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EXISTENCE RESULTS FOR CAHN-HILLIARD-TYPE SYSTEMS

WITH SINGULAR KERNELS
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ABSTRACT. We introduce a fractional variant of the Cahn-Hilliard equation settled in a bounded
domain and with a possibly singular potential. We first focus on the case of homogeneous
Dirichlet boundary conditions, and show how to prove the existence and uniqueness of a weak
solution. The proof relies on the variational method known as minimizing-movements scheme,
which fits naturally with the gradient-flow structure of the equation. The interest of the
proposed method lies in its extreme generality and flexibility. In particular, relying on the
variational structure of the equation, we prove the existence of a solution for a general class
of integrodifferential operators, not necessarily linear or symmetric, which include fractional
versions of the g-Laplacian.

In the second part of the paper, we adapt the argument in order to prove the existence of
solutions in the case of regional fractional operators. As a byproduct, this yields an existence
result in the interesting cases of homogeneous fractional Neumann boundary conditions or
periodic boundary conditions.
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1. INTRODUCTION

Since its introduction in [19], the Cahn-Hilliard equation has acquired a pivotal role in the
modeling of spinodal decomposition phenomena in binary alloys, as well as in the diffuse-interface
modeling of evolutionary problems ranging from physics and biology to imaging and materials
science. Indeed, as observed in the nice Introduction of [6], Cahn-Hilliard systems find application,
for example, in the description of phase transition and separation phenomena, viscoelasticity,
damaging, complex fluids, tumor growth, and whenever diffuse interfaces appear. In its classical
formulation, on a bounded domain Q C R? with Lipschitz boundary, and on a time-interval
(0,T), the Cahn-Hilliard equation takes the form

Ou—Aw =0 in Qx (0,7), (1.1)
w=—Au+ F'(u) in Q x (0,7), (1.2)

complemented by suitable initial data and boundary conditions, where u : Q — R is a concentra-
tion (or order) parameter, F' is a double-well potential, F” is its differential, and the chemical
potential w is computed as the differential of the corresponding energy functional

E(u) ::/Q|Vu(a:)|2dx+/QF(u(a:))dx. (1.3)

For an overview of the mathematical aspects, we refer to the survey [50].
In this paper, we consider the problem

Oiu+ Lw =0 in Q x (0,7), (1.4)
w = Ju+ F'(u) in Q x (0,7),
u(z,0) = up(x) in RY. (1.6)

Here above J is a nonlocal integrodifferential operator with a non-integrable kernel (the examples
to keep in mind are the fractional Laplacian and the (s, ¢)-Laplacian, and their regional counter-
parts), whereas £ is a linear invertible operator having a variational nature, like the classical or
the (regional) fractional Laplacian. A motivation for considering a nonlocal operator in place of
the Laplacian, in equation (1.2), can be traced back to the formulation of the physical model [19].
Roughly speaking, the reason is that nonlocal operators take into consideration also mid- and
long-range interactions between particles, and this seems to better capture the behavior of the
phenomena under consideration. The first rigorous derivation of a nonlocal Cahn-Hilliard model,
based on stochastic arguments, can be found in [40]. We refer to Section 1.2 for a brief overview
of existing papers on the nonlocal Cahn-Hilliard problem, and their relationship with our results.

Typically, the function F' in (1.3) represents a configuration potential with two wells, including
possibly degenerate double-well potentials defined on bounded domains. In our setting we
allow for more general potentials, not necessarily bounded from below (hence not necessarily of
double-well-type) and decreasing to —oc in a controlled way. Moreover, F' can be singular, albeit
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with a certain form which still includes the usually considered potentials which we recall here
below. To be precise, the classical choice for F' is the fourth-order polynomial
1
Fpoi(2) = 5 (1= 222, 2 €R, (1.7)
with minima z = £1 corresponding to the pure phases. It is well-known that, in view of the
physical interpretation of the model, a more realistic description is given by the logarithmic
double-well potential

Fog(z) = g ((1 + 2)log(1+2) 4+ (1 — 2) log(1 — z)) + % —cz? (1.8)

for 0 < 6 < 6. and ¢ > 0/2, which is defined on the bounded domain (—1,1) and possesses two
minima within this open interval. Another interesting example of F' which is covered by our
analysis is the so-called double-obstacle potential, having the form

0 ifze[-1,1]

) (1.9)
+o00 otherwise.

1
Fob(z) = I[,LH(Z) + 5(1 - 2’2), I[fl,l](z) = {
In this latter case the derivative F” o, has to be interpreted as the subdifferential OF;}, in the sense
of convex analysis, and equation (1.5) must be read as a differential inclusion.

In this setting, we then prove the existence of a weak solution to system (1.4)—(1.6). The main
features and contributions of the paper can be summarized as follows:

e we are able to consider a wide variety of potentials, without having to develop ad-hoc
techniques for each one;

e the operator £ in equation (1.4) can be either local, like the classical Laplacian, or
nonlocal, like the fractional Laplacian, or a sum of the two. It can also be a higher order
(integro)differential operator;

e the integrodifferential operators that we consider are quite general and can be either
“global”, when associated to homogeneous Dirichlet conditions, or regional;

e the operator J in equation (1.5) can be nonlinear, like the (s, ¢)-Laplacian with ¢ > 2;

e the variational argument that we employ in the proof of the existence results directly
provides also energy estimates satisfied by the solutions;

e we prove the existence of a solution to the system in which £ = (—-A)? and J = (—A)%,
combined with the homogeneous fractional Neumann conditions introduced in [26].

1.1. Overview of the main results. We now give a more detailed description of system (1.4)—
(1.6). Yet, given its technical nature, we refrain here from providing the full functional theoretic
framework needed to state our results, and we refer instead the reader to the appropriate sections
for a rigorous treatment. In what follows, unless otherwise specified, Q@ € R? is a bounded open
set with Lipschitz boundary.

In place of the free energy (1.3), we consider a nonlocal energy having either the form

&(u) = //Q (Q)<I><u<x>—u<y>>f<<x,y> dz dy + /Q Flu(z)) dz,

// ) — u(y)) Koz, y)dxdy+/F z))dz,

where Q(Q) = R2d\ ( (R\ Q) x (RY\ Q)) and Q2 := Q x Q. For the purposes of this introduction,
the reader can assume that <I>( ) = |r|?, with ¢ > 2. The precise hypotheses are given in

or

Section 2.3, see in particular (2.5). Still, we stress that, in general, ® need not be convex nor
even.
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As anticipated above, the potential F' can be singular, prov1ded it has a suitable form. To
be precise, we assume that it can be written as F' = 4 + I1, where 4 is convex, and 11 is the
anti-derivative of a globally Lipschitz continuous function II. We also allow F' to decrease to —oo,
but only in a “subcritical” way. We refer to Hypothesis 2.21 (i)—(iii) for the rigorous assumptions
and to Remark 2.22 and Remark 2.23 for some further comments and generalizations.

If we denote ® == &’ , the operator J corresponding (see Lemma 2.8 and Lemma 2.12) to the
double integrals in & and &%, is then defined, respectively, as

= // P (u(z) — u(y))(v(z) — v(y)) K(z,y) dz dy, (1.10)
Q)

and
(Jau,v) = //m P(u(z) — u(y))(v(z) — v(y)) Ka(z,y) dz dy. (1.11)

The relevant properties of the associated functional spaces are described in Section 2.3.1 and
in Section 2.3.2.

1.1.1. Homogeneous Dirichlet conditions. Let us focus first on the operator J given in (1.10). On
the kernel K we impose two competing conditions (for the precise assumptions, see (2.8)-(2.10)),
which are similar to those satisfied by (singular) Lévy-type kernels (see, e. g., [32] and Remark 2.4).
On the one hand, K is assumed to be non-integrable in a neighborhood of the diagonal {x = y}.
On the other hand, we assume that an appropriate renormalization of K is integrable on Q(€2).
Roughly speaking, this second condition amounts to assuming that the double integral in the
energy &(u) is finite when w is a Lipschitz function (see Lemma B.1). When @ is odd and
K is symmetric, the operator J has also, at least formally, a pointwise representation as the
integrodifferential operator

Ju(z) =P.V. /Rd O (u(z) —u(y))K(z,y) dy.

The simplest and most widely studied example of such an operator is the (s, g)-Laplacian (—A)7,
which corresponds to the choices ®(r) = |r|972r and K (x,y) = |z — y|~97%9, with s € (0,1). We
refer the interested reader to the two very well-written surveys [4, 39] on the fractional Laplacian
(obtained when ¢ = 2), and to the papers [46, 24], and the references cited therein, for the
nonlinear case ¢ # 2. We also mention [59] for an overview on evolution equations involving
these operators.

We couple system (1.4)—(1.6) with the homogeneous Dirichlet conditions
u=0 in (RY\ Q) x(0,7), (1.12)
w=0 in R\ Q) x (0,7). (1.13)
Given the nature of J, it is indeed necessary to prescribe u on the whole complement R? \ €,

rather than only on the boundary 9€2. From the functional theoretic point of view, we represent
conditions (1.12) and (1.13) by considering only functions that belong to the space

cd={vel’®RY :v=0ae in RI\Q} with |||z = - | p2(ze). (1.14)

The operator £ in equation (1.4) is then a linear invertible operator £ : Xo — (Xj)’, defined
on a Hilbert space X that is densely embedded in £3. The precise assumptions are given
in Section 2.1. This abstract formulation of equation (1.4) is motivated by the possibility of
considering both the cases £ = —A and £ = (—A)? in a unified way, within the same framework.

We can now state our first main result in the following non-formal guise.
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Metatheorem 1.1. Given a function ug € L3 with &(ug) < +oo, there exists a triple of
functions (u,w, (), with u and w satisfying (1.12) and (1.13) respectively, and { € 05(u) almost
everywhere in Q x (0,T), that solves, in an appropriate weak sense, the system

Ou+ Lw =0 in €,
w = Ju+ ¢ +I(u) in Q,

almost everywhere in (0,T). Moreover, u(0) = ug and
1 t
2/0 (), dr + E(u(t) < E(uo)  for every t € [0,T).

The rigorous definition of weak solution and statement of the existence result are given,
respectively, in Definition 3.14 and Theorem 3.15.

We separately first consider the case corresponding to the choices £ = —A and J = (—A)®, in
Section 3.1. The motivation is twofold: we believe that in this simpler, well-known, functional
theoretic setting, the non-expert reader can better follow the essential steps of the proof, and it
allows us to keep track of the dependence on the fractional index s in the constants appearing
in the various energy estimates. As a byproduct, we can then prove that, as s — 17, solutions
converge to a weak solution to the classical Cahn-Hilliard system (1.1)—(1.2), see Theorem 3.7
(and Remark 3.9 for some comments on related asymptotics results).

It is also worth mentioning that, by choosing £ to be the Riesz map associated to L3,
Metatheorem 1.1 provides a solution to the Allen-Cahn equation, see Section 3.4.2.

Moreover, £ can also be a higher order fractional Laplacian, as observed in Section 3.4.3.

1.1.2. Regional operators. Let us now consider the operator Jq given in (1.11). The kernel Kq
is assumed to satisfy conditions similar to the ones imposed on the kernel K considered above,
see (2.12)—(2.14). We still assume Kq to be singular in a neighborhood of the diagonal {z = y},
and we ask an appropriate renormalization to be, roughly speaking, locally summable in Q2. We
refer to Section 4.2 for some interesting examples of regional kernels. In particular, assuming
local summability, rather than summability in the whole Q2 (formally, assuming (2.14) in place
of (2.15)), allows us to consider also the kernel in (K2) defined in Section 4.2, which roughly
corresponds to the choice of periodic boundary conditions for the (s, q)-Laplacian. Notice that,
in this setting, the functions that we consider are only defined in €2 rather than on the whole
space RY.

The basic example to keep in mind is the regional (s, ¢)-Laplacian, which has the pointwise
representation

dy
|a: _ y|d+sq'

Jou(z) = P.V. /Q () — u() " (u(z) — u(y))

We refer the interested reader to [31] and the references cited therein, for the case ¢ = 2.
These regional operators arise naturally when considering “global” operators, like the fractional
Laplacian, and, roughly speaking, not allowing jumps outside of 2. This can be made precise in
the context of censored stable processes, see, e.g., [14].

We then consider the system (1.4)—(1.6), with a regional operator J = Jq, without adding
other boundary conditions. This brings in some difficulties. The main issue consists in having to
consider also non-trivial constant functions. Since these belong to the kernel of Jq, variational
arguments based on coercivity and compactness properties then become more delicate. From
the technical point of view, we deal with this complication by working in subspaces of functions
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having fixed mass. Instead of £3, we consider here the space L?({2) and its subspace of functions
having mass zero,

o o e e L[
L(Q)._{ € L2(Q) : mv) : |Q|/Q ()d o}. (1.15)

The definition of the operator £ in equation (1.4) is quite technical, see Hypothesis 4.2.
Essentially, we consider £ to be a linear operator defined on a Hilbert space X C L?(Q) and
we split X = Xg @ R, with Xog =X N Lz(Q). Then, we assume that £ is invertible on Xy while
being trivial on the constant functions. The reader should have in mind the case £ = —A defined
on X = HY(Q).

Under these hypotheses, our second main result can be stated as follows.

Metatheorem 1.2. Let Q C R? be a bounded and connected open set with Lipschitz boundary.
Given an appropriate function ug, there exists a triple of functions (u,w,(), with ¢ € 9%(u)
almost everywhere in Q2 x (0,T), that solves, in an appropriate weak sense, the system

Ou+ Lw =20 in Q,
w = Jou+ ¢+ II(u) in €,

almost everywhere in (0,T). Moreover, u(0) = ug,
m(u(t)) = m(ugp) for every t € [0,T),
and

;/ |w(T) — m(w(T))Hg(O dr 4+ &q(u(t)) < Ealuop) for every t € [0,T).
0

For the rigorous statement, see Definition 4.4 and Theorem 4.5.

An interesting feature of regional operators is that they sometimes provide a way to reformulate
problems involving “global” operators like the (s, ¢)-Laplacian. The simplest example is given by
considering 2 = (0, 1)d and Z%periodic functions. Appropriately splitting R¢ into cubes, and
taking advantage of the periodicity to perform a change of variables, one can then rewrite the
(s,q)-Laplacian as a regional operator, with an appropriate kernel Kq. We refer the reader to
Section 4.3.1.

Another very important example is given by the fractional Laplacian, when associated to
the fractional Neumann boundary condition introduced in [26]. Motivated by variational
considerations and by integration by parts formulas, the authors introduced the operator Nu as
a nonlocal counterpart to the normal derivative d,u. Up to constants, this is defined as

_ [ ulz) —uy) i\ O
In [1] the author observed that if Myu = 0 almost everywhere in R? \ , then the fractional
Laplacian of u in ) can be rewritten as a regional operator,

(—A)°u(x) =P.V. /Q(u(a:) —u(y)K§(x,y)dy  for every x € Q, (1.16)

where K¢ denotes the kernel (K3) in Section 4.2. This observation was further explored in the
context of weak solutions in [9]. Exploiting an estimate given in [9, Proposition 2.1], we prove in
Section 4.2.3 that the kernel K§ fits into our functional theoretic framework. As a consequence,
we obtain the following existence result.
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Metatheorem 1.3. Let Q C R? be a bounded (not necessarily connected) open set with C?
boundary. Then, given an appropriate function g, there exists a triple of functions (u,w,(),
with ¢ € 04(u) almost everywhere in  x (0,T), that solves, in an appropriate weak sense, the
system

du+ (—A)w =0 in Q% (0,7),
w = (—A)°u~+ ¢+ II(u) in Q% (0,7)
Now=0  in (RY\ Q) x (0,7),
Nau=0  in (RY\ Q) x (0,T),

u(z,0) = up(x) in Q.

I

x(

Moreover,
m(ulq(t)) = m(uoln) for every t € [0,T),

and appropriate energy estimates hold true.

The Cahn-Hilliard system in Metatheorem 1.3 is interpreted in its natural weak formulation,
given in Definition 4.10. In Theorem 4.13 we prove that this is equivalent to the weak formulation
in the framework of regional operators, that is obtained via identity (1.16). Metatheorem 1.3,
whose rigorous statement is given in Corollary 4.16, can then be obtained as a consequence of
Metatheorem 1.2.

Other operators that can be written as regional operators that fit into our framework are
certain spectral fractional Laplacians, as noted in Section 4.4.

1.1.3. Scheme of the proof. We now give an explanation of the main ideas involved in the proof
of our existence results.

The proof of Metatheorem 1.1 is inspired by the arguments in [6] and is based on the gradient
flow structure of the Cahn-Hilliard system. However, rather than relying on the equations to
derive the required energy estimates, as in [6], here we take full advantage of the variational
nature of the system. This allows us to consider much more general potentials and operators.

The rough idea of the proof can be described as follows. First of all, we substitute the potential
F with the regularized potential F\ = 4y + f[, obtained by considering the Moreau regularization
4y in place of 4. This procedure is well-known, and leaves us with a regular potential that
satisfies nice approximating properties as A — 0, see Section 2.4.1.

As a second step, exploiting the linearity and invertibility of £, we formally rewrite (1.4) as
w=—L£71(Ou) = —0,(L 7 u). Substituting in (1.5), we are thus left with the equation

(&7 ) + Ju + F(u) = 0.
Then, the key observation is that the equation
— u — g ~ !
e —2) +Ju+ Fy(u) =0
(—2) +3u+ Fw
is the Euler-Lagrange equation associated to the energy

5 = ol gl + [ 8~ ) Ky dedy + [ () de

This allows us to resort to the classical scheme given by De Giorgi’s minimizing movements, to
construct a solution. We discretize the time interval (0,7") and we iteratively define the functions
Uy, as minimizers of é”u’\ni ,» beginning with the initial data ug. In particular, the non-integrability
of the kernel K ensures both the validity of an appropriate fractional Poincaré inequality (see
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Proposition 2.5) and of the necessary compactness that, together with the growth assumption on
the original potential F', allow us to prove the existence of such minimizers.

By appropriately gluing the functions u,, and passing to the limit in the time-discretizing

parameter, we find a solution (u*,w?) of system (1.4)—(1.6), with Fy in place of F.

The final step consists in showing that these approximating solutions converge, as A — 0, to a
solution to (1.4)—(1.6). Both the convergence with respect to the time-discretizing parameter,
and with respect to A, are obtained as a consequence of uniform energy estimates that essentially
follow from the definition of the functions u,,’s as minimizers. We mention however that some
care must be taken, in order to deal with the terms %\(uk), because of the possible singularity of
4. This requires an additional L2-estimate.

The rigorous argument is carried out in Section 3.2.2.

The proof of Metatheorem 1.2 follows the same scheme outlined above. The main difference is
due to the appearance of the mass in the fractional Poincaré inequality, see Proposition 2.10.

To address this additional difficulty, we first show that the mass of 4 must remain constant over
time. Motivated by this observation, we temporarily restrict ourselves to consider functions u
whose mass is equal to m(ug), and functions w having mass zero. Under these assumptions, we can
carry out the time-discretization step of the above argument, ending up with an approximating
pair (u},w?), with w? having mass zero.

Then, the most delicate step consists in defining w* by properly adjusting the mass of w™.
Formally, this is done by defining w? () := w*(¢) + m(F)\(u*(t))). In order to be able to pass to
the limit A — 0, we thus need to prove uniform energy estimates for the term m(Fy(u?*)). This
is achieved by carefully adjusting the argument of [44, Section 5.

The rigorous proof is the content of Section 4.1.1.

1.2. Related literature on existence for nonlocal Cahn-Hilliard problems. We begin
by noting that one of the first existence results for a rather general Cahn-Hilliard equation in
Hilbert spaces was provided in [44], where the authors reinterpreted the equation as a differential
inclusion by viewing the sum of both Ju and vy(u) as a subdifferential. It is thus implicit
that, in this abstract formulation, one can take a nonlocal non-integrable operator like J or Jg
corresponding to the specific case in which ¢ = 2 and P is convex, hence obtaining the existence
for the corresponding problem.

Explicitly nonlocal Cahn-Hilliard problems, taking into account mid- and long-range inter-
actions, have been the object of a growing interest starting from the work [40]. We mention
[35, 13, 52, 20] as the first occurrences of linear nonlocal operators defined as a convolution with
symmetric and integrable kernels. In all these papers, the potential F' is assumed to be regular
enough for their purposes.

Up to our knowledge, the first contribution where a linear operator defined via a non-integrable
kernel was considered is [5]. The form of such kernel k is slightly more general than the one
we consider here. However, k is estimated both from above and below by |z — y|~972%, with
s € (1/2,1), and it is assumed to be (d + 2)-times differentiable outside of the diagonal, with all
derivatives being estimated from above by those of |z —y|~?~2%. Additionally, they only consider
a logarithmic-type potential and the operator £ in (1.4) is the Laplacian.

While the setting in [5] is only regional, in [6] the framework is “global”, corresponding
to homogeneous Dirichlet boundary conditions. Therein, the operators are £ = (—A)? and
J = (—A)*, with 0,5 € (0,1), and the potential is of the type F(u) = |uP/p —u?/2. Additionally,
they consider various asymptotic limits and the behavior of certain stationary solutions. In [7]
the same authors explore the long-time behavior of the system.
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General regional linear operators other than the fractional Laplacian, defined via possibly
non-integrable kernels, were considered in [36, 37]. Our approach is rather different: while the
abstract setting in the aforementioned papers is based on the theory of Dirichlet forms, we
push the variational point of view to its limits without requiring the operators involved to be
linear. Moreover, the explicit examples provided in [36] are “very close” to the usual regional
fractional Laplacian. In [37] the kernels are radially symmetric and satisfy a stronger integrability
condition than ours. A priori, the non-integrability is instead more general since it is only
imposed in an abstract sense by requiring the domain of the integrodifferential operator to be
compactly embedded in L?(Q), but again, the examples provided are close to the standard ones.
Additionally, the potentials considered in these two papers have to be smooth enough and satisfy
suitable growth conditions.

A different notion of fractional operator, namely, a spectral one, was considered in [21], together
with a potential having the same form as ours (but with at least quadratic growth). The problem
considered is the Cahn-Hilliard equation, both of viscous or nonviscous type. The existence is
obtained with a scheme similar to the one employed here, but with an additional regularization
term to gain coercivity. The nonviscous case, with the specific choice of the operators defined as
spectral fractional Laplacians (in (0,1)¢ with Dirichlet boundary conditions, or in a general €
with Neumann boundary conditions) falls within our setting, as observed in Section 4.4. In this
framework, we provide a more general existence result, since our potential satisfies much less
restrictive growth conditions. Similar considerations hold for the paper [38], where the operator
in the second equation is the spectral fractional Laplacian corresponding to Neumann boundary
conditions.

With the general variational approach employed in this paper we have thus extended, in a
unified way, most of the previous literature, as far as existence results are concerned. The case of
homogeneous Dirichlet boundary conditions is mostly new, as the existence has been rigorously
studied only in [6].

The case of Neumann boundary conditions considered in Metatheorem 1.3 is completely new.
The existence of solutions with this kind of boundary condition is quite difficult to prove, and
very few such results are available in the literature, even for simpler problems (like the heat
equation).

Moreover, as just observed, in all the previous works the operators involved are linear, while
the variational approach allows us to consider also nonlinear operators. Even for the Cahn-
Hilliard problem in the local case, nonlinear operators in the second equation have almost
never been considered. Indeed, to the best of our knowledge, the only papers concerning the
Cahn-Hilliard equation with g-Laplacian are focused on stationary solutions [58, 28], or on the
long time-behavior of certain solutions in the 1-dimensional case [34].

Finally, given the abstract formulation of equation (1.4), we can consider also operators like
higher order fractional Laplacians, mixed local-nonlocal operators, and also spectral fractional
operators.

2. PRELIMINARIES AND ASSUMPTIONS

In this section we collect the preliminary results, the definitions, and the assumptions that
will be used throughout the paper.

