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ABSTRACT. A new notion of pairing between measure vector fields with divergence measure
and scalar functions, which are not required to be weakly differentiable, is introduced. In
particular, in the case of essentially bounded divergence-measure fields, the functions may not
be of bounded variation. This naturally leads to the definition of BV-like function classes on
which these pairings are well defined. Despite the lack of fine properties for such functions, our
pairings surprisingly preserve many features of the recently introduced A-pairings , as coarea
formula, lower semicontinuity, Leibniz rules, and Gauss-Green formulas. Moreover, in a natural
way new anisotropic “degenerate” perimeters are defined, possibly allowing for sets with fractal

boundary.
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1. INTRODUCTION

Starting from the seminal paper of Anzellotti [5], in the last decades there has been a growing
interest in giving a well posed definition of pairing, i.e. a scalar product between a vector field and
the weak gradient of a suitably regular function, motivated by the integration by parts. Indeed,
many mathematicians have made effort to look for formulas of this type in increasingly general
contexts and to establish the validity of the Gauss-Green formula under very weak regularity
assumptions (see [1,6,(9/12,16,(17,19-21}23,133},/46-48]). The motivation of this large interest
is that the notion of pairing is a fundamental tool and is widely used in several contexts, e.g.
in the study of Dirichlet problems for the Prescribed Mean Curvature and 1-Laplace equations,
as well as related topics (see [3,4,8,34-37,/40,43,44]). In addition, we point to some recent
extensions of the notion of pairing to non-Euclidean frameworks [7,18/[31}32].

The aim of this paper is to introduce a very general pairing between measure vector fields
with divergence measure and distributional gradients of functions which can be beyond the
class of functions of bounded variation, by extending all the notions of pairings given previously
in the literature, and possibly paving the way to integration by parts formulas on sets with
fractal boundary. More precisely, taking inspiration from the original definition of Anzellotti
[5, Definition 1.4] we look for the minimal conditions under which the pairing is still well-posed.

We briefly review the classical notion of pairing. To this purpose, we recall the definition of
divergence-measure fields. We consider vector fields A € LP(Q; RY), for some open set  C RY
and p € [1,400], with distributional divergences div A represented by scalar valued measures
belonging to M(2), that is, the space of finite Radon measures on 2. Their space is denoted by
DMP(Q), and its local version by DME (Q). Then, the pairing between A € DM (Q) and

loc loc

Du, for a given function u € BVj,.(2) N LS (2) is the distribution given by

p € CX(2) = ((A,Du), ) = —/ pu*ddiv A — / uA - Vpdz, (1.1)
Q Q

where u* is the precise representative of the BV -function u. Since the measure div A is absolutely
continuous with respect to the (N —1)-Hausdorff measure V=1 and u* is well defined .2V ~1-
almost everywhere, this definition is well-posed. As proven in [10], the vector field uA belongs
to DM;S.(2) and the pairing is a measure satisfying the following Leibniz-type formula:

(A, Du) = div(uA) — u* div A.

A decisive step in the study of the pairing was done in [20]: here the authors, redefining
the pairing distribution for functions u € BVje.(2) such that u* € Ll (€,]div A|) (as it was
firstly done in [25], thus requiring a dependence between the scalar functions and the vector
field), proved a coarea formula and a Leibniz rule, and finally achieved generalizations of the
Gauss—Green formulas.

Later on, motivated by obstacle problems in BV and semicontinuity issues, for which the
standard pairing is not adequate, in [23| the authors introduced a new family of pairings, de-
pending on the choice of the pointwise representative of u. More precisely, they proved that,
given A € DM2 (Q) and u € BVjo(Q) such that u* € LL (9, |div Al), for every Borel function

loc
A: ©Q — [0, 1] there exists a measure (A, Du), defined as

0 € CHQ) = (A, Du)y, p) == — /Q out ddiv A — /QuA -Vepdz, (1.2)
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which then satisfies the Leibniz rule
div(uA) = v* div A + (A, Du), , (1.3)

where

ut = (1= Nu™ + M, (1.4)
and uT are the approximate liminf and limsup of u. Indeed, the approximate liminf and limsup
of a functions with bounded variation are well defined 7~ ~1-almost everywhere. In particular,
if Mz) = 1, we get u%(m) = u*(x) for N lae. x €.

