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ABSTRACT. In this paper we achieve a first concrete step towards a better understanding of
the so called Bernstein problem in higher dimensional Heisenberg groups. Indeed, in the sub-
Riemannian Heisenberg group H", with n > 2, we show that the only entire hypersurfaces
with vanishing horizontal symmetric second fundamental form and countable characteristic set
are hyperplanes. This result relies on a sub-Riemannian characterization of a higher dimen-
sional ruling property, as well as on the study of sub-Riemannian geodesics on Heisenberg
hypersurfaces.

1. INTRODUCTION

In the present paper we achieve a first concrete step towards a better understanding of the so
called Bernstein problem in higher dimensional sub-Riemannian Heisenberg groups. Namely, we
reduce the solution of the latter to validity of suitable sub-Riemannian curvature estimates. The
characterization of entire minimal hypersurfaces in higher dimensional sub-Riemannian Heisen-
berg groups is an intriguing open problem in the framework of sub-Riemannian geometry. This
issue, which is typically known as Bernstein problem in view of its Euclidean counterpart (cf.
[28] for a complete survey of the topic), fits into the broader context of minimal hypersurfaces
in sub-Riemannian structures (cf. [9, 10, 11, 16, 19, 25, 26, 29, 39, 40, 41, 48] and references
therein). The study of this and related issues is particularly relevant in the sub-Riemannian
Heisenberg group H", since the latter constitutes a prototypical model in the setting of Carnot
groups (cf. [21, 6]), sub-Riemannian manifolds (cf. [2]), CR manifolds (cf. [7]) and Carnot-
Carathéodory spaces (cf. [30]). We briefly recall that the n-th Heisenberg group (H", -) is R?"!
endowed with the group law

p-p=(z,9t)- @ ¢t=c+7,9+7.t+t'+Q(z,9), (7)),

where
n

Q((i‘a g)a (i‘/7 g/)) = Z (ZL‘;y] - l']y;)
j=1
and where we denoted points p € R*"™ by p = (2,t) = (Z,7,t) = (X1, ..., Ty Y1, -+ Yn, ).
With this operation, H" is a Carnot group, whose associated horizontal distribution, which we
denote by H, is generated by the left-invariant vector fields

0 0 0 0
X, — - d Vie — g2
T on Vg M N T e TNy
for j = 1,...,n. The standard sub-Riemannian structure
(Hn7 H, <'7 >)

is given by a suitable scalar product (-,-) on H. One of the key differences between the
Euclidean and the Heisenberg setting is that, as pointed out in [3], the classical Federer’s notion

Date: January 11, 2024.
Key words. Bernstein problem, Heisenberg group, ruled hypersurface, minimal hypersurface, second funda-
mental form, totally geodesic.

MSC. 53C17, 49Q05.



2 A. PINAMONTI AND S. VERZELLESI

of rectifiability in metric spaces (cf. [20]) is not suitable for the Heisenberg group. To solve
this issue, the authors of [22] introduced the intrinsic notion of H-regular hypersurface, together
with a related notion of intrinsic rectifiability. We recall that an H-regular hypersurface is a
subset of H" which can be described locally as the zero locus of a Cj-function (cf. [22] for more
precise definitions). A special class of H-regular hypersurfaces is that of non-characteristic
hypersurfaces. In this setting, given a hypersurface S of class C*, we say that a point p € S is
characteristic as soon as

H, =T,5,
and otherwise we say that p is non-characteristic. In this last case, the horizontal tangent space
HT,S =H,NT,S

is a (2n—1)-dimensional vector space. The set of characteristic points of S is denoted by Sy and
is called the characteristic set of S. After [22], it was clear that the importance of H-regular
hypersurfaces went beyond rectifiability, as proved for instance from the striking differences
between characteristic and non-characteristic setting in the approach to the sub-Riemannian
Bernstein problem in H'. A first study of the latter was carried out by [9, 44] in the class
of t-graphs of class C?. We recall that a hypersurface S is a t-graph whenever there exists
u : R?® — R such that

graph(u) := S = {(z,y,u(z,9)) : (z,y) € R™}.

In the previous set of papers, the authors classified minimal ¢-graphs of class C? in the first
Heisenberg group H!, finding examples of minimal smooth ¢-graphs which are not planes. These
results were generalized in [33, 16, 17] to more general embedded C*-hypersurfaces in H!. More-
over, as pointed out in [41], if one consider hypersurfaces with low regularity, the examples of
minimal hypersurfaces which are not hyperplanes increase considerably. However, the situation
is different when considering non-characteristic hypersurfaces. In this context, a meaningful
counterpart of hyperplanes in the Euclidean setting is the class of wvertical hyperplanes. Let us
recall that a vertical hyperplane is a set S of the form

S={pel" : ((z.9).(ab)) = c},

for some 0 # (a,b) € R and ¢ € R. An easy computation (cf. Section 4) shows that S is
non-characteristic. Moreover, every hyperplane which is not vertical is characteristic (cf. again
Section 4). A first result in this direction was achieved in [5] in the class of intrinsic graphs
(cf. [5]). Indeed, the authors showed that the only minimal intrinsic graphs defined by a C?
function in H' are vertical hyperplanes. This result was generalized in [23] to the class of non-
characteristic minimal C*-hypersurfaces of H!, in [38] to the class of minimal intrinsic graphs
defined by an Euclidean Lipschitz function in H', and in [27] to the class of (X, Y")-Lipschitz
surfaces in the sub-Finsler Heisenberg group H'. We point out that, as shown in [37], weakening
the regularity of the defining function allows to find examples of minimal hypersurfaces which
are not vertical planes even in the class of intrinsic graphs. While the Bernstein problem is well
understood in H!, very few results are known in higher dimensions. On one hand, as in H!,
there is no rigidity in the class of smooth t-graphs ([47]). On the other hand, when n > 5, there
are counterexamples even in the class of smooth intrinsic graphs (cf. [5, 16]). The Bernstein
problem for non-characteristic hypersurfaces is still open when n = 2,3,4. In H', a key step
consists in understanding that the non-characteristic part S\ Sp of an area-stationary surface
S is foliated by horizontal line segments in the following sense.

Ruling Property. [10, 23] Let S be an area-stationary surface of class C* in H'. Then, S is
foliated by horizontal line segments with endpoints in Sp.
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Here, by horizontal line, we mean an Euclidean line + such that
J() =Y a; X;((0) + D bYi((t)),
j=1 j=1

for some ay,...,a,,b1,...,b, € R and for any ¢ € R. The importance of this ruling property
became even more evident in [49], where the author showed a Bernstein Theorem in the class of
those minimal intrinsic graphs which present the aforementioned ruling property, thus without
assuming any regularity on the surfaces. The importance of this merely differential property can
be appreciated even by a sub-Riemannian viewpoint. Indeed, in analogy with the Riemannian
setting, the sub-Riemannian structure of H" allows to associate to the non-characteristic part of
S various notions of horizontal second fundamental forms, which act on the horizontal tangent
distribution HT'S. Despite these forms have been introduced and studied by many authors
in different ways (cf. [32, 15, 12, 43, 32]), and differently from the Riemannian framework, it
is possible to distinguish a symmetric form h and a non-symmetric form h. These forms has
shown to be important in various settings, for instance to introduce the so-called horizontal
mean curvature H (cf. [9, 39, 15]), a suitable notion of horizontal umbilicity (cf. [8]) and for
the study of rigid motions (cf. [12]). In the particular case of H', the vanishing of the form h,
which coincides both with the symmetric form h and with the horizontal mean curvature H, is
equivalent to the aforementioned ruling property. In the higher dimensional case, however, h

and h may differ, although it is in general true that the norm of & is controlled by the norm of
h (cf. Section 6).

The aim of the present paper is twofold. On one hand, we propose a generalization of the
ruling property to higher dimensional Heisenberg groups, relating this new notion with the
vanishing of the symmetric form h. More precisely, we will call horizontally totally geodesic
an hypersurface such that h = 0 on its non-characteristic part. We stress that hypersurfaces
for which h = 0 are particular instances of horizontally totally geodesic hypersurfaces. On the
other hand, it is not always the case that horizontally totally geodesic hypersurfaces satisfy
h =0 (cf. Section 6). In the Riemannian framework, this name is motivated by the fact that
every geodesic of a totally geodesic hypersurface is a geodesic of the ambient manifold. This
last characterization allows to deduce that, in R”, the only totally geodesic hypersurfaces are
hyperplanes. The second aim of this paper is to provide an analogous result in the Heisenberg
group. We stress that, at least in the non-characteristic case, hypersurfaces with h = 0 are
easily vertical hyperplanes (cf. Section 6). Surprisingly, the same phenomenon continues to
hold under the weaker requirement 4 = 0. The main achievements of this paper can be then
summarized in the following result.

Theorem 1.1 (Main Theorem). Let S C H" be an hypersurface without boundary of class C?.
The following are equivalent.

(1) S is horizontally totally geodesic.
(13) S is ruled.

If in addition n > 2, S is (topologically) closed and Sy is countable, then (i) and (i) hold if and
only if S is a hyperplane.

In particular, in the non-characteristic setting, Theorem 1.1 constitutes an important tool in
order to approach the resolution of the Bernstein problem in the higher dimensional case.

Corollary 1.2. Let S C H" be a non-characteristic hypersurface without boundary of class C2.
Assume that n > 2 and that S is (topologically) closed. If S is horizontally totally geodesic,
then S is a vertical hyperplane.
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Indeed, Corollary 1.2 allows to reduce the complexity of the problem to the estimate of the
norm of the horizontal second fundamental form A associated to a minimal hypersurface. We
point out that an approach based on curvature estimates for minimal hypersurfaces is already
available in R”, in view of the celebrated paper [45]. Our approach to Theorem 1.1 can be
summarized in the following steps.

Introduction of the higher dimensional ruling property. The starting point consists in
generalizing the ruling property to the higher dimensional case, which is done in Section 3 in
two equivalent ways (cf. Definition 3.1, Definition 3.1 and Proposition 3.2). After discussing
the connection between the characteristic set and this new notion (cf. Proposition 3.2), we
show that the latter is well-behaved with respect to the intrinsic geometry of H". Namely,
we prove that the class of ruled hypersurfaces is closed under the action of intrinsic dilations
(cf. Proposition 3.6), and the action of the so-called pseudohermitian transformations (cf.
Theorem 3.10).

Rigidity results for ruled hypersurfaces. Subsequently, we exploit the ruling property to
provide rigidity results for some classes of hypersurfaces. Basically, we show that under some
constraints on the size of the characteristic set, the higher dimensional ruling property is more
rigid than the corresponding one in H!.

Theorem 1.3. Let S be an hypersurface of class C'. Assume that n > 2 and that S is
closed and without boundary. Assume that Sy is countable and that S is ruled. Then S is an
hyperplane.

This result constitutes a first remarkable difference with H', where there are instance of
smooth ruled non-characteristic hypersurfaces which are not planes (cf. Section 4). Another
striking difference with the first Heisenberg group can be appreciated studying the ruling prop-
erty in the class of intrinsic cones.

Theorem 1.4. Let n > 2 and let S be a ruled conical closed hypersurface. If Sy # 0, then S is
the horizontal hyperplane Hy.

As a corollary of the previous characterization, it is easy to provide examples of entire minimal
characteristic hypersurfaces which are not ruled.

D=

Theorem 1.5. Let n > 2 and let S := graph(u), where u(z,y) = 3237 — 3yi. Then S is a

minimal smooth hypersurface which is not ruled.

Introduction of the horizontal second fundamental forms. In Section 6 we begin build-
ing a bridge between the aforementioned results, which are only differential in spirit, with the
sub-Riemannian structure of H”. To this aim, we formally introduce the two aforementioned
second fundamental forms / and h. highlighting the main differences between H! and higher
dimensional Heisenberg groups. Moreover, we prove some simple formulas for the norms of h
and h (cf. Proposition 6.1 and Proposition 6.4), which allows to relate in a quantitative way
the two quantities.

Ruled if and only if horizontally totally geodesic. In view of Theorem 1.3, the main
remaining obstacle to prove Theorem 1.1 is to show the equivalence between the property of
being horizontally totally geodesic and the ruling property.

Theorem 1.6. Let S be a hypersurface without boundary of class C*. Then S is ruled if and
only if S is horizontally totally geodesic.

