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Abstract

We consider a variational problem modeling transition between flat and wrinkled region in
a thin elastic sheet, and identify the I'-limit as the sheet thickness goes to 0, thus extending
the previous work of the first author [Bella, ARMA 2015]. The limiting problem is scalar
and convex, but constrained and posed for measures. For the I' — liminf inequality we first
pass to quadratic variables so that the constraint becomes linear, and then obtain the lower
bound using Reshetnyak’s theorem. The construction of the recovery sequence for the I' —
limsup inequality relies on mollification of quadratic variables, and careful choice of multiple
construction parameters. Eventually for the limiting problem we show existence of a minimizer
and equipartition of the energy for each frequency.

1 Introduction

This paper is about fine analysis of minimizers of a nonconvex variational problem which describes
wrinkling of thin elastic sheets.

Motivated by physical experiments with thin elastic sheets [27},28.30], the first author, in his PhD
thesis [12] (see also [8]), considered a specific variational problem describing deformations of a thin
elastic sheet of thickness h and cross section of annular shape Q = {zr € R?: R;, < |z| < Rou}. If
dead loads are applied on the inner and outer boundary of 2 in the radial direction with magnitude
Tin pointing inwards and Tyt pointing outwards, the membrane will stretch mainly in the radial
direction. Moreover, if the inner loads T}, are much larger than the outer Ty, the material close
to the inner boundary will move inwards and will occupy much less space than favored. To relieve
the compression in the angular direction the sheet becomes unstable and wrinkles out-of-plane
(Figure [1] left). Analysis of this wrinkled region is the main object of the present study.

In the reduced two-dimensional Kirkhhoff-Love setting, the elastic energy, corresponding to a
deformation of the cross section v: @ — R3, consists of a membrane term, measuring stretching
and compression of the sheet, a bending term, which penalizes curvature, and a boundary term
representing the boundary loads. As a proxy for the energy one can think of

Eh(v)_/QW(W)dHh?/QQ(vu)dHB(v), (1.1)

where v is the normal to the deformed surface v(€2), W is a nonlinear energy density, Q a quadratic

function, and
x x

B(v) =T; / v - dS—Tout/ v - ds
|z|=Rin Rin |z|=Rout Rout
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Figure 1: Left: Elastic annular membrane stretched in the radial direction. The blue dotted curve
represents the free boundary that separates the outer stretched region from the inner wrinkled one.
Right: Rectangular piece of the membrane intersecting the free boundary curve.

describing the dead loads applied in the radial direction on the inner and outer boundary. The
membrane part is non-convex, possibly giving rise to oscillations. In contrast, the bending part is
convex and of higher-order, thus regularizing the problem. Since the bending resistance is related
to the sheet thickness h, the magnitude of this contribution asymptotically vanishes in the limit
h ™\ 0.

The physics approach to tackle these problems consists of a specific choice of an ansatz (guess) for
the form of a minimizer. In other words, one restricts the analysis to a class of competitors having
specific characteristics, and look for a minimizer of the energy within that class. On the other hand,
the rigorous analytical approach does not make any assumptions on the form of a minimizer, i.e.,
the energy is minimized over all possible deformations. The problem in being non-convex,
hence possibly possessing many (local) minimizers or critical points, the first step is to understand
the minimal value of the energy, with possibly learning some clues by which deformations is this
minimal value, at least approximately, achieved.

Hence, we first try to identify the minimal value of the energy. Precisely, in the present situation,
the goal is to understand its dependence on the (small) sheets thickness h. It turns out that the
minimal value min, Ej,(v) consists of a leading zeroth-order term & (coming from the stretching of
the sheet) plus a linear correction in h, which corresponds to the cost of wrinkling of the sheet ,.
More precisely, there exist two constants 0 < Cyp < C7 < oo such that for any thickness 0 < h < 1
there holds

E+ Coh < n%inEh(v) <& + Cih. (1.2)

The wrinkling serves as a mechanism to relieve compressive stresses in the inner region of the
annulus (see Figure, which are caused by specific geometrical effects. An alternative to wrinkling
would be simply compression, which contributes to the membrane part at the order O(1). Hence,
in the case of small thickness (present situation) compression is much less energetically favorable
(O(1) vs O(h?)), and thus not expected.

The identified linear scaling law in h for the minimal value of the energy raised a lot
of discussion among the physics community, having improved their ansatz-based prediction by a
factor of log h (i.e. hin [8] vs h(|log k| + 1) in [27]). It turns out that this discrepancy is related to
a suboptimal choice of the ansatz close to the interface between the wrinkled and the flat region.
Moreover, the upper bound in is achieved through a complex construction involving branching
effects at the transition between the wrinkled and the flat region, a pattern which was not observed



experimentally.

There might be several reasons for the discrepancy between the upper bound construction in [8]
and the experiments. Maybe the experimental sheet is not thin enough for the additional log h
factor to loose the battle against (possibly large) prefactor C in ? Maybe there are some
additional effects which are neglected in the mathematical study? Or this discrepancy is related to
dynamics leading to the deformation, i.e., one it can be trapped in a local minima of the energy.
Finally, due to non-convexity of the energy there is no reason for the construction achieving the
upper bound being unique. Actually, inspired by the study of wrinkling in twisted ribbons [37],
in |9] a different fold-like construction achieving the optimal scaling without branching is sketched.

To understand which of possibly many different constructions is energetically optimal as well as
which of the terms neglected in the force-balance approach [27] should not be ignored, the first
author considered a variational toy problem modelling the transition region [13] with the aim of
better understanding the behavior of the minimizer in that region. Precisely, in [13] the author
restricts the analysis to a rectangular piece of the elastic annulus (see Figure , thus neglecting
some terms due to circular geometry. In fact, wrinkles are caused by the compression in the
angular direction, which is related to movement of the inner circles towards the center. To avoid
the need to work in radial coordinates, for example to avoid the need to include that the circles with
different radii have different lengths, in [13] the first author instead decided to phrase the problem
in rectangular domain while prescribing a non-euclidean metric together with periodic boundary
conditions in the y-variable. Let us point out that the metric we prescribe is not coming from the
change from radial to rectangular setting, but rather from the fact that the circles move inwards and
are therefore compressed. In particular, already the rectangular model includes essential features
of the problem, while being less technical to be analysed compared to the original radial geometry.
We believe that the present arguments can be used with minor modifications also in the original
circular setting.

Then, working at the level of the energy, one considers the quantity %(U)_EO (where now Ej,
is a simplified version of coming from Foppl-von Karméan theory, and v is the displacement,
see formula (2.1))), which is not only bounded away from 0 and oo (see (L.2)), but as h \, 0 it
actually converges to some value o (as proven in [13]). Even though the value o is characterized
as a limit of minima of simpler scalar and convex variational problems, it does not provide any
information on the form of sequence of minimizers.

In that respect, the goal of this paper is to overcome this shortcoming by identifying the I' —
lim of EhT% as h \, 0 combined with a compactness result. As usual, as a consequence we
obtain convergence of minimizers uj of Ej to a minimizer of the limiting problem, hence providing
information on wup, at least for 0 < h < 1. Denoting by Fo, the I-limit functional (see
below), it turns out that as expected from [13], F is scalar and convex, thus possibly much easier
to analyze than the original Ej. Nevertheless, the study of minimizers of F is still far from trivial
and we postpone it to a future work — except for some preliminary results collected in Section[6] As
actually mentioned above, by learning the form of (the) minimizer of F,, hence also asymptotic
form of minimizers of £}, we hope to understand how is the transition between the planar and the
wrinkled region precisely achieved, and which terms in the force balance can not be neglected.

While analysis of the form of minimizer(s) of Fo, will be pursued elsewhere, in the present
article we directly show existence of a minimizer (which alternatively also follow from compactness
of minimizing sequence and I'-convergence) and equipartition between membrane and bending
energies. While equipartition of the energy had been observed in several problems on energy
driven pattern formation with competing energetic parts, here we show much stronger statement:
it actually holds for every frequency separately. This observation should later be important for the
analysis of the form of minimizer (e.g. its asymptotic self-similarity), since it is usually easier to



control one part of the energy than the other: here the bending part should be easier to handle
since it depends on the values of the coefficients and not its derivative. As a first implication of
this fact we show that any minimizer of F., will not possess any long-frequencies.

There are many areas of material science, most of them falling within a class of energy-driven
pattern formation [35], where the idea to study energy scaling laws for variational problems turned
out to be very fruitful. The common features of these problems is the presence of a nonconvex
term in the energy, which is regularized by a higher-order term with a small prefactor. This
small parameter (for now denoted ¢) has different meanings: thickness in the case of elastic films,
inverse Ginzburg-Landau parameter in the theory of superconductors, strength of the interfacial
energy for models of shape-memory alloys or micromagnetics, to name just few. As e \, 0, the
oscillations caused by the nonconvexity are less penalized, giving the energy more freedom to form
patterns/microstructure.

The first paper in this direction, in the context of shape memory alloys, is a seminal work of Kohn
and Miiller [34], where they studied a toy problem to model the interface in the austenite-martensite
phase transformation. They showed that the energy minimum scales like £€2/3, which was in contrast
with the scaling £!/2, widely accepted in the physics community. More precisely, the physics
arguments were based on an ansatz of “one-dimensional” structure of minimizers, whereas Kohn
and Miller used a branching construction to achieve lower energy. While they did not show the
form of minimizers, they provided localized (in one direction) estimates on the energy distribution
for the minimizer — thus providing hints on scales used for branching. Subsequently, Conti [24]
used an intricate upper bound construction to show localized energy bounds (in both directions),
which in particular implies asymptotical self-similarity of the minimizer close to the interface.
The analysis of the toy model was later generalized in several directions, for example analysis
based on energy scalings laws for the cubic-to-tetragonal phase transformation - e.g. rigidity of
the microstructure [21,22] or study of the energy barrier for the nucleation in the bulk [33] and
at the boundary [6]. In that respect it is worth to also mention recent works of Riiland and
Tribuzio [51,52], where a novel use of Fourier Analysis allows to obtain sharp lower bounds on the
energy on a more advanced model.

The work of Kohn and Miiller initiated many developments in other areas of material science to
study pattern formation driven by the energy minization, for example in micromagnetics [20445,49],
island growth on epitaxially strained films [7], diblock copolymers [23|, optimal design [38,[39)],
superconductors [54], dislocations in crystals (see e.g. [25,]29]), fractures in solids (see e.g. [2-4,
42|) and phase-separation |41]. Picking one of them as an example, the Ginzburg-Landau model
describes behavior of superconductors in different regimes of the applied magnetics field. While
for extreme values of the magnetic field (very small or very large) there is only one (normal or
superconducting) phase, for intermediate values of the field the mixed states consisting of many
vortices are observed. There the leading order energy characterizes the number of vortices, and the
next order in the energy describes interaction between them (see [54] for a survey, [50] for analysis
in three spatial dimensions, and [47] for a similar work in the context of 2d Coulomb gases).

The models for wrinkling of thin elastic films have similar feature, with the leading order term
in the energy expansion encoding the wrinkled regions while the next term in the energy expansion
being related to the form (e.g. lengthscale) of wrinkling. The relevant physical object being a two
dimensional (thickened) surface in R?, the local energy expense of a deformation v is encoded using
two principal values of a 3 x 2 matrix Vv — heuristically, singular value greater or smaller than 1
corresponds to a tension or a compression, respectively. Wrinkling being an energetically efficient
alternative to a compression, we expect it to appear in the case of (at least) one singular value
being less than one.

A compressed elastic sheet can feel the compression in one (“tensile wrinkling”) or both directions



(“compressive wrinkling”). A class of problems falling into the latter category for which the energy
scaling laws were identified include for instance blistering/delamination problem (with [5,/18}36,46]
or without [16}/17,[32] substrate effects), crumpling of elastic sheets [26,[58], or analysis of conical
singularities in elastic sheets [43/44]. A common feature of this problem is degeneracy of the relaxed
energy: the minimum of the relaxed energy & equals zero, and more importantly it is achieved
by many different minimizers, making the analysis of the next order expansion of the energy often
difficult.

In contrast, tensile wrinkling problems usually have relaxed problem with unique minimizer,
making the analysis of the next order term (which describes wrinkling) more accessible. The need
for compression usually comes from the prescribed boundary conditions (as for example in the raft
problem [19,31], twisted ribbon [37], hanging drapes |10,[57], or compressed cylinder [55]), through
prescribed incompatible strain [141|40] or curvature effects [11}/15,56].

The model we consider here is a mixture of the first and the second case, i.e., it is driven both
by the boundary conditions as well as prescribed nontrivial metric (prestrain). The latter should
mimic the need to “waste the length” in one direction, this need coming from geometric effects
in our original motivation [8]. More precisely, in [§] an elastic annulus is stretched radially with
stronger inner loads, forcing some of the concentric circles of material to move closer to the center.
Pushing some circles into less space naturally force compression or wrinkling out of plane, while
the circles towards the outer boundary stay planar, and are actually stretched in the azimuthal
direction. Phrased differently, the excess length of circles (i.e. the amount of material which needs
to be “wasted”) is positive close to the inner boundary (compression) and negative on the outer edge
(tension). As a continuous (smooth) function it passes through 0, which is exactly the region which
we analyze in this paper (blue dotted circle in Figure [1|left). The excess length can be obtained as
a minimizer of a one-dimensional variational problem [§], in particular is non-degenerate close to
its 0 — for simplicity we approximate it with a linear function (its first-order Taylor polynomial).

