. 1= / / Ir-(s,¢)[| sdi(c)ds — 0 as & — 0.
C 0 C

Inserting this last inequality in (4.40]), we obtain for every (¢,¢) € [0,T] x V

t t
loo(t¢) — vt )| < L/ [02(5,¢) — v(s, 0)|| pdls + 0.e2ET +/ (s, 0)|| sds.
0 0
Hence, setting
T
0s := 5562LT +/ |lre(s, ¢)|| gds,
0

recalling that, by (4.39)), 5. =0 uniformly in V' as ¢ — 0, and applying again Gronwall
inequality, we infer

lv=(t, ¢) = v(t, 0| < €™,
which gives (4.21)). O
Proof of Theorem[{.7. We divide the proof into steps.

Step 1: Needle variations. Fix any time 7 € (0, 7] and any admissible control value
w € U. Up to a null set we can assume that 7 is a Lebesgue point of ¢ — A(¢, u(t), ¢, 2)
for all z € Z. Notice that this is possible by separability of Z and the uniform Lipschitz
continuity of A in the last variable. For e € [0, &) with £ > 0 sufficiently small, we consider
the following needle variation:

£ B
u(t) = w if t € [7' ,7], (4.41)
u(t) otherwise.

Thanks to (HA1), by Theorem 3.3 of [6], there exists a unique solution p. € AC([0,T]; P.(C))
of

() + div (At p(t), - ust, )u) =0 in (0,77,
1(0) = p° € P(C).

The curve p.(t) can be represented using the associated family of non-local flows as
pe(t) = ((I)‘z[’)’fto)># T for t € [0, 7.

Moreover, by Proposition 4 of [1], R > 0 exists such that supp(p(t)) Usupp(ue(t)) C Brc
e,ud _
and || @'y oo (o) < R for every (e,t) € [0,€) x [0, T7.
Let t € (7,T]. We want to compute for every (¢,¢) € (1,7] X Brc

0
. O 0 ) (c) — Td(c)

e—0t €
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where Id: C' — C' is the identity function. It follows from (4.41]) and from the definition

of (I)ms)(s) and @’(‘5(3 (0<s<t<T) that

g, 0 e (T e,u(T7—¢ T
Bty 0 G (€) = BT 0 BT D o k) () (4.43)

where ¢, = CIJt‘t(’i))(c). Using again (HA1), we deduce that the map
o> A(a,u(cr),@”(T) (cf),u(g,qy"“) (cf))) € L>([0,T]; E).

(o,7—¢) (o,7—¢)

Then, after an application of the Lebesgue differentiation theorem for vector-valued func-
tions, we obtain

. @3 T
o0 (o) B o - / Ao 97 u(o37)_ (e))do

—€

= ¢ —eA(r,pu(1),cryu(r,cr)) + 5;,

with i_—; — 0in F ase — 0%. Now, choose d = ¢, —eA (1, u(7), ¢, u (7, ¢;)) + 62, Observe
that

1 T eu(T—¢
! / W), () + [0 (@) —

[l (o5 @) -t

8 Z}da—)O.

Using (HA1)-(i) we deduce that
1 T
. / A o) @7 (@ w (@7 0@)) — Aoue(). 07D () wier))do — 0.

T—¢

With the above equalities and the Lebesgue differentiation theorem we get

(t—e,7) (r—¢,0) (t—&,0)

M9 () d+/ A(ope@) 07275 @) (877 (@) )do

—&

= ¢ —eA(T,pu(7), crou(T,¢)) + eA (T, u(7), ey w(cy)) + 62,
with g — 0in F as e — 07. Recalling the definition of d, this amounts to

(I)e,lt(‘rfe)oq)lt(f) (CT) =c,+¢e (A (7-’ ,u,(T), Cr, W(Cr)) — A (Tal/'<7->7 Cryll (T, CT)))+5E7 (4.44)

(t—e,7) (r,7—¢)

with 55—5 — 0in F as ¢ — 07, Recalling that p(t) and p.(t) can be represented using the
associated non-local flows, we have the following expression which links u.(7) and p(7):

) = (B00) w2 = (00 00D ) uie)

= (1d e (A (rp(r), - w() — AT a(r), 1 (7, ) + 62) 4 (7). (4.45)