2.1. Reminiscences of duality. We recall here some well-known results concerning duality
mappings. Let (Xo, (-, - )o) be a Hilbert space, and consider a linear invertible operator £ : Xy —
(Xo)', which has a variational nature, meaning that there exists a bilinear map Bg : X x Xo — R,
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symmetric,
bounded: |Bg(u,v)| < C|lulloljv]lo for every u,v € X,
and
coercive: Be(u,u) > c||ul|?  for every u € X,

such that £u = Bge(u, -) for every u € Xy. This defines a new inner product as
(u,v)¢ == Be(u,v) = (Lu,v)g for all u,v € X,
hence the corresponding norm || - ||¢ by setting

|ul|2 == (u,u)e for all u € Xj.

The boundedness and coercivity of Bg ensure that the norm || - || is equivalent to the original
norm || - |Jop. This also defines an equivalent norm on the dual space (Xy)’ in the usual way, by
setting
[M||g-1 = sup |Mu].
u€eXo
l[ulle<1

Note that £ is the Fréchet derivative of || - [|4/2, and, by definition, it is also the Riesz map of
the scalar product (-, -)e, so that

(Lu,u)o = [|ul|3 = ||Cul|a-1 for every u € X,
and
Mg = |€ M|l¢ for every M € (Xo)'. (2.1)
Hence £71 is the Fréchet derivative of || - [|3-1/2, and £ is a linear isometry.

We make explicit the following computation, which we will use later. Given M € W12(0,T; (Xo)')

we have the identity

(M), & (S M) = 3 SIMOIE

for almost every t € (0,7). We begin by observing that there exists the Fréchet derivative
LM (t) € L(R; (X)) for every t € (0,T)\ %, with [£| = 0. Since £ is a linear isometry,
for every t € (0,T) \ ¥ there exists also the Fréchet derivative -4 (£-1M)(t) € L(R; Xy), and

L(eIM)(t) = £71 (S M(t)). Moreover, for every t € (0,7 \ E,dt
(M), e (SM)) = (M), S (e M)
_ d, .
= ((Loe)M(1), (7 M)(1)),
= (& M), S (M0 (22)

1d
= ——|[(€7' M) ()2
R IOI
_1d
S 2dt
Remark 2.1. In this paper we are interested in the case in which Xy is a Hilbert space densely

embedded either in £Z or in L?(2), which are defined in (1.14) and (1.15). In the first case, this
yields the Hilbert triple Xo < £3 ~ (L£3)" <= (Xp)’, where the maps are as follows:

1M (#)][2--

e i: Xy < L3 is the dense embedding we assumed to exist;

e the identification £ ~ (L2) is given by the standard Riesz map u + (u, - ) 2
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e the embedding (£3) — (Xo)' is given by the adjoint of 4, that is
M e (L£3) — Moic (Xo),
which is injective since ¢ is a dense embedding.

In particular, we can interpret a function u € Xy as the element of the dual space (£3)’ given by
(z’(u),v)ﬁg for every v € L2,

and as an element of the dual space (Xy)" by

(u,v)p = (z(u),z(v))aa for every v € Xj.
The same holds with £3 replaced by L?(2) in the case of the dense embedding i : Xo < L?(9).

As customary, in what follows we will forget about the embedding 7 in the formulas.

2.2. The fractional Laplacian. For s € (0,1) and v in the Schwartz class S(R%) of the rapidly
decaying functions at infinity, the fractional Laplacian is defined as

v(z) —v(y)
—A)* = P.V. [ —F——~dy.
(~A)0(a) = Ol PV, [ T gy
The constant C(s,d) is such that
lim C(s,d) _ 4 7
s—1-s(1—s)  wg—1

and is a normalization constant motivated by the equivalence with the pseudodifferential form of
the fractional Laplacian, see, e.g., [25, Proposition 3.3]. For other equivalent definitions of the
fractional Laplacian, see the interesting [47]. In this paper we will forget about the constant,
except for its behavior as (1 — s) when s — 1, which we will need for Theorem 3.7. We will then
consider
v(x) —v(y)
—A)® =(1-s)P.V. ———=d
(~A)v(a) = (=0 Pv. [ Ty
l—sP V. / 2U($)—’U(w—;y)—v(x—y) dy.
2 Rd |y|d+2s

The fractional Laplacian, as written in the second line above, is well-defined in the classical sense,
and not only as a principal value, provided v is regular enough, e.g., v € S(R?). We recall that
(—A)® tends to the classical Laplacian in a suitable way, as s — 1.

Lemma 2.2 (Proposition 4.4 in [25]). For any ¢ € S(RY), there holds
lim —(=A)%¢ = C(d)Ag,

—1-
uniformly in = € RY.
We shall prove a further result about the behavior of the weak fractional Laplacian (—A)*

as the index s goes to 1 in Lemma 3.13, which will play an important role in the proof of
Theorem 3.7.

On the other hand, the natural variational setting for equations involving the operator (—A)* is
the space W*2(R%) = H*(R?), defined as the space of functions in L?(R?) having finite Gagliardo

seminorm
e = // [v() — v(y) " dz dy. (2.3)
H (R R2d |:c—y|d+25
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More precisely, when considering the fractional Laplacian coupled with the boundary condition
u = 0 almost everywhere in R?\ Q, the natural functional space to consider for the variational
framework is the following subspace of H*(R%):

&= {UGHS(Rd) rv=0a.e. ian\Q}.

Since in Theorem 3.7 we are interested in the limit as s — 1, in place of the seminorm (2.3), for
functions in the subspace H{j we consider its normalized version

v(y)?
ol = // N ‘x L y,dﬁs dzdy = (1= )[o]3e g,
where Q(Q) = R?d\ ((Rd \ Q) x (R Q)) In light of the fractional Poincaré inequality, it is
well-known that || - [[3 defines a norm on the space Hj, see also [6, Subsection 2.3]. Endowed

with this norm, H§ is a Hilbert space and the scalar product is

o= (1 =) [[ S (0(0) - o) do .

In analogy to the classical case, one may consider the Hilbert triple
Hy = L5~ (L£3) — (M),
where we recall that the space £3, which was defined in (1.14), is given by
f={ve’®RY :v=0ac inRI\Q} with |||z =2

The identification is made by means of the standard scalar product on L?(R%) (and therefore on
its closed subspace L3)

(u,v)r2 == /Rd u(z)v(x)dz  for u,v € L*(RY).

On the other hand, it is easy to verify that C°(2) C Hg, hence the embedding H§ — L3 is
dense. Moreover, it is also compact by the fractional Poincaré inequality and [25, Theorem 7.1].
Based on this functional framework, we can introduce the weak form of the fractional Laplacian
(—A)*. More precisely, the operator (—A)S : 1y — (M) is defined by

(=870, = (19 [ TEZZ (00 - o) dody = 0o0)g (2)
for v, ¢ € Hj.

2.3. Variational nonlocal operators. A more general type of integrodifferential operators,
not necessarily (bi)linear or symmetric, commonly found in the literature, have the form given in
(1.10), which is the following:

(Ju,v) = //Q(Q) P (u(z) — u(y))(v(z) —v(y)) K (z,y) dz dy.

The simplest example is the (s, ¢)-Laplacian, which is obtained by considering ®(r) = |r[9=2r and
K(z,y) = |z — y|~% % (up to renormalization constants). This variational formulation may not
have a pointwise counterpart. However, if ® is odd and K is symmetric, i.e., K(z,y) = K(y, z),
then, at least formally, we can write

uy =2 [ o) [ ula) —uw)K (.9 dy) de,
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for v € C°(€Q2). Then, the pointwise definition of the operator is
Ju(z) = P.V. /R B(ulx) — u(y) K (z,y) dy.

More in general, we consider as ® a function with two-sided (¢ — 1)-growth and we only require
the kernel K to satisfy two integrability hypotheses. In particular, ® need not be odd and K
need not be symmetric.

The precise assumptions on ® are as follows. We require ® : R — R to be a continuous
function, with ®(0) = 0, and satisfying the bound
1
X|r|q < ®(r)r < Alr|?  for every r € R, (2.5)

for some ¢ > 2 and A > 1. Sometimes we will assume the following stronger variant of the lower
bound

1
X!rl — 1ol < (®(r1) — ®(r2))(r1 —r2) for every 1,79 € R. (2.6)

We define @ : R — R as &(z) = [ ®(r) dr and we observe that

1 . A
A—q\r|q <P(r) < gwq for every r € R. (2.7)

Remark 2.3. Estimate (2.6) is satisfied in particular if ® € C'(R) with
207%(q — 1)

A [r|972 < ®'(r) for every r € R.

If moreover,
'(r) < (¢ — DA|r|7?  for every r € R,
then also the upper bound in (2.5) is satisfied.

As for the kernel K, we assume that

K :RY x R — [0, +00] is a Borel-measurable function, (2.8)
satisfying the following hypotheses:
1
Singularity: KXBQ(CIZ —y) < K(z,y)|z —y|?57  for every z # y, (2.9)
Integrability: // min{1, |z — y|!} K (z,y) dzdy < +o0, (2.10)
Q)

for some s € (0,1) and some interaction radius o > 0.

Remark 2.4. Hypotheses (2.8)—(2.10) are reminiscent of those satisfied by (singular) Lévy-type
kernels, which are commonly considered in the literature (for integrodifferential operators defined
through Lévy-type measures, see, e. g., [29]). To be precise, K : RExR? — [0, +-00] is a Lévy-type
kernel if it is a measurable function satisfying

K(z,y) >0,  K(z,y)=K(y,), sup | min{l, |z -y} K(z,y)dy < +oc.
z€R4 JRE
In particular, since €2 is bounded, the above L>° condition implies (and is strictly stronger than)
the L' condition (2.10), with ¢ = 2. Regarding the Dirichlet problem for integrodifferential
operators whose kernels satisfy similar integrability conditions, see, e.g., [32]. As for the
singularity, one usually requires K to lie in the non-integrable side, meaning that

K(z,y) > K(z—y) >0, K¢ Ll(Be) for every & > 0.
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As a compromise between full generality and readability, in this paper we limit ourselves to
singularities of the form KC(z —y) = |v — y|~977, for some ¢ > 0, thus imposing condition
(2.9). This kind of singularity is enough to ensure the validity of a Poincaré inequality, see, e. g.,
Proposition 2.5, and the compactness of the embedding of an appropriate functional space in £3,
see Remark 2.7. Actually, we could consider more general singularities, e. g., in the spirit of [22].

To motivate the generality of the above assumptions on the kernels, we provide some examples
and observations in Section 3.3.

The resulting integrodifferential operators J are of (s, ¢)-Laplacian type. Moreover, they have
a variational nature as indeed, if we define the energy functional

§(u) = //Q o B 0@ K ) drdy, (2.11)

then, at least formally,

d ~
%= 8:08’(u + ev) = (Ju, v),

thus J is the first variation of §. For the rigorous proof see Lemma 2.8.

One can also define a regional version of these operators by considering, e.g., Kq to be the
restriction to Q2 of the kernel K, and setting

5a(w = | (o) - u) Koo, p) dod,

which gives rise to
(Tau,v) = //Q2 ®(u(z) — u(y))(v(z) —v(y))Kao(z,y) dzdy

as its first variation (see Lemma 2.12). Important operators of this kind are the so-called censored
stable processes, see, e.g., [14]. We refer the interested reader to [31], both for its exhaustive
Introduction, and for very interesting recent results.

More in general, the assumptions on the regional kernel are as follows:
Kq : QxQ — [0,+00] is a Borel-measurable function (2.12)

satisfying the lower bound
Singularity: %XBQ (x —y) < Ko(z,y)|z — y|9T%  for every = # v, (2.13)
for some s € (0,1) and some interaction radius ¢ > 0, and
Integrability: /Q, /Q lz — y|!(Ka(z,y) + Ka(y,z)) dedy < 400 for every Q' CC Q, (2.14)
which is a weaker, local, version of
//m |z — y|"Kq(x,y)dedy < +oo. (2.15)

The form of (2.14) is motivated by the possible non-symmetry of Kq. Notice that (2.14) is
equivalent to

//92\(9\9/)2 |z — y|?Kq(x,y)derdy < +oo for every Q' cc Q.
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Compare assumptions (2.14)—(2.15) with (2.10). The form of the latter ensures also the integra-
bility at infinity of the kernel. Here instead, since 2 is bounded, we clearly only have

// min{1, |z — y|"} Ko (z,y) dvdy < // [z — y|"Kq(z,y) dedy
Q2\(\2)? Q2\(2\)?
< max{1, diam ()7} // min{l, |z — y|!} Kqo(z,y) dz dy.
Q2\(\)?

Some examples of such regional kernels can be found in Section 4.2.

The precise functional frameworks associated to these two kinds of operators is the object of
the upcoming two sections.

2.3.1. Homogeneous Dirichlet boundary conditions. Let ® be as above and the kernel K as in
(2.8)—(2.10). We point out that, by (2.7), F(u), as defined in (2.11), is finite if and only if

lullicq = ( // W) 'K (,y) dxdyf < too,

and we define the space
Wg(’q(Q) ={u:R" >R :u=0ac in R\ Q, ue LIQ) and ||u||x, < +o0},

which, endowed with the norm || - |[za() + || - ||x,¢, turns out to be a Banach space. We remark
that, since u = 0 almost everywhere in R?\ Q,

lullzcq = [[(ulz) = w@)K (@ 5)]| o g
X (2.16)
_ //R b(ule) — uly) K () de dy.

By assumption (2.9) on the kernel we have that

1 [u(z) = u()|*
2.1
el q = A//dem{x_m@} = girss (2.17)

for every u € Wé{ 1(€)). Furthermore, we have the following fractional Poincaré-type inequality.
This is surely well-known to the experts. Nevertheless, since the statement is not completely
standard, we provide a proof in Section A.1.

Proposition 2.5 (Fractional Poincaré inequality). Let s € (0,1), ¢ > 1 and ¢ > 0, and let
Q c R? be a bounded open set. There exists a constant C(d, s, q,$, 0) > 0 such that

— q
ullfa <C// @) =W 4 g, (2.18)
R24N{|z—y|<o} "r - ‘d—i—sq

for every measurable function u: R® — R such that u = 0 almost everywhere in R%\ Q.

Remark 2.6. Actually, the constant in (2.18) can be chosen as C = C(d, s, q,diam {2, o).
Indeed, let R := diam 2 and z( be such that 2 C Bgr(x¢). Define also the translated function
t(x) == u(x + x9). We apply Proposition 2.5 to @ with Q = Bpg, so that the constant C' is of the
form C(d, s, q, R, 0), and obtain

. -
il < € ] | lu(o) =)l o
min(je—yi<ey [ =T R2n({|e—yl<g} 1T — Y|
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where the equality follows from a change of variable. Again by a change of variable and since
u = 0 almost everywhere in Br(xg) \ €2, we also have

||U”%q(g) = HquLq(BR(ZO)) = ||a||%q(BR)'

As a consequence of (2. 18) we have the following bounds on norms

q _ q
R24N{|z—y|<o} ’ff— | a R24{|z—y|<c} |33— | a
< CAJull g < llullfo(q) + CAlJullf , < 2CAJlull%,

for every measurable function u : R — R such that u = 0 almost everywhere in R?\ Q. In
particular, || - ||k 4 is an equivalent norm on the space Wg 1(€)). In the specific case in which
the kernel is the usual one, |z — y|~%7%, we denote

Wel(Q) = W Q) = {u: R R : u=0a.e. in RY\ Q and [Wlpysamay < +00}.

Furthermore we have the equivalence of norms:

20-11Q| 2.9 1(0B)) |u(z) — u(y)|?
uld < ( + ) // dx dy
[ ]W ¢(R%) QdJrsq ngsq H HLq(Q R24N{|z—y|<o} |ZIT - y|d+sq (2.19)

< Cluly

Ws, q(Rd)?
for every u € W;?(£2). As a consequence of (2.9) and the first inequality in (2.19), we have the
embedding of WL(Q) in W(Q).

Remark 2.7. The inequality
lullwsa) < Cllullk,y for every u € Wé(’q(Q)
entails that Wé( 9(Q) is compactly embedded in L4(2), hence in £2, since ¢ > 2. Moreover,
(210) = CONQ) c WUQ),

as indeed,

J o) — ul) K (o) dody + [ () — uly) K () oy
QUE)N{|lz—y|<1} QUE)N{|z—y[>1}

< [u]qCO,l(Rd)// |z — yl"K (2, y) dxdy—i—QQHquw(Rd)// K(z,y)dz dy
QI)N{|z—y|<1} Q)N {|z—y|>1}
< C// min{1, |z — y|*} K (z,y) dz dy.
Q)

Hence Wg 9(€2) is also densely embedded in £3.

Actually, (2.10) is equivalent to requiring Lipschitz functions to have finite || - ||k 4-norm, as
proved in Lemma B.1.

Furthermore, for every u € Wé(’q((l) we define the operator Ju € (WKQ(Q)) as
(T, 0} g = //Q o B U6 o) K ) drdy (2.20)

By (2.5) and Hoélder’s inequality, this is indeed well defined for every u,v € Wg (Q)). Similarly
to (2.16), since v = 0 almost everywhere in R? \ Q, we can write

vi= [, Blule) = uw)(vla) = o) K o p) do .
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This operator arises as the first variation of the energy § in (2.11), as shown in the next lemma.

Lemma 2.8. Let u € Wg(’q(Q). Then,

8:OS(u +ev) = (Ju,v) K q

de
for every v € Wé(’q(Q).
Proof. Let € € (—1,1). By the mean value theorem, there exists a function A, : R x R — [0, 1]
such that <I>(r1 +erg) — CD( ) =ed(r + e (ri,m2)re) ro for every ri,7m9 € R. Setting
Ac(,y) =

Ae(u(x) — u(y),v(z) —v(y)) for every z,y € RY,

we have
Slure0) =50 = ¢ | @(u(o) = ulo) + 2hlir) (0(0) = o)) (0(2) = o) (229) .

By hypothesis (2.5) and Young’s inequality, and the fact that |¢| and A, are smaller than 1, we
have

®(u(x) - u(y) + ere(w,y) (v(z) = v(y)) ) (v(z) — v(y) K (2, 1)
< 2207 (Ju) = u(y)|~! + o(@) — o)) (@) - v(y) K (@, y)
= 0277 (Ju(z) — u(y)[*~ o(z) = v(y)] + [v(z) — v(y)]*) K (2,y)

< O([u(@) = u()|” + [v(@) — v@)I?) K (2,9) = E(=, ).

Since u,v € Wé(’q(Q), the function Z belongs to L'(R?4). As A\, and ¢ — 0, the claim follows by
Lebesgue’s dominated convergence theorem. ([

Remark 2.9. Two sets of natural hypotheses, commonly found in the literature, that ensure
the validity of (2.9)—(2.10) are the following:

(1) the usual type of kernel that is considered for problems involving the (s, ¢)-Laplacian
(see, e.g., [46, 24, 45], but also the seminal [43] for the case ¢ = 2) is assumed to satisfy

1
Singularity: n < K(z,y)|lz—y|4T <A for 0< |z —y| <o, (2.21)

Growth: 0 < K(z,y)|z —y|*™ <A for |z —y| > o, (2.22)

for some s € (0,1) and o, 9 > 0.
Besides the lower bound (2.17), the stronger assumptions (2.21) and (2.22) imply also
the upper bound

24 1|SZ| 24— 1(831 (:L")—u( )|q
U <A < + ) // dxd
H HKq - ( Qd+z9 19@ ” H 24\ {|o—y|< o} |x ‘d+sq Y

for every u € Wé{ 1(€)). As a consequence, we have the equivalence of the norms

1 // u(z) — u(y)|?
A rzingoyicoy |7 — ylFrsa < ullk g < llullfa) + lullk 4

_ q
<Clul?. . +A // [u@) =u@I” 4 4,
| HLq(Q) RN {Jz—y|<o} 1T — Y|

_ q
< C// lu(z) Ziy)l dz dy,
R2A{|r—y<o} [T —y|*Ha
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for every u € Wi (Q).

In particular, if the kernel K satisfies the stronger hypotheses (2.21)—(2.22), we have a
more explicit characterization of Wi4(€), as indeed Wi-4(€2) = W4(2). Hence, by [33,
Theorem 6], we also know that the space C2°(2) is dense in Wg( 1(Q).

Another type of kernel, which was considered in [33] and whose properties are closely
related to Lévy measures, can be defined by picking K : R — (0, +o0] Borel-measurable
such that

< K(z)|z|4T  for every z € R\ {0},

==

/ min{1, [z|} K (z) dz < +oo,
R4

for some s € (0,1). By defining K (z,y) := K(x — y), hypothesis (2.9) is clearly satisfied,
whereas for (2.10) we have

sup min{1, |z — y|} K (z,y) dz < +oo0, (2.23)
yERd Rd

since
/ min{1, |z — y|?} K (z,y) dz = / min{1, [z|?}K (z)dz for every y € R%
R4 Rd

Since K is symmetric in z and y, and  is bounded, (2.23) implies (2.10). As we are
precisely in the setting of [33], we have the density of C°(Q) in Wg 9(Q).

2.3.2. Regional nonlocal operators. As before, we consider a function ® satisfying the hypotheses
of Section 2.3, and in particular the bound (2.5), and a regional kernel Kq as in (2.12)—(2.14).

We define the seminorm

g = ( J] ote) = ) Kol ) dxdy)l,

and the functional space

whea(Q) .= {u e L9(Q) : Jullg.q < oo},

which, endowed with the norm || - [|ze(q) + || - [|xq.q, i @ Banach space.
By (2.13) we have the continuous embedding of WX2:4(Q) in W*4(2), as indeed

21]0)
ey + By < Al + (14 g )l (2.24)

We also observe that

(2.14) = {m +u:meR, ue CS’I(Q)} c whea(qQ),

_ (2.25)
(215) = C%(Q) c wEeqQ).

Indeed, if u € C%1(Q), then suppu C Q' for some open set Q' CC Q, hence

Ju+mll%, , = // u(z) — u(y)| Koz, y) de dy
Q2\(Q\Q')2

< [y [ [ I = sl"(Ka(e.) + Ka(y.a)) dedy



EXISTENCE RESULTS FOR SINGULAR NONLOCAL CAHN-HILLIARD SYSTEMS 19

for every m € R. In order to prove Metatheorem 1.2, we need to consider the closed subsets

WEea(Q) = {uGWKQq Q) : ‘Slu/gu(m)dx:m},

with m € R. For m = 0, the subset W\é( 24(Q)) is also a linear subspace, hence it is a Banach
space. From now on we will make use of the notation

m(u)::|;2’/gux dz

The following fractional Poincaré inequality is probably well-known to the experts (see, e. g.,
[53] for similar results). Nevertheless, since it is not completely standard, we provide both an
elementary proof and alternative versions in Appendix A.2.

Proposition 2.10 (Fractional Poincaré inequality). Let s € (0,1), ¢ > 1 and Q C R? be a
bounded and connected open set with Lipschitz boundary. Then, for every o > 0 there exists a
constant C = C(d, <, s,q,0) > 0 such that

_ q
[ — m(u) <C// [ulz) Zﬁ)‘ dz dy, (2.26)
Q2n(le—yl<g} |7 —ylTT

for every measurable u : Q — R.

As a consequence, recalling (2.13), we have
~1 ~1
[ullFog0y < 277 AC|ullk,, o + 297 12Im]?, (2.27)
for every u € )7\/\,[”{9‘1(9) In particular, for m = 0, the seminorm || - ||k, q actually defines an
equivalent norm on the space Wg{ @4(Q) (if Q is connected).

Remark 2.11. As a consequence of the above considerations, we have the following dense and
compact embeddings

WHes(Q) € L2(Q) and Wy (Q) € L*(Q),

where L?(Q) is defined in (1.15). More precisely, the compactness follows from (2.24) and the
compact embedding of W*4(2) in L?(2), while the density is ensured by (2.25), which is a
consequence of (2.14).