As we will see, it is crucial that the amount of arclength grows linearly in the distance from the
free boundary (between the wrinkled and planar region) and not slower (e.g. quadratically) — the
latter case is expected to be quite boring with the minimizer using only one frequency. In contrast,
the present problem requires infinitely many frequencies, in particular near the transition higher
and higher frequencies are needed.

The rest of this section will provide an overview of our results and organization of the paper. As
in [13], we consider a specific thickness dependent energy Ej, (see for its precise definition),
a model problem describing transition between planar and wrinkled region in thin elastic sheet,
and are interested to understand structure of minimizers of the energies as h \, 0. We consider
a thin elastic sheet of thickness h and cross section of rectangular shape [—1,1] x [-1,1] C R2,
which represents a piece of the elastic annulus depicted above in Figure [1| by a green region, and
assume the sheet is i) stretched in the z-direction, and ii) stretched/compressed in the y-direction
proportional to z (i.e., it is unstrained for x = 0, stretched in the y-direction in the left half and
compressed in the right half of the domain). The stretching/compression in the y-direction is
modelled via prescribed metric together with periodic boundary conditions at the top and bottom
boundary.

To relax the compression in the region {z > 0} we expect the sheet to wrinkle, with the length-
scale of wrinkles of order h'/2 [8]. In order to analyse the limit of EhT_gO as h \, 0, we rescale
the y-variable by h~Y/2 so that the wrinkles lengthscales stay of order 1, and the out-of-plane
displacement has chance to converge to some limiting shape. A consequence of the rescaling is a
change of the reference domain to the domain [—1,1] x [—L, L] which is getting larger and larger
as L :== h™'/2 — oo, and so it is not clear how to perform the I-convergence analysis of the
corresponding functionals. In order to avoid these complications we pass to the Fourier space.



More precisely, we rewrite the energy using Fourier expansion in y, with L appearing through the
summation set %. Heuristically, as L — 0 the Fourier sum will turn into an integral, hence there
is a hope for a limiting functional to make sense.

An alternative to the rescaling in the y-variable would be to keep the domain fixed, and after
passing to the Fourier space to perform a blow-up of the coefficients in the k-variable — this being
necessary since we know that the wrinkles live on lengthscale /2, i.e. in the limit A — 0 the
Fourier coefficients will concentrates on higher and higher frequencies. Naturally, this would be
nothing else than what we actually do here — we will only commute the passage to Fourier and
rescaling in the y(k)-variable.

Another natural question is whether it would possible, after rescaling in y and sending L —
oo, to avoid the need to work on changing (growing) domains. The motivation for this is an
expectation guided by our intuition that minimizers (low-energy configurations) should be relatively
homogeneous in the sense that the wrinkles are spread evenly in the y-variable. This homogeneity
being plausible, since the contraint measures the deformation along the whole interval, it would be
very difficult, if not impossible, to relate the global behavior (constraint) with a local one (form of
wrinkles on a fixed interval).

The rescaling was successfully pursued by the first author in [13], by observing i) the out-of-
plane displacement u being the only relevant quantity to be monitored in this limit, and ii) for
fixed (large) L = h~1/2 the minimum of the excess energy EhT_gO is well approximated by minimum
of a scalar, conver, and constrained variational problem for u of the form

1 /L L
Sp(u) == / ][ uQx + u?yy dzdy subject to ][ u?y(:v,y) dy =2x 4+ o(1) for a.e. z € (0,1)
0 J-L —L
(1.3)
Denoting by ax(x) the Fourier coefficients in y of u(zx,-), we can rewrite
1 L
S1(u) = / > (@) +af(2)k*) dz,  and f wyloy)dy =) ai(@)k*,  (14)
0 -L
ket keZ

where “dot” denotes the derivative. The main achievements of [13] was to show that minima
of S, converge, and then to construct a recovery sequence for the original energy Fj, including
construction of the in-plane displacement. Since the elastic energy Fj, includes all second derivatives
of u, and not only u , which appears in Sg, regularity statement for the minimizers of S;’s played
a crucial role for the construction of the recovery sequence.

The analysis of minima of Sz, from [13] completely avoided the notion of convergence of minimiz-
ers, which needs to be an integral part of a I'-convergence which we study here. To avoid the issue
of nonlinear constraint we use quadratic variables (i.e. monitoring by := a? instead of a), which
turns the constraint into a linear one. The second term in the energy Sy becomes also linear, while
the first term can be rewritten as (Z’gl)j. One disadvantage of this approach is the L!-framework,
which naturally leads the limit functional to be defined on the space of measures. However, the
constraint provides a good pointwise control in x, in particular the limiting measure can be written
as a product of dr and z-dependent measures in k. The lower bound argument (Proposition
is obtain using Reshetnyak Theorem.

The upper bound (construction of a recovery sequence) is much more tricky since it needs to be
done for any “limiting” measure with finite energy, in contrast with [13], where it was done just for
one (more regular) minimizer. The proof of the upper bound (Proposition consists of several
steps:

1. Given a limiting measure, to obtain ay’s we will “discretize” the measure in the k-variable
(Lemma . Moreover, using smoothing of a;’s (more precisely of a%), for which we need



to extend the coefficients ay from [0, 1] via dilation into larger interval [0, 1+], we get a good
starting point for the construction.

2. Careful choice of the smoothing scale £(L) together with few other parameters allow for defini-
tion of the out-of-plane displacement (see Lemma7 which is then basis for the construction
of the in-plane displacement as well as estimates on the excess energy (Proposition. While
relatively complicated, the idea behind the definition of the in-plane displacement and the
correspoding estimates are very similar to the one used in [13].

The paper is organized as follows: in the next Chapter we provide a derivation of the energy,
including the functional-analytical framework in form of measures with well-behaved distributional
derivatives in x, as well as rewriting the energy to a form compatible also with this framework.

Afterwards we state the main result (Theorem, which consists of two, somehow independent,
parts. The first is compactness result, coupling notion of convergence (Deﬁnition and coercivity
of the functionals. Said differently, it shows that the notion of convergence is a good one in the
sense, that any sequence (wr, ur,) with equibounded “energies” Fr, will possess a subsequence which
converges with respect to that convergence. In particular, the notion of convergence is weak enough
to follow from the boundedness of energies. The second part of the result (I'-convergence) shows
that at the same time the choice of convergence is strong enough to allow the passage to the limiting
functional F, including preservation the constraint in the limit L — oo.

After stating the main result, in the subsequent Chapter [3] we show how to disintegrate the
limiting measures, and then continue with the arguments for the compactness (Proposition .
With the help of Reshetnyak’s Theorem we then show the lower bound (Proposition [4.2]). The
upper bound construction is content of Chapter Eventually, in the last Chapter we state and
prove existence of minimizer (as a measure) for the limiting energy as well as pointwise (in k)
equipartion of the energy for this minimizer (see Theorem . A finer analysis of this minimizer
will be pursued in a future work of the authors.

2 Setting of the problem and main results

We start by collecting some notation we will use throughout the paper.

Notation.

(a) a < b denotes a < Cb for some constant C' > 0;
(b
(c
(d
(e
(f
(

x4 denotes the characteristic function of the set A;
L' denotes the 1-dimensional Lebesgue measure;

0, denotes the Dirac measure on k € R;

M (A) denotes the subspace of M,,(A) of positive bounded Radon measures;

)
)
)
) My(A) denotes the space of bounded Radon measures on A with A C R? Borel measurable;
)
9)

For a function f: A C R — R we denote by f(z) and f(x) the first and the second derivative,
respectively;

(h) For a function u: A C R? — R we denote by wg ... zy...y its partial derivative
——
ttimes j times
di d

D™ u(z,y) = Ay Az

wz,y), 4jEN,1<i+j<3;
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(i) For a measure u € My(A) we denote by p , its distributional derivative with respect to the
first variable;

(j) For a measure p € My(A) we denote by |u| € M; (A) its total variation;
(k) For fi = (p1, pu2) € (Myp(A))? we analogously denote by |ji| € M, (A) its total variation;

(1) For puy € My(A), pa € My (A) we write puq < po if p11 is absolute continuous with respect to
po and we indicate by i—z; € LY(A, po) the associated density (Radon-Nikodym derivative);

(m) f#*g(x) denotes the convolution between two functions f and g.

The Model. Let us now describe the model (energy) for the transition between the flat and
wrinkled region, which the first author started analyzing in |13]. Instead of considering the annular
elastic sheet as in [8], we consider only a rectangular piece (cut off from the sheet) near the transition
region, represented by the domain [—1,1] x [~1,1] C R?, in particular simplifying the problem by
avoiding the need to work in the radial geometry. The annular sheet in [8] is stretched in the
radial direction and the concentric circles close to the transition region are stretched/compressed
proportional to the distance from the free boundary. We will model the radial stretching by dead
tension loads in the horizontal direction with magnitude 7" = 1, while the stretching/compression
in the vertical direction will be modeled by prescribing a non-euclidean metric of the form dz +
(14 dz)dy for some 6 > 0 E] Moreover, the rectangle modelling part of the annulus, we prescribe
periodic boundary conditions in the vertical direction (see Figure . The choice of rectangular
domain and the metric should prevent the arguments becoming too technical, but such that this
simplified setting already includes the essential features of the problem. In particular, we believe
that our arguments could be extended also to the original setting of an annular domain and metric
with linear growth near the transition.

It is physically natural [27] and mathematically convenient to use “small-slope” geometrically
linear Foppl-von Karmén theory. In the membrane part of the energy the in-plane displacement is
represented via the linear strain while the out-of-plane displacement is kept non-linear (quadratic).
The bending part is modeled by simply L? norm of the Hessian of the out-of-plane displacement
instead of L? norm of the second fundamental form. Denoting by w = (w1, w2) and u the in-plane
and out-of-plane displacement respectively, the elastic energy FEj, (normalized per unit thickness)

!The parameter ¢ is exactly value of the derivative of the excess length at the transition.



has the form

1,1

Ep(w,u) ::% / / le(w) + %Vu ® Vu — dzes ® eo|* dz dy
11111 2192, (2 ! 2
+2/1/1h |V=ul dxdy/l(wl(l,y) —wi(—1,y)) dy.
Here e(w) := (Vw + VTw)/2 denotes the symmetric gradient of w and xes ® eg is the deviation of
the prescribed metric from the euclidean one. Since we are using the small-slope theory, in
we omitted the prefactor § coming from the metric as it can be included into small prefactors used
by the derivation of the FvK theory. Alternatively, it would be possible to keep such prefactor
in , but its value would anyway have different meaning than ¢ in the definition of the metric.
The third integral models the applied tensile dead loads in the horizontal direction. The factor
1/2 in front of the elastic energy is chosen for convenience, and can be changed to any factor using
simple rescaling of w and u, at the expense of changing the metric prefactor as well. Finally, we

assume the displacement (w,u) is 2-periodic in the second variable.

The behavior of E, as h — 0 at the leading order is well understood using relaxation tech-
niques [48] (also called tension-field theory in the mechanics community). Applied to Ej, from ,
in the limit A — 0 the bending term simply disappears, and the integrand in the membrane term
gets relaxed to

(e(w) — vea ® e9)? = IfIll>iIOl le(w) — zea ® eg + A|?,

where “A > 07 stays for positive semi-definite 2 x 2 matrix. Hence, one can explicitly compute the
(unique) minimizer of the relaxed energy (ws = 0 and wy = z) and its minimum —2+4% = —2 =: &,

From [8] we know that the next term in the energy Ej scales linearly in h, hence the right
quantity to look at is the rescaled excess energy EhT%. For « > 0 one expects that the sheet
wrinkles out-of-plane in the y-direction, in order to offset —xes ® eg with u?y. The linear scaling
in h predicts h?|V?ul? ~ h, in particular u, (its largest component) to be of order h=1/2. As a
consequence, the scale of wrinkles in the bulk should be reciprocal of this value, i.e., h'/2. Not
surprisingly, this is also the scale used in the upper bound construction in [g].

In order to analyze the limiting form of the wrinkles as h — 0 we rescale the y-variable by a
factor L := h™1/2, so that the characteristic lengthscale of wrinkles becomes 1. Precisely, after
performing the change of variables

wl(xay) = wl(va_ly)v 1212(1‘,1/) = ng(ﬂl',L_ly), ’ll(l’,y) = Lu(va_ly)’

the energy FEj becomes (see [13, page 630] for a straightforward algebraic manipulation)

L 1 u2 2 L 1 ul 2
Er(w,u) ::][ / <<w1,x + Q—L‘g — 1) - 1> dz dy —i-][ / <w27y + 24/ — x> dx dy
-LJ-1 -LJ-1

1 L 1 9 2 1 L 1 ) )
+ 12 ][_L /_1 (L Wiy + w2 + uyxu7y> dzdy + Iz ][_L /_1 (u?, +u?,)dzdy (2.2)

1 L 1 ) 1 )
= 2 2, ) dzdy. 2.

Thus, the functional is defined as &, : AiL“ x A9 — [0, +00], where the function spaces describing
admissible deformations have the form

T {w = (w1, ws) € I/Vlif((—l, 1) x R;R?): w(x,-) is 2L-periodic Yz € (-1, 1)}, (2.4)

9



Agtt = {u e W22((~1,1) x R): u(z, ) is 2L-periodic Vz € (~1, 1)}. (2.5)

loc

Furthermore, Eh;&’ turns into Fz: AR x A9 — R defined as
Frlw,u) := L*(Ep(w,u) — &), (2.6)

where & = —% is as above the minimum of the relaxed energy, so that

L 1 2 2 2 L 1 2 2
Fir( =17 Yo 1) dpdy— L4 12 Sy _ dzd
L(w,u) = Wiz + 57 rdy — -+ way + - — ) dedy
—LJ-1 —-LJ-1
L 1 9 L 1
+][_L /_1 (L2w17y+w27x+u,xu,y) dazdy+][_L /_1 (u?z+u?yy) dx dy

1 L 1 ) 1 )
+ 72 ][L / X (2u’xy + ﬁ“m) dx dy.

Before we rigorously proceed further, let us discuss heuristically the form of functional F; and
its implications. Most of the terms in the energy are of quadratic nature, and since in addition we
are dealing with oscillatory objects defined on longer and longer intervals, it is natural to look at
the problem in the Fourier space.