As for divergence-measure fields not in L°°, problems related to the foundations of continuum
mechanics (especially concerning the representation of Cauchy fluxes) naturally led to weaker
versions of the Gauss—Green formulas for DM, -fields and sets satisfying suitable measure-
theoretic assumptions (see [9,11,26,45-48]). As a further step in this direction, it was introduced
the larger space DM (Q) of measure-valued vector fields A € M(Q;R"Y) whose distributional
divergences div A belongs to M(€2); and analogously the local version DM),(€2). These vector
fields are sometimes called extended divergence-measure fields. In this general setting, another
definition of pairing may be found in [47]: given A € DMjo.(2) and u € Lipy,.(©2), we have
uA € DMioe(Q) and

div(uA) = udiv A + ((Vu, A)), (1.5)
where ((Vu, A)) is a Radon measure. In particular, thanks to [11], if u € C1(£2), we see that
((Vu, A)) =Vu- A,

thus showing that this is a generalization of the scalar product between a continuous function
and a vector valued measure. We refer also to [33] for more recent developments on the study
of this pairing.

The initial goal of our research was to further weaken the regularity assumption on the scalar
function u. We started with the case A € DM (), in order to check whether the pairing could
de defined outside of the natural class of BV functions. Then, we noticed that our assumptions
did not actually depend on the summability of the vector fields, and that there was no reason not
to directly consider measure valued divergence-measure fields. Hence, we were able to develop a
unifying approach to the theory of pairings, which takes into account all the previously known
results and particular cases. In addition, we provided a functional framework where to study
classical problems which not necessarily admit solutions in the usual Sobolev and BV spaces.

Given a vector field A € DMo.(§2) and a Borel function A\:  — [0, 1], we define the class
XAA(Q) of those equivalence classes of Borel functions u such that

ut € LY, |A]) N LY(Q, | div A),

and we denote by ng éA (Q) its local version. Here, u*(z) is defined as in (T.4)) for all x € Q\ Z,,,
where Z,, is the set where both u™ and «™~ are infinite with different sign. This definition means
that u* is the convex combination of v+ and w™: in order to extend it even on Z,, we set

u(z) = 2A(x) — 1) - (+o0) if € Z,

where we convene that 0 - (£o0) = 0 (see (2.10) and the subsequent comments). Note that
u does not need to be an L! function and u*(z), v~ (x) are defined for every x € Q through
the densities of sublevels of u, for which we refer (2.3) and the remarks below it. However, if

u € LL _(9), we could define the general A-pairings by exploiting the representatives of u given
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by the limit of averages on balls and half-balls. This was the approach followed in [23], where
A € DM™®(Q) and u € BV(Q): indeed, in such a case we have #V~1(Z,) = 0 and div A is
absolutely continuous with respect to sV~ so that our definition coincides with up to
an | div A|-negligible set (see Remark for details).

Then, for u € Xl’: é)‘(Q), we define the A-pairing between A and u as the distribution (A, Du),
acting as

((A,Du), , @) ::/ukcpddivA/uAVgo-dA for ¢ € C°(Q). (1.6)
Q Q

We note that, unless otherwise specified, Du is only a distributional gradient.
In analogy with the classical theory of functions of bounded variation, we introduce a version
of BV -type classes, with respect to the variation given by this generalized A-pairing, by setting

BVA,/\(Q) — {’LL c XA7)‘(Q) : (A, Du))\ S M(Q)} )

and analogously for the local classes BVI";‘C’A(Q).
For u € BVA’)‘(Q), we see that u* A € DM),.(Q) and we have the following Leibniz rule

loc
(A, Du)y = —u” div A 4+ div(u*A) on Q,

in the sense of Radon measures (Proposition .

To the best of our knowledge, is the first definition of pairing which extends to a more
general setting all the notions of pairing and scalar product available in the literature, often not
comparable each other. Indeed, we explicitly mention that

(i) if A € DML(Q) and u € BVip(Q) is such that u* € LL (Q,|divA|), then u €

loc
BVI?C”\(Q) and (A, Du), coincides with the one defined in [23], see (1.2));
(ii) if A € DM (2),1<p<+o0,andu € Wlif(Q)ﬁLﬁfC(Q), then (A, Du)y = A-Vu £V,
where ¢ is the conjugate exponent of p;
(131) if A € DMpe(2) and u € Lip,.(£2), then (A, Du)y coincides with the pairing ((Vu, A))
of .

