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ON THE LACK OF COMPACTNESS IN THE AXISYMMETRIC
NEO-HOOKEAN MODEL

MARCO BARCHIESI, DUVAN HENAO, CARLOS MORA-CORRAL, AND REMY RODIAC

ABSTRACT. We provide a fine description of the weak limit of sequences of regular axisymmetric
maps with equibounded neo-Hookean energy, under the assumption that they have finite surface
energy. We prove that these weak limits have a dipole structure, showing that the singular map
described by Conti & De Lellis is generic in some sense. On this map we provide the explicit
relaxation of the neo-Hookean energy. We also make a link with Cartesian currents showing
that the candidate for the relaxation we obtained presents strong similarities with the relaxed
energy in the context of S?>-valued harmonic maps.
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1. INTRODUCTION

One of the most used models in nonlinear elasticity is that of neo-Hookean materials: given
a body in a reference configuration Q C R3, its deformation u : Q — R3 observed in response
to given boundary conditions is postulated to minimise in a certain admissible function space a
stored energy functional of the form

E(u) = /Q [[Du|* + H(det Du)] de,

where H : (0, +00) — [0, +00) is some convex function penalizing volume changes, satisfying

lim a2 _ lim H(s) = +o0. (1.1)
t—+oo ¢ 5—0

As discussed, e.g., in [5, 6], since minimisers in different function spaces can be different, the
choice of the function space is part of the model. Because of the growth condition of E, the func-
tion space is a suitable subfamily of H'(€2, R3). In order to be physically realistic, the deforma-
tions have to be at least one-to-one a.e. and orientation preserving, i.e., to satisfy det Du > 0 a.e.
We set as boundary condition a bounded C' orientation-preserving diffeomorphism b : Q — R3
and we choose as basic function space

A:={ue H(QR?): u=>bin Q\Q, uis one-to-one a.e., det Du > 0 a.e., and E(u) < oo}

For technical convenience, we work with a strong form of the Dirichlet boundary condition,
Le., we choose a smooth bounded domain € compactly included in €2 and we require that
deformations coincide with b not only on €2 but on the whole Q \ Q. To avoid interpenetration
of matter, the well-known INV condition (see [39, 16]) has to be satisfied. Simplifying, the
INV condition means that after the deformation, matter coming from any subregion U remains
enclosed by the image of OU and matter coming from outside U remains exterior to the region
enclosed by the image of OU. Because of that, a reasonable function space where to look for
realistic deformations is

A" :={u € A: the divergence identities are satisfied},

with superscript r standing for “regular”. We recall that the divergence identities are

Div((adj Du)g o u) = (divg) oudet Du Vg € CL(R3,R?). (1.2)
The identity Det Du = (det Du)L3, with the distributional determinant defined by
1
(Detu, p) = —3/ u(x) - (cof Du(z))Dp(x)dx, ¢ € CLQ), (1.3)
Q

is a particular case. One can use the Brezis-Nirenberg degree and adapt [8, Lemma 5.1] to show
that condition INV holds for maps in A”. Moreover, by [32, Th. 3.4], the inverse map u '
belongs to W11(Qp, R3), where Qp := b(Q).

The existence of minimisers in the space A" has not yet been obtained, since this space is
not sequentially compact with respect to the H' weak convergence. Indeed, Conti & De Lellis
[16, Sect. 6] (see also Section 3.1) provided a sequence of orientation-preserving bi-Lipschitz
deformations with uniformly bounded neo-Hookean energy whose limit w presents a change of
orientation and an interpenetration in some region. Therefore, it does not satisfy INV or the
divergence identities.

To prove the existence of minimisers for the neo-Hookean energy in the class A", in [9, 10]
we proposed a new strategy. Firstly, we provided a larger space B O A" that is compact for
sequences with equibounded energy:

B:={ucA:Q=img(u,Q) ae. and u~' € BV(Qp,R?)},
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As usual, BV denotes the space of functions of bounded variation, while img denotes the
geometric image (see Definition 2.8). Our choice for the family B is driven by the fact that if
u belongs to A", then img(u, ) = Qp (by using the Brezis-Nirenberg degree and adapting [8,
Th. 4.1]) and its inverse has Sobolev regularity.

Secondly, we extended E to B through a lower semicontinuous energy:

F(u) := E(u) + 2||D*u™ |, (1.4)
for u € B. Here D*u~! is the singular part of the distributional gradient of the inverse, | D5u ™|
is its total variation, and ||D*u~!|| = |D%u~!|(Qp). Then, in [10, Th. 1.1] (see also [9, Th. 1.1]
for the axisymmetric case), we obtained by using the direct method of calculus of variations
that the energy F' admits a minimiser w on B.

Theorem 1.1. Let (uy,), be a sequence in B such that (F(wy))y is equibounded. Then there
exists w € B such that, up to a subsequence, u, — w in H'(Q,R3) and

liminf F(u,) > F(u).
n—oo
In particular, the energy F has a minimiser in B.

In this way the existence of a minimiser for F is reduced to showing that u belongs to A".
Indeed, the hope is that creating a discontinuity on the inverse and paying the cost 2||D%u™!||
is incompatible with being a minimiser of F' in the class B; this would then yield the existence
of a minimiser of the original neo-Hookean energy FE in the regular subclass A" of maps where
the divergence identities (1.2) are satisfied, and u~! belongs to W1 (0, R3).

We remark that, by definition of the relaxed energy, we have F(u) < Eyq(u) for every w in
the weak H' closure of maps in .A". We recall that the relaxed energy is defined abstractly by

Erai(w) = inf{liminf B(un) : (tn)n C A" and u, — u in HY(Q,R%)}. (1.5)

It is desirable that F' coincides with the relaxation of E, in order to get, possibly, a negative
result: if none of the minimisers of the relaxed energy belong to A", then E has no minimisers
in A"

First goal of this paper: to show that, for at least the singular map u provided by Conti & De
Lellis, there exists a sequence (uy,), in A" such that lim,_,. E(u,) = F(u), i.e., F(u) = Ewq(u).

In general proving that F' is the relaxed energy by constructing a matching upper bound is
a difficult task because of the injectivity constraint. However, even without showing that F’ is
the relaxation of E, its explicit expression (compared to that for E,e in (1.5)), as well as the
more explicit definition of the admissible class B (compared to the abstract notion of the H!-
weak closure of the set of regular orientation-preserving maps), make the proposed variational
problem of minimising F' in B likely to be better suited for the study of the regularity of the
minimisers.

Since the map of Conti-De Lellis is axisymmetric (see Subsection 2.1 for a precise definition),
we will assume €2, ﬁ, and b axisymmetric and mainly work in the spaces

Al i ={u € A": u is axisymmetric} and Bs := {u € B: wu is axisymmetric}. (1.6)
If w € Bs, then by [9, Prop. 4.15] the first two components of u~! are regular:
w = (uyhugtugt) € WHH(Qp, R?) x BV ().

Let us describe briefly the singular map u of Conti-De Lellis (see Figure 1). We remark that,
since u does not satisfy the INV condition, u ¢ A’ and it does not correspond to a physical
deformation. Given any smooth open set O containing the origin 0 = (0,0,0) and contained in
B(0,1), it sends (as depicted in Figure 2) one part of O (the one lying in the first two quadrants
of the planar representation of this axisymmetric map) into the region enclosed by w(90), and
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Reference configuration Deformed configuration

FIGURE 1. The 2D section of (a possible realization of) the Conti-De Lellis map

[16]. The purple circle {y?+y2+(y3— %)2 = %2} on the right is not attained as the
image of any set of material points @ in Q = B(0, 3). It is, instead, new surface
created by the map, that is, part of the boundary of the image of 2\ {0,0'} by
u, where 0 = (0,0,0) and 0’ = (0,0, 1) are the only points where w is singular

other part of O (the one in the lower half-plane) to the unbounded region outside u(00). Also,

two parts of the body that were at unit distance apart, namely, those initially occupying the
half-balls

a:={x:2?+25+22<1,23<0} and e:={x: 2? +z3+ (23—-1)% 23> 1},
are put in contact with each other across the “bubble”

I':= {(y17y27y3) : y% + yg + (y3 - %)2 = 2%}? (17)

which in turn comes entirely from only two singular points: the origin 0 and 0’ = (0,0, 1). Note
that from 0 a cavity is created and is filled by material coming from the half-ball a through
the origin. A similar structure has been already described in the setting of harmonic maps [14].
We refer to this structure as dipole. The third component of the inverse, ugl, is not Sobolev,
but it belongs to the class SBV (special functions of bounded variation). Its jump set coincides
with the sphere I', and the amplitude of the jump is given by the distance between the poles 0
and 0.

Regarding the Dirichlet boundary condition that facilitates the proof of the lower semiconti-
nuity in [10, Th. 1.1] and [9, Th. 1.1], let us recall that the Conti-De Lellis construction can be
rescaled and translated, so it can appear as the singular part of maps defined in many domains
and matching many different Dirichlet data. An example of an extension of the Conti-De Lellis
map to the domain B(0,4), so that it satisfies the Dirichlet condition u(x) = x on 9B(0,4), is
depicted in Figure 3.

As we said, in the present article we are able to prove that the lower bound we obtained
previously is optimal in the particular case when w is the dipole of Conti—De Lellis and under
very mild hypotheses on H.
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FIGURE 2. The Conti—De Lellis map [16] takes a portion of a given region O and
sends it outside itself. The two closed curves in the right figure play a prominent
role. One, on top, I', represented with a dashed circle, is a bubble created
from two cavitation-like singularities. The other, u(00), with self-intersections,
enclosing three connected components, is represented with a dash-dotted line.
Part of the coloured region on the right figure lies outside the dash-dotted loop,
even though it consists of material points that were inside the dash-dotted curve
in the reference configuration. Regions a—f are defined in Section 3; see also
Figure 4

Reference configuration Deformed configuration

FIGURE 3. An extension of the Conti-De Lellis map [16] that satisfies the Dirich-
let condition u(x) = « on the boundary

Theorem 1.2. Let u be the H'(B(0,3),R?) azisymmetric map of Conti-De Lellis, as defined
in Section 3.1. Let H : (0,+00) — [0, +00) be a convez function satisfying (1.1) and such that

/ H(det Du)dx < oo. (1.8)
B(0,3)

Then there exists a sequence of azisymmetric maps (uy), C H'(B(0,3),R3) such that:

i) wy, is bi-Lipschitz (and therefore satisfies the divergence identities (1.2)) for every n € N,
i) u, — w in H(B(0,3),R3),
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i11) w is one-to-one a.e., but it does not satisfy condition INV. Moreover, one has the equality
Det Du = (det Du) L3 + 5(0(0,0,1) — 6(0,0,0)) and a fortiori the divergence identities are not
satisfied,
i) limy, oo fB(073) | Du,|?dx = fB(0,3) |Du|*dx + 27,
v) limy, o0 fB(073) H(det Du,,) = fB(073) H(det Du),
i) ugl has SBV regularity, its jump set is the sphere I' as defined in (1.7), and the amplitude
of the jump is one. Therefore |D%uz!| = 7.
Gathering the last three items shows that
Ea(u) = E(u) +2||Duzt|| = F(u). (1.9)

The limiting map w is the same as in the example of Conti—De Lellis, cf. [16, Th. 6.1]. However,
it can be seen by direct computations that the approximating sequence w,, of Conti—De Lellis
satisfies limy o0 E(ty) > E(u)+ 5F and thus, in view of (1.9), it does not give a matching upper
bound with the lower bound on the relaxed energy obtained in Theorem 1.1. The challenge,
therefore, is to regularize the Conti—-De Lellis dipole with maps:

e that respect the non-interpenetration of matter and the preservation of orientation,

e whose determinant can be controlled as much as possible,

e with a negligible amount of extra elastic energy (that is, no energy on top of the 27
singular energy coming from the Dirichlet term, which is unavoidable according to the
lower bound in Theorem 1.1).

We are able to reach the optimal amount of extra energy by constructing a recovery sequence
which almost satisfies in a neighbourhood of the segment {(0,0,¢): t € [0, 1]} the equality in the
“area-energy” inequality 2|(cof Du)es| < |Dul|?, valid for axisymmetric maps. Being optimal
for this inequality means that u restricted to the planes perpendicular to the symmetry axis is
conformal. Another difference with the recovery sequence of Conti—De Lellis is that our recovery
sequence u, is incompressible near the set of concentration. Hence our construction is valid for a
general choice of the convex function H. This shows that the lack of compactness of the problem
is due to the Dirichlet part of the neo-Hookean energy and not to the determinant part.

In [29] a way to measure the amount of new surface created by a deformation was introduced.
This can be done by looking at the failure of the divergence identities via the quantity &(u)
in Definition 2.5. In particular, the divergence identities are satisfied if and only if the surface
energy & is identically zero. If u is the Conti-De Lellis dipole, then £(u) is strictly positive but
finite (see Appendix D).

Second goal of this paper: to give a fine description of maps w in the weak H! closure of A"
under the supplementary hypothesis that the amount of the new surface created by w is finite.
In this case we show that w has a multi-dipole structure. This also enlightens the importance
in providing the optimality of our lower bound for the Conti-De Lellis dipole.

Theorem 1.3. Let u € A" be such that £(u) < +oo. Then:

i) There exists a countable set of points C(u) such that
Det Du = (det Du)L? + Z Det Du({a})dq.
acC(u)

i) u=! € SBV (%, R3).
iii) Let J,-1 be the jump set of the inverse, and (u~
£,¢ eR°

Fét ={y € Jy1:(u )t (y) =€}, Te:= T UTY, Tge =T NT{,

W% ts lateral traces. Defined for
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we have that

|D*ut| = Z € = &M (Tee)

£.8'€C(u)
iv) Let x € Q and r > 0 be such that B(x,r) C Q and deg(u,dB(x,r),-) is well defined.
We set
Az,r i= deg(u,0B(z,1),") — Ximg (u,B(x,r))*
Then

a) Az, € BV(R3) and is integer-valued. There exists Ay € BV (R3) integer-valued
such that Ag ., — Az weakly™ in BV(R?’) for all sequences r,, — 0 such that Ag .,
is well defined.

b) Ag # 0 if and only if x € C(u).

c) For & € C(u) we have

Ie = U I{y eR: Ae(y) =k} H*-a.e.
keZ

d) Do) De =0.

Our starting point is Item i), namely, that the singular part of the distributional determinant
(1.3) consists only of Dirac masses, a result which, in the H' setting, is due to Mucci [36, 37, 38],
[31, Th. 6.2]. It is a generalization of the result by Miiller & Spector [39, Th. 8.4], who obtained
it for maps in W'P, with p > 2, producing a deformed configuration with finite perimeter
and satisfying condition INV. In that more classical setting, conceived for the modelling of
cavitation, the notion of the topological image of a point & € Q, introduced by Sverdk [40], is
important: it is the intersection of im(u, B(€,7)) taken over a suitable £!-full measure set of
radii r (where the degree with respect to B(&,r) is well defined, among other requirements).
Simplifying, the topological image imr(u, B(€,7)) is the subregion enclosed by 0B(€,r), see
Definition 2.2. In particular, the topological image of a singular point £ provides the cavity
opened in the deformed configuration (a region inside every imr(wu, B(€,r)), but not containing
any material coming from a neighbourhood of §). In contrast, in the H! setting here considered,
where condition INV is not necessarily fulfilled, the notion of the topological image of a point
is no longer valid since the family imy(w, B(§,r)) is not necessarily decreasing for decreasing
r, as can be seen in the map by Conti & De Lellis, see Figure 2; note that in the white region
enclosed by dash-dotted loop the degree is —1, whereas the degree is zero outside. Nevertheless,
there happens to be a natural analogue of the topological image of a point: to look at the maps
Ay of Item iv), which are defined in the deformed configuration, and taking then their L' limit
as r — 0. For example, in the map by Conti & De Lellis, when = (0,0, 1) the limit map
A, is piecewise constant, equal to +1 inside the bubble and equal to zero elsewhere. When
x = (0,0,0), the map A, is equal to —1 inside the bubble, and zero elsewhere. For any other
x, the map A, is identically zero (up to an £3-null set).

The description of the singularities provided by Theorem 1.3 is the following: the bubbles I
created by an axisymmetric map w with finite surface energy are not just arbitrary 2-rectifiable
sets, but they are the (reduced) boundaries of a family of volumes (of 3D sets with finite
perimeter). These volumes, in turn, are not just any volumes, but the level sets of the maps
Ag obtained from the Brezis-Nirenberg degree. Across (H?-almost) every point on I, two
portions of the body (that were separated in the reference configuration) are put in contact with
each other (the bubbles are the jump set of the inverse of u). We observe a dipole structure
in the contribution | — £'|H2(F£7£/) of each pair £,¢ to the singular term ||D*u~!|| in our
modified functional F'(u), precisely as in the map by Conti & De Lellis. Finally, the sum of
the degrees Ag, over all singular points &, vanishes identically: this may be indicative of the
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singularities coming by pairs (positive cavitations cancel out with negative ones, meaning that
holes opened at singular points with positive degrees are filled with material points that in the
reference configuration were next to singular points with negative degrees). We remark that
by Theorem 1.3 deformations in A7 \ A" are not physically realistic. This fact reinforces the
conjecture that the energy F' (and so F) attains is minimum in A%. Moreover, as in the context
of harmonic maps, the analysis of the dipole structure in [14, 12, 24] made it possible to rule
out the presence of dipoles coming from smooth axisymmetric minimising sequences [28], the
partial characterization provided by Theorem 1.3 could be useful in future attempts to solve the
conjecture itself.

Finally, third goal of this paper: to translate the results we obtained about the lower bound on
the relaxed energy into the language of Cartesian currents. Specifically, we show (Proposition
5.9) that the extra term in our candidate for the relaxed energy || D%uz?|| can be expressed as
the mass of the defect current generated by any sequence converging weakly to w in H'. This
reinforces the analogy between the problem of finding a minimiser for the neo-Hookean energy
and the problem of finding a minimiser for the Dirichlet energy

/ |Dul*> in {ueC’Q,$*)NH'(Q,S*) :u=gon N}
Q

Indeed, for this problem, which was raised by Hardt and Lin in [27] and where the occurrence
of the Lavrentiev gap phenomenon is shown, Bethuel, Brezis and Coron derived an explicit
formula for the relaxed energy in [12]. This relaxed energy can be expressed in terms of the
“length of minimal connections” for maps with a finite number of singularities. In this case it
bears resemblance with our extra lower bound in the case of finite surface energy. In the general
case, the supplementary term in the relaxed energy of Bethuel-Brezis-Coron can be expressed
as the mass of the defect currents associated to w, as seen for example in [23]. This is exactly
the same for our candidate relaxed energy. Hence both problems have the same flavour in terms
of lack of compactness.

The paper is organized as follows. In Section 2 we introduce our notations and some defini-
tions. In particular, we define the surface energy £ and the geometric and topological images
of maps. Section 3 is devoted to the description of the limit of Conti-De Lellis map and to the
construction of the new optimal recovery sequence which allows us to obtain Theorem 1.2. In
Section 4 we focus on maps in A” with finite surface energy. For such maps we prove Theorem
1.3. The last section of this paper is devoted to reformulating our candidate for the relaxed
energy F' in terms of Cartesian currents. We provide four appendices for the comfort of the
reader. The first one contains technical lemmas used in the proof of Theorem 1.2, the second
one describes several geometric quantities in different systems of coordinates, the third one con-
tains a lemma in measure theory used in Section 4, and the fourth one computes the surface
enery &£(u) of the Conti-De Lellis map.

