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Abstract

We find a surprising link between Maz’ya—Shaposhnikova’s well-known
asymptotic formula concerning fractional Sobolev seminorms and the gener-
alized Bishop—Gromov inequality. In the setting of abstract metric measure
spaces we prove the validity of a large family of asymptotic formulas concern-
ing non-local energies. Important examples which are covered by our approach
are for instance Carnot groups, Riemannian manifolds with Ricci curvature
bounded from below and non-collapsed RCD spaces. We also extend the clas-
sical Maz’ya—Shaposhnikova’s formula on Euclidean spaces to a wider class of
mollifiers.

Keywords: fractional Sobolev space, metric measure space, Bishop—Gromov
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1 Introduction

Let Ne N, p>1and 0 < s < 1. We recall that the fractional Gagliardo seminorm
of a measurable function f : RY — R is defined as

Here W*?(RY) denotes the classical fractional Sobolev space, i.e. the set of all L?
functions f s.t. || f|lws»@r) < 0o. In the celebrated paper [4], Bourgain, Brezis and

Mironescu studied the asymptotic behaviour of || - ||y«»@~y as s — 17 for p > 1. In
particular, they proved that whenever f € WHP(RY) the following formula holds:
hm (1 - S)Hf”wsp RN) CHVf”Lp RN)» (BBM)
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where C' > 0 is an explicit constant depending only on N and p. Afterwards,
this result was generalized by Davila [16] to the case of functions of bounded varia-
tion. Later, Maz’ya and Shaposhnikova [32] studied the asymptotic behaviour of the
Gagliardo seminorm when s — 0. They proved that for any f € Ugcsci W*P(RY)

lsiﬁ)l SHfH];Vs,p(RN) = L||f||12p(RN)7 (MS)

where L is another positive constant depending only on p > 1 and N € N. Recently
several authors studied generalizations of these results in the Euclidean framework
and the literature became extremely vast: a detailed overview is beyond the scope
of our contribution. Here, we restrict ourselves to the research that is most close
in spirit to [4] and [32]. Interesting contributions in these directions have been
provided by Ali-Lam-Pinamonti [27, 31], Arroyo-Rabasa—Bonicatto [2], Brazke—
Po Lam-Schikorra [5], Brezis-Nguyen [6-9], Brezis—Van Schaftingen—Yung [10, 11],
Brué-Calzi-Comi-Stefani [13], Buseghin—-Garofalo—Tralli [14,21], Leoni-Spector [28,
29], Nguyen—Pinamonti-Squassina—Vecchi [34,36], Ponce [37] and references therein.
At the same time, in the past thirty years the research activity has known remarkable
contributions in many aspects of analysis in the general setting of metric measure
spaces. Particular interest has been addressed to the theory of first order Sobolev
spaces and BV functions, as well as their connection with PDEs and variational
problems: see e.g [1] and related references. For instance, an interesting question on
the relation between Sobolev spaces on metric measure spaces and formula (BBM)
was raised by Brezis in [12, Remark 6]. Later, new characterizations of Sobolev
and BV spaces, which are very close in spirit to formula (BBM), were obtained by
Di Marino and Squassina [20] in the setting of PI spaces (doubling metric measure
spaces satisfying a Poincaré inequality), see also [25,26]. Munnier [33] previously
proved a similar result in Ahlfors-regular spaces, while Gérny [22] approached the
problem in a range of PI spaces that “locally appear” as Euclidean spaces. As far as
we know the validity of (MS) in metric measure spaces is still an open problem. The
aim of the present paper is to fill this gap. Moreover, we find an intriguing relation
between the validity of (MS) and suitable geometric properties of the underlying
metric space.