In particular, in the case (7) from [23] it is well known that we have the absolute continuity
estimate [(A, Du)y| < |Du| < #N~1, due to well known properties of BV functions. We
stress the fact that such absolute continuity of the A-pairing with respect to V=1 still holds
true for u € BVlfc’)‘(Q) N L2 (2) (see Proposition (11)) In our general setting, as far as we
know, the problem of the absolute continuity of the pairing is still largely unexplored. Clearly,

a strong estimate as |(A, Du)y| < s~ ~1 would not be reasonable. With Proposition ii)
we establish a result for DM}, () fields, p € [%, +oo), as we show that, if ¢ is the conjugate

exponent of p and u € BVIfC”\(Q) N L2 (), then |(A, Du),|(B) = 0 for every Borel set B C

loc
N
» N—1

may not be absolutely continuous with respect to £ for all @ > 0, since the singularities of
div A can be arbitrary (Remark [3.17)). Finally, if A € DMP(Q), it is natural to characterize the
case of absolute continuity |(A, Du)y| < £V as some sort of “(A, \)-Sobolev class” W4AX(Q),
which is clearly a subset of BVA*(Q2) and it is easily proved to contain W4(Q) N L>(Q), where
q is the conjugate exponent of p (Proposition [3.22)).

which is o-finite with respect to the measure V9. In the case p € [1 ) the A-pairing
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In analogy with the classical theory of the calculus of variations, we investigated whether
our objects enjoy the necessary topological properties to obtain the existence of minimizers
of functionals involving the total variation of the A-pairings. We show in Theorem that
a suitable notion of convergence in BVlfc”\(Q) which ensures the lower semicontinuity of the
pairing is the “(A, \)-convergence”:

A A 1
u, —u” in L,

(Q,|A]), u)— v in L}

o e (82, | div AJ).

It seems to be quite natural that this convergence involves the Borel function A, given that
(A, Du), is affected by the pointwise values of u. In addition, with Theorem we prove the
existence of smooth approximations for the A-pairing with respect to such convergence in some
particular cases.

That said, we have to notice that BV4*(Q) is not a linear space in general, since the map
u— (A, Du)y

is not linear (see Remarks and . This fact is not surprising, since it was already
noticed in [23, Remark 4.6] that, in the setting A € DM™>(Q) and v € BV () such that
u* € L*(€, |div Al), this is the general picture, except the case A(z) = 1 for | div Al-a.e. z € €,
when the A-pairing coincides with the standard one. Indeed, in Remark [7.5] we point out that
the choice A = % loses its privileged role as soon as the field A is singular (say, its divergence is

a Dirac delta), since the corresponding pairing fails to be linear. However, if we require
lu|™ € LY(Q,|A]) N LY (Q, |div A|) and (A, Du)y € M(Q) for every Borel A: Q — [0,1],

we identify a subclass BVAT(Q) C BVANQ) for every Borel A\, which is a linear space.
Moreover, if A € DML (Q) is such that |divA| < £V, then BVAT(Q) coincides with

BVA7%(Q) =: BVA(Q) and is endowed with the natural seminorm
[ullpyac) = lullLro,aieyy + llullp @, aiv a) + [ div(wA)|(2).

which, under the additional assumption .2 (Q\ supp(|A|)) = 0, turns out to be indeed a norm.
The corresponding normed space BV4(Q) is a Banach space (Proposition [5.1). On the other
hand, in general, BVA(Q) fails to be locally compact with respect to (A, 5)-convergence, at
least in dimension N > 2 (see Example . This prevents the use of the direct method to
prove the existence of minimizers for functionals of the type

E(u) = |(A,Du)|(Q), ueBVARQ), Ae DML (Q),

so that the addition of “fidelity terms” of the form [|u — gl[zr(qajg~) for 1 < p < +oo,

g € LP(Q,|A|LYN), together with suitable additional natural assumptions on the vector field,
are needed to force an LP-compactness (see Theorem .

In analogy with the results established in [23] for the A-pairing, we look for some type of coarea
formula. As showed with Theorem our generalized \-pairing complies with the following

coarea inequality:
+0o0

(A, Du)y| < / (A, Dx gy )l dt

—0o0
in the sense of measures (whenever the right hand side is well posed), under suitable technical
assumptions on both v and A (see (6.1) and (6.2])). These assumptions are always satisfied in
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the situations available in literature (see Remark , hence they seem to be quite natural in
our more general setting.

The notion of A-pairing suggests in a natural way the definition of an “anisotropic degenerate”
perimeter, the (A, \)-perimeter, as the total variation of the pairing; i.e.,

PA)\(Ev Q) = |(Av DXE)XKQ)

We immediately notice that a set of finite (Euclidean) perimeter has finite (A, \)-perimeter, but
the converse is, in general, not true. Indeed, we can construct a fractal Borel set E such that
XE € BVI?C’X(RN) \ BVioc(RY) and Pa ,(E, Q) = 0, while still being nonnegligible with respect
to the measure |A| (see Remark [7.3)).