We then define for fixed ¢ € Br ¢ the function G: [0,&) — E as

G(e,7¢) = Id+e (AT, u(7),c,w(c)) — AT, (1), c,u(T,¢))) + 0, (4.46)
and, since G is Fréchet-differentiable from the right with differential
F(r¢) = AT, (1), ¢,w(c)) — A(T,u(T), ¢, u (T, ¢)), (4.47)

applying Lemma 2.11 of [35] we can extend G from [0, &) to (—¢, &) preserving the Fréchet-
differentiability at € = 0. Consequently, by (HA1)-(i7), we have for € € (—¢&,¢)
G(0,,-) =1d,
LG(e,7,0)|_y = F(r.¢) € L% (Bre; B), (4.48)
e (7) Gle, T, )up(T).
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Therefore, combining (4.42)), (4.43)), (4.44) and (4.46]), we infer that
o 0 D0 (c) — 1d(c) cpg;gg (G(e. 7, cr) — P (cr)
3 €
for every (g,t,¢) € (=&,&) x (1,T] X Brc. Thanks to (4.48) we can apply Proposition
and Lemma [4.5] obtaining

¢=D (Gle,rer)) = B

_ w(r
= q>(

where v(t, -) is the Fréchet derivative at ¢ = 0 of @’(Lj g)() and %, % — 0ase — 0. Hence,
by the continuity of G with respect to ¢ and v with respect to ¢ given by Lemma [B.1] we

conclude that for every (¢,¢) € (1,7] X Brc

(4.49)

A~

(G(e,T,¢r)) +ev(t,G(e, 7, ¢r)) + 0.

)
t)
) (er) 42 (Do @5 F ()] 4+ v(t. 6o 7y 00)) ) + 3., (4:50)

q)€ﬂ Oq)#()
i 200 ° ¥ (©) ()--D D F(r,e)] + ol ).

e—0t g (7.8)
We define F: (1,7] x Brc — E¢ as
Fltie) = DI[F(r.c) +v(t c)
(4.47)
= DA (7, u(7), ¢, w(c) — A(r,p(r), c,u(r,0))] +v(t,0), (451)
thus obtaining
P o prY) Id(c
() (o) () — Id(c) @z 0 (o). (452)

e—0t 5
Finally, again applying Lemma and Proposition .9 we characterize F(t,c) as the
unique solution of the following linear ODE defined in E¢ for t € (7, T7:

LF(t,c) = Dq),,m( )A(tp,(t) o () (247 () ) [F (¢, ¢)]

/ Vi ALt 01 (a00)) (O47(@)) [F(2,0)] du(r) (2), (4.53)
F(r, -A< u(r), e,w(e) — A(7,5(7), c,u(7,0)).

Step 2: Optimality condition. Note that, by the definitions of u(t) and pu.(t) and
using (4.52)), we deduce

_ A Fen° p(t) _ u(t)
pe(t) = (‘D(o“t) o P, 0)>#p(t) = <Id +eF(t, Py py () + 5a>#ll‘(t)v (4.54)

for every ¢ 6 (T T), where % — 0 as ¢ — 0*. Thus, it follows from the assumption (Hep)
and using with t = T that we can apply Proposition obtaining

PuT) = ou(D) + ¢ | (VuawyeliT)(e) FT. 4D >>>du<T><c>+6;, (455)

where % — 0 as ¢ = 07. By the optimality condition on u € U, we know that
p(ue(T)) — pu(T))

>0 for every € > 0,

€
hence, using (4.55)) and letting € go to 0, we infer
[ (Suwrplum (o). AT 440 ) du(r)(c) > 0 (456
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Step 3: Adjoint problem. In this Step we follow Step 3 of Section 3.2 in [18§].
We consider the unique distributional solution ¢ (c,p): [0,T] x C' x Ef, — E{ of the
adjoint equation of (4.53)) (which is a linear ODE defined on EY.):

dw(t,c,p) = D;MT )A(t,y(t)@’(‘ﬁ’)(c) (t e (e )))[w(t, ¢, )]

- / Vi A(tw®).@45) @ u (Lot @) (@5}?( )) [w(t, ¢ p)]d ((Id,—vMT)so(u(T)))#um) (¢ P),
CxEE,

w(T,c,p) =p € Ef.
(4.57)
Note that, since D A(t, p, ¢, u) and V,A(t, p1, ¢, u)(c) are uniformly bounded operators in
L(Ec; Ec), then their adjoint operators are uniformly bounded in L(E§; Ef.). Hence, ap-
plying Lemma [B.1] there exists a unique distributional solution ¢(c,p) € AC([0,T); Ef.)
of . Moreover, vy(c,p) is continuous with respect to ¢ and p. Thus, we define a
curve of measure in Ef, as