Expecting the limit of F, to exist (in particular having the minimizing sequence bounded as
L — o0), both integrals on the first line need to (quickly) converge to 0. The first integral
can easily achieve that by simply choosing wy ~ x + o(L™!) and u_ not too big, the smallness
of the second integral (after integration in y and using periodicity of w) implies the constraint
f_LL u?, dy = 2z + o(L71).

In order to have continuity of the constraint in the limit L — oo, and also for other reasons
which will be apparent later, we will work with squares of the Fourier coefficients and suitably
defined measures as primary objects of studies. In the following we denote by k£ € R the variable
corresponding to the Fourier transform in the y-variable. Moreover, we use the same notation to
denote the second variable when working with measures.

Definition 2.1 (Measures p* and ph). Let u € A", We denote by p(u) € M ((—1,1) x R)
the measure given by

pF(u) =Y alw, k)L L (—1,1) x 5,

ke Zk
with
a(z, k) == ka3 (x),
and a, € W22(—1,1) being the k-th Fourier coefficient of u(zx,-) for all x € (—1,1), that is

L v/
\/i][ u(z,y)sin(ky)dy k€ T k>0,
—L

L
a(x) == \/E][_L u(z,y)cos(ky)dy k€ %,k‘ <0, (2.7)

L
][ u(z,y) dy kE=0.

—L

Moreover we denote by % (u) the distributional z-derivative of p*(u).
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Remark 2.2. (i) The distributional a-derivative of a measure u € M; ((—1,1) x R) is defined
as follows: for all ¢ € C°((—1,1) x R) we have

(W, ) = —/ odu.
(-1,1)xR

Moreover by a density argument 1, can be extended to functions ¢(z, k) = ¢(z)xa(k) with
¢ € C*(—1,1) and A C R bounded and measurable as

s d@pat) == [ o)

(ii) Let p € M; ((—1,1) x R) be of the form

= Z a(x, k)L L(=1,1) x &,

keK

with K C R countable and a(-, k) € Wh1(—1,1) for all k € K. Then

g = Z ap(x, k)L L(—1,1) x 8.
keK

Moreover as a (-, k) = 0 a.e. in {x € (—1,1): a(x, k) = 0} it follows p, € M((—1,1) x R)
and p g, < fh.

Definition 2.3 (Convergence). For L >0 let (w*,ul) € A} x A, We say a sequence (wk, ul)
converges as L — oo to € M ((—1,1) x R), if (u*(ub), ply(ul)) weakly-* converge to (i, puz).

T

We introduce the class of measures

My, = {u EMI((-1,1) x R): u((—1,0] x R) =0, pp € Mp((—1,1) x R),

1 (2.8)
poun [ o dute) = [ 2e0)a voeczo.n}.
(0,1)xR 0
and the functional Foo: Mo — [0, +00]
_ 2 1 d,ux 2
Fuoli) = /(0 m[k (R )| o). (2.9

Remark 2.4. (i) Above dg = denotes the Radon-Nikodym derivative, existence of which follows
from absolute continuity of pr wW.r.t. p. Moreover, if py, from definition [2.1] u is supported in

(0,1] x R, then
)= Y / i(2) + a @)k da

ke =k

i.e., via Plancherel equality (see equation (3.3)) it is equal to Sg from ([1.3). We farther
observe that ((1.4) combined with the above heuristic expectation ffL u?y dy = 2z + o(L71)
imply in the limit L. — oo the integral constraint in ({2.8]).
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(79) When convenient we will identify the class M, with the class of measures

{u € MH(0,1) X B): jup € My((0,1) X B, 10 < 1,

: (2.10)
[ s@duten) = [ 2esw)ae voexo, 1>};
(0,1)xR 0

(731) For later convenience we observe that F, can be rewritten as follows

1/ dp =1/ dua\2 . -
fmu::/ Hdu+/‘ — (= 2 d|a, 2.11
() (0,1)xR (0,1) xR 4k? ( d\/i\> ( d’/i’> A (2.11)

where fi = (u, pt,,) and |fi| denote its total variation. Indeed, since p, < p < |fi|, we have

dps  dpg dp

dlal — dp dla|’

from which we deduce
1 /dpg\2 1 sdun2 d )
/(0’1)XR4k2< Oﬁl) du:/(O,I)XRW< :ﬂ) T%dw
L dp\=20dpe\? dp o
_/(0,1)><]R4k2<d|g|> (dﬁ]\) d]g] d|al
1 du
-G (i) .

We are now ready to state our main result.

Theorem 2.5. Let Fr, and F be as in (2.6) and (2.9) respectively. Then the following holds:

a) (Compactness). For L > 0 let (wr, ul) € A x A be such that supy, Fr(wl, ul) < +o0.
Then there exists a subsequence (not relabeled) and 1 € Mo such that (w” u) converges as
L — 400 in the sense of Definition [2.3 to p.

=

b) (I'-convergence). As L — +oo the functionals Fr, T'-converge, with respect to the convergence
in Definition to the functional Fo.
3 Preliminaries
Let u € A9" and let ag(x) be defined as in (2.7). Then we have

u(z,y) = ao(x) + Z ar(x)V2sin(ky) + Z ax(2) V2 cos(ky)

keZE k>0 keZZ k<0
\/ k) \/
)+ Z sign(a (=, \fsm (ky) + Z sign(ag(x \/5(305 (ky) .

keZZ k>0 keZZ k<0

(3.1)

Then Plancherel equality yields
L
a(x, k

][Lu2 dy = a3(z) + Z ai(z) = ad(z) + Z (kQ ) . (3.2)

ke™Z k#0 ke TZ k40
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The same holds for partial derivatives of u, that is

][L (D%u)?dy = (D%ag(z))* + Z ( ™ ak(x)ka2)2

-L keZZ k#£0 dze
L o ) (3.3)
= (Da0@)?+ Y (G (Vale Rk
ke =L k0

with & = (v, ap) multi-index with |a| < 2. In case u has higher regularity, i.e., u € W*2((—1,1) x
R) with & > 2, then the same applies for the higher derivatives, i.e., for |a] < k. For later
convenience we also note that

0 _ag(z,k) 672 o _ aga(z,k) (aq(z,k))?
%( ale, ))_2\/M’ 0962( (’k))_2\/a(:c,/<:) 4\/ad(z, k)

We now recall the definition of disintegration of measures only in a specific case that we will be
used throughout the paper, and we refer to [1] for a complete treatment of the subject.

(3.4)

Definition 3.1 (Disintegration of measures in the x-variable). Let I C R be an interval and let
w € Mp(I x R). We say that the family

(Ves 9(2))zer € Mp(R) x R

is a disintegration of u (in the x-variable) if x «— v, is Lebesgue measurable, |vz|(R) =1 for every
rel, gecL'(I), and

f
IxR
for every f € LY(I x R;|u|).

(2, k) dpu = /I /R F(a, k) dvy () () d (3.5)

Formally it simply means du(z, k) = dv,(k)g(x) dz.

Lemma 3.2. Let I C R be an interval and let i € M; (I x R). Then

b(x) du = / g(2)p(x)dz V€ C(I), (3.6)

IxR

for some non-negative g € L*(I), if and only if there exists x + vy € M;(R) Lebesgue measurable
such that (vg, g(z))zer is a disintegration of p.

Proof. Let (v, g(z))zer C M; (R) x RT be a disintegration of . Then holds with f(z,k) =
¢(x) € C(I) and since |v;|(R) = v,(R) = 1 we readily deduce (3.6]).

Assume instead that holds true. Let m1: I x R — I be the canonical projection and let
(m1)4p € M (I) be the push-forward of p with respect to m. By the Disintegration Theorem
(cf. |1, Theorem 2.28]) there exists  — v, € M, (R) measurable with v,(R) = 1 such that

[t dutan) - /I /R £, k) du (k) d(my)gpa(z)

for all f € LY(I x R; u). On the other hand (3.6) implies that (m)zp(z) = g(x)L' LI and therefore
(v, g(x))zer 18 a disintegration of .
O
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Corollary 3.3 (Disintegration of y € M, in the z-variable). Let p € M. Then there exists
z = vy € M (R) measurable such that (vy, 27)ze(0,1) 18 a disintegration of pu.

Proof. The proof follows by Lemma [3.2] and from the fact that

1
/ ¢(x)dp = / 2z¢(z)dr Vo € C°(0,1). (3.7)
(0,1)xR 0

4 Compactness and lower bound

In this section we prove compactness and the I' — lim inf inequality.

Proposition 4.1 (Compactness). Let for L > 0 be (w*, ul) € Ax A such that sup;, Fr(wl, ul) <
+00. Then there exist a, not relabeled, subsequence and i € Moo such that (w”,u’) converges to
w, as L — 400, in the sense of Definition [2.3

Proof. Let (w”,u") be as in the statement. Let p* := pf(ul) and pl := ufx(uL) be defined
accordingly to Deﬁnition i.e., there exist a”(z, k) such that a(-, k) € WH!(—1,1) and

pt = Z al(z, k)L L (=1,1) x 0, ,u’Lz = Z a,Lx(a:,k:)Ell_(—l,l) X O .

Tz 7Z

Step 1: we show that there exists € M; ((—1,1) x R) with p, € My((—1,1) x R) and such that

(1, %) X (i, pz). To this aim we observe that by taking 0 < Cy := sup; Fr(w”, u’) < 400 we
have
FL<wL7uL) S COa
so that in particular
L rl ul)? 2 12
Coz}"L(wL,uL)ZL2][ / w2Ly+( v) —xz | dedy — —
_LJ-1 ’ 2 3 (4 1)

L 1
+ ][_L /_l(uLx)2 + (uéy)2 drdy.

By Fubini’s theorem, Jensen’s inequality and the fact that w’(z,-) is 2L-periodic we get

L r1 (uk)? 2 1 L (ul)? 2
L? L Y x) daxd >L2/ ][ L W _x)dy) d
(ot S ey ananz e [ () (ks 255 ) a)
1 L (7,12 2 0 L (42 2
:LQ/ (7[ Ly) dy—x) dx+L2/ (7[ Ly) dy—x) dz
0 L 2 a\J-r 2
1 L (,,L)\2 2 0 L (L2 2 0
ZLQ/ (7[ wdy—x) d:r+L2/ <][ wy)dy) dx+L2/ 22 dx,
0 L 2 a\Jor 2 “1

(4.2)

where the last inequality follows by using that (a + b)? > a? + b% provided that ab > 0 with a =
1 rL 2 _ . .. . . 0 92 _1
5 f;(u%)dy and b = —z for x € (—1,0). Combining [&.1)) with (4.2) and using that [~ 2*dz = 5
we find

1 L L2 2
Co > Fr(wh,ul) 2L2/ (][ (u’y)dy—x> dz
0

L2

0 L (uL)2 2 L 1
+L2/ <][L§/dy> dx+][L/ (uh)? + (uhy,)? dady.
1 _ — —1

14
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Thus from (3.3) it follows

% 2/01 <][_];(%§’)2dy—x>2dx:/ol (; > aL(x,k)—:E>2d:r

1 1T , (4.4)
20(/0 2kezﬁzaL(:U,k:)> dx—3>,
and
B[ () e [ w

Hence we obtain

HE((—1,1) x B) = ph(—1,1) x R) = / S ab(k,x)de < C,

from which we deduce the existence of a (not relabeled) subsequence and p € M; ((—1,1) x R)
such that g = p. In addition (4.3)) together with (3.3)) and (3.4) yield

1 L
cz/ ][ (uh)? + (ub,)? dy dz
“1J-r
1

1 (af(z, k)
Z/l ( Z al(x, k)k? + Z 12 ol (ak) )dx (4.6)

Z Z
ke ke k#0

1
> / S™ Jak @, )| de = |uh](~1,1) x R),

- keZk
where the last inequality follows by Young’s inequality. Hence, up to subsequence, we may deduce

that there exists i € My(x(—1,1)xR) such that uf, X [i. Moreover given any ¢ € C2°((—1,1)xR),
it holds

/ pdp=lim pdul, = — lim o dpt = —/ Padu,
(-1,1)xR L—=+o0 J(—1,1)xR ’ L—=+o0 J(—1,1)xR (-1,1)xR

which in turn implies i = fi 5.