In order to describe this relation we recall that in comparison geometry, no matter
in smooth or non-smooth setting, Bishop—Gromouv type inequalities play a central
role. For curvature parameter K and dimension parameter N, denote by VY (R)
the volume of the geodesic ball with radius R in the space form. We say that a
metric measure space (X, d, m) satisfies the generalized Bishop—Gromov inequality

if
m(BR(xO)) < m(BT(ZEO))
VK,N(R) - VK,N(;,»)

In the present paper we find a surprising link between the Maz’ya—Shaposhnikova’s
formula (MS) and the generalized Bishop—Gromov inequality (BGI). Using this
simple, precise and geometric information we provide several new interesting ex-
amples satisfying such an asymptotic formula. In particular, applying our result
to the metric measure spaces with synthetic curvature-dimension condition a la
Lott—Sturm—Villani, we find a couple of new sharp functional inequalities which, as

forall R>r. (BGI)



far as we know, are new even in the smooth setting.

Another interesting outcome of the present paper is the extension of the formula
(MS) with mollifier W, which appears in the Gagliardo seminorm, to the case
of general radial mollifier satisfying suitable monotonicity assumptions (cf. Condi-
tion 2.10). In [17] the authors devised necessary and sufficient conditions on the
mollifiers to get formula (BBM). The analogous problem for formula (MS) is open

and it will be the subject of future research.
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2 Main results

2.1 General theory

In this paper, a metric measure space is a triple (X, d, m), where (X, d) is a complete
and separable metric space and m is a locally finite non-negative Borel measure on
X with full support.

First of all, we set some general assumptions on the mollifiers.

Assumption 2.1. Let (X,d, m) be a metric measure space and let p > 1. Suppose

there exists a sequence of non-negative, symmetric, measurable functions (py,)nen
defined on {(z,y) € X x X : & # y}, called mollifiers, such that

A) there exists a constant L > 0 such that, for any x € X,

lim lim pu(z,y)dm(y) = lim lim pn(,y) dm(y) = L,

R—+00 n—o0 B%(CE) R—+o00 N—00 B}C%(.t)
(2.1)
where B (z) = {y € X : d(x,y) > R};

B) for any u € LP such that there exists ng € N with
(= [[ () = (o) (7, ) dm(z)m(y) < oo,
{(@y)wyeXaty}
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we have

lim u(z) — u(y)|Ppn(x,y) dm(z)dm(y) =0, VR > 0;
iy /{(doWR}r (x) = u(y)l?pn (. ) dm(z)dm(y) >( |
2.2

C) for any R > 0 sufficiently large, there exists a constant C' = C'(R) such that,
forany x € X, n € N,

| magyn) < (2.3

R(E)
The main result of this paper is the following Maz’ya—Shaposhnikova type for-
mula which is expressed in a very general form.

Theorem 2.2 (Generalized Maz'ya—Shaposhnikova’s formula). Let (X,d, m) be a
metric measure space and let (p,)nen be mollifiers satisfying Assumption 2.1. Then,
for any uw € L? such that €,,(u) < +00 for a certain ng € N, it holds

lim &,(u) = 2L|ul/%,. (GMS)

Proof. Fix xqg € X and R > 0. We consider the following decomposition of X:

A= {(z,y):0<d(z,y) < R}
B := g(az’,y) cd(z,y) > R, d(y, z9) > 2d(z, o) or d(y, z9) < 3d(z, z9) }
C:={(z,y) : d(z,y) > R, 1d(z,z0) < d(y,z0) < 2d(z,z0)}.

so that

-~

En(u) = / () — u(y)Ppa(z, ) dm(z) dm(y)
I:=I(R,n)

+ [ 1) = a) o) dma) )

~~

I1:=11(R,n)
+ [ Jule) = )P pao.) o) dmy).
) [I1=ITI(Rmn) ’
By Assumption 2.1-B) we have
lim lim I(R,n)=0. (2.4)

R—4-00 n—+00

For any z,y € X satisfying d(y, o) > 2d(z, x¢), by the triangle inequality we know

Aw,y) 2 Ay z0) = dan,a) > dln) = 5o 20) = 3(,0)

and 3
d(xa y) S d(x(h :C) + d(yv l’o) < éd(ya $0)-

4



Therefore

{:L‘ cd(z,y) > R, d(y, o) > 2d(a:,x0)} C {x %d(y,xo)\/R <d(z,y) < gd(y,xo)}

so that
II,(R,n) = / ]u(y)]”(/
X {x: d(z,y)>R, d(y,x0)>2d(a¢,mo)}
< /IU(Q)"D(/ pn(z,y) dm(:c)) dm(y)
X {a:: %d(y7xo)\/R§d(ac,y)<%d(y,aco)}

- [t /{ L

pu( ) dm(x)) dm(y).

on(, ) dm(x)) dm(y)

- Aaz: d(x,y)zgd(y,xo)vR}

Note that, for R sufficiently large, p,(-,y) is integrable on the complementary of
each ball centered at y by Assumption 2.1-C and the symmetry of p,.