2. NOTATIONS AND DEFINITIONS

Throughout the paper, we employ the following notation.

e The open ball of center « and radius r is denoted by B(x,r). We set R, = [0,00). Given
U C R, its boundary is written as OU, its closure as U and its characteristic function
as yy. We use the notation € for “compactly contained”.

e Vector and matrices are written in bold face. We recall that the adjugate matrix adj A
of A € R3*3 satisfies (det A)T = Aadj A, where I denotes the identity matrix. The
transpose of adj A is the cofactor cof A. The norm of a vector is the Euclidean norm,
and of a matrix the Frobenius norm; we use the notation | - | for both.
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e We use A for the exterior product. We also make the usual identifications in exterior
algebra; for example, a 3-form in R? and a 2-form in R? are identified with a number,
while a 2-form in R3 is identified with a vector in R3. In this way, for instance, a A b
is the determinant of a,b whenever a,b € R?, while a A b is the cross product of a,b
whenever a,b € R3.

e We use £V for the Lebesgue measure in RY. The Hausdorff measure of dimension d is
denoted by H%. We use the abbreviation a.e. for almost everywhere or almost every. It
refers to the Lebegue measure, unless otherwise stated. Given two sets A, B of RV, we
write A = B a.e. when LV (A\ B) = LY(B\ A) = 0. An analogous meaning is given to
the expression H%a.e.

2.1. Different coordinates systems and axisymmetry. We denote by (x1, 72, 23) € R? the
Cartesian coordinates. We will also use cylindrical coordinates (7,0, z3) € RT x [0,27) x R and
spherical coordinates (p,0,¢) € RT x [0,7/2) x [0,7]. The relations between these coordinate
systems are

(x1,x2,23) = (rcosf,rsinf, z3) = p(cosfsin p,sin b, sin p, cos p).
A map u: Q C R? = R? can be described in the three coordinate systems; we use the notation
u = (uy,u2,u3) = (U, COS ug, Uy sin ug, uz) = u,(cos ug sin u,, sin ug sin ue, cos uy,).

In Appendix B we give the different expressions of the differential matrix Du, the cofactor
matrix cof Du, the Jacobian det Du and the Dirichlet energy of w in the different coordinate
systems.

In this paper we mainly work in the axisymmetric setting. We say that the set Q C R3 is
axisymmetric if

2= J (@Br2((0,0), |(z1,22)]) x {3}).

e
When we define
7:R3 = [0,00) x R P:[0,00) x RxR = R3
x — (|(z1,22)],23) (r,0,x3) — (rcosf,rsinf, x3), (2.1)

the axisymmetry of 2 is equivalent to the equality
Q={P(r,0,z3): (r,z3) € 71(Q), 0 € [0,27)}.
Given an axisymmetric set €2, we say that u : Q — R3 is axisymmetric if there exists v :
() — [0,00) x R such that
(wo P)(r,0,z3) = P (vi(r,x3),0,v2(r, x3)) ,1.e.,
u(rcosf,rsinf, x3) = v1(r, x3)(cosfe; + sinfes) + va(r, x3)es
for all (r,z3,6) € 7(Q2) x [0, 27).

This v is uniquely determined by w. In spherical (u,,ug,u,) or cylindrical (u,,ug,us) coor-
dinates, we remark that for axisymmetric maps we have ug = 6.

2.2. Topological images. We first recall how to define the classical Brouwer degree for con-
tinuous functions [18, 21]. Let U C R? be a bounded open set. If uw € C1(U,R3) then for every
regular value y of u with y ¢ u(9U), we set

deg(u,U,y) = Z det Du(x). (2.2)
zeu—l(y)NU

By definition, a regular value y satisfies that det Du(x) # 0 for each « € u~!(y). Note that the
sum in (2.2) is finite since the pre-image of a regular value consists in isolated points, thanks
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to the inverse function theorem. We can show that the right-hand side of (2.2) is invariant
by homotopies. This allows to extend Definition (2.2) to every y ¢ w(90U). This homotopy
invariance can also be used to show that the definition depends only on the boundary values
of w. If w is only in C(9U,R?), it is again the homotopy invariance which allows to define the
degree of u, since in this case we may extend u to a continuous map in U by Tietze’s theorem
and set
deg(“’? U7 ) = deg(va U7 ')7

where v is any map in C!'(U,R?) which is homotopic to the extension of w.

If U is of class C! and w € C'(0U,R3), by using (2.2), Sard’s theorem and the divergence
identities we can make a change of variables and integrate by parts to obtain

/ deg(u,U,y)divg(y)dy = / (g ou) - (cof Duv)dH?. (2.3)
R3 ou

This formula can be used as the definition of the degree for maps in W12 N L>®(9U,R3) as
noticed by Brezis & Nirenberg [15]. For any open set U having a positive distance away from
the symmetry axis Res it is possible to use the classical degree since there every map in A has
a continuous representative (cf. Lemma 3.1 in [9]). However, for open sets U crossing the axis
(where maps in A; may have singularities) we use the Brezis—Nirenberg degree.

Definition 2.1. Let U C R? be a bounded open set. For any u € C(OU,R3) and any y €
RN\ w(0U) we denote by deg(u,U,y) the classical topological degree of w with respect to y.
Suppose now that U C R? is a C' bounded open set and w € WH2(9U,R3) N L>° (U, R3). Then
the degree of w, denoted by deg(w,U,-), is defined as the only L' function which satisfies

/ deg(u,U,y)divg(y)dy = / (gowu) - (cof Duv) dH?,
R3 oU

for all g € C°(R3,R3).

To see that this definition makes sense we refer to [15] or [16, Remark 3.3]. Also, using
(2.3) for a sequence of smooth maps approximating u we can see that for any u € C(0U, R3) N
Wh2(9U,R?) such that £3(u(dU)) = 0 the two definitions are consistent (as stated in [39,
Prop. 2.1.2]).

Thanks to the degree we can define the topological image of a set through a map.

Definition 2.2. Let U C R? be a bounded open set and let u € C(0U,R3). We define
imr(u,U) := {y € R®\ w(dU) : deg(u,U,y) # 0}.
We define -
L :=QnNRes. (2.4)

Recall from Section 1 that b :  — R? is the given orientation-preserving diffeomorphism acting
as a boundary condition.

Definition 2.3. Let u € A}, and let U}, := {U € Uy, is azisymmetric and U € Q \ Res}. Here
Uy, denotes a family of “good open sets” as defined in [9, Def. 2.12].
a) We define the topological image of Q\ L by uw as
imr(u, @\ L) :=b(Q)U | imr(u,),
veus

where Q' is the complement in Q0 of the closure of Q.
b) We define the topological image of L by u as

imT(u, L) = Qb \ imT(u, Q \ L).
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This definition makes sense because, as explained in Lemma 3.1 in [9], maps in A, are con-
tinuous outside the symmetry axis.

Throughout the paper reference is made to condition INV introduced by Miiller & Spector
[39], as a property that is not satisfied by the map of Conti & De Lellis.

Definition 2.4. Let U be a bounded open set in R3. If u € C(U,R3), we say that uw satisfies
property INV in U provided that for every point g € U and a.e. v € (0,dist(xq, 0U)):

(a) u(x) € imp(u, B(xg,r)) for a.e. x € B(x,r)
(b) u(x) ¢ imyp(u, B(xg,r)) for a.e. x € Q\ B(xg,7r).

2.3. The surface energy. The functional £ was introduced in [29] to measure the creation of
new surface of a deformation. The formal definition is as follows (see [29, 31]).

Definition 2.5. Let u € H'(Q,R3) be such that det Du € L'(12).
a) For every ¢ € CH(Q) and g € C}(R3,R?) we define

Euld,9) :/ﬂ[g(U(w))'(CofDU(w)Deb(w))Jrqﬁ(w) div g(u(x)) det Du(z)] dz.

b) For g € CL(R3,R?) we denote by E(-,g) the distribution on Q defined by
(€ul-,9).0) = Euld,g), Yo € C2(Q).
If for every compact set K C Q) we have
sup{€u(d,9) : & € C2(Q),suppé C K, ||| <1} < o0

then Eyu(-,g) is a Radon measure in Q. In this case, if U C §) is an open set then
?u(U,g) = nh_{glogu((ﬁmg)

for all sequences of ¢y, € CH(Q) such that ¢, — xu pointwise and 0 < ¢, < XU -
¢) In the case where E4(+,g) is a Radon measure in  for all g, we define

:U'u(E) = Sup{gu<E79) ‘g € Cg(RgaRS% ||gHL°° < 1}

for every Borel set E C ().
d) For all f € CH(Q2 x R3,R3) we define

Eu(f) = /Q Dy f(x,u(x)) - cof Du(x) + divy f(x, u(x)) det Du(x)] dz

and
E(u) = sup{&u(f) : f € CLHOXRRY), ||fllze < 1}. (2.5)

2.4. Geometric image and area formula. In this section we state the results for RY with
arbitrary N € N. The definition of approximate differentiability can be found in many places
(see, e.g., [19, Sect. 3.1.2], [39, Def. 2.3] or [31, Sect. 2.3]). We recall the area formula (or change
of variable formula) of Federer; see [39, Prop. 2.6] or [19, Th. 3.2.5 and Th. 3.2.3]. We will use
the notation N (u, A,y) for the number of preimages of a point y in the set A under u.

Proposition 2.6. Let u € WHI(Q,RY), and denote the set of approzimate differentiability

points of w by Qq. Then, for any measurable set A C Q and any measurable function ¢ : RN —
R,

/ (p o w)| det Du| d = / () N (w, 2 N A, y) dy
A RN
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whenever either integral exists. Moreover, if a map 1) : A — R is measurable and 1 : u(QgNA) —
R s given by

Py) = Y, (@)

zeQNAu(z)=y

then v is measurable and
/ Y(pou)|det Du|dx = / Yo dy, yeu(QqnA), (2.6)
A u(QdﬂA)

whenever the integral on the left-hand side of (2.6) exists.
Definition 2.7. Let u € WH1(Q,RY) be such that det Du > 0 a.e. We define Qg as the set of
x € Q for which the following are satisfied:

i) the approzimate differential of w at x exists and equals Du(x).
ii) there ezistw € CL(RN RN and a compact set K C Q of density 1 at x such that u|x = w|x
and Du|K = Dw|K,
iti) det Du(x) > 0.

We note that the set (g is a set of full Lebesgue measure in €2, i.e., |2\ €| = 0. This follows
from Theorem 3.1.8 in [19], Rademacher’s Theorem and Whitney’s Theorem.

Definition 2.8. For any measurable set A of 2, we define the geometric image of A under u
as

img(u, A) = u(AN Q)
with Qg as in Definition 2.7.

2.5. Change of variables formula for surfaces. Use shall be made of the change of variables
formula for surfaces, in the following form.

Proposition 2.9. Let u € H'(Q,R3)NL>®(Q, R3) be injective a.e. and such that det Du > 0 a.e.
Then, for every bounded and measurable g : R® — R3, every € € Q, and a.e. r € (O, dist(x, OQ)),

H*(9B(&,r)\ Q) =0

and
/ g(u(ac)) - cof Du(z) v(z)dH? (x) = / g(y) - D£7T(y)d7-[2(y),
OB(&r) img (u,0B(,r))
where
- _ cof Du(x) v(x) . .
ver(u(@)) = | cof Du(x) v(x)|’ € QNOB(E ),

v(x) being the outward unit normal to B(&,r) on x.

The set Qo of Definition 2.7 is such that u|q, is injective [30, Lemma 3|. Also, u(x) and
Du(z) are well defined and det Du(x) > 0 at every & € Q. The fact that for almost every radii
r the sphere OB(&,r) is contained in Qg except for an H2-null set is a standard consequence of
Fubini’s theorem and the coarea formula. The change of variables formula, as presented here,
is a particular case of the general version of Federer [19, Cor. 3.2.20] (cf. [39, Prop. 2.7], [31,
Prop. 2.9)).
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F1GURE 4. The map by Conti-De Lellis is defined differently in regions a to f.
The reference and deformed configurations appear, respectively, on the left and
on the right

3. TOWARDS AN UPPER BOUND FOR THE RELAXED ENERGY

This section is devoted to the proof of Theorem 1.2. We first recall the definition of the
limiting map in the Conti-De Lellis example cf. [16, Th. 6.1]. Then we present our new optimal
approximating sequence and in the last part of this section we check that this approximating
sequence is indeed optimal. We denote the canonical basis of R3 by eq, es, ez and we set

e-(0) :==cosfe; +sinfes, ey(d):=—sinfe; + cosbes 0 e R.

3.1. Definition of the limit Conti—De Lellis map. The definition of the limiting map in
the Conti-De Lellis example is based on a division of the ball B(0,3) into several regions. By
axisymmetry it suffices to describe w in the right halfplane. We describe w by its spherical
coordinates (u,,ug = 6,u,). Note that, when § = 0, the vector e, equals e;; as a consequence,
(up,uy) are the polar coordinates of the map w restricted to the plane generated by (e1, e3).

We start by describing w in the region a := {psinpe,(0) +pcospez: 0 <p<1,5 < <7}
In this region we set

u(psin pe,(0) + pcospes) = u,sinu, e,(6) + u, cosu, es,
uﬂ(pa 90) = (1_/)) COS Uy, u(p(p,cp) =T =
In region b := {psin e, (0) + pcospes : 1 < p < 3,5 < ¢ < 7} we define u by

u(psinp e, (0) + pcospes) = up,sinu, e,(6) + u, cosuy, e3,

p+m
up(p, ) = p—1, up(p, p) = 5
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In e := {psingpe () + (1 + pcosplez : 0 < p < 1,0 < p < T} we set
u(es + psinge, (0) + pcos pes) = u,sinp e, (0) + u, cos p eg,
up(p, ) == (1 +p)cosp, uy = .

In f:= {e3+psinpe,(0)+pcospes : p > 1,0 < ¢ < T}NB(0,3), in [16] there is no requirement
made on the limiting map w regarding the region f, other than that it be transformed in a bi-
Lipschitz manner onto its image, which is contained in

{es +pcospe,(0)+ psinpes: p>2cosp, 0 << g}
For the limit map w, that means that it can be provided, in spherical coordinates
u(es + psinpe, (0) + pcos pes) = u,sinuge,(6) + u, cosuges, p=>1, ¢ €0, g],

by any pair of maps u, = u,(p, ), uy, = u,(p, ¢) satisfying
T T

U(p(l,@) =, us&(p7§) = 57 up(]-a(p) ::2(;0890‘
Note, in particular, that the interface {z? +23 > 1, z3 = 1}NB(0, 3) between f and d is mapped
to a portion of the plane {y € R? : y3 = 0} via

i

es + per(0) = uy(p, 5)er(9), p=1, €0, 2n]

with u,(1, ) = 0.
It remains to describe w in region d := {0 < z3 < 1} N B(0, 3). Let g be a fixed axisymmetric

bi-Lipschitz map from

{re;,(0)+z3e3:7>0, 0<6<2m, 0<uz3<1}

onto
{se;(f)+ze3:5>0,0<6<2m 0<z<3},
with:

s(, 1) = up(f o), 2(7 1) =3, #>1 (3.1)

for s = s(7,x3) the radial distance of g(fer(ﬁ) + :c363) = se,(0) + zes, the function
r — u,(7, 5) being defined in region f;
[}

e the points
Al(f=1,23=0), B'(f=0,23=0), C'(?#=0,23=1), D'(f=123=1),
being sent, respectively, to

(s=0,2=0), (s=0,z2=1), (s=0,2=2), (s=0,z2=3);
e and g affine in the segments joining those points.
The limit map in region d is given by
u(fer(0) + z3e3) = s sin (¢(2)) e,(0) — s cos (p(2)) ez, 7>0, 0<z3<1,
with ¢ = p(2(7,x3)), s = s(#,z3), and z = z(7, z3) defined through the relations

z

o(z) = — (1 + 3>, ser(0) + z e3 = g(fe () + xzes).
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FIGURE 5. Reference and deformed configurations for the map u.

In particular, note that the polygonal line A’B’C’D’ is contracted to a single point (s = 0) and
that the slab d is deformed onto the angular sector 0 < ¢ < %. Also, the definition of w matches
that of the region f at the interface 7 > 1, z3 = 1, and that of the region b at the interface
7 > 1, r3 = 0.

3.2. Definition of the new recovery sequence u.. Once again, the definition will be based
on a partition of the domain into several regions, as illustrated in Figure 5.

3.2.1. Motivation for our choice of recovery sequence. If (uy), C Bs is a sequence satisfing
INV and w,, — w in H'(£2,R?) it might be that u does not satisfy INV because it is not true
that H' embeds in C° for two-dimensional domains and hence the degree is not continuous
for the weak H' convergence (for condition INV, we look at the degree of u restricted to 2D
spheres). The classical example of a sequence showing the non-continuity of the degree for the
weak convergence in H! is known as the bubbling-off of spheres and is given by

G,:S* = §%  Bu(z) =75 (nms(x)) (3.2)

where we have denoted by mwg the stereographic projection from the South pole to the plane
orthogonal to eg and passing through the North pole {z3 = 1}. Note that &,, is conformal and
&,, does not converge uniformly to (0,0, —1) or strongly in H!, and that the Dirichlet energy
fs2 |D&,,|2dx concentrates near the North pole.

Another way to see conformality appearing in our problem is to observe that a key point
to obtain the lower bound on the relaxed energy in the axisymmetric case ([9, Th. 1.1]) is the
following “area-energy” inequality

1
|(cof Du)es| < §|Du\2. (3.3)
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Let us recall briefly the proof of (3.3). Since e; Aey = e3, by using the properties of the cofactor
matrix and Cauchy’s inequality we find that

|(cof Du)es| = |(cof Du)e; A ea| = |(Du)e; A (Du)es|
1 1
< |ax1u||a$2u’ < §(|8931u|2 + |8962u|2) < §|D’U,|2,

where we recall that we are using the Frobenius norm of a matrix. From this proof we see that
there is equality in (3.3) if and only if

Opst =0, Op,u-0p,u =0, |0pu|=|0sul

The two last conditions mean that w restricted to the plane (e, e3) is locally conformal at
x = (x1,22,23).

The two previous paragraphs indicate that to construct a sequence showing the lack of com-
pactness in A7 with optimal loss of energy for £ we must construct a sequence such that both
cof Du,, and Du,, concentrate, and that inequality (3.3) becomes asymptotically an equality,
thus involving conformality. Note that, because of the axisymmetry, the only place where the
sequence can concentrate is the symmetry axis, as shown in [34]. To construct our recovery
sequence we will use the maps &, in (3.2). We can use spherical coordinates and see that &,
is given by

(Gn)p=1, (Gn)=0, (6,),=2arctan (ntan g) .

The important information is carried by the zenith angle (&,),. If we see the bubble as a map
from R? to S?, elementary geometric relations show that (&), = 2arctan(nr) where (r,0) are
the polar coordinates. However, we want to construct a bubble with values onto the sphere
S((0,0, %), %) since it is what is done in [16]. In that case, by using the central angle theorem,
since the origin of the sphere is at (0,0, %) we can see that we must take a modified sequence

(én)p =2- %COS((Gn)gp)y (Gn)g =10, (én)¢ = arctan(nr).