Before we list the relevant features of the (A, \)-perimeter, some clarifications on the chosen
terminology are in order. Differently from the classical notion of anisotropic perimeters (which
are obtained, for instance, by taking another norm on the measure theoretic interior normal vg),
this type of perimeter can be zero for nontrivial sets (as already noticed), thus being degenerate
at least for some choices of the divergence-measure field A. Indeed, let A = v, for some constant
vector v # 0, and let £, = {x € RY : z- v > 0} for some other constant vector v # 0 such that
v-v = 0. Hence, it is easy to see that

(Aa DXEV)A = Dyxg, =0,

so that Pa\(E,Q) = [(A, DxE,)A|(©2) = 0 for all open sets 2. This degeneracy creates some
difficulties when one wants to follow in the footsteps of the classical theory of sets of finite
perimeter and functions of bounded variation (indeed, it means that |(A, Du),|(2) = 0 does
not imply u to be constant in the connected components of €2, in general). On the other hand,
we believe it to be relevant for many applications in which one is indeed not interested in the
growth of some quantity u outside of a selected field of directions.

With the case of the classical Euclidean perimeter in mind, a natural question is to ask whether
the (A, \)-perimeter is concentrated on some type of generalized boundary of the set. To this
purpose, we recall the definition of another type of Lebesgue measure-invariant boundary of a
Borel set E:

O E:={zcRY:0< ZN(ENB.(2)) < £Y(B.(z)) forall r > 0}.
Then we have supp((A, Dxg)) € 0~ E (see Proposition [7.2)), even though such a control on
the size of the support of the pairing distribution is in general too large (see Remark .

The (A, X)-perimeter enjoys some absolute continuity properties both in the case of essentially
bounded (Proposition and unbounded (Proposition [7.11)) fields A. More precisely, if A €
DM>®(Q) and xg € BVAA(Q), we obtain the expected estimate

PAA(E,-) < ON||Al| gy L™ E on Q.

In particular, if F is a set of finite perimeter in €), we retrieve the representation formula

(A, Dxp)x = (1 = N)TY'(A,0°E) + \Tr*(A, 0°E)) N LO*E,
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where 0*F is the measure theoretic boundary of Hﬂ and
Tr'(A,0*E), Tr*(A,0*F) € L=®(0*E, N 71)

are the interior and exterior normal traces of A on 0*F, see .

Furthermore, P4 ) enjoys some typical properties of the classical perimeter: locality and
additivity on suitably “disjoint” sets (Proposition and the lower semicontinuity with respect
to the (A, X)-convergence (Proposition [7.13). On the contrary, in the case of dimension N > 2,
we provide a counterexample to the compactness for family of sets with uniformly bounded
(A, 3)-perimeter (Example [7.14)).

For sets E with finite (A, \)-perimeter, we prove a general Gauss-Green formula, Theorem|8.1
In order to make a comparison with the classical results, we only mention here that, for Borel
sets £ €, if A =0 and xg € BVA2(Q), then

div A(EY) = —/ d(A, Dxg)o,
0~ F

while if A = 1 and yg € BV41(Q), then

div A(E'UO*E) = —/ d(A, Dxg): .
o0~ FE
These are the counterpart in our general setting of the well-known Gauss-Green formulas

div A(E') = —/ Tr'(A,0*E)d#V ! and div A(E'UO*E) = —/ Tré(A,0°E) da#N 1,
o*E o*E

established for A € DM™>(Q) and yg € BV(Q) such that E € Q. In particular, we can
integrate on sets which do not have local finite perimeter, given that the only assumptions are
(A, DxE)o, (A,Dxg)1 € M(Q). In particular, we deduce a representation formula for div A on
O*E (see Corollary [8.2]). As a further immediate consequence, we deduce integration by parts
formulas (Theorem [8.6]), which provide an extension of |23, Theorem 6.3].

Finally, in Section [9] we give an insight in the one-dimensional case N = 1, which usually

represents a toy-model for understanding the theory in higher dimension. That is not the case
since, quite surprisingly, in dimension one some stronger results hold which are characteristic of
this setting and cannot be extended to higher dimension, since, if N = 1, DM(Q) = BV ().
See the recent papers |13|/14] for further results in the one-dimensional case.
Outline of the paper: In Section [2] we fix the basic notation and recall some definitions and
preliminary results about measures and distributions, approximate limits and representatives,
and divergence-measure fields. In Section [3| we introduce the classes BV A and the new notion
of A-pairing, then we investigate its basic properties, in particular the absolute continuity, and
we define a related “degenerate” Sobolev class. In Section @] we prove the lower semicontinuity
of the A-pairing functional with respect to the (A, A)-convergence. In Section [5| we identify a
linear space contained in BVA* and briefly investigate its properties. Section 6] focuses on a
coarea-type formula for the A-pairing, while in Section [7] we introduce a corresponding notion
of