If we define the energy functional Fq : WE24(Q) — [0, +-00) as

W= [ (@) = uw)Kow.y) dray, (2.29)

then the operator Jou € (WX24(Q))’, which was defined in (1.11) in the variational form

Oau. vy = [ Dluta) = u(w))0(a) = o(0) Kale, ) de dy, (229)
corresponds to the first variation of Fq.

Lemma 2.12. Let u € WE29(Q). Then,
d

de

Ogﬂ(u +¢ev) = (Jau, ,U>K§27q
e=

for every v € WEK24(Q).

The proof is the same as that of Lemma 2.8.
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Remark 2.13. Actually, in order to define Fq(u) it is enough to require v : @ — R to be a
measurable function. Nevertheless,

Sau) <+oo = u|ggq <+oo = ueLiQ),

hence u € WKQ"?@). We only need to prove the second implication. For this, we can consider a
finite covering of {2 given by balls B, /s(z;), with z1,...,x; € Q. Then

[u](IJ/VSaq(QﬂBQ/Q(mi)) < Mullf, o < +00,

hence u € LY(Q2N By/a(x;)) by [49, Lemma D.1.2] (whose proof is a simple modification of the
argument leading to inequality (8.3) in [25]). Thus u € L4(f2) as claimed.

2.3.3. A bridge between the global and regional frameworks. In this section we show that the
functional frameworks introduced in the previous two sections maintain deeper relations than
superficially apparent. Indeed, interestingly, when considering only functions that are equal
to zero outside €2, it is possible to interpret a “global” operator (in the sense of (2.20)) as a
regional operator (of the type (2.29)) plus a weighted local term of order zero (see, e.g., [14,
formula (2.3)] and [22, formula (2.2)]).

More precisely, let K : RY x R? — [0, +00] be Borel-measurable and satisfying (2.9) and (2.10),
and consider its restriction Kq = K|g2. Clearly, Kq satisfies both (2.13) and (2.15).

Moreover, if u : R? — R is such that © = 0 almost everywhere in R? \ , then

A

§(w) = Sou) + | @(u(x»( Rd\ﬂK(x,wdy) i + Rd\gK(m,m( /| é»(—u<y>>dy) d

Q
= Fa(u) + /Q (@(u(w))wl (x) + @(—u(m))wg(x)) dz,
where § and Fq are as in (2.11) and (2.28) respectively, and

wi(z) = K(z,y)dy and ws(x):= K(y,z)dy
RA\Q RA\Q

for every x € . As a consequence, if ® is an even function, we obtain

§(u) = Falu) + /Q B (u(z) () da,
where w = wy + ws.

In particular, this is true for the fractional seminorms, yielding
lullfq = llullfy.q + /Q |u(@)|"w (@) do = |lullf, ¢ + 1ull 7o, duq)

with pq = w . 2% This measure is sometimes referred to as the killing measure.

Therefore, given a measurable function u : R? — R such that u = 0 almost everywhere in
R?\ Q, we have

we W) <= ulg e WE9(Q) N LUQ, dug).
Concerning the weight w, we point out the following properties.
Clearly, w > 0, and (2.10) ensures that w € L (2). However, w can be highly “degenerate”,

loc

both in terms of integrability and of vanishing. For example, (2.9) implies that w ¢ L'() if
sq > 1. More precisely, if 99 is of class C?, by arguing as in [1, Lemma 2.1] we find the estimate

w(z) > edist(z,00Q) ™% for every x € Q s.t. dist(z,00Q) < 0/2.
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On the other hand, if K (z,y) = xp,(z — y)|z — y[~97%, then
w(z) =0 forevery x € Q s.t. dist(x,00) > p.

2.4. Convex functions and their subdifferentials. Let 4 : R — (—o0, +00] be a proper,
convex, and lower semicontinuous function. Then v := 9% : R — 2¥, where

94(ro) = {U ER : A(rg) <A(r) +v(rg—r) forallre R}

is the subdifferential of 4 at rg, is a maximal monotone graph in R2.
We use the following notations:
D) = {r eR : 4(r) < +oo} for the effective domain of ¥,
D(y) =D(99) ={r eR : vy =09 #0}.

The basic properties of subdifferentials are summarized for later use in the following lemma.
For a proof see e.g. [10, Chapter 1].

Lemma 2.14. The following properties hold:
(i) if 4 is differentiable at ro € R, then 85(ro) =4 (ro);
(ii) D(07) is a dense subset of D(¥);
(#ii) Int D(%) C D(0%).

Actually, in point (i) also the reverse implication holds true. More precisely:

Lemma 2.15. If ro € Int D(¥) and there exists vg € R such that 04(ro) = {vo}, then the
function 4 is differentiable at ro and %' (ro) = vo.

A proof, of which we provide a sketch, can be found, e.g., in [8, Section 9]. We recall that the
first-order sub jet of a lower semicontinuous function f : R — R at a point rg € R is defined as

T2 f(ro) == {v € R+ f(ro) < f(r) +v(ro =) +o(lr = rol) }.

This can be interpreted as a local version of the subdifferential for functions which are not
necessarily convex. As mentioned in formula (60) of [8, Section 9], if f is convex, then J~ f(rq) =
df(ro). To conclude, if f is (semi)convex, then f is differentiable at rq if and only if J%~ f(rg) is
a singleton (see, e.g., [8, Theorem 15 (iii)]).

2.4.1. Moreau-Yosida regularization. The function 4 and its subdifferential v can be smoothly ap-
proximated resorting to the so-called Moreau- Yosida regularization. This procedure is particularly
useful when dealing with non-smooth potentials.

Definition 2.16 (Moreau-Yosida regularization). Let A € (0,1) be a small regularizing parameter.

e We approximate 4 by its Moreau regularization, that is, by the inf-convolution
1
. it L4 A2
(ro) = inf {’Y(T) + oyl = ol } ,
for every ro € R.
o We define the resolvent Jy : R — R of ~ as
() =T+ )7H(r)

for every r € R, and the Yosida approximation vy : R — R of v as

1

W) =5 = I0)
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for every r € R.

Actually, the inf-convolution does not require the convexity assumption to be defined.

In the next lemma we gather the main properties of the Moreau-Yosida regularization. The
proofs can be found in [10, Chapter 2] and [17, Chapter II].

Lemma 2.17. The functions 45 and vy are such that the following properties hold:
(i) yx(r) € v(J(1)) for every r € R;
(ii) ~yx is single-valued, monotone, and Lipschitz continuous with Lipschitz constant 1/X;
(iit) Ax is convex, continuous, and differentiable with 4\ = (0%)x = Y.
Remark 2.18. By Lemma 2.17 (ii) and (iii), and the fact that 4, <4 for every A € (0,1), we
obtain that 4, has quadratic growth, that is,

. Lo 4 N
< — < —
A < il + (O] < Sl + 4(0))

for every r € R.
We report now two lemmas, whose proof is postponed to Appendix C. The first one gives a

coercivity estimate for the regularized potential 4y + ﬂ, which will be crucial for proving existence
of solutions to the Cahn-Hilliard system.

Lemma 2.19. Let 4 : R — (—o00, +00| be a proper lower semicontinuous function, let I1: R — R
be a Cri-Lipschitz function such that T1(0) = 0 and let 1I(r) == [; II(z) dz.

(1) Assume that
A(r) + ﬂ(r) > —ai|r|? — a9 for every r € R,

for some a1,a2 > 0 and p € (0,2). Then, there exist \g, «, 3,a3 > 0 depending only on
Chi, a1 and ao, such that

) +11(r) > —arzr® — aglr]? — 8, (2.30)

for every X € (0, o) and for every r € R.
(2) If, instead,
A(r) + TI(r) > —ayr® — ag for every r € R,
for some ay,a2 > 0, then, there exist Ao, a, 5 > 0 depending only on Cr,a1 and az, such
that
A 1

An(r) +10(r) > —2a1r% — aX2r® — B, (2.31)

for every X € (0, o) and for every r € R.

Recalling Remark 2.18, if 4 is also convex we further point out that
— + 7) Ir|?  for every r € R, (2.32)

for every A € (0,1).
The second lemma is a I'-convergence-type result for 4y, and will be employed to derive the
energy estimates.

Lemma 2.20. Let 4 : R — [0, +00] be a proper lower semicontinuous function. Then,

y = I-liminf 4.
v im inf g
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2.5. Assumptions on the potential. Throughout the paper, unless otherwise specified, we
assume the following:

Hypothesis 2.21. (i) 4 : R — [0, 4+00] is a proper, convex, lower semicontinuous function,
with 4(0) = 0. Then, v := 94 : R — 2® is a maximal monotone graph, in the sense of
convex analysis, such that 0 € v(0);

(ii) IT: R — R is Cp-Lipschitz continuous with I1(0) = 0, and we set II(z) := [ II(r)dr. As
a consequence,

- C
ILI(r)| < 7H|7“|2 for every r € R; (2.33)

(iii) with these notations, the potential F' entering the system is represented by the sum
F =4 +1I, and we assume that it satisfies the growth condition

F(r) > —ai|r|’ —ag for every r € R,
for some p € (0,2) and for some ap,az > 0.

Remark 2.22. Actually, Methateorem 1.1 and Metatheorem 1.2 (hence also Metatheorem 1.3)
hold in the case of a more general potential:

e instead of the growth condition in Hypothesis 2.21 (iii), we can assume that
F(r) > —a1m® — ag for every r € R, (2.34)

for some ag, as > 0. This requires some more care when performing the time-discretization
step. Indeed, we need to check that the coercivity, namely an analogous of (3.73) or
(4.16), still holds true. If ¢ > 2, then a; can be arbitrary (hence condition (2.34) is
redundant, since IT satisfies (2.33) and 4 > 0). A careful inspection of the proof of
Lemma 3.16 (respectively Lemma 4.7) shows that this can be done by suitably using
Young’s and Poincaré’s inequalities, estimate (2.31), and the embedding L?(Q) — L?(Q).
The same can be done for ¢ = 2, but in this case we need to consider a; small enough,
e.g., a; < 1/4C, where C' = (s, is the optimal constant of the fractional Poincaré
inequality. Actually, by being more careful in the proof of Lemma 2.19(2), we can
pick a; < 1/C. This can be seen by exploiting Young’s inequality in the refined form
(a+b)? < (1+¢)a® + (1 + 1/¢)b? when proving (C.2). This is in line with the choice of
the energy in [6, formula (89)]. Notice that, since p < 2, Hypothesis 2.21 (iii) ensures
the validity of condition (2.34) with a; arbitrarily small, by Young’s inequality. However,
Hypothesis 2.21 (iii) can be assumed independently of the integrodifferential operator,
while (2.34) calls for a distinction between the cases ¢ = 2 and ¢ > 2, as just observed.
Hence, we chose to stick to Hypothesis 2.21 (iii) throughout the paper.

e Furthermore, we could allow a dependence also on the variable x € 2. More precisely, at
essentially no cost, we can consider

F(z,r) = f(x)3(r) + (=, 7),

with 4 as in Hypothesis 2.21 (i), f € L>®(Q) such that Cyx > f > C3 ! almost everywhere
in Q, and ﬂ(m, r) = fg II(z, z) dz, where I : Q@ x R — R is a Carathéodory function,
Lipschitz in 7, uniformly for almost every x € €2, and such that II(x,0) = 0 for almost every
x € Q. Moreover, we require F' to satisfy the growth condition in Hypothesis 2.21 (iii),
uniformly for almost every xz € . Considering a potential of this form would not
bring any useful insight to the proof and the required changes in the computations
are straightforward, hence, for the reader’s convenience, we stick to Hypothesis 2.21
throughout the paper.
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Remark 2.23. Notice that, under our assumptions, the potential F' is such that F(0) = 0. On
the other hand, this does not hold true for the notable examples Fy,o1, Fiog, and Fgy, in (1.7)—(1.9).
We can, however, accommodate for this requirement by subtracting F(0) and working with
the potential F' — F(0). Indeed, considering F or F + ¢ for a fixed ¢ € R does not impact our
analysis, as they both correspond to the same system; the only noticeable change lies in the
energy, which changes by a factor ¢|{2|. After such a renormalization, all three notable potentials
can be written as in Hypothesis 2.21. The case of the logarithmic potential requires some more
care but it can be considered by extending Fios to R as follows: Fiog(£1) = flog2 +6./2 + c,
Fiog(2) = +o0 if |2] > 1.

3. HOMOGENEOUS DIRICHLET BOUNDARY CONDITIONS

In this section we consider the problem

Ou—Aw =0 in Qx (0,7), (3.1)
w=(—A’u+F'(u) inQx(0,7T), (3.2)
u(x,0) = ug(z) in RY, (3.3)
u=0 in (RY\ Q) x (0,7), (3.4)

w=0 on 092 x (0,7T). (3.5)

3.1. Main results. We consider the Hilbert space
HY = {U e H'RY : v=0a.e. in Rd\Q},

endowed with the standard H'-norm. This can be identified with HE (), by extending the
functions by 0 outside of €2 (see, e. g., [42, Theorems 4.4 and 4.5]). In particular (3.5) is satisfied in
the trace sense by every function w € Hy. We consider the Laplacian operator —A : H{ — (H})'
defined in the usual distributional way, via

(—Au, U>(H(1J)’ = Vu-Vodr = (u,v)y (3.6)

1.
R 0

We are thus in the setting of Section 2.1, where the coercivity is provided by Poincaré’s inequality.
Hence, from now on we will consider H{ to be equipped with the equivalent scalar product (3.6)
and its induced norm, as customary.

Next, we introduce a weak (energy) formulation of system (3.1)—(3.5).

Definition 3.1 (Solution to the fractional Cahn-Hilliard system). Let 7" > 0 be fixed. We say
that (us,ws,(s) is a weak solution to the fractional Cahn-Hilliard system (3.1)—(3.5) associated
with the initial datum wg € Hj if

us € L0, T Hp) N W0, T3 (Ho)'),
ws € L*(0,T; Hy),
¢ € L*(0,T; C%), (s € y(us) a.e. in Q x (0,7),
and (us,ws, () satisfies the following weak formulation of (3.1)—(3.2):
Oyus — Aws = 0 in (H(l))' (3.7)
ws = (=A)%us + G +M(us)  in (H5)',

almost everywhere in (0,7, with u,(0) = ug almost everywhere in R?.
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Remark 3.2. We point out that, by the Aubin-Lions-Simon compactness lemma (see [57,
Theorem 5]), we have

L=(0,T; Hy) N WH2(0,T; (’Hé)') C C([0,T]; £F).

We introduce the energy functional Es : H§ — (—o0, +00] defined as

E,(v) = 5l + / P (39)
The first step is to prove the following existence and uniqueness result.

Theorem 3.3 (Existence and uniqueness). Let Hypothesis 2.21 be satisfied, and let s € (0,1).
Assume

Uy € 7‘[8, ’A}/(UO) € Ll(Rd).
Then the fractional Cahn-Hilliard system (3.1)—(3.5) admits a unique solution (us,ws,(s), in the
sense of Definition 3.1, and the function (s is uniquely determined by (us,ws). Moreover, the
following energy estimates hold:

¢
;/0 ||w3(7')||3_% dr + Es(us(t)) < Es(up) for 0<t<T, (3.10)

Eq(us(t)) < Es(us(7)) for 0<7<t<T. (3.11)

We observe that, since T is an arbitrary fixed positive number, the solution to (3.1)—(3.5) is
unique and satisfies (3.11), we can extend the solution up to 7' = +o00. More precisely, we have
the following:

Corollary 3.4 (Global in time solution). Let the hypotheses of Theorem 3.3 hold. Then, there
exists a unique triple (us, ws, Cs), which satisfies Definition 3.1 for every T > 0.

Remark 3.5. In the case of the polynomial potential F,o in (1.7), a possible splitting (up to

the additive constant 1/4, see Remark 2.23) is given by 4(z) = 2*/4 and TI(z) = —22/2. Since 4
is differentiable, we have (5 = vy(us) = u2 and equation (3.8) reads

ws = (—A)us + ud — u, in (Hg). (3.12)

A priori, this equation makes sense for test functions v that belong to L*(Q2) N‘H§. This is indeed
what we would obtain by directly proving the existence of a solution, without employing the
Yosida approximation (but still following the other steps of the argument, within the functional
space L*(Q) N'Hg). On the other hand, obtaining the solution via Theorem 3.3 tells us that
u3 € L%(0,T; £3) ensuring that (3.12) does indeed make sense. Moreover, the energy estimate
(3.10) implies also that us € L>(0,T; L*(2)). This kind of mismatch in the functional spaces of
the test functions for equation (3.8) appears also for more general regular potentials, such as
those considered in [6].

Then, we come to the behavior of solutions as s tends to 1. For this we also need an analogous
definition of solution to the classical (local) problem.

Definition 3.6 (Solution to the classical Cahn-Hilliard system). Let 7' > 0 be fixed. We say
that (u,w,() is a weak solution to the classical Cahn-Hilliard system (1.1)—(1.2), (3.3)-(3.5)
associated with the initial datum ug € H} if

u € L*(0,T;Hp) N WH2(0,T5 (H)'),
w € L*(0,T;Hy),
¢ € L*0,T; L2), ¢€v(u) a.e. inQx(0,T),
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and (u,w, ¢) satisfies the following weak formulation of (1.1)—(1.2):
du—Aw=0 in (H), (3.13)
w=—Au+¢+u) in (Hp), (3.14)
almost everywhere in (0,7"), with «(0) = uo almost everywhere in Q.
We can now state the asymptotics result.

Theorem 3.7 (Asymptotics). Let Hypothesis 2.21 be satisfied, and let us consider ug € Hg,
with %(up) € LY(RY). Let (us,ws,(s) denote the corresponding sequence of unique solutions to
(3.1)=(3.5), according to Definition 3.1. Then there exists a triple of limit functions (u,w,(),
which is a weak solution to the local equation in the sense of Definition 3.6 (with a dimensional
constant multiplying the Laplacian in (3.14)), and

ws — W weakly in L2(0,T;H}),

us = u in C([0,T]; (H5)"),
us(t) — wu(t) strongly in L% for every t € (0,T), (3.15)
Ous — O weakly in L?(0,T; (Hy)'),

s — ¢ weakly in L*(0,T; L3).

Remark 3.8. More in general, we can consider a sequence {si}reny C (0, 1) such that s — 1 as
k — oo, a sequence {ugx} C Hg*, and a function ug € H}, satisfying

2uIN) (H’U,OkHHék + |W(u07k)|\L1(Rd)) < 400, up x — up strongly in L3
€

Remark 3.9. The study of the asymptotic behavior of nonlocal functionals has been widely
considered in the literature, in various forms. We limit ourselves to mentioning the seminal [15],
for the limit as s — 1 of the W*®9(2)-seminorm and related energies, which initiated an extensive
research. In particular, such energies, having the form

//Q2 w <W> pe(x —y) dr dy (3.16)

with w : [0, +00) — [0,+00) continuous and {p.} C L'(R?) converging to &y as € \, 0, were
further investigated in [54]. In the context of Cahn-Hilliard equations, defined by considering
(3.16) in place of the usual (local) Dirichlet integral in the free energy, the limiting behavior of
the solutions has been studied in several papers, see, e.g., the latest [23] and the references cited
therein.

On the other hand, the asymptotic limits of the fractional Laplacian are quite natural (and to
be expected, recall its definition as a pseudodifferential operator). As s — 1, it converges to the
classical Laplacian, see, e.g., [25, Proposition 4.4 (ii)] for an elementary proof. Instead, as s — 0,
it converges to the identity, see, e.g., [25, Proposition 4.4 (i)]. This second limiting behavior has
been considered within the context of Cahn-Hilliard equations in [6]. Theorem 3.7 can thus be
considered, in some sense, complementary to those results.

As for the asymptotics of (the eigenvalues of) (—A)g, we refer the interested reader to [16].

3.1.1. Proof of Theorem 3.3. This section contains the proof of existence of a unique solution
(us, ws, Cs) to the fractional Cahn-Hilliard equation with homogeneous Dirichlet boundary condi-
tions. Since s is fixed in this Section, from now on we drop it as a subscript. We subdivide it in
different steps.

Step 1: uniqueness. Suppose that (u1,w1,(1) and (ug2, ws, (2) are weak solutions of (3.1)—
(3.5) in the sense of Definition 3.1 with the same initial datum ug. Here we are assuming that
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the potential F = 4 + II satisfies Hypothesis 2.21 (i) and (ii), but not necessarily (iii). If we
denote @ = uy — uo and W = wy — ws, then

ot — A =01in (HY), @ =(=A)u+ ¢ — G+ H(uy) — (ug) in (K, (3.17)

for every t € (0,7) \ ¥, with ¥ of measure zero. Fixing from now on ¢t € (0,7) \ ¥, applying
(—=A)~L: (HE) — H} to both sides of the first equation in (3.17), we obtain

;tu—kw—Oln’Ho

Recalling Remark 2.1, evaluating (4, -) 2 € (H{)' at 0, exploiting this equation and identity
(2.2), we get

(=A)"

d d
(= Aay-1 9 _ /= ay-1 9o -
O_<u’( A) Tt )cg_< (=4) dtu>(H1)’+<u’w>(Hé)/
1d .
= el + (@)

Test now the second equation of (3.17) by @. Then, by the monotonicity of v and Hypothe-
sis 2.21 (ii), it follows that

(W, @) 35y = HaH%{g + /Q(Cl — ()udr + /Q(H(Ul) —(uz))udx
> ’WH%—LS - CHHﬁHQLg'

Once again, by Remark 2.1

(,8) 3 = /R aayle) dr = (5, @) g (3.18)

hence we obtain
1d
2 dt

for some constant C' > 0. Here we used also Ehrling’s lemma (see [57, Lemma 8]), i.e., for each
¢ > 0 there exists a constant C; > 0 such that

1. _
Nl + lalf; < Cullalz, < 5”“”3—[3 +Clally s

HvHLg <elvllng + CEHUH(%), for all v € Hj. (3.19)
Thus we get
1d - ~
5By + 51l < Clily,,

for every t € (0,7)\ . Integrating on (0,¢*) and exploiting the fundamental theorem of calculus,
we obtain

t*
() 2 <m<mﬂywc/ (1)12 .

for every t* € (0,T). Since %(0) = 0 almost everywhere in R, by Grénwall’s inequality in integral
form, this implies that @(¢*) = 0 almost everywhere in R?, for every t* € [0,7). In turn, by the
first equation in (3.17), this entails that @(t*) = 0 almost everywhere in R, for every t* € [0,T).
Finally, by the second equation in (3.17), we can conclude that (;(t*) = (2(t*) almost everywhere
in R4, for every t* € [0, 7).

Notation. Since ( is uniquely determined by (u,w), from now on by solution we will mean
the pair (u,w) instead of the triple (u,w, ().
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Step 2: approximation. For every A € (0,1), let 45 : R — [0,400) be the Moreau
regularization of 4 as defined in Section 2.4.1, and let 7, := 4}, which has Lipschitz constant
1/A. We consider the approximated problem

o —Aw =0 in (H}Y, (3.20)
wd = (A U+ (u) + () in (HS), (3.21)

almost everywhere in (0,7), and
uMz,0) = ug(z)  in Q. (3.22)

We need to show that the approximating system (3.20)—(3.22) admits a solution for every
A > 0 fixed. Inspired by [6, Section 4], we proceed by time-discretization, with appropriate
adjustments to deal with the Yosida approximation.

Step 3: time-discretization. Let N € N and let 7 = 7/N := T'/N be the time step. For
each A > 0 fixed, we carry out the following discretization of (3.20)—(3.22):

Uﬁ—uﬁ—liA A _ : 1v/
- w;, =0 in (Hg)', (3.23)
-

wp = (=A)uy +a(up) + Muy)  in (H)' (3.24)

for n = 1,..., N with initial condition u) = ug. In order to show existence of (u),w;\) satisfying

(3.23)-(3.24), we introduce the functional E) : H§ — R given by

’LL—U,/\

T n—1

E,)L‘(u) = B

1 R R
+ —HUH%S +/ (m(u) + H(u)) de,
('H(l))’ 2 0 Q

and we consider a sequence of minimizers constructed by iteration. In order to do this, we first
define the energy

1 ~ N
EMu) = 5”“”3{5 +/ (’y,\(u) + H(u)) dz,
Q
for every u € Hj, and we point out the following two preliminary results.