Moreover, for R sufficiently large,

x,y)dm(z /
( {x d(z,y)>3 dya:o)VR}

x,y)dm(x /
Az: d(m,y)Z%d(y,xo)\/R} ( {z d( my)> d(y,z0) \/R}

< 2/{96 - pn(x,y)dm(z) < 2C.

/ (z,y) dm(zx)
{x: d(m,y)Z%d(y,xo)VR}

< pn(z,y) dm(z)

Hence, by Fatou’s lemma,

lim I1,(R,n) /|u |phm(/ pn(z,y) dm(x)
n—00 {dxy> d(y,zo) \/R}

(z,y) dm(z )) dm(y).

/{d my)> d(y,z0) VR}

By a similar argument, since the map R — C(R) can be chosen to be non-increasing

for large R, we get

lim lim I1,(R,n) /\u )P lim hm(/ pn(z,y)dm(x)
R—+oon—o0 {dzy)> d(y VR}

R—+400 n—>00
2,9) dm<x>) dm(y)

Pn(

Adxy % ya}o)\/R}

< u(y p< lim lim/ Pn
/X| ()| R—400 n—00 {da:y % yxo)\/R} (

— lim lim/ pn(x,y)dm(a:)> dm(y).
R—+00n—00 {d (z,y) % y:ro)\/R}

x,y) dm(z)



By Assumption 2.1-A) we infer

lim lim I1,(R,n) = 0. (2.5)

R—~400 n—o0

Similarly, for  # x(, it is immediate to see that

Blid(;r,xo)(x) - {y €X: d(’y,l'()) > 2d(m,x0)} - B(Ci(m,xo)(x)7

so that
) = [ ([ pula) dny) ) ()
X {y: d(z,y)>R, d(y,xo)>2d(x,zo)}

[ wr( [ pulay) dm() ) ()

I1I,(R,n) S/X]u(x)\p(/

B(?l(ac,xo)\/R(x)

v

Xd(m,zo)\/R(m)

and

puly) dm<y>) dm(z).

By Assumption 2.1-A) and Fatou’s lemma again

Lhlt, = [ \u(m)\P( lim lim pn<x,y>dm<y>) dm(z)

R—400 5500 BZd(w,xO)\/R(I)

< lim lim I5,(R,n) < lim lim I1,(R,n)

T R—+00 500 R—+00 n—00

< lim lim/|u(x)]p(/
R—+00 n—oo X BS(

< / (@) lim T < /
X R—+00 n—o0 c

d(a:,wo)\/R(z)

oul,y) dm<y>) dm(z)

I,IO)VR(x)

pu(. 1) dm<y>) dm(z) = Lijul?,.

Hence o
lim lim ITy(R,n) = Llullf, = lim lim I,(R,n). (2.6)
R—+00 n—o0

R—=+00p 00

Now note that, by the symmetry of x and y,
1R, i= [ Jula) = u(u)"pu(o.y) dm(a) dm(y)
B

—2 ) = uly)lpa () din(z) dm(y).
D::{(a:,y): d(z,y)>R, d(y,xo)>2d(df,$0)}

Hence

1R ) = 215(Ron)] <2 [ [Jule) = u(u)? = fulz)?] o .5) dm(a) dm(y).
D
If p = 1, by the triangle inequality, the last integral is bounded by I1,(R,n). Hence,
by (2.5), o
lim lim [[I(R,n)—2I1,(R,n)| =0. (2.7)

R—~+00 n—o0



In case p > 1, we use Lagrange theorem and find, for every x,y € X, a number
¢ € R lying between u(z) and u(x) — u(y) such that

‘IU(@ —u(y)P —u(@)| = plel" u(y)].