Step 2: we show that p, < p. By Remark we have that pl < pr. Now let N € N be
fixed and let pk = p*L(=1,1) x (=N, N) and puy := uL(—1,1) x (=N, N). Then the following
properties hold:

,u]LV@ = /,L’[%L(—l, 1) x (=N,N), pngz:=pL(-1,1) x (=N,N),

,U']lif,m < :u%7 (M%v”%,x) = (:U’Nqu,:E)a (47)
and . .
dMNz de
. k)= : kL(—-1,1 —N,N).
du@(x’) duL(‘T’)( ;1) x (=N, N)
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Moreover recalling the definition of x” and (4.6 we have

/ 1 (dﬂk,x(x k)>2dML </ 7( ) dyi
(—1)x(=N,N) ANZ N dpd N = sy 4K

/ Lx( k)) dz < C.
4k2 L( k)
ke TZ k0

(4.8)

From (4.7, (4.8) and [1, Example 2.36 pg. 67, and discussion at pg. 66] we deduce that un, < pn
for every N € N and hence p, < p.

Step 3: we show that u € M; ((0,1) x R), that is, u((—1,0] x R) = 0, and that

1
| eadu= [ 2wo@)ds (4.9)
(0,1)xR 0

for all ¢ € C2°((0,1)). To this purpose for fixed 6 € (0,1) by (4.3) we have

pF((~1,6) x R) = /Z (z,k)d

ket

<c/(

ﬁ+053

2 5
xk)) dx—}—C’/ < L(x,k:)—x) dx—}—C’/ 2% dx
7rZ 0
€T

kTrZ

This together with the lower semicontinuity with respect to the weak* convergence give

p((—=1,0] x R) < p((—1,8) x R) < erginfuL((—l,a) x R) < C§°.

By sending § — 0 we deduce p((—1,0] x R) = 0. It remains to show (4.9). Given ¢ € C2°(0,1) it

holds
/(0’1% ¢(z)dp = /Olsb(a:)( > al(a k) — 2x> dz + /1 20 (x) du

0
YA
ke >

From (4.4) it follows that

/|¢> |‘Z (k) —2x(dx<0||¢||oo</ (ZaL(x,k)—x>2dx>1/2§§—>O,

Z YA
ke ke >

as L — +00, so that

1
lim o(z)dpl = /0 2x¢(x) de. (4.10)

L=+4o00 J(0,1)xR

Next we fix R > 1 and take ¢ € C°(R) such that 0 < ¢¥p < 1, Yr(k) = 1 if |k|] < R and
Yr(k) =0if k| > R+ 1. We have

| ewant = [ o@uatmdnt+ [ o)t vrlk) dut (4.11)
(0,1)xR (0,1)xR

(0,1)xR
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The weak™ convergence yields

lim o) (k) Ayt = /(0 o Hn )

L—=+00 J(0,1)xR
whereas for the second term on the right hand-side of (4.11]) we get

[, o0 onniat < [Coi( X aten)as

keZZ |k|>R

_Hﬂ';"/o( S ab@ k) do

ke— Jk|I>R

H¢||oo/][ C’
2dyde < —
Uyy)” dy dz R2

where the last to inequalities follow from (3.3) and (4.3)). Thus passing to the limit as L — +oo in
(4.11)) we obtain

C C
oeybr(k)dn— = < lim St < [ olavr()du+ g
/(0 xR (@)ér(k) R? 7 Lo (0,1)xR (=) (0,1)xR (@)¥r(k) R?
Eventually by letting R — 400 we deduce
lim s@ it = [ ola)du,
L—=+00 /(0,1)xR (0,1)xR
which together with (4.10)) yield (4.9). O

Proposition 4.2 (Lower bound). Let Fj, and Foo be as in and respectively. Let for
L >0 be (wh ul) c AD x A g sequence converging to p € Moo in the sense of Definition .
Then there holds
lim inf Fr,(w®, u®) > Foo (). (4.12)
L—oo

Proof. Let (w”,u”) be as in the statement and let u” := p*(u”) and ,u{; = ufv(uL) be defined
accordingly to Definition that is,

ph=>"a (@, k) L' (-1,1) x &, ph= > al(z,k)L'L(~1,1) x 6.

v/ v/

Recalling (4.3)), (3.3) and (3.4) we have that

/ ][ y)2 dy dz

2/0( Z 4]1:2(aka +Z xka)

keZZ k#0 keZZ

1 d,uL
_ 2 x L
- /(0,1)><R <k 4k? ( duL (@ k)) > du
1/ dut -1, du 2
= k2 d L+/ — (5 (@ k (2, k) d|pt],
/(O,I)XIR H (0,1)xR 4k2<d|#L|( )) (d|'uL‘( )) "u ’
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where il := (u”, uf,c), and the last equality follows from Remark By Reshetnyak Theorem
(cf. |1, Theorem 2.38]) there hold

lim inf / k2 dpt > / E*du, (4.14)
L—=+00 J(0,1)xR (0,1)xR

and
. 1/ duF ~1 dph 2
lim inf — (= (, k ——" (x,k)) d
LIIE‘*I‘&/(O,I)XRZlkz(dW”(L )) (d\ﬂLy(x’ )) |

1 7/ du —1/dp, 2 .
> —(—=E(z,k 2z, k)) d|l,
/(O,m4k2<dm|< ) (dlul( ) din

with fi := (p, o). Gathering together (4.13)), (4.14) and (4.15) we find

(4.15)

.. 1 d,u, -1 d'ux 2
lim inf Fp (v, v >/ k:2d,u+/ — (= (x, 22, k) d|i] = Feolp).
itz [ R g () () dm =)

5 Upper bound

In this section we prove the I' — lim sup inequality.

Proposition 5.1 (Upper bound). Let 1 € Myo. Then for L > 0 there exists a sequence (w*, u”) €
AiLn X A that converges to 1 € Mo in the sense of Definition and such that

lim sup Fr,(wh, u?) < Faol(p) ,
L—oo

with Fr, and Fo defined as in (2.6) and (2.9) respectively.

The proof of Proposition [5.1]is quite long and technical, for this reason we divide it into a number
of intermediate steps. Let us now summarize the main steps of the upper bound construction. Let
1 € My be given. We first construct a sequence of out-of-plane displacements (u”)7~q by defining
the corresponding Fourier coefficients aé , with k£ € %. The latter have to satisfy at the same time:

e be regular enough in order to ensure u” € Aguts

e the constraint should be (at least approximately) satisfied

L
2AL () = ][_L(ug(:ﬁ, Nedy= 3 (ak(2)k? ~ 20 for ace. z € (0,1);

wZ
kezZ

e be such that we have good control of partial derivatives of u” needed to estimate the energy
functional F7,.

In order to do that we proceed as follows. We first dilate the measure u in the z-variable by a factor
of A > 1 and get a new measure uy, defined on a larger interval [—1, A] instead of [—1,1] while
keeping the constraint intact. This operation is useful to have enough space near z = 1 to mollify
in the sequel (Lemma. As a second step, we discretize ) in the k-variable to obtain a sequence
of measures (u’)r~¢ of the form Zke%l b (z, k)L (0, \) x 6 (Lemma . In the third step we
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regularise each b”(z, k) by convolution with a mollification kernel p.(z) at scale ¢ = (L) — 0. Then
we set al(z) == %\/ (bE(-, k) * p-)(z) and define u” accordingly (cf. Lemma . The mollification
procedure possibly produces small error in the constraint, i.e., A“(x) = x + o(1), hence in the
construction of the recovery sequence we rescale u” by a factor f“(z) := /z/AL(z) to recover
back the constraint. Once we construct the out-of-plane displacement we follow the ideas from [13]
to construct the in-plane displacement (see proof of Proposition .

For any A > 1 we define the following class of measures

ML = {,u EMF((0,A) X R): pyp € Mp((0,A) X R),  pup < pa,
A
[ amswr= [ swautna) voe 05°<0,A>} ,
0 (0,\) xR

and the functional F2 : M2, — [0, +00]

1 /dpg\2
F :/ |:k2+ = }du. 5.2
(’u) (O,/\)XR 4k2 ( d,l,l, ) ( )

Then we have Mo, = ML, and Foo = FL.

Lemma 5.2 (Dilation of y). Let u € My. Then for each X € (1,2) there exists uy € M, such
that

(txs ixe) L((0,1) X R) = (ps pre)  as AN 1, (5.3)

and

1 d,uk T 2 1 dM x 2
k% dpy = )\2/ k2 dp, / — L) dpy —/ — (=) dp (5.4)
/(0,/\)><]R (0,1)xR (00 xR 4k ( dpx ) (0,1)xR 4k? ( dp ) (

so that, in particular

lim P2 (1) = Foo (1) (5.5)

Moreover (ve,2x),e0,) s a disintegration of jix where vy € M (R) for z € (0,1) is the measure
given by Corollary[3.5,

Proof. Let p1y € My ((0,X) x R) be defined via duality as follows

| vemdn=x [  wakdu, (5.6)
(0,A)xR (0,1)xR
for every ¢ € C'((0,A) x R). Notice that py, € M((0,A) x R) and is given by
| semdne =] wOa k. (5.7)
(0,A)xR (0,1)xR

Hence py » < py and

dpyz Ldpg (z
9 k — k] _ k
d ©F =5 </\’ >

Moreover (5.6 together with the change of variable z = Az imply

A
[ zo@ar= [ sdm veecEo.
0 (0,\) xR
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It follows that uy € M2,. Moreover from (5.6) and (5.7) we deduce that

(/’Lz\yﬂ)\,x) I—(R X (0 1)) (:UJa/«Lx) as A — 1,

and (5.4) which implies (5.5). The fact that (vz,2x),¢(,) is a disintegration of 1y follows again
by a change of variable. O

Lemma 5.3 (Discretisation of p). Let 1 € Moo with Foo(p) < 400 and let A = ML) \( 1 as
L — co. Then there exists (ut) C M2, with the following properties:

(i) Pt = Ve 5" (2, k) LIL (0, ) % 0y, with

B k) e WHH 0N and S B (e k) =22, Vae(0,N), (5.8)
ke =k
/ 3 kY xkdx—i—/ > wdx; (5.9)
ke TZ keZZ k;éo ( k)

(i) (" ph)L((0,1) X R) = (1 i)
(443) limsupy_,o fci\o(uL) < Foo (M)

Proof. For each L > 1 let uy € M2, be the measure given by Lemma and let (u§,2x)ze(07,\) be
the corresponding disintegration. We then define u € M, ((0,A) x R) as

Zb (2, k)L L (0, A) X &, (5.10)
kel
where for (z,k) € (0,A) x ﬂ we set
0 if k=0, (k—T.,k] ifk>0,
b (z, k) := and [ := (5.11)
2zve(If) ifk#0, k,k+ %) ifk<O.

Now, for each k € &, BL(',]{?) € Wi(0,)\) with

0 if k=0,
X Xz > > .
23:/IL 4o ——(a,k)dvz (k) ifk#0.

Indeed if k£ = 0 there is nothing to prove. If instead k # 0, for ¢ € C2°(0,\) from the definition of
vz and recalling Remark @ we get




furthermore by Young’s inequality and ([5.5])

A L
/ ]bm(:n,k:)|dz§/
o IEx(0,2)

Thus in particular

d:UJ/\,x
dpex

1/ 2 1 <dﬂAx>2
<= k® 4+ — : duy < C'.
2 I,fx((),)\)( k2 \ dpy a

A
L
JADSACRIEEES VL
0 nz

As a consequence we have that pf, € My((0,A) x R), and

= 3 bi(a k)L (0,N) x .,

ke zZ
and by Remark /17];3 < i, Moreover, as ve is a probability measure, there holds
+L
> b (;v,k:):2x< > i(Ik,)) =2z, Vze(0,\).
kezk keZE k0

Note in particular that u* € M2,. Moreover (5.9) readily follows and |(i)|is proved. We next show
Take p € C2°((0,1) x R), so that from ([5.11]) we obtain

/(01 odu® / Z glk)%:dx

keZZ k#0
(5.12)
/ Z / (z,k) — p(a, k)) dyg(l%) 2z dz +/ odpuy .
keLZ 520 IE (0,1)xR

Since ¢ is uniformly continuous for every € > 0 there is Ly > 1 such that for all L > Ly
lo(2, k) — oz, k)| <& Voe(0,)), Vke = L vk e IF,

from which we readily deduce that

/ Z . lo(z, k) — ¢(z, k) \dyz )2z dz < pxa((0,A) x R)e = A2u((0,1) x R)e.  (5.13)
=L k0

From (5.12)), (5.13),(5.3) and the arbitrariness of € we infer p=L((0,1) x R) = y as L — 4+o00. By
analogous arguments we get u}Lx L((0,1) x R) = po as L — +oo. It remains to prove M We
start by observing that for all > 0 and all kel kL we have

2

~ 2 N
k2§<k+%) <A+8k2+1+6 )LQ’
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so that

/Zk? xkdx_/ Z /ILk:2dyz )2z dz

ke =k ZZ k#0
= Z / k2 dpx(z, k)
L
ke o O (5.14)
/\2 2 ~
< Z / ) < L6V 24 (146~ )L2>du>\(x,k)
A) X T
1L k#0
. 2
:(1—1-5)/ E* dpy + px((0,0) x R)(1+ 6~ )L2.
(0,0) xR
Moreover there holds
A 7L 2 A 7L 2
1 (by(x, K 1 (b (z,k)\ -
Z (,(de:/ Z — = (z. ) bL(yc,k)da:. (5.15)
e R A 0 AR\ 5" (2, k)
ke =2 k£0 ) ke =L k0 )
Since 1/|k| < 1/|k| for k € I L the following inequality follows
1 0o(ak) 1 [ 4 1 d
e Pre o k) dve (k g][ e 0 By due () (5.16)
20kl 5% (2, k) 20Kl Jip dpa 3 1z 2|k| dp X

Now combining (5.15)) with (5.16]) we obtain
2 A 2
1 duy,, - )
/ > 2 Bal@ ) dz = Z (f S o EY P dui(k)> ve(I}) 2 do
= 1L 2|k| dpa
ke ,k;é()
d:“)x x -\ 2 ?
Z (x,k) | dve(k)2zdx

Ir 4k2 dpx A

ke =L k0

_/ 1<du)\,x (x ]%))Qd
O xR 4k2 \ duy =
1 (dpe, -0\
:/ < # (m,k)) du,
0,1)xk 4k2 \ dp

where the 1nequahty follows by Jensen’s inequality. Finally gathering together ([5.14) and ( -
and recalling ([5.5)) we infer

lim sup F (u%) < (1 + 6) limsup F2, (n) < (1 +6)Foo(p) .