This result strongly relies on a local existence and uniqueness result for a particular geodesic-
type initial value problem on the hypersurface (cf. Theorem 7.5). Sub-Riemannian geodesics
have been extensively studied in the last years (cf. e.g. [35, 34, 1, 14, 36] and references therein).
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Although local existence results for sub-Riemannian geodesics are available (cf. e.g. [34]), it is
not always the case that sub-Riemannian geodesics satisfies the standard geodesic equation

vl =0,

being V a suitable sub-Riemannian connection (cf. [44]). Therefore, we devote Section 7 to the
study of the initial value problem associated to this kind of equations on hypersurfaces. The
proof of Theorem 7.5 can be reduced to the study of curves in domains of suitable intrinsic
graphs, and its main difficulty lies in the fact that that the initial value problem that we need
to consider is a priori overdetermined. Once Theorem 7.5 is achieved, we are then in position
to prove Theorem 1.6, and so, in view of the previous considerations, to conclude the proof of
Theorem 1.1.

We point out that, in view of Theorem 1.6, we can read Theorem 1.4 and Theorem 1.5 from
the sub-Riemannian standpoint. Namely, when n > 2, the only horizontally totally geodesic
sufficiently smooth cone is the horizontal hyperplane, and there exist minimal characteristic
conical hypersurfaces which are not horizontally totally geodesic.

This set of results and considerations both provides a direct way to approach the Bernstein
problem via curvature estimates, and highlights once more many interesting differences between
H! and higher dimensional Heisenberg groups. According to the authors’ hope, it may give
a burst in the grasp of such an interesting open problem as the Bernstein problem in this
anisotropic setting.

Plan of the paper. In Section 2 we collect some basic preliminaries about the sub-Riemannian
Heisenberg group. In Section 3 we introduce the higher dimensional ruling property and we
study some of its properties. In Section 4 we prove Theorem 1.3, while in Section 5 we prove
Theorem 1.4 and Theorem 1.5. In Section 6 we recall the main definition and properties of
the horizontal forms h and h, and we introduce the notion of horizontally totally geodesic
hypersurface. In Section 7 we introduce the relevant geodesic-type initial value problem (cf.
(7.1)) and we show a local existence and uniqueness result (cf. Theorem 7.5). Moreover, we
prove Theorem 1.6 and Theorem 1.1.

Acknowledgements. The authors thank G. Giovannardi, M. Ritoré, F. Serra Cassano, D.
Vittone and R. Young for fruitful conversations about these topics. The authors also thank D.
Vittone for suggesting them the proof of Proposition 7.1.

2. PRELIMINARIES

2.1. The Heisenberg group H". In the following we denote by T' the left-invariant vector
field %. In this way Xy,..., X,,,Y7,...,Y,, T is a basis of left-invariant vector fields. Moreover,
the only nontrivial commutation relations are

(X, Yj] = =[¥;, Xj] = —2T

for any j = 1,...,n. A vector field which is tangent to H at every point is called horizontal.
For given ¢ € H" and A > 0, we define the left-translation 7, : H* — H" and the intrinsic
dilation 0y : H" — H" by

T(p) ==q-p and S(p) == (Az, A1)

for any p = (z,t) € H" respectively. It is well known that both 7, and ¢, are global diffeomor-
phisms, and that ) is a Lie group isomorphism. Moreover, we define the complex structure J
by letting

J(X) =Y, JYV)=-X; and J(T)=0
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for any ¢ = 1,...,n, and extending it by linearity for general vector fields. Given p € H"
we will often identify the vector » 7, v; Xl + vny;Yjl, with the point (vi,. .., va,,0) € H".
The Haar measure of H" coincides with the (2n + 1)-dimensional Lebesgue measure £,
The homogeneity property £2"F1(5,(E)) = A2L2"*1(E) holds for any measurable set £ C H",
where ) = 2n + 2 is the homogeneous dimension of H" (cf. [46]).

2.2. Sub-Riemannian structure on H". We let g be the unique Riemannian metric on H"
which makes Xi,...,X,,Y1,...,Y,, T orthonormal. For the sake of notational simplicity, we
let

ZJ = Xj Zn+j = }/; and Z2n+1 =T
for any j = 1,...,n, and we recall for the sake of completeness that the horizontal distribution
‘H is defined by

H, = span{Zi|,, ..., Zon|p}

for any p € H". If we restrict g to the horizontal distribution H, and we denote this restriction
by (-,-), then H" inherits a sub-Riemannian structure which realizes it as a sub-Riemannian
manifold. We denote by V the so-called pseudohermitian connection (cf. e.g. [43]), i.e. the
unique metric connection (cf. [18]) with torsion tensor given by
(2.1) VxY = VyX - [X,Y]=2(J(X), )T
for any pair of vector fields X and Y. The most relevant feature of V (cf. [42]) is the following
property:

for any 7,5 = 1,...,2n + 1, and so can be seen as a flat connection on H".

2.3. Carnot-Carathéodory structure on H". IfI": [a,b] — H" is an absolutely continuous
curve, we say that it is horizontal whenever

(2:3) [(t) € Hrq)
for almost every t € [a, b], and we say that it is sub-unit whenever it is horizontal with [T'(¢)| = 1
for almost every t € [a,b]. Moreover, we define

d(p,p') :=inf{T : T':[0,7] — H" is sub-unit, I'(0) = p and T'(T") = p'}

which, by the Chow-Rashevskii theorem (cf. [13]), defines a distance on H", called Carnot-
Carathéodory distance. The metric space (H",d) is then a prototype of Carnot-Carathéodory
space (cf. [30]).

2.4. Horizontal perimeter and horizontal gradient. If 2 C H" is open and £ C H" is
measurable with yg € L], (Q), we recall (cf. e.g. [22, 24]) that the H-perimeter of E in ) is
defined by

Py(E,Q) :=sup {/ divg(p) dL*" . ¢ € CHQ,H), |@], < 1 for any p € Q} :
E

where by C!(Q,H) we denote the class of compactly supported C! sections of the horizontal
distribution H, and divy is the so called horizontal divergence, defined by

v 3206+ b)) = 33+ i
=1 j=1

for any >0 (0 X + pnssY;) € CH(Q,H). Moreover, we say that a set E as above is an
H-Caccioppoli set whenever Pg(FE,2) < +oo for any bounded open set 2 C H". Finally, we
recall (cf. e.g. [46]) that an H-Caccioppoli set E is an H-perimeter minimizer whenever
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for any 2 € H” and for any H-Caccioppoli set F' such that EAF &€ (). The sub-Riemannian
structure of H" allows to define a distributional notion of horizontal gradient (cf. [22]). More
precisely, if f € Ll _.(Q), we let

loc
(Vafphi=— [ fdivapac™
Q

for any o € C>°(2,R?"). When f is continuous and Vg f is represented by a continuous vector
field, then we say that f € C§(€Q). Moreover, in this case,

Vuf = ZXijj + ZYJJCYJ
= =1

2.5. Hypersurfaces in H". We say that S C H" is an H-regular hypersurface if, for any p € S,
there exists an open neighborhood U of p and a function f € Cf(U) such that

SNU={qeH" : f(q) =0} and Vuf # 0 on U.

Here and in the rest of the paper, whether not specified, a hypersurface will be always at least
of class C'! and without boundary. If S is an hypersurface of class C!, we define

So:={peS:H,=1T,5}
and we call it the characteristic set of S. Notice that, since S is of class C' and H is a smooth
distribution, then Sy is closed in S. Moreover, let us define
HT,S = H,NT,S.
When p € Sy, then dim(HT,S) = 2n. On the contrary, when p € S\ Sy, we have dim(H7,S) =
2n — 1. In this case, the horizontal normal to S at p is defined by

N¥(p)
(2.4) VH(p) =
[NH (D)l
for any p € S\ Sy, where Ny(p) is the a section of the horizontal bundle defined by
N¥(p) =D ((N®), Xjlp)rznsr Xjlp + D (N (D), Yjlp)mznsa Yy,

j=1 j=1n

being N (p) the Euclidean unit normal to S at p. It is clear that a hypersurface of class C! with
empty characteristic set is H-regular (cf. e.g. [47]). When S is of class C?, it is easy to check
that

2n
(2.5) > 0 Ze(v)!) =0

h=1
for any k = 1,...,2n, where by v™ we mean any C? extension of v"|s in a neighborhood of S
such that [v™| = 1. There is a particular choice of such an extension which allows to derive

further relations. Indeed, if we let d be the signed Carnot-Carathéodory distance from S with
respect to (Z1,. .., Za,), then it is well known (cf. [43]) that d™ inherits the same regularity
of S in a neighborhood of any non-characteristic point p € S. Moreover, since d* satisfies the
horizontal Eikonal equation in a neighborhood of S, then v™|g can be extended by letting

(2.6) =Y XGd XG4+ Ydhy;.
j=1 j=1

With this particular extension,
(2.7) Zi(vy) = Zn(vy)
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for any h,k = 1,...,2n such that |h — k| # n. Moreover,
(2.8) Xi(viy) = Ye(vp) —27d™  and Y (vf) = Xp(v),) + 2Td"
for any k = 1,...,n. Finally, thanks to (2.5), (2.7) and (2.8), we see that

2n
(2.9) > vl Zu(vi) = —2Td T (™),
h=1
for any k =1,...,2n. Moreover, a simple computation shows that
N2n+1
2.10 Td" =
210 &7

According to [15], we define the horizontal tangential derivatives
6,6 = Z:& — gu (V, &) o'
for any i = 1,...,2n, where ¢ is a C" function on an open subset of S and ¢ is any C* extension
of £. As customary, the horizontal tangential derivatives do not depend on the chosen extension
(cf. [15]). We recall that the tangent pseudohermitian connection V* is defined in the non-
characteristic part of S by
VY = VY — (VxY, o)
for any pair of tangent horizontal vector fields X and Y. Notice that V¥ is easily a metric

connection with respect to the metric (-, -) restricted to HT'S. We say that an hypersurface of
class C*' is H-minimal whenever it coincides with the boundary of an H-perimeter minimizer.

2.6. Intrinsic graphs. Let us denote points ¢ € R* by ¢ = (&,.... & M2, 10, T) =
(€,7,7). We wish to ientify R?*" with {p € H" : y; = 0}. To this aim, we introduce the
immersion map ¢ : R?® — H" defined by

i(€7,7) = (€,0,7,7)
for any (£,7,7) € R?". Moreover, we identify R with {(0,%1,0,0) : y1 € R} by means of the
inclusion j : R — H" defined by

](yl) = ((_)7 Y1, 67 0)
for any y; € R. The maps ¢ and j are clearly smooth, injective and open. For a given open set
2 C R?" and a function ¢ : Q — R, we recall that the Y;-graph of ¢ on Q is defined by

grathl (907 Q) = {(57 90(57 777 T)7 ﬁ7 T = gl@(é? 777 T)) : <€7 ﬁa 7-) € Q}
Moreover, we define its parametrization map ¥ : 2 — H" by
\I[(gy ﬁ) T) = (57 90(57 77]7 T)a ﬁ: T = gl@(év ﬁ7 T))
for any (£,7,7) € Q. We introduce also the intrinsic projection map II : H* — R?" by
H(fa ga t) = (ja g? i+ xlyl)
for any (z,y,t) € H". It is easy to check that
I(¥(q)) =q and  Y((p)) =p
for any ¢ € Q and any p € graphy, (p, Q). If ¢ € C'(Q2) and S = graphy, (¢, ), then

T g (8111 ov,| ov ov | ov )
=span | —/|,....,—| ,=— - -, =—|,=—| |-
v P &1 1q O&nlq Onzlq Onn g OT Ig
Letting Do = (e, - - Pers Pras - - -+ Py Pr), a1 €asy computation shows that
ov

= Xilwg) + e (@)Yilw) — 20(0) T w(q),

06
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ov ov

A Kl +eg(@Yilwe =0 Tlvw 5| = Yilwo + 00 (@Y1l + &T v
7'q T/j q

for any 7 =2,...,n and
ov
—| = o, (q)Y; T .
o |, = #r(@ilv + Tlog
It is easy to check that (Ey,..., E,, Fy, ..., F,) constitutes a global frame of HT'S, where
By =X, + WY, E;j=X;+X;0Y7 and F; =Y+ Yjp\

for any j = 2,...,n, and where the family of vector fields V¥ = (W‘Pcp,)zg, X, Yo, ,}7”)
is defined by

0 - 0 . . 0 5

B & 0&; on;
for any 7 = 2,...,n, where we have set T = é%. Therefore, a quick computation implies that
(2.11) =W (W%Xl +) XX, - Y+ Zﬁs@%) ,
=2 =2

where we have set
W =1+|V¥p|
Notice that, since
[X;, )] = —2T
for any j = 2,...,n, then (,d,) is a Carnot-Carathéodory space (cf. [30]) where Q is any
domain of R*" and d,, is the Carnot-Carathéodory distance induced by V%.