We also observe that the image of a disk of radius 1/n in the plane z3 = 0 by mg'(n-) is
the upper hemisphere of S2. However, the image of a disk of radius % in the plane z3 = 0 by

m5'(n?) is almost the all sphere S>. We arrive at the conclusion that the map near our set of
concentration should look like

(un)p = cos(un)y, (un)g =0, (uy), ~ arctan(n’r).

This is to compare with the construction of Conti-De Lellis, where (uy), = 2arctan(nr). This
latter map is not conformal because the sphere we want to use for the bubbling is not centred
at the origin.

Another difference in our construction is that we will require that w,, is incompressible near
the set of concentration. This is because we want to emphasize that the lack of compactness of
the problem is due to the Dirichlet part of the neo-Hookean energy and not to the determinant
part. Hence our construction is valid for quite a general choice of the convex function H.

For notational simplicity we set ¢ = 1/n for n € N with n > 1. From what precedes we can
understand that the following function plays the main role in the construction:

fe(r) := arctan (5%) + agg, 0<r<e, o, 1= arctan(e). (3.4)

Note that -
f(0) =0, f(e)= 5 and fI(r) >0 for allr

The first term in f.(r) may be interpreted as a function that stretches the disk {x € R? :
2?4+ 23 < €2, x3 = 0} onto the disk {y € R?: y? + y2 < 72, y3 = 1}, so as to subsequently
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FIGURE 6. Conformal transformation of an e-disk onto the sphere, via the stere-
ographic projection

wrap that disk (conformally, via the stereographic projection, see Fig. 6) onto (a very large part
of) the sphere S((0,0,3),1).

The function f(r) will correspond to the angle formed between the positive y3 axis and the
segment joining the origin with a point on that bubble. The correction term a.% in f.(r), which
is chosen to be linear for simplicity in the calculations, has the effect of wrapping the disk onto
the whole bubble (all the way up to f-(r) = ) and not only to the large part consisting of all

2
points with zenith angle between 0 and § — .. From now on, a choice is made of

1
0<y< 3 a fixed positive exponent.

3.2.2. Region c.. We start by describing our recovery sequence in region
cei={r} + 23 <0< 23 <1}
This is where concentration of energy will occur. In this region we use cylindrical coordinates

in the domain, that is, we write x(r,0,x3) =re, + xzes, 0 <r<e, 0<O<m 0<zg3<l1. In
most of the regions we describe u via its spherical coordinates, that is, we set

o sinug e () + ug cos u, es. (3.5)

ug(az(r, Q,mg)) = u "

In region ¢, we take

ui(ras) = ((cos (7)) +22°)" 4 - (r)))”?’, W) = (). (36)

0, (—cos f(r))

These equations may be regarded as a perturbation of u, = cosu, and u, = arctan(;’}), namely,
the equations of a bubbling sequence (see Fig. 7) from a disk of size € perpendicular to the
symmetry axis to the sphere S((0,0, 3), 3).

The complicated expression for uy, arises as a solution of the incompressibility equation. In-
deed, since in this construction uf, is independent of x3, from (B.3) it follows that

©
_ 1sin (£(7) £4()
3 r

det Du. (z(r, 0, x3)) Oy ((u‘;)?’) =1
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b) Axisymmetric deformed configuration
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¢) Close-up view of the stack of spheres

Ficure 7. Illustration of the deformation in the key region c., where the singular
energy originates. Even for the exaggeratedly large value of ¢ = 0.7 used for
these plots, the images of the disks B2(0,¢) x {x3}, taken at different heights x5
between 0 and 1, are almost indistinguishable. As & becomes smaller, the polar
coordinates €7 and 2¢7 of the deformed points A and B are increasingly small, and
the image of each of the disks resembles more and more the sphere S ((07 0, %), %)
The bubbling effect can also begin to be appreciated, since the angular sector
luy| < £5(1 4 earctan(e)) that is zoomed out in Figure c) comes from the much
smaller disks B%(0, Z5¢2) x {z3}. Correspondingly, when 0 < 2% + z3 < &2 the

huge tangential stretch 85:16 is of order £72, and the normal compression g’;; is

of order &*

The “initial condition”
UZ(T, $3) = COs (fs(r)) +27 at x3=0

departs from the bubble u, = cosu, only because of the small term 2¢7, which is added for
reasons of technical convenience that will become evident in the sequel (see, e.g., (3.21)).

3.2.3. Region al.. We call a. the region

al:= {(w1,z9,23) : ¥ + 23 + 23 < %, 3 < 0}.
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We parametrize this region by

z(s,0,0) = (1—s)g(p)er(8) + s(esinpe, (0) —ecospes), 0<s<1,0<f<2m 0<p< g,
where

g= : [0, g] — [0, €] is the inverse of the function f. defined in (3.4). (3.7)

Region

FIGURE 8. Schematic representation of the image of regions a., a’, c., e, and f

after the deformation u.. The parameter ¢ in the definition of u. corresponds
to the zenith angle in the deformed configuration

For each fixed 6, ¢ the parametrization consists of an affine interpolation (with parameter s)
between the preimage on the disk {r < e, x3 = 0} of the point on the bubble with zenith angle
¢ (which is determined by the function f(r) that characterizes the conformal mapping from the
stack of horizontal disks in region c¢. to the corresponding stack of “copies” of the bubble) and
the point on the sphere {r? + 2% = 2, x3 < 0} that (according to the eversion-type map u. to
be defined in region a.) will be assigned the same zenith polar angle ¢ (see Fig. 8).

We define wu. in region a. through its spherical coordinates

us (s, ) = ((cosgp + 287)3 - 3/

o=0

s 1
he(o, w)da) S u(s,0) =0,
with

he(s, ) == 5((1 - S)Z;(lfg + 85) ((1 — 8)g.(¢) cosp + s(e — g-(¢) sin go)). (3.8)

Derivatives of u.: they are given by

Osue = 8suf) ey(0,¢), Opu. = uz sinpey(d), Opu.= w“; e,(0,p)+ uf, ex(0,¢),
with
e,(0,¢p) =sinpe.(0) +cospes, e,(0,p) = cospe.(0)— sinpes.
We now prove that with this definition det Du. =1 in al.
Derivatives of the parametrization of the reference domain:

Osx = (esiny — ge(¢))e, —ecospes
Opx = ((1 — 5)g:(¢p) + sesin gp) ey
Dp = ((1 — 5)gL(ip) + se cos w)er + sesinp es.
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Using the formulae
Avia; N Azjaj N\ Agrpay, = (det A)ag A az A ag, e NegNez =1,
it can be seen that

esing — g-(p) —ecosy

1 — 8)g.() + s cos psesinp| sin p he (s, ).

Os N\ Og N\ Op = ((1 —5)g:(p) + sesincp) ‘(

Incompressibility: From the standard relation e, A ey A €, = 1 in spherical coordinates, it is
clear that

. 1 . .
Ostue N\ Opue A Opue = —(uf))zaguf) sinp = —588 ((uf))‘g) sin ¢ = he(s, ) sin ¢.
On the other hand, using that the Jacobian of a composition is the product of the Jacobians,
for F := Du.(x), we have that

Osu NOpu: NOpue = FOsx NFOpx NFO,x = det Du.-0sx ANOgx NOy,x = (det Duc)he(s, ) sin .

Therefore det Du.(x) = 1 for all @ € a.. For this, it is necessary to know that h.(s,¢) is
nonzero; this is proved in Lemma A.2 below.

The formula
1

—583 <(u2)3) sin ¢ = (det Duc)h.(s, p)sine
and the value of ug at the disk {r <e¢, z3 =0}
ug(r,0) = cos f(r) + 2&7

(which is prescribed by the construction of u, in the critical region c.) explain the definition of u,
in the region a.. Although the construction here is more elaborate, it is based on the technique
of using direction-preserving deformations developed in [35, 33| to solve the incompressibility
constraint. More precisely, this construction imposes that segments go to segments, which
makes the incompressibility equation easily solvable. Indeed, the incompressibility equation
when u® is direction-preserving only involves 8S(u§), so it can be integrated. Since we also
impose conformality, the component u,, can be recovered and, hence, the equation can be solved
explicitly for u.

3.2.4. Region a.. We set
ae = {(x1,x9,23) 1 €2 < x4+ a3 + 23 <1, 23 <0}
In this region we use spherical coordinates (p,0,¢), e <p <1, 0<0 <27, 7/2 < <7 in the

domain and we define u, in region a. through its spherical coordinates

1— 1

us(p. ) i= 12 ((cos(m o) + 27 =3 |

o=0

p—¢€
1—¢ (3.9)

1
he(o, @)da) Tt e?

ug(p,p) =1 —p

where h.(o, ) is the function defined in (3.8).

Regarding uj, it is an affine interpolation connecting, on the one hand, the radial distance at
the image of the interface between a. and a. (which is mapped to a “copy” of the bubble lying
slightly beneath it), and, on the other hand, the radial distance €7 at which all points on the
reference lower unit hemisphere are mapped to. By Lemma A.5 below, the a.e. limit of u. in
region a. is the Conti—De Lellis map.
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3.2.5. Region b. We recall that this region is described by
b= {psinge,(0) + pcospes : 1 < p < 3, g <p <7}

Here a slight modification with respect to the original Conti—De Lellis maps is in order since
in our construction we are now changing the scale of the spacings between the image of A(p =
1,23 =0), Blp=¢e,23=0), C(p=¢,z3=1), and D(p = 1,23 = 1) to &7 with v < 1/3 instead
of just e.

Working with spherical coordinates (p,#, ) in the reference configuration and cylindrical
coordinates in the deformed configuration, we first define the auxiliary function ¢, by

50.) = (o= 14 Va)sin (£17).

. p=1, s<ps<m
™
5(p, ) = €+ (p— 1+ V27) cos (‘”2> ,

The factor v/2 appears because, according to the definition of u. in region a., the image of A is
(¢7,0), whose distance to (0,£7) is v/2¢7. In region b we define u. to be

uc(2) = (=g, ()),
where 1) is any axisymmetric bi-Lipschitz bijection from
{(901,962,903) crf (23— 1) >2, 23<0, r <1+ !963\}

onto
{(xl,xg,xg) cx3<0, r<1+ |x3|} UB((0,0,0), 1)
such that
i) ¥(r,x3) = (r,xz3) on the half-line r = 1 + |z3|, z3 <0,
i) 9 (V2sin(@), 1+ V2cos(p)) = <sin (2(m = @)), cos (2(m — @))), <<,
iii) p=idin {z: r*+ (z3-1)2>8, 23 <0, r <1+ |x3]}.
The first two properties ensure the continuity of w. when passing from b to d. and to a,

respectively. When € — 0, we can check that the resulting map u. converges to the correct limit
map.

3.2.6. Region e.. The region e, is described by
el = {(v1,2,23) : 23 + 23+ (3 — 1)? < €2, x3 > 1}.

We parametrize this region by

33(8, 97 90) =e3+ (1 - 8)95(90)67”(9) + 5(6 Singper(e) + 8COSQ0€3),

0<s<1, 0<6<2m, O§4p<g,

where, as in region a., the function g. : [0, 5] — [0,¢] is defined by (3.7).

For each 6, ¢ the parametrization consists of an affine interpolation (with parameter s)
between the pre-image on the disk {r < ¢, 23 = 1} of the point on the (outer wall of the) bubble
with zenith angle ¢ (which is determined by the function f(r), according to the definition of ug,
in region c.) and the point on the hemisphere {r? + (3 — 1)2 = £2, 23 > 1} that (according to
the definition of the map in region e.) will be assigned the same zenith polar angle .



22 MARCO BARCHIESI, DUVAN HENAO, CARLOS MORA-CORRAL, AND REMY RODIAC

Define u. in region e. through its spherical coordinates

us, (s, ) =,

R o 3 3r § ;
upls: ) = <(COSLP 2 ar( — cos fs(?“)) ] r=g(e) 9 /cr:0 el go)do’)

with he(s, ¢) defined as in (3.8). Note that, with this definition, u. is continuous at the interface
x3 =1, 0 <r < ¢, between this region and region c..

3.2.7. Region e.. Region e. is given by
e. = {es + psinpe,.(0) + pcospes: e<p<1l, 0<p< g}

We define u, in region e. through its spherical coordinates

1— —
- gusp(s, )+ LE(Q cos ¢ + 6e7),
3r

1—

1

1 3

N A +3/ he(o,p)do |,
O (= cos f(r)) r—a() =0

the function h(o, ) being defined in (3.8). Note that, with this definition, u. is continuous
at the interface 23 + 23 + (z3 — 1)? = &%, x3 > 1 with region e.. Also, from the relation

(a3 + b3)% < a+b, valid for a,b > 0, and Lemma 3.13 it can be seen that

us(p, ) =@, uy(p,p) =

us (e, ) = ((cosgp +2e7)3 +

ugy (e, ) < (cosp +2e7) + 4e3 < cos p + 67, (3.10)

hence u (-, ) is an affine interpolation between u (e, ¢) and a value (at p = 1) that is strictly

larger (even when cos ¢ = 0).
3.2.8. Region f. This region can be described by
f={es+ psingpe,(0) + pcospes : 1 < p, 0 < p < g} N B(0,3).

Let u,(p, @), up(p, p) be the spherical coordinates for the limit Conti-De Lellis map. Recall
that in region f this map is not uniquely determined; nothing is imposed on the sequence
producing u apart from the image region, the continuity across the interface with region e, and
the bi-Lipschitz regularity. Our aim is to prove the upper bound of Theorem 1.2 regardless of
the specific definition chosen for the limit map w in region f.

Define u,. through its spherical coordinates

ug(p, ) = up(p, ), uy(p, p) = up(p, ¢) + 6.
Note that when p = 1 the radial coordinate

uy(1,¢) = uy(1,) + 67 = 2cos ¢ + 67

coincides with the definition given in region e;.
3.2.9. Region d.. Region d. is given by
de ={2? + 23 >¢e? 0<ax3<l1}).
We use cylindrical coordinates in the domain in this region. The definition of u. must match
the definition already provided in regions ac, b, c., €., and f.
e On the interface between d. and b, the deformation u. is already prescribed as:
er(0) —es

r>1 = wu(re(d) =ce(0)+(r—1) V2
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e On the interface between a. and d., the deformation is prescribed as:

e<r<1 = ug(rer(ﬁ))—(1:;(25‘7)—1—57::2)@,(9).

e On the interface between c. and d., the deformation is prescribed as:

1/3
0<z3<1 = wu(ce(0)+a3e3)= <(2€7)3 + 23 - fii)) e (),

where

64 E—«

f@=2-g5-— =2+00):

e On the interface between e. and d., the deformation is:

1—7r r—e

e<r<1 = uc(es+re () = et T - 6e7,
with
; ;
T 3r 3¢
= D= (e —2 ) = e+ -
Y P( 2) <( ) sin fe(r) fL(r) r=5> <( ) fL(e)

This relevant quantity 7. is of order €7 and we recall that we chose v < 1/3.
e On the interface with f, the deformation is prescribed to be

r>1 = ug(egwer(a)):(up(r,g)wa) e (0).

The map shall be defined by composing three different auxiliary transformations. The first
one is given by

(r—e)r

F=q e —¢

T, r> e,

< g2
, e<r<e, (3.11)

After this transformation the radial distance lies in the same interval (0, +o00) for all €. Note also
that # = €27 when r = €27, so that 7 is continuous as a function of . The decisions to take it
quadratic in r, and to separately study the range ¢ < r < €27, are to control the determinants, as
will be seen in Section 3.3.8. The second transformation is the fixed axisymmetric bi-Lipschitz
map g used in section d; see Section 3.1. The third transformation is

w:(se (0) + ze3) = wi(s,z) e (0) + wi(s, z) es (3.12)
given by ( )
wi (s, 2) = we(2) + 5 sin (p(2)), : T E
wi(s, 2) = —s cos ((2)), with  ¢(z) := Z(l + g) (3.13)
Set

u.(re,(0) + z3e3) = w. (g(fer(Q) + 3 63)) = w;.(s, z)er(0) +ws(s, 2) es,

where s = s(7,x3) and z = z(#,x3) are the cylindrical coordinates of g(7e,(f) + z3e3) and
7 = 7(r) is that of (3.11). The function w, in (3.13) is chosen such that u. takes the prescribed
values on the interfaces with b, a., c., e, and f. To be precise, since g is affine in the segments
joining the points A'(f = 1,z3 = 0), B'(f = 0,23 = 0), C'(# = 0,23 = 1), D'(7 = 1,23 = 1),
then

we(0) =¢7, we(l) =27, we(2) =1, we(3)=06¢e,
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and
£(267) + (1 €)e7, 0<e<t,
(27) 3e \V? 1 2
—1). <e<
(e ) rsess
(& - + (3 —¢)-(67), 2<¢6<3.

Note also that, since s(7,1) = u,(7, g) by (3.1) and 7 = r when r > 1 by (3.11), then
us(re,(0) + xzez) = (667 + u,(r, g))er(e), r>1 x3=1,

as desired (so that w is continuous at the interface with f). Analogously,
r—1 r—1
e (0) — ——

as desired for continuity across the interface with b.

ue(re.(0) + zzes) = (7 + e3, r>1, x3=0,

The deformation u. depends on € through w.(§) and through 7 = ( ) for e <r <e?.

3.3. Computing the limit of the energies of the approximating sequence. In this sec-
tion we compute the limit of the energy of our approximating sequence. We divide our analysis
into the several different regions.

3.3.1. Ezxtra energy in c. is 2m. The key estimate is that of the energy in this region, since
it is where the singular term of the energy completely originates. Since w. maps all discs
B?(0,¢) x {3} onto essentially (see Fig. 7) the sphere S((0,0,3), 1), it follows that for every
fixed 0 < z3 < 1,

1
cof Du|dH? ~ H?(S((0,0, =dr - (=) = 2.
/32(05)><{x3} £| < (( 2) 2)) (2)

By integrating with respect to x3, recalling that the normal contraction 8;;5

is negligible (see
Fig. 7), and using that
ou: Oug

A
8.%'1 8:62 ’

Oou,

Oou, |2 Ouy |2 2 | Ouc? Ouy |2
ox1 0xo - 01 Oxa

it follows that the Dirichlet energy [ |Du.|?*dz cannot be small in c..

Duf* = |

a:Eg

Proposition 3.1. Let u. be as in (3.5). Then

lim [[Duc|* + H(det Du.)]dx = 27.
e—0 Ce
Proof. First we notice that in the region c. we have that det Du, = 1. Hence fcs H(detu.) =

H(1)|ce| — 0 as ¢ tends to zero. Then, using (B.4),we observe that the above is equivalent to
proving that

1 €
: Lo
e11_1)]((1) /903 o/rzo [r!@ruff + r\ui@rufo\Q + ;]uf, smufol2 +r\8z3u§\2}drdx3 =1 (3.14)
—_— T
=1 =TI =111

We remark that our map satisfies dp,u® ~ 0 and [9,us|* + [u50,us|* ~ [us sinug,|*/r which is
due to the conformality of u. in the planes orthogonal to e3. Half of the energy will come from
I and half from 1. The contribution of I71, as will be shown, is negligible. More precisely, the

claim follows by combining (3.14) with Lemmas 3.2, 3.4, and 3.5. O



LACK OF COMPACTNESS IN THE AXISYMMETRIC NEO-HOOKEAN MODEL 25

Lemma 3.2. Let ug and ug, be defined as in (3.6). Then

1
. 2 2
ig%/wg o/r 07"\3 G|+ rusdrug | “drdrs = 7

The proof consists in establishing 9,uf, ~ O (cos fo(r)), upOrug,
is defined in (3.4), and in using the following result.

cos fe( ))fé(r), where f.