O.:t— wt(c, ')#5—Vu(T)<P(u(T))(C)‘ (4.58)
Since 6-v, 1 oum)e) € Pe(EE), we have o, € AC([0,T]; P.(E)). Now we extend this
curve of measures on C' x Ef.. First we define
vp it / o.(t)du(T)(c), (4.59)
C

which belongs to AC([0, T]; P.(C x E,)) since u(T') and o,(t) have compact support in C
and EY. respectively. Then we set

Vit (@”Tt)ow 7r2)#uT(t), (4.60)
thus obtaining ¥ € AC([0,T]; P.(C x Ef)). By its definition we deduce that
w(T)ep) duT<T><c,p>dac<T><p>dn<T><c>
S 10, im0 (P) (T (0
- d((fd ~Vume®(D) , w(T)) (ep).  (461)
Moreover, we have
il (t) B (@) (T = () for every ¢ € [0,T). (4.62)

Now we prove that v is a distributional solution of

(;itl/( ) = —divep (I (t,v(t), c,p,u(t,c))v(t)) in[0,T),
ﬂ#u(t) = u(t), (4.63)

where I' = (I'1,T'2): [0, T]xPp(C x Ec) XCx EfxU — Eox Ef is defined componentwise
by

Ly(t, v, c,p,u) = Alt, 7@1%1/, c,u) (4.64)

Lot v, e, p,u) == —D:A(t,ﬁiﬁu, c,u)[p] — / v:#VA(t,’/T;#V, ¢,u)(c)[pldr (e, p).
CxE*
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Let £ € C°(E x E¢;R) with differential (Dgé, Dgx§). Then

%[ /C e £<c,p)du(t)<c,p)] g[ /C - f(q)’(‘;t)(c),p)dVT(t)(c,p)]

5 g /C (@l (@), P)o (D) (P)IR(T)()

€ 4 / €), (e, )69, ptu(ry @) (P)IR(T) ()
CxXEE,
(57) % ¢), (e, p))dl/(T)(C,p)]
CxEE,
o /CE DEg@é‘T,t)(c),wt<c,p>>,A(w@wt‘iwwx (v0t5009)) ) (T)e.p)

_/CxEc* <DE35(<I> 7.0 (€), ¥e(c, p)) e (t# o (O ( (0 ))[%(C )]

+/CXE* V;(t)A(t,u t), (Tt>(c ( (Tt)(C))( > [Ye(e,p)] dv(T) (e, )>dy( (¢, p)

14.61)),(4.58)),(4.59),(4.60)
: <DE£(Cap)aA(t7ﬂ' t),c,u(t,c)) >dl/< )(Cap)

CXEc*
_ / <DE55<C D), DX A pu(t),cu(t0)[p] + / Vi Ats® cutd) (c) [p] dv(t)(é,ﬁ)> dv(t)(c,p)
CxXEcx* CxEE,

(Dgg(c,p), Ti(t,v(t), ¢, p,u(t,¢))) dv(t)(c, p)

CXEc*

+ /cm (Dgz&(c, p), Ta(t, v(t), e, p,ult,c))) dv(t)(c, p).

It follows, recalling (4.62) and (4.61]), that v is a distributional solution of (4.63]).
Finally we define IC,,-: [7,T] — R as

Ko (1) = /C B (7 (1,040, ) dw(t)(c.p)

(5D £, (59 €50 /E (vule.p). 7 (1 847)(0)) ) (T e ), (4.6

where F is defined by (4.51). Using that 1;(c, p) and F(¢,c) are weak solutions of (4.57)
and respectively, by the same density argument used in the proof of Theorem
(cf. the comments after (3.20])), recalling the definition of adjoint operator and applying
Fubini’s Theorem, we obtain

dK,-(t)=0 aete[rT] (4.66)
Step 4: Conclusion of the proof. Note that, by (4.66) and since

(14.56)

Ko () | {=Vumetumie, 7T 047 ) dultie) < o,
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we deduce that ICy, -(t) < 0 for ¢ € [7,T]. In particular, it holds for every w € U and a.e.
7 € [0,7] that

Kool ) [ o Firav(m(en)
[ AR cw(E) ~ A u(r). e (7)) () p) <0

Thus, recalling (4.12), we get (4.15)). Finally, it follows from (4.13]) and (4.64)) that
L(t,v,e,p,u) = IV, H(t, v,u)(c, p).

Hence, by (4.63), v is a distributional solution of (4.14)). O

Now we focus on the Bolza problem and we give the infinite-dimensional version of

Theorem [3.4] Let L: [0,T] x Py(C) x C(C; Z) — R. We consider

min { /O "L (), u(t))dt} , (4.67)

ueld

subject to (4.6). We assume for the running cost L that a function [: [0, 7] x P,(C) x
C x CHC; Z) — R exists such that

L(t, p,u) = /Cl(t,,u,c,u(c))d,u(c).