3. HIGHER DIMENSIONAL RULED HYPERSURFACES

As already mentioned, a key step in the study of minimal surfaces in H! consists in showing
that the non-characteristic part of an area-stationary surface is foliated by horizontal line
segments. This property extends to the higher dimensional case as follows.

Definition 3.1 (Local ruling property). Let S be an hypersurface of class C*. We say that S
is locally ruled at p € S\ Sy if there exists a neighborhood U of p such that

p-HL,SNUCS.
Moreover, we say that S is locally ruled if it is locally ruled at p € S\ Sy for any p € S\ So.
Beside this local definition, we propose a global one, which will be useful in the following.

Definition 3.1 (Global ruling property). Let S be a hypersurface of class C*. We say that S
is ruled if for any p € S\ So, for any v € HT,S and for any s > 0, the following property
holds. If s is maximal with the property that

p-o-(v) €S
for any T € [0, 5], then

p-0s(v) € Sp.

The previous two definitions are actually equivalent.

Proposition 3.2. Let S be an hypersurface of class C'. Then the following are equivalent.

(i) S is locally ruled.
(i1) S is ruled.
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Proof. Assume that S is ruled. Assume by contradiction that there exists p € S\ Sy and a
sequence (pp)n, C p-HT,S \ S converging to p as h — +o00. Then, for any h € N, there exists
A > 0 and v, € HT,S such that p, = p-dy,(vn). If, up to a subsequence, for any h there
exists 0 < pp < Ay such that p - 6§, (vy) belongs to the manifold boundary of S, then, being
the latter closed, so does p, a contradiction with p € S. Therefore, since p, ¢ S and up to a
subsequence, we can assume that for any h there exists s, > 0 maximal such that p-d,(vs) € S
for any 7 € [0, s]. Clearly s, < A,. Therefore, being S ruled, then ¢, := p - 05, (vn) € Sp. But
then, by construction, (gp,), converges to p as h — 400, and so, being Sy closed, we conclude
that p € Sy, a contradiction. On the contrary, assume that S is locally ruled. Assume by
contradiction that that there exists p € S\ Sy, w € HT,S and s maximal with the property
that

(3.1) p-o(w) €S
for any 7 € [0, s] and

b (SU),O) ¢ So.
Set p:=p- (sw,0). Consider the left-invariant vector field

2n
W = Z ijj-
j=1

Recalling that left-translations preserve the horizontal distribution, and being W left invariant,
we conclude that

AT(sw,0) [p(Wp) = Wl € Hp.
Moreover, by construction, W is clearly tangent to S at p. We conclude that w € HT;S. Since
S is locally ruled and p € S\ Sp, there exists § > 0 such that p- (Sw,0) € S, which implies,
recalling the definition of p, that

D (§w70) =P (ngo) ’ (§w,0) =p- ((§+§)w70) S Sa
a contradiction with (3.1). O

Proposition 3.2. Let S be a ruled hypersurface of class C*. Assume that S is (topologically)
closed. Letp € S\ Sy and v € HT,S be such that

{p-0s(v,0) : s=0}NSy=10.
Then
{p-6s(v,0) : s =0} C 8.
In particular, if
p'HTpSﬂS(]:@,
then
(3.2) p-HT,S C S.

Proof. Let p € S\ Sy and v € HT,S be as in the statement, and assume by contradiction that
there exists A > 0 such that ¢ = p-d,x(v) ¢ S. Being S closed, there exists s > 0 maximal as
in Definition 3.1. Then we can argue as in the proof of Proposition 3.2 to find s > 0 such that
p-0s(v) € Sy, which is a contradiction. The second claim clearly follows from the first one. [

Notice that, in view of Proposition 3.2, the notion of ruled hypersurface becomes much
more simpler in the case of non-characteristic hypersurfaces. Indeed, if S is a closed, non-
characteristic ruled hypersurface of class C!' and p € S, then clearly p - HT,S NSy = 0.
Therefore a closed non-characteristic hypersurface of class C! is ruled if and only if it satisfies
(3.2). Now let us discuss some instances of ruled hypersurfaces. We begin with the simplest
non-characteristic smooth hypersurface.
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Example 3.3 (Vertical Hyperplanes). Let S be a vertical hyperplane of the form
S={peH" : ((z7),(ab) =c}

for some 0 # (a@,b) € R?" and ¢ € R. Without loss of generality, we assume that a; # 0. It is
easy to see that

T,S = span{(az, —a1,0,...,0), (as,0,—ay,0,...,0),...,(b,,0,...,0,—ay,0),T}

for any p € S. Notice that Sy = (). We show that S is ruled. Indeed, noticing that T" € T,,S for
any p € S, it follows that

HT,S = span{Zs|p, ..., Zulp, Wilps - s Walp}
for any p € S, where
(33) ZZ = CLin — alXi and Wj = ijl — CL1Yj

forany i =2,...,nand j =1,...,n. Let now p = (z,y,t) € S, and let w = (', ¢',0) € HT,S.
Then there exists o, 3; € R such that

w = (Z aja; + Zﬁjbj, —Qaay, . .., —fpar, 0) )
=2 =1

We conclude noticing that

(@), (@,0) = a1 Y _aja;+ary_ Bibj— Y ajma; — Y Bjarb; = 0.
=2 j=1 =2 j=1

Next we consider an instance in the characteristic case.

Example 3.4 (Horizontal Hyperplane). Let S be the horizontal hyperplane Hy. Notice that

0 0
1,8 =spanq —,...,=— » =span{ Xy — 1 T,.... X, —y, Y1+, T,....Y, + 2,1}
a1‘1 ayn

for any p € S. This in particular implies that Sy = {0}. Therefore, let p = (z,9,t) # 0, and
assume without loss of generality that g, # 0. This implies that

HT,S = span{ye X1 — 11 Xo, ..., un X1 — 1 Xp, 01 X0 + 1Y, .., 2, Xa + 1Yo}
Therefore, let w = (2,0) € HT,S, and let a;, 5; € R be such that

z = (Z Q;y; + Zﬁj%‘, —QY1, ..., —QnY1, Py, - - - ,ﬁn?h) .
J=2 j=1

Hence it follows that
QUZ. Y. 2) = Y oy +u1 > B — >y — Y By =0.
j=2 j=1 =2 j=1

With the next couple of propositions we show that the class of ruled C'-hypersurfaces is
closed under the action of left translations and intrinsic dilations.

Proposition 3.5. Let S be a ruled hypersurface of class C'. Then 1,(S) is ruled for any
q € H™.

Proof. Fix ¢ = (74,74,t) € H", define S := 7,(S) and, given a point p € S\ Sp, let p € S be
such that p = 7,(p). Being 7, : S — S a diffeomorphism, then dr,|, : 17,5 — T35 is an
isomorphism. Therefore we have that

dr,|,(T,S) = T;S.
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Moreover, by definition of H, it is also the case that
drqlp(Hy) = Hs.
Hence we infer that
drylp(HT,S) = dryl,(Hy N T,5) = drylp(Hy) N dry|,(T,5) = Hz N Tﬁg = HTﬁg-
In particular, notice that p € S\ Sy. Let w € p- HT;S and assume that there exists s > 0
maximal with the property that p - d.(w) € S for any 7 € [0, s]. We claim that p - ,(w) € Sp.
Let v = (a,b,0) € HT,S be such that dr,|,(v) = w. By the left-invariance of the horizontal
distribution, it follows that w = (a,b,0). Therefore s is maximal with the property that
p-0-(v) €S for any 7 € [0, s]. Hence p - d5(v) € Sy, and so, since
p-0s(w) =p- (sa,sb,0) = q-p-(sa,b,0) =g (p-0s(v))
and observing that 7,(Sy) = Sp, we conclude that - §,(w) € So. O
Proposition 3.6. Let S be a ruled hypersurface. Then 6,(S) is ruled for any A > 0.

Proof. Fix A > 0, define S := 6,(S) and, given a point p € S\ Sp, let p = (Z,7,t) € S be such
that p = d\(p). Arguing as in the proof of Proposition 3.5, we get that

(3.4) oy ,(HT,S) = HT},S.

Therefore, again, p € S\ Sp. Let w € p- HT;S and assume that there exists s > 0 maximal
with the property that p - d,(w) € S for any 7 € [0,s]. We claim that p - d;(w) € Sp. Let

2 )
v = (a,b,0) € HT,S be such that di,|,(v) = w. We claim that that w = 6,(v). Indeed,
recalling that the Jacobian matrix of dy is a diagonal matrix with diagonal (X, ..., A\, A\?), then

w(P)) = 3o L)+ 5 AN ) 3 0 by TS 0 001

Jj=1 J=1

(35) Y
= 3005+ Y50+ Y (0 0s) = () )T S0).

The conclusion then follows as in the previous proof, just noticing that
oA(p - 0-(v)) = 0x(p) - Ox(07(v)) = D - Oxr(v) = P - 0-(0x(v)) = P - 0-(w)
for any 7 € R, and that §,(S) = So. O
In view of Proposition 3.5, we can enlarge the class of examples of ruled hypersurfaces.

Example 3.7 (Non-Vertical Hyperplanes). We already know that H, is a characteristic ruled
smooth hypersurface. For any fixed ¢ = (Z,, 9, t,) € H", we know from Proposition 3.5 that
7,(Ho) is a characteristic ruled smooth hypersurface. Moreover, an easy computation shows
that
ra(Ho) = {(Z.5,1) € H" : {(@,b), (7,7)) +t +d = 0},

where (a,b) = (—¥,,7,) and d = —t,. Finally, notice that any hyperplane which is not vertical
can be obtained as left-translation of the horizontal hyperplane H,. Hence we conclude that
every hyperplane of H" is ruled, and it is non-characteristic if and only if it is vertical. Finally,
notice that we cannot exploit Proposition 3.6 to obtain more ruled hypersurfaces, since dilations
of hyperplanes are hyperplanes.

To conclude this section, we show that the class of ruled hypersurfaces is closed under the
action of the so-called pseudohermitian transformations of H™. To introduce this notion, we
define the map J : H* — H" by



A CHARACTERIZATION OF HORIZONTALLY TOTALLY GEODESIC HYPERSURFACES 13

for any p = (Z,y,t) € H". The map J is a global diffeomorphism which preserves the horizontal
distribution, related to the CR structure J by

dT | = Jlu-

A global diffeomorphism ¢ : H" — H" is said to be a pseudohermitian transformation of H"
if it preserves the horizontal distribution and it commutes with J, that is

dp(H) CH and poJ =JTop.

Let us begin by considering a special subclass of pseudohermitian transformations. To this aim,
let us define the map ¢g : H* — H" by

(3.6) vr(T,9,1) = (R(Z,9),1),

where R is an orthogonal matrix of the form

A B
=]

where A and B are real-valued n X n matrices.

Proposition 3.8. Let pr be as in (3.6). Then ¢g is a pseudohermitian transformation. More-
over, it holds that

dorly(a,b,0) = (R(a,b),0)

for any p € H" and any (a,b,0) € H,.

Proof. Let p = (z,7,t) and (a, b, 0) as in the statement, and let p := pg(p) = (T, 7,t). We first
claim that

n

dorlp(X;lp) = > (RiiXkls + Rinay; Yals)
k=1

and

n

dorlp(Yilp) =Y (R Xels + Rutrynri) Yelp)
k=1

for any j = 1,...,n. Indeed, let ¢ be a C! function defined in a neighborhood of p. Let us
recall that, since (Z,7) = R(Z,y) and R is orthogonal, then (z,7) = RT(Z,7), which means,
recalling also the special block shape of R, that

n n

~2j =Y (= Rk = Ronaiie) = D (~Rowriyorn) T + Rigusi)I)
k=1 k=1
and
Ui = D (Bitwrn@e + Rowtmyur ) = D (= Ry + Rusli)

k=1 k=1
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for any 7 = 1,...,n. Then it holds that
derlp(X;lp) (V) (P) = X;lp(¢ 0 ©r)(p)

= (()i(dj o wr)(p) + y; T (¢ o vr)(p)

n

0
Ruy g 5) + Ry 5 3)) + 1T ()

=
Il

(e,
(

I
NE

Rkj( P+ ITD) + Ry (51 0) = 570D )

k=1

S

(R Xkl5(¥)(B) + Rinny; Yael5(10) (D))

=
Il
—

and, similarly,

n

drlp(Yilp) () (B) = D (Rutnsp) Xelp(¥)(B) + Rinsynrn Yelo(¥) ()

k=1
for any j = 1,...,n. Hence we conclude that

n

derly(a, b,0) = Z (ajderlp(X;lp) + bjder|p(Yilp))

J=1
n

= (a5 (RijXels + RinsriYels) + b5 (Rigusn) Xals + Rosrynsi Yals))

jk=1

=3 (Z (Rija; + Rineibi) Xls + > (Rinr)jt; + Rinsky(nsibs) Yk!ﬁ)

1 j=1

O

As a consequence of the previous result, it is easy to see that the class of ruled hypersurfaces
is closed under the action of maps of the form (3.6).