Lemma 3.3. Let f. be defined as in (3.4). Then
€

1

: ! 2 _ -

&115(1) r:OrfE(T) dr = 5

Proof. By using that a. = arctan(e) < e we can write that

2 _2
5 € 1+e 1 2 4
[ rtrar= [ 7+ 2| s = / [ . ] = qu
r=0 r=0 | 1 + 'y € u=1 U € 2
1 e 1 _ea ) 1
- — du| = = ZIne|).
=3 [/ u2+ " u 2+O(5 nle|)

O

For notational simplicity we will drop the subscript and superscript € in the proofs of the

following results. In the proof of Lemma 3.2, use shall be made of the following expressions.
First,

O (up)® = 3(cos f(r) +267)%0, (cos f(r)) + z30, [&(—ci)w] .
Or (u})

3.2+ it follows that
P

Second, since O,u, =

ol
cos f(r) +2e7)? "9, (—cos f(r
Oruy = (cos J( )2+2 i Oy (cos f(r)) + 3 [8T( I ))]

2
up u

(3.15)

Proof of Lemma 3.2.
Claim 1:

hm/ / 7|0pu,|? drdas = hm / r(sin? £(r)) (£ (r))*drdas.
€20 Jz3=0 Jr=0 23=0 Jr=0

In order to prove this claim, we begin by applying the relation a? — b? = 2b(a — b) + (a — b)%:

1 €
/ / r|0pup|* — r(sin® f£(r)(f'(r)* drdas
$3=O r=0

/xg o/r 0 r(cos £(r)) <8 up — Or(cos f(r )))d?“dx3
/:C3 o/r 0 aup Oy (cos f(r ))>2d7"d333~ (3.16)

From (3.15) it follows that

Oray = 005 (1) = 0= cos ) [1 = CRLOEET pog (o T )

2
Up
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The first term can be estimated via the relation

9 9 a3 _ b3
a —b = (a—i—b)(a—b) = (a‘i‘b)m,
yielding

3r
€T3 - Or(—cos f(r))
u 4 up(cos f(r) +2e7) + (cos f(r) +27)%
(3.18)

ui — (cos f(r) 4+ 2e7)? = (up + (cos f(r) + 257)>

A first conclusion is that the expression on the left-hand side of (3.18) is positive since 0 <
f(r) < 5 and — cos f(r) is increasing. Second, since 9,(— cos f(r)) > 0, it holds that

2
cos f(r) + 27 < up. (3.19)

Therefore, bounding u/% + uy(cos f(r) +2¢7) + (cos f(r) +2¢7)? from below by u , it can be seen
that

(cos f(r) 4 2£7)?

2
Up

|0 (= cos f(r))| |1 -

3r

-2 -2 -3

< Or(—cos f(r)) - u,” - (2up) T, m < 67“up . (3.20)
Putting together (3.17), (3.20), and Part c¢) of Lemma A.1, the following bound is obtained

(for small enough ¢):

|0y, — Oy (cos f(r))] < 67'u + 64\[u (67‘u + 64V/2).
Thanks to (3.19) and by observing that
up > 267 > 2e > 2r (3.21)

we find |9,u, — Oy (cos f(r))| < 25e727. Plugging that into (3.16), and using Part b) of Lemma
A.1, the conclusion is that

1 € €
/ 0/ 0r|8ruf)|2 —r(sin® f(r))(f'(r))? drdzs| < 256727 -12¢%|Ine| + 252847/0 rdr,
r3=0 Jr=

1

which vanishes as € — 0 since 0 < v < % < 3.

Claim 2:

hm/ / 7|u, 0 u@|2drdx3 = hm/ / r(cos® f(r)(f (r))?drdzs.
89’02307"0 x3=0 Jr=0

In order to prove this claim, we first observe that

/1 /6 r]up&«u@]Q — 7“(0052 f(T))(f/(T))Zdel‘g
x3=0 Jr=0

2_
/363 0/r . ]up\ coS f( ))drdxs
/ / ]up|2 (cos f(r) 4+ 2¢7)?)drdas
xz3=0 Jr=0

£

+ 47 /E rf’(r)2 cos f(r)dr + 4827/ rf’(r)er.

=0 r=0
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By Lemma 3.3, and considering that 0 < cos f(r) < 1, the last two terms are bounded by
4€7 4 4e¥ and vanish as € goes to zero. As for the first term, by (3.18), (3.19), and Part a) of
Lemma A.1,

3r
2up-x3-7
3(cosf(r))
2 2 T —1 —27_4 2\3/2
u? — (cos f(r) +2¢7)% < Z40+0 < 6u, 272 0¥

<67 e (262)%2 = 12V/2e1 7.
The claim follows by combining the above with Lemma 3.3.

Conclusion: By Claims 1 and 2, together with Lemma 3.3,

1 €
lim/ / 7"|8ruf)|2 + r|u;8Tu;|2drdx3
=0 z3=0 Jr=0

= lim /x::O /;OrsiHQ flr) f/(r)2 + 7 cos? f(r) f’(r)er = %

e—0

Lemma 3.4. Let ug, and ug, be defined as in (3.6). Then

1 S| 1
lim/ / —|ug, sin u;]Zdex?) = _.
e—0 x3=0 Jr=0 r 2

Proof. Writing u, as cos f(r) + (u, — cos f(r)), the integral expression becomes
1 € 1 G |
/ / ~|u, sin u,|*drdzs = / — cos? f(r)sin? f(r)dr
x3=0Jr=0T r=0T
1 |
+ / / - {2 cos f(r) (u, —cos f(r)) + (u, — cos f(r))2] sin? f(r)drdzs.
13:0 r=0

By (A.1) the first integral is given by

€ € 4 4
1, . 9 gtrdr € 0 501
- dr = = — —.
[ oot seysint poar = [ = [
Regarding the second integral, we use the relation (a — b)(a? + ab + b?) = a® — b3:

3r
€3 - Or(— cos f(r))
u2 4 up(cos f(r) + 2e7) + (cos f(r) +2e7)%

up — cos f(r) =27 +u, — (cos f(r) +2e7) =27 +

Part a) of Lemma A.1 and (3.19) yield

\/E 1727‘

u, — cos f(r) < 267 4 (267) 7272t +r2)3/2 = 267 4 €
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Hence, by using that v < 1/3 < 1/2, we arrive at

/ 0/ o 2cosf r) (up — cos f(r)) + (u, — cos f(r))ﬂ sin? f(r)drdzs
\2551—27) + (2 S \[ el 27) ] /r . :: sin? f(r)dr

154
2
= [0(e") + O] / ﬁdr =90,
S

<[22+

r=0 64

=In(14e—2)

©) and ug) be defined as in (3.6). Then

21_1}[1)/% o/r Orlamup] drdxs = 0.

Proof. We start by observing that 0,,u, = 3u,%0,, (u3) = u;?————. By (3.19) and Part

L P Yo 8,«( cosf(r))
a) of Lemma A.1,

Lemma 3.5. Let u,

1 5 5
/ / |0y Pdrda; < / Pl(267)72 - 26~ 2(eh 4 1232 2dr < 40 =Y .
r3=0 Jr=0 r=0 ~—

<2¢2
O
In the rest of this section we will prove the following
Proposition 3.6. Let u. be the recovery sequence defined in Section 3.2. Then
lim [[Duc|* + H(det Du.)] de = 0 (3.22)
e—0 alUe’
and
lim [|Du5|2 + H(det Du.)| de = / [|Du|2 + H(det Du)]| da. (3.23)
=0 J g UbUd.Uf aUbUdU f

We remark that all the regions involved in the previous proposition are disjoint. Thus we will
work separately in each of these regions.

3.3.2. Extra energy in a. is negligible.

Proof of (3.22) in a’.. We first observe that, since in this region det Du. = 1 we have that
fag H(det Du.)dx — 0 as € tends to zero. The proof is then obtained by dealing with the
Dirichlet energy and by combining inequality (3.25) below, the bounds for the partial derivatives
in Lemma 3.7 and the integral estimates of Lemma 3.8. (I

Inverse of the parametrization of the reference configuration

Using Lemma A.2 and, e.g., Ball’s global invertibility theorem [4] (considering that (s, -, ¢) —
x(s,-, ), seen as a map to R?, is one-to-one on the boundary of [0,1] x [0,% — 4] for every
small §) we obtain that the parametrization of the reference domain (excluding ¢ = 7, which
collapses to the circle {r = ¢, x3 = 0}) is a diffeomorphism and that s, 6, and ¢ can be obtained
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as functions of « in the interior of region a.. Inverting the coefficient matrix for dsx, dpx, O,
in the basis (e,, eg, e3) we find that
ssinpe, — ((1—s)e g/ (p) + scosp)es

(1= 35)g' () cosp + s(e — g() sinp)

1
—e
(1 —5s)g(p) + sesing
Vo = cosp e, + (sinp — e 1g(yp))es (3.24)
(1= 5)g' () cosp + 5(= — g(g) sing)

The Dirichlet energy: Based on the representation

Vs =

)

Vo =

05

Du, = 0su. ® Vs + dgu. @ VO + O,u. @ Vo, |Du.|> = tr DuaTDus,
it follows that
|Duc|? = |Vs|?|0sue | + 2(Vs - V) (Osue - Opus) + | VO [pus|* + | V|| Opuc|?

= |Vs?|0sus|* 4+ 2(Vs - V) Osuso,us + VO |us|* sin® o + [V ([us® + |0pu5 )

< V21055 | + 2(| V5110565 ) (I |05 ) + [VOR|us ? sin? g + [V 2(|Jug 2 + [0,05]).
Cauchy’s inequality then yields that

|Du|? < 2|Vs|*05us|* + VO] s sin® @ + [Vl *(Jus |* + 2]0,u5 ). (3.25)
Note also that . .
Du.|?dz = 27 ’ Du.|*h. s, ) sin pdeds.
¥
al 5=0 J =0

Estimates for g. and h.

In order to estimate the partial derivatives of uy, it is important to control first the derivatives
of the functions g. and h. that appear in its definition. This is the object of Lemma A.2 in the
appendix.

Estimates for uf)

Lemma 3.7. For all p € [0, 3], all s € [0,1], and all positive € such that 272 < ﬁ,
1 _
Z(Coscp +2e7) <wgp(s, ) <cosp+2e7 <2, [Osup| < Ce27% cos o, |0pu,| = O(1).
Proof. Since, by Lemma A.5,

ITV2

3 g”cos p,

/U1 h(o, p)do

=0

<

then

V2 5

9
(cosp +287)3 > ug (s, ©)® > (cos g 4 2¢7)3 — TV =2 cos P.

If 27 < cos ¢, then

7 7 9/ 2
5 cos? o > 5527 > 72[82
and
7 3
uy (s, @) > cos® p — 3 cos? @ - cos p > (2 cos go) .
Consequently,

> —(cosp +2¢7).

|

1 1
U;(S, @) > 5 Ccos p = §(cosgp + 257)@

cos ¢
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If 27 > cos ¢,

9m\/2 9m\/2 1\*
up(s,)° = 867 — ”2‘[52 267 = 8¢3/2 <1 - 72[5“’Y> > ((2\@) : 2) .

Therefore,
1 1 1
ugy (s, ) > i(cosap + 267)% > Z(cosgo +2e7).
Regarding Oy us,
272 .
80,u; = (u5) 20, ((ug)*) = =3 <COWU+5) sin g — 3(u5) 2 / D:hlo,¢)do
P o=
<42 =0(e)

Since ) )
(uf,)2 > P(cosgp +2e7)? > 1527,

and v < % < %, the derivative d,ug, is bounded uniformly with respect to e.
The estimate for the derivative with respect to s is now straightforward:

3mV2 2 (o ©

30wur] = |(ug) =20, ((w5)*) | <3 —25

5 < Ce?? cos .
rk

Integral estimates for Vs, V6, and Vo

Lemma 3.8.

/, IV|?dz = O(?|In¢]), /, (ecos )?|Vs|> dx = O(e|Inel),

e

and / VO sin®p dz = O(e|Ine)?).
a;

Proof. By (A.5) and Lemma A.6, the modulus of the numerator in (3.24) can be estimated by
lcos | + [sin g — e 1g(p)] = [cosip] + |71 (e — g(9)) — (1 — sing)| < e 1(e — glp)) + 2co8¢

=IO 71— g,

<eMe—yg(p)+6 M} <

max{e,

Therefore, by Lemma A.5, for all ¢ € [0, §] and s € [0, 1],

49e7%(e — g(p))? .
[(1—5)g'(¢) cos + s(e — g(¢p) sin p) |2

. 5( (1- s)sgl(ig + ss) ((1 —5)g' (¢) cosp + s(e — g(p) sincp))

IVo?h(s, ) <

S:/,is
< C(e —g()? '
T (1=5)g(p)cosp + s(e — g(p)sin )
Hence, by Lemma A.9,

™ ™
1 2

[ [ 196l singdsde < [7 €= gle)? | neldg = O ne))
=0 Js=0 =0 S=——~—

<e?
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As for V0, observe first that

1 —9)d'(¢) cos s(e — sin
|V9|Qsin2<ph(5,¢) sinp = 6<( )9 (¢) ¢+ s(e —g(p) @))

(1= )52 + se o
By Lemma A.6,
Cemin{i, —£<1¢/(p) cos
IVO|%sin? ¢ h(s, @) sinp < te <p)} (o) cosp

(1- )an )+ se
Case when g(p) < &%

: calling r := g(¢p), it is easy to see that

, 1 9 v, ¢ g2 g2 g2 .
g(p)=—Z—-- <2 and g(p)= g (t)dt = —dt > S > —sing.
T2 + ?E t=0 t=0 2 2 2
Hence
1 ) ) 1 02’52 62
Vo|* si h(s,¢)sinp < <C Ine| = O(g|Ine|).
[ ot ehs.g)sing < [ oS < €S ne| = O(elne))
Case when g(p) > €% here ¢'(¢) < 2 2. Also, applying Lemma A.7 with
a:g,(@), b=¢, M=g¢,
sin ¢

it can be seen that

1 2
/ |VO|%sin? ¢ h(s, @) sinpds < o -2% cosp-e !
s=0 r e

1
|Ine| = Ct\lnd.
—€ €

£ )

Integrating now over ¢, changing variables to t = 242, = f (st>'

1
/ / (V0% sin? ¢ h(s, @) sin pdsdp < C|Ine|
o=f(e?) Js=0

t=¢

1
tf <5t) edt < Ce|Inel?
——
<2t—2
Finally, for the result for Vs note that
Ce? ( sin? o + cos? o + e 72|¢ (¢ ) 5( Smﬂ + se)
(< cos )2 Vs|?h(s, o) sin <

2
(1= 3)g/ () cosi + =~ gl sin ) oy
Ce?cos? ¢

T (1=s)g(p)cosp +s(c — g(p)sing)

By Lemma A.9,

s 1 ™
/2 / (e cos ©)?|Vs|*h(s, p) sin g dsdyp < 052/2 MHns]dgp
=0 Js=0 @:05—9( )

2

3 - f(e?) 3 2
< Ce?|Ine 6—g()dgo < Ce¥|Ine| / 52dg0+/2 %dcp .
¢=0 max{e, £ }2 0 £(2) 9(#)

For the last integral, change variables to t = (

_g;pa@:f(et):
z 2 1 1 9
/ ——dp = / t72f(et)edt < 2¢ / t74dt < e
f(e2) 9(90) € €

3
and the conclusion follows.

—

31
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3.3.3. Ezxtra energy in a. is negligible. In this section we prove the part of Proposition 3.6 relative
to the region a..

In order to prove this proposition we first deduce an integrability property of the function H
implied by the assumption that F(u) < +o0o. Indeed, using (B.1), the following expression is
obtained for the Jacobian of the limit map:

Opup  Opuyp
Opup Oyt

2 .
Up S U

det Du = = (1—p)*p2cos’ . (3.26)

p?sin p
Lemma 3.9. Let H be as in the statement of Theorem 1.2. Then,

/ H(s)s™%?ds < oo.

Proof. First note that the convexity assumption of H together with the growth (1.1) implies
that there exists § > 0 such that

1
H is decreasing in (0, ) and increasing in ( 5 +00). (3.27)

Let u be the Conti-De Lellis map as in Theorem 1.2. By assumption (1.8),

oo > /H(det Du)dx > / H(det Du)dx

{cosga>% A p<%}

1 cos p=1
= 27r/2 / H((1- p)2p~2 cos? gp)p2d(cos ¢)dp
C

0s ap*f

_ / : / p)2p2t%) p2dtdp.
t_,

At this point we observe that (1 p) 2p=213 > 275p72. In the above integral, we keep only
those values of p such that 275p=2 > 1 5, i.e., p < 4/0/32. Since, by (3.27), H is increasing in
(%,+00), it follows that

5/3 \/6/32
00 > 27r/ ) H(2%p %) ptdtdp = 7r/ H(27%p~2)p%dp.
t=1 p=0

Changing the integration variable to s = 2_5p_2 yields
00 >/ H(s 73/2ds

This finishes the proof since in [1, 3] the function H is continuous (hence bounded). O

Lemma 3.10. Let us suppose that € is sufficiently small so that £2(0—7) < g Then, for all
0<p<3

1 3
<(cosgo 4 2¢7)3 — 3/ h(o, <p)da> > cosp+e.
o=0
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Proof. By Lemma A.5,

1

912

(cosp +2e7)3 — 3/ (o, p)do > (cos @ + 27)3 — 772\f€2 Ccos

o=0
9mV/2
> (0053 @ + 667 cos? p + 1267 cos ¢ + 8637) - 7T2\f€2 Cos ¢
9/ 2 2
= (cos @ + £7)% 4 3¢7 cos® p + F2\f627 (\7{ — 2077 cos p + 75;7 .
>0 — >

>0

O

Lemma 3.11. Let u. be the recovery sequence of Section 8.2 and uw the Conti—-De Lellis map.
Suppose that € is sufficiently small so that €2(1=7) < ? Then

det Du®(x) > det Du(x) for all x in region a.

Proof. The same calculation as in (3.26) gives

det Du. = p~2(u3)*d,us,. (3.28)
By Lemma 3.10,
1 ! 3
Opuy, = T ((COS(?T — ) +27)3 — 3/ h(o, go)da) —&V | > —cose. (3.29)
>1 o

Regarding (ui)z, using again Lemma 3.10,

ug, > —P (cos(mp) +€7) + 67? > —(1— p)cosp. (3.30)
—€ —€
—— ——
>(1-p) =0

Combining (3.28), (3.29), and (3.30) it can be seen that
det Du, > —(1 — p)?p~2 cos® p = det Du.

Now bounds from above are needed for det Du,.

Lemma 3.12. Suppose that € is small enough so that % < 2. Then, for all p € (g,1),
9 € [0,2n], and ¢ € [5, 7],
det Du. (z(p, 0, ¢)) < 2072,

Proof. From (3.9) it can be seen (since h > 0) that

1—0p p—¢
[us,(ps )| < 17—5(1 +2e7) +¢7 1

< (1+2¢7).