In particular |¢| < max{|u(z)l|, |u(z) —u(y)|}. Therefore, using also Young’s inequal-
ity for products,

(@) + (@) = w(@)l) lu()] pa(e, y) dm(z) dm(y)

é;@(m”@—1mw@w+mu»wmmw+§m@w)%@wﬁmwﬁm@)

[I(R,n) — 21 1,(R, n)| < 2p /
D

for every € > 0. Using Minkowski inequality |u(z) —u(y)[? < 27 (|u(z)[P + |u(y)[?)
and passing to the limits, exploiting (2.5) and (2.6) we finally get

lim Tim [II(R,n) — 2I1,(R,n)| < 2(p — 1)er7 (1 + 2°" ) L|jul[%,.

R—+00 n—o0

By arbitrariness of ¢, we deduce (2.7) for every p > 1. Now we estimate

m [I(R,n) < Tim <H(R, n) — 211,(R, n)) +2 Tim (I1,(R, n))
n—roo

n—oo n—oo
< lim |II(R,n) —2II,(R,n)| + 2 lim (I1,(R,n)).
n—00 n—oo

Passing to the limit as R — 400, we get by (2.7) and (2.6)

. I < P
Gim  lim TI(R, n) < 2L ul[Z,. (2.8)
Similarly,
~ tim T1(R,n) = T (—II(R,n))
n—00 n—00
< Tm ( — II(R,n) + 211,(R, n)> +2 Tim (~11,(R, n))
n—oo n—oo
< lim |[II(R,n) — 2II,(R,n)| — 2 lim (I1,(R,n)).
n—00 n—00
Again, as R — 400, we get by (2.7) and (2.6)
i i > L. .
i lm JI(R,n) > 2Ll (2.9)
By (2.8) and (2.9) we conclude
. . o P o . I
Rgr—ir-loo nh_)_nc}o II(R,n) =2L|ul}, = REIEOO nh_)n;@ II(R,n). (2.10)

Concerning I11(R,n), observe that

Cc {(m,y) e X x X |d(z,y) > R, d(z,z¢) >

wlm w|

}7 (2.11)
|

cc@ameXxxwaaszwm@@z

7



Thus, by Minkowski inequality, Fubini’s theorem and the symmetry of p,, we deduce
1 = / [u(z) — u(y)Ppu(r. ) dra(z) dm(y)

< (Cru PG o) )+ Julo) (o) i) )
op—1

" /<y 20 z% (/d(x,y)ZR pul,9) dm(x)) dm(y)

=3 o <x>|p( / Y n() ) (o).

3

E

Applying Fatou’s lemma as before,

lim ITI(R,n) < 2p/ |u(z)[P lim (/ pn(x,y) dm(y)) dm(z)
d(z,z0) d(z,y)>R

n—00 >R n—o00
=3

and
lim lim I1I(R,n) = 0. (2.12)
R—~+00 n—o0
Combining (2.12) with (2.4) and (2.10) we get the conclusion. O

Remark 2.3. In the case of a metric measure space with bounded diameter, Assump-
tion 2.1 C) is always satisfied with C' = 0 and the same holds for Assumption 2.1
A) with L = 0. In particular, in the proof of Theorem 2.2 we can fix R > diam(X),
so that B =C = () and

e i= [[ )~ )P dmeiny)

- / / () — u(y) Ppulz, y) dm(z)dm(y),
{(z,y):0<d(z,y)<R}

which goes to 0 = 2L|Ju||7, as n — oo by Assumption 2.1 B).

2.2 Applications and Examples

In this section we introduce some examples satisfying Assumption 2.1 and Theorem
2.2. Doing so, we not only extend Maz'ya and Shaposhnikova’s formula on Eu-
clidean spaces (as well as Ludwig’s theorem on finite dimensional Banach spaces) to
a large family of mollifiers on curved spaces, but also find some new sharp functional
inequalities.

Volume growth conditions

From now on, V : [0, +00) — [0, +00) will be a C! strictly increasing function such
that limy_,o V() = +oo. We will also use the notation S(t) := LV (¢).