L—oo L—oo

(5.17)

By arbitrariness of 9, follows by letting § — 0.
O

In the next Lemma we continue our quest towards definition of the in-plane displacement. Picking
up the construction of Fourier coefficients from Lemma to conclude we require its higher
regularity (in particular in the z-variable). A natural idea would be to mollify the coefficients, but
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since we want to preserve the constraint (or at least not to change it much), we will mollify squares
of the coefficients — in the end the constraint is sum (integral) of these squares, so it behaves well
w.r.t to their mollification. Unfortunately, we could not use simple compactly supported smoothing
kernel, since for our kernel we require that its derivative can be controlled by the kernel itself — this
satisfies e.g. an exponentially decaying kernel, but not compactly supported kernel. Using e~ 1*l as
kernel works well provided one can reasonably extend the coefficients (precisely their squares) to
the whole R. This is trivial for x < —1 (zero extension) and also for x > A\ (extension by a suitable
constant). Even though obviously anywhere in x < 0 and x > A the constraint is not equal x, which
would be enough to show using symmetry of the kernel that the constraint after mollification stays
intact, as long as x stays away from these two sets the violation from the constraint being x, denoted
by f¥, is exponentially small. Since we need to focus on the interval [0, 1], we definitely stay away
from the set x > A (at least measured at the e-scale). Near x = 0 the situation is completely
different (the constraint violation f¥ is far from 1 there), but this critical region is relatively small
(which helps to get the estimates). We therefore use multiplication by f¥ to completely recover
the constraint, but also cut-off near x = 0 on scale even smaller than the convolution scale (see
proof of Proposition below).

Though it might look strange to first mollify the coefficients which destroys the constraint, and
then multiply by the error to recover the constraint back, it is very natural: for the error we have
basically explicit formula, since it is expressed in terms of mollification of the constraint and not
of single coefficients, and we can therefore control it very well — including its higher derivatives, so
that we can still control the regularity.

Lemma 5.4 (Construction of u). Let 1 € Moo be such that Fo(p) < +00. Let € =e(L) > 0 and
n=n(L) € N be such that

LETOOE(L) - 0’ LEIJIrloo n(L) - Lgrfoo m = oo

Then there exists 4" € A9t N .A%‘ét with Ly := L/n(L) that satisfies the following properties: let

Al (z) .= ][L (0 (z,)*dy  and fE(z):= S
2 It AL(2)

Then for all x € (0,1) and N € N there holds

max{z,e} < AL (z) < max{z,e}; (5.18)
(@S py FH@)P <1+ 00); (5.19)
(fE(x)? > 1+on(1) ifz € (Ne1); (5.20)
TR0 CRILI Sy L200) Py (5:21)
there exists a continuous increasing function w: [0,+00) — [0,400) with w(0) = 0 such that
Lo 9 max{z,e}(w(2Ne) + Ne™ ™) ifx € (0,Ne)
sy ey P 62
][L (@*(x, )" dy S Lj(max{e, 2})*; (5.23)
-L
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L
F (@) + @k )R) dy s (5.21)
Moreover
(" (@), ph (@) = (ppe) in My((=1,1) X R)?; (5.25)
hglfolip][ / (45,)%) dedy < Foo(p) ; (5.26)
L
£ @+ @2 + @) way S (527

L
][ / yrdzdy < o (5.28)

Finally since 4" and all its derivatives are 2Lg-periodic in the y-variable the above estimates still
hold true if we replace the average integral on [—L, L] with the average integral on [—Lg, Ly).

Proof. Let pn € Moo, € =¢(L), n =n(L) and Ly be as in the statement. We set
A=XML):=(14++ve)\(1 as L— +oo,

hence in particular A \, 1 as Ly — +00. We construct o> € Aout and then we extend it period-
ically in [—1,1] x [—L, L], without relabelling it. In this way, since L = n(L)Ly with n(L) € N,
we have ol € A9, The main idea is that of discretizing the measure x in the variable k to get a
measure concentrated on lines R x {k} with k € % where the weight on each line is a coefficient

blo(x, k). Afterwards we define 4% as in such a way that its Fourier coefficients af(z) are as close

as possible to \/bLo(x, k)/k but at the same time have better regularity to ensure 4% € A
In order to do that we first dilate p with a factor A in the x-variable as in Lemma then we
discretize using Lemma and finally we mollify b70(-, k) at scale ¢ after a suitable extension in R.

To this purpose we let (u°) € M2 be the sequence of Lemma for the parameter Ly, which is
of the form

uho = 37 5 (@, k)L (0, X) x ..

kef—?

By the mean value theorem, for each ), we can find \ € (%, A) such that

35N k)R g][ 3 5 (@ k)R de (5.29)
2 ke}j?

By truncating b at 2 = X we can define b0: R x % — R as

0 if z <0,
blo(z, k) i= S blo(a, k) if0 <z <A, (5.30)
Blo(\ k) ifa> A

—l=z|

Let p.(z) := 5= and note that in particular

|pe(@)| = éps(rv)- (5.31)
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Finally we let a’: R x % — R be defined as
al(x, k) = (b, k) % p)(z),

and oL e A%‘(‘)t be the function

Z W\@sin(ky)nL Z W\@cos(ky).

~L L
kez—?,k>0 kez—?,k«)

Eventually we extend 4%, without relabelling it, periodically in [~1,1] x [~L, L].

Step 1: in this step we show ((5.18)—(5.21)). By (3.3)) and (5.8) we have that

L L ~ 2 Lo ~ 2
24M0) = f (1, dy = (@) dy
—L —Lg
= > ek k) = (D0 b)) pela) (5.32)
ke% keg—ﬁ
_ —|z| z—X
= 2(2X(0.5) + A3 +o0)) * Pe() =2$X{m20}+8(6 s —e = )

for all z € [-1,1]. Then for € small enough we have

2% <24L(z) < 3¢

x < 2x+€(e%1 —e%) <2AY(z) <3z ifze(el),

if x € (0,¢),

so that .
1
% max{z,c} < 24%(z) = ][ (1)? dy < 3max{z,e}.

~L

We have that 5 .
2 __

and by estimates above
x x

L T 2
(@) £ ey S

Observing that (e= — e%) > 0 if and only if 2 € (0, A\/2) we have

(FE(x))? = — E(e; —= <1 in (0,)/2),
2
and
(fE(x)? < i E(ei B 61?) <1+ ; E‘(:(i; ille) =1 +% for z € (A\/2,1).
2 2 T2
Moreover we have that
(fL(x))2 > aH—a;ce—N =1- x—;kege]\iN >1-— ging =1+on(1) forx € [Ne1).



A direct computation shows that

. 2
L _ L _z  1=2 _z L _z L
(Fl(a))? = <A (z) —zA (at)) < (max{z,e})? max{e =, e < }< max{e =,eve} < max{e =,evE}
4r(AL(z))? ~ z(max{z,e})3 ~  zrmax{z,e} ~ xe
- ,\+1
where the second inequality follows from —)‘ < —2= ﬁ Furthermore we have
z(AL(z))? 1 Al(x))? z(AL(z))
(FUo)) S TS + e * St *
(AL@)? " FAL) (AR @) T (A 533
ze 27 1 1 z
< - - -
(max{z,e})3 x3max{r,e} wx(max{z,e})3 (max{x,e})°
Hence 1 1 1 1
L - < f
FHaP S G+t S Hee(0),
and .
ST 9 e e 1
(f (SC)) S 222 + ? 5 3 ifze (57 1)
Step 2: in this step we show ((5.22). By (3.2) it holds
L R Lo R al r, k
f e = @tera - Y S0
—L —Lo ke T2 k0
bLO(" k;)
= ( Y. > * pe(2) (5.34)
ke"—Z k0
+00 bLo k
—/ ( Z IE:Z; )>p€(x—z)dz.
0 RETZ kA0
Moreover by the fundamental theorem of calculus and Holder’s inequality we have
2 S IEN B (bLo (2, k))?
bro(z,k) = (\/blo(2,k) ) = 2] <z [ 2 dz. :
(2,k) < o(z, )) (/0 QW /0 W0 (2R Z (5.35)
Combining (5.34)) with (| we find
b 2 bLO
][_L(u (z,-)) dy</0 ( Z / 4k2bL0 dz)zpe(x—z)dz
ke "Z k0
By definition of b% it follows that
bLO Z k ZAX bLO Z k
dA = dA
; / 1200 (2, k) k:) z ; / 20 (3, k)
ke 72 k0 k€T kA0 (5.36)

1 du’[;EO 2 L
: /(O,z/\A)xR 4k2? ( duL()) dp™ = w(z),
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where the last inequality can be obtained by arguing exactly as in (5.17). Therefore we deduce
that

Lo +o0
0t (x, )2 w(z)zpe(x — z)dz.
flatearas [ e - 2

_LU

Note that w(z) — 0 as z — 0 and w(z) < w(A) < (A2)Fao(p) < C. Let N > 2 be a natural number.
Assume z € (0, Ne|. Since w is increasing we have

400 2Ne _ +o0
/ w(2)zpe(x — z)dz < w(2Ne¢) / zpe(r — z)dz + w()\)/ zpe(xr — 2)dz
0 0 2Ne (5 37)
< w(2Ne) max{z,e} + CNe ™ '
< max{z,e}(w(2Ne) + Ne ™).
If instead x € (Ne, 1), we get
+00 _ [t
/ w(z)zpe(x — 2)dz < w()\)/ zpe(x — 2)dz S x. (5.38)
0 0

Step 3: in this step we show (5.23). By the mean value theorem and the fact that u”(z,-) is
2Lg-periodic, for fixed x, we can find yo = yo(z) € [—Lo, Lo| such that

Lo
a® (@, o) =][ i (e, 9)dg =0,

—Lo

where the second equality follows by the definition of @* and the fact that

Lo k
][ sin(ky) dy = f(_ cos(kLg) + cos(kLo)) =
~Lo 0

Lo k
][ cos(ky) dy =37 —(sin(kLg) — sin(kLo)) =0,
~Lo 0

for all k € 7~. Thus by the fundamental theorem of calculus, Holder’s inequality and Plancherel it

holds
v L / / Lo L2 / %
/ iy (z,y') dy 2L (/ (i) dy)
Yo —Lo

= 2\/5[;0\ / AL(.%') .
This together with steps 1 and 2 yield

f / Ydzdy —][ / Ydzdy < LEAL(z ][ / 2dedy < L3(max{z,e})?.

@ (z,y)| =
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Step 4: in this step we show . By . ) the definition of a” and ( -

L Lo
][ (ﬂgy)2dy: ][L (4 ,yy) dy = Z ko (x, k) Z E2blo(z, ) % pe(z)
— L0

ke“—z ke"—z

= (k2/ ™ (2, k)po(z — 2) dz> > bR (A k) kQ/ pe(x — 2)dz

nZ Tz
ke > I, ke €I,

< Hpalloo/ > 5" (2, k)k2 d + €5 ][M > 2" (2, )k da (5.39)

keLZ 2 ke"—z

1 1 ox A Lo
<[z E 2
N<€+>\_1e )/0 E b (z, k)k* dx

1 1 23
< (= = | B (uto) <
Since the function (z1, 22) + 27/2 is convex by Jensen’s inequality we have

(a,Lx(x; k?)>2 _ (b’on(.’ k) * Pe(l'))2 (b,LxO(', /{:))2
al(z, k) blo(- k) * ps(x) = blo(-, k) * pe(T) -

This together with (3.3 and (3.4)) imply

L Lo 1 (al(x,k))? 1 (bho(,k))?
][L(U,La:)zdy:][ (U,Lx)Qdy: Z @WS Z @W*Pe(l’)

—Lo

keLZ Je£0 ke"—Z k0
1[5z F))?
= Z 4].62/0 (k) pe(x — z)dz
kef—z,kyé()

1 (b5 (a,k))? 1y, o1
< o — -~ de< = 0y < —,
— HPEH / Z 4k2 bLO(.T,k) T > E‘FOO(M ) ~ e

ke”—z J£0

Thus combining (5.39) with (5.40) we infer ([5.24]).