Moreover, the following hold.

(HL):

(a) there exists a constant L > 0 such that for every t € [0,T], u, i € P.(C)

and u € U
| Lt py w) = LAt i, w)| < LW (p, f1);

(b) there exists M > 0 such that for every ¢t € [0,T], p € P.(C) and u € U

there holds
Lt w)| < ML+ ma () ;

(c) for every p € P.(C) and u € U the map t — L(t,u,u) belongs to
LY([0, T); R);

(d) for every t € [0,7] and u € P.(C) the map u — L(t, p,u) belongs to
C%(Gy(C; Z); R);

(e) for every t € [0,7] and v € U the map P.(C) > p+— L(t, u, u) € Ris locally
differentiable at any p in the sense of the Definition with differential
V,L := V,L(t,p,u) and the application P.(C) x U x C' > (p,u,é) —
V,.L(¢) € E is continuous for every ¢ € [0, T].

We define the Hamiltonian #: [0, T x P, (C' x Ef) x U — R for the problem (4.67))-(4.6))

H(t,v,w) = /C . (p,A(t,ﬂ';%V, c,w(c)))dv(e,p) — L(t, W;#V, w). (4.68)

As seen for the Mayer problem we can compute explicitly V, H(t, v,u): C x Ef — Ef X
Eci

V. H(t,v,u)(e,p) = . (4.69)



DrA(t, L, ¢y )] + /

CxEE,

Vo Al s &) (0)[ldV (€, p) — Vi, L(t, myv, u)(c)
A(t, v, ¢, u)
Finally we state the Pontryagin maximum principle for the Bolza problem.

Theorem 4.10. Let (p,u) € AC([0,T];P.(C)) x U be an optimal pair control trajectory
for (4.67)-(4.6). Then there exists v € AC([0,T]; P.(C x EZ)) which solves in distribu-

tional sense
%u(t) = —div(cp) ((JV,,(t)H(t,I/(t),u(t))(-, )) V(t)) in [0,7T),
Ty (t) = p(t),
v(T) = u(T) x dp € P.(C x E}),

where H and V,H are defined by (4.68) and (4.69) respectively. Moreover the following
mazimality condition holds

H(t,v(t),u(t)) = glgg({%(t,v(t),w)} for a.e. t €10,T).

Proof. The proof is an infinite-dimensional adaptation of the proof of Theorem [3.4, We
do not report the details here as they are very similar of |15, Section 4.2]. O

5. A MODEL EXAMPLE

In this section we briefly discuss an example that fits into the theoretical framework
presented in Section |4, The general setting we present here is that of entropy regularised
mean-field particle systems presented in [4,/10] for inhomogeneous evolutionary games [6].

We fix a compact metric space (V, d) of pure strategies, a probability measure n € P (V)
with supp(n) = V, and p € (1,+00). We define as ambient space E := R? x LP(V,n),
where

P(V.n) = {z; VoR: /VM(U)V’dn(v) < +oo}.

Denoting by | - | the Euclidian norm in R? and by || - ||, the LP-norm in LP(V,n), we
endow E with the norm || - ||g = | |+ | - ||, With such choice, E is a separable and
reflexive Banach space. For 0 < r < R < +00 we set

Cori=RIx {lcLP(V,n): r<{l(v) <Rfornae veV}

In particular, C, g is a convex and closed subset of £. To shorten the notation, we denote
by ¢ = (z,¢) the generic element of E.

Let us fix 0 < r < R < +00. As in Section [d] we consider & = L'([0,T];U) for U a
not empty compact subset of (Cy(Cy,z;R), || - [lcz). As velocity field, for ¥ € Py(C;.r)
and v € U we consider

A, c,u) == (ve(c) +u, Tu(c) +S(0)), (5.1)

for some € > 0. Here, vy : E — R? takes the form
vy(c) = / K(z' —z)dv (', 1),
CT,R

for a suitable interaction kernel K : R? — R< such that

(K) K € C}(R%RY).
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As for the operators Ty: C,.gp — LP(V,n) and S: C,. g — L°(V,n) we consider

Ta(c) == (/cmﬂ ) A (e, ) — //R 0, 2') 6(v ’)d\y(x’,e’)dn(v'))z,
()= (| t00) tor(ete)) anto) ~ tox(0) ) .

for a payoff function J: R? x V x R? — R satisfying

(J.1) J is bounded on R? x V x R? and there exists a constant L > 0 such that for
every o1, ), Ty, 75 € R? and every v € V

| J(21,0,24) = J (22,0, 25)| < L(|ar — xa] + |a) — 7))

(J.2) for every v € V, the map (z,2') — J(x,v,2) is differentiable with (z,z’) —
(Vod(z,0,2"), Ve d(z,v,2")) continuous in RY x RY.