8



Some prototype examples (see e.g [38]) arising from Riemannian geometry are for
instance given by the family of functions V¥ (¢) on [0, +00) defined by

N if K=0, N=1,2,...

K,N - t _K
VET(e) /sinhN—l (7« ﬁ) dr ifK<0 N=23. . &3
i .

Definition 2.4 (Generalized Bishop—Gromov inequality). We say that a metric
measure space (X,d, m) satisfies the generalized Bishop—Gromov inequality associ-
ated to the function V' : [0, +00) — [0, +00) if, for every 2y € X,

m(Bg(zo)) - m (B, (20))
vir) = V(r)

forall 0<r <R < +o00.

Definition 2.5. We say that a metric measure space (X, d, m) admits the generalized
asymptotic volume ratio associated to the function V' : [0, +00) — [0, +00) if there
exists AVR&d’m) € [0, +00] s.t., for every zy € X,

Definition 2.6. Let (X,d, m) be a metric measure space. Its density function 8V
associated to V' is defined as
0 (z) := lim Vo e X.
Remark 2.7. For spaces satisfying the generalized Bishop—Gromov inequality, we
can see that AVRE/Xd,m) and 0V are both well-defined. In particular, generalized
m(Br(w))
Vi(r)
that AVR&d’m) > 0 implies that 0(x) > 0 for any x € X, while # € L> implies that
m (B, (@)
V(r)
Remark 2.8. 1t is very easy to construct examples of spaces with bounded den-
sity satisfying the generalized Bishop—Gromov inequality associated to a function V'
which is different from the standard models V.
Consider for instance X = R, equipped with the Lebesgue measure £!.
Let V : [0,+00) — [0, 400) be invertible and of class C! (in particular V(0) = 0,
lim, o V(z) = +00 and V is strictly increasing). Suppose in addition that V! :
[0, +00) — [0, +00) is sub-additive, which means

Bishop—Gromov inequality implies that the map r — is non-increasing, so

is uniformly bounded in x € X and r > 0.

Vi a+b) <V a)+ V(D).

Standard examples of such maps are V(z) = z* (with a > 1) or V(z) = e* — 1.
Under this conditions it is easy to see that the map d : X x X — [0, +00)

d(z,y) ==V (lz —y|)

9



is a distance on X. Moreover, for each z € X,

Li(B,(x) _ L'{yeR:Vi(z—yl) <r})
Vi(r) Vi(r)
L {yEeR: |z -yl <V(r)}) 2V(r)

V() Vi)

In particular the space (R, d,£!) has density ¥ = 2 and satisfies (trivially) the
generalized Bishop—Gromov inequality.

Example 2.9. The range of spaces satisfying the generalized Bishop—Gromouv in-
equality and admitting the generalized asymptotic volume ratio is actually pretty

wide.

1)

2)

3)

4)

5)

We list below some relevant examples:

Euclidean spaces: It is known that AVREQVN,H,LN) = wy = |S]]VV_1‘ where
N

Wy = F(&—Z’H) denotes the volume of an N-dimensional unit ball and |S™ ™| de-
2

notes its surface measure. This is the case studied in Maz ya-Shaposhnikova’s
original paper [32, Theorem 3].

Finite dimensional Banach spaces: Let (RY,||-||, £V) be an N-dimensional

Banach space. It can be seen AVRE%%H‘,LN) 1s the volume of its unit ball. This
is the case studied by Ludwig [30, Theorem 2].

Riemannian manifolds: Let (MY g) be a complete Riemannian manifold of
dimension N with Ric > K. Let d and m be the Riemannian distance and the
volume measure determined by g respectively. By the classical Bishop—Gromov
volume comparison theorem, the generalized Bishop—Gromov inequality and the
generalized asymptotic volume ratio associated to VN exist. In particular,
when K = 0, AVRE/]\(;’x,dm) < +oo if and only if (MY ,d,m) has Euclidean
volume growth.