Proposition 3.9. Let S be a ruled hypersurface. Then pg(S) is ruled for any pr as in (3.6).

Proof. The proof of this result, with the help of Proposition 3.8, follows as the proof of
Proposition 3.5 and Proposition 3.6, noticing that ¢r(Ss) = (pr(S5))o and that, for a given
p=(z,1t) €S\ S, (v,0) € HT,S and s € R, it holds that

or(p - 5:(0,0)) = oz + 50,1 + Q(z, 50))
= (R(z + sv),t + sQ(z,v))
= (Rz + sRv,t + sQ(Rz, Rv))
= (Rz,t) - (sRv,0))
= ¢r(p) - 0s(Rv, 0).

As a corollary of Proposition 3.8, we can conclude our initial statement.
Theorem 3.10. If S is ruled, then ¢(S) is ruled for any pseudohermitian transformation .
Proof. Tt follows combining Proposition 3.5, Proposition 3.9 and [?, Theorem 4.1]. O
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4. RULED HYPERSURFACES WITH COUNTABLE CHARACTERISTIC SET

The aim of this section is to characterise ruled hypersurfaces of H" with countable char-
acteristic set, when n > 2. In the first Heisenberg group H' there are examples of ruled,
non-characteristic, smooth surfaces which are not vertical planes. As an instance, let us con-
sider the surface S parametrized by the map ¢ : R? — H! defined by

©(t,0) ;= (tcosO,tsinb, ).

Notice that ¢ is smooth and injective. Moreover,

0 0 0
a—f(t, 0) = cos «9% + sin Qa—y = cos 0.X |(1,0) + 80 OY |,
and
0 0 0
(,ﬁ)—(g(t7 0) = —tsin 9% + t cos 98—y + T = —tsin0X |0 + tcos0Y | o0 + (1 + )T

This implies that S is a smooth, non-characteristic surface, and moreover

HT,t.0)S = span {%—f(t, 0)}

for any (¢,6) € R?. Finally, for given ¢,0, s € R, it holds that
(tcosB,tsind,f) - (scosh,ssinh,0) = ((t + s)cosb, (t+ s)sinb,f) € S,

and so S is ruled. However, the situation in higher dimensional Heisenberg groups is quite
different, and the ruling condition turns out to be more restrictive. Indeed, we are going to
prove that the only closed, ruled hypersurfaces with countable characteristic set in H", with
n > 2, are hyperplanes. To this aim, we already know that vertical hyperplanes are non-
characteristic and ruled, and that every non-vertical hyperplane

n

P .= {(:v,y,t) e H" : Zajxj+2bjyj+ct+d:0},

=1 j=1

where clearly ¢ # 0, is ruled and satisfies

pO:{(b_l,...,b_n,_ﬂ,...,_a_n,_si)}.
C C C C C

Before proving Theorem 1.3 we establish some preliminary results.

Proposition 4.1. Let S be a hypersurface of class C*. Assume that S is closed and without
boundary. Assume that S is ruled and that Sy is countable. Then

p-HI,SCS
for anyp € S\ Sp.

Proof. Let S and p as in the statement. Assume by contradiction that there exists ¢ € p -
HT,S \ S. Combining Proposition 3.2 with the fact that Sy is countable and that S is ruled,
it is easy to construct a sequence (q), C S converging to ¢ as h — oo. Being S closed, then
q € S, a contradiction. O

Proposition 4.2. Let S be a hypersurface of class Ct. Assume that S is closed and without
boundary. Assume that S is ruled and that Sy is countable. Assume that 0 € S\ Sy. Then

SNHy=HIS.
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Proof. First, since 0 € S\ Sy and in view of Proposition 4.1, then HTpS C S N Hy. Assume
by contradiction that there exists ¢ = (2,,0) € (SN Hy) \ HTpS. If S is tangent to Hy at
q, then ¢ € S\ Sp. Otherwise, since HTyS is closed and Sy is countable, it is possible to
find another point in (S '\ Sp) \ H7oS. In the end, we can assume that ¢ € S\ Sy. Again,
thanks to Proposition 4.1, ¢ - H1,S C S, and so ¢ - HT,S N Ho € SN Hy. Note that both
HT,S and q - HT,S N Hy are affine subspaces of H,. Moreover, dim(H7pS) = 2n — 1 and
dim(q - HT,S NHy) = 2n — 2. Therefore we conclude that

dim(HTpS N (¢ - HT,S NHo)) = dim(HTpS) + dim(q - HT,S N Ho) —2n=2n—3 > 1,

since n > 2. Therefore (HT1,S) N (q-HT,S N Hp) contains a one-dimensional affine subspace of
Hy. In particular, being Sy countable, there exists p = (z,,0) € HToSN(q-HT,SNHo)N(S\Sh).
Let v € HT,S be such that p - tv = ¢ for some ¢ € R, and let ~,(t) := (tz,,0). Notice that,
by construction, then 7,(t) € S for any t € R. Moreover, 4,(1) = (z,,0) € H,, and so
w = (2,,0) € HT,S. Again, since p € S\ Sy and in view of Proposition 4.1, then p-HT,5 C S.
Therefore, in particular, it holds that

p-(ow+ pw) e S
for any a, 8 € R. Hence, if we let v,(t) := (tz,,0), we conclude that y(t) € S N H, for any

t € R, and so 9,(0) = (24,0) € TpS. Since clearly (z,,0) € Ho, then ¢ € HTS, which is a
contradiction. O

Proposition 4.3. Let S be a hypersurface of class Ct. Assume that S is closed and without
boundary. Assume that S is ruled and that Sy is countable. Then either S is a t-graph or S is
a vertical hyperplane.

Proof. 1f S is a t-graph we are done. If S is not a t-graph, being Sy countable, there exists
p € S\ Sy such that T'|, € T,S. Up to a left-translation, recalling Proposition 3.5, we assume
that p = 0. We show that S is a vertical hyperplane, dividing the proof into some steps.
Step 1. Thanks to Proposition 4.2, we know that there exists 0 # (a,b) € R?" such that

HTHS = HoN S = {(z,9,0) € H" : {(a,b),(z,7)) = 0}.

We assume without loss of generality that a; # 0, and we let f(z,7) = ((a,b), (z,7)). We
claim that
n(p-HI,S) C w(HT,S)
for any p € HTpS N (S\ Sp), where here and in the following the map 7 : H* — R?" is defined
by
m(Z,y,t) = (T, 7).
Assume by contradiction that there exists p = (z,,0) € HIp5 N (S\ Sp) and v = (v,0) € HT,S
such that z, + v ¢ w(HTpS). This is equivalent to say that f(z, + v) # 0. Let us define
qg:=p-v=_(2,+v,Q(2,v)). Since p € S\ Sy and by Proposition 4.1, then ¢ € S. Moreover,
Q(zp,v) # 0, since otherwise ¢ € HTpS and consequently f(z, + v) = 0. Moreover, since
zp € HTIHS, then, letting v(t) := (t2,,0), it holds that v(t) € S for any t € R, and so
(2p,0) € HT,S. Hence, since p- HT,S C S, we conclude in particular that
P :={(%,,0) + a(z,,0) + B(v,Q(%,v)) : o, B € R} C S.
Notice that P is a vector subspace of R?"*1. Then in particular 0 € P and (v, Q(zp,v)) € TpS.
Therefore, as T' € TS, then (v,0) € TS, and so, since (v,0) € Hg, we conclude that (v,0) €
HT,S. Then f(v) =0, and so, as p € H1pS, f(z, +v) = f(2,) + f(v) =0, a contradiction.
Step 2. Let p = (%,,0) € HI;S N (S \ Sp). Thanks to Step 1, we know that 7(p - HT,S) C
7(HTpS). Therefore, if v € HT,S, then f(z, +v) = 0. Since f(z,) = 0, we conclude that
f(v) =0, which implies that

(4.1) HT,S = HTyS



A CHARACTERIZATION OF HORIZONTALLY TOTALLY GEODESIC HYPERSURFACES 17

for any p € H1yS. Moreover, an easy computation shows that

HToS = span{Zs|o, - - - Znlo, Wilos - -, Walo}s
where
(4.2) Zi=a; X1 — a1 X; and W; =0;X; — a1y
forany i =2,...,nand j =1,...,n. Then (4.1) allows to conclude that
(4.3) HT,S = span{Zalp, . - -, Znlp, Wilp, - - s Walp}-
Step 3. Let us define

Z:={zen(HTHS) : Q(z,w) =0 for any w € 7(HT,S)}.

Notice that, being () a bilinear map, then Z is a vector subspace of 7w(H7pS). We claim
that dim(Z) < 2n — 2. Indeed, assume by contradiction that dim(Z) > 2n — 1. Then, since
Z C n(HTyS) and dim(w(HTpS)) = 2n — 1, we conclude that Z = m(HTpS). We show that

this leads to a contradiction. Assume first that ao = ... =a, = by = ... = b, = 0, and set
21 =(0,—-1,0...,0) and 2, = (0,0,1,0,...,0). Then f(21) = f(z2) = 0 and Q(z1,20) = 1 # 0,
which implies that zq, 29 ¢ Z. If it is not the case that as = ... = a, = by = ... = b, = 0,
then assume without loss of generality that ay # 0. Let z; = (—ag,a41,0,...,0) and 2 =

(=b1,0,...,0,a1,0,...,0). Then f(z1) = f(22) = 0 and Q(z1, 22) = a1ay # 0, which implies

again that 21, zo ¢ Z. Therefore we conclude that dim(Z) < 2n — 2, and so in particular

Step 4. We claim that for any ¢ = (z,,t,) = (21,...,2%,v{,...,y%,t,) such that z, € T(HT,S)\
Z there exists p = (2,,0) = (af,..., 22, y],...,y2,0) € HT,S N (S \ So) and v € HT,S such
that

(4.5) q=p-o.

Indeed, let ¢ as above, and let p € HTp,5 N (S'\ Sp) and v € HT,S to be chosen later. In view
of (4.3), we can express v as

v=Y o Zil,+ Y BWil, = <Z aja; + Zﬂj%) Xilp =Y ar Xl =Y BjarYilp.
j=2 J=1 Jj=2 J=1 Jj=2 J=1
for some ao, ..., q,, B, ..., By € R. Therefore, we infer that

p-v= (:c]l” + Zajaj + Zﬂjbj,xg —ay, ..., yb — Bnal,Q(zp,v)> .
j=2 j=1

Let us choose

p

b _
€; i

_ pd g
Lo =YUYW

a1 ay

o; =
foranyi =2,...,nand any j = 1,...,n. This choice implies that (p-v); = z{ and (p-v); = yj_,
forany i =2,...,nand any j =n+1,...,2n. Moreover, since f(z,) = f(z,) = 0, it holds that

n

n n 1 m n
(p-v)1 =i + Zajaj + Zﬁjbj =0 <Z(aj:v§ +by5) — Zaj:cg + Zlyy?) = af.
Jj=2 Jj=1 j=2 j=1

Jj=1
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Finally, notice that

Q= (Sosm 3500 - St + 3 s
j=2 Jj=1
(S = S et + St~ S

n

Zalx Yi +Za Tjy; + Ty +Za TiY; — Za1x§y5>

j=2 J=1
1 n
- (- ijyjyf ST R ST
! j=1 j=1 j=1
= Q(2p, 2¢),

where in the third equality we exploited the fact that f(z,) = 0, while the fourth equality follows
from f(z,) = 0. Since we assumed z, ¢ Z, then there exists uncountably many w € w(HT1,S)
such that Q(w, z,) # 0. Therefore, since Sy is countable, it is possible to choose w € w(HT1pS)

such that, setting
Zp = _ta w
? ngﬂazq) ’
then p € (S'\ Sp). We conclude that p € HTpS N (S'\ Sp) and Q(z,, 24) = t,-
Step 5. We are now able to conclude. Indeed, thanks to (4.5) we infer that
T(HT,S \K) xR C S.
But then, being S closed and recalling (4.4), we conclude that
W(HT()S) X R:TF(HT()S)\IC xR = W(HT()S) x R - g: S.