Step 5: in this step we show ([5.25)). By recalling Definition we have

pf o= ptalt) = > al (@, k)L L(=1,1) x 6,

keg—g

and
ph= @ty = 3 al(a LL(-1,1) x b

Let ¢ € C°((—1,1) x R). Then

/ sodﬂLz/ sodﬂL/ wduL0+/ pduto.
(-1,1)xR (-1,1)xR (0,1)xR (0,1)xR
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By Lemma we have that
lim pdpo = / pdpu,
L= J(0,1)xR (0,1)xR

hence it suffices to show that

lim (/ gpdﬂL—/ god,u,LO> =0.
L=4oo\J(—1,1)xR (0,1)xR

Indeed by (5.32)) and ([5.8) we have
[ T
(-1,1)xR (0,1)xR

‘/ pdpt— / pdu*o
(-1,1)xR (0,1)xR

/Z xkdx—/Zbek

kﬂ'z kﬂ'Z

= ||so|roo\/ (- ) e
-1
Moreover we have

/ sadﬂ,LI:—/ so,xdﬂL—>—/ sO,a:du:/ odp .
(—1,1)xR (71 1)xR ~1,1)x (-1,1)xR

Step 6: in this step we show . By . we have
Lo
aL )2dady = (z,k)k?dz = blo( k) * pe(a)k? dz
7y
—LoJ—-1

e s ke“—z

< llelloo

= [lello

<Ce? >0 asL — +oo.

“+o00
/ Z<k2/ bLozk‘,Oex—zdz)dx+ZbL°>\kk2// (z—2)dz.

7rZ A
ke ke 7E

Fubini’s theorem yields

/ Z(’fQ/ bL°zk)ps(:vzdz>dx</ > bvro(a )k da.

kELZ 0 ]CGLZ

while from (5.29) we deduce

1 400 - < A
Lo 9 IS 1-X —1-X —Lo 2
E b (N k)k / //\ pe(m—z)dzdx§§<e c —e - )]€+1 E b (x,k)k*dx .

Analogously from and Jensen’s inequality it holds

1 (a(z,k))?
7[ / dmy_/ Z W alh)
22 k40
1 (b5 k))?
<[, T gy o
ke"—zk;éo
1 (b5 (x, k)
S/ 2. T T

0 ke%,k;ﬁo

dx .
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Gathering together (|5.41] - we obtain
1-x_—i=A

S L L y2 Cele =™ " )\, L
ff/(@a+@W)M®SQ+ T )&mw, (5.45)
-LJ-1 -
and hence by letting L — 400 and recalling Lemma [5.3)|(22)| we deduce ([5.26]).

Step 7: in this step we show ([5.27). By @ @

][ / ak, dxdy—][ / dxdy—/ >4 )))2 dz . (5.46)
k

e k;éo

Next we observe that (5.31]) yields

(% (2, k) = (B8 (- k) * pe(2))® < (B8 (k) % |pel () = Slg(bL(wk) * pe(2))? <

so that combining (|5 with and recalling (5.32)) we obtain
1
][ / ak,) dxdy< / Z dx§€—2. (5.48)

kﬂ'Z

In a similar way and (| give

][/ dxdy—][ / dxdy—/ > (aLx,k))’mrdx

kezz,k;éo
1 (af 1 (af (2, k))*
il d BT A
/ Z 2 aL x +/ Z k2 (al(x,k))3 dz
ke”—z k#£0 keﬂ JK#£0 (5.49)
1 ! 1 (al(z, k))?
Iy 4@*””®
e )y A= 4k? al(x,k)
ke 32 k£0
1, 1
‘/f 2 dyde S SFAEN) S .

where the second inequality follows from

(0, 1)) = (0l e, ) () % po()* < 5 (b, K))P(aH G )
and
(afm(% k‘))2 = (b5 (-, k) * pe())® < é(a,@(w, k))?

Moreover appealing again to we find

][/ U gy dxdy—][ / it ) dmdy—/ Z 12 (\/m> rdx

k;é()
k? (a,Lw(JU 245
e Z o kA0 k:;éO
<1/fMWF®M<1ﬁw%<1.
~e2 [ Lo Y ~ 27 00 )
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Eventually gathering together (5.48])—(5.50) we deduce ([5.27)).

Step 8: in this step we show ([5.28). Analogously to step 3 we can find yo € [—Lo, Lo] such that

Lo
i (2, 90) =f ik (2,9) dg = 0,

—Lo

so that by the fundamental theorem of calculus, Holder’s inequality it holds

1
2
/umyxy dy‘<\/ (/ dy)
Yo Lo

1 (a (@, k)2 *
:\/§L0< Z 4 al(z, k) ) (5.51)

keZE k0

1
1 > Lo
S Lo <4€2 Z aL(xak)> S = /

keZE k0

where the last two inequalities follow from and - Therefore 1)) gives

L3
][ / dxdy<][ / dmdy<*§7

and the proof is concluded.

ik (z,y)| =

We are now in a position to prove Proposition [5.1]

Proof of Proposition[5.1 Let n € My be as in the statement. Let ¢ = ¢(L) > 0 and n = n(L) € N

be such that 7
li L)= li L)y= 1l — = .52
Lﬁlrfoo E( ) 0 ’ Lﬁlrfoon( ) Lﬁufoo n(L) +oo, (5 g )
to be chosen later. Let al € AN At with Lo := L/n(L) be the function given by Lemma

Recall that

1 L
AL(:U):2][_L( ) dy and fE(z) = AL( ] for x>0.

Furthermore we let M = M(L) € N, M > 2 to be chosen later such that setting 6 = 0(L) :=
(( )) < e(L) we have

LETOOM(L) = +oo, and LETooa(L) = Jim M?*(L)§(L) = 0. (5.53)
We consider 95 € C*°(R) such that
Y5 =0 in (—00,d8], ts=1 in[26,+00), |s(x)| <CO™L, |hs(x)] < CI72,
Note that 15 = 1hs = 0 in (6,25)°. We next define (w”, ur) = ((wh, wk),u") as follows:
ul(z,y) = vs(a) ()i (2,y)

1 v
wy (2,y) = V3 (2)ay + B (x) - 2/0 (u})?dy/
L 1 y
wl(xay)::x—p/o\ ('U}Qx—f—u u )dy’
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where

1 Lo Y Lo T
BE(z) = 5 ][L /0 (u’le)2 dy' dy — ][L /0 uﬁ:u’jzj da’ dy .
—L0 —L0

Clearly ul € A% N A%‘(‘)t. We show that wl € AP N Aijfo. Precisely to see that w”(x,-) is 2Lg
periodic we use the following fact:

A differentiable function h is T-periodic if b’ is T-periodic and h(t) = h(t +T) for some t.
The function wQL’y(:p, -) is 2Lg-periodic, since u@ is, and from ({3.3]) satisfies

Lo
w2L(:c, Ly) — wQL(a:, —Lo) = 2L0¢§(x)x — / (uLy)2 dy

—Lo

= 2Lov3(a)(z — (f*(2))* A% (2)) = 0,

from which we deduce wZL (z,-) is 2Lp-periodic. Using this periodicity, and in particular also of
UJQL@, we see that wiy(x, -) is 2Lg-periodic. Moreover we have
1 ko

w (. Lo) — w e, ~Lo) =75 |

(wy, +uhub) dy

0

1 5L Lo v L L / Lo L L
=73 2LyB"(z) — uwyu s, dy dy + uguydy ) =0,
—Lg JO —L

0

where the second and the third equalities follow from
. y
why = (WR@)e)y + BHa) — [ ubl,

and

L L
2LoBE(z) = 2L Dbl dy— 4 ubuld
0 xTr) = 0 . u7yu’xy y . uwuﬂ y .

0 — L0
Thus we deduce that wf y 18 2Lg-periodic. For the reader convenience we divide the rest of the proof

into several steps. We will repeatedly use that the averaged integral over (—L, L) of a 2Lg-periodic
function is equal to the averaged integral over (—Lg, Lg) of the same function.

Step 1: we show that (w”,u”) converges to p in the sense of Definition We have that

ey = Y ab@)sinky+ Y ak(@)cos(ky),

v/ A
kEfLO k>0 k’EfLO k<0
so that

ub(z,y) = Z Vs (z) f(x)af () sin(ky) + Z Vs (z) L (x)af () cos(ky) .

Z Z
ke{—o,k>0 keZ—O,k<0

Therefore we get

pho= P wh) = 3 P3 @) (fF(2))(af (2)) KL L(-1,1) x &
ke%
= > V@) (f (@) (af ()KL L(S,1) X 5

ke%
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We show pu” = . We fix ¢ € C°((—1,1) x R) and we write

/ pdut = (/ wduL—/ wdﬂL(ﬂL)> +/ pdut (@),
(-1,1)xR (-1,1)xR (-1,1)xR (-1,1)xR

By Lemma [5.4] it holds

lim odpl(al) :/ odu.
L—+o00 (-1,1)xR (-1,1)xR

Therefore it is sufficient to show that

lim / cpduL—/ edul(at) ] =0.
L—=+oo \ J(—1,1)xR (=1,1)xR

Recalling that 15 = 0 in (—1,6), 15 = 1 in (26, 1) and Me = M&§? > 25, we have

‘/ soduL—/ o du”(
(-1,1)xR (0,1)xR

(2. k) (af ()R (V@) (FF (@) = 1) da

ke”—z
< ||s0Hoo‘ /OME (¢§(x)(fL<x))2 - 1) > (af(x))?k? dx
ke e
+|190Hoo‘/j\; ((fL(:c))Q— ) > (af (2))%k* dz|.

Since

keTe
by and we have
(3@ (H@)? = 1) D (af (@) < (v3(@)(1 +0r(1)) — 1) max{z,e}

Z
keL—O

which together with ([5.53)) imply

Me
||90||oo‘/ x)) k2(¢2( )(fL(:c))Q—l)da: <CMe=CM?*5—0 asL — +co.
ke"Z

Whereas (5.19)), (5.20) with N = M and the fact that M = M (L) — 400 imply
(f¥(z))*=1+0,(1) in [Me,]1),

so that
<or(l) -0 asL— +o0.

||eo||oo\/ S af @R (@) — 1) da

kTrZ

Eventually by duality we have

/ pdul, = / podp” — — rdp = / odp g,
Rx(—1,1) Rx(—1,1) Rx(—1,1) Rx(—1,1)
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which in turn implies M,Lx N -

Step 2: we show that

L p1
lim sup][ / ((uh)? + (uLyy)Q) dedy < Foo(p) +C lim w(2M?6)log M . (5.54)
L—+o0 -1 ’ L—+oo
To this purpose we note that
ug(2,y) = s(2) 1 (@) (2,y) + Ya(2) 1 (2)0" (2, ) + o (@) [ (@) (@, ). (5.55)
Therefore by Young’s inequality
][ / Y2 dzdy < 1+a][ / (fE(z) )2 dz dy
26
+2(14a” 52 ][ (f¥(z) 2dady (5.56)
214+ o~ ][ / fL 2dzdy,
for any a > 0. In this way by recalling (5.19) (5.22)) and (5.21) we have
][ / (ff(x) Vdzdy < (14 o0r(1 / (a5)? dz dy, (5.57)
26 26
= ][ / (FL(2)2 (@) de dy < 575( w(2Me) + MeM) / dz < (w(@Me) + MeM), (5.58)
0
€1
][ / (fE(x) 2drdy < / —Ea(w(QME) + Me M) dz
s T
VE o2 1 s
+ / ©  (w(2Me) + MeM)dz + / ¢ Fodr (559
. xE JE e
%
S (log = + 1)(w(2Me) + Me™) + “—
Gathering together (5.56])—(5.59) and recalling that § = /M we deduce
][ / )2dzdy < (1+a) ][ / )2dzdy + C(log M + 1)(w(2M?8) + Me™™) + or(1),
(5.60)
with @ := a+ aor(1) + or(1). Moreover as u = Ys(x )fL(x)fLLyy we get
][ / u,) 2dz dy <][ / (fE(yy)) )2 dz dy <][ / Y2 dzdy. (5.61)

By (5.60), (5.61)), (5.26) and the fact that M35 — 0 we finally deduce

limsup][ / E)2)dedy < (14 o) Foo(p) + C lim w(2M?6)log M .

L—+o0 L—+oo
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Eventually by the arbitrariness of o we infer the desired estimate.

Step 3: we show that

2 2 4 4
5 )_ Ly 1 _Lj 1
L][ / < 2L2 1> dedy S 7952 S Tagoar

By Young’s inequality we have

(o S s . B i of [t

We estimate the first term on the right hand-side of (5.63). By (/5.55) it follows

][/ dxdy<][ / (fE(x) Y dz dy

+54][_L 5%<fL<x>> dxdy+f / (FH (@) by dady

By (5.19) and (5.28)) we have

L2
][/fL edy S 20
3

whereas from (5.19), (5.23), and the fact that x € (4,20) we get

Lo 162 , (% L2
_ <
5 ][L ; (f (m)) ) dedy < iz —Lg / (max{az,s}) dz 5

Finally by (5.21)) and (5.23))

1
][ / (f5( Ytdady < LE / @(max{m,e}) dz < Lj 54—6—2 )

Thus gathering together (5.64)—(5.67) we infer

Lol ()4 2 /1 1
2 drdy < 2 (4 = .
][—L/—l L? ! yNLQ <5+52>

(5.62)

2 dz dy .
(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

We now pass to estimate the second term on the right hand side of (5.63). To this aim we observe

that integrating by parts it holds
why +ubly = @)y + 5@~ [ bk, + udda.0)
) y
= @)y + B + [ty + kbl

Y
= (293(2))'y + /0 wyytiady’ + CH(2),

][ / Uy, dy dy = — ][ / Uyyu dy' dy,
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and the last equality is a consequence of the following identity

. Loy
BL(x)+u§cu5|y:0—][L</0 uy xydy —u u —|—u u |y=0> dy = CL(z).