Lemma 3.10. The functional E* is lower semicontinuous with respect to the L?-convergence.
Moreover

1
EMu) > ZHuH%g — Bo|9Q| for every u € Hy, (3.25)
for X € (0, ), where By = B+ 8Cpc(p)a2 and X = A\(Cp, a1, az,Cr1) > 0 is small enough.

Proof. In order to prove the lower semicontinuity, we consider v;, € £3 such that vy — v € £3
strongly in L2(Q2) and we observe that by the L?-convergence and (2.32),

/Q (3 (vk) + TI(vg)) de o o (Aa(v) + TI(v)) da.

On the other hand, by the pointwise convergence and Fatou’s lemma, we obtain
2 . 2
s < liminf 5. 3.26
”UHHO = Aman ||Uk||HO (3.26)

Indeed, suppose by contradiction that (3.26) does not hold true. If v € H{, then, we can find
€ > 0 and a subsequence vy, such that

o, 175 < Ilvli3; — e (3.27)
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for every kj. The strong L?-convergence implies that there exist a subsequence {vkhj} such that

vk, — v almost everywhere in R?, as j — co. However, by Fatou’s lemma,
J
2 s 2
ol < timint o,

which gives a contradiction with (3.27). If instead v ¢ H§, then we can repeat the same argument,
by substituting the right-hand side of (3.27) with 1/e, thus proving (3.26).

As for (3.25), by (2.30) we have
1 1
ENu) > 5||U||3{3 — a2 JulZz — BIQ — aslull}, ),
and we recall the fractional Poincaré inequality (see, e.g., [16, Proposition 2.5] together with the
density of C2°(Q2) in H{ proved in [33, Theorem 6])
lullZ2 < Cpllullzs.
with Cp = Cp(d,2,2) > 0, and for every u € H{. Moreover, exploiting also Young’s inequality,

c(p)a3 Q)

&

c(p)a3 Q)
g

asllullly gy < ellull2 +

< ECPIIUH%[S +

1
< S lull3; +8Cpe(p)adiol.
Therefore, for every A > 0 sufficiently small, (3.25) holds true. O

Lemma 3.11. Given X € (0,)\) and any g € L3 we define the energy E;‘ : Hy — R by setting

1
27
Then, there exists at least one function u, € Hg such that

A _ A
Eg(uy) = ulen7-ftg EZ(u).

E)w) i= o= llu = gl + B

Proof. First of all we observe that Ej(u) € R for every u € H by (2.32). Moreover, by (3.25)
the infimum is finite. Then we can consider a minimizing sequence, i.e., {vg} C H§ such that

. A . A
n B ) = ol Py (1)
and, by (3.25), we have
2 : A
ol < 450192 +4 jnf EDw) +4

for every k big enough. Together with the fractional Poincaré inequality, this implies that {vy} is
bounded in H*(£2), which is compactly embedded in L?(f2) (see, e.g., [25, Theorem 7.1]), hence
there exists u, € H{ such that

UV —> Uy strongly in L%(€2),

up to a subsequence, that we do not relabel. By the L?-convergence and the lower semicontinuity
of E* proved in Lemma 3.10,

E) (uy) < liminf E) () = o, By (u),

concluding the proof. O
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We now proceed to the construction of the solution (u),w;) to (3.23)—(3.24).

As a first step, we apply Lemma 3.11 to pick a minimizer u € H§ of Ef = Ei‘o. Then,
u) € H is chosen iteratively as a minimizer of E) = Eﬁ\n, .- Let us recall that, according to
Section 2.1, (—A)~1: (M) — H{ is the inverse duality map, whence (—A)™! coincides with the
Fréchet derivative of the functional

1
vE (7—[[1,)' > *||"UH%H1)/-

Thus, since E; is of class (at least) C'! in Hg, and recalling (3.18), we obtain

(—A)~! (“ ~ ) + (=AY + a(ud) + () =0 in (M)
Setting
A A
w) = A1 (“”“"—1> e Hl, (3.28)
T

we have constructed a solution (u,w;) to (3.23)-(3.24).
Step 4: estimates independent of 7. We observe that

EMNu)< EMw)  and  EMu)_,) = EMu),), (3.29)
for every n > 1. Since %) < 4, we also have
EMNu) < Ey(u), (3.30)

with E, as defined in (3.9). Moreover, by the definition of u;} as minimizer,
Ep(up) < B (un_y)- (3.31)
By using (3.29) and (3.31), we find
EMNup) < B)(up) < Bp(up_y) = E(up_y),

and hence
T || up —un i A Al
5 T +E (un) —FE (unfl) < 07
(Hp)!
for every n > 1. By summing up, and exploiting (3.30), we obtain
T Un_ ’ PVIPY
5 Z - » + E%(uz) < Es(uo). (3.32)
: ’HO)/

Recalling the definition of w;) given in (3.28), we observe that, by (2.1)

XA 1P
lwdi3, = |2=== ) (3.33)
(Hg)
Therefore )
n
-
5 2 lwally + B (u3) < Ex(uo), (3.34)
n=1
for every n > 1. Recalling estimate (3.25), we deduce
N
27 Z me@ié + max Hu;\LH%S < 8(Es(uo) + Bol9]), (3.35)

n=1
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and also, by (3.33),

Nl — 2
Ty ||—n n—1 < 4(Es(uo) + Bo|Q]). (3.36)
n=1 T 1ys
(H)

We now construct piecewise constant interpolants of {u,} and {w,}, and the piecewise linear
interpolant of {u,}. More precisely, we define t,, :== nT = nT/N for n =0,..., N, and

t—tp— tn — 1
) =u), )= —2Ld ) for € [ty th), (3.37)
T

T T n
and 12);\ analogously. Note that
by (t_tnlu)\+tn_t

[a2(8) — @Ol = 1 - pe )|
(Ho) (3.38)
th —t, A (3.36)
= - ||Un — un_lu('Hé)/ S C\/’F for all ¢ (S [tnfl, tn)
These functions satisfy
QD —Aw} =0 in (MY, (3.39)
@ = (CAPE (@) + @) in (H3), (3.40)
almost everywhere in (0,7"), and by (3.35)—(3.36)
T T
[l s @0l < [ laa0lk < @
0 te[0,T] 0 0
which entails
sup (|3 < C, (3.42)
t€[0,T]
where C is a constant depending on the initial datum ug but not on 7 nor A.
It is also convenient to point out that from (3.34) we obtain
1 t
3 | 1B dr + B@0) < Bufu), (3.43)
0

for every t € (0,7).
Step 5: convergence as 7 — 0. From (3.38) and the estimates (3.41) and (3.42) established
above, there exists a (non-relabeled) subsequence of 7 — 0 (equivalently, N — oo) such that

wr = w weakly in L2(0,T;H),

(AR weakly-star in L>°(0, T; Hp), (3.44)

AR V2 weakly-star in L*°(0,T; Hj), '
o — Ow’  weakly in L2(0,T; (HY)"),

for some

ut € L0, T; 1) N W20, T; (HE)),  w e L2(0,T;Hy).
As a consequence of the Aubin-Lions-Simon compactness lemma and the compact embeddings
HE — L2 < (H})', we obtain the stronger convergence

@) — v strongly in C([0,T]; £3). (3.45)
Estimate (3.38), along with (3.45), yield

sup_[[@}(t) — ur ()| gy < sup [[a2(8) = @2 ()| gy + sup [|@2(t) — uB)]] 32y — 0.
te[0,T] te[0,T] t€[0,T]
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Moreover, from Ehrling’s lemma (3.19) and (3.41), for any £ > 0 we can take C. > 0 such that

13 (t) — ()]l gz < ella(t) = u(O)llag + Cella () = u (1) |y

<eC+Ce sup |ud(r) — u)‘(r)||(H1), for any t € [0,7].
r€(0,T] 0

There follows that
ﬂ;\ — u”  strongly in L°°(0,T; E%),
hence the Lipschitz continuity of vy (see Lemma 2.17 (ii)) and II yields
(@) = ya(w), (@) — T(u)  strongly in L*(0,T; £3).

By the second convergence in (3.44), we also obtain

T -0 T
/0 GO (~AVT), 0) gz dt = /0 B0 (D)W1), 0) gz .

for every 1 € L1(0,T) and every v € H§. Therefore, since by (3.39)—(3.40) we have

T
/ ( / 0N, t)on () + Vi (1) - Vou (x) dx) B(t) dt =0,
0 Q
T
| (181 @y + [ (a@@.0) + M@, 0) - 62w O)v() do) v(e) de =0,
0 Q

for every 1 € L?(0,T), v1 € H} and vy € H§, passing to the limit as 7 — 0, we obtain
T
/ ( / O (@, o1 () + Y (@, 1) - Vor (z) dm) () dt = 0,
0 Q

T
/0 (((—A)suk(t), UQ>(H8)' + /Q (VA(u)‘(m,t)) + I (u? (z, 1)) — w/\(x,t))vg(a:) dac) p(t)dt = 0.
(3.46)
Thus, by the fundamental lemma of the calculus of variations for Bochner spaces, (u*, w’) is
a weak solution to (3.20)—(3.22). We observe that, by applying the results that we proved in
Step 1 of Section 3.1.1, the solution is also unique.

More precisely, we have proved that there exists a subsequence 7y, — 0 for which the
convergences in (3.44) hold true for a pair of limit functions (u*,w?*) that, a priori, could depend
on the subsequence {7y, }nen. Actually, by Step 1 of Section 3.1.1, applied here with 4 replaced
by Ay, which is still convex by Lemma 2.17 (iii), the pair (u},w?) is the unique weak solution to
(3.20)—(3.22). Thus any such subsequence converges to the same limit, so that the convergence
does indeed hold true as 7v = T'/N — 0.

Step 6: estimates independent of \. First of all, note that estimates (3.41)—(3.42) are
preserved in the limit as 7 — 0. We therefore have

T T
/ A (1)[13 dt < €, / [0 O3y dt < C. sup @3 <O (347)
0 0 te[0,T]

where C' is a constant independent of \.
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Furthermore, since 7(0) = 0 and ~, is Lipschitz continuous, we have v, (uy) € H{, hence we
can use it as a test function in equation (3.21). Integrating on (0,7") we obtain

/ ' | ) dz e

u
" / e //de o y|d+2(sy’ D oa @, 0) = (0, 0) drdydt (345)
N /0 /Q (w(x,t) — T(u(z, 1))y (u (2, 1)) da dt.

By the monotonicity of vy, the second term on the left-hand side is nonnegative. Thus, applying
Young’s inequality, recalling that IT is Lipschitz, and exploiting (3.47), we obtain the estimate

||’Y/\(U/\)||L2(0,T;Lg) <C, (3.49)

uniformly in A.

Finally, by passing to the limit 7 — 0 in (3.43), recalling the lower semicontinuity of E) proved
in Lemma 3.10, we obtain

;/0 [ ()3 dr + EX(u(1)) < Ey(uo), (3.50)

for every t € (0,7).
Step 7: convergence as A — 0. Estimates (3.47) and (3.49) imply that (up to considering
a subsequence that we do not relabel)

v w weakly in L2(0, T; H}),
L N weakly-star in L (0, T; Hg), (3.51)
o — O weakly in L2(0,T; (H)), |
wut) = ¢ weakly in L2(0,T; £3),

for some
we L0, T;HY) NWE2(0,T; (HY)), we L*0,T;Hy), ¢ e L*0,T;L3).

As a consequence of the Aubin-Lions-Simon compactness lemma and the compact embeddings
H — L3 — (H})', we obtain the stronger convergence

u* — u  strongly in C([0,T]; £3), (3.52)

up to considering another subsequence, that we do not relabel.

The second convergence in (3.51) is again enough to obtain the convergence of the fractional
Laplacians, as indeed

T A—0
| o200 gy ae 22 / DAY, ) gy d,
0

for every v € H§ and every 1 € L'(0,T). Hence, passing to the limit as A — 0 in (3.46), we see
that the triple (u,w, () satisfies the following equations

/oT (/Q dyu(x, t)vi(x) + Vw(x,t) - Voi (z) dx) pledr=0. (3.53)

T
/ (((—A)Su(t),m)(Hg), + / (C(x,t) + I(u(x, ) — w(z, t))ve(x) dac) P(t)dt =0,
0 Q
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for every v1 € H{, vo € H§ and every ¢ € L?(0,T). Therefore the triple (u,w,() satisfies
equations (3.7)—(3.8) almost everywhere in (0,7).

We now prove that the last convergence in (3.51) and (3.52) ensure that

C(z,t) € y(u(z,t)) for almost every (x,t) € Q x (0,T). (3.54)
Indeed, the operator I' C L?(0,T; £3) x L*(0,T; £3) defined by
= {[u,{] € L*(0,T; £3) x L*(0,T; L3) : &(x,t) € y(u(z,t)) for a.e. (z,t) € Q x (O,T)}

is maximal monotone, and for A > 0 and u € L?(0,T; £3) we can define the Yosida approximation
of I' as

Ca(u)=~(I—({+ AT) ™) (u).

>| =

Note that

(I +A0)"Yw) (2, ) = Ja(u(z, ), Ta(w)(z,t) = y(u(z,t)), fora.e. (z,t) € Qx(0,T).
Since u* — w strongly in C([0,T]; £%), and therefore in L2(0,T;L2), we also have that
(I + A\I')~'w* — u strongly in L2(0,7T;L2). Moreover, T'y(u*) — ¢ weakly in L?(0,T;L3).
Lemma 2.17 (i) yields T'y(u?) € T'((I + AI')~'u?*). Therefore, by the strong-weak closure of the
maximal monotone operator I' in L?(0,T; £3) x L?(0,T; L) (see [10, Lemma 2.3]), we conclude
that ¢ € I'(u), that is, {(z,t) € y(u(x,t)) for almost every (x,t) € Q x (0,T).

We provide an alternative, more explicit and self-contained proof of (3.54) in Appendix C.

By arguing as in the end of Step 5 of Section 3.1.1, and exploiting once again the uniqueness
of the solution, we see that there is indeed no need to consider subsequences.

Step 8: energy estimates. We relabel the triple obtained in the previous step as (us, ws, (s).
In order to prove (3.10) and (3.11), we only need to pass to the limit in (3.50). For this we
exploit the convergences proved in Step 7 of Section 3.1.1 and the following lemma.

Lemma 3.12. We have
E, < D-liminf E*,
A—0

where the functionals are taken as defined on H{, and the I'-convergence is considered in the
L3-sense.

Proof. Let u,uy, € H§ such that uy — u strongly in £3 and A\, — 0. By (2.33), we have

/f[(u)da:: lim [ TI(ug)dz.
Q

k—o0 QO

Moreover, by Lemma 2.20 and arguing as in the proof of (3.26), we obtain
1 9 R .. 1 9 N
el + [ 360 de < imint (Glhuul + [ a,ue)de)
thus concluding the proof. O

Thus, by passing to the limit in (3.50), we obtain

3 | () g -+ Bufan(0) < i),

for every t € [0,7T), which is (3.10), and also implies (3.11) with 7 = 0. The general form of
(3.11) is then a consequence of the uniqueness of the solution to (3.7)—(3.8), which implies that
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the solution in the time interval (0,7 — 7), corresponding to the initial datum wus(7), is actually
(us(- + 7),ws(- +7)). More precisely, this argument yields the stronger estimate

1 t
2/ st(r)”?—[é dr + Es(us(t)) < Eg(us(T)) for0<7<t<T.

For later use, it is also convenient to point out that, by the weak convergence of vy (ut) to (s,
and the weak lower semicontinuity of the L2-norm, we can pass to the limit in (3.49), obtaining

16l 2oric2) < 2(lwsll 2o ez + Cu VT T sup fust Mlicz)-
S

Then, by (3.10), recalling Hypothesis 2.21 (iii) and using Young’s inequality and the fractional
Poincaré inequality, we obtain

sup lus(t)llzz < Cp sup [lus(t)[l2g < C(Es(uo) +19),
t€[0,7T] te[0,7)

which implies
165l L20,7:22) < C(L+VT) Es(uo) + 51192, (3.55)
We stress that the constants C' and 7 do not depend on ug, s, 7.

3.1.2. Proof of Theorem 3.7. In order to prove the theorem, we need the following auxiliary
result.

Lemma 3.13. Let {sg}ren C (0,1) be a sequence such that s, /1 as k — oo. Let {vx} C L3
be a sequence such that vy € Hy* for all k € N. Moreover, let us assume that vy converges to
some function v € HY strongly in L3. Then we have

(~A)* 0, @)y — CA)(~Av,6) gy Jor € ().

Proof. We choose a test function ¢ € C’OO(Q) We have
(=800 gy = (= o) [ D) (o) — o))y
= / vk () <—(1 — Sk) dlztz)tole—z) - 29(x) dz) dz
Q R4

|z|d+25k

= [ (on(o) = v(a)) ()" ola) da + | o(a) (~4)*o(a) do
=T, +Tj.
By the uniform convergence in Lemma 2.2, the first term is such that
T < [ Joula) = o@)] [(~4)*6(@)| do < O(d. ) = vl
while,
7= () | o) (~80()) da] < [ o) |C@AG— (~A)* |y da
By using also Lebesgue’s dominated convergence theorem, we obtain
[ (= 8) "0k, @) 34z, — CA) (=2, Bz
< O(d, @) [lor = vll gz + 1912110 3| C(DAS — (= 2)* | gy = O,

(3.56)

concluding the proof. O
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We begin by observing that, by the Bourgain, Brezis, and Mironescu’s asymptotics results, see
[15], since ug € H{, we have

limsup (o) < C(d) (5wl + | Flun(w)de ) = Bi(uo). (3.57)

s—1

Since the constant C' in (3.10) does not depend on s, and ug € H}, by arguing as in the proof
of (3.25) with FE in place of E*, we obtain

T
lim sup (/ Jws ()3, dt + sup Es(us(t))> < C(F1(ug) +1). (3.58)
s—1 0 0 te[0,1]

Here above we have also exploited the fact that the Poincaré constant Cp, which comes from [16,
Proposition 2.5], does not depend on s. Recalling Hypothesis 2.21 (iii), and arguing again as in
the proof of (3.25), yields

lus(D)1Z2 < Cpllus()175 < C(Ei(uo) +1)  for every t € (0,T), (3.59)

uniformly for s close to 1. Since dyus and wy are related by equation (3.7), we have also the
estimate

Hatus|‘%2(07T;(H(l))/) <C. (360)

These two estimates do not depend on s € (0, 1), hence there exists u € C([0,T]; (H{)') such
that (up to a subsequence that we do not relabel)

us —u in C([0,T]; (Hy)). (3.61)

This is indeed a consequence of the Aubin-Lions-Simon compactness lemma, applied here with
the compact embedding of £3 in (H})'.

By [16, Lemma 3.10], for every ¢t € (0,7) there exist a function v' € H} and a sequence
{sn(t) }hen such that sp(t) 1 and

us, 1) (t) = v*  strongly in L3, (3.62)

By (3.61) and the uniqueness of the limit, we conclude that v' = u(t), and the convergence in
(3.62) does not hold only for the sequence s, (t) (which could depend on t), but actually for the
whole sequence for which we have the limit in (3.61). By (3.55) and (3.57), we obtain

||Cs||L2(0,T;L§) <C,
uniformly in s € (0,1). This, together with (3.60) and (3.58), yields the following convergences

Ous — O weakly in L2(0,T; (H})),
ws — w weakly in L2(0,T;H}),
¢ — ¢ weakly in L2(0,T; £3),

once again up to a subsequence that we do not relabel. We have thus obtained the convergences
in (3.15) (for a certain sequence s; ' 1). Moreover, by (3.59), (3.62) and Lebesgue’s dominated
convergence theorem, we can conclude that

us — u  strongly in L*(0,T; L3). (3.63)
By the Lipschitz continuity of II, (3.56), and the convergence in (3.63) we conclude that
(us) — T(u) strongly in L*(0,T; £2),

T T
/0 () (=A) (), 0) 5y dt = C(d) /0 (1) (~Au(t), v) gy dt,
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for every v € L?(0,T) and v € C°(Q2). We can thus let s — 1 in (3.53), obtaining
T
/ ( / Dy, yon () + Ve (a, 1) - Von () dx) w(#) dt = 0,
0 Q
T
/ (C(d)(—Au(t),v2>(H(1)), +/ (C(x, t) + I(u(x, t)) — w(z,t))ve(x) dx) Y(t)dt =0,
0 Q

for every v1 € H{, va € C(Q) and every 1 € L?(0,T). By density, we can actually consider
vy € H{. Moreover, we point out that arguing as in the end of Step 7 of Section 3.1.1 and
exploiting [10, Lemma 2.3] ensures that {(x,t) € y(u(z,t)) for almost every (z,t) € Q x (0,T).
Thus, by applying the fundamental lemma of the calculus of variations for Bochner spaces, we
can conclude that (u,w,() is a solution to the classical Cahn-Hilliard system in the sense of
Definition 3.6. It is well-known that such a solution is unique (for a simple proof, one can adapt,
e.g., the argument in Step 1 of Section 3.1.1). As a consequence, the limits considered above
hold for the whole sequence s — 1. This concludes the proof of the asymptotics result.

3.2. A more general framework. In place of the Laplacian, we can consider a more general
(possibly nonlocal) operator £, in (3.1). Moreover, in (3.2) we can substitute the fractional
Laplacian with a nonlocal integrodifferential operator J and solve the system

Oru+ Lw =0 in Q x (0,7), ( )
w="7Ju+F'(u) inQx(0,7T), (3.65)
u(z,0) = ug(x) in RY, (3.66)

w=0 in (R?\Q)x (0,7), (3.67)
w=0 in (R¥\ Q) x (0,7). (3.68)

We are thus in the setting of Metatheorem 1.1.

Concerning equation (3.64), the key assumption is that £ : Xy — (Xo)’ is a linear invertible
operator defined on a Hilbert space X densely embedded in £Z, which we recall is defined in
(1.14). Moreover, albeit not strictly necessary for the solvability of the above system, in order for
condition (3.68) to make sense, the space X should also have a meaningful notion of “boundary
datum” (either in the local or nonlocal sense). More precisely, £ must have a variational nature,
being associated to an equivalent norm on X. For the details we refer to Section 2.1.

The operator J that we consider in equation (3.65) is of (s, ¢)-fractional Laplacian type, as
defined in (2.20), with the corresponding functional framework of Section 2.3.1. For the precise
details we refer to Section 2.3. The potential F' satisfies Hypothesis 2.21.

3.2.1. FEuxistence of the solution. With the aforementioned hypotheses, weak solutions to the
corresponding Cahn-Hilliard system are defined as follows.

Definition 3.14 (Solution to the generalized fractional Cahn-Hilliard system). Let 7' > 0
be fixed. We say that (u,w,() is a weak solution to the Cahn-Hilliard system (3.64)—(3.68)

associated with the initial datum ug € Wé( 1(Q) if
€ L0, T; W () N WH(0,T; (Xo)'),
w e L*0,T; Xo),
¢ € L*0,T; L2), ¢€v(u) a.e. inQx(0,7T),
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and (u,w, ¢) satisfies the following weak formulation of (3.64)—(3.65):
ou+ Lw =0 in (Xo) (3.69)
w=TJu+¢+Iw)  in (WEIQ), (3.70)

almost everywhere in (0,7, with u(0) = ug almost everywhere in R

By Remark 2.7, Wg 4(€2) is densely and compactly embedded in £3. Moreover, by assumption,

Xy is densely embedded in £3. We then have the embeddings Wé{’q(Q) — L2~ (L3) — (Xy),
which, as in Remark 3.2, entails

L0, T; Wyt () nW2(0,T; (Xo)') € C([0,T1; £3).