Therefore S contains the vertical hyperplane 7(H7T,S) x R. The thesis then follows in view of
the topological assumptions on S. U

Proof of Theorem 1.3. Let S be as in the statement. If S is a vertical hyperplane, we are
done. If not, in view of Proposition 4.3, S is a t-graph. Being Sy countable, and recalling
Proposition 3.5, up to a left translation we may assume that 0 € S\ Sy and that T'|y ¢ TpS.
Since 0 € S'\ Sy, we infer by Proposition 4.2 that

HT,S =HoN S = {(7,9,0) € H" : ((z,7), (@,b)) = 0}

for some 0 # (@, b) € R?". Again, by Proposition 3.8 we may assume that a; # 0. Being S an
entire t-graph, and since T'|o ¢ ToS and 0 € S\ Sp, there exists v = (z,,t,) € TpS such that

f(zy) # 0 and t, # 0. Let us set ¢ := (Z”) We claim that
S={(z,t) e H" : f(2)+ct=0}=:8..

Indeed, let p = (zp,t,) € S\ Sp. If t, = 0, then f(z,) = 0, and so p € S,. Assume then
t, # 0. Then, being S a t-graph, we infer that f(z,) # 0.. Let vq,...,v9,_1 be a basis of
HT,S. Since p € S\ Sy and thanks to Proposition 4.1, then p - HT,S C S. We claim that
there exists j = 1,...,2n — 1 such that Q(z,,v;) # 0. Indeed, assume by contradiction that
Q(zp,v1) = ... = Q(2p, v2,—1) = 0. In this case, recalling that S is ruled, it holds that

2n—1
(4.6) p-HT,S = { (zp + Z ajvj,tp> D, ..., Qi € ]R} cS.
j=1
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We claim that

(47) span{(vl, O), ey (Ugn_l, 0)} = Span{Z2|0, ey Zn|0, W1|0, ceey Wn|0}7
where Zy, ..., Z,,Wi,..., W, are defined as (4.2). Indeed, if it was not the case, then (4.6)
would imply the existence of ¢ = (z,,t,) € S such that z, € 7(HT,S). But since ¢, # 0 and
since (z4,0) € S, we would contradict the fact that S is a ¢-graph. Notice that (4.7) implies
that

Zsloy -y Znlos Wilos - ., Whalo € Hp
and so, observing that

Zilo = aja%l - ala%j = a; X1y — a1 Xjlp + (ary; — ajun)T
for any j =2,...,n and
Wilo = bji - @1i = 0; X1, — arYjlp + (—arz; — bjy)T
0xy 0y;
for any 7 = 1,...,n, we conclude that
Zp = (‘%(—bl, ey =bp, a1, .. ay),

which implies in particular that f(z,) = 0, a contradiction. In this case, it holds that p -
HT,SNHoNS =p-HT,SNHIHS # 0. Since n > 2, a dimensional argument as in the proof of
Proposition 4.2 implies that dim(p - HT,5 NHy N S) > 1. Therefore, being Sy countable, there
exists ¢ = (z,,0) € (p- HT,S) N HTLS \ So. Let then w € HT,S be such that

(4.8) (24,0) = (2, + w, tp, + Q(zpw)).

Arguing as in the proof of Proposition 4.2, recalling that ¢ € S\ Sy and Proposition 4.1, we
see that
P = {(24,0) + a(z,,0) + f(w, Q(z4,w)) : a, 5 € R} C S,
and so we conclude as above that (w.Q(z,, w)) € TpS. This means that there exists @ €
7(HTpS) and o € R such that
(0.Q(zg, w)) = (W + azy, aty).
Therefore, recalling (4.8), we get that

(2 p) = (24, 0) = (w0, Q(2p, w)) = (2 = W — @z, —at,) .

Therefore, since z,, w € w(H1pS) we conclude that

f(zp) + ety = —a(f(2,) +ct,) =0,
which implies that p € S.. Therefore we proved that S\ Sy C S,, and so, being Sy countable

and S and S, closed, we conclude that S C S.. The thesis then follows by the topological
assumptions on S. U

5. RULED INTRINSIC CONES

In this section we study ruled hypersurfaces among the class of hypersurfaces which are
invariant under intrinsic dilations, that is the class of intrinsic cones. A set C' C H" is a cone if

UN(GReye

for any A > 0. It is easy to see that, if C' is a cone, then 0 € C, 6,(C) = C and §,(0C) = oC
for any A > 0. We say that S is a conical hypersurface if it is both a cone and a hypersurface.
Notice that, in view of the aforementioned properties, if C' is a cone with boundary of class
C*, then OC is a conical hypersurface of class C*. The simplest instance of non-characteristic
conical hypersurfaces is given by vertical hyperplanes passing through the origin. Another
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simple instance is given by the horizontal plane Hy. In this case we already know that (Hg)o =
{0}. Finally, if u is an homogeneous quadratic polynomial, then graph(u) is a conical smooth
hypersurface. Moreover, in this last case, Sy may be an infinite set. As an instance, consider
the graph associated to u(z,y) = Z?Zl x;y;. It is easy to see that

T,S = span{Xy,..., X, Y1 + 2247, ...)Y, + 22,7}
for any p = (z,y,u(z,y)) € graph(u). Therefore in this case

So = {(Z,79,u(Z,y)) € graph(u) : 1 =... =z, =0}.
When a hypersurface is a cone, we can say more about the structure of .Sy.
Proposition 5.1. Let S be a conical hypersurface of class C*. Then Sy is a cone.

Proof. Let p € Sy and A > 0. We prove that ¢ := 0,(p) € Sp. If p = 0 the thesis is trivial.
Assume that p # 0. We prove that H, = 7,S. Since S is a cone, then 6, : § — S is a
diffeomorphism, and consequently, recalling (3.4), do,|, : H1,S — HT,S is an isomorphism.
we conclude that dim(H7,S) = dim(HT,S), which means that ¢ € Sp.

O

Proposition 5.2. Let S be a conical hypersurface of class C*. Then Sy C Hy. Moreover, for
any p € Sy there is a horizontal half line 7y : [0, +00) — Sy such that v(0) = 0 and (1) = p.

Proof. Let p = (z,y,t) € Sp \ {0}, and set v(0) = 0 and y(\) := dx(p). Then ~ is a smooth
curve with

YO = (3,5,20) = > 2, X;+ Yy + 2MT.
j=1 j=1
Moreover, thanks to Proposition 5.1, then v([0, 400)) C Sy. Finally, since (1) = p, S is a cone
and p € Sy, then (1) € T,S = H,, and so t = 0. O

The shape of conical hypersurfaces strongly depends on the size of the associated charac-
teristic set. Exploiting [22, Theorem 4.1], it is easy to see that vertical hyperplanes passing
through the origin are the only possible examples of non-characteristic conical hypersurfaces of
class C'. Hence, in the rest of this section we assume that Sy # 0. In this case it suffices to
reduce to the analysis of ¢-graphs (cf. [29, Lemma 4.4]).

Proposition 5.3. Let S be a conical hypersurface of class C'. If Sy # 0, then S = graph(u)
for some u € CH(R*™).

In Section 4 we exhibited two examples of ruled conical smooth hypersurfaces, namely the
horizontal hyperplane H, and the vertical hyperplanes passing through the origin. The aim of
the rest of this section is to show that, in the class of conical hypersurfaces of class C?, these
are the only possible examples. The following characterization follows at once by Theorem 1.3,
but we give here a different proof in the spirit of [29, Lemma 4.4].

Theorem 5.4. Let S be a conical hypersurface of class Ct. Assume that Sy = {0}. Then S is
ruled if and only if S is the horizontal plane H,.

Proof. For sake of notational simplicity, we prove the statement when n = 2, being the other
cases completely analogous. We already know that Hg is ruled. Conversely, let S be ruled,
and assume by contradiction that there exists p = (z,t) € S with ¢t # 0. Then, thanks to
Proposition 5.2, p € S\ Sy. Moreover, p - HT,S NSy = 0, since otherwise there would be an
horizontal line joining p and 0, which contradicts the fact that horizontal lines passing through
0 lie in Hy. Therefore, being S ruled and thanks to Proposition 3.2, we infer that p-H71,S C S.
It is well known (cf. e.g. [12]) that there exists an orthonormal basis u, v, w of HT,S such that

(5.1) J(u) = w and J(v) = vg(p).
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Let us set

M:=[u v Ju) Jo)]"

Then, defining ¢r as in (3.6) and thanks to Proposition 3.8, we can assume that u = X,
v =X, and w =Y]. Let us define ¢ : (0, +00) x R® — S by

oA a, B,7) == 0x <p' <§U+ §v+ %w)) .

Being S a ruled cone, the map ¢ is well-defined. Moreover, notice that

Oy = 5 (s SEBET 00 + 00 ) 101 )
= (Az + au + Bu +yw, N2t + AaQ(z,u) + A\BQ(z,v) + \yQ(z,w))
= (Az1 + a, A\xo + B, Ay1 + 7, Ay, A2t + dayy + ABya — Ayxy).

Therefore, an easy computation shows that

T 1 0 0
i) 0 1 0
Do\ a, B,7) = U1 0 O 1
Y2 0 0 0
2M + oy + By — T Ayr Aya —ATy

We claim that y, # 0. Otherwise, recalling that p - HT,S C S, we would have that
(Ilax%ylaovt) ' (a76777070> - (xl +OK7.T2 +ﬁ’y1 +%07t+05y1 —7«'31) S S

for any «, 8,7 € R. Therefore, choosing o« = —x1, f = —x5 and v = —y;, we conclude that
(0,0,0,0,t) € S, which is a contradiction, since 0 € S and S, thanks to Proposition 5.3, is a
t-graph. Hence yo # 0, and so, since ¢(0,0,0,0) = p, Dy has maximum rank in a neighborhood
of (0,0,0,0). In particular,
Op,  Op | Op . Op
TS = —(q), ==(q), == (q), =
s = v { 520, 52 0). 55 0. 520

for any ¢ sufficiently close to (0,0,0,0). Notice that, if we define the 1-form w by

w=dt — Zyjdxj + ijdyj,
j=1 j=1

then v € H if and only if w(v) = 0 for any v € TH". Fix ¢ = (A, a, 8,7) close to (0,0,0,0).
Then

0
wlp(q) (a—f(Q)> = 2(Mt + ayy + By, — 1),

and moreover

Wlo(q) (g—z(q)) == W (g—g(q)) =0, wlye (g—f(q)) =a.

Therefore, if we choose a = v = 0, we conclude that

span { 5200) 5510, 52 } € M (5).

Moreover, since ys # 0 we can choose § = —% to conclude that

Dy
5 (q) S ’HT@(q) S.
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Since rank(Dg(q)) = 4, we proved that

At At
@ ()\707 __70) = ()\xh)\xZ - y_a )\ylv >\9270) S SO
2

Y2

for any A > 0 small enough. Since y, # 0, we proved that there exists p # 0 such that p € 5.
This is a contradiction with the assumption Sy = {0}. O

We are left with the analysis of ruled conical hypersurfaces S with infinite characteristic set.
In this case we limit ourselves to consider conical hypersurfaces of class C2. In this simpler
situation, it suffices to consider graphs of quadratic polynomials.

Proposition 5.5. Let S be a conical hypersurfaces of class C?. Assume that Sq # 0. Then
S = graph(u) for some homogeneous quadratic polynomial w.

Proof. We already know from Proposition 5.3 that S = graph(u), where v € C*(R?*"). More-
over, since S is a hypersurface of class C?, then u € C?*(R?"). Finally, since 0 € Sp, then
Du(0) = 0. Therefore

u(p) = Pa(p) + o(|p[*),
where P, is an homogeneous quadratic polynomial. We show that u = P,. Let p € R?", and
let @ > 0. Then it holds that

|u(ap) — Pa(ap)] 20(0?|pl*)
— P = = _—
|u(p) 2(p)| o2 |p’ o2 |p|2
as a — +00. The thesis then follows letting o — +o0. U

Proof of Theorem 1.4. For sake of notational simplicity, we assume again that n = 2, being the
other cases completely analogous. We divide the proof into some steps.
Step 1. Thanks to Proposition 5.5, we assume that S = graph(u), where

u(Z, §) = ax? + baj + cyi + dy; + ex122 + friyy + grays + hasys + magys + pyrys,
for some a,b,...,m,p € R. Let us define ¢ : R* — graph(u) by
p(Z,9) = (T,7,u(z,7)).
Then ¢ is a global C? parametrization of S. Therefore, for any p = (Z,7) € R, TS is
generated by

0
() = Xu + owy + e+ (F = Dy + gye) T,
1
0
8780(])) = XQ + (61’1 + 2bl’2 + hyl + (m — 1)y2)T,
2
0
a%(p) = }/1 —+ ((f + 1)1’1 + hLL’Q + 2cy1 +py2)T
2
and 5
@7@(29) =Ys + (921 + (m + L)xa + py1 + 2dy2)T.
2

Let us define the 4 x 4 real-valued matrix M by
2a e f—1 g
€ 2b h m-—1

f+1 h 2c P ’
g m+1 p 2d

M=

and, for any j = 1,...,4, we let v; be the j-th row of M. Notice that p = (2,t) € S is a
characteristic point of S if and only if M -z = 0.