Using (5.69) and the definition of w we get

!

Yy Yy
w{:x_l = _ﬁ 0 ((x%( ))” / /0 (U’,I;Jy xx+uyyz x) dy,/+CL( )) dy/

1 y2 y v )
=772 <($¢§($))"2 + /0 /0 (ui/yufm + Uﬁ,ny,Lx) dy" dy’ + CL(QU)Z/) :

This together with Young’s inequality give

LQJ[ / wl, — dxdy_LQJ[ /wlx ?dzdy

5’22][ / ((z3 (2))")?y* da dy
1 (5.70)
LQf / (/ / 7yy Jia:+uyyx x)dy”dy> dl’dy
1 .
2 e,
~1

As (z2(2))" = dps(x)bs(x) + 2xhs(x)hs () + 22(¢s(x))? in (6, 20) and (z102(x))” = 0 otherwise,

we have

/12 4d d L 2 2 /12d L4 571
st [ eyt aa s @R res 85 6

We now estimate the second term on the right hand-side of ([5.70). We first observe that if a, b, ¢, d
are 2Lg-periodic then by applying in order Holder, Young and Jensen inequalities we have

v oy 2 Y 2
[/0 /0 (ab+0d)dy"dy'] S[/O ||a||L2(o,y/)Hb||L2(o,y/)+||CHL2(o,y/)||dHL2(o,y/)dy']

y 2 y 2
s[/o ||a||Lz(o,y/>ubnm(o,y/)dy'] +[/0 ||cHLz<o,yf>||d|rL2(o,y/)dy']

Lo Lo
< I3 f 20, 181220,y A + L2 ][ el 0 14130, O
—Lo

Lo Lo Lo Lo
5 Lé [(][ a2 dy"> <][ b2 dy”) + <][ 62 dy//) (7[ d2 dy")] )
—Lg —Lg —Lg —Lg

Therefore it follows that

2 ][ / </ / ,yy . —i—uyw x)dy”dy) dz dy
L2 ][ / </ / ,yy :m: + ’LL yyr (E) dy” dy > dz dy
L \2 5,1 L N2 4,/

S u dy ) <][ u,.,) dy > dx
L2 <][Lo( ) 7L0( ax)
L4 Lo L 2 3.,/ Lo LN2 4,/

+ 2 ][ U dy)(f u, dy)dx.
L2 < 7L0( yYY ) 7L0( ) )
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Next we show separately that:
fo L N2 3,1 Lo LN\2 4,1 1
d dy" < — 5.73
][ (u»yy) Y ) f (u,x) Yy TE max{x, 6} ) ( )

1 1
/ ][ )2 dy" dz < 52 / ][ 7yyx 2dy'dz < —. (5.74)

~ de
Since u = s (x )fL(:r)uwy by (5.19) and (5.24]) we have

Lo L \2
f (ak,)* dy <

—Lo

A
m | =

m\»—n

By (5.55), (5.19), (5.24), (5.22) and (5.21]) we have

Lo Lo 1 Lo Lo |
o ahrans £ gteRak 52][ Koo (PPN f (Pt dy

1
- —|— 2 max{z, e} X (s25) + — max{z,e}
1 1
< - + 5X(5.26) + —max{z,e} < — max{z,e}

From (5.55)) it follows

ulyo(@,y) = s (@) fH ()il (2, y) + s (@) fH ()i (2, y) + s (@) f2 ()" (2, y)
+ 205 (2) fH (@)l (2, y) + 295(2) 1 ()" (2, y) + 205 (2) fH (2) a5 (2 y)

Hence by (5.19), (5.27), (5.21), (5.22)) and (5.26]) we have
Lo
/ ][ ,m dyd:c</ ][ dydz+/ ][ af)? dyde
20
/ ][ dydx+64/ ][ wf)?dy dz
26 i 26
52/ ][ dydm+52/ ][ ) dy dz
1
< 12—1—/5 e max{z, e}dx—i-; 514/ zmax{:v,s}d:c
1

26
1 1 1 1 1 1
—1—52/6 xgmax{xs}dx—i—éQN 2—1-5*24-%5?.

(5.75)
Analogously by ((5.55) it follows

L

u,yyx(xa y) = Q;Z)J( )fL( ) yyz(x y) + ¢5( )f ( )a,[i/y(xa y) + wé(x)fL(x)ﬂ,[g}y(xvy) )
from which together with (5.27)), (5.19)), (5.24]) and (5.21))

26
2
/][ 7yyz dydx</][ yyx) dydx—f— ][ y) dydx
: 1 1460 1 1
L du d <
+/5 ][Lo(f (2)) (i) * dydz S =5 + 55—~ +

5e ~ oe’
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Now (5.73)) and (|5.74]) yield

Lé ! Lo /" Lo L \2 /" L% 1
~0 d dy’ Vde < 20—
o () ) (f) whorar)ar < S

and

Lyt [to » Lo L} 1\ 1 _ L4
_Y d " ][ L\2 d " d < - - o< 707 )
L2 J5 <][—Lo( ’yym) Y ) ( —Lo(u’x) I~ T2\ + e) de ~ L2452

Gathering together (5.72)), (5.76)) and (5.77) we find

uk dy” dy’ d ay < Lo !
L2 7yy zx yyx x) Y Yy Z ymﬁéT

(5.76)

(5.77)

(5.78)

It remains to estimate the third term on the right hand-side of (5.70). In a similar way, see in

particular ((5.76)) and (5.77)), we have

L2][ / (CE(z d:z;dyNL2/ <][ / Uy m—{-uyyx x)dy dy> dz

4

L4 1
S 12 52¢

Gathering together (5.70), (5.71), (5.78) and (5.79) we infer

<Ly 1
2 0

which together with (5.68) and (5.63]) implies

) 1 L1 LA 1
L? —1) dady - <20 -
][ /(M 2172 > Y3 12 <5 >+L252 S T2 5%

Step 4: we show that

L 1 (ul)? 5 1
2 L v <72(t 3
L][_L/_1<w2,y+ 5 x) dedy <L <3+C5>.

L2
Recalling the definition of w it holds wiy + (u’g) —x = 2(z)r — z, so that

L 1 (uL)Q 9 1 . . 1
][L/l (w£y+ 2y —x) dxdy:/1(¢§($)$—$)2d$§/l x2dx:§53+—.

3

Step 5: we show that

L pl
][L/I(L2w1y—|—w2x+uﬁ,uz) drdy =0.
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This is a trivial consequence of the following identity

1
wfy_ L2( Ly,

w2x+u Uy

which follows from the definitions of wf and w?.

Step 6: we show that
1 [E ot [T S 1 1\1
= ][L/l (2(u,wy) + (k) ) dwdy < <L2 " L4> . (5.82)

ulyy(,y) = Gs(@) fH (@) ik, () + ds(@) fH (@)l (2, y) + s (@) fF (@)l (2, y) -
Thus by (5.18), (5.19), (5.27), (5.26) and (5.21)

][ / dazdy<][ / (f5(2))?(a,)? do dy
20
v f [t
L 1
+][L/5 (ff (@) (ak)? dedy S 6% +1+ i +

This together with (5.75) imply (5.82)).

(wh,ul)

We have

<1
~ de

S| ™

Conclusions. By Step 1 we have that converges to u in the sense of Definition Moreover
by collecting the estimates showed in Steps 2-6, i.e., (5.54)), (5.62)), (5.80)), (5.81)) and (5.82)) we find

limsup L? (£ (w*, u") — &) < Foolp) + € lim w(2M?5) log M
L—+o0 L—+o0
1 . 1 (5.83)
C (—— L6 —)
O\ T T e
We now proceed with the choice of the parameters. We start by noticing that for every M € N
there exists Ly; > Hl/ 2 such that

WML <M ' VL > Ly, (5.84)

Since LMH > Ly; we set
M = M(L) =M ifLe [LM,LMH)

Next we define
0= % — L72B)Y8 e £ = L—2/3M7/8’

and we choose

_ L. 18 g pi/8 L L
These choices ensures the validity of (5.52)) and (5.53)). Indeed we have
1 1 1
£ = = < ifLE[LH,LM+1),

L2BM-T/8 — posgp 8 T 3R /8
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where the last inequality follows from the fact that L > Ly > Hl/ 2. Hence ¢ — 0 and § — 0 as
L — 400. In a similar way we have M?§ — 0 and Lg,n — 400 as L — +oo0.
Recalling that w is monotone we find

w(2M?8) = WM L2AM~V®) < w@M L% = w(@M L% if L € [Lyp, Lyzyy)
which together with ([5.84)) imply
log Mw(2M?6) < log(M)M " if L € [Lyp, Lyzy,) - (5.85)

Moreover if L € [L37, L3z, ) it holds

1263 = L2L2M 38 = 318, (5.86)
1 LABMYA 4 ap Y —1/12
252 Ry sy aiy—y =M ’ (5.87)
L?%6 L L L (M '%)2/3
and . 12
I D (0.7 A —
I35 < s = oM =160, (5.88)

Eventually collecting (5.83)—(5.88)) we infer

lim sup Fr,(w?, u?) = limsup L?(Er (w?, ul) — &) < Faolp).
L—+o00 L—+o00

6 Existence and regularity of minimizers of F

In this section we address the existence of minimizers of the limiting functional F, and we discuss
some properties such as equipartition of the energy. In order to do that we need to introduce
the definition of disintegration of measures in the k-variable, which is slightly different from the
disintegration in the z-variable introduced in Section [3]

In the following for a given interval I C R we denote by LY(I) the space of functions g: I — R that
are Lebesgue measurable. Moreover the map mo: I X R — R denotes the canonical projection, and
for any 1 € My(I x R) we indicate by () € M; (R) its push-forward with respect to the map
9.

Definition 6.1 (Disintegration of measures in the k-variable). Let I C R be an interval and let
uw € My(I xR). We say that the family

(X, (g6)ker) with A€ My(R) and g, € L°(I) VkeR,

is a disintegration of p (in the k-variable) if k — gy is A\-measurable, fol grdz =1 for A-a.e. Kk €R
and

F, k) dp = /R /I £, K)g() da dA(K) (6.1)

IxR
for every f € LY*(I x R;|u|).
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With this definition at hand we can state the main result of this section.

Theorem 6.2 (Minimizers of Fuo). Let Moo and Foo be as in (2.8) and (2.9) respectively. Then
there exists i € Mo such that

Foolt) = inf Fuo(u).
(1) o ()

Moreover, every minimizer [i satisfies the following properties: there exist a constant C' > 0 and a
(m2)pfi-measurable map k — gi with g, € BV (0,1) for (m)sfi a.e. k € R, such that

((m )ﬁﬂ (9k)ker)  is a disintegration of fi,

1 di .
/ k2 gy (z) w2 ( MA ) p(x)dx  for (mo)yfi a.e. k€R, (6.2)
0

and

m)w(ﬂm <C})=0. (6.3)
As a direct consequence minimizers of F, satisfy equipartition of the energy.

Corollary 6.3 (Equipartition of the energy). Let i € My, be a minimizer of Foo. Then it holds

1/ dfig\2
k> dfi =/ — (=) 44,
/(O,l)xR "7 Jonyxr 4k2( dji ) a

Proof. By Theorem [6.2] it holds

/( k*dp = //ngk ) dz d(ma)sfu
0,1)x
o 1 djig\? .
// 4k2< > e )dxd(”z)ﬁ’““[o,l)xugw( dﬂ) -

We divide the proof of Theorem [6.2] into several steps. Precisely we need to show that the
functional F, is convex and lower semi-continuous and that the class of measures M, admits a
disintegration in the k-variable of the form ((Wg)ﬁﬂ, (9x) keR)- First of all we recall that by Remark

we have

1 d/l -1 dﬂm 2 -
Foolp _/ K’ dM—i‘/ 712\ 31~ p d|al,
() (0,1)xR (0,1) xR 4k? ( d’ﬂ’> ( d’M’> A

with i = (u, p ) and |fi] its total variation. This alternative formulation turns out to be more

O]

convenient, in particular the term

1 d,U, -1 d,u,m 2 -
@<d~) (d~>d|“|
(0,1)xR Iz Al
is reminiscent of the Benamou-Brenier functional used in optimal transport which enjoys nice

properties such as lower semicontinuity and convexity. Here we consider a specific case and we
refer to [53), Section 5.3.1] for a general treatment of this topic.

For any p, E € M((0,1) x R) the Benamou-Brenier functional is defined as
PBs(p, F) := sup {/ a(x, k) dp+/ b(xz,k)dE: (a,b) € Cp((0,1) x R; Kg)} ,  (6.4)
(0,1)xR (0,1)xR
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where )
Ky = {(21,22) eR?: 2 + §z§ < 0} .