On the other hand,

1 1 g
Opus L (((cos(w — ) +267)% — 3/ h(o, cp)da) — £7> < Ltz :

P 1—c¢ N — -0 1—¢
<1
Plugging both into (3.28) the desired upper bound for det Du. is obtained. O

We are now ready to prove the part of Proposition 3.6 relative to the region a..
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Proof of Proposition 3.6 in a.. We start with the Dirichlet part of the energy. Since wu is given
in spherical coordinates in this region we use (B.2). By direct computation we can check that
Xa. Du: — XoDu pointwise. Furthermore using that h(s, ) = O(g?) from Lemma A.5 we can
see that |0pufl, [uz0,ug|, [uf sinug| are uniformly bounded in the region a.. Now, using the
same computation as in the last item of Lemma 3.7 we also obtain that |9,u| is uniformly
bounded. We can thus applied the dominated convergence theorem to obtain the convergence
of the Dirichlet energy in this region.

We then deal with the determinant part of in the energy. Combining the bounds for det Du,
from below and above one obtains

H(det Du.(x)) < C + H(det Du(zx)) + H(2p™?),

the constant C being C' := max{H(J) : § < J < 1/6}. In order to use the dominated convergence
theorem it suffices, then, to show that H(2p~?) is integrable. We just note that

1 ™ 1
/H(Qp_Q)dw = 27r/ H(2p™2)p*d(— cos p)dp = 27r/ H(2p™2)p%dp.
a p= p=0
Changing the integration variable to ¢ := 2p~2 and using Lemma, 3.9,

/ H(2p %) dx = 2v2r | H()t™°/?dt < .
a t=2

O

3.3.4. Ezxtra energy in b is negligible. Here we prove the part of Proposition 3.6 concerning
region b.

Proof of Proposition 3.6 in b. We start with the Dirichlet energy. Since in this region u. =
e"p (e7¢.(x)) we find that Du.(x) = Dip(e V¢ (x))Dp.(x)). From this and the expressions
of ¢, and 1 we can see that Du. — Dwu almost everywhere in b. Since %) is bi-Lipschitz and
|D¢.| < C for £ small enough we can apply the dominated convergence theorem to get the
convergence of the Dirichlet energy.

For the determinant part, as in Subsection 3.3.3, we start by deriving an integrability property
of the function H in Theorem 1.2. We can compute that the Jacobian of the limit map is

(p—1)7sin (£47) _ (p—1)?
2p? sin ~ 4p?sin £’

det Du(p, ) =

We know from (3.27) that H is decreasing in some interval (0,9). Since

(p—1)°

>17 )
p=> Vo

gggpgﬂ = detDu <
it follows that

(p—1) (p—1)
N § = H(det Du) > H(W>

Hence
00 > /H(det Du)d / / H(det Du) - 1 - sin pdedp
b p=
(P v 2
> 27 sin pdpdp = 27 H(t?) - \/2v2dt,
o 1>2 <6} Jp==1 =0

2

which yields that the function t + H(t?) is Ll( 0,1 ) This is helpful in what follows.
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Now we estimate H (det Du.). In the region p > 1 + /27 we have that

u:(x) = SVid(s_quE(m)) —clez+ (p— 14 V27) ((sin 7 ;_ 7T)e,, + (cos 7 ;— F) eg).

Hence

-1 2e7)2

det Du, = (p 2+,\/;€ ) .

4p=sin 5

On the one hand, det Du.(x) > det Du(x) for all  in that region. On the other hand,
2+ v/2e7)?
1<p<3, Eggpgﬂ - detDuggMgg
2 4-12. ?

for small . Therefore,

H(det Du.(x)) < maX{H(det Du(x)), max H(J)}

6<J<2
and, by dominated convergence,
/ H(det Du.)dz =3 / H(det Du)dz.
bN{p>1+1/2e7} b
In the region 1 < p <14 v2e7:

(p—1++2e7)?

4p? sin £

det Du.(x) = (det(Dw)@_W(/—"s(x))) '

SO

— 7)2 _ v\2
(p =1+ 2e7) < det Du.(x) < (maxdet D)) (p—1+v2e) .
4(1++2e7)2 -1 4'12,§

Since p — 1 4+ v/2¢7 < 2/2¢7, for e small enough, det Du.(x) lies in the region where H is
decreasing and

(min det D) -

i D
H(det Duc(2)) < H(C?(p— 1+ v27)?), with C? = W.
Consequently,
/ H(det Du.)de < 27r/ H(Cz(p -1+ \/587)2) / 32 sin pdpdp
{1<p<1+v2e7} {1<p<1+v2e7} =2
2207
= 187T/ H(t%)dt,
t=0
which vanishes as ¢ — 0 because ¢ — H(¢?) is integrable in (0,1). O

3.3.5. Extra energy in el is negligible. We prove here the part of Proposition 3.6 concerning
region e, and in particular (3.22).
We start with the following.

Lemma 3.13. For all ¢ € [0,5], all s € [0,1], and all € sufficiently small,

9mv/2 3
cosp + 27 <y, < ((cosgp +27)% +12v/2¢ + 772\f52 cos go) P <2, (3.31)

|Osug| < Ce* P cosp  and PR Ce™2, (3.32)
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Proof. The bounds for u;, can be obtained using Lemmas A.1.a) and A.5. The bound for dsu,
is proved exactly as in Lemma A.5. Regarding 0,u5,

T\ 2
30,5 = (u5) %0, ((u5)?) = -3 (C"S*p”8 ) sin

€
Up

<1 by (3.31)

S

wE) 2 3r / uE) 2 o o
+ () [37" (ar(-cosf(n))Lg(@g“”)+3( ) oy e

=0(¢) by Lemma A.5
The claim (3.32) follows from u, > 2¢7 (see (3.31)), Lemma A.1.c), and Lemma A.4. O

Proof of Proposition 3.6 in e.. We note that in this region det Du. = 1 and thus
/ H(det Du.)dx = O(?).
et

We deal with the Dirichlet energy. First, the parametrization of the region in the reference
configuration is equivalent up to a reflection (changing the sign of Vi but not its magnitude)
to the parametrization of the region a.. By (3.25) and Lemma 3.13,

/ ]DuE\QdmgC’s‘l(;_W)/ (5cosgo)2\Vs|2+4/ \V9251n2cpdw+6'5_47/ |V|? de.
L —Je o e

The estimate for [ |Du.|? in this region now follows from Lemma 3.8, which can be applied in
region e, thanks to a reflection argument. (I

3.3.6. Ezxtra energy in e is negligible. We show here that the neo-Hookean energy of the recovery
sequence in region e, converges to the neo-Hookean energy of the limit map in region e, cf. (3.23)
in Proposition 3.6.

Before doing the proof of this fact we start by stating some integrability properties of the
function H in Theorem 1.2.

Lemma 3.14. Let H be as in the statement of Theorem 1.2. Then,
1 00
/ H(s%)ds < 0o and / sT2H(s)ds < co.
0 1
Proof. We remark the expression of the Jacobian of the limit map:

2
us0,u
detDu:% (1+p)2p 2 cos? .

It vanishes as ¢ — 5~ and goes to infinity as p — 0% (and cos ¢ remains away from zero). The
neo-Hookean energy of the limit map is being assumed to be finite, so

oo>/H (det Du) dzc—27r/ / 1—|—,0 2 cos gp)p sinpdepdp

L= / / H((l + p)2p_2t3> p? dtdp.
=C0s5® Jp=0Jt=0

(6/16)1/3

1 1 1
/ / H((l + p)2p_2t3) p?dtdp > / / H(16t3) dtdp
p=0Jt=0 p=3 Jt=0

2

Note that
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because if 3 < p < 1 and ¢t < (6/16)'/3 then

(L+p)2p72 < (14 1)2(1/2) 2 < 6

and in (0,0) the function H decreases (see (3.27)). The integrand is now independent of p and
changing variables to s = 16'/3¢ yields the integrability of H(s) near zero.
Regarding the integrability at infinity, it was already established in Lemma 3.9. |

Proof of Proposition 3.6 in e.. For the Dirichlet part of the energy we use spherical coordinates
and formula (B.2). We note that

[ P

8T(_ Cos f(r)) r:g((p) f/(g(gD)) Sin SD

We can compute Du. and use that h(s,p) = O(¢?) and Lemmas A.4-A.5 to prove that Du. —
Du pointwise and that |Du.| < C in e.. Hence, from the dominated convergence theorem we

obtain the convergence of the Dirichlet energy.
For the other part of the energy, using (B.1), one obtains the Jacobian determinant for w.:

_ r
det Du. = p 2(u;)28puf, =1-F 2(u;)2(2 cosp 4 667 — us (e, ©)). (3.33)
Note that
(1+¢€)cosp <cosp+e <cosp+ 27 <ug(e, p),
S0
_ _ 1-— 14 p—¢ €
up(p,p) = (1 + p) cosp = 17—5((1 +¢)cosp) + 17_5(2 cos ) < ug(p, ).

Using now (3.10),
1 1
det Du. > 17p_2(up)2 cosy = T det Du > det Du.
—€ —c

Now a bound from above is needed for det Du.. Plugging (3.10) along with the lower bound
us (e, ) > cosp into (3.33) yields

1
det Du(m(p, 0, gp)) < lip (cos w427 + 45%)2 ( cos p + 657) < 2p2
for every p and ¢ (provided ¢ is sufficiently small).

These bounds, with exactly the same proof of as the part of Proposition 3.6 relative to region
ae, gives the desired conclusion:

hr% H(det Du.)dx = /H (det Du)de.

€e

O

3.3.7. Ezxtra energy in f is negligible. We now deal with region f and prove Proposition 3.6 for
this region.

Proof of Proposition 3.6 in f. It is direct to see that, in region f, we have Du. — Du almost
everywhere and |Du.| < C(]Du|? +1). Then by dominated convergence theorem we obtain the
convergence of the Dirichlet energy. For the other part of the energy. First note (using (B.1))
that

2 . 2 o3
det Du, = (4, + 657.) Sty | Oty Dty , detDu = G700 Sl,n e | Oyt Dty .
p? sin g puyp Oy p?sing |Optiy  Dpuy
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On the one hand, this shows that det Du. > det Du. It remains to bound the Jacobian from
above. Here we decompose f in the part where 0 < ¢ < 7 and that where 7 < ¢ < 5. In the
first part use that

up(p, ) > uy(1,) = 2cosp > V2 > 67,

which holds (at least close to p = 1, where the regularization of constructing the sequence wu. is
required) since w is orientation-preserving and injective, so increasing in p. Then

2 .
dot Du, < (ot te)" S0 Ug 5ty Dptty| _y qoi 1y
p?sin Optiy D
In {p € [F, §]} just consider that
(up +6¢7)?sinu, [d,u, dyu,

det Du, <

2. i T
1% -sin 7 Opup Dy

and that the right-hand side is uniformly bounded since the limit map w is Lipschitz. With these
bounds at hand and the hypothesis on H in Theorem 1.2, it is possible to obtain the conclusion
invoking the dominated convergence theorem. O

3.3.8. Extra energy in d. is negligible. We conclude this section by proving the convergence
of the neo-Hookean energy of the recovery sequence towards the energy of the limit map in
region d.

Proof of Proposition 3.6 in d.. We recall that in region d., the map wu. is the composition of
three maps: u. = w.ogo R where we denoted by R the map which is described in spherical
coordinates by (r,0,¢) — (7,0,¢) with # defined in (3.11). We thus have Du. = Dw.(g o
R)Dg(R)DR From this and the expressions of w. and R, it is easily seen that x4. Du. — xq4Du
almost everywhere and that |Du.| < C for some C' > 0. Hence by dominated convergence we
obtain the convergence of the Dirichlet energy.

We now examine the convergence of the determinant part of the energy. We first examine the
determinant of the differential of the limit map to understand the integrability property of H. Let
g be the bi-Lipschitz map from {re, +xz3es3: 7 > 0,23 € [0,1]} onto {se,+ze3 : s >0,z € [0, 3]}
of Section 3.1. Since g is Lipschitz and s(#,z3) = 0 when 7 = 0 (because that corresponds to
the values of g on the segment B'C"),

7' X
s(f, zs) t 3 dt‘ ((Dg(teT +x363))er) ~erdt‘ < || Dgl|os. (3.34)
Since g*1 is Lipschitz,
3(7/;71.3) 6(3,2’) 8(872)
0<ec<detDg = <||D . 3.35
¢ < det D = = o ) < 1Pl 507, 2) (3.35)

It can be seen that
7 s2sinp (s, 2)

det Du(re, (0 . 3.36
e u(rer( )—i—a:geg) B 37 3) ( )
In addition,
d(s,z) |9g Og 2
AN=—"|<|D . 3.37
i) |28 A 22 < gl (337)
From the above it follows that
2 T 2
¢ wSs -sing . mse-1 9
< D . < — D .
(Dol 12 P < det u(re (9) +£L’36.9) <35 I Dgl|5
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This amounts to saying that det Du ~ s?/# and that

3sin(arccos(1/3)) r1 2
0o > /H(sz/f)da: > 27r/ / H(M)rdxgdr.
d i3 T

F=0 3=0
Since s(7,x3) = 0 in the segments A’B’ and C'D’, where # > 0, the determinant vanishes as x
tends to those segments from region d. In contrast, the determinant does not blow up to infinity
since the singularity 7 = 0 in the denominator is removable (recall that s/7 < || Dg||~).
Now we consider the determinant of Du.. Let w. be the auxiliary transformation of (3.12).
We observe that
ow. Ow., OJw,

s a0 " o2
= (sinp e, —cospes) A (wrep) A (w'(z)er + 2 cosp e, + Zs singoe;;)
' © 12 12 (3.38)
sing 0 wl+ {55cosp -
=| 0 ws 0 :wf:-(—s—i-w( )cosgo).
e . ].2
—cosp O 13Ssin @
Since u, is defined with cylindrical coordinates,
10u., Ou. Ou,
det D (0 ==
et ug(re ( )+:1:363) . A 70 A@xg
ow, 0s Or  Ow. 0z Or ow, Oow, 0Js ow, 0z
A A —_— —
( 5s gror " oxoran) " o0 " (s 0w | 02 03:3)
ow, Ow, Ow.\O0rF /0s 0z 0s 0z
== AZEN bl e ) 3.39
( ds 00 0z ) or (8f Ors Ors 8f> (3.39)
Consider first the range ¢ < r < £27:
det Du.(re,;(0) + z3e3) = M(—s%—w (z) cos go(z)) 0(s, 2) (3.40)
A (e27 —¢) \12 O(7, x3) ‘
By (3.37), and since € < 327 for small ¢,
E
(2
det Du, (reT(G) + :1:363) < E ( T)) (—s + wl(2) cos (p(z)) HDgHgo
By (3.34),
e(ols . . . R . (r—e)r
wy (s(7,23), 2(7, 23)) = we(2) + s(7, 23) sin(p(2)) < we(3) + || Dglloc? < 67 + 1Dglloo 57—

Since r < 27, it follows that wg < Ce7. By direct computation we can check that |w.(2)| < Ce7.
Thus we find

%s(ﬁ,wg) + wi(2(7, 23)) cos p(z(r,z3)) < Ce7.

Therefore,
sup { det Dug(rer(H) + CL‘36) e<r< 627} < o0.

Here we recall that we chose v < 1/3. The radial distance r is greater than ¢, hence r > 2r — ¢.
Also, wi(r) > 2¢7 and w.(z) > Ce7. Using these bounds in (3.40) yields

(s
— (0 + Ce" cos Lp) (9((7“, 563))

where in the last inequality also (3.35) was used. At this point let us observe that cosy is
bounded below away from zero when e < r < £27. Indeed, when # = 0, the point (7, z3) lies on
the segment BC and z(7,x3) lies between z = 1 and z = 2. Therefore, when 7 is close to zero,

2e7

> ('cos
82’)/ C ©,

det Du, (re,,(ﬁ) + :cgeg) >
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z(7, z3) must be near the interval [1, 2], hence cos ¢ should be bounded below by a value close
to cos ¢(2) = cos(5m/12). This is made rigorous by noting that

T 8 T
z(f,x3) = 2(0, z3) +/ a—i(t, xg)dt < 2 +/ ((Dg)er) ces3dt < 24 || Dg||oof
0 0

Since 7 < €2 when r < £27, then, for ¢ sufficiently small, cos ¢ is greater than any value smaller
than cos(5m/12). All in all, in the region e < r < €27 the determinants are controlled from below
and above, and

1 e2v
lim 27r/ / H(det Du,)rdrdzs = 0.
0 €

e—0
Consider now the range 27 < r < 3. By the definition of w. and (3.34),
w;, = we(2(r,x3)) + s(r,x3) sinp < 67 + || Dgl|cor < (6 + || Dg||oo) max{r, e }.
Analogously,

%s(r, r3) + wL(z(r, z3)) cos @(z(r, :Eg)) < Cmax{r,e"}.

Hence, using (3.38) and (3.39) (recall that # = r for r > £27), it follows that

max{r, 7} < {0527/7“, if 627 <r <g”

det D (0 <C
et Duc(r ey (0) + z3ez) < Crifr, ifer <r<3.

r

In both cases, the expression at the right-hand side is clearly bounded. Therefore, det Du. is
bounded from above in d.; uniformly with respect to ¢.
Regarding the lower bound, it suffices to see, from (3.38) and (3.39), that when r > &%,

J(s, z)
(ryxs)’

where s = s(r,23) and ¢ = p(z(r,z.)) (recall that # = r in the range of values of 7 being
considered in this part of the proof). Comparing with (3.36), the conclusion is obtained that

det Du, (r e-(0) + z3 63) > det Du(r e-(0) + z3 83) Vr>e?’, Vaz € [0,1].

1
det Dug(r e-(0) + x3 63) > . (3 sin go) (%s) -1-

With this estimate at hand, it is possible to find a dominating function to prove the desired
convergence of the energies in region d.. [l

4. GEOMETRIC AND TOPOLOGICAL DESCRIPTION OF SINGULARITIES AS DIPOLES

This section shows that the singularities that have to be dealt with in the neo-Hookean prob-
lem share the same structure as the elastic dipole constructed by Conti & De Lellis [16, Th. 6.3],
at least in the axisymmetric class and under the additional hypothesis that the functional £(u)
(defined in (2.5), which measures [30] the deformed area of the surfaces created by ) is finite.

Proof of Theorem 1.3. It is a consequence of Propositions 4.1, 4.3, 4.5, 4.7, 4.8, and 4.9 below.
O

The map by Conti & De Lellis has two point singularities (in the reference configuration),
namely, 0 = (0,0,0) and 0’ = (0,0, 1), which are paired together. They are both cavitation
points, but the cavities they open have “opposite signs”. A bubble (the sphere in the deformed
configuration centred at (0,0, 3) and of radius %; denote it by I') is created from (horizontal
e-disks centred at) both points (in the sense of the bubbling-off of spheres in harmonic map
theory, as explained in Section 3.2). However, the material points surrounding 0’ (those in
region e) are sent to the outer side of I', whereas the points surrounding 0 (those in region a)
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are sent to the radius % ball B enclosed by I'. Thus, the “positive” cavity opened at 0’ is filled
with the portion of the body next to the “negative” cavitation point 0.