Carnot groups: Let G = (R% ) be a Carnot group of step s endowed with
the Carnot-Carathéodory distance d.. and the Lebesque measure L. It is well
known that L4 B,(x)) = r9L4(B;1(0)) where Q € N is the so called homoge-
neous dimension of G. It is then clear that then AVREO’Q = L£4(B;(0)) > 0.
MCP(K, N) spaces: Let (X,d,m) be a metric measure space satisfying the
so-called Measure Contraction Property MCP(K, N), a property introduced
independently by Ohta [35] and Sturm [39], as a generalization of CD(K, N)
metric measure spaces. By generalized Bishop—Gromov volume growth inequal-
ity (cf. [39, Theorem 2.3]) on MCP (K, N) spaces, the (generalized) asymptotic
volume ratio is well-defined.

Mollifiers of radial type

Let (X, d, m) be a metric measure space and let (p,),, be a family of functions defined
on {(z,y) € X x X : x # y}. We are now going to introduce some conditions which
are easier and more manageable than the ones in Assumption 2.1.

10



Condition 2.10 (Approximation of the identity). We say that (p,)nen are mollifiers
satisfying approzimation of the identity of radial type associated to an increasing map
V :[0,400) — [0,400), if there exists a sequence of strictly decreasing functions
pn € C*(0,+00) such that

A) (Radial distribution)

lim p,(r) =0 Vr e (0,+00), (2.14)
n—oo

lim p,(r)V(r)=0 VneN, (2.15)
r—+00

and
pu(z,y) = pn(d(z,y)) Vaz,yeX, z#y.

B) (Monotonicity) For any n,m € N with n > m,

Pn(r)

is non-decreasing.
Pm(T)

(0,400) 3 7r —

C) (Approximation of the identity) It holds
+oo
lim lim S(r)pp(r)dr =1, (2.16)

R—+00 n—o0 R

where S(t) := LV ().

dt

Lemma 2.11. Let (X,d, m) be a metric measure space admitting generalized asymp-
totic volume ratio AVRVXA’m) and suppose also that there exists a constant k > 0
such that m(B,(x)) < kV(r) for every x € X and every r > 0 sufficiently large. Let
(Pn)nen be mollifiers satisfying approzimation of the identity of radial type associated
to V. Then (pn)nen satisfy Assumption 2.1 with L = AVRE/Xd’m).

Proof. Assumption 2.1-A):
First of all, notice that AVR&,dm) is finite by our assumption on k. For simplicity,

we assume that AVRE/X@m) > 0, the case for AVRYde = 0 can be proved in the
same way. Fix x € X. For any € > 0, there is Ry > 0 such that

(1= ) AVR(x 4V (r) <m(By(z)) < (1+ €)AVR{x gV (r), Vr>Ry. (2.17)
For simplicity, we write
m(B,(z)) = (14 O(e)) AVR{x g )V (r).
Let R € (Rp,+00). For any n € N we define p, g : X x X — (0, pn(R)] as
polz,y)  d(z,y) = R,

pn(R) 0 <d(z,y) < R.



By Cavalieri’s formula (cf. [1, Chapter 6]) we can write

/)n(xa y) dm(?J) + ﬁn(R)m(BR(x))

T

R(I)

ﬁn,R(‘ra y) dm<y>
+oo

m({pn,R(xa y) > T}) dr
pn(R)

m(Bﬁgl(r) (ZL‘)) dr

pn(R)
(1+ O(e))AVRYX7d7m)V(ﬁ;1( )) dr

I
T

(Cavalieri’s formula) =

Il
o— — S—

(et t =5, (1) = (1+0(6)AVRYy / V()7 (t) dt
= (14 O(0)AVRYy gy (ﬁn(R)V(R)— + S(t)ﬁn(t)dt>

where we use integration by parts formula and (2.15) in the last equality. So, using
(2.17),

/C( )pn(w, y) dm(y)

—+00

= 20()AVR{x 4 m)Pn(R)V(R) + (1+ O(€)) AVR (x 4.y ; S(r)pn(r) dr.
Letting n — oo, R — 400 and € — 0, by (2.14) and (2.16), we get

lim Tm [ pu(e.y)dm(y) = AVRly g = lim lm [ pu(e,y)dm(y)

which is the thesis.