We next recall some properties of %, which follow from [53, Proposition 5.18]. Then we state and
prove two intermediate Lemmas (cf. Lemma and Lemma which will be used to show the
validity of Theorem

Proposition 6.4 (Properties of %,). The functional Pz is convex and lower semi-continuous on
the space (My((0,1) x R))2. Moreover, the following property hold: if both p and E are absolutely
continuous w.r.t. a same positive measure A on (0,1) x R, then

won- [ M) ()

Lemma 6.5 (Properties of Foo). The functional Foo is 1-homogeneous, conver and lower semi-
continuous on the space My((0,1) x R). Moreover let (p1;) C Moo be a minimizing sequence,
i.€.,

Foo (1t inf Fao(p).
(uj)%uelgdw ()

Then (uj) is pre-compact in Moo, i.e., there exists i € Moo such that, up to subsequence, ji; Ny
Thus, in particular,

Foolt) = inf Fuo(u).
(1) Lot ()

Proof. 1-homogeneity. Let a > 0 and let p € M. Then a direct computation shows that

d(ope) _ dpe

dlap) — du
from which we readily deduce Foo(ap) = aFoo(p).
Convezity. Let i, s € Moo, t € (0,1). Assume that Foo(p1), Foo(f1) < 400, otherwise there is
nothing to prove. Clearly us = tu; + (1 — t)pu2 € My and

1 d/,L3 -1 d,Usz 2 ~
Foolpt :/ k2du+/ — (== 22 d|fs] .
(1) (0,1)xR 7 Jonxr 4k2<d|u3!) (d|M3|> sl

/ k% dus = t/ K2 dpg + (1 — t)/ k2 dps . (6.5)
(0,1)xR (0,1)xR (0,1)xR

Next for i = 1,2 set p; := p;, E; := ﬁ,ul,x, Ai = |f1;], and note that they belong to M((0,1) x R).
Indeed p;, A; are bounded by definition, whereas by Young inequality, it holds

Ei 0,1 x R :/ d,um:/ — ’ d,ui
(o1 ) 0,1k V2k (0,1)xR \@k( dp )
1

</ (d’“@)Qd +1/ dpsi < Foo(pts) + p1((0,1) x R) < +
719 % s 1 > J oo\Me 7 ) .
~ Jo)xr 4K\ dp; Ty (0,1)xR a p

Thus we can invoke Proposition and get
1 dug \ =1/ dpsz\2? - ( 1
— == —= ) d|pg| = Ba | 13, —= 132
Juie G () ver
1 1
< t% <,u1, mﬂl,x) + (1 —t) %> <M2, mMZ,x)

1 d:ul -1 d,ul 2\2 | - / 1 dug -1 dHQ 2\2 .
<t — — —2 d +(1—1¢ — — — d .
- /(0,1)x]R 4k? < d\ﬂl’> ( d|M1’> (1 =) (0,1)xR 4k ( d|ﬂ2’> ( d]/@]) o]

(6.6)

We have
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Finally combining (6.5 with (| we get
Foo(p3) < tFoo(pr) + (1 — 1) Foo(pr2) -

Lower semi-continuity. Let (pj) C Mo be such that p; X4 for some p € Moo, Let ¢ €
C2°((0,1) x R), then by duality we have

lim pdpj, =— lim Yrdu; = —/ Yrdp = —/ edu g,
J=+00 J(0,1)xR J=+00 J(0,1)xR (0,1)xR (0,1)xR

so that (1, A . Then by applying Reshetnyak Theorem [1, Theorem 2.38] exactly as in (4.14))

and (4.15) we deduce

lim inf Foo (115) > Foo(pt) -
j—+o0

Compactness. Let (p1;) C Moo be a minimizing sequence for Fo. Then by Corollary for every
J there exists x — v;, with v;, probability measure on R such that

1 1
|1251((0, 1) x R) —/ dy; —/ / dv; .2z dx —/ 2zdz=1.
(0,1)xR 0 JR 0

Thus, up to subsequence, u; X /1. Moreover by Young’s inequality and [1, Proposition 1.23] we
d:uj,a;

have
2 ©0,1)xR | duj

Thus, up to subsequence and arguing as in the proof of Proposition we can deduce that
* ~ ~

Mje — [l and 1 € Mo

Minimality of fi. By lower semi-continuity and compactness we have

dpj = [/ ((0,1) X R).

f =1 > Foo(f) > inf
ué%oof oo (14) j;inoof oo (115) > Foolf2) Méh,of oo (1) 5

so that

Fuli) = inf Fuolh).

O

Lemma 6.6 (Disintegration of y € M in the k-variable). Let p € My, with Foo(p) < +00.
Then there exists k — gj, (m2)sp-measurable such that ((m2)sft, (gr)ker) is a disintegration of p (in
the k-variable). Moreover for (m2)sp a.e. k € R

dpe s

g € WHH0,1)  with g = s

('7 k)gkﬁl .

Proof. By the Disintegration Theorem (cf. [l, Theorem2.28]) there exists k — v, € M;(0,1)
(m2)gpu-measurable with 14,(0,1) = 1 such that

1
/(O,I)XR [z k) dp(z, k) = /R/O [z, k) dvg(z) d(m2)su(k) (6.7)

for all f € L'((0,1) x R; ). Let o(x, k) = ¢(x)xa(k) with (;5 ) and A C R bounded and
measurable. Then, being ¢ ,(x, k) = ¢(z)xa(k), from Remark 2 . )| we have

/ edp, = / prdpu = // @2 dvg(x) d(m2)pp(k) -
(0,1)xR (0,1)xR R JO
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Moreover, since p, < u,

/ <pd,u7x:/ // po—= 1 = du( () d(m2)gpu(k) .
(0,1)xR (0,1)><]R i

Therefore we deduce

- [ [ b ann = [ [ o) % ane) amppun.

By the arbitrariness of A this implies

/¢ ) dug (@ /¢ d’” k) dup(z)  for (m)u ae kER,

from which, in turn, it follows that (1), < v} and

dp o
(V) 2z = dLM(,k:) v for (mo)yp ae. keR. (6.8)

We next claim that implies that v, < £'L(0,1) and there exists g, € W11(0,1) such that
Ve = gLPL(0,1) for (ma)su a.e. k € R. This is enough to conclude the proof since (6.7) becomes

/(QQXRf(x,k)dM(x,k):/R/o [z, k)gr(x) da d(mo)sp(k) .

It remains to show the claim. Let § > 0 and let ps(z) = 3p(%) be a smooth mollifier at scale 4.

From we have

dp
(Vg * ps) o = ( (I?M (-, k) yk) xps  for (m)yp ae. keR,

where here is implicitly assumed v}, to be extended to 0 in (O, 1)¢. Thus
d:UJ z /JJ z
g * ps ()| = I/k x psdt| < dl/k < 4o,

so that, in particular v *ps € L°°(0,1). This together with vj%ps — vy, this imply vy, = gp£1L(0, 1)
for some g, € L*°(0,1). In addition, given ¢ € C2°(0, 1),

/wgkdx—/ ddu = /wd’“’ Ky v

from which we infer g, = du (k) = d; (-, k)grL'. Eventually by Young’s inequality

b (Y (=
/0 ele)]da = [0 ﬁmﬁﬁdx

<[ o

g/o [k:2+ ;]ﬁ(d:’”(‘,k)ﬂ gr(z) dz < +00

for (m2)p a.e. k € R, and thus in particular g € W1(0,1).
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W are now ready to prove the main result of this section.

Proof of Theorem[6.2 By Lemma we know there exists i € My, minimizer of Fo,. Moreover
by Lemma there exists k — gi (m2)3fi measurable with g, € W11(0,1) for (m2)sfi a.e. k € R,
such that ((m2)s/t, (gk)ker) is a disintegration of fi. Therefore, in particular we can rewrite

X 1 dﬂz 2 R
oo (/1) // [k2+4k2 dA)]gk(ﬂf)dwd(M)uu

Step 1: we show (6.2)). Assume by contradiction that (6.2]) does not hold true. Then the set

! L dit z\2
— . 2 T
E: {keR. /0 k gk(x)dac7é/0 74I<:2< Z > gk(x)dw}

is such that (m2)s(E) > 0. Assume, without loss of generality, that the subset

1 1 1 dﬂ 2
Ef = R*: / 2 / — (== E
! {k‘ € ; kgr(z) doe < ; 4k2< i ) gr(x)dz p C

satisfies (m2)3i(E;) > 0 (the other cases can be treated in a similar way). Since fol ge(z)dzr =1

we can rewrite .
1 diez\2
Bf ={keRt:1< — ( x) dz b .
{ € < pyE a gk (z) dz

Then there exists o > 0 such that

1 Y/ dfg\2
E, Rt:140 < —— ( ‘”) EF
{k € +0< 53 4 () div} C E

with (m2)sfi(Es) > 0. Next fix § > 0 such that (1 +6)? < 1+ o and let i € My((0,1) x R) be
defined as follows
1= AL(0,1) x (R\ E,) + s, (6.9)

where 5 1= (75)sl((0,1) X E,) is the push-forward of ulL((0,1) x E,) with respect to the map
75: (0,1) x R = (0,1) x R, 75(x, k) := (z,k(1 +¢)). Note that i is a positive measure. Setting
ES := (1 + 0)E,, then the support of j; is contained in (0,1) x ES, and

| febds= [ ek 8)d
(0,1)xES (0,1)xXE»

for every f summable with respect to p5. Hence, by duality and using that i, < i we have

/" ﬂ%@d%h——/ %mwmm——/ pa(z, k(1 + 6))
(0,1)x E8 (0,1)x ES (0,1)x Eo

.
= [ ki = [ etk 6) S k) di
(0,1)xEqy (0,1)xEy
dfi s k
= x, k = |x, ——
/(0,1)ng¢( )dM( 1+46

for all o € C°((0,1) x EJ). As a consequence we readily deduce that (us) . < ps with

d(:“&),:c dﬂ:v k
Qs &R = ( 1+5> (6.10)

)dlhs,
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so that, in particular, fi , < fi. Moreover for every ¢ € C2°(0,1) we have

1
2 dr = dia = d/i d/i
/O r(x) da /@,UXM””) i /(OM o(x) di + /(WEU o(z) di

_/ o(x) d/l—i—/ () dps —/ ¢(x) dfi,
(0,1)x B (0,1)x ES (0,1)xR
and thus i € My. We next show that

Foolft) < Foolft)

which contradicts the fact that f is a minimizer. To this purpose it is convenient to define the

localized functional oy ,
[ha
A) = K+ d
Foolpts A) /(0,1)><A[ 4k2< m ” 1

for any bounded measure p with p, < ¢ and any A C R measurable. Observing that fi = /i on
(0,1) x (R\ (E, UE?)) and ji = ps on (0,1) x (E% N E,) we have

Foolfi) = Foo(f, R\ (Ey U ES)) + Fooljis Ey \ Eo) + Foo(ts, Eg N Ey). (6.11)
By Lemma we know that F, is convex and 1-homogeneous, which together with

20+ 2us
j= A o (0,1) x (B ),
yield

Foolfis B\ Eq) = Foo(iL((0,1) x EJ \ Ey))
< Foo(AL(0,1) x B\ Eq)) + Foo (s L((0,1) x Eg\ Ey))
= Foolfi (Bg \ Eo)) + Foo(us, (B3 \ Eo)) -
Combining this together with we get

Foolt) < Fooit R\ Eo) + Foolpis, 5)
_]: ( )+‘7: (M(Sa ) ]:oo(laaEU)'

Therefore we would conclude the proof if we show that
Fooltts, BY) = Foolfts E5) < 0. (6.12)
By the change of variable k = k(1 + &) and recalling (6.10)) it holds

1/ d(ps)e)?
- E(S — 2 )
F. (#57 0) /(O,I)XE5 |:l€ 4]{2 ( dys ) dus

1 diz\2| .
= k(1 + 6)? 2 } djr
/(0,1)><E5[ (1+9) +4/€2(1—i—5)2< d,&) H

from which it follows

Foolts, Bg) = Foolhs Bo) = (01)xE [kQ((Hé)Q_ D+ 4/~€2 1+5 ( ”

5)?2 — dp
N (1(T+)5)2 : /(0,1)ng [kQ(l +OF - 4/1‘32( df; ) ] a

46




Being § > 0 we have that ((1+ )% —1)/(1 + d)? > 0. Moreover, by disintegration we can rewrite

the integral as
1 rdiz\2
B(1+06)? - —(—==) | di
/(0,1)an[ t+o) 4k2< dit ” g

// [k:Z (1+4)? 411{;2((15?)2] (@) dz d(m2)sd

The above quantity is strictly negative if

! 1 /dig\2
2 2 @ N
/0 [k‘ (1+49) 4k2( i ) ] gr(z)dr <0 for (mo)yir a.e. k€ E,.

From fol gr(x) dz = 1, this is equivalent to

1 (Y dig\2
2 @ .
(14+6)*< 4k4/0 ( i ) gr(x)dz  for (m)sir ae. ke E,,

which holds thanks to the choice of § and the definition of E,, and thus we infer (6.12)).

Step 2: we show (6.3)). By Lemma we have g = ddAH (-, k)gp L', so that from we have

1 1 U (2))2 1
k2/0( gk(x))2dx:k2/0 gk(x)d$:ﬁ ; (ggkk((x))) dx:% ; ((% gk(x)>2dx. (6.13)

Since fi € Mo, then in particular ({0} x R) = 0 from which it follows g;(0) = 0 for (m2)s/1 a.e.
k € R. Thus we apply Poincaré’s inequality to get

/( d$<C/ gk ( )dm,

for some constant C' > 0. Now combining the above inequality with (6.13]) we find that

1 1
/0 (Vae(@)? dz < Ck! /0 Var@) — Kzc.

Hence (6.2) holds true if &* > C~' which in turn implies (m2)3(|k| < C71/4) =0
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