From a rigorous point of view, throughout this section we should have kept track of the dense
embedding i : Xo < £&. However, with a slight abuse of notation, we tacitly identify w with
i(w) for the reader’s convenience.

Theorem 3.15 (Existence and uniqueness). Let Hypothesis 2.21 be satisfied. Assume
up € WEI(Q),  A(uo) € L'(RY).

Then the Cahn-Hilliard system (3.64)—(3.68) admits a solution (u,w,(), in the sense of Defini-
tion 8.14 for every T > 0. Moreover, defining the energy

& (u) = //Q(Q) O(u(x) —u(y))K(z,y) dedy + /Q F(u(z)) dz,

the following energy estimate holds:
1 t
2/ Jw(T)||%, d7 + & (u(t)) < & (uo) for every t > 0. (3.71)
0

Furthermore, if ® satisfies condition (2.6), then the solution is unique, and
E(u(t)) < &(u(r)) for 0 <7<t (3.72)

3.2.2. Proof of Theorem 83.15. In order to prove Theorem 3.15, we need the analogues of
Lemma 3.10 and Lemma 3.11. For this we introduce the regularized energy

for A € (0,1), with § as defined in (2.11).

Lemma 3.16. The functional & is lower semicontinuous with respect to the L?-convergence.

Moreover

1
ENu) > Q—AqHuH%q — Bol9] for every u € WH(Q), (3.73)

for X € (0, ), where fo >0 and X € (0,1) depend only on d, A, s, 0,q,, a1,as and Cyy.

Proof. For the semicontinuity, we only need to check that if {v;} C £3 is such that vy, — v € £3
strongly in L?(Q), then

ol g < lim inf fow %
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This follows by arguing as in the proof of (3.26), exploiting Fatou’s Lemma and recalling that d
is continuous and nonnegative. The estimate (3.73) follows again by using the fractional Poincaré
inequality (2.18) and the fact that ¢ > 2. Indeed, recalling (2.30) and using Young’s inequality,

1 1
)\ ES
EN(u) > rq||u||3(,q — aXz [l 2y — asllullfiq) — BIY

1 1
> —|lullf, — CO2 +e)lullZziq) — c@)|)

Z i
1 1 |u(z) — u(y)|?
> —||lullt — C(\ —=dxdy — Q
_AqHu”K’q o 2+€)//R2dﬂ{$y|<g} o —yldrsa Y e
1
1 q CA24¢), g
> 2ol = Sl — (o))
1 q
> mHUHK,q — Bol€]
as claimed. O

The coerciveness proved in Lemma 3.16, together with the compact embedding of Wg( 1(Q) in
L3 (see Remark 2.7), are enough to prove the following existence result, by arguing as in the
proof of Lemma 3.11.

Lemma 3.17. Given A € (0,\), 7 > 0 and any g € L3, we define the energy @‘"gA : Wg(’q(Q) —-R
by setting

1
&5 (u) = —lu = glltxyy + & (w).

Then, there exists at least one function u, € Wé(’q(Q) such that

EMuy) = inf  EMuw).
g wewiaq) 7
In particular, uy satisfies
e (M) e+ () + Tw) =0 in V() (3.74)

The Euler-Lagrange equation (3.74) is obtained by recalling that £7! is the Fréchet derivative
of || - [[3-1/2 and applying Lemma 2.8.

We subdivide the remaining part of the proof into the following steps. We stress that the
lower bound in (2.5) is not sufficient to ensure the uniqueness of the solution, since, a priori, the
operator J is not linear. In any case, this does not affect the proof of the existence.

Step 1: time-discretization. We begin by fixing 7" > 0 and we proceed as in the proof of
Theorem 3.3. We consider N € N and 7 = 7y := T'/N. Arguing as in Step 3 of Section 3.1.1, we

first apply Lemma 3.17 to pick a minimizer ug € Wg( () of the functional
2
-

2

u — up

M) = + 6\ w).

T (XO)/

Then we proceed iteratively, choosing u)\ € Wé{ () to be a minimizer of

ENu) = g

U — Up—1 |)?

(Xo)

+ &Mu), (3.75)

T
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and defining w)) € Xg as in (3.28), i.e

Since (—£)~! = —£71, and recalling (3.74), the pair (u)),w;\) satisfies
S

L ew)=0 in (Xo),
-

wy = Jup +ya(uy) + (u)) in (Wf)Kg(Q))/’

for every n =1,..., N. Moreover we have the counterpart of the energy estimate (3.32), that is

& —ad P

3 > + EMNud) < & (up). (3.76)

n=1 (Xo)’
We also recall that, by (2.1) we have
A A
u, —u
i x, = || ==
(Xo)’

Step 2: convergence as 7 — 0. We then define the interpolating functions as in (3.37).

From (3.76) we deduce the analogues of (3.41) and (3.42), that lead to the convergence of the

interpolants as 7 — 0, as in (3.44) and (3.45), via compactness, to a pair (v}, w?*) such that

ut e L0, T; Wil (Q)) n Wh2(0,T; (Xo)),  w € L2(0,T; Xo).

More precisely,

wr = w weakly in L2(0,T; Xo),

a) - u strongly in C([0,T]; £3),

) - u strongly in L°(0,T; L3),
ot — ot weakly in L2(0,T; (Xo)"),

However, here the convergence only holds true for a specific subsequence {7, }, since we cannot

rely on the uniqueness of solutions.

S

o (see, e.g. [11, Proof of

For the convergence of Ju we adapt the classical argument for (—A)
Theorem 3.4]). We begin by defining

ey ) = 2(@, (@,0) @, (y.0)K(2,y)7

where ¢ is the conjugate exponent of ¢, i.e., ¢ = q/(¢ — 1). Then, the L7 (R2? x (0, T))-norm of
&) is uniformly bounded as a consequence of the upper bound in (2.5), the coercivity in (3.73),
and the energy estimate (3.76). Indeed,

q/
HﬁhHLq(RngOT ///de iz, (2,1) - h(y,t))‘ K(z,y)dzdydt

< A /0 [y, (O 4 dt < CT(8 (o) + 1),

1
7

(3.77)

uniformly in & and A. Since ® is continuous and aiNh (z,t) — u*(z,t) pointwise almost everywhere
in R? x (0,T), we have
(@ y, 1) = D(u (@, 1) — My, 1) K (z,y)

L
7

= 5/\ (.’B, Y, t)a (378)
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for almost every (x,y,t) € R?? x (0,T). Thus, by [60, Theorem 8.59], the boundedness in (3.77)
and the convergence in (3.78) imply the weak convergence

& — & weakly in L7 (R*? x (0,T)).

Therefore we have

T
| v, 0.0
T T
= /0 ¥(t) //]R LGy D (0() () K(e,9)7 dedy de 22 /0 GO (1), v) g A,

(3.79)
for every ¢ € L4(0,T) and v € Wa-9(). Indeed, if we set
1
U(z,y,t) =) (v(@) —v(y) K(z,y)7,
then
W%mm@m:/ 0 [ 10t) = ol K o) eyt = 61 ol
Hence, by passing to the limit » — oo, the limit functions (u*,w?) satisfy the system
T
/ ( / O (z, )os () dz + <£w>‘(t),v1)0> w(t) dt = 0,
0 Q (3.80)

T
/ (<’Ju’\(t),v2);<,q v / (a2 (&, £)) + T (2, £)) — w0 (2, £) ) va () d:z:) w(#) dt = 0,
0 Q

for every ¢ € L9(0,T), v1 € X and vg € W({(’q(Q).

Step 3: convergence as A — 0. Passing to the limit 7 — 0 also yields the analogues
of (3.47). We then need to show the validity of (3.49). Since v,(0) = 0 and +, is Lipschitz
continuous, we have 7y (ut) € Wf’q(Q), hence we can choose va = 75 (u?) and ¥ = 1 in the
second equation of (3.80), obtaining the analogue of (3.48). Since ®(r)r > 0, and +, is increasing,
we see that

///RM —u(y, 1) (M@, 1) — (Y, 1)) K (2, y) de dy dt > 0.

This ylelds (3. 49) as wanted. These estimates are enough to ensure the passage to the limit of
,'yA( ) and w?, for a certain subsequence A\, — 0, obtaining

wh = w weakly in L?(0,T; Xo),
uM = strongly in C([0,T7; £3),
oM — O weakly in L%(0,T; (X)),
T, (W) = ¢ weakly in L2(0,T; £3).

We are left to show that the triple (u,w, () satisfies (3.69)—(3.70). We observe that by (3.77)
and (3.78) we obtain

||£)\k|| RQd OT)) < CT(éa(uO) + 1)7

uniformly in k. Moreover,

N (a,y,1) = S(ula,t) —uly, 1) K(z,y)7,
for almost every (z,y,t) € R?? x (0,T). Hence,

M — @ (u(z,t) — uly, ) K (z,y)7

1
7

\\H

weakly in L (R* x (0,T)). (3.81)
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We can thus pass to the limit A\y — 0 in (3.80) and use the fundamental lemma of the calculus
of variations for Bochner spaces, to obtain (3.69)—(3.70) for almost every ¢t € (0,7, as wanted.
Moreover we point out that, arguing as in the end of Step 7 of Section 3.1.1, ensures that
C(x,t) € y(u(x,t)) for almost every (x,t) € Q x (0,T). Finally, the energy estimate (3.71) can
be derived from (3.76) as in Step 8 of Section 3.1.1.

Step 4: global in time solution. So far we have proved that for every T > 0 there exists (at
least) one solution (u,w) of (3.69)—(3.70). In order to construct a global in time solution we can
proceed as follows. Fix T'=1 and let (u1, w1, (1) be a weak solution corresponding to the initial
datum wug. Then, consider a weak solution (uz,ws,(2) corresponding to the initial datum ul(%).
We proceed iteratively by choosing (ugy1, g1, Ckr1) to be a weak solution corresponding to
the initial datum uk(%) Finally, given t > 0, we define

(u(t), w(t), C(1)) = (urt — Bk/4), wi(t — 3k/4), C(t - 3k/4)), (3.82)
for k such that t € [%, 3(kjl)). This is indeed a global in time solution.

Step 5: uniqueness. The stronger condition (2.6) ensures that
1
Al =2l < (Gur = Tug,un — uz) i, (3.83)

for every ui,us € Wf’q(Q). Thus, if (u1, w1, (1) and (ug, ws, (2) are two weak solutions in the
sense of Definition 3.14, associated to the same initial datum wug, we obtain

1
(w1 —wa,ur —uz)iq 2 llur = us|| ¢, — Crillur — U2||ig,

hence, using Ehrling’s lemma,
d
il - | txgy + lur — wall% , < Cllur = u2llExyys (3.84)

for almost every t € (0,7'). This is enough to conclude the desired uniqueness, via Gronwall’s
inequality. As a consequence, we also infer that (; = (s.

The energy estimate (3.72) follows by arguing as in Step 8 of Section 3.1.1.

3.3. Examples of admissible kernels. In order to show the generality of our assumptions, we
provide some meaningful and non-standard examples of admissible kernels for the operator J
appearing in equation (3.70). For a fixed ¢, we say that K is an admissible kernel if there exist
0>0and s € (0,1) for which K satisfies (2.8)—(2.10).

We first observe that, if K is admissible and a is a bounded Borel-measurable function
a:R? x R? = [a,a], with 0 < @ < @, then aK is still an admissible kernel.

Moreover, if K7 and Ky are kernels satisfying (2.8)—(2.10), with s1, 01 and s, 02 respectively,
then their sum K; 4+ K5 is admissible. More in general, given a finite number of (not necessarily
disjoint) measurable sets Ay, ..., A, C R?*? such that

{(-ﬁU,y) €R2d : |$—y| < Q} C UAM

i=1
for some p > 0, and K is a kernels satisfying (2.8)—(2.10), with s;, g;, for every i = 1,...,n, then
xA, K1+ -+ xa, Ky is also admissible.
Some concrete examples are the following:
e the kernel Ky, ,(z,y) = |z — y|~4719 + |z — y|~97529, which allows us to consider the
sum of the operators (—A)7t + (—A)72 within our functional framework, by interpreting
it as a single operator J given by ®(r) = |r|97%r and Kj, ,;
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e we can distinguish different intensities for the interactions confined within a certain region
A C R? and the long-ranged ones, by considering K (z,y) = |z — y| =519 g2(z,y) + |z —
Y| =520 goay 2 (2, Y);

e more in general, the interaction intensity can depend on the specific pair of points (z,y),
namely K (z,y) = |z — y| "4 °@¥4 with s : R? x RY = [sq, 51] C (0, 1) Borel-measurable.

3.4. Examples of admissible operators £. Since the operator £ has an abstract and very
general formulation, besides usual examples like the (fractional) Laplacian, we can consider some
unusual ones. These examples are the content of the upcoming subsections.

3.4.1. Fractional diffusion. A particular example of operator that we can consider in equation
(3.64) is given by £ = J as in (2.20), with the choice ®(r) = |r|2/2. More precisely, we consider a
kernel K,, that is a Borel-measurable function K, : R x R? — [0, +00], satisfying the following
hypotheses:

1
Singularity: A XBe, (x —1y) < Ko (z,y)|lz —y|T2°  for every & # v,
*

Integrability: // min{1, |z — y|?} Ky (z, y) dz dy < +oo,
QY
for some o € (0,1) and A, > 1. Then, we define Xy =W, *%(Q) and £: X — (Xo)' by setting

(Lu,v)o = //RM (w(@) = u(y)) (v(z) —v(y)) Ke(z,y)dedy for u,v € X,

and we consider system (3.64)—(3.68).

Therefore, Theorem 3.15 can be applied in the particular case in which £ = (—A)? is the
fractional Laplacian (thus extending the existence result proved in [6]).

3.4.2. Generalized fractional Allen-Cahn. As a byproduct of the strategy that we employed to
prove existence of solutions to the Cahn-Hilliard system, we are able to derive analogous results
for the Allen-Cahn equation

O+ Ju+ F'(u) =0 in Q x (0,7),
u(z,0) = up(z) in RY, (3.85)
u=0 in (R\ Q) x (0,7).

Indeed, this can be interpreted as a Cahn-Hilliard system of the form (3.64)—(3.68), by considering
Xo = L2, and £ as the standard Riesz map of £3, that is Lu = (u, ')123' Thus, Theorem 3.15
yields the existence of a solution to (3.85).

Clearly, a more direct way to prove existence consists in discretizing in time, considering the

energy

ENu) = g

U — Up—1 ||

TN w)

T L:o

in place of (3.75), defining iteratively u)\ € Wg( 1(Q)) as its minimizer, and carrying out the
approximation argument of Section 3.2.1 (forgetting about w).
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3.4.3. Higher order operators. In the first equation we can consider higher order (integro)differential
operators, in particular the fractional Laplacian of order s € (0, +00)\N, which is obtained by gen-

eralizing the integrodifferential definition of the usual fractional Laplacian, see [3, formula (1.2)].

As an example, we give a brief overview in the case s € (1,2). For u € C*(R?) N L>(R?) we can

define

(—A)u(z) == C(s,d) P. V. /

RQ

uw(x +2y) — du(z + y) + 6u(x) — du(z — y) + u(zx — 2y)
Jy 2

dy,

where C(s, d) is the normalization constant appearing in the equivalence with the pseudodifferen-
tial form of the fractional Laplacian, see [55, formula (2.1)]. This operator has a corresponding
variational framework, see [3]. To be precise, for @ C R? bounded open set with Lipschitz
boundary, we consider the space

Hy={ue H'RY) : u=0ae in R\ Q},
where, as usual,
HY(R?) == {u € LX(R?) : (14 |¢P)57(u) € LA(RY)}
We then have the bilinear operator B : H§ x H§ — R given by [55, formulas (3.2)—(3.4)], namely,

Bluw) = [ I Zu(©) 7 () dg
_ (Vulz) - Va(y) - (Volw) = Volw)
_Ol/Rd/]Rd dz dy

|l’ _ y|d+2(871)

B (2u(z) —u(z +y) —ulz —y)) (2v(z) —v(z +y) —v(z —y))
o[, . |

y’d+2$

dx dy.

As observed in [3, Section 3.1], the bilinear form gives rise to a scalar product which turns H§
into a Hilbert space, hence we are in the setting of Section 2.1. Additionally, since H{ is densely
embedded in £2, we can take £w = (—A)*w = B(w, -). The same holds for s > 2.

On the same note we observe that, if the potential F' is such that F' = 0, then the Cahn-Hilliard
system formally turns into a system-version of the heat equation for the operator £(J). In the
particular case when £ = (—A)? and J = (—A)?®, with ¢ + s > 1, Theorem 3.15 solves the heat
equation for the higher order fractional Laplacian (—A)?** in this system form.

3.4.4. Sum of operators. Consider two operators £1 : X} — (X3) and £ : X3 — (X3)' that
both fit into the framework of Section 2.1, where X} and X§ are Hilbert spaces densely embedded
in £3. If there exists a continuous embedding i : X} < X2, we can clearly interpret £o as an
operator defined on X{ by setting

Be, : X} x X} =R, Be,(u,v) = B, (i(u),i(v)).

We can then consider the operator £ := £ + £ : X¢ — (X3) via the associated bilinear form
B¢ := Bg, + Bg,. Indeed, this map is bounded, since

| Be(u,v)| < | B, (u,v)| + B, (u, v)| < Cilfullo.lv|

0,1 + Calli(u)lo2][i(v)lo,2

< Cillulloallvllon + Callillf xa x2)lulloallv

0,15

and coercive, since
Bﬁ(uy ’U,) > BL‘l (U7 ’U,) >l HuH‘QXé :
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Interesting explicit examples are:
1 Lo}y
£=_A+ (_A)O’ . Hgnax{ 0} — (HglaX{ 70'})

and
/
£ = (—A)7 + (—A)7  Hy e o (ypdonest)

with 0,017,092 € (0,400) \ N.

4. REGIONAL NONLOCAL OPERATORS

In this section we address Metatheorem 1.2, thus considering generalized versions of the
following Cahn-Hilliard system

Ou—Aw =0 in Q x (0,7), (4.1)

w = Jou+ F'(u) in Q x (0,7), (4.2)

u(z,0) = up(x) in Q, (4.3)
ow

i 0 on 90 x (0,7). (4.4)

Here above, Jq is a variational nonlocal operator of regional type, that can be interpreted in the
weak sense of (2.29).

Remark 4.1. Differently from the Dirichlet case, the Neumann boundary condition (4.4) ensures
that the mean of u remains constant in time. Indeed, formally integrating (4.1) yields

% /Qu(x,t) dz = /QAw(m,t) dx = /{m gqi(a:,t) dHI! = 0.
4.1. Assumptions and main result. For the sake of simplicity, in this section we further
assume © C R to be connected. This hypothesis is needed exclusively to ensure the validity of
the fractional Poincaré inequality when requiring a bound from below on the kernel Kq only in
a neighborhood of the diagonal (see Proposition 2.10). Still, more general situations are allowed,
if we require some compatibility between the geometry of {2 and the choice of interaction radius
0 > 0. For the details we refer to Section A.3.

Formally, in light of Remark 4.1, the time derivative d;u as an element of (H'(Q2)) is such
that

{constant functions} C Ker(9u).

This ensures the consistency of the weak formulation of equation (4.1) with respect to the
Neumann boundary condition (4.4) as

(Oru, v) (g1 )y + / Vu-Vovder =0,
Q

for every v € H(Q).

This observation motivates the formulation of a more general Cahn-Hilliard-type system, in
which we consider a linear operator £ : X — X’ defined on a Hilbert space X C L?(2). We
recall that the mean map m : L?(Q2) — R, which is linear, induces the splitting

L*(Q) =R @ L*(Q) = {constant functions} @& L?(1). (4.5)

Hypothesis 4.2. The precise assumptions are as follows:
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(i) (Xo,(-, -)o) is a Hilbert space and £ : Xo — (Xo)' is a linear invertible operator
corresponding to a bounded, symmetric and coercive bilinear map Be : Xg X Xg — R,
meaning that £u = Bge(u, - ); we refer to Section 2.1 for the details; '

(i) the space Xy is densely embedded in (L2(Q), (-, -)z2) via the map i : Xo < L2();

(iii) as in Section 2.1, we then consider Xy to be endowed with the inner product
(u,v)o,e = Be(u,v);
(iv) we define the Hilbert space X as the direct sum X := R & X, with the inner product

(m1 + w1, ma +u2)x = |Qmima + (ur,u2)o,e for every mi,ms € R and uq, us € Xo;

(v) we extend Bg to a bilinear map Bg : X x X — R by setting

Bg(my + u1, ma + uz) = Be(u1, u2);

this is clearly a bounded and symmetric map. This also extends £ to the linear operator
£: X — X' given by £(m + u) = Be(m + u, - ), which is no longer invertible, as indeed

Ker(£) = X5 =R.
The embedding i extends to an embedding i : X < L?(Q) as m + u +— m + i(u). In light

of (4.5) and Hypothesis 4.2 (ii), the space X is densely embedded in L?(f2), hence we have the
triple X — L2(Q) ~ (L?(22))" < X'. Recalling Remark 2.1, we have

<u1 + may, uz + m2>X/ = (i(ul + ml),i(u2 + mz))L2 = (i(ul),i(’LLQ))L2 + \Q|m1m2.

With a slight ambiguity, from now on we refer to the factor R in the decomposition of X as
being the constant functions, and to the factor Xy as the zero mass functions.

Remark 4.3. If we choose ®(r) = $Ir|?, the energy functional in (2.28) actually coincides with
1R ||%(Q’2 and its first variation, as in Lemma 2.12, is

(S d)x = Be(w.) = [ (w(e) = w))(6(a) ~ o) Koalar.y) drdy.

This is a symmetric bilinear form on the Hilbert space X = WX2:2(Q), which is bounded, as
indeed

|Be(w, ¢)| < 2||w|l kg2l xq,2-
~Ko,2

Moreover, the mass m : X — R induces a splitting of X as X = Xo @R =W, *7(Q) ® R, and
Bg is coercive on the Hilbert space X by the fractional Poincaré inequality (2.26), since

lwlk = wllFzq) + lwllkg2 < (AC+ 1wk, 2 = (AC +1)Be(w, w).
Since Xy is densely embedded in L2 (©) by Remark 2.11, and we clearly have
Bg(my + w1, mg + w2) = Be(w, ws),

we are then in the setting of Hypothesis 4.2.

The general Cahn-Hilliard-type system that we consider is then:

ou+ Lw=0 in Q x (0,7), (4.6)
w = Jou + F'(u) in Q x (0,7), (4.7)
u(z,0) = up(z) in Q. (4.8)

Here above £ : X — X' satisfies Hypothesis 4.2, while Jg is as in (2.29), with the corresponding
functional framework of Section 2.3.2. On the other hand, F’ formally denotes the derivative of
a potential function F' satisfying Hypothesis 2.21.
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Definition 4.4 (Solution to the regional Cahn-Hilliard system). Let T > 0 be fixed. We say that
(u,w, () is a weak solution to the Cahn-Hilliard system (4.6)—(4.7) associated with the initial
datum uy € WE2:4(Q) if

u e L0, T; WEe1(Q)) nwh2(0, T; X',
we L*0,T; X),
¢ € L30,T; L*()), ¢ev(u) a.e. inQx(0,7T),
and (u,w, ¢) satisfies the following weak formulation of (4.6)—(4.7):
du+Lw=0  inX', (4.9)
w=TJqu+C¢+u)  in (WE2(Q)), (4.10)
almost everywhere in (0,7"), with «(0) = up almost everywhere in €.

By Hypothesis 4.2 and Remark 2.11, we have the triples
X — L*(Q) ~ (L2(Q)) — X'

and
WKQ’q(Q) SN L2(Q) ~ (LZ(Q))/ SN (WKQ»(I(Q))/

Theorem 4.5 (Existence and uniqueness). Let Hypothesis 2.21 be satisfied. Assume
ug € WE29(Q),  A(up) € L*(Q) and m(ug) € Int D(7).