Assumption 2.1-B):

Let u € LP(X) be such that &,,(u) < oo for some ny € N. For any R > 0 and
any n > ng, by assumption B) of Condition 2.10, it holds

/X (/BR(m\{y} ) =l y)% dm(w)) Am(z)

< [ () = uta) oo 24 ) ) iy

pn(R)
pro(R)’

Then (2.2) follows from (2.14).

< ()

Assumption 2.1-C):

12



Proceeding as in the first part of the proof, we get that, for R sufficiently large,

pn(R)
[ peamam) = [T (B () (Am(Ba(r)

The last quantity does not depend on x and, by assumptions (2.14) and (2.16), it is
bounded in n, completing the proof. O

Remark 2.12. Note that the conditions on the space required in Lemma 2.11 (and
in the following Theorem 2.16) are fulfilled for instance if (X, d, m) satisfies a gen-
eralized Bishop—Gromov inequality and has bounded density function. In the final
examples we will often refer to these stronger conditions.

Remark 2.13. Notice also that a space with bounded diameter admits always gener-
alized asymptotic volume ratio and, if m(X) < +o0, then AVRYXA,m) = 0 necessarily.
Moreover, the proof of Lemma 2.11 reduces to the task of proving Assumption 2.1-
B), since L = AVRE/X,d,m) =0 and A) and C) are automatically satisfied, as already
observed. Notice that in this case also the second condition required in Lemma 2.11
is always fulfilled.

We construct now an interesting class of mollifiers satisfying approximation of
the identity of radial type in Condition 2.10.

Lemma 2.14. Let (a,)nen be a strictly decreasing sequence converging to 0 and let
f:(0,400) = R be a positive increasing C* function which satisfies the following
properties:

lim f(s) = +o0; (2.18)
lim [‘Sff(s(;]) =0 forr>1; (2.19)
s [;(S% is strictly decreasing for r > 1. (2.20)
Then the mollifiers f, : (0, +00) — R defined by
pnlt) i= el (2.21)

satisfy the requests in Condition 2.10.

13



Proof. First of all, p,, are strictly decreasing: this follows by (2.20) since a,, > 0 and
V' is a strictly increasing function.
Moreover (2.14) follows by the fact that a, — 0, while we get (2.15) since

@ VOV
@)t

combined with (2.19) and the fact that V(t) — 400 as t — 0.
Regarding condition B), for n > m we compute

pu(t)V (L)

ﬁn(t) . & Am —0n,
b = @)

which is non-decreasing since a,, < a,, and both f and V' are increasing functions.
Finally, we conclude by observing

—+00

+o0
[ swm@a= [~ uwer] " - prere =L o

5
Remark 2.15. Conditions (2.18)-(2.20) are satisfied by plenty of examples: for in-
stance f(s) = s* for @ > 0, f(s) =e€® or f(s) =1In(s) (on the half-line (1, +00)).
In particular, considering f(s) = s* we obtain the family of mollifiers

Uy O

ﬁn(t) = W a > 0. (222)

Notice that, if we choose V' (t) = VOV (t) = t" and o = 1/N, we get p(t) = 5725,
which is the standard family of mollifiers which appears in (MS).
In addition, considering f(s) = e®, we get the mollifiers

Qn

pult) = (2.23)
while taking f(s) = Ins we derive
pu(t) = e (2.24)
(In(V ()" V(1)

on the half-line (V~1(1), +o0).

Asymptotic formulas

Combining Theorem 2.2 and Lemma 2.11, we get the following asymptotic formulas.

Theorem 2.16. Let (X,d,m) be a metric measure space admitting generalized
asymptotic volume ratio AVRYXA’m) and suppose also there exists a constant k > 0
such that

m(B,.(z)) < EkV(r) (2.25)

for every x € X and every r > 0 sufficiently large. Let (py)nen be mollifiers of radial
type satisfying Condition 2.10. Then for any u € LP such that &,,(u) < +oo for a
certain ng € N, 1t holds

lim €, (u) = 2AVR{y g |7,

n—oo

14



Remark 2.17. The assumptions in Theorem 2.16 are very general and they encom-
pass several important examples. Indeed, as already remarked in Example 2.9, finite
dimensional Banach spaces, Carnot groups, Riemannian manifolds with Ricci cur-
vature bounded from below and MCP spaces all satisfy the general Bishop—Gromov
inequality and admit the generalized asymptotic volume ratio. On the other hand
a direct computation show that also (2.25) is satisfied in Carnot groups and finite
dimensional Banach spaces. Moreover, Theorem [23, Theorem I11.4.4] and [19] show
that (2.25) holds in Riemannian manifolds with Ricci curvature bounded from below
and non-collapsed RCD spaces respectively taking V' as in (2.13).