Cavitation singularities affect the topology of the elastic body: first, the domain is punctured.
Then, in the case of a positive cavitation point, a hole is observed after the body is deformed. In
particular, the boundary of the image u(O\ {0}) of any smooth region O containing 0 but not 0’
will have the additional connected component I' apart from the image of the boundary u(90).
The situation around the negative cavitation point 0 is analogous. As has been pointed out
since [3, Example 6.1], these changes in topology are detected by the distributional determinant
Det Du of (1.3), which in turn is related to the Brouwer (and the Brezis—Nirenberg) degree. In

particular,
T

Det Du = (det Du)£3 + %(5(07071) - 6(5(07070).
The & in front of the Dirac masses is the volume enclosed by the bubble I', and the negative
sign in front of the Dirac at & = 0 is indicative of the reversed orientation in which the bubble
is being reached as & — 0 compared to the orientation obtained of I' when = — 0.
The positive cavity opened at 0’ can be seized by taking small 7 and looking at the set

{y € R?: deg(u, B,(0'),y) =1 and y ¢ img (u, B,(0"))}

(that is, the points that are enclosed by w(9B,(0')) but are not material points). This cor-
responds to the notion of the topological image of 0, introduced by Sverdk [40]. For maps
satisfying condition INV (maps that are monotone in the sense of sending inside what was in-
side, and outside what was outside) and with geometric images img(u, ) of finite perimeter,
Miiller & Spector [39, Th. 8.4] established that the cavitation points can be identified as points
& for which
£?(imr(u,€)) > 0,

and that there is an at most countable set C(u) C Q of them. In the H' setting, where, as

shown by Conti & De Lellis [16], condition INV is unstable and negative cavitations may occur,
the natural analogue for identifying the singularities is to fix a point & € €, to define the map

Aw,r(y) = deg (uv B(z,7), y) - Ximg(u,B(m,r))(y)7

and to let r — 0%. For £ = 0’ and & = 0 we obtain the maps

Ay = Xp; Ao(y) = —xj3-
For any other @, the map A, is identically zero.

Our starting point is the result by Mucci [36, 37, 38], [31, Th. 6.2] that for H' maps with
E(u) < oo the singular part of the distributional determinant consists always only of Dirac
masses (at most a countable number of them), even when INV is not satisfied. Developing
further his arguments, as well as those in [39] and [31], we arrive at Theorem 1.3, stated in the
Introduction. To prove the theorem, we begin by mentioning that the bilinear form

Eu(¢.g), with ¢ € Ce() and g € C; (R*,R?),
the surface energy £(u), and the measure
i (E) == sup{Eu(FE,g) : g € CL(R3 R3),||g|lr~ <1}, on Borel subsets E of Q

(Definition 2.5) shall play an important auxiliary role.

In this section, we will use standard notation about measure theory and functions of bounded
variation: push-forward # of a measure [2, Def. 1.70], restriction L of a measure [2, Def. 1.65],
set At of atoms of a measure [31, Sect. 6], total variation |- | of a measure [2, Def. 1.4], reduced
boundary 0* of a finite-perimeter set [2, Def. 3.60], space SBV [2, Ch. 4], set J,—1 of jumps of
u~! [2, Def. 3.67], traces (u~!)* and normal v of u™! at a jump point [2, Prop. 3.69], jump [-] of
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a BV function [9, Sect. 5], singular part D*, jump part D’ and Cantor part D¢ of the derivative
of a BV function [2, Def. 3.91]. Finally, M(R?) denotes the family of the finite Radon measures
on R?, while || - || = |- |(R?). o

We recall also Definition (1.6) of the class A7, and gather some results from previous papers.
Proposition 4.1. Let u € A7 satisfy £(u) < co. Then
a) u=t € SBV(Qp, R3).
b) The distributional determinant Det Du is a measure and

Det Du = (det Du)L? + Z Det Du({a})dq.
aC€At(pw)

c) For every g € C}(R3,R3) the measure E(-,g) is purely atomic and

At(gu('a g)) - At(,uu)'

Item a) of the previous proposition follows from [30, Th. 2]. Items b) and c) are the result of
[36, 37, 38], [31, Th. 6.2]. This formula generalizes an analogous formula for the distributional
Jacobian due to Miiller and Spector [39, Th. 8.4] and to Conti and De Lellis [16, Th. 4.2]. The
points @ in At(u,) can be seen as “generalized” cavitation points. Contrarily to the classical
cavitation setting, Det Du({a}) is not necessarily positive. Nevertheless, its absolute value can
be thought of as the volume of the generalized cavity.

Definition 4.2. Let u € A be such that £(u) < 0o and let €,¢' € R3. Fiz a Borel orientation
v of J,-1. We define FZ, Fg, e and T'g ¢ as

Igi={yeJyr: () (y) =€}, Te:=T,Ul{, Teeg:=T¢nN Iy
The map ve : T — R3 is defined H*-a.e. as
v m PE_’
1 74 =
¢ —v in I‘g.

One side of I'¢ consists of material points that were located near £ in the reference configura-
tion, whereas the other side consists of a portion of the body coming from a different cavitation
point. Note that v¢ points towards the latter side.

In the sequel use shall be made of the notation f g : R? — R3 x R3,

F=g(y) = (f(y),9(y)).

Recall also Definition (2.4) of the segment L where the singularities are confined.

Proposition 4.3. Let u € A’ satisfy £(u) < co. Then:
i) For all f € C.(Q x R3,R3),

Eu(f) = / f-dA (4.1)
OxR3
for the Radon measure
A= ((u™h)7 paid) wHL Jyr — ((u )" oaid) wHEL Ty
ii) For all f € Ce(Q x R3,R3),

Eulf)= D F&y) - ve(y)dH?(y).

€At () T'e
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iii) pu =y H?*(Te) b

EEA(pu)
i) (N (y) € At(py) for H-a.e. y € Jy-1.
v) At(pe) C L.

vi) D= Y [ €[ H Tee)

£,£/€At(uu)
.. - 1
vii) H2(Jy-1) = Z HQ(FZ) = Z HQ(Fg) =3 Z H*(Te) = Z H2(F£7£')'
€At (1) A (ptw) €At (pu) £,¢' €At ()

Proof. We prove each item.

Proof of i). By [30, Th. 3], equality (4.1) holds for the Radon measure
A= ((u) id)#u”H?l_ Ty (u) + (((wh) " >aid) = ((u™ )" >aid)) , vH?L Ti(u),
where T'y/(u) and I';(u) are the visible and invisible surfaces, respectively, defined as follows:
Ti(u):={y€Jy1: (u ) (y) € Qand (u ™) (y) € Q}.

The visible surface is denoted by I'y/(u), as the set of points y, € R™ for which there exists
v € S* ! satisfying the following conditions:

1) D(lmG(u7 Q) N H_(y07 V)vyO) = %
ii) The lateral trace
(u™)7(yo) = aplim ()

Y—Yo
yeH ™ (yo,v)

exists and lies inside €.
iii) D(img(w,U) N H* (yy,v),y) = 0 for every open set U € (.

Here D stands for the density of a set at a point, the definition of which can be found, e.g., in [39,
Def. 2.2], [29, Sect. 2], [9, Sect. 2.1]. The definition of approximate limit ap lim is also standard
39, Def. 2.2], [30, Def. 1]. Finally, H*(y,v) is the half-space with inequation +(y —y,)-v > 0.

The proof of i) will be finished as soon as we show that I'y/(u) = @ and I';(u) = J,,—1 H?-a.e.

Assume, for a contradiction, that there exists y, € I'v(w). In particular, this implies that
(w1 (yy) € Q. Now take any U € € such that (u=!)"(y,) € U and Q C U. By [30, Lemma
5.ii).c)], yo € 0% img(u,U). Now, by [9, Prop. 5.1], img(u, Q) = Qp a.e., so img(u,U) = b(U)
a.e. Therefore, 0" img(u,U) = 9*b(U). Now, 0*b(U) C 9b(U) = b(0U). Thus, y, € b(U).
Now we take two open sets U; and U with the same properties as U before and such that,
additionally, OU; N 9Uy = @. Then y, € b(0U;) N b(0Us3), which is a contradiction since b is
injective.

Now, to prove I'j(u) = J,—1 H?-a.e. it suffices to show that the set of points y € J,, -1 for
which one of the traces (u™1)*(y) belongs to 9 has zero H? measure. But this is a consequence
of [9, Prop. 5.3]

Proof of ii). We use that £(¢,g) = Eu(¢ g) and that E,(-, g) is supported on the atoms of fiy,.
What we find is that

Eu(09) = Euldg) = D Eul{€}.9) (&) (4.2)

£eAt(pu)
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Now, given & € At(py,), we choose a decreasing sequence {¢;};en in C}(€2) such that ¢; — X{€)
pointwise. By dominated convergence and part i),

Eul(€).9) = lim &u(és0) = lim [ 0)()9(u) - dA(.y)

(4.3)
- [ v @ 9(w) - dAe.y) - (/ /F+>gudﬂ2
As a consequence of (4.1), (4.2), (4.3) and the definition of v,
[ £eaa- [ f(ey) - vly) a2y / fi&y) )dH2<y>]
gent(u) LT (4.4)

= Y F(&y) - ve(y)dH (y)

gEAt(ia) T8

for all functions f of separated variables. By the density of the span of the set of functions of
separated variables, the above holds also for all f € C.(2 x R3;R3) and, hence, for all f Borel.

Proof of iii). Equation (4.4) may be rewritten as
A= ) (&vaid)y(veH’L Te),
EEA(pu)
where & > id is the map (& xid)(y) = (§,y).
By Lemma C.1 and [1, Lemma 1.3] (considering that & > id is injective), we have that
Al= Y [Emide (el Te)| = Y (€maid)y|ueHL T
EEAL(ptu) EEAL(pu)

= ) (€xid)yHL T
E€A(pu)

As a consequence of (4.1) and Riesz’ theorem,
|A|(E) = sup{&u(f) : f € CHQXR’R?), |f| < xp}.

In particular,
pu(E) = |A|(E x R?)  for every Borel set E C Q. (4.5)
Hence, for any Borel £ C €2,

p(B)= Y (HLTe) ({y: €y e ExRY) = > H(Te),
EEAL(pu) EEAL (1) NE
so 1) is proved.
Proof of iv). From (4.5), i) and Lemma C.1, it follows that for any Borel E C €,
pu(E) = [A|(E x R?)
= |((u™)7 paid) wH?L Jy 1 [(BE x R?) + [ ((w™ ) F paid) ,oHL Jy|(B x RY)
= 7-[2({1/ € Jy1: (u_l)_(y) € E}) + ’Hg({y € Jy-1: (u_1)+(y) € E})

When applied to E = Q \ At(fi,), it says that (2 \ At(py)) is the H2-measure of the set of

points in J,,—1 where at least one of the traces of u™! lies outside At(u,,). Because of 4ii), that
measure is zero.
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Proof of v). Assume, for a contradiction, that there exists & € At(f,,)\ L. Then we can find an
r > 0 such that B(&,7)NL = @ and piy,(B(€, 7)) > 0. By (4.5) we also have |A|(B(&,r)xR3) > 0.
We deduce that there exists f € CH(Q x R3,R3) with supp f C B(&,r) x R3 such that

/f -dA #0.
But since supp f € B(&,7) x R? and B(€,7) N L = @, we find using [9, Lemma 3.1], that

/f dA = Eu(f) = Eu(f, 2\ Res) = 0.

This contradiction shows that At(ju,,) C L.
Proof of vi). From iv) it follows that

Jy-1 = U Le e H-a.e. (4.6)
&8 At (1)
and the union is clearly disjoint. Moreover, by definition, for all y € T'¢ ¢/ we have [u=Y(y) =
¢ — ¢ Asu~! € SBV(Qp,R3) we have, by standard properties of SBV functions (see, e.g., [2,
(3.90) or (4.1)]), that
Déut=Dlut = [u ) @uvHiL J,-.
As At(py,) is countable, the conclusion follows.
Proof of vii). Similarly to (4.6), we also have

Jur= | T§ and Jy= [ Ty Hae (4.7)
EeAt(pu) §EAt(pu)
both with disjoint union. The conclusion then follows. (I

Definition 4.4. Let u € A7 satisfy E(u) < oco. Let x € Q and r > 0 be such that B(x,r) C Q.
We define

Au,a:,r = deg(uv B(',L') T)a ) — Ximg (u,B(z,r))
Here we use the definition of the degree for maps in H' N L>, cf. Definition 2.1.

Proposition 4.5. Let u € A" satisfy E(u) < oo, and let € € Q and r > 0 be such that
B(z,7) C Q. Then Aygz, € BV(R3,Z) and |DAyz.|(Q) < E(u). Moreover, there exists
Ayz € BV(R3,Z) such that Ay z, tends weakly* in BV (R3) and in L'(R?) to Ay gz asr — 0.
Furthermore, Ay, o vanishes outside B(0, |[u| Lo s rs)) and for any g € Cp(R? R?),

(DAu,:mg> :gu({m}vg>' (4'8)

Proof. Set, for simplicity, B := B(x,r). Since we assume that £(u) < oo, we have that £,(-, g)
is a measure for all g € C}(R3,R?). By [31, Lemma 3.3], for a.e. r > 0 we have that

Eu(B,g) = — /aBg(u(a:)) - cof Du(x)v(x)dx + /B div g(u(x)) det Du(x)dx

== | dva(y) deztun By + [ ing g diva(u)dy

= (D (deg(u, B, ") = Ximg(u,B)) »9)
— <DAu,w,rag>'

In the second equality we used the integral formula for the degree (Definition 2.1) and the area
formula (Proposition 2.6). Thus,

Eu(B,g) = (DAuzr,g) Vg€ CHRRY) (4.9)
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and, hence,
[IDAwzsll= sup (DAyzr,g)= sup Eu(B,g) < E(u).
9€C; (R3,R?) geC; (R?R?)
llgll oo <1 lgll oo <1

But since A,z vanishes outside B(O0, ||u|z~) we have from the Poincaré inequality that
Ayzr € BV(R3,Z) and that |Auzrllpy®sy < M for some constant M not depending on
x or r. From the compactness theorem in BV there exists a function A, € BV(R3) and a
subsequence r,, — 0 such that Ay 4, A Ay in BV(R3) and Ay g, — Az in L1(R?). Up
to a further subsequence we can also assume the convergence a.e. and hence A,z € BV (R3,Z).
But by (4.9) and dominated convergence, we have

<DAu,mag> = limogu(B(:L',rn),g) :zu({w}7g)a Vg € Ccl(R?’vRS)-
rn—

As the right-hand side does not depend on the sequence r,, — 0, the derivative DA, 5 does not
depend on the subsequence either. Since A, , vanishes at infinity we have that the limit A, 4
does not depend on the sequence r, — 0. Thus Ay, 4, tends weakly* in BV (R?) and in L!(R3)
to Ay g as T — 0. O

The previous proposition allows us to set the following definition.

Definition 4.6. Let u € A% be with £(u) < co. For every & € Q we define Ay, ¢ € BV (R3,Z)
as the LY*(R3) limit of Ay ¢, as T — 0, where Ay¢, is as in Definition 4.4.

Proposition 4.7. Let u € A” be with £(u) < co. Then, Ay.¢ 15 not identically zero if and only
if € € At(pu).

Proof. As Ay ¢ vanishes outside B(0, |[u|[z®sr3)), we have that A,g¢ = 0 if and only if
DA, ¢ = 0. Together with (4.8), we obtain that

Aye =0 ifandonlyif &£,({£},g)=0forall ge Ccl(R3,]R3).

Assume first £ € Q\ At(py). Since At(Eu(-,g)) C At(py) for every g € C;(R? R?) we have
that & is not an atom of £,(+,g), so E4({£},9) =0, and hence, A, ¢ = 0.

Conversely, assume that £, ({¢},g) = 0 for all g € C}(R3,R?), and fix any such g. We can
write

Eul{€h.9) = lim Fuls;9),

where {¢;}jen C CH(Q) satisfies ¢; — x (¢} pointwise and ||¢;loo < 1. Thus we find

Euleh) = lim [ 0@ o)A@y = [ el e) ).

J=00 JOxR3
Let A¢ be the R3-measure in R3 defined by
Ae(W) = A({€} x W) for any Borel W C R®.
With this definition we have

Eu({€},9) :/Q><R3 X{ey(®) 9(y) - dA(z, y) z/wg(y)‘dkg(y).

As E4({€},g9) = 0, we have that [p5 g-dA\¢ = 0. Since this is true for all g € CL(R3,R?), we
obtain that A\¢ = 0. But by (4.5),

pu({€}) = [AJ({€} x R?) = [A¢(R%) = 0.

This means that £ is not an atom of fu,. O
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The following result is the closest we are to state that the surface created at each cavitation
point (each atom of p,, or each Dirac mass of the distributional Jacobian in the classical
cavitation problem) actually encloses a volume. In classical cavitation (cf. [31, Th. 4.8]) this is

{yel(u): (u ) (y) =€} = 0" imp(u, &) H-ae.

In the present setting, it is the integer-valued function A, ¢ which can be thought of as the degree
of u with respect to the surface created from £. The very possibility of defining a topological
degree with respect to that surface suggests that it must be a closed surface (a manifold without
boundary), at least in some weak sense. That is the content of item i) of the next proposition,
which shows that I'¢ is, if not the boundary of a volume, at least the union of reduced boundaries
of finite perimeter sets. It also goes a little further in the topological description, stating that
Ay always jumps just by one and that it decreases in the direction towards the part of the
body coming from &. Item ii) means that the surface of the generalized cavity created at & can
be approached by the image of small spheres surrounding £. Item iii) suggests that the Dirichlet
energy in a ball of radius r centred at the singular points scales like 7! and not as the volume
O(r3) of the ball. The significance of that energy concentration is that it might be part of a
future regularity argument yielding a competitor test function with less energy than an alleged
minimiser producing harmonic dipoles.

Proposition 4.8. Let u € A be with £(u) < oo and let & € At(py). Then
i) DAyge = —veH? L T¢ and

FE = Z@*{y S R3 : Aui(y) = k} HQ—a.e.
keN

i) e, H2L img(u, 0B(€,7)) = veH?L T¢ as r — 0, where Dg,(u(z)) is the unit normal to
img(u,0B(&,r)) defined in Proposition 2.9 and the sequence r — 0 avoids a set of measure

ZEro.
2
#i) lim inf DUl 2 > H*(Te).
r—0 OB(£,r) 2

Proof. We prove each item separately.

Proof of i). We know that for any {¢;};en C C2(Q) with ¢; — X{¢} pointwise and [|@;][cc <1
we have, for any g € C}(R3,R3),

Eu({€},9) = jlgrgofu(¢j 9)

We use the description of the surface energy from [30, Th. 2iv)] to obtain

Eullera) = Jim [ 0,7 W)l 9(w) - viw)dHE(w)

—/J <><{s}((u*1)+(y>) —X{s}((ufl)’(y))> 9(y) - v(y)dH2(y)

u—1

= /+ 9(y) - v(y)dH*(y) —/_ 9(y) - v(y)dH>(y) = —/ 9(y) ve(y)dH(y),
I

£ ¢ e
due to the definition of v¢. Thanks to (4.8) we obtain that
<DAu,$7g> = _<V£ HQI— F£79>7

whence the conclusion follows.
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Proof of ). From Proposition 4.5 we have that DA, ¢ , N DAy ¢ in M(R?). So from point
i) it suffices to prove that

DAy g = —Ug,H*L img(u, 0B(E,7)).

The last equality holds because, from (4.9), [31, Lemma 3.3] and the change of variables formula
for surfaces (Proposition 2.9), for any g € C}(R?,R?) and a.e. 7 > 0,

<DAu,§,ru g) = 2’I.L(B(Ea T),g)

= —/ g(u(x)) - cof Du(x) v(x)dH?(x) —I—/ div g(u(x)) det Du(x)dx
OB(&,r) B(&r)

= — (D¢, H?L img(u,0B(&,7)),g) + / div g(u(x)) det Du(x)dx
B(&r)
and

/ div g(u(x)) det Du(x)de — 0 as r — 0.
B(&r)

Proof of iii). By ii) and the semicontinuity of the total variation of a measure with respect
to the weak®™ convergence, we obtain that

H(Te) < lim inf H?(img(u, 0B(E,1))).