Then the Cahn-Hilliard system (4.6)—(4.8) admits a solution (u,w, (), in the sense of Definition 4./
for every T' > 0. Moreover,

m(u(t)) = m(ug) for everyt >0, (4.11)

and, defining the energy

o) = [[ | blute) ~ ul)Koe)dedy + [ Flu(e)d.

the following energy estimate holds:
1 t
2/0 ||w(T) — m(w(r))H?Xo dr + &a(u(t)) < &a(uop) for every t > 0. (4.12)

If ® satisfies condition (2.6), then u is unique, and
Ea(u(t)) < éa(u(r)) for 0 <7<t (4.13)

If we also assume 4 to be differentiable, then also w and ¢ are unique. On the other hand, if
there is an element of Int D(~y) at which ~y is multivalued, then there exists an initial datum for
which the solution is not unique.

Remark 4.6. Some comments are in order:

e the initial datum ug can actually be chosen so that m(ug) € D(v) \ Int D(~y). However, if
we also require 4(ug) € L(Q), then we must have ug = m and it is trivial to find w and
¢ such that the triple (m,w, () is a solution.

e Thanks to Lemma 2.14 (i) and Lemma 2.15, we know that 4 is differentiable at ry €
Int D(%) if and only if v(rg) is a singleton.
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e Concerning the uniqueness of w and ¢, the following more general claims hold true. If u is
unique, then also the Xy-component of w is unique. On the other hand the R-component,
i.e., the mass m(i(w)), might not be unique. However, if

u(z,t) € Int D(4) for almost every z € Q and ¢t > 0,

and 4 is differentiable in Int D(¥), then also ¢, hence m(i(w)) and w, are unique.

4.1.1. Proof of Theorem 4.5. We split the proof into several steps. We begin by establishing
the conservation of mass (4.11), thus justifying the formal computation in Remark 4.1. This
motivates us to seek the solution u within the space of functions of WX2:4(Q) having fixed mass,
equal to that of the initial datum ug. We are then led to a solution to

w=Tou+C+1(u)  in (WE29Q)). (4.14)
Moreover, since the mass of u is constant in time, we know that
{constant functions} C Ker(dwu),
hence solving equation (4.9) is equivalent to solving
ou+ Lw=0 in (Xp)". (4.15)

We also point out that, if w solves (4.15) for almost every ¢t € (0,7, then also any function of
the form w + 1, with ¢ depending only on ¢, still solves the above equation. We thus restrict
ourselves to considering functions w € Xy. Since

{constant functions} C Ker(Jqu),

in order to pass from equation (4.14) to (4.10), it is enough to consider w + m(¢ 4 II(u)) in place
of w. Moreover, as observed above, the function w + m(¢ + II(u)) also solves (4.15), hence (4.9).
Notice also that by iteratively gluing together solutions, as in (3.82), we obtain a global in
time solution, once we have proved the finite-time existence. Hence, in what follows, we restrict
ourselves to a fixed arbitrary time interval (0, 7).
Step 1: conservation of mass. Let (u,w, () be a solution in the sense of Definition 4.4.
Then we have

/’LL(:E,T)d:E—/’LL(CC,O)dI:/ <3tu71>X/dt:—/ <£w,1>X/dt:—/ Bg(w,1)dt =0,
Q Q 0 0 0

which proves (4.11).

Step 2: time-discretization. We begin by fixing T" > 0 and we consider N € N and
7 =171N = T/N. Then, we define the regularized energy

&S (1) = Falu) + /Q (Aa(w) + I(w)) da
for A € (0,1), with §q as defined in (2.28), and we prove the analogues of Lemma 3.16 and
Lemma 3.17.

Lemma 4.7. The functional & is lower semicontinuous with respect to the L?-convergence.

Moreover
1

E3) 2 gyl — alm(l? — BlQ]  for cveryu e WIRHQ), (116)

for X € (0, ), where ¢y, Bo > 0 and A € (0,1) depend only on d, A, s, 0,q,,a1,as and Cyy.
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Proof. The semicontinuity follows by arguing as in the proof of (3.26). The estimate (4.16)
follows by using the fractional Poincaré inequality (2.27) and the fact that ¢ > 2, as in the proof
of (3.73). O

Lemma 4.7 provides one of the two fundamental ingredients of the Direct Method of the
Calculus of Variations, namely the lower semicontinuity of the functional. In light of (4.16) and
the fractional Poincaré inequality (2.26), in order to ensure the compactness of a minimizing
sequence, it is enough to fix the mass of the functions we work with. We then obtain the following
result.

Lemma 4.8. Given A € (0,)), 7 > 0 and any g € L*(Q), we set m == m(g) and define the
energy éag)z‘,g : WEe9(Q) — R by setting

1
B () 1= 5-llu—gliEx,y + B (w).
Then, there exists at least one function u, € Wgﬂq(ﬁ) such that
&S (uy) = inf &5 (u).
o wewkor gy ?
As a consequence
o (U*T_g) + Jqus +a(us) + M(ue) =0 in (WE2Y(Q))". (4.17)

Proof. By (4.16) the infimum is finite. Thus, if we consider a minimizing sequence, i.e., {v;} C
WEe4(Q) such that
. A _ . A
Jm 8q.4(vr) = uev@%g"m) g (1),
then, by (4.16) and the fractional Poincaré inequality (2.27), we have

Joullq < 28a( Bl + colml? +nt &) + 1),
weWnR Q)

ol < Clllvellfe g + Iml?)

for every k big enough. This implies that {v;} is bounded in W%2:4(Q) which is compactly
embedded in L?(2), hence there exists u, € WE24(Q) such that

Vg — U strongly in L%(€),

up to a subsequence, that we do not relabel. By the L?-convergence and the lower semicontinuity
of &) proved in Lemma 4.7,
&S J(uy) < liminf &3 (vg,) = inf &, (u),
g et U0 e () g

proving that u, is indeed a minimum. To conclude, notice that if v € 17\/\5( 29(Q)), then uy, +ev €

Wgﬂ’q(ﬂ) for every € € R. Therefore, by the minimality of u, and recalling Lemma 2.12 and
that £ is the Fréchet derivative of || - H%XO),/2, we obtain (4.17). O

As anticipated, we fix m = m(ug) and we carry out the argument within the space WE2:4(Q).

We first apply Lemma 4.8 to pick a minimizer u} € WX2:4(Q) of the functional

T 2

ENu) = B

U — ug

+ 6 (1) = 63 4o (11).
(Xo)’

T
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Then we proceed iteratively, choosing u) € Wf,fq(Q) to be a minimizer of
u—up1 |?

(Xo)

ENu) = + &5 (u).

r
2 T

We also define w) € X as

w%‘ = (_2)_1 (M> )

T

Recalling (4.17), we find that the pair (u;),w;) satisfies

’LLA—’U,A

o nmlyewun =0 in (Xo),
-

wh = Joup +(un) F () in (V)Y

for every n =1,..., N. Moreover, we obtain the counterpart of the energy estimate (3.32), that
is
& —ud P
) > + &4 (up) < Saluo), (4.18)
n=1 (Xo)’
and we recall that, by (2.1), we have
A A
uy — un
el x, = || 22—t
(Xo)

Step 3: convergence as 7 — 0. We then define the interpolating functions as in (3.37).
Notice that

m(@ () = m(@X(t)) = m

for every A, 7,t. Moreover, 0yt € WK24(Q) with m(d,42) = 0, hence, if we interpret it as an
element of X' via WEK24(Q) — L2(Q) ~ (L?(Q))" — X', we have

{constant functions} C Ker(d;a2).
As a consequence
10 || xr = 110602 (xo -
Therefore, from (4.16) and (4.18) we deduce the analogues of (3.41) and (3.42),

T
/ |02 (0%, dt + sup a2 (@)%, , < C(aluo) + [m(uo)|? + 1),
0 te[0,7)

/ 100030 B dt < C(Baluo) + Im(uo)l? + 1), (4.19)
0

sup [[42(1) %, < C(Ealuo) + [m(uo)|” + 1),
te€[0,7

where C' is a constant not depending on 7 nor .

These estimates and the fractional Poincaré inequality (2.27) lead to the convergence of the
interpolants as 7 — 0, as in (3.44) and (3.45), via compactness, to a pair (u*,w”) such that

ut € L0, T; WE21(Q)) nwh2(0,T; X'),  w* e L*(0,T; Xo).
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More precisely,

AR weakly in L2(0,T; Xo),
w - u strongly in C([0,T]; L3(Q)),
) - u strongly in L>(0,T; L*(Q)),
o — ot weakly in L2(0,T; X').
Observe also that m(u*(t)) = m for every A and ¢. The convergences only hold true for a specific

subsequence {7, }.
For the convergence of Jqu we repeat the argument leading to (3.79), thus obtaining

/ V() Gaiizy, (1), )i dt = / D () {TouM(t), v) Kq.q dt,

for every ¢ € L(0,T) and v € WX24(Q). Hence, by passing to the limit h — oo, the limit

functions (u*,w?*) satisfy the system

T
/O (B () + e (8), 01) ey () d = 0,

T
/ ((391/‘(15),’02)[(97(1 n / (a0 (@, £)) + T (@, ) — (@, ) va(2) dx) () dt = 0,
0 Q

(4.20)
for every ¢ € L4(0,T), v; € Xo and vy € WKQ’q(Q)
Step 4: convergence as A — 0. We define the function w* € L?(0,T; X) as
w(z,t) = w (2, 1) + m(ya (e (1) + (uA(2))),
and we observe that by (4.20) the pair (u*,w?) satisfies
ot + L =0 in X/, (4.21)
A =Tqut + () + (W) in (WE9(Q)Y, (4.22)
almost everywhere in (0,7).
Notice that estimates (4.19) are preserved when passing to the limit 7 — 0, yielding
T
| 1A 01, at < Céauo) + m(uo)l? + 1)
0
T
| 100 ®[Be de < C (o) + Im(uo) 1+ 1),
0
sup [t (6)]%,,., < C(Ealuo) + [m(uo)|? +1).
te[0,7]
Recalling Hypothesis 4.2 (iv), we observe that
2
o ()1 = 192][m (ya (1)) + T ()] + (0%, (4.23)

Since II is Lipschitz, by Jensen’s inequality we have
m (I (A (0))) 2 < Q12T 0) 17200y < 1272 Chillu 011720
_at2
<|Qf 0121||U/\(t)\|%q(9)
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Recalling the fractional Poincaré inequality (2.26) and the fact that ¢ > 2, we can estimate
1 O3y < (CAA Ol g + 1205 ImA@)])” < (O g + Im(uo)?)
< C((Baluo) + Im(uo)|7 + 1) + m(uo)]?)

< C(&n(uo) + [m(uo)|* +1),

hence
[m(TT(* (1)) < C(8a(uo) + [m(uo)|* +1)
uniformly in A and ¢.

Coming back to (4.23), we are left to estimate the mass of vy(u”). To this aim, we test
equation (4.22) with u*(t) —m € Wé(ﬂ’q((l). Recalling that ®(r)r > 0, we have

(jgu)‘(t),u)‘(t) — m>KQ,q = <3Qu)‘(t), u/\(t»Kn,q >0,

hence we obtain

/Q’y,\(u)‘(:n,t))(u’\(x,t) —m)dz < / (W2, t) — T(uM(x, 1)) (u (x,t) —m) da

Q
1
< / (]wk(x, t)|2 + 0121|u’\(:z‘,t)|2 + i\uk(x, t) — m|2> dz.
Q

(4.24)
On the other hand, we can estimate

/ (@, 0) (2, t) — m) de > § / I (w(,0) de — (I, m,8),  (4.25)
Q Q

where § > 0 is such that [m — §, m + ] C Int D(y). This classical estimate is a consequence of
the monotonicity of v and the properties of the Moreau-Yosida regularizations and can be found,
e.g., in [44, Section 5] (together with the explicit expression of the constant C).

Combining (4.24) and (4.25), integrating in time, and exploiting the uniform estimates obtained
above, we get

T
/0 () 1y

C T
< 5/0 (IIm(t)ll%0 + 1320y + 1 () = mlf32 g + 0(\Ql,m,5)) dt < C,

uniformly in A. Then, as a consequence of (4.23), we have

T
/uwm@wsa
0

uniformly in A\. We can now proceed to estimate the norm of ~,(u) in L%(0,T; L?(9)). For
this, as in previous sections, we test equation (4.22) with v, (u}) € WE2:4(Q) and we integrate
in time. Recalling that v, is increasing and ®(r)r > 0, we have

(jQuA(t)7 ’Y)\(u)\(t)»KQ,q > 07

hence we obtain

T T
/ / Iya(u(z, )2 dzdt < / / (w (2, 1) — T(uM(z, 1))y (u(x, 1)) da dt.
0 Q 0 Q
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Thus, by Young’s inequality
e A 2 r YN 211 A1) |2

2/0 [y (™ () 720y dt S/O (Hw 720 + Crtllu (t)”LQ(Q)) dt < C,

uniformly in A.

Together with the fractional Poincaré inequality (2.27) and the fact that m(u*(t)) = m for
every ) and ¢, these estimates are enough to ensure the passage to the limit of u?, vy (u") and
w?, for a certain subsequence \; — 0, obtaining

wh =~ W weakly in L2(0,T; X),

AL strongly in C([0,T]; L?(%)),
duM  — weakly in L2(0,T; X'),

T, (W) — ¢ weakly in L2(0,T; L(Q)).

We have also the analogue of (3.81), that is

B(uM (2, 1) — M (y, 1) Koz, y) 7 — B(u(z,t) — uly, ) Ka(z,y)7 weakly in LY (Q2 x (0,T)).

We can thus pass to the limit A\ — 0 in (4.20) and use the fundamental lemma of the calculus
of variations for Bochner spaces, to obtain (4.9)—(4.10) for almost every t € (0,7, as wanted.
Moreover we point out that, arguing as in the end of Step 7 of Section 3.1.1, ensures that
((z,t) € y(u(z,t)) for almost every (z,t) € Q x (0,7T).

Observing that, with a slight abuse of notation,

d
1

Cult),
by the discrete energy estimate (4.18) and (2.1), we derive (4.12) arguing as in Step 8 of
Section 3.1.1.

Step 5: uniqueness. For the sake of clarity, in this step of the argument it is convenient to
maintain the distinction between w and i(w). Let (u1, w1, (1) and (ug, wa, (2) be two solutions
in the sense of Definition 4.4, corresponding to the same initial datum ug. Let p; : X — R and
g2 : X — X be the projection maps, and notice that p; = mo 2. We denote

w(t) — m(w(t)) = —£"

U =uy —u2, W= py(w; —wy) and m = p1(w; — we),
hence wy; — wy = w + m. The conservation of mass (4.11) ensures that a(t) € WOKQ’q(Q), and
clearly w(t) € Xo by definition, for every ¢ > 0. Then
0 = dyu(t) + L(w(t) + m(t)) = dpa(t) + Lw(t) in X'
for almost every ¢t € (0,T), and, since £ : Xy — (Xj)’ is invertible, we also have

d
2—1Ea(t) +w(t) = 0 in X,. (4.26)

On the other hand
W4 m = Jouy — Jqua + G — Co + I(u1) — I(ug) in (WE:4)

Q9

. . . 5K .
hence, if we restrict ourselves to test functions in W, ", we obtain

W = Jqu1 — Joua + (1 — (2 + I(ur) — Tl(uz) in (V/\}g(ﬂ’q)'.

Condition (2.6) implies the following analogue of (3.83),

]' q ~ ~
KHUl - U2||Kﬂ,q < (Javi — Jqua, V1 — V2) Kq q
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for every vy, vy € WE24(Q). Exploiting Ehrling’s lemma for the embeddings )7\/\5( @y [2(Q)
(Xo)' and arguing as in Step 1 of Section 3.1.1, we obtain the following counterpart of (3.84)
d
a”ul
for almost every ¢ € (0,T"). This is enough to conclude the desired uniqueness of u, via Gronwall’s
inequality. By (4.26) we have w = 0, hence pa(w1) = p2(w2), so that w; and wy are equal up to
an additive constant (which may vary in ¢).

— wa[txgy + lur —ualf, o < Cllur — uallfx,y s

If u is unique, we can then obtain the monotonicity of the energy (4.13) by arguing as in Step 8
of Section 3.1.1. Indeed, the possible non-uniqueness of w and ¢ does not affect the conclusion.

On the other hand, concerning w and ¢ we have the following results.
If 4 is differentiable, then
Cl(x7t) = ’Y(u(l‘vt)) = C2(xvt)
for almost every x € Q and ¢ > 0. As a consequence, considering v = 1 € WH2:4(Q) as test
function in (4.10) we obtain

’Q\@l(wl)—/Qi(wl)(:v,t)dx_/

Q
for every t > 0, proving that also w is unique.

(€ ) + Ti{u(e, 1)) da = /Q i(ws) () dz = Qo1 (1)

Suppose instead that there exists mg € Int D(y) at which ~ is multivalued and let & # & €
~v(mg). We choose ug = mg as initial datum. Then setting u; = mg = ug, (1 = &1, (o = &,
and wy = & + [I(my), we = & + (my), the triples (u1, w1, (1) and (ug, w, (2) are two distinct
solutions corresponding to the same initial datum wug.

4.2. Examples of regional kernels. Some meaningful examples of regional kernels satisfying
(2.13) and either (2.14) or (2.15), thus representing an admissible choice in (2.29), are the
following:

K1) Regional fractional q-Laplacian: © C R?% is a bounded open set and
( g
Ko(z,y) = o -y~
(K2) Periodic fractional q-Laplacian: € = (0,1)? and
Ko(z,y) = Y |z —y—v| 9,
veZd
(K3) Neumann fractional Laplacian: Q C R? is a bounded open set with C? boundary and

Ko(z,y) 1 +/ dz
o\, Y) = v 359s .
|z — y|d+2s ROQ |7 — z‘d+25’y — z|d+2s fQ ﬁ%

(K4) Neumann spectral fractional Laplacian: Q C R? is a bounded open set with C? boundary

and .
o0
Pr(t,z,y)
KQ(x>y) :A Nt1_|_5 dta

where pg\zf is the Neumann heat kernel in €.

Here above s € (0,1) and ¢ > 2. As for (2.13), notice that the first three kernels are trivially
greater or equal than |z — y|~¢7%7 (with ¢ = 2 in the third case), so that the inequality holds
true for any p > diam(Q2). In what follows we prove that also the kernel in (K4) satisfies (2.13)
and that the kernels in (K1), (K3), and (K4) satisfy (2.15), while the kernel in (K2) satisfies
(2.14) but, in general, not (2.15).
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4.2.1. The kernel in (K1). We simply have

| [yt — gt srdeay < [ f & — | 0=9)2 4z dy
QJQ Q Bdiam(Q)(x)

_ HIL(OBy)|0diam(Q) (-2
(1= s)q '

4.2.2. The kernel in (K2). Let Q' CC Q and ¢ = dist(£2,Q) > 0. Then,

| L=t Xl == ey

vezd
=/ /!x—y!q\w—y!‘d‘squdy+/ /!:r—y!q Yo le—y—v[ M dady
o Ja VJQ vezd\{0}
d—1 B d(lfs)(l
< " ((la—ls))q g —l—diam(Q)q/ / |z —y|~ 4% dx dy

H-LOB)d T .
< +d2/ / |z —y|"“*dxdy
(1—s)q o JrRA\ Bs(z)
Hd_l(@Bl)d< *25)‘1 ) d%Hd—l(aBl)
- (1—s)q 5q51 ’

so that (2.14) holds true, by the symmetry of Kq. If however we consider d = 1 and sq > 1, then

m
[ [le-vt S e-y-rtaayz [* [ ey + 17 aray
0 Ji

veZd

5
dz dy 1 4 1 1
>2 q = —_ d =
//|x— |1+sq 2qsq/1 ((w—l)sq (:U—3/4)s‘1> T = oo,

proving that (2.15) is not satisfied.

4.2.3. The kernel in (K3). We begin by observing that, since {2 is a bounded open set with C?
boundary, there exists a constant C' > 1 such that

5 L+ log (24
C™ Kqo(z,y) < PR——TET < CKq(z,y) for every x,y € Q. (4.27)

Here above we have employed the following notations: log™ ¢ = max{0, — log ¢} is the negative
part of the logarithm, and d,, = min{d(x),d(y)}, where d(-) = dist(-,02) is the distance
function from the boundary of 2. Estimate (4.27) can be found in this form in [9, Proposition 2.1],
which is a refinement of estimates (11) and (12) in the seminal paper [1].

In light of (4.27) we have

1+ log™ (=)
//|J:—y| KQ:L"ydacdy<C'// |x—y|d 525 drdy
IOg dlam )
<C 1—1—//Q To g dedy |.

(4.28)
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In order to prove that Kq satisfies (2.15), we are thus reduced to show that the last term in
the above inequality is finite. For this, it is enough to assume that ) is a bounded open set
with Lipschitz boundary. Then, by [27] we know that there exists dp > 0, which w.l.o.g. we can
assume to be smaller than 1, such that each of the open sets

Qs ={x € Q : dist(z,00) > 6} with ¢ € [0, dg]

has Lipschitz boundary, and

sup H(095) < +oo. (4.29)
(56[0,60}

In the following estimates we will make use of the coarea formula for the distance function
d, keeping in mind that its Lipschitz constant is not bigger than 1 and |Vd| = 1 at every
differentiability point (see, e.g., [8, Section 4]). We have

lOg d1 m(Q 10g dl m(
// da 2+2)s dz dy / / da 2(+2)s) dz dy
Q ‘.’E - ’ ng Qg |.T - |
log™ d log™ ( gamta
wof o o e [ [ e
Qs, J 2\, \90 —y|? Q\Qs, 2\, |z —y|

and

dz dy
I; <1 .
1 og (dlam >/Q§0/Q iz —y |d 2+2S<+oo

As for I we estimate

o )
5 log (diam(Q)) dv ) d
|z — y|d-2+2s y|dx
Qs Q\Q;, Y
log™ d(y) > ) dx dy
2/ / ———————dy | dz + 2| log(diam(£2))| —_—
Qs, ( o\, o=yl Qs JoNag, [T — yldT2te
% dx
2/ / log~ d(y / S — VS P
0 < 895 ®) Qp, [T — y|dT2rs Y

)

do d
< 2/ log™ 5(/ </ f_m) ng—1> dé+C
0 005 Bdiam(Q) (y) ’x B y|

d-1(9B %
= H(al)diam(Q)Q(l—S)/ log™ 5(/ d?—[g_l) dd + C < +o0,
1—s 0 095

I

IA
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where in the last step we have used the integrability of the logarithm near the origin and (4.29).
To conclude, we can similarly bound I3 as follows

log™ d, . dz dy
I // —= 2V _dzdy + |log(diam(Q // _
3= (@\0s,) 2 |z — |d 2+2s | log( ()l (0,2 |z — y|d—2+2s
log™ d(x)
:2// —|x_ @ 2+28dxdy+0
(2N\Qs54)2N{d(z)<d(y
dv) log™ d(x) d-1
2\, \ /0 Qs Y
do ded—l
2/ / log5</ ‘”)dé)derC
\2s, ( 0 oq; v — y|d-2t2s
do
<2/ log=é d—y_ dHI™1 | dé 4 C < +oo.
|z — y[d—2+2s @
0 Qs Bgiam(a) (%) Yy

Recalling (4.28), by the above estimates for I1, Is and I3, we conclude that K satisfies (2.15)
as wanted.

4.2.4. The kernel in (K4). 1t is enough to observe that there exists A > 1 such that
1
1 < Kalmy)ls -y <A forevay z,y €0, 2 #y.

This estimate is obtained by the usual bounds for the heat kernel, see, e.g., [4, formula (P.4)],
multiplied by t~1~% and integrated over ¢ between 0 and +oc.