Step 2. We prove that rank(M) € {2,3}. Since we are assuming that Sy is infinite, then
rank(M) < 3, and so in particular Sy is a linear subspace of R* with dim(Sy) > 1. Moreover,
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rank(M) # 0, since otherwise we would have that S = Sy C Hy, and so S = Sy = Hg, which is
impossible since 0 is the only characteristic point of Hy. Moreover, we claim that rank(M) > 2.
Otherwise, if rank(M) = 1, then we can assume without loss of generality that v; # 0 and that
there exist A, B,C € R such that v, = Avy, v3 = Bv; and vy = C'vy. Therefore in particular
e =2Aa, f =2Ba—1 and g = 2Ca. Moreover, since h = Be and h = A(f — 1), we infer that
0=Be—A(f —1) =2ABa — 2ABa+ 2A = 2A, and so A = 0. Moreover, since p = Bg and
p = C(f —1), we conclude as above that C' = 0. But this is impossible, since it would imply
that m — 1 =m + 1 = 0. Therefore we conclude that rank(M) € {2, 3}.

Step 3. Let now p = (z,p) € S\ Sp. Since then M - z # 0, we can assume that (vq,z) # 0.
Hence, there exists an open neighborhood U of p such that (v1, 2z4) # 0 for any g = (24, t,) € U.
This implies in particular that M - z, # 0 for any g € U,andsoUNSCS \ So. Let now U be
an open neighborhood of p such that U € U. We are going to show that there exists an open
neighborhood W of 0 such that

(5.2) HT,SNW C {(z,9) € R* : u(z,y) =0} = G.

Let us define
<1}4, Z>
<1}1, Z> ‘

_ <U2,Z> _ <U372>

<U1,Z>7 <01,Z>
Recalling the computations of the first step, it is clear that

HTpS = span{Xg - AXl, Yi - BXl, Yé - CXl}
Therefore, being S ruled and p € S\ Sp, it follows that
(xlv T2, Y1, Y2, U(.f, g)) : (_aAJ _BB7 _7C7 «, 67 e O)
= (@1 —ad =B —-7C,z2+a,y+B,y2+7,
w(Z,y) — aAy — BBy —1Cy1 + ays — fz1 —yz2) € S

,  CO=

for any «, 3,7 € R small enough. Hence, noticing that
w(ry — aA — BB —~Cixy+a,y1 + B,y2 +7) =
azr? + ac’A? 4 af*B* + a*C? — 2aaAx, — 2aBBx; — 2avCxy + 2a0B8AB
+ 2AayAC + 2aB7BC + baa 4 2baxy + ba + cy? + 2cBy; + cB% + dy2 + 2dyys
+ d'y2 + ex1x9 + ey — eaAxy — ea* A — efBxy — eafSB — eyCry — eayC
+ friy + [P — fadAy, — faBA — fBBy, — f3°B — fyCy — [B7C
+ grays + gyr1 — gadys — gayA — gBBys — gBvB — g7Cys — g7*C
+ hxoyr + hBxs + hayy + haf + maoys + mys
+ mays + maf + py1ys + pyyr + By + pB,
we infer that
acd®A? + af*B? 4+ ay*C? — 2aaAxy — 2a3Bx, — 2avCxy + 2aaBAB
+ 24ayAC + 2aByBC + 2baxy + ba’ + 2cByy + ¢ + 2dyy,
+dv? + eax, — eaAxy — e’ A — eBxy — eaSB — eyCay — eayC
+(f +1)Ba1 — (f — Dady, — faBA— (f = 1)8By — f8°B — (f — )yCys — fB1C
+ gy — gadys — gayA — gBBy; — g8vB — g7Cys — g7°C
+ hfBxe + hay, + haf + (m + 1)y,
+ (m — Days + maf + pyys + pBys + pBy =0



24 A. PINAMONTI AND S. VERZELLESI
for any «, 8,7 € R small enough. Hence, recalling the definition of A, B and C, we conclude
that

+aa’A? + aB?B* + ay*C? + 2aaBAB + 2AayAC + 2aBvBC + ba?

+ B2 + dy? — ed®A — eafSB — eayC — faBA — fB°B — fB~C

— gayA — gByB — gv*C + haB +mafB + pBy =0

for any a, 3, € R small enough, which is equivalent to (5.2).
Step 4. Let us define

Pp = Span{(_A> 1,0, O)a (_Ba 0,1, 0)7 (_C’ 0,0, 1)}

Then (5.2) implies that P, N w(W) C G. Moreover, it is easy to see that N := (1,4, B,C)
is the Euclidean normal to P, in R*. Let us define V' = 7(U). Since 7 is open, then V is an
open neighborhood of z. Moreover, being S a t-graph, then 7|g is invertible, V = 7(U N S) =
T(UN(S\ Sy)) and UNS =7 1(V). Therefore, if Z € V, we let Z = z,, where ¢ is the unique
point in U N S such that m(q) = z,. For any 2z, € V, we define

Aq _ <U2’ Zq>7 Bq _ <U3’ Zq> 7 Cq _ <v47 Zq) ’
<v17 Zq> <U17 ZQ) <Ulv ZQ)
and we let
P, :=span{(—A4,,1,0,0),(-B,,0,1,0),(-C,0,0,1)}.

Again, N, := (1, 4,, B,,C,) is the Euclidean normal to P, in R*. Notice in particular that
A, =A, B,=B,(C,=C and P, = P, and that, since U & Uvcs \ So, W can be chosen in
such a way that P, N 7(W) C G for any z, € V. Moreover, thanks to the choice of U, A,, B,
and C, are smooth functions on V.
Step 5. We claim that one between A,, B,, C, is not constant in any neighborhood of 2. Indeed,
let Z be a neighborhood of z, let ay, ..., a4,b1,...,bs € R be such that byx +byxl,+ b3y +bayh #

0 for any (Z,y’) € Z, and define
a1 + g + agyy + auyy

7,y) = )
T ) = o by + oyl + buvd

If f is constant on Z, then Vf =0 on Z. A simple computation shows that this is equivalent
to

(llbg — a261 = (llbg — a361 = a1b4 - a4b2 = a2b3 - a362 = a2b4 - a4b2 = a3b4 - a4b3 = 0.

This implies that the matrix

by by by by

has rank one. Therefore, if A,, B, and C, were all constant functions on Z, then we would
have that rank(M) < 1, which contradicts the fact that rank(M) > 1. Therefore without loss
of generality, we assume that A, is not constant in any neighborhood of z.

Step 6. Since A, is not constant in any neighborhood of z, there exists s1, s2 € R with 51 < s9
such that A € (s1, s2) and for any s € (sq, s2) there exists ¢ € U such that N, = (1, s, B,,, C, ).
This implies that e, 5,) Fo. N 7(W) has non-empty interior. But then, since P, N7 (W) C G
for any ¢ € U, G has non-empty interior. Being u a polynomial, the only possibility is that
u =0, and thus S = H,. O

M:[Ch a2 as a41

Proof of Theorem 1.5. S is clearly a conical smooth hypersurface. Let p € S\ Sp. It is well-
known that

N(p) ! !

= Du(z), 1) = ———
\/1+|Du(z)l]§2n( (). 1) Ny

(xl,O,...,O,—yl,O,...,O,—l),
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and so

1
UH(p):: VH(Z) - (xl'_>y17__y27"‘7__yna1h _>y17m2a"'7$n)-

V2@ = 0)? + o3 + g3

Since in this case vy does not depend on ¢, an easy computation shows that
(5.3) divy vg(p) = divgz. vg(2) =0

for any p € S\ Sy. Since n > 2, (5.3) allows us to apply [11, Corollary F] and [5, Theorem 2.3],
which, together with [46, Example 5.29], imply that S is minimal. We conclude noticing that,
in view of Theorem 1.4, S is not ruled. O

6. HORIZONTAL SECOND FUNDAMENTAL FORMS ON H"

In the current literature, different kinds of second fundamental form are available in the sub-
Riemannian setting. We recall that the horizontal second fundamental form of S atp € S\ Sy
(cf. [32, 15, 12]) is the map h, : HT,S x HT,S — R defined by

hy(X,Y) = —(VxY, ") = (Vxo™ V)

for any X,Y € HT,S, the second equality following being V a metric connection. We recall
that its norm is defined by

2n—1

|y |* = Z hp(ei ¢;)°

1,j=1

for any p € S, being e, . .., e2,—1 any orthonormal basis of HT,S. Notice that, in view of (2.1),
h may not be symmetric. The horizontal mean curvature H, of S at p € S\ Sp is defined by

2n—1

Hy,=1(hy) = Z hy(ej, €5),
j=1

where here and in the following 7 denote the trace operator. In analogy with the Riemannian
case, the horizontal mean curvature coincides with the divergence of the horizontal normal (cf.
[15]), meaning that

H = divg v"(p)
for any p € S. Accordingly, the following characterization of |h|? holds.

Proposition 6.1. Let p be a non-characteristic point of S. Let v be any unitary C? extension
of v|s. Then
2n
ol = " Zu(0i) Zi(vlh) + 4(n — 1)(Td")2.
hk=1

Moreover, if v8|g is extended as in (2.6), then

2n

o2 = 3" (Zf(p)* — 4Td™).

ij=1
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Proof. First, we show that the quantity 37", Z4(vi)Zy(vf) does not depend on the chosen
unitary C? extension of ’UH| s. Indeed, in view of (2.5), we have that

Z Zn (i) Zy, (v Z Sn(vph) Zi (v} Z v (Vop, v Ze (v}

hk=1 hk=1 hk=1
hk=1 h k=1
2n 2
Z n (v o (v Z Zn (v op (Vo) o) — (Z UEI(VHUEI,UH>>
hk=1 hk=1 h k=1
2n
=) on(v)oe(vi).
hk=1

The claim then follows recalling that the horizontal tangential derivatives do not depend on
the chosen extension. Let us extend v as in (2.6). Let ey,...,e,—1 be an hortonormal basis
of HT,S. For any i =1,...,2n — 1, we let a}, ..., a?" be such that

2n

_ E J

- CLZZJ
j=1

Then, by construction,
2n 2n—1

(6.1) Zafa? = 0ij, Za v = and Z kel = Spm — vt

k=1
forany i,7=1,...,2n—1and any ,m =1,...,2n. Hence, recalling (2.5) and (2.9),

2n—1 2n

|hy|? = Z Z al Zy (v )asal Zy(vn)al!

4,j=1 h,k,l,m=1

= Y ZuoD) A0 G — o) O — o)
h.k,l,m=1

= > (&)’ Z(Zzh Ll )
h,k=1 k=1 \h=1

_ Z (Zi(p))” — 4(Td™)2.

To prove the second identity, notice that

2n 2n n n
S° 2 Ziwl) = Y (Zu(ol))” +27d® Y X (vE,) — 2Td Y V(o)
hk=1 h,k=1 hk=1 h,k=1
2n n
= 3" (Zu@Wh)? + 21d™ X, Vild®
k=1 k=1
2n

= 3" (Zu(v))” — dn(Td™)?

k=1
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U

In the first Heisenberg group H!, HT'S is a one dimensional distribution generated by J(v').
In particular (cf. [44]), h completely determines the behavior of V j(u.J (v?), meaning that

Vs J(0") = =h(J ("), J(v™))o™.

This consideration is a first crucial step in the study of minimal surfaces, since it allows to infer
that, when H = 0, then S is ruled by horizontal lines. A horizontal line is a horizontal curve
I': I — H" such that

(L(s), Zilr(s) =0
for any s € I and any j = 1,...,2n, where here and in the following [ is a domain of R
containing 0. Indeed the following simple characterization holds.

Proposition 6.2. Let I' : I — H" be a horizontal curve. The following are equivalent.
(i) ViI' =0 along T

(73) T is a horizontal line.

Proof. Let A = Zfil A;Z; be any C? extension of [. T is a horizontal line if and only if
t+— A;(I'(t)) is constant on I for any j =1,...,2n. Notice that

2n

S o d(AL(T(1))
VAA|F(S) = ZA(Ak)!F(s)Zk\F(S) = ZF(Ak)\F(s)Zk|p(s) = Z 7 Zilres)
k=1 k=1 k=1 ®
for any s € I. The thesis then follows. O

The higher dimensional case is typically more involved, since it is not always true that
VxX = —h(X, X)v".
Nevertheless, there is a particular situation in which the second fundamental form provides

global information.