Now, for each r > 0 thanks to the change of variable formula for surfaces (Proposition 2.9), we
find that

D 2
|(cof Du)v| dH? < / 1Dul 2.

2(img(u r))) =
2 (img (. 0B(6.7))) = [ e s

OB(&,r)
The last inequality can be obtained by representing the linear transformation F' = Du(x) in an
orthonormal basis €], e}, e5 with e}, = v(x) = €] A €),. Indeed, in that basis the columns of F
are the coordinates of Fe}, Fe/, and Fv, so that
Fei[? 4 [Fey? _ |FP

2 - 27
where we recall that we are using the Frobenius norm for matrices. The conclusion now follows.

O

(cof F)v| = |(Fe)) A (Feb)| < |Fej|[Fej| <

The following proposition shows that there must be a cancellation of the degrees; in particular,
some must be negative unless A, ¢ = 0 for all £ € At(f1y,).

Proposition 4.9. Let u € A7 be with £(u) < co. Then

Z Ayge = 0.

EEAL(pu)
Proof. For each & € At(p,,), by Proposition 4.8.7) and the definition of vg,
DAy = —veH? L Te = vH?L T —vH?L T (4.10)
The series
> Dhug
E€At(pu)

is absolutely convergent in M (R3, R3) since, by (4.10) and Proposition 4.3.vi),

> IDAwel = Y (HATE) +HATE)) = 2HA ().

§eAt(pu) §eAt(pu)
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As each A, ¢ vanishes outside B(O0, ||u|| o3 gs)), the series

> Aug

gEAt(.U'u)

is absolutely convergent in BV (R?) and, hence, defines a BV function. Now, by (4.10) and
(4.7),

— _ 2 + 2 _
D > Aue|= D DAue=v| > HLT{- Y HLT,
EEAL (1) EEAL (1) EEAL (1) £EAL(pau)
=v (H*L Jy-1r — H*L Jy-1) = 0.

As > ¢ Ay ¢ vanishes outside B(0, ||u| po (g3 r3)), We obtain the conclusion. O

5. MINIMAL CONNECTION LENGTH FOR THE ELASTIC HARMONIC DIPOLES

It has already been observed that elasticity problems can be described through the theory
of (Cartesian) currents (see, e.g., [25, 26, 16, 36, 37, 38]). We now recall some definitions and
properties of currents. In this section, instead of R? we work in R™ with n > 1 an integer.

Definition 5.1. Let U C R™ be a an open set and let k € N. A k-dimensional current in U is
a linear form on the set D*(U) of C* k-differential forms with compact support in U. The set
of those currents is denoted by Dy (U).

The boundary 0T of a k-dimensional current T is the (k — 1)-dimensional current defined by

(T, w) = (T, dw) for every w € D*~1(U)

and the boundary of a 0-dimensional current is set equal to 0.
The mass of a current T is

M(T) := sup{(T,w) : w € D¥(U), |w| < 1}.

Definition 5.2. a) A current T is said normal if T and OT have finite mass.
b) A current is rectifiable if it can be written as

mwzﬁmewmmmw@

where
i) R is a k-rectifiable set
i) T is a unit k-dimensional vector which spans Tan(R,x) for HF-a.e. x € R; such a T is
called an orientation.
ii) m is a real function, called the multiplicity, and which satisfies [ |m|dH* < oo.
If T is a rectifiable current we write T' = [R,m, T].
c) A current is an integer multiplicity rectifiable current if it is a rectifiable current such that
the multiplicity m takes integer values.

A particular case of an integer multiplicity rectifiable current is the one given by the integration
on the graph of a function. Let Q C R" be a smooth bounded domain. We denote by A!(Q, R")
the class of vector-valued maps u : {2 — R"™ that are a.e. approximately differentiable and such
that all the minors of the Jacobian matrix Du are integrable. When the domain and the space
dimension are clear from the context, we will use the shorter notation A'. For u € A! we let

M(Du)(x) = (e1, Du(x)er) A--- A (en, Du(x) e,)
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where {e;}i—1,..n is the standard basis of R", and here A denotes the exterior product (for the
definition and properties we refer, e.g., to [25, Sect. 2.1]). We also let

Gu = {(z,u(z)) : T € Ay}

where
Ay = {x € Q: u is approximately differentiable at x}.

For u € A' we can define a current G, € D,(R"” x R") by
Guw)= [ (6wldH"L G
R7 xR™

with & = % We can show that G,, is a countably rectifiable set and, so, GG, is an integer

multiplicity rectifiable current. The mass of this current is equal to
M(Gh) = H"(Gu) = / |M(Du)|dzz.
Q

If w € Whn=1(Q, R") with det Du € L'(9), we can see that u € A

As in nonlinear elasticity, in the theory of currents it is essential to distinguish the reference
and deformed configurations. It is customary to denote by R} the space where the reference
configuration lies, which has coordinates x, while Ry is the space of the deformed configuration
with coordinates y.

We now introduce the concept of stratification of differential forms and of currents.

Definition 5.3. Let w be an n-differential form on Ry x Ry. We can write

Z faﬁdl’a A dyg
a?B
lo|+]B8]=n
with a and B some multi-indices. For every integer h we then define

wh) = Z fa,pdza A dyg.

|al+|B8]=n
181=h

Given a current T' on Ry, x Ry, we define its h-stratum (T'); by
(T, w) = (T, ™).
We can now make a link between the surface energy £ and the theory of currents.

Proposition 5.4. Let u € WH"~1 0 L°(Q,R") be such that det Du € L'(Q) and let f €
CHQ x R™",R"). We define the n-differential form wy by

Z )71 (2 y)dyj (5.1)

]:

—_

where d/g; =dy' A Ady P AdyTTEA - Ady™. Then
Eu(f) = (0Gy,wg) and E(u) =M(0Gy).

Proof. The equality &,(f) = (0Gy,wy) is a consequence of the definitions, and has been ob-
served in other places [29, Sects. 4 and 7]. Since wy is an (n — 1)-vertical form (i.e., it is the
(n — 1) stratum of itself), that equality implies that

E(u) = M((0Gy)n—1)-



LACK OF COMPACTNESS IN THE AXISYMMETRIC NEO-HOOKEAN MODEL 51

Finally, we recall that if uw € WP then (0Gy), = 0 for all h < p — 1 (this can be shown
by approximation by smooth functions see, e.g., [25, Prop. 3 and Rk. 3 p. 246]). Therefore,
(0Gy)n—1 = 0Gy, so, in particular, M((0Gy)n—1) = M(0Gy,). O

In particular if u € A}, where Aj is defined in (1.6), then 0G,, = 0.

Definition 5.5. Let Q@ C R™ be a smooth open bounded in R™. We say that T is a Cartesian
current in 0 x R™ if

i) T is an integer multiplicity rectifiable current T = [R,m, T];

it) M(T) < oo and
IT1l1 == sup{(T\ lylp(z, y)dz) : ¢ € Co(Qx R™), || < 1} < o0;
iii) TL dxy A--- Adxy, is a positive Radon measure in @ x R" and 74T = [Q], with 7 :
RE x Ry — Ry given by m(x,y) = x;

i) OTL Q x R = 0.

We remark that if T = Gy, for some u € Al then ||T||; = |Jul| 1.

We also define the support of a current.

Definition 5.6. Let T be a k-dimensional current in €2 x R™. The support of T is the smallest
closed set F such that (T,w) = 0 if the support of w is contained in the complement of F. In
other words,

suppT := ﬂ{K C QxR?: K is relatively closed in Q x R™ and
(T,w) =0 for all w € D¥(Q x R") such that suppw C (2 x R")\ K}.
The following result is taken from [34, Props. 4.1 and 4.4].

Proposition 5.7. Let Q C R3 be an azisymmetric domain. Let (uy,), C A" be such that u, — u
in H*. Then, passing to a subsequence, Gy, — Gy + S for a current S with S =86 =
and supp S C L x R3.

Since all the u, are sufficiently regular (they belong to A%), 0G,, = 0 for all n and this
property is inherited by the limit current G, + S. Hence, 35S = —0G,,. In the map by Conti &
De Lellis this gives

08 ={0'} xT' — {0} x T,
using the same notation as in the beggining of Section 4, namely, 0 and 0" are the cavitation
points in the reference configuration and I' is the bubble created by u, as seen in the deformed
configuration. As mentioned in [16, Sect. 7], since the “hole” opened at 0 has the “wrong” sign,
the defect current S must be a cylinder connecting {0} x I" with {0’} x T, as in the dipoles in
harmonic map theory.

We are now in position to prove the result of this section: that our candidate (1.4) for the
relaxed energy (cf. Theorem 1.1) can be expressed in the language of Cartesian currents by

Flu) = /Q Duf? + 2M(S),

with S defined in Proposition 5.7. Note that even though the defect current S might depend
on the chosen subsequence, the mass M(S) does not, since, as shown in Proposition 5.9 below,
M(S) admits two expressions in terms of quantities depending only on wu.

Lemma 5.8. Let u € A7, and let (uy) C A" be such that uy — u in H*. We have, up to
a subsequence, that Gy, — Gy + S from Proposition 5.7. Then, for any i € {1,2,3}, any
m,n2 € C2(2), and any g € CL(R?),

(S, m(2)g(y) dzy A dy:) = (S, m2(2)g(y) daa A dys) = 0.
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Proof. Since S is a 3-rectifiable current, S = [R, m, 7] for some 3-rectifiable set R, some integer-
valued multiplicity m and some unit tangent 3-vector 7. Since suppS C L x R3, it may be
assumed, without loss of generality, that for H3-a.e. (x,y) € R,

Tan(R, (x,y)) C Span({es, €1, €2, €3}),

where es is the direction parallel to the symmetry axis in the reference configuration and ey,
€, €3 is the canonical basis for the target ambient space R3. Therefore, for H3-a.e. (z,y) € R,
the unit 3-vector 7(x,y) is a linear combination of the 3-vectors

esNeyNey, esNeasNes, esNesNe; and €| Ney Aes.

The four of them are orthogonal to dz; A cil;z and to dza A ch;i, hence
(Stagdee A d3i) = [ (g A i (. 9) m(e,y) IH . y) = 0.
R

O

Proposition 5.9. Let u € A7, let (u;) C A% such that up — w in H'. We have, up to a
subsequence, that Gy, — Gy + S from Proposition 5.7. Then

ID*u™ || = M(S)
= SUP{gu(d)g) HNONS Ccl(Q)a gc Ccl(RgaRg)a ”V¢|§Hoo <1, HgHOO < 1}

Proof. Let ¢ € CL(2), g € CL(R3,R3), and f(z,y) = é(x) g(y). From [9, Lemma 5.2] we have
that

Eu(dg) = —(D*(pou'),g)
—— | Vo (y) @gly) dDu\(y) - /J Goulg. vdH?.

Qp

(5.2)

Therefore, if wy = Z?:l(—l)i’1¢gi@,
(D*(pou™t),g) = —Euldg) = —(0Gu.wy) = (35, wy)
= ($,) Oz, 0gidza A dy;) < M(S)[|Velgoollglloo,
[NeY
where in the last inequality we have used that supp S C L x R3. In particular one finds
ID*(¢ 0 w™)|| < M(S)[|Volglloc-
Now we can take a sequence of functions ¢, € C}(Q) such that ¢, (21,72, 23) — 23 in C! in a
neighbourhood of L and ||V¢n|gllec — 1. We find || Dug'||. Since the first two components of
u~! have Sobolev regularity [9, Prop. 5.1], then ||D*(u=1)]|.
The reverse inequality goes as follows. With 01, 179, 13 € C1(), g € C}(R3,R3) we set
3
((zyy) = > (-1)" " Vnagidzs Ady.
i,a=1
We also take an ¢ € C}(Qp) such that ¢(z) := [, 13(0,0, s)ds for all x in a neighbourhood of

Lsaw_2i¢4)uww)x)@p
Then we have, thanks to (5.2) and Lemma 5.8,

(8,¢0) = (S, dw) = —(0Gy,w) = —Eu(dg)
/ Vo(u ®g(y) - dDu"(y) + / [pout]g- vdH. (5.3)

u
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By a proof similar to that of Proposition 4.3.v), based now on (5.2), it can be seen that u=!(y) €
L for |Du~Y-a.e. y € Q. On the other hand, for H?-a.e. y € J,—1 the jump of ¢pou~! can be
rewritten as .
s ()"
poullw = [ 0,000,
(us?) @)

Therefore,

1(8,0) = (S, dw)| < IV lgllo| D*uz | (2 \ Juu1) + IIV¢IQHoo/ [w™"]]dH>.

—1
Now, we have |[Volgllco < [I13]l0c < [Cloo-
We obtain M(S) < ||[D%u3!|| and

M(S) = [ D3
It remains to show that
|D*u| = sup{Eu(ég) : 6 € CLQ), g € CLRYR?), | Volgloo < 1 llglloc < 1.

From the equality

—Euldg) = o Vo(u y)) ® g(y) - dDu™*(y)
b
(") @
+/ / "~ 8,,0(0,0,5)ds | g - vdH?,
Jur \/ (u15") @)
the claim can be obtained arguing as above. This concludes the proof. O

We note, in passing, that from (5.3) and Lemma 5.8, arguing as in [33, Prop. 4], [1, Th. 2.3],
it is possible to obtain an alternative proof of the Sobolev regularity of ufl, and uy ! established
in [9, Prop. 5.1].

In order to give an additional intuition about the supremum in Proposition 5.9, suppose, to
fix ideas, that condition INV is satisfied and u has finite surface energy (i.e., that Du~! has no
Cantor parts and H?(J,—1) < 00). In that case, as mentioned in Section 4, the created surface
comes from an at most countable collection C'(u) of singular points, and it is known [31, Th.
4.6] that

sup{Eu(¢g): ¢ € CH(Q), g € CL(R*R?), [[¢]loc < 1,[|gloc < 1} = Y Perimr(u, ).
£eC(u)

This, in turn, can be rewritten as

Z Perimp(u,§) = Z H2F£ H2( T, )_/ 1-dH2
Ty

§eC(u) £eC(u

Proposition 5.9 shows that when the supremum is taken under the constraint ||Ve|g|lec < 1 on
the gradient of ¢ instead of under the constraint ||¢| < 1, what is attained is

> l6- €A ee) = [l an? = D).
£.¢ €C(u) Tu

This contrast is reminiscent of the models for cohesive fracture where a Barenblatt surface energy

is added instead of the Griffith term characteristic of brittle fracture (see, e.g., [13, 17, 20, 7, 22]).

Also, note that in one case attention is paid only to the deformed state of the body, whereas

in the quantity ||[D*u~!|| appearing in the neo-Hookean problem the length of the dipole in
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the reference configuration is also important. In particular, the total energy can be reduced
by moving the singular points (with topological charges of opposite sign) closer to each other,
using inner variations that produce no increment in the area of the bubble in the deformed
configuration. If the singularities are moved by a distance § this would pressumably come with
a cost of order §° in the elastic energy, but this will be compensated with the gain of O(6') in
the singular energy.

Proposition 5.7 and Proposition 5.9 strengthen the analogy between our candidate for the
relaxed energy and the relaxed energy of Bethuel-Brezis-Coron for the harmonic map problem
form B* (the unit ball in R?) to S? in [12]. Indeed, from Proposition 5.9 we see that ||DSu™!||
is the perfect analogue of the quantity L(w) in [12, Eq. 1]. Furthermore their relaxed energy
was reformulated in the context of Cartesian currents in [24] (see also [26]). It is of the form
% Jgs |Dul?> + M(S) where S is the defect current associated to u (we refer to [24] for the precise
definition).

In the context of harmonic maps, the relaxed energy was investigated in order to explore the
question of existence of smooth minimising harmonic maps from B3 to S? for a given boundary
data with zero degree. This question, raised by Hardt and Lin in [27] (see question (2) at the end
of the paper), is still unsolved to this day. It was also investigated in an axisymmectric setting
in [28], where the authors showed that axially symmetric minimisers can have singularities.
Concerning the (partial) regularity of minimisers of the relaxed energy for harmonic maps,
we refer to [26, Th. 1 p. 424] and [11]. Our paper indicates that the problem of existence
of minimising configurations for neo-Hookean materials is of the same type of the Hardt—Lin
problem, making a bridge between these two areas. Furthermore, in the context of nonlinear
elasticity, the supplementary term has a clear physical interpretation which may help in the
understanding of the regularity problem, and thus shed new light on both problems.

APPENDIX A. TECHNICAL LEMMAS ABOUT THE ZENITH ANGLE FUNCTION OF THE BUBBLE

Lemma A.1. Let f-(r) be as in (3.4). Then, for ¢ small enough (¢ < min(1/e,/3/2)),
a) % ce2r(et + 1"2)_3/2 < &n( — cos fe(r)> < 6e%r(e* + 7"2)_3/2.

&€
b) / r‘@r(cosfa(r))}dr < 12¢2|Inel.

r=0

c) |0 (T> < 64e2r(e* + 1212 < 64V/2.
8r<cos fg(r))

Proof. Part a) We write

f(r) = arcta ( /6_2)+ ! f'(r) e ae
r) = arctan (r Qe— r) = —
‘e’ et 4 r2 £
— ~— ~—
::A(T) ;:B('r) >0
First we observe that
tan? A r2 1
.2 2
A pr— pr— A = -
st 1+tan? A &4+ 92’ o8 1+tanZ A
SO
. T g2
sSinAd=——., cosA= —— (A1)

Vel+r? Vel+r?
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Hence,
2
O (—cos f(r)) =sin f(r) f'(r) = (sinAcosB%—sinB;osA)f’(r) > m -cos B - 543_772.
- (A.2)

Considering that cos? B =1 —sin? B > 1 — B2 > 1 — ¢2, the above expression yields the lower
bound in the statement.
In order to obtain the upper bound, first note that

2
o arctan(e) <1< 2e ’
£ € T T et 42
so that
3e?
! : A3
)< s (A3)
Regarding sin f(r), note that
sin f(r) = sin Acos B 4 sin B cos A ! cos B + sin B e
in f(r) = sin in = — inB——
Vet 72 Vet +r2
r g2
sin B.

< +
Vet+1r2 el 4r2

Now, 0 <sinB < B = %n(s)r < r, therefore

0 <sin f(r) < #(14—53) < o
- T Vet 4r? T Vel

That, combined with (A.3), yields the upper bound in a).

Part b): We split the integration interval into two parts: (0,2) and (£2,¢). In the first part,
we use the upper bound obtained in part a) and r? < e* to write that

= 6e°.

2 2 2
€ 6e2r2dr € 6e5dr
0 eb

ArﬂﬁwWWMSA(gﬂqms

In the second part, using again the upper bound in a) and using that e* + 72 > 72 the following
is obtained:
’ * 6e2r2dr 1

/E 70, (cos f(r))|dr S/E ()72 = 622 1n o

If e < 1/e then 1 < |Ine|. Hence,

2

/ 7|0 (cos f(r))|dr < 6c*(1 + |Ing|) < 12¢|Inel.
0

Part ¢): Going back to (A.2) one finds that
Oy (cos f(r))

r

sin B

in A
= <sm cos B + cos A
r

r _1/8r(cosf(r))
Oy (cos f(r)) r ’

) 7).