Remark 2.18. Observe also that, if the space has finite measure, then assumptions
in Theorem 2.16 are always satisfied and
lim &,(u) =0

n—oo

for every u € LP(X) with &,,(u) < 400 for a certain ng € N.
For instance this holds if we consider the sphere S™ with the standard mollifiers used
in (MS): this case is also discussed in [24].

In particular we can apply Theorem 2.16 to the families of mollifiers described
in Lemma 2.14. For instance, considering (2.22) with a,, = sp, we get the following
asymptotic formula:

Example 2.19. Let (X,d,m) be a metric measure space satisfying the general-
ized Bishop—Gromov inequality associated to V. Assume that its associated density
function is bounded. Then for any p > 1, a > 0, if there exists so € (0,1) and
u € LP(X,d,m) such that

[u(z) — uy)l”
L sy TG g ) dmia) < o0

we have

i |u(z) — u(y)]” 2 .
hms// dm(z) dm(y) = —AVR/x q.m llul%,.
510 7 ) Jiwmexsxanyy [V (d(z, )]t (z) dm(y) = T AVRCxam Uiz

In particular, taking X = RN V(t) = VON(t) =tV and a = 1/N, we recover exactly
Maz’ya and Shaposhnikova’s asymptotic formula (MS) with L = 2Nex

Similarly, if we consider (2.24) with a,, = sp, we get the following similar result.
Notice that in this case we need to restrict to the set {(z,y) : V(d(z,y)) > 1}, since
the function f is defined on (1,+00). Nevertheless, the same proof of Theorem 2.2
still works with the obvious changes.

Example 2.20. Let (X,d, m) be a metric measure space with bounded density, sat-
1sfying the generalized Bishop—Gromov inequality associated to V. For any p > 1, if
there exists so € (0,1) and v € LP(X,d, m) such that

dm(z)dm(y) < oo,

// [u(z) — u(y)l?
V(d(x,y))>1 [an(d(:ﬂ,y))}soerlV(d(:p,y))

we have

' |u(z) —uly) 2 RV

hms// . dm(z)dm(y) = =AVR/x q.m w7,
07 ) Sy (aan)>1 [InV (d(z,9))] "V (d(x, y)) () dml) = AV Rl
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Similar results can be obtained by considering mollifiers of different shape, as
soon as they satisfy approximation of the identity of radial type, described in Con-
dition 2.10.

We conclude by pointing out another interesting example in which our theory can
be applied: cf. [19] for the definition of non-collapsed RCD(0, V) space.

Example 2.21. Let (X,d, HY) be a non-collapsed RCD(0, N') metric measure space
with N € N*. Then

lim s / Jul@) = v o) dmty) < 2N gz, (2.26)
slo - Jx Jx  dVtP(z,y) p

for any u € LP(X) which has finite associated enerqgy for a certain s = sy. Here wy
denotes the volume of an N -dimensional unit ball.

If the equality in (2.26) is attained by a nowhere-zero function u, then (X,d,m) is
isometric to a metric cone over an RCD(N — 2, N — 1) space.

Proof. Firstly, by Generalized Bishop—Gromov volume growth inequality (cf. [39,
Theorem 2.3]) we know

yo o m(By(x)) _ . m(Bg(w))
AVR(am = lim == < lim =55

= wy, VR>0. (2.27)

Combining with Theorem 2.16 we get (2.26).
If the equality in (2.26) is attained by a nowhere-zero function u, by Theorem 2.16
and (2.27) we can see that

m(Br(z

—( ;]S/ 0)) = Wy, VR > 0.
By [18, Theorem 1.1] we know (X,d,m) is isometric to a metric cone over an
RCD(N — 2, N — 1) space. O
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