Under the assumptions and (J.1)—(7.2), it has been shown in [4, Proposition 3.2]
and in [31, Proposition 5.8] that for every € > 0 there exists 0 < r. < R. < 400 such
that, setting C' := C,_ g, the velocity field A defined in complies with assumptions
(i)-(iv) in (HA1). Moreover, we have that

Bo=RC= 01 = {tcrwm: [ i) =0}

Hence, E¢ is reflexive.

We now verify that A also satisfies the set of assumptions (HA2). As before, condi-
tion (v) of (HAZ2) is trivial in view of the linear dependence of A on the control variable u.
As for the C-differentiability of A, we write the C-differential piece-by-piece as

Dova(c)[cr — ) / VK — )@ — ) dU(, ),
DTa(0)er — o] = ( /O Vod (- 2) - (21 — 29) AU, 0)
_ /V /C Vo J (@02 - (21 — w2) (') AU(, €) dn(v’))f

+ (/CJ(x,-,x') d\p(x’,e’)—/V/Cj(as,v’,x’)z(v/) dv (', ') dn(v’))(ﬁl—ﬁz)

— K/V /c J(z, v 2") (6 (V") — Lo (v") AW (2, ) dn(v'),
D.S()ler — ca) = ( ] #60) g0 anfo) — toste) - 1) (6 — 1)
0 (00) = 601 + log(8(e)) an(o),

for every W € P(C) and every ci,co € C (recall that ¢; = (x;,¢;) for i = 1,2). In

particular, and (J.1)—(J.2) imply that A satisfies (vi) of (HAZ2).
Finally, the map P.(C) > ¥ — A(V, c,u) € E¢ is locally differentiable at any ¥ in the
sense of the Definition £.2] with differential

(Vo AV, ¢, u))(cr)[e2 — ¢
VK(z) — x)[xe — 2] >

- ( [Vzu](x, ) (T —x1) — fv Vo d(z,v,21) - (xg — 21)l(0) dn(v)] 110
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for every ¢, c1,cy € C. In particular, and (J.1)—(J.2) yield (vii) in (HA2).
APPENDIX

We first prove the results whose proof we have postponed, then we give two technical
results that we used in Section 4l

A: Proofs of Lemma (4.4, Lemma 4.5 and Lemma [4.6

Proof of Lemmal[{.4 Fix c € C. We recall that @é‘:t) € CY(C; ). For brevity of notation
we set ¢ := (ID’(f:’t)(c). Let v € R(C' = C). Then v = a(c; — ¢3) = alc; — ¢) — afca — ¢). It
follows by definition of C-differential (see (3.2)) that

|DzA[][|z = |af||DzAler — €] — DzAlea — d||r
la| lim
h—0

1
‘E (At () e+h(c1—8) ult,é+h(c1—e)) — Atu(t),é+h(ca—e) u(t,i+h(ca—¢))))

E

(@), (HAL) () - i ) i _
< falL tim {hlles = calls + u(t, 2+ her = @) = u(t.é + hlez = D)y }-

Since u € U which is compact in C}(C; Z), by Remark A.5 of [6], there exists a positive
constant Ly such that, starting from the last inequality, we deduce

IDzA]]lz < L(1 + L) vl e-

By an abuse of notation we use the symbol L to denote L(1 + Ly ), hence, the result
follows. g

Proof of Lemma[{.J. Let us first note that, by (4.10)), the Cauchy problem (4.11]) is well-
defined and admits a unique solution z¢(¢,c) € AC([s,T]; Ec). In particular, we can

define the family of diffeomorphisms L{, ,: Ec — Ec as L{, ,[f] := 2¢(t,c). Since the
differential equation in (4.11)) is linear, we have that L, is a linear operator for every
(t,c) € [s,T] x C. Moreover, by its definition
t
s5(tie) = £+ [ Dy Alislo,0)do, (A1)

which, using (4.10]), implies

t
lzr(t, e < [Iflle + L/ 1210, ¢)|| edo.
Then, after an application of the Gronwall inequality, we obtain