Definition 6.3. Let S be an hypersurface of class C?. We say that S is horizontally totally
geodesic when

(6.2) (X, X)=0

for any X € CY(S,HTS), that is when h is an alternating bilinear form.

Notice that (6.2) is equivalent to require that the symmetric part of & is identically vanishing.
Let us denote the latter by h, that is

~ h(X,Y)+h(Y,X
h,(X, Y) — ( U ) —2i_ ( U )
For any X,Y € C!(S,HTS). This kind of symmetric second fundamental form has already

been considered, although through different but equivalent definitions, by several authors (cf.
e.g. [15, 43]). It is clear that

hy=0 = h, =0
for any non-characteristic point p € S, while the converse implication may be false in general.
More precisely, |h| and || can be related in the following way.

Proposition 6.4. Let p be a non-characteristic point of S. Let v™ be any unitary C? extension
of v|s. Then

2n

hol? = 3" Zu(uf) Zi(vf) + 2(n — 1) (Td™ (p))” .

k=1
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Moreover,
= 2
[hpl* = |hyl* +2(n — 1) (Td"(p))” .
Finally, if v™ is extended as in (2.6), then

2n

o = " (Zuok ()" — 2(n + 1) (Td*(p))’

hok=1

Proof. Let eq,...,es,_1 be as in the proof of Proposition 6.1. Notice that
B N B h + hT 2
|hp|2:T<hp'h;>:7—<—<p4p>> |h|2+— (hg).

Arguing as in the proof of Proposition 6.1,
2n—1 2n
T (hf,) = Z Z al Z, (v akal Zl( Y am
4,j=1 h,k,l,m=1
2n 2n—1 2n—1
— S A S dar S
h,k,l,m=1 7j=1
2n
= Y Zuw)Z(0h) (hm — vy vl (G — Vi)
hk,lm=1
2n
= Zu(vi) Zk(vg).

k=1

Exploiting Proposition 6.1, the thesis follows. U

In view of Proposition 6.1 and Proposition 6.4, non-characteristic hypersurfaces of class C?
with h = 0 are trivially vertical hyperplanes, provided that n > 2. Indeed, if S is such an hyper-
surface, N is its Euclidean unit normal and v* its horizontal unit normal, then Proposition 6.4
and (2.10) imply that » =0, Nopy1 =0, N = N(Z,7) and o™ = (Ny, ..., Ny,). Hence

2n 2n+1
= ON; ON;
_ 2 _ H H
0=|h|" = E Ziv; Zjv; = E v 8zj
ij=1 ij=1 """

where the last term coincides with the squared norm of the Euclidean second fundamental form
of S. Hence S is an hyperplane, which is vertical since Na, 1 = 0. As already mentioned, when
n > 2 it is not in general true that h = 0 implies h = 0.

Example 6.5. As an instance, consider in H? the non-vertical hyperplane
S:={(z,y,t) € H* : a1z1 + asa + biys + boyo +t + d = 0}
for some aq, as, by, by, d € R. An easy computation shows that
(a1, az,b1,b9,1) ay + Y1, az + Y2, by — 11,0y — T3)
Vo) = L) g V) = o
for any p € S. Therefore, S has a unique characteristic point py = (b1, by, —ay, —as, —d). Far
from py, v™ can be expressed by

v

H(p): (a1 4+ y1, a2 + y2, b1 — 1, by — x2)
\/(@1 + y1)2 + (GQ + y2)2 + (b1 - 351)2 + (b2 — $2)2
for any p € S\ So.
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Recalling (2.10), a tedious but simple computations shows that

2
(a1 +y1)* + (a2 +y2)* + (b — 1) + (b2 — 22)?

4

> Zn(o) Zi(o) = -

h,k=1

= —2(Td").

Hence, Proposition 6.4 implies that A = 0 on S \ So. Nevertheless, in view of the previous
computation and Proposition 6.1, we conclude that

2
(a1 +y1)? + (ag +y2)? + (by — 21)2 + (by — 2)?

|hp‘2 =
for any p € S\ So.

7. LOCAL EXISTENCE OF GEODESICS ON HYPERSURFACES

Let S be an hypersurface of class C%. Let p € S\ Sy and w € HT,,S. We wish to find a curve
[ € C*(I, S) solving the differential problem

T" is horizontal

V?F =0 on [
(7.1) r(0) = p
I'0) = w

Arguing for instance as in [33], it is not difficult to show that solutions to (7.1) are geodesics
in the Carnot-Carathéodory space associated with the sub-Riemannian structure (.5, (-, -)s).
First, notice that, by means of [22, Theorem 6.5] and [4, Theorem 1.2] and without loss of
generality, there exists Q C R* and p € C(Q) such that V¥ € C(Q,R*1) U =i(Q) - j(R)
is an open neighborhood of p and

SNU = graphy. (¢, Q)N U.
We need the following lemma.
Proposition 7.1. ¢ € C*(Q).
Proof. Let us consider the map ¢ : H* — H" defined by

g(j7 Y, t) = (fa y,t — x1y1)
for any (z,y,t) € H". Notice that g is smooth, bijective and and det(Dg) = 1. Hence g is a
smooth diffeomorphism. Let us set S := ¢(S). Notice that S is of class C?. Tt is easy to check
that
SngU) ={(& e 7, 7),0,7) : (§7,7) € Q}.
Therefore the thesis follows provided that (N(p))n+1 # 0 for any p € SN g(U), being N(p) the
Euclidean normal to S at p. Assume by contradiction that there exists p € SN g(U) such that
(N(p))ns1 = 0. This implies that (0,1,0,0) € TpS. Let p € S be such that g(p) = p. Noticing
that
(dg)lp<}/i|P> - (()’ 1,0, 0) € TﬁS’

we infer that Y;|, € T,S. Since S is non-characteristic, (2.4) implies that (v®(p)),4+1 = 0. On

the other hand, we know from [4, Theorem 1.2] that (v*(p)),+1 # 0, a contradiction.
U

Therefore we reduce (7.1) to a differential problem for curves in €2. To this aim, fix ¢ € 2 such
that ¥(q) = p, and let v(s) = (£(s),7(s),7(s)) : I — Q. If we lift v to a curve I : [ — H"

by letting
(&(s),0(7(5)),11(5)), 7(5) — &1(s)p(7(5)))

=
&
I
=
2
S
I
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for any s € I, then by construction I'(I) C S. From now on, we fix the notation a(s) := ¢(v(s)).
To give a meaning to (7.1) we need that I' is horizontal. Notice that

I'= (Sl)"'?éﬂ)dvﬁ%-"vﬁnaj— _éla _5105)
=) GXjHaYi+ > 1Y+ (% — 208 — > 6+ ngj) T
Jj=1 2=1 j=2 =2
Therefore I' admits a C! extension to the whole HT'S if and only if
(7.2) 7 =20 + anfj - ijﬁj,
=2 =2
that is if and only if ~ is horizontal in (€,d,). Let us denote such an extension by A =
23211 ¥;Z;. This means that A € C*(S,HTS) and

¥;(D(s)) = T;(s)

for any s € I and any j = 1,...,2n. Thanks to the aforementioned properties of V° and
recalling (2.2), then

V?ﬂm :V'F\r _<V'F‘F<s>’“H|F<s)>“H‘Ns)

= Z $), Vi (T(s) Zj]p,) — <Z<F( ), Vit (P(s))vi |, )”H’F(s)

k=1
2n
= ij(s)zﬂr(s) - (Z 1;’C(S)“’IEWF@)) e
j=1 k=1

for any s € I. Hence V?f = 0 if and only if
(7.3) F—U(FU> 0

for any j = 1,...,2n. We need to traduce (7.3) in terms of 7. To this aim, recalling (7.2),
notice that

D= "{X+avi+ > iy
=1 2—1
Lemma 7.2. It holds that
(o) = —w4 (2Tpaés + (D4, 4))
Proof. Notice that

(74)  a(s) = (1, Dp(v(s)))  and  d(s) = (3(s), Do((5))) + (D% (v(s))3(s), 7(s))

for any s € I. Moreover, taking derivatives in (7.2), we see that

(7.5) T = 2a§1 + 20451 + 277353 mea

7j=2
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Exploiting (2.11), (7.4) and (7.5), we see that

l .o .. n ~ .o n ~ .. ..
W2, o) = Wepé + > Xjpls+ Y Vil —
j=2 j=2

= &1, + 261000, + Zé%% + anéjQOT + Z 1jn; — ijﬁj%
j=2

Jj=2 Jj=2 Jj=2

— &6, — > _ &g, — D iljton, — Fior — (D04, 4)
=2 j=2

=T (20451 + ml =D ik — T) — (D*p,%)
=2 =2

= 2T i) — (D*p¥, 7).

_In the following, we let M = 2T pcéy + (D?p%,4). Notice that, by Lemma 7.2, the term
(T',v™) does not involve second derivatives of 7. Therefore (7.1) is equivalent to the following
differential problem.

(7.6) .
(& + W ITWPeM =0 on /, £1(0) = &7, &(0) = wy
E+WIX,oM =0 onl, &0)=¢&, §O0)=w; j=2..n
a—W M =0 on [, a(0) =y, &(0) = wyaq
ﬁj+W_1§~/jgoM:O on I, n;(0) :77?, N;(0) = Wy ji=2,...,n
F=2a6+ Y ni&— > &y on I, 7(0) =1+ &e(g)
\ =2 j=2

A key step consist in showing that the third line of (7.6) is redundant.

Lemma 7.3. A curve y € C*(I,9) solves (7.6) if and only if it solves the following differential
system.

(7.7)
(& + W ITWPoM =0 onl,  &0)=¢&,  &(0)=w
E4+WX;oM =0 on I, &(0) = ¢, E0)=w;, j=2,...,n
ﬁj—i-W*legoMzo on I, n;(0) :'r]?, n;(0) = w4 ji=2,...,n

T = 20451 + anéj - Zfﬂ?] on I, 7(0) =t + 5(1)90(Q)
\ Jj=2 Jj=2
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Proof. If v € C?*(1,9) solves (7.6), then clearly solves (7.7). Conversely, assume that v €
C*(I,9Q) solves (7.7). Since y; = (q), then a(0) = ¢(7(0)) = »(q) = y;. Moreover, notice that

&(0) = (¥(0), De(q))

= £1(0) g, (9) + Z £(0)pg; (a) + Z 15(0)n; () + 7(0)-(q)

= Wo(q) + Y wiX;0(q) + Y war;Yio(q)
=2 j=2

- wn+17

where the last equality follows from (2.11) and the fact that w € HT,S. Observe that, recalling
(7.5) and exploiting all the second-order equations in (7.7),

<;)./7 D90> = 519051 + Zgj@@ + Zﬁjgpm + TTSO

j=2 j=2
j=2 j=2

= —WIM|V¥9p|? + 2T 0k, .
Therefore, we conclude that
& — WM = W (W, Dp) + W(D?*¢p%,4) — 2Tpi&, — (D*p4, %))
= W (3, Do) + V20> (3, D) + V20 (D04, 4) — 2T pcy )
= W (=W M|V?|* + V20> (4, De) + [V 0| (D*p¥, %))
Vel

o . -1
= Troeor ]V‘Pg0|2(a_ W—M),

which is equivalent to say that
Wta—-wtM) =o.
Being W1 #£ 0, the thesis follows. U
We can summarize the previous achievements in the following statement.

Proposition 7.4. The following properties hold.
(i) If T € C*(1,S) solves (7.1), then v : I — ) defined by

7(s) == I(I'(s))

for any s € I solves (7.7).
(i1) If v € C*(Q) solves (7.7), then T : I — Q defined by

[(s) = ¥(v(s))
for any s € I solves (7.1).