4.3. Fractional Cahn-Hilliard system with other boundary conditions. The generalized
fractional Cahn-Hilliard system (3.64)—(3.66) can be coupled with other boundary conditions
than the Dirichlet ones in (3.67)—(3.68). For example, we can consider either periodic boundary
conditions or the Neumann boundary conditions (for appropriate choices of £ and 7).

Interestingly, the operators J = (—A); together with periodic boundary conditions and
J = (—A)*® together with Neumann boundary conditions can be rewritten as regional operators
allowing weak representations of the form (2.29), which satisfy the assumptions of Section 2.3.
The specific expression of the kernels can be found in Section 4.2. In the upcoming sections we
solve the corresponding problems, with the choice £ = (—A)?, proving the existence of weak
solutions through Theorem 4.5. Other choices are also admissible, as observed in Section 4.3.3.

4.3.1. Periodic boundary conditions. In this section we consider Q = (0, 1)¢ and periodic boundary
conditions. More precisely, we solve the following problem

du+ (—A) 7w =0 in Qx (0,7), (
w = (—A)yu+ ¢+ TI(u) in Q% (0,7), (4.31
u(x,0) = up(z) in RY, (
u(x +v,t) = u(z,t), wlz+rv,t) =w(zx,t) for (z,t) € Q x (0,T) and v € Z%. (

It does indeed make sense to consider Z%periodic boundary conditions also for w, since the
fractional g-Laplacian of a Z%periodic function is itself Z?-periodic. Indeed, if u € C?(R?) is
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Z%-periodic,

w(z +v) —uy)|? 2 (u(z +v) —u
e+ =Py, [ M) ) =),

_ Ju(z) — u()|"*(u(z) — u(y))
_P.V./Rd P P dy

w(z) —u(z + )92 (u(z) —u(z +v
ey, [ ) el ) ),

B B TG PN
Rd

|z — z|d+sa

for every x € R? and v € Z4.
Notice also that, if u € C2(R?) is Z%-periodic, then

(—A)SU(CU) —P.V. ’U(l’) — u(y)‘q_Q(u(l‘) — U(y)) dy

R |z — y\d_zsq
=P.V. /(D y [u(=) - ut)ﬁyéﬁg) —u®) 4,
' Vezd\{O}/< )y - u%)‘—q;\‘gz(f) S (4.34)
_ o - .
~P.V. /( . [u(2) u%) I . () —uw)) |
+ Vezzd\:{o} /(0 ) lu(z) — u(§ ’I i)\g: S’Ld(qu— w(€ +v)) ”
=PV Ju(@) = u()|"(u(@) — uly)) V%Z:d Mll/’mq 0.

Recall that

ZW

EZd

is the kernel in (K2) defined in Section 4.2. Therefore, for a Z%periodic test function ¢ € C?(RY)
we formally have

/ (—A)su(z)é / () — u(y) 72 () — u(y)) (6(x) — S(y)) Ko y) de dy. (4.35)
Q 02

Hence, if we set ®(r) = %Mq_?r, we obtain

/Q (—A)su(2)d(z) dz = (Ig, B)xag (4.36)

in the sense of (2.29). Since K, satisfies assumptions (2.13) and (2.14) (see Section 4.2.2), we are
in the functional framework of Section 2.3.2. This setting, which is restricted to €2, is compatible
with the original problem in R? with Z%periodic conditions, as stated in the following lemma.

Lemma 4.9. Ifu:R? — R is Z-periodic and belongs to Wi (RY), then ulg € WK24(Q).

On the other hand, if u : Q@ — R belongs to WE2:4(Q), then its Z%-periodic extension @ belongs
to Wiod(RY).



EXISTENCE RESULTS FOR SINGULAR NONLOCAL CAHN-HILLIARD SYSTEMS 59

Proof. The main ingredient of the proof is the fact that we can write R? = (J,,cz4 ((0,1)? + v/),
up to a set of measure 0. We can thus consider the relevant cubes for the argument and change
variables by exploiting the periodicity. We begin with the first implication. For this, we write

(1
/ ) =) gzjd\ T—y— Vld“qudy
1
y)|? —  _dzdy
// W T o

1
+ //QZ u(z) —u)l” Y TE—E dz dy

veZA\{—1,0,1}4

// dJ(r vl dz dy—|—2q/ |u(x)| / iﬂ dz < 400.
1,2)2 |95 — yl|tsa Q R\ (—1,2)d |T — y|9T59

For the other implication it is enough to observe that, by Z%periodicity, u € T/Vlf)g(Rd) if and
only if u € qu(( ,2)4), and

q
// 1,2)2 |$ - |d£8‘)1‘ dody < Ol // ‘que{zzl,o,i,z}d |z —y i y|dtsq dz dy.
O
We also point out that if u : R — R is Z%-periodic, then
|u(y)|? Ju(y)| !
Rre L+ [y|Pse Re 1+ [y|Htse

The first implication can be proved by exploiting the periodicity of u and appropriately changing
variables in the integrals and sums, whereas the second one follows by Holder’s inequality and
the integrability of the weight (1 + |z|¢+57)~1

Recalling (4.34) and (4.35), a weak formulation of (—A)%w for a Z%periodic w is

(8w, B 2 = Be(w, ) = // D)(0() - ) Kalz,y)dedy,  (4.38)

where we are tacitly assuming ¢ = 2 and s = ¢ in the K considered above, with a slight abuse
of notation. As observed in Remark 4.3, we are in the setting of Hypothesis 4.2.

Thus, given a Z%-periodic datum ug € W;>4(R?) such that
A(up) € LY(Q) and m(ug) € Int D(v),
we can apply Theorem 4.5 to deduce the existence of a solution to the following system
Oru+ Lw=0 in (WE22(Q)Y,
w=7TJqu+C+Tu)  in WE29Q)Y,

almost everywhere in (0, +00), with u(0) = ug|q almost everywhere in Q. Moreover, the mass of
u is conserved and we have the uniform energy estimate

1] 1) =) e, dr 5Ol o+ | Plute)do < 5ol g+ [ Plun(w)do

for every t > 0.

The above is a weak formulation of (4.30)(4.33). Indeed, if @ is the Z%-periodic extension of
u, then @ € Wi29(R%) by Lemma 4.9. Hence, since (4.37) holds true, if we also assume u to be

we LY((0,1)!) = dy < +o0 —> dy < +oo.  (4.37)
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locally C? in €, then (—A)5@ is well-defined everywhere in  and we can exploit identity (4.36).

We can clearly argue in the same way for w.

4.3.2. Fractional Neumann boundary conditions. In this section the open set {2 is not necessarily
connected (unless otherwise stated).

As we already mentioned in the introduction, in [26] the authors proposed the following notion
of nonlocal normal derivative

Nsu(z) == (1 —s) /Q Mdy for z € R\ Q,

| — y|d+es

which allows a natural formulation of Neumann boundary conditions for the fractional Laplacian.
Indeed, as shown in [26] the following fractional counterpart of the classical integration by parts
formulae hold true:

/(—A)Su de = — Nsudx
Q RA\Q

l—s // ]a: ?i)i(’zgz — () dedy = /Qv(—A)Sud:c + /]Rd\ﬂ v Nsudz.

Moreover, the correspondlng Neumann problem
(=AYu=f in Q
Nau=g in R4\ Q

has a variational nature, as indeed free critical points of the functional

1—s u(y)|? / /
dz d uwdr — udx
//Q(Q |9C - y|d+25 ')y nag

correspond to weak solutions of (4.39). As a consequence we can address Metatheorem 1.3, thus
considering the following fractional Cahn-Hilliard system

du+ (—A)w =0 in Qx (0,7), ( )
w=(—A)’u+ ¢+ (u) in Qx (0,7) (4.41)
Now=0  in (R¥\ Q) x (0,7), (4.42)

(4.43)

(4.44)

and

(4.39)

)
Nou=0  in (RT\ Q) x (0,7),
u(z,0) = up(x) in Q.

The above observations yield a natural variational framework for the weak formulation of this
problem.

As a first step we define the seminorm

u(y)|?
w3 = // dzx dy,
Q Q(Q) ‘1. _ ‘d-‘r?s
and the functional space

He, = {u ‘RS R :ue L2Q) and [[ullag, < —i—oo},

endowed with the norm || - ||z2(q) + | - [[ug- As proved in [26, Proposition 3.1], this is a Hilbert
space. Notice that
Ju()]?

u € H - —
Q Rd 1 —+ |.’L”d+28

dx < 400,
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hence u € L% _(R?). For a proof, see, e.g., the beginning of the proof of [18, Proposition 7.1 (i)]

or [49, Lemma D.1.3].

To stress the difference between the functional spaces employed here and those for the operator
(2.4), as a weak version of the fractional Laplacian we also employ the notation

1—5 w(x) —u v(x) —v
gy = 5 ], MO ) g,

2 |1: _ y|d+25
for every u,v € Hg), which is the first variation of 3|| - ||%{Ss2 as indeed
d 1 9
=l gl evlly, = (0w vy

This can be proved via the same proof of Lemma 2.8. Hence, we can give the following definition
of weak solution to system (4.40)—(4.44).

Definition 4.10. Let 7" > 0 be fixed. We say that (u, w, ¢) is a weak solution to the Cahn-Hilliard
system (4.40)—(4.44) associated with the initial datum uo : R* — R such that uy € H*(Q) if

u € L0, T5Hg) N WH2(0,T; (1)),
w € L*(0,T; HY),
CeL*0,T;L%(Q), ¢ev(u) ace inQx(0,T),
and (u,w, ¢) satisfies the following weak formulation of (4.40)—(4.41):
Ou+D%w=0  in (HY), (4.45)
w=DDu++1(u) in (HY), (4.46)

almost everywhere in (0,7), with «(0) = up almost everywhere in .

We recall that for every 2 € R?\ Q we have the following equivalence
v(y)
——d
/Q @ =yl Y

v
0 ’H? _ y’d-i—?s

Remark 4.11. It is possible to define a natural notion of nonlocal normal derivative also for
the (s, q)-Laplacian, with ¢ # 2, by still relying on an integration by parts formula, as observed
in [12, Theorem 6.3]. As in the case ¢ = 2, this underpins a variational framework for studying
problems of the kind (4.39), see, e.g., [12, Section 6.3] and [51]. As a consequence, we can give
an analogous of Definition 4.10, with the (s, ¢)-Laplacian in (4.46). On the other hand, the
equivalence (4.47) relies on the linearity of the numerator of the integrand defining Ny, which
holds only for the case ¢ = 2. Since (4.47) is crucial in our solving system (4.40)—(4.44), as it
allows us to reformulate it as a regional problem, we limit ourselves to the case g = 2.

Nov(z) =0 <= v(x)=

(4.47)

Remark 4.12. We gather some observations clarifying Definition 4.10.

(1) Concerning the interpretation of u € L>(0,T;H$) N Wh2(0,T; (HE)') and of equation
(4.45), we regard a function v € Hg, as an element of (Hg)' via

@EHEH/vgpdx.
Q

This is rigorously achieved as follows. We consider the restriction map H¢, — H*(Q),
which induces the embedding (H*(f2))" < (H§,) since it is surjective by [25, Theorem 5.4],
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and the triple H*(Q) — L?(Q) ~ (L*(Q))" — (H*(Q)))". Similarly for . Combining
these maps, we have in particular Hg, — (L?(Q2))" < (HZ)'.
We do the same for equation (4.46). The precise interpretation of the system is thus

O(ulg) + 0w =0 in (Hg)',
wlg =D°u+ ¢ + II(u|q) in (H)'.
The fractional Neumann boundary conditions
Now=0 ace in R\ Q,
Nsu =0 a.e. in R%\ Q,

hold true whenever both equations (4.45)—(4.46) are satisfied. We begin by observing that,
if v € C}(R?\ Q), then, since dist(£2, suppv) > 0 and supp v is compact, by symmetry
we have

(e, 1)~ wlys )0 ~ o) wit) w0, Y
//Q(Q) |z — y[dt20 dedy = 2/Q (/Suppv o — i (y) dy) d

T /Rdv(y)/\faw(y,t)dy.

-0
Thus, if (4.45) is satisfied in ¢ € (0,7"), by point (1) we obtain
0 = (Jru(t), v)(ugy = —(D7w(t),v)(ng) = —/ v(y)Now(y,t) dy,

Rd

for every v € C}(R?\ Q). This implies that
Nyw(y,t) =0 for a.e. y € R4\ Q,

as claimed. Similarly for (4.46) and Nsu.
Concerning the initial datum ug, since we are working in R it has to be defined in the

whole space. Nevertheless, the meaningful part is only ug|g. Indeed, by point (2) and
(4.47) we know that

u(y,t)
/ﬂ iz — y|d+2s dy

L
Q |:L‘ _ y|d+23

Moreover, by point (1) we have the embeddings H*(2) < L?(Q) < (H3)’, so that, by
the Aubin-Lions-Simon compactness lemma

w e L0, T; H5(Q)) nWhH2(0,T; (HZ)") € C([0,T]; L*(Q)).

u(z,t) = for a.e. z € RY\ Qand a.e. ¢t € (0,7). (4.48)

As a consequence, the initial condition u(0) = uy almost everywhere in 2 makes sense,
and u(t) — ug strongly in L?(Q2) as t — 0. By (4.48), this also implies that

u
/ o(yd)2 dy
t—0, Jq |v —yldt?s

u(z,t) dy
/Q |z — yldtes

We thus have two options for the choice of the initial condition: either we impose Nyug = 0
almost everywhere in R% \ , and then we have u(0) = ug almost everywhere in R?, or
the initial condition can be satisfied only in €.

strongly in L2 _(R?\ Q).
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As a second step, thanks to the equivalence (4.47), in [1, Corollary 1.2] the author observed
that if u: R? — R is such that u € C2 () N L>®(Q) and Nyu = 0 almost everywhere in R?\ ©,
then the fractional Laplacian of w in €2 can be rewritten as a regional operator,

(—A)*u(x) =P. V. /Q(u(a:) —u(y))K§(x,y)dy  for every = € Q,

where K§ denotes the kernel in (K3) defined in Section 4.2, multiplied by (1 —s). Since K§ is
symmetric in x and y, we formally have the following natural weak formulations

s S 1 S ~
© u )iy = [ o= ude = 5 ] () =ul)0@) o) K,y dedy = G, o)
(4.49)
If Q@ ¢ R? is a bounded open set with C? boundary, the operator, as written in the form of
the last equality, with ®(r) = %r, fits into the functional setting of Section 2.3.2, thanks to
Section 4.2.3. We thus have a second weak version of system (4.40)—(4.44), given by Definition 4.4,
with X = WE3:2(Q),
1
(€uv)y = Batww) = 5 | (0le) = ) 010) ~ o) Koy dody, (450)
and Jg as in (4.49) (see Remark 4.3 for the details).
These two weak formulations are actually equivalent, as stated in the following.
Theorem 4.13. Let Q C RY be a bounded open set with C? boundary. If (u,w,() is a weak

solution in the sense of Definition 4.10, then (u|q,w|q,() is a weak solution in the sense of
Definition 4.4. Conversely, if (u,w,() is a weak solution in the sense of Definition 4.4, and we

extend u and w by setting
q |z — y|dt2s o |z — y|dt2e

/ y and w(x,t) = / dy
o T — y[dtes q |z — y|dt2e

for every (z,t) € (R¥\ Q) x (0,T), then (@, w, ) is a weak solution in the sense of Definition 4.10.

iz, t) = (4.51)

In order to prove Theorem 4.13 we need two ingredients: the following compatibility result
between the two weak functional settings, which is [9, Lemma A.2], and an approximation result,
whose proof we give in Appendix B.2.

Lemma 4.14 ([9, Lemma A.2]). Let v : R? — R be such that v € L?() and Nyv = 0 almost
everywhere in R\ Q. Then v € H, if and only if v|q € WE2(Q), and

1
ol = 5lol

Moreover, let v, € H§, be such that p|lg € WE2(Q) and Nyv = 0 almost everywhere in R9\ Q.
Then

(D°v,0) 3z, = (Tav, ©) Ky 2-

Lemma 4.15. Let Q C R? be a bounded open set with C? boundary. Given p € M), there exists
a sequence {@r} C C®(R%) N L=(RY) such that

o — ¢ strongly in L2 (R?) and a.e. in RY,
sup [kl < +oo, (4.52)

(D%, gok)(;..%) — (D%, (,0>(H?2) for every v € Hp,.
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The statement of the lemma is probably far from being optimal. Indeed, it is reasonable
to expect that the C2-regularity requirement may be weakened to Lipschitz, and that one can
actually obtain the strong convergence in the H¢-norm. However, Lemma 4.15 in its present
form is enough for our purposes and its proof is rather straightforward.

Proof of Theorem /.13. Definition 4.10 — Definition 4.4. Let (u,w, () be a weak solution
in the sense of Definition 4.10. By Remark 4.12 (2) we know that

Nyw(z,t) =0  forae. z € RY\ Qand t € (0,7),
Nsu(z,t) =0 for a.e. . € R\ Qand t € (0,7).

Hence, by Lemma 4.14 we have u|g € L>(0,T; WX32(Q)) and wlq € L?(0,T; WE32(Q)).
Moreover, again by Lemma 4.14, we have the isomorphism

WES2(Q) & {v e HE : Nyv =0 a.e. in R\ Q},
given by

v(y)
/Q|xy|d+% w -
a for z € R\ Q.
/Q |3§' _ y|d+20

Thus we have also u|g € WH2(0, T; WE32(Q))’) and

I (ulo) = —=(D7w, V) (3g) = —(Lwlq,v)kg,2 for every v e wka2(Q),

v s.t. Ol]g=v and o(z)=

by Lemma 4.14, for almost every ¢ € (0,7"). Similarly for equation (4.46).

Definition 4.4 — Definition 4.10. Let (u,w,() be a weak solution in the sense of
Definition 4.4 and let @ and @ be extended as in (4.51). By Lemma 4.14 we have @ € L*>(0,T; Hg,)
and @ € L?(0,T;HZ). Now let v € HZ and let {vx} be an approximating sequence in the sense
of Lemma 4.15. Since vi|g € C%1(Q), by the first inclusion in (2.25) and Section 4.2.3, we
know that vy|q € WE3:2(Q). Then, given ¢ € C°(0,T), by the definition of weak derivative in
Bochner spaces, by equation (4.9) and by Lemma 4.14, we obtain

T T T
/0 go’(t)/gu(x,t)vk\g(x) dgcdt:—/0 @(t)<atu(t),vk‘g>[{6y2dt:/O e(t)(Lw(l), vkla) kg2 dt

T
= | et @ ). vy

By Lemma 4.15, we have
T

T
lim 90/(t)/u(a:7t)vk|g(x) da:dt:/ cp'(t)/ﬂu(a:,t)vb(az) dz dt,

k—o0 0 Q 0

and
lim @(t)(D7W(1), vk) (ng) = P(E)(DTD(L), v) 3z

k—o00

for every t € (0,T"). Moreover
B @7D (), v regy | < lllzem) [0 g sup [0k 175,

Lebesgue’s dominated convergence theorem then yields
T

T
lim [ () (®7H(t), v ez dt = /0 (1) (D7 (E), V) 3z dt,

k—o0 0
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hence
T T
| ¢ [ dlatetnladedt = [ o0)@ a0, vy

Since this holds for every v € H? and ¢ € C°(0,T), by the definition of weak derivative in
Bochner spaces we have that | € W12(0,T; (Hg)') and 0 (ii|q) = —D%1@. The fundamental
lemma of the calculus of variations for Bochner spaces thus implies (4.45) almost everywhere in
(0,T). A similar argument ensures the validity of (4.46), concluding the proof. O

As a consequence, we are able to prove the existence of weak solutions as detailed here below.

Corollary 4.16 (Existence and uniqueness). Let Q C R? be an open set with C? boundary (not
necessarily connected) and let Hypothesis 2.21 be satisfied. Assume

ug € WE2(Q),  A4(up) € LY(Q) and m(uplg) € Int D(v).

Then, the Cahn-Hilliard system (4.40)—(4.44) admits a solution (u,w,(), in the sense of Defini-
tion 4.10 for every T > 0. Moreover,

m(ulo(t)) =m(uol) for everyt >0,

and, defining the energy

the following energy estimate holds:

le/ |lw(T) — m(w|Q(7'))||%{?2 dr + &(u(t)) < &(up) for every t > 0,
0

where the function gy is defined as follows

u
e .
0 for z € R1\ Q.

IMOT@O'U@T, u 1s unllque and

E(u(t)) < &(u(r)) for 0 <7<t

olo =up and dp(z) =

If we also assume 4 to be differentiable, then also w and ( are unique. On the other hand, if
there is an element of Int D() at which v is multivalued, then there exists an initial datum for
which the solution is not unique.

The proof consists only in applying Theorem 4.5 for £ as in (4.50) and Jq as in (4.49),
and then exploiting Theorem 4.13 and Lemma 4.14 to translate everything in the language of
Definition 4.10. This motivates in particular the assumption of C?-regularity for the boundary
of . The connectedness assumption, usually required in order to ensure the validity of the
Poincaré inequality, can be dropped in view of Proposition A.3 (which also gives the necessary
coercivity of the bilinear functional Be defined in (4.50)). The assumptions on the initial datum
further explain point (3) of Remark 4.12 as they only involve the restriction of ug to Q. In
particular, concerning the assumption ug € W¥22(Q), in light of (2.25) it is enough to require
uglo € C%1(Q2), regardless of its behavior outside of 2.
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4.3.3. Other examples. Some natural operators £ satisfying Hypothesis 4.2, which can hence be
considered in equation (4.9), are the following ones:

Q= (0,1)% and £ = —A, with periodic boundary conditions;

Q c R% a bounded and connected open set with Lipschitz boundary, and £ = —A, with
Neumann boundary conditions;

Q= (0,1)¢ and £ = (—A)?, with periodic boundary conditions, in the form (4.38);

Q) c R?% a bounded open set with C? boundary, and £ = (—A)?, with fractional Neumann
boundary conditions, in the form (4.50); an alternative notion of weak solution can be
given in the spirit of Definition 4.10, as in (4.45). One can actually show that these two
formulations are equivalent, by arguing as in the proof of Theorem 4.13.

Each of the resulting equations can be coupled with equation (4.10), where we consider one of
the following:

e Q= (0,1)% and Jg = (=A)g, with periodic boundary conditions, as in (4.35)-(4.36);
e O C R?a bounded open set with C2 boundary, and Jg = (—A)*, with fractional Neumann
boundary conditions, in the form (4.49); as in the last point above, an alternative notion
of weak solution can be given in the spirit of Definition 4.10, as in (4.46). Once again,
one can actually show that these two formulations are equivalent, by arguing as in the

proof of Theorem 4.13.

4.4. Spectral fractional Laplacian. A different definition of fractional Laplacian can be given
via spectral theory. For example, let qﬁ,? be an eigenfunction corresponding to the kth eigenvalue
of the Dirichlet Laplacian, namely

—A¢p = A ¢ in Q,
or € Hy(9),

with 0 < AP < AP < AP < ..., normalized to make {¢£}) a normal basis of L?(2). We can
then write

+oo
u(z) = Y up 6y (x),
k=0

for any u € L?(Q). The corresponding spectral s-fractional Laplacian with Dirichlet boundary

conditions is defined as
+0o0

. Dys, D D
(—A)pqu() =Y () up ¢ (z).
k=0
In general, this operator is different from the integrodifferential fractional Laplacian (—A)*; see,
e.g., [56]. Interestingly, they coincide instead, up to a constant ¢ = ¢(s,d) > 0, for periodic
functions, that is

s

(=A)pgu(r) = c(=A) u(z),

if u: R? — R is Z%periodic (and regular enough), see, e.g., [4, formula (2.53) and Appendix Q].
As observed in (4.34), for such functions, we also have

(=A)%u(z) =P.V. (u(x) = u(y)) Kao(z,y) dy,
(0,1)¢

where Kq is the kernel in (K2) defined in Section 4.2 (with ¢ = 2). In the case in which
Q = (0,1)%, the spectral fractional Laplacian (=A)pq can thus be represented as a regional
integrodifferential operator that fits into the functional setting of Section 2.3.2.
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In a general open set, the operator (—A)SD@ can still be represented as a regional integrodif-
ferential operator with kernel J, plus a weighted local term of order zero, see [2, formula (3)].