Since
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differentiation with respect to r gives

2
r " sin A sin B
(o) =70 (e e )

r

B lar(cos f(r))

in A\’ in A in B in B\’
+ f'(r) ((sm ) cosB— 22 Gn BB + (cos A)Lm + cos.A(SH[1 ) >
r r r r

From equations (A.1) it is easy to see that
f(r) = =2&%r(e* + %) 72, y = (et + 2712, (%)l = —r(et 4 r2)73/2,
cos A =e*(et + 7’2)71/2, and (cos A)' = —&%r(e* + r2)*3/2.
Also,
’(SinB)’
r

Combining the lower bound in Part a), (A.3), and the above calculations yields

B < B - 7amtin(€) < 1, and we see that

B> B3

B-r-B' —sinB
osTr S ‘Sr2(|B—sinB|+|B|1—cosB|)§r2(+

r2

31 21

1
154(54 + r2)’3

aT(cos:"(r)M < 2e%r(e! +r%) 7 ((54 +r2) V2 g 2t 4212, 1)

+3e2(et + )7t (r(e4 +r)32 14 ()2

+ e%r(et + r2)’3/2 142 + 7“2)*1/27").

Therefore we find that

Or <Cosrf(7“))‘ < 45*4(84 + 7~2)3 (21 4+ 52) +3(2+ 282))627'(54 i 742)75/2'

From here, the claim follows, considering that r < e and et +r? < 22,
Lemma A.2. For every ¢ € [0,%) and s € [0, 1],
g:(p) < e, e—g:(p)sing >0 and h.(s,p)>0.

Proof. For every r < ¢
f(r) = arctan(r/e?) + asf < arctan(1/e) 4 arctan(e) = g = f(e).
5
Hence

g0<g = g(p) <e = e—g(p)sing > ¢(1 —sing) > 0.

The remaining terms in the formula for h(s, ) are easily seen to be also strictly positive.

Lemma A.3. For all 0 < ¢ < T it holds that g-(p) < 2.

Proof. Set r := g(¢). Since

Z > ¢ = arctan(r/e?) + ozef > arctan(r/e?),
5

then 1 > tan(p) > r/e2.

)<

O
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Lemma A.4. The first and second derivatives of g. are given by

1 g2 o\ ?
/ _ " _ 2 2 4\—2 € .
g:(p) = m, g (p) = 2e7r(r" + %) (73 e + 5) ) r=g(p).
re+e £
Furthermore,
52 / " -1 m
? §95(§0> §2 and ‘ga<90)’ §4€ ) V(pe [ 75]7
9L(0)] < 222 and 92(p)] < 4%, Vo € [0, 7).
Proof. Since g is the inverse of f,
1 —f"(g(¥))
9/(80) = o 9”(@) = T3 "
f'(9(¢)) f(9(¢))
The first bound for ¢’ comes by noting that
2 2
0<r<e = rP+el<e? 4% = 1:6—§€7+%§s—2+%§2€2
2 22 T r24et 0 ¢ 5

(recall that g(¢) < e for all ¢ because it is the inverse of the function f whose domain is [0, €]).
The finer estimate in the left-half interval [0, 7] is obtained similarly but using Lemma A.3 and
noting that r? +e* < e +&* when r < 2. The estimates for |¢”| follow from the inequality

2 -3
g"(p) < 2%r(r? 4 e*)72 <2 i_ €4> =2 r(r? +&%).
T

Lemma A.5. For all p € (0,%], s € [0,1], and e < L,

2
3
(1-— s)gf(@ + s < \@5, 0 < (1—5)gl(p)cosp+ s(e — g-(¢)sing) < ?ﬂcoscp,
sin

2
|h5(s,<p)|§37r2\[82cos<p and  |9,h(s,9)| = O(e).

Proof. By Lemma A.2, for all ¢
glp)<e and 0<e—g(p)sing <e.
For ¢ € [0, %], since cos ¢ > %, it holds, in particular, that

e — g()sinp < V2 cos .

For ¢ € [}, 5], since

—(e — g(p)sinp)" = g'(¢) sing + g(¢) cos p < 3,
S~~~ S~~~
<2 <e

then

(e — g(t)sint)dt < 3(% — ).
The relation

cosp < g cos ¢

then yields
3
0<e—g(p)sinp < ?ﬂcosgp Vo € [0, g]
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and
3
0<(1—35)g'(¢)cosp+s(e—g(p)sing) < ((1—s)+ s)—wcosgo.
—— 2
<2

So as to estimate the first factor in h, since ¢g(0) = 0 and Sup(g, | 19" (p)] < 2¢2,

0<p< Z = 0<g(p) < 2% (A.4)
Using that Si% is decreasing (and taking its value at ¢ = 7 for simplicity) we obtain that
s
g(cp) < 2¢? .('0 < 252% =7e? <e.
sin ¢ sin sin §
On the other hand, for ¢ € [T, 7],
9e) o £ _ e
sinp T —
2
Therefore,
3mV/2
(1—25) g(<p) + 58 < (1—5)V2e+se <V2 and |h(s, )| < 7T2\[52 Cos .
sin ¢

In order to estimate QO(%), as before consider first the case when ¢ < 7. By (A.4) and
Lemma A.3,

19" ()] < 267 g(0)(9(p)? + ) < 2e74(2e%p)((?)? + £*) = 82

Hence
i

(g (p) sinp — g(p) cos )| = |g" () + g(ip)| sinp < 100>,
Since

lim ¢'(¢)sing — g()cosp=¢2-0-0-1=0,
p—0t

integrating its derivative we obtain that

. 10
|9'(p) sinp — g(p) cos | < 35%3.

Using again that SmT“J is decreasing we find that

10.2 3 s 2 2
aw(g.(@)) < 3.6;0 < E&(—,? ) o= 10m e2p.
sin ¢ sin® ¢ 3 sin £ 12

When%ﬁgpﬁ%,

0oh(s.0) = 21— 5)0,( X)) (1 ) (g) cosip + 5 — glp)sinp) )
<5 - = I

+ 5( (1—2ys) g(go) + ss) ((1 —5) (¢’ () cos )’ —s (g9(¢) sin cp),>.

-~

—0(=1) —o()
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Lemma A.6. For all ¢ € [0, 5],
LY IC NP LY 1 T N
3 max{e, ©8} cos g(P)cose ~ max{e, 42}

Proof. Set r := g(y). By definition of g,
r aer
— arctan(—
p = arc an(€2) +

IN

-
Since a.Z < a. = arctan(e) = O(e), the mean value theorem applied to ¢ — tan(t) yields
QT r aer a
e —tan(—) = tan(a.) — tan(—) < 2(a. — —) =2—(e —7) < 2(¢ — 7).
5 5 5 5
cos(zty) _ 1-tanztany applied to = = arctan(), y

On the other hand, the formula Sn(sty) — fanstiany

1 — 5 tan(<<" 1 — 5 tan(<<t 2
Sk e (a;)) < S S == —E—i—a—tan(—a;r) < E(zs—?“)—i—2(e€—r).
- = r T

sing  Z5 + tan(%s

— QeT 53
c gives

If r > €2 then max{e, L} = L, so
r>e? = max{e, f}coscp < f(g +2)sinp (e —r) < 3(e — 7).
5 e'r

If r <e?thene—r >¢e/2 and
max{e, f}coscp <e<2e—r),
€

proving the first lower bound.
Analogously,
cosp  1—35 “r) 1-2%-e 5(5—7")>5(5—r)
H+e r+¢e3 r4+r

sing & +tan(%) T 5

esiny

If 7 < €2 then ¢ < T+ 0(e), cosp > %, and

1
5—r§€:2-5-§-5§25cosg0.

In both cases ,
e —r < 2v/2max{e, -} cos p,
€

which proves the upper bound in the first claim.
Note now that
1 , g2 Qe g2 2
J(p) Fir) = r2 4 ¢t + e = 2max{7", g2)2 max{g,a}Q'
Thus,
e—gle) __ 42
g (p)cosp — max{g,a}'

To obtain the last claim, write
44/2 2r 1 —singp

e—glp)sing _ e—g(p)  glp)l—sinp _ n
g(p)cosp  glp)cosp  g'(p) cosp ~ max{i,e} max{;,e}? cosy
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The second factor is bounded:

. Z—p
1—singp Sm(22 )

2 ) <tan T =1 (A.5)
Ccos p cos ( 5;%") 4
The proof is finished by noting that r < max{Z,e}? for all r € [0, ¢]. O

Lemma A.7. Ifa, b, and A # 1 are any positive numbers such that g < A, then

/1 ds _ 1 Iy
s—o (1—5)a+sb ~1—-X"1 b ~

Proof. Changing variables to u = (1 — s)a + sb it follows that

/1 ds ~In(b/a) 1 Int

o =s)a+sb  b—a  bl—t"li=b/a

This yields the conclusion because that function is increasing in ¢. O
Lemma A.8. For all p €0, 3),
g'(p)cosp < e —g(p)singp.

Proof. It suffices to observe that € — g(¢) sin ¢ — ¢'(¢) cos ¢ vanishes as ¢ — 7 and

(6 — g(p)sing — g'(¢p) cos sO))/ =—(g9(p) + ¢"()) cosp < 0.

O
Lemma A.9. For all p € [0, 3),
1 ds 2
- - < |Inel.
s=0 (1= 8)g'(p) cosp + s(e — g(p) sinp) ~ € —g(p)
Proof. By Lemma A.2,
0<e—g(p) <e—glp)sine.
Combining that with the previous lemmas, with
8
a=g(p)cosp, b=e—g(p)sing, A=-,
€
it is obtained that
/1 ds 1 In8
- < £
s=0 (1 =8)g'(p)cosp +s(e —g(p)sing) — 1—§ge—g(p)sing
|

APPENDIX B. WORKING WITH AXIALLY SYMMETRIC MAPS

In this appendix, we describe axially symmetric maps in cylindrical and spherical coordinates.
We compute the differential of an axially symmetric map in those coordinates system. This
allows us to express the Dirichlet energy, the cofactor matrix and the Jacobian determinant
of these maps. All these quantities are needed in Section 3 to understand the construction of
test functions which proves that the lower bound of the relaxed energy found in Theorem 1.1 is
optimal for the limiting map of the Conti—De Lellis example.
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B.1. Axially symmetric maps in cylindrical and spherical coordinates. We denote by
(r,0,z3) € RT x [0,27) x R the cylindrical coordinates and (p, 6, ¢) € RT x [0,27) x [0, 7] the
spherical coordinates. Hence we have

(x1,x9,23) = (rcosf,rsinb, z3) = (pcosbsin p, psinfsin ¢, cos p).

Note that 6 is the same angle for cylindrical and spherical coordinates. We consider axisymmetric
maps with respect to the z3-axis. Let 2 be an axisymmetric domain. The map u : Q — R3 is
axisymmetric if, in cylindrical coordinates, it can be expressed in the following way

u(rcos,rsind, z) = vi(r, z)e, + va(r, z)es = vi(r, z)(cos fe; + sinbes) + va(r, z)es,

for some v = (v1,v2) : P(Q) — Rt x R, with P defined in (2.1). In this case the cylindrical
coordinates (uy,ug, ugz,) of the map uw are (vi(r, z),0,v2(r, 2)). We can also express spherical
coordinates of the map

(up,u@,%):(\/vf(r,z)+v§(r,z),9,arccos(2 valr, 2) ))

vi(r,z) + U% (r,z)

Thus, a map w : Q — R? is axisymmetric if its spherical coordinates (u,, ug,u,) satisfy that
Uy, Uy do not depend on 6 and ug = 6.
Next we give the expression of the differential of a map given in different coordinate systems.

B.2. Use of cylindrical-cylindrical coordinates. We recall from the Appendix in [34] that
if u : Q — R3 is axisymmetric and is given in cylindrical coordinates by wu(r cos#,rsin 6, z3) =
v1(r, z3)e, + va(r, z3)es then

8ﬂ}1 0 6553 (%] %83631}2 0 —%arvz v
Du=|( 0 2 0 |, cof Du= 0 det Dv 0 . det Du = —* det Dw,
Orva 0 Opyva — "L 0z501 0 LOpu1 r

and the neo-Hookean energy is given by

2
E(u) = 27r/ (|87n'u|2 + |8m3’0|2) rdrdzrs + 27r/ v—ldrdatg.
m(§2) m(Q) "

B.3. Use of spherical-spherical coordinates. Let us assume that u is an axisymmetric map
given in spherical coordinates in the domain and in the target. We can write

u(pcosfsing, psinfsin g, pcos ) = u,y(p, p)e,, with e, := (cosfsinu,,sin @ sinu,, cosuy,).

Let v(t) = (p(t),0(t),(t)) be a C! curve in spherical coordinates. We compute & [u o ~].
By the chain rule,

dluo~|(t ) . ' ‘ '
[dt]() = Opuppe, + uppd e, + Opyuype, + u,pdye, + u,00ye,.

We let
ep := (—sinb,cosb,0), e, := (cosf cosuy,,sin f cosu,, —sinu,).

The basis (e,, e,, €g) is orthonormal and e, A e, = eyp. We can verify that
Ope, = Opugey,
Ope, = (—sinfsinu,, cos @ sinu,, 0) = sinu,eg,
Ope, = O Uy (cos b cos Uy, sin 0 cos g, —sinuy,) = JpUpey,.
Thus we find

dfu o ~](t)

7 = Dyuppe, + Uppdyupe, + puppe, + uppdyuse, + uyb sinugye.
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On the other hand, ¥(t) = pe, + pdsin peg + ppe, where (g,,€4,€,) is the orthonormal basis
given by

€, = (cosf(t) sin p(t),sin O(t) sin ¢(t), cos p(t)),
gp = (—siné(t),cos6(t),0),
€, = (cosO(t) cos p(t),sinf(t) cos p(t),sin p(t)),

which satisfies €, A €9 = €,. Hence we can express

d[uczj;y](t) = Opu,(v - €p)e, + updpus(y - €p)e, + Qaup’\//;;‘pep
+ up&pu(p&ew + u, sinuy, Z;i'nii ep.
Now we use that for three vectors, a, b, h we have a ® b.h = (b- h)a and we find
d[uc;l;y](t) = [Dpupe, @€, + updpuse, @ e, + /108<pupep R €y
;Qoupep Qey,+ ll)up(?@u@e(p R ey, + meg ®eg| .

Hence in the bases (e,, eg, €,), (€, €0, €,) (in the reference and deformed configurations, respec-
tively) we have

1
Dpup 0 pYelUp
Up SIN U,
upapu@ 0 %Upagou(p
Thus we find
2 2 2, 1 2, 1 2, |upsinuy|®
|Du|® = [0pup|” + |u,0puep|” + ﬁ\a¢up\ + ﬁ\updpu(p] + sin?p
u% si121 ufp&,,u(; 0 —ug sin.u(papuw
p?sin psin g
cof Du = 0 u—;(apup8¢u¢ — Opup0pup) .
_ upsinuuOpup 0 upOpUp Sin uy
p? sin psin
and
uz sin u,
det Du = m(apupawuw — 8pu¢,({“)<pup). (Bl)
Note that the Dirichlet energy can be expressed by
1
2 2 2 2
/ [ Dul :277/ [‘apup’ + [upOpue|” + —10pu,|
Q () p
|, sin u, |2

1
+ — upOpuy)® + ?sin pdpdep.  (B.2
pQIpWOI Tain? )P Sinededg (B.2)
B.4. Use of cylindrical-spherical coordinates. Now we find the differential of a map given
in spherical coordinates in the target but in cylindrical coordinates in the domain. If we assume

that w is axisymmetric then we can write

u(rcosf,rsinb, x3) = u,(r, x3)(cos O sinuy,(r, x3)eq + sin 0 sinuy,(r, x3)es) + cos uy (7, x3)es

= u,(r, x3) sinuy, (1, x3)e, + u,(r, x3) cos u,(r, x3)es.
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By using the same method as in Subsection B.3, we find that, in the basis (e,, eg, e3),

Orip sin Uy, + 1,0p Uy, COS Uy, 0 O Up SIN Uy + Up0p; Uy COS Uy
Du = 0 Up SN Uy 0 ’
IS
Oy €OS Uy — UpOr Uy, SIN U, 0 O3 Up COS Uy — UpOz, Uy SIN U
2 .
s Sin ug,
det Du = f(&nu@@xgup — Op Oy, typ). (B.3)

In this case the Dirichlet energy is given by

1
/Q|Du]2 = 27T/(Q) [|8rup]2 + JupOrug)? + r—2|upsinu¢,]2 + |0y up|* + \upﬁzguﬂﬂ rdrdzs.
™
(B.4)

APPENDIX C. A LEMMA IN MEASURE THEORY

In Proposition 4.3 we need the following property.

Lemma C.1. Let {fx}ren be a countable family of functions from X — Y. If the images fi(X)
are disjoint, then

=2 | frgpnl
k

Proof. Take any set A C Y. Fix M € N and € > 0. Refining the partitions if necessary, from
the definition of the total variation of a vector-valued measure it can be seen that a partition
A =JA; exist such that

15
Z\fk#u | = [ frpml(A) — 5 for each k € {1,..., M}.

Set A := A; N fr(X). Since the A;;, are disjoint, for every k and i we have that

Frgpt(Ai) = frgm(Air) = | D Fiam | (Ai)-
JEN
Therefore,
M M
D | frpnl(A *6<ZZ‘fk#“ ANl =23 || 2 figm | (Air)
k=1 ; k=1 i jEN

By definition of total variation, the right-hand side is less than or equal to ‘deN fi #u’ (A4)

Since the inequality holds for all M and e, we find that | fr.p|(A |Z [ k#u| . The
reverse inequality is easier to prove: it is deduced from the deﬁnltlon of |2 frpntl and the
triangle inequality. O

APPENDIX D. SURFACE ENERGY OF A HARMONIC DIPOLE

Let u be the Conti-De Lellis map defined in Section 3.1. Here we prove that its surface energy
E(u), as it is defined in [29], coincides with twice the area of its created surface, that is, 27. Set
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Q) := B(0,3). Given f any test function in C}(Q x R3 R3),
Eu(f) = / cof Vu - Vo f (x, u(x)) + det Vu(z) divy f(z, u(z))dz
Q

=lim [ cof Vu- Vyf(z,u(x)) + det Vu(z) divy f(z, u(z))de,

p—0 Qp

where Q, := Q\ (B((0,0,0),p) U B((0,0, 1),p)>. Using that w is smooth in Q,, by changing
variables we obtain

Eu(f) = lim o) div (f(u’l(y), y)>dy = lim ) flu'(y).y) - v(y)dH(y).

Choosing as the Borel orientation of the bubble I' the unit vector vr pointing outside
B((O, 0, %), %), the above integral can be written as

e = [ H(@) @.9) - vrwate - [ £(@) @.9) - rreate)
— [ #(0.0.0.9) - srwai) - [ £(0.0.0.9) v,
r r

Since |f - v| < || f||oo, this integral is bounded above by 2H2(T') = 27 for any f with || f|le < 1.
Taking a test function f such that

£((0,0,0,y) =vr(y) and £((0,0,1),y) = ~vr(y)

for all y on I' (which is possible since the singular points are separated in the reference con-
figuration), it follows that the supremum over all such f is exactly 2m; that is, £(u) = 27, as
claimed.
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