1L o L llE = ll2s (2, o)l < IIfllze™

Hence L, , € L(Ec; Ec) and ||L{, yllc(5e;e0) < €77, consequently we deduce that
the map (¢,c) — L{;;, belongs to L7 . ([s,T] x C; L(Ec; Ec)) -

Let us now show that L, is exactly the C-differential of q)f‘s patce C, thus proving
the statement. By definition of C-differential, defining

CDMS C/ —CD“S C !/
him =l anft) =m0 D " enld g e
h h
we just have to prove that
tim [|z4(1) — 2(1.)[ = 0. (A2)

34



Note that, by its definition, z,(t) solves

{izhu) LA (6 (), @05 (), ult O (¢))) = A (£ p(t), 2 (), ult, O ())) |
zn(s) = <.
We can therefore rewrite the equation for z(t) as

$an(t) =Dy Ala(0)] + uft)

where

oy o 12 <>—he1>'(;,t)<c>||E><

A(t,u(t),@it)(c )ult, <1>(5 NE '))) — A(t,u(t)@(“:t)(c) u(t, o t)(c))) — Dq)?:t)(c)A[@‘s 1t)( d)— CID‘(‘S 1t)( )]

12} (¢/) = @1 (o)l

leading to t t
zp(t) = f—l—/s chfio)(c)A[zh(a)]da—i-/s rp(o)do. (A.3)
By ([4.8), (HA1)-(i), and again applying the Grénwall inequality, we obtain
[0 () — B, ()] < het (A1)

which, together to (HA2)-(vi), implies that
lim ||rp(t)[|[p =0  fort e [s,T).
h—0

Moreover, using again (HA1)-(4), (4.10) and (A.4), it easy to check that
|rn(t)|| g < 2Le"T for t € [s,T],

so that, from an application of the Lebesgue dominated convergence theorem, we have

rn(t) =0 in  LY([s,T); Ec) as h — 0. (A.5)
Finally, by (A.1]) and (A.3), we deduce that
t
lnt) — 27t )12 / Dy o Alan(e) = 27(o, )] o + / r(@) pdo

1 [ 1aio) - 2o, lsdo o,
where . S
5y = / rn(@)|sde &0 ash—o0. (A.6)
Applying again the Gronwall iilequality, we conclude that
l2alt) — 24t )l < e,
Therefore, recalling that = || — ¢||p and by (A.6), we get (A.2). O

Proof of Lemma[{.6. We divide the proof in agreement with the three statements.
Proof of ( ) and (b) Let fi. be the solution of (4.6]) with u replaced by u. and with initial

datum p°. Let ®%* be the family of non-local flows associated to ji.. We know by .

(0,t)
that <I>“0 Y @?O’;), o ’“E ) belong to C([0,T] x C;C). Fix ¢ € C. It follows from triangle
1nequahty that
e,u2 0 g,u2 e, € 0
| - @7o,t><c>HE < |oiie - 2gn@], + |oine - don@| - A
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We focus on the second term of the right-hand side of (A.7)). We define
e, 0 0
F.(t) := sup HCID(O’ft)(c) — @’(‘O’t)(c)HE for t € [0,7.
It follows from and (HA1)-(i) that
|25 () — q”(%t (©)le (A-8)

</
0

t ~ 0
< L/ {Wl(%(s),u( )+ 1955 () — @y ()l + [futes.05 ) — U(qu’ﬁis)(0>>||cg}d8
0

R eul e 0 0
A(s,pg(s),fb(o‘fs)(c),uE(s,Cb(D‘;)(c))) - A(s,,u,(s),fbéto’s)(c),u(s,@?oys)(c))) HE ds

t
<1 / Wi (1 (s), u(s))ds + L / 105 () — Bt ()]s
0

t t
+ L/ e (5,955 ) = ue(s.0y @)l cods + L/ e (st @) = uts ety @)l cods.
0 0

Now we estimate the terms on the right-hand side of (A.8]). As for the first term, by
definition of Wasserstein distance, we deduce that

/;Wl(ﬂg(s ))ds < / / 1254 (c) = @ ()l zduo(e)ds < /0 F(s)ds. (A9)

Regarding the third term, since u.,u € U which is compact in (Cy (C; Z), || - ||z ), there
exists a positive constant Ly such that

t t
/ e (5055 () — us(s,q>f(‘0(fs)(c))||cgds < LU/ F.(s)ds. (A.10)
0 0

Finally, by assumption, u. — u in L'([0,T}; (U, || - lcz)), then
/ uctoat @) — (et c))||ngs S0 ase—0. (A11)