Proof. (ii) follows thanks to Lemma 7.3. To prove (i), notice that, if I" is as in the statement,
then I' = (o), where o = II(I"), and so (i) easily follows. O

Theorem 7.5. The initial value problem (7.1) admits a unique local solution T' € C*(I,S).
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Proof. In view of Proposition 7.4, it suffices to show that the initial value problem (7.7) admits
locally a unique solution. Notice that (7.7) can be seen as a fist-order initial value problem by
means of a standard doubling variable argument. More precisely, let us introduce the equations

(7.8) =%, &=%; and 5 =H,
for any j = 2,...,n, let us define the curve T : I — R*"~! by
f:(gl,...,é-n,T]Q,...,T]»,”T,El,...,En,HQ,...,Hn),

and let ¢ = (x1,...,Tn, Y2, -, Yn, t — T1Y1, W1, - . ., Wy, Wpi2, - - ., Wap). Then (7.7) is equivalent
to the first-order initial value problem

(79) {1?(5) = jj’(s, I'(s)) on I
[(0) = ¢

where F: [ x R¥"~! — R4~ is defined in the obvious way taking into account (7.7) and

(7.8). Thanks to Proposition 7.1, F' is of class C*' in a neighborhood of (0, ). Hence the thesis

follows by means of the classical Picard-Lindelof Theorem (cf. e.g. [31]). O

Proof of Theorem 1.6. Fix p = (Z,y,t) € S\ Sp. Assume first that there exists an open neigh-
borhood U of p such that h = 0 on U. Fix w € HT,S. As before, recalling also Proposition 7.1,
we can assume that there exists  C R?" and ¢ € C?(2) such that

SNV = graphy, (p,2) NV,

where V' = () - j(R). In view of Theorem 7.5, there exists a small domain I C R such
that 0 € I and a curve I' € C?(I, S) solving (7.1) with initial data I'(0) = p and T'(0) = w.
Since h = 0, and recalling Proposition 6.2, we conclude that ['(s) := p- (sw,0). Hence S is
locally ruled at p. Conversely, assume that S is locally ruled in a suitable neighborhood U of
p. Assume also that UN Sy = 0. Fix p € U and w € HT},S. Since I'(s) := p- (sw, 0) lies locally
in S, then h;(w,w) =0, and so ;Lﬁ =0. O

Proof of Theorem 1.1. It follows combining Theorem 1.3 and Theorem 1.6 O

REFERENCES

[1] A. Agrachev, D. Barilari, and U. Boscain. Introduction to geodesics in sub-Riemannian geometry. In
Geometry, analysis and dynamics on sub-Riemannian manifolds. Vol. II, EMS Ser. Lect. Math., pages
1-83. Eur. Math. Soc., Ziirich, 2016.

[2] A. Agrachev, D. Barilari, and U. Boscain. A comprehensive introduction to sub-Riemannian geometry,
volume 181 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge,
2020.

[3] L. Ambrosio and B. Kirchheim. Rectifiable sets in metric and Banach spaces. Math. Ann., 318(3):527-555,
2000.

[4] L. Ambrosio, F. Serra Cassano, and D. Vittone. Intrinsic regular hypersurfaces in Heisenberg groups. J.
Geom. Anal., 16(2):187-232, 2006.

[5] V. Barone Adesi, F. Serra Cassano, and D. Vittone. The Bernstein problem for intrinsic graphs in Heisen-
berg groups and calibrations. Cale. Var. Partial Differential Equations, 30(1):17-49, 2007.

[6] A. Bonfiglioli, E. Lanconelli, and F. Uguzzoni. Stratified Lie groups and potential theory for their sub-
Laplacians. Springer Monographs in Mathematics. Springer, Berlin, 2007.

[7] L. Capogna, D. Danielli, S. D. Pauls, and J. T. Tyson. An introduction to the Heisenberg group and the
sub-Riemannian isoperimetric problem, volume 259 of Progress in Mathematics. Birkhduser Verlag, Basel,
2007.

[8] J.-H. Cheng, H.-L. Chiu, J.-F. Hwang, and P. Yang. Umbilicity and characterization of Pansu spheres in
the Heisenberg group. J. Reine Angew. Math., 738:203-235, 2018.

[9] J-H. Cheng, J.-F. Hwang, A. Malchiodi, and P. Yang. Minimal surfaces in pseudohermitian geometry.
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 4(1):129-177, 2005.



34
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]

[25]

A. PINAMONTI AND S. VERZELLESI

J.-H. Cheng, J.-F. Hwang, A. Malchiodi, and P. Yang. A Codazzi-like equation and the singular set for C!
smooth surfaces in the Heisenberg group. J. Reine Angew. Math., 671:131-198, 2012.

J.-H. Cheng, J.-F. Hwang, and P. Yang. Existence and uniqueness for p-area minimizers in the Heisenberg
group. Math. Ann., 337(2):253-293, 2007.

H.-L. Chiu and S.-H. Lai. The fundamental theorem for hypersurfaces in Heisenberg groups. Calc. Var.
Partial Differential Equations, 54(1):1091-1118, 2015.

W.-L. Chow. Uber Systeme von linearen partiellen Differentialgleichungen erster Ordnung. Math. Ann.,
117:98-105, 1939.

G. Citti, G. Giovannardi, and M. Ritoré. Variational formulas for curves of fixed degree. Adv. Differential
Equations, 27(5-6):333-384, 2022.

D. Danielli, N. Garofalo, and D. M. Nhieu. Sub-Riemannian calculus on hypersurfaces in Carnot groups.
Adv. Math., 215(1):292-378, 2007.

D. Danielli, N. Garofalo, D. M. Nhieu, and S. D. Pauls. Instability of graphical strips and a positive answer
to the Bernstein problem in the Heisenberg group H!. J. Differential Geom., 81(2):251-295, 2009.

D. Danielli, N. Garofalo, D.-M. Nhieu, and S. D. Pauls. The Bernstein problem for embedded surfaces in
the Heisenberg group H'. Indiana Univ. Math. J., 59(2):563-594, 2010.

M. P. do Carmo. Riemannian geometry. Mathematics: Theory & Applications. Birkhduser Boston, Inc.,
Boston, MA, portuguese edition, 1992.

S. Don, L. Lussardi, A. Pinamonti, and G. Treu. Lipschitz minimizers for a class of integral functionals
under the bounded slope condition. Nonlinear Anal., 216:Paper No. 112689, 27, 2022.

H. Federer. Geometric measure theory, volume Band 153 of Die Grundlehren der mathematischen Wis-
senschaften. Springer-Verlag New York, Inc., New York, 1969.

G. B. Folland and E. M. Stein. Hardy spaces on homogeneous groups, volume 28 of Mathematical Notes.
Princeton University Press, Princeton, NJ; University of Tokyo Press, Tokyo, 1982.

B. Franchi, R. Serapioni, and F. Serra Cassano. Rectifiability and perimeter in the Heisenberg group. Math.
Ann., 321(3):479-531, 2001.

M. Galli and M. Ritoré. Area-stationary and stable surfaces of class C! in the sub-Riemannian Heisenberg
group H'. Adv. Math., 285:737-765, 2015.

N. Garofalo and D.-M. Nhieu. Isoperimetric and Sobolev inequalities for Carnot-Carathéodory spaces and
the existence of minimal surfaces. Comm. Pure Appl. Math., 49(10):1081-1144, 1996.

G. Giovannardi, A. Pinamonti, J. Pozuelo, and S. Verzellesi. The prescribed mean curvature equation for
t-graphs in the sub-Finsler Heisenberg group H"™. submitted paper, arxiv link at https://doi.org/10.
48550/arXiv.2207.13414, 2022.

G. Giovannardi and M. Ritoré. Regularity of Lipschitz boundaries with prescribed sub-Finsler mean cur-
vature in the Heisenberg group H'. J. Differential Equations, 302:474-495, 2021.

G. Giovannardi and M. Ritoré. The bernstein problem for (x,y)-lipschitz surfaces in three-
dimensional sub-finsler heisenberg groups. Commun. Contemp. Math., 2023. https://doi.org/10.1142/
S50219199723500487.

E. Giusti. Minimal surfaces and functions of bounded variation, volume 80 of Monographs in Mathematics.
Birkhauser Verlag, Basel, 1984.

S. N. Golo and M. Ritoré. Area-minimizing cones in the Heisenberg group H. Ann. Fenn. Math., 46(2):945-
956, 2021.

M. Gromov. Carnot-Carathéodory spaces seen from within. In Sub-Riemannian geometry, volume 144 of
Progr. Math., pages 79-323. Birkhauser, Basel, 1996.

P. Hartman. Ordinary differential equations, volume 38 of Classics in Applied Mathematics. Society for
Industrial and Applied Mathematics (STAM), Philadelphia, PA, 2002. Corrected reprint of the second
(1982) edition [Birkh&user, Boston, MA; MR0658490 (83e:34002)], With a foreword by Peter Bates.

R. K. Hladky and S. D. Pauls. Constant mean curvature surfaces in sub-Riemannian geometry. J. Differ-
ential Geom., 79(1):111-139, 2008.

A. Hurtado, M. Ritoré, and C. Rosales. The classification of complete stable area-stationary surfaces in
the Heisenberg group H'. Adv. Math., 224(2):561-600, 2010.

G. P. Leonardi and R. Monti. End-point equations and regularity of sub-Riemannian geodesics. Geom.
Funct. Anal., 18(2):552-582, 2008.

R. Montgomery. A tour of subriemannian geometries, their geodesics and applications, volume 91 of Math-
ematical Surveys and Monographs. American Mathematical Society, Providence, RI, 2002.

R. Monti. The regularity problem for sub-Riemannian geodesics. In Geometric control theory and sub-
Riemannian geometry, volume 5 of Springer INAAM Ser., pages 313-332. Springer, Cham, 2014.


https://doi.org/10.48550/arXiv.2207.13414
https://doi.org/10.48550/arXiv.2207.13414
https://doi.org/10.1142/S0219199723500487
https://doi.org/10.1142/S0219199723500487

A CHARACTERIZATION OF HORIZONTALLY TOTALLY GEODESIC HYPERSURFACES 35

[37] R. Monti, F. Serra Cassano, and D. Vittone. A negative answer to the Bernstein problem for intrinsic
graphs in the Heisenberg group. Boll. Unione Mat. Ital. (9), 1(3):709-727, 2008.

[38] S. Nicolussi and F. Serra Cassano. The Bernstein problem for Lipschitz intrinsic graphs in the Heisenberg
group. Calc. Var. Partial Differential Equations, 58(4):Paper No. 141, 28, 2019.

[39] S. D. Pauls. Minimal surfaces in the Heisenberg group. Geom. Dedicata, 104:201-231, 2004.

[40] A. Pinamonti, F. Serra Cassano, G. Treu, and D. Vittone. BV minimizers of the area functional in the
Heisenberg group under the bounded slope condition. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 14(3):907-
935, 2015.

[41] M. Ritoré. Examples of area-minimizing surfaces in the sub-Riemannian Heisenberg group H! with low
regularity. Calc. Var. Partial Differential Equations, 34(2):179-192, 20009.

[42] M. Ritoré. A proof by calibration of an isoperimetric inequality in the Heisenberg group H". Calc. Var.
Partial Differential Equations, 44(1-2):47-60, 2012.

[43] M. Ritoré. Tubular neighborhoods in the sub-Riemannian Heisenberg groups. Adv. Cale. Var., 14(1):1-36,
2021.

[44] M. Ritoré and C. Rosales. Area-stationary surfaces in the Heisenberg group H'. Adv. Math., 219(2):633-671,
2008.

[45] R. Schoen, L. Simon, and S. T. Yau. Curvature estimates for minimal hypersurfaces. Acta Math., 134(3-
4):275-288, 1975.

[46] F. Serra Cassano. Some topics of geometric measure theory in Carnot groups. In Geometry, analysis and
dynamics on sub-Riemannian manifolds. Vol. 1, EMS Ser. Lect. Math., pages 1-121. Eur. Math. Soc.,
Ziirich, 2016.

[47] F. Serra Cassano and M. Vedovato. The Bernstein problem in Heisenberg groups. Matematiche (Catania),
75(1):377-403, 2020.

[48] F. Serra Cassano and D. Vittone. Graphs of bounded variation, existence and local boundedness of non-
parametric minimal surfaces in Heisenberg groups. Adv. Calc. Var., 7(4):409-492, 2014.

[49] R. Young. Area-minimizing ruled graphs and the Bernstein problem in the Heisenberg group. Calc. Var.
Partial Differential Equations, 61(4):Paper No. 142, 32, 2022.

(A. Pinamonti) DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI TRENTO, VIA SOMMARIVE 14, 38123
Povo (TN), ITaLy
Email address: andrea.pinamonti@unitn.it

(S. Verzellesi) DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI TRENTO, VIA SOMMARIVE 14, 38123
Povo (TN), ITaLy
Email address: simone.verzellesi@unitn.it



	1. Introduction
	Introduction of the higher dimensional ruling property
	Rigidity results for ruled hypersurfaces
	Introduction of the horizontal second fundamental forms
	Ruled if and only if horizontally totally geodesic.
	Plan of the paper
	Acknowledgements

	2. Preliminaries
	2.1. The Heisenberg group Hn
	2.2. Sub-Riemannian structure on Hn
	2.3. Carnot-Carathéodory structure on Hn
	2.4. Horizontal perimeter and horizontal gradient
	2.5. Hypersurfaces in Hn
	2.6. Intrinsic graphs

	3. Higher dimensional ruled hypersurfaces
	4. Ruled hypersurfaces with countable characteristic set
	5. Ruled intrinsic cones
	6. Horizontal second fundamental forms on Hn
	7. Local existence of geodesics on hypersurfaces
	References