Another possibility in the definition of the spectral fractional Laplacian consists in considering
Neumann boundary conditions instead of Dirichlet ones. Let now © C R? be a bounded open set
with C? boundary, and let gbfcv be an eigenfunction corresponding to the kth eigenvalue of the
Neumann Laplacian, namely

—AgE = Aop in O,
Oy
Oy
or € H'(Q),
with 0 = )" < AV <A < ..., normalized to make {¢} }; a normal basis of L?(£2). Then we
write

=0 on 01,

+0o0
u(z) =) uy ¢p (x),
k=0

for any v € L?(12), and the corresponding spectral s-fractional Laplacian with Neumann boundary

conditions is defined as
o0

(=A)xqul@) = D (W) ur 6% (2).
k=0

As proved in [4, Appendix P], this can be written as the regional integrodifferential operator

(—A)yqu(z) =P.V. /Q (u(x) — u(y)) Ka(z,y) dy.

where Kq is the kernel in (K4) defined in Section 4.2. Also this operator thus fits into the
functional setting of Section 2.3.2.

APPENDIX A. FRACTIONAL POINCARE INEQUALITIES

A.1. Proof of Proposition 2.5. We rely on a careful covering argument to extend the elemen-
tary, well-known proof. We fix § := p/4 and we consider a (finite) sequence of open sets with
Lipschitz boundary Q, C Q,_1 C ... C Qs C Q C 4, such that

diam(€y) < 26 and Iy C{y e RY : dist(y, 9Q;) < §}, foreveryi=1,...,0—1.

By compactness, for every i = 1,..., ¢, we can find a finite number of points x, ... ,:L'Zi € 0,
such that
ki ke
. , ) - 14
Qi \ Qi1 C U Bas(z5), foreveryi=1,...,0—1, and Q C U Bas ().
j=1 J=1

Next, we define the sets Az- by setting

7j—1
All = ng(:rzl) N (Qi\Qi—H) and A; = B26($}) N (QZ\QZ—H)\ U BQ&(.T;L), for j=2,... L ki,

n=1

foreveryi=1,...,/—1, and

j—1
Al := Bos(zf) Ny and Aﬁ = B%(l’ﬁ) N\ U Bos(zb), forj=2,... ke

n=1
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We can assume that \A;\ > 0 for every i,j. Moreover, by definition, the sets A;’s are pairwise
disjoint, and

(-1
QcCc Oy = QZUU Q\Qz—i-l UUAZ
=1 i=1j5=1

We also remark that, since each €); is a bounded open set with Lipschitz boundary,
¢y = min | Bos(}) \ ;| > 0.
/L?J

We are now ready to prove (2.18). We start by observing that we can assume the right hand
side of (2.18) to be finite, otherwise there is nothing to prove. As a first step, since v = 0 almost
everywhere in R? \ ©, hence in R?\ Qy, we have

1 1 u(z) —u(y)|?
1= u:z:—uyqdyg/ x
ful)] | Bas () \ Q| 325(1;)\91‘ (z)~uw)| Ce Jpys@ine, o=yl |

for every j =1,...,k1, and every x € Al-. Thus,

ol < S [ [ luto) = ulw)tt o,
U < z dy
L4 Al) A1 ng(x N ‘1. _ ‘d—&-sq

—y|?tsa dy,

< d+sq/ / (JZ‘) _u( )’qd d
_— _ d+8q y’
A Jran{z—yl<g) [T =Yl
which implies
[u(z) — u(y)[?
[ullf, = JlullT, =) |ullf < dz dy.
La(Q\Q2) La(Q1\Q) ; La(A}) 01\ JRIN{jo—y| <0} ’x_y’d+sq

Next we estimate

1

w@)|! = e lu(x) —u(y) +u(y)|?dy
| Bas (23) \ Q2| 522 )\020

2“/ ) — )y +
< u(x y+ —u
Cx Bas(22)\ Q2 Lo(RN\G2)

- 2q_19d+5q/ lu(z) — u(y)|? d
- Bas(@)\ [T — y|dtsa

Qq 1 pdtsq — q
/ / lu() ZJ(FSN dudy,
O\ JRIN{Jo—y|<o} 1T — Y|P

for every j =1,..., ko, and every x € A?. Therefore,

||U”%q(92\g3) Z ”UHLq A2)

Qq Lod+sa — q
SN lu(o) w4,
02\ JRANJo—y|<o} [T — Y[

|QQ\Qg|2q 1 d+sq

| /\

u(e) ~u@)l*

Q1\Q2 /I\Qdﬂ{x y|<g} ’

T — ’d-l—sq
O\ Q )20-1 otsa _ q
Q1\2s JRIN{Ja—yl <0} |$— | a
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Proceeding in this way we obtain

929—1 jd+sq B q
”uH%q(Q\Q 1) < / / % dz dy
o ¢ JapQi JRAn(a—yi<e) [T Y]

2q71|Q' \ Qz 1‘
+ 2B e

_ q
<c / / ule) ~uly)l? g, 4,
N\ JRINJo—yl<op [T —y|HHa

for every i =1,...,¢ — 1, and, similarly,

— q
H HLQ(QZ) RN jz—y|<o} |x _ |d+5q

Summing these inequalities concludes the proof.

A.2. Proof of Proposition 2.10. The proof follows the usual argument by contradiction, which
can be found e.g. in [30, Section 5.8.1] for the local case and [26, Lemma 3.10] for the nonlocal
case with the fractional seminorm on the whole Q2.

First of all, we observe that we need to prove (2.26) only for those measurable functions
u : 2 — R which have finite right-hand side. By Remark 2.13 any such function belongs to
W#4(§2). We then assume by contradiction that there exist functions vy, € W9%(Q2) such that

m(vg) =0, lvkllpa) =1, (A1)
and
— q 1
// ok () Zi(sy)l dedy < L. (A2)
Q2n{|z—y|<o} |z — yl|ttsa k
As a consequence,
1 20

(LRl sa) < 3 p odtsa

Therefore, by the compact embedding of W*4(Q) in L9(£2), there exists a function v € W*4(Q)
such that

vy — v strongly in L9(§2) and a.e. in €,
up to a subsequence that we do not relabel. By (A.1) and (A.2) we have

lv(z) —v(y)|?
mw) =0, |ollzey =1 and //§22m{xy|<g} e — gt =0

In particular, given any open set B C 2 with diam(B) < g, we have

[v(z) —v(y)|?
e < // @) = v 44y 0. A3
lwao) Q20 {lo—yl<gt |7 — Y| (45)

Hence v takes a (possibly different) constant value on each ball B C Q having radius smaller
than p/2. Since ) is connected, it is then standard to prove that v is constant on the whole 2.

A possible proof is the following. We set (y) := min{dist(y, ), o/2}, for every y € Q. Then,
(A.3) implies that for every x € €2 there exists a constant ¢(z) € R such that

v(y) = c(z) for almost every y € Bs(,)(z).

Notice that
c(y) = c(x) for every y € Bs(,) (). (A.4)
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We then pick a point 2y € 2 and we define ¢y = ¢(xp) and
Qo ={xeQ: c(z)=co}.

As a consequence of (A.4), both €y and its complement are open sets. Since €2 is connected,
Qo = Q and v is constant on the whole 2. However, this gives a contradiction with the fact that
m(v) = 0 and ||v]|L¢(q) = 1, concluding the proof.

A.3. Generalizations for disconnected domains. Differently from the classical case of the
L%-norm of the gradient, in the fractional framework, given the nonlocal nature of the W*4-
seminorm, it is still possible to prove some versions of the Poincaré inequality when €2 is not
connected. It is enough to require some compatibility between the geometry of the domain 2
and the interaction radius p.

Proposition A.1. Let s € (0,1), ¢ > 1 and Q C R? be a bounded open set with Lipschitz
boundary. If 1, ...,Q; are the connected components of 0 and o > 0 is such that

dist(24,Q2i41) < o foreveryi=1,...,5—1, (A.5)
then there exists a constant C' = C(d,$, s,q, 0) > 0 such that

[u(z) — u(y)|?
u—m(u)||? SC’// —— =~ dzdy,
H ( HLq(Q) Q2 {[z—y| <o} |(lZ _ y|d+sq

for every measurable u : Q) — R.

Proof. By arguing by contradiction as in the proof of Proposition 2.10, we end up with a function
v € W4(Q) such that

v(z) — v(y)]?
m(U) = 07 Hv”Lq(Q) =1 and //ng{xy|<g} W dx dy = O7

which implies that v is constant on the connected components,
v=c¢; in §;.
Since dist(Q;,Qi11) < 0, we can find a point z; € R? such that
12 N Byja(z:)| >0 and  [Qi41 N Byya(zi)| > 0.

Then,
T _ q
/. J oty < =S 4y <o,
QiﬂBQ/Q(xi) Qi+1ﬂBQ/2(mi) ‘ﬂf - y‘ a Q2ﬁ{|:):fy\<g} ’LU - y’ a
hence c¢;11 = ¢;. Therefore ¢; = ¢j_1 = --- = ¢1 and v is constant on the whole 2. This gives a
contradiction with the fact that m(v) = 0 and ||v[|ze(q) = 1, concluding the proof. O

We can interpret Proposition 2.10 as the particular case of Proposition A.1 in which € is
connected and p is arbitrary.

We stress that a condition like (A.5) or the connectedness of €2 is necessary to ensure the
validity of the fractional Poincaré inequality, as shown by the following example.
Example A.2. We consider Q) := Bj(—4e;) U By(4e1) and o = 2. Then, we define

Uk = kXB,(~4e1) — KX B (4e1)-
Then,
m(ve) =0, [[oell L = 287/ B
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and

vk (2) — v (y)[?
dz dy = [k]L,. + [~k .. =0.
//mm{|xy<2} | — y|dtea Hlivagueny * EHiveaip ey
This proves that (2.26) cannot hold true in this case.

On the other hand, the Lipschitz regularity of the boundary of 2 was required only to ensure
the validity of the compact embedding of W*4(Q) in L9(£2), which was used in the above proof
by contradiction. In the case in which ¢ > diam(2) this hypothesis can be dropped. Indeed, the
argument leading to formula (8.3) in [25] provides a direct proof of the following result.

Proposition A.3. Let s € (0,1), ¢ > 1 and Q C R? be a bounded open set. Then,

dlam Q)d+sa y)|?
s — m(u)]1, //Q 2 |$* M da dy,

for every measurable u : Q) — R.

Notice that in the statement of the above proposition {2 is not assumed to be connected.

APPENDIX B. FURTHER PROPERTIES OF THE FRACTIONAL SPACES

B.1. A characterization of the integrability of the kernels. We prove that the integrability
of the kernel is equivalent to requiring Lipschitz functions to have finite energy.

Lemma B.1. Let K : RY x R — [0, +00] be Borel-measurable. Then condition (2.10) holds true
if and only if

// Q) u(y)|7K (z,y) dedy < +o0

for every u : R — R which is uniformly Lipschitz and bounded.

Proof. Since € is bounded, there exists R > 1 such that {2 C Br. We consider the functions
u; : R* — R defined as u; == min{xz;, R + 1}, which are uniformly Lipschitz and bounded, for
every i = 1,...,d. We claim that

oyl < — o q
min{l, |z —y[*} < d max [ui(x) —ui(y)|

for every (x,y) € Q(Q2). Indeed, if x,y € Bry1, then

; — gyl < | — yld < a1 = — w4
min{1, |z — y|?} < |z — | fdlrgggdlxz vil dlrgagdluz() ui(y)|

On the other hand, if 2 € Q and y € R\ Bgy1, then
min{1, |z — {7} = 1 < d[R ~ B~ 1[" < d max us(z) — ui(y)]"

and similarly for z € R?\ Bgy1 and y € Q. Hence, recalling also Remark 2.7,

//Q( min{1, |z — y|9}K (2, ) dz dy < d max // )~ w0 K ) de dy

1<i<d

< o, (1l + 2110l a) [ im0 o o)y
Therefore, requiring the || - ||k 4-seminorm to be finite for every function u : R? — R which
is uniformly Lipschitz and bounded is indeed equivalent to condition (2.10). Actually, this is
equivalent to requiring the functions u; to have finite || - || x q-seminorm. O
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B.2. An approximation result. We divide the proof of Lemma 4.15 in several steps.

Step 1. Without loss of generality we assume that ¢ € H§ N L(RY). Indeed, if we define
the truncated functions ¢y = max{—Fk, min{p, k}}, then

ek (@) — o @)® _ e(@) — e(y)?

2 2
|(pk’ < ’SD| and |x_y|d+25 = ‘x_y’d+28 )

hence
Jim (llex = @llr2(ar) + llon = ¢llug) =0 for every R > 0.

Step 2. We observe that, if ¢ € H{, for some open set O C R? such that Q cc O, and {1.}
is a standard sequence of mollifiers, then

lim ([l %7 = @llr2(pp) + @ % ne = ¢llag,) = 0 for every R > 0.

For the proof, see, e.g., the proof of [33, Lemma 11] or [48, Lemma 3.2 (i)].

Step 3. We construct a sequence of bounded open sets @5 C R? with Q cC Os and a
sequence of functions @5 € Hp,),, such that

©s — ¢ a.e. in RY

sup [|@sl[poe ey < lle@ey and  sup Algsllag, < Cllelag,
5€(0,60 5€(0,30)

for some &g, C > 0.

Since 9 is of class C?, we know (see, e.g., [41, Lemma 14.16] and [8, Theorem 2]) that there
exists 7o > 0 such that dg € C?(Ns,,(012)), where

do(z) = dist(z, Q) — dist(z,R?\ Q) and N,(8Q) = {y € R? : dist(y,9Q) < o}
We consider a cut-off function ¢ € C°(R?) such that 0 < < 1,9 =1 in N,,(0Q) and ¢ = 0
in R?\ Ny, (09), and we define ¥s : RY — R? as
Us(z) = x + 09 (x)Vdg(z),
for 6 > 0. For § small enough this is a C'-diffeomorphism of R¢, such that
supp(Id — ¥s) C Ny, (02) and Q CC Ns(Q2) C Us(92).

The second statement follows from the fact that

Vdq(z) = Vdg(r(2)) = va(r(z)),
where 7(x) € 02 is the point of minimal distance between = € Na,,(092) and 02, and vq is the
outer unit normal (see, e.g., [8, Remark 3 (1) and Theorem 2 (i)]).
We then define the function ¢s := ¢ o U5! which belongs to L= (R?), since we clearly have
05l oo (rty < [l oo (ra). Moreover, U5!(z) — o uniformly in 2 € R? as § — 0, hence 5 — ¢
almost everywhere in R%. Furthermore

oy ol 2
el < Wl = 5 f, LSRNl WD
1-— 2
- S//Q(Q !‘I’a ()\’d+2s’detD‘I’6(€)||detD‘I’é(C)\didC
2
S ( (¥5) d+28// |f C|d+2s)| | det DWs(E)[| det DW4(C)[dEdC
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with C' uniform in ¢ for § small enough, proving the claim.

Step 4. By Step 3 we can find a sequence d; \, 0 for which the functions ¢s, = ¢ o \115_k1 €
Hy are such that
5, (2)

1
les = Pllzzsy < 51 SlliPH%kHLoo(Rd) < [l¢llpoo(ray and SI;P||905k||H7V5k(Q) < Clleollag,-

We can then apply Step 2 to each g5, and find a sequence €5, ™\, 0 such that

1 1
H‘pfsk *Nep — (PékHLQ(Bk) < % and H(Pék * Mgy, — 905kHH?2 < E
Moreover, by standard properties of regularization by mollification, we have 5, *n., € C* (RN
L>®(R%), with
Sup |28, * My || oo (may < Sup @6 | Lo (may < N1l oo (ray-

Therefore, if we denote ¢y, = s, * 1-,, we obtain
1
low = ellz2,) < 4 and Sup lerllzg, < Cllellag, + 1.

The strong L1200 (R%) convergence implies that (5, — ¢ almost everywhere in R? (up to extracting

a subsequence, that we do not relabel).
We are left to prove the third statement of (4.52). For this, we observe that the function
vr(®) = or(y)
Er(z,y) = ————4—
@ — y|2
is such that

1—5\2
< . ) sup 1€kl L2(Q(e)) = sup lerlla, < Cllollag, + 1,

hence &, — & weakly in L2(Q(2)), for some ¢ € L*(Q(2)). The pointwise convergence of ¢y,
ensures that

(z) — oY)
§(x,y) = 807(1.
(z,y) P
Thus
(v(2) = o(y)) (P(2) = 21(v)) (v(2) = v())(e(x) = p(v))
//Q(Q) |z — y|dt2s dedy — //Q(Q) [ — |t dax dy,

for every v € Hg), concluding the proof.

APPENDIX C. MOREAU-YOSIDA REGULARIZATION

Proof of Lemma 2.19. In order to prove (1), we begin by observing that

. 1
n(r) > inf {11(2) — anle? - az + g5l — 1P}

Next we show that the infimum is achieved in a neighborhood of 7, i. e., there exists § = §(r, \) > 0
such that

. 1 . 1
Zirellf&{—l'[(z) —ap|z|P —ag + ﬁ|z - r|2} = |zirrl|f<5 {—H(z) —aq|z|P —ag + ﬁ\z - r!Q} . (C.1)

Since .
Crir? > —TI(r) — an|rl? — az > inf { —T(2) — an2p — _2}
nr” > —II(r) — a1|r| ag_;lelR{ (2) — a1]#| a2+2)\]2 rl° e,
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in order to prove (C.1), it is enough to show that for |z — | > ¢ we have

A

1
—II(z) — a1|2|P — a2 + ﬁ\z — 7[> Cpr.

For this, we point out that

N 1 C 1
—1II(2) — a1]2|P — a2 + ﬁ]z —r]? = Cpr? > —(al + TH),ZQ + ﬁ\z —r]? = Cpr? —ay —
1
> (ﬂ —Ch — 2a1)|z —r? - (4Cr + 2a1)r2 —aj — as,

where we have used Young’s inequality in the last estimate, in the following form
Lo 2
rz < =25 41
— 4

This proves (C.1) with

NI

< 2)\%(|r|2\/2C’H + a1 +v2a1 + 2a2) < ez (|r| +

1-— 2)\(01‘[ + 2&1)
with A < 3/(8Ct; + 16a1) and ¢ = ¢(ay,az,Cry) > 0. Therefore

5 )\é\J 2(401-1 + 2(11)’/“2 + 2a1 + 2a9

P
sup ap]z? < al(\r](c)\% +1) + c/\%) <ai(rl(c+1)+ c)p < 2a1(|rfP(c+ 1)P + cP),
|z—r|<d
hence

inf —ay|z|P > —as|r|’ — a4 for every r € R,
|z—r|<d

with as, aq > 0 depending only on ai,as and Cp. Thus

N - - 1
)+ 2 ot {0 P — a0+ 110) + 5]z - o
|z—r|<d 2\

> —ag|r|P — a4 —ay + inf {ﬁ(r) - f[(z)}
|z—r|<é
,

— —aglrl’ — a4 — as + \zilv}\f@ : I1(¢) d¢
> —ag|rl? —as —az — 6Cn(|r|(c+ 1) + ¢)
> —ag|r|? — B — aXzr?,
which is the desired estimate.
As for point (2), reasoning as above we are led to

R ~ ~ 1
A(r) +10(r) > inf {—H(z) C @ a4 M)+ e — r|2},
|z—r|<d 2\

where

< A3 (jr] + 1),

1-— 2)\(01‘[ + 2a1)
with ¢ = ¢(ay, az,Cry) > 0 and A > 0 small enough. Since

5 /\;\l 2(4CH + 2a1)72 4 2ay

‘ in‘f 5 —a12® > —2a171% — da1 PN — day AN for every r € R,
z—r|<

we conclude that .
An(r) +TI(r) > —2ayr% — B — ar2r?
as claimed.

a2

1),

(C.2)
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Proof of Lemma 2.20. We begin by recalling that the I'-liminf is defined as
. . A~ s . . A . +
(F— h&nﬁlglf %\)(7“0) = inf { hkrg})lgf g (Tk) = A —= 07, 1 — ro}.
Inequality <. Let A\; — 0 and r; — rg. By the lower semicontinuity of 4, for every € > 0

there exists & > 0 such that

1

min {ﬁ(ro) — €, f} <A(r) for every r € R such that |r — rg| < 24.

€

Notice that
min {§(ro) — ¢, f} S Aro)  as e N0,

finite or not. Moreover, there exists kg such that |ry — rg| < 0 for every k > ko. If |r — ro| < 20,

then
1

1
o=l = i {5(r0) e, 2

A(r) +
whereas, if |r — 9| > 2J, then
1 2 2
—|r— > —(5
3+ gl =l 2 50
Therefore, taking k big enough,

1 1
A (T8) = 7}161{g {ﬁ(r) + 5|T — T‘k|2} > min {’Ay(rg) —e, g}
Since this holds for every ¢ > 0, we have proved that
N < (T T inf 4 .
A(ro) < (T lim inf ) (7o)
Inequality >. Since 4y < 4, by considering i = ro, we have
(F- lim inf %\) (ro) < liminf Ay, (1) < A(ro),
A—0 k—o00
for every sequence A\ — 0. This concludes the proof of the lemma. O

Alternative proof of (3.54). Let us define ¢* := vy (u). Take any &, € L2(0,T; £2) such that
&(z,t) € y(n(x,t)) for almost every (z,t) € Q x (0,T). We can rewrite

T
/0 /Q (€A, t) — (e, )W ) — E(a, 1)) dadt
T
- /0 /Q (A1) — 1)) (w2 (2 ) — T (1, 1)) e (C3)
T
+ /0 /Q (X t) — 1) (Ta (u (2 1)) — € £)) dar .

By the definition of Yosida approximation, the first term at the right-hand side of (C.3) is such

that .
// A ) (u = Ty (u? )dmdt:)\/o /Q(C/\—n)(’\da:dt.

Moreover, Lemma 2.17 (i) yields ¢*(z,t) € v(Jx(u*(z,t))) for almost every (z,t) € Q x (0,T), so
that the second term at the right-hand side of (C.3) satisfies

T
/ /(CA —n)(Ja(u) = &) dxdt >0
0 Q
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by the monotonicity of 7. Therefore, from (C.3) we deduce

// —n)(u* — d:pdt>)\// n)C dz dt,
that is,
/OT/Q(CA_”)(“A—“)dxd“f/oT/Q(CA—ﬁ)(u—ﬁ)dxdt2A/OT/Q(C*—n)@dxdt, (C.4)

By Holder’s inequality, the first term at the left-hand side is such that

T
/ / (Ma, t) — n(z, ) (u (2, ) — u(w, t)) da dt
0 Q

</ /|C)‘mt xt)|2dxdt> </ /|u (z,t) xt)|2dxdt>1/2

1/2
gCTW( sup lluk(t)u(tﬂ%?) 229 g,
te(0,T) 0

whereas for the second one we directly have, by the weak convergence of ¢*,
T
| @@t =)t - &G0 drar
A—=0 r
225 [0 [ (¢Gw.0) = nlo ) a6 = (b)) da

Finally, again by Holder’s inequality, the right-hand side of (C.4) is such that

/ (Ma,t) — nz, )Mz, t) dz dt| < 2O 225 0.

Hence, passing to the limit as A — 0 in (C.4) gives

T
| €ty =nta )t ) dadr > 0

The maximal monotonicity of v then yields {(x,t) € v(u(z,t)) for almost every (x,t) € Q x
0,7). O
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