Combining (A.9), (A.10) and (A.11) with (A.8)), we obtain that

Fa(t) < L2+ L) / "Fo(s)ds + 6.,

where ¢, is a positive constant not depending on ¢ and ¢ which goes to 0 as e — 0. Hence,
applying Gronwall inequality, we conclude that

F.(t) < gL (A.12)
whence

—0 ase— 0 uniformly in ¢t € [0,7]. (A.13)

g, 0 0
Sgp HCI)(O};)@) - q)éLO,t)(c) 5
As regards the first term on the right-hand side of (A.7]), since by Theorem 3.3 of [6] we
have for a positive constant M
Wy (Mé(t)7 ﬂa(t)) < eMtwl (:u(s)v MO) for t € [07 T]’ (A14)

and recalling that, by assumption, Wi (u2, u°) — 0 as e — 0, we can proceed in the same
way used for the second term to obtain that

supH(ID <I>€“

Ot) ” — 0 ase — 0 uniformly in ¢ € [0,7]. (A.15)
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Hence, combining (A.13)) and (A.15) with (A.7), we deduce (a). The proof of (b) is an
easy consequence of what we have just seen. Indeed, by triangle inequality,

Wilpe(t), p(t)) < Wilpe(t), fie(t)) + Wi(je(t), p(t))

(A.19) T o o
< TG + [ 1950 = B, (a0

< eMTwl(MS,HO) + 586L(2+LU)T

so (b) follows.
Proof of (¢). Fix t € [0,T] and ¢ € C. We define for a fixed f € Ex

e : 0
z(t.c) = DO [f] and  2(t c) := D@, [f]-
By Lemma {4.5| we know that ||z(¢, ¢)||g < M| f||g for a positive constant M and that
l|ze(t, c) — z(t, )|l & (A.16)

/ 1D e oy Alse(o) @55 05035 (000 22 (5, €) — 2(5, 0)] | pds
@(5,0(€

/ 1D 0, Alsne(). @55 (0 e (5,255 ) — D g0 (A(su(s><1>(05)(> u(s. @l @) [2(s, ¢)]|| pds

(0 s) (0,s)

L/O l2o(s,¢) — (s, )| pds

Pl (©)

t
+ M| flle /0 ||Dq>§6“% Alsue (.52 (0)us (5.5 () — D 0 As.u(s).2y (@2t ()] £(Be;Ee)ds.

Furthermore, by assumption (HA2)-(vi) and using (a) and the convergence of u. to u in
L0, T} (U, || - llep ), we have for a.e. ¢ € [0,T] that as € — 0

HD(DWQ( Alt e (0,055 (0) e (1955 (€)) — Do oAttt B ()t B (0))) — 0.
(0,%) 0. L(Ec;Ec)
Since, by Lemma 4.4 both D W A and D0 ( )A are uniformly bounded in [0, 77,
(0 t) (0,t)

we can apply the Lebesgue theorem to the last term on the right-hand side of (A.16))
obtaining that

Iz (t,¢) = z(t, )2 < L/O 1z (s, ¢) = z(s, )| zds + M| f]| < (c),

where 0.(c) is a positive constant depending on ¢ which goes to 0 as e — 0. It follows by
an application of the Gronwall inequality that

l2(t,¢) = 2(t, )|l < M| fllp(c)e™”

Hence, recalling the definitions of z. and z, we conclude that

Dcclf’“e D@ )If
NP mMHMSMM%w%OaM%Q
Ec>f#0 ”fHE

thus finding (c). O
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B: Auxiliary lemmas. In what follows let X be a closed and convex subset of a sep-
arable Banach space Y and let Ex be the closure of the vectorial subspace R(X — X)
inY.

Lemma B.1. Let u belong to P.(X). Let By: [0,T] x X — L(Ex; Ex) and By: [0,T] X
X x X — L(Ex; Ex) be operators satisfying
(i) the map x — Bi(t,x) belongs to C(X; L(Ex; Ex)) for a.e. t € [0,T] and B, €
L%OXM([O,T] X X;‘C(EX§ EX)),'
(i7) the map (x,Z) — Ba(t,x,Z) belongs to C(X x X;L(Ex; Ex)) for a.e. t € [0,T]
and By € LY, ... ([0,T] x X x X;L(Ex; Ex)).

LX X
Then there ezists a unique continuous weak solution w: [0,T] x X — Ex of

du(t,z) = By(t, o)t )] + /X Bo(t,z, &) [w(t, D)du(z) in (0,T],
w(0,x) =y € Ex.

Proof. We consider the metric space CP([0,T] x X; Ex) equipped with the norm

[wlla = sup e [lw(t, z)]y.
0,T]x X

Set F:= (CP([0,T] x X; Ex), || - |lo). Since Ex is a closed subset of Y which is a Banach
space, it follows that E'x is a complete metric space. Then F' is a complete metric space.
We define the operator S: F — F as

S(w)(t, x) ::y+/0 Bl(s,x)[w(s,m)]ds—l—/o /XBg(s,x,j)[w(s,i)]du(i’)ds.

Thanks to the assumptions (i)-(i7), S is well-defined. Following the same reasoning as
in the first part of the proof of Proposition 5 in [18], it is easy to prove that, with a
suitable choice of «, S is a contraction mapping. Then, applying the Banach-Caccioppoli
theorem, the result follows. O

Lemma B.2. Let H: Py(X) — R be

H(p) = /X H(p, x)dp(),

where H: Py(X) x X — R. Assume that H is X -differentiable in the sense of (3.2) with
X -differential satisfying
(1) the map (p,x) — Dy H(p, ) belongs to C(Py(X) x X; E%);
(7i) there ezists a positive constant L not depending on p € Py(X) and x € X such
that || D, H(p, z)|| gy, < L for every p € Py(X) and v € X.

Moreover, assume that H is differentiable in the sense of Definition[].9 with u-differential
satisfying

(17) the map (p, T, x) — V,H(p,T)(x) belongs to C(P.(X) x X x X; E%);

(iv) the map (T,x) — V, H(u,T)(x) belongs to LS, (X X X; EY) for every p € P.(X).

Then, H is differentiable at any pu € P.(X) in the sense of Deﬁm’tion and

V, H(pw)(x) = Dy H(p, ) + /X V. H(p, z)(z)dp(z)
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Proof. Let R > 0 and n € P(B,(R)). It follows from the disintegration theorem that for
v € Lp,n)

H(n) — H(p) = /X H (5, 2)dn(z) - /X H(p, 2)dp(z) (B.1)
- /X (H ) = i) dy (o)

B /XxX (H 0, 22) = Hn,z1)) dy(mr, 22) + /X (H(n,21) — H(p,21)) dp() -

=:I1 =:1s

.

Now we focus on I;. Recalling that X is convex and using (i) and (ii), we have for
z(s) = x1 + (g — 1) € X with s € [0,1] and applying Fubini theorem for Bochner
integral

ho= [ [ D Ha(s). = sy o) (B.2)
_ /0/XX(Dx(S)H(n,x(s)),xQ—ml)dv(xl,xg)ds
= /XX(DmlH(,u,xl),xQ—I1>d7($1,$2)

T / (Do, H 1, 21) — Doy H(pty 1), 2 — 1)y (a1, 2)
XxX

N J/

TV
=11

1
+/ / <DI(S)H(T/7$(S)) _Dx1H(77ax1)7x2 —[L’1>d’}/(l‘171’2)d8,
0 XxX

~~
:ZILQ

As for I 1, using Holder inequality, we deduce that

%
1l < ([ D H0.21) = Do) g ) ) W

Since, v € P(X x X), we have that if Wy, (1, 7) — 0 then Wi(p,n) — 0. Hence, using
(1) and (7i), we have

D$1H(n7$1) — Dle(M%) as W27'y(”777) — O,
||Dz1H(777$1) - Dle(,u, CCl)| E% S 2L.

Therefore, by an application of the Lebesgue theorem, we get

Iy = or (Way(1,m)) - (B.3)

As regards I 5, using again (i) and (i), we know that for every ¢ > 0 there exists 6 > 0
depending on 7 such that

12| < 5/ |21 — @2y dy(z1, 22) + QL/ |71 — 22|lydy (21, 72)
{|Je1—z2|ly <6} {lle1—z2[ly =6}

2L
< eWaq(u,m) + TWZZ,'y(M? n).
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It follows that, if W5 (1, ) — 0, then we can choose Wa (11, 7) < £ so that from the

last inequality we deduce for every ¢ > 0 that |I; 5| < 2eWs (1, n). Hence,
1o = or (Way(p,m))- (B.4)

Finally we focus on I,. We have using (ii7) and (iv) and applying Fubini theorem for
Bochner integral that

b= /x/x X<VMH(M,$1)(5U3)~T4—$3>d7(x37$4)d“(9”1>+03 (Way (11,m))

= [ ([ Ve duten) o0 ) (om0 + on (Ve ) (B9
XxX \JX
Combining (B.2),(B.3)),(B.4) and (B.5) with (B.1)) we obtain the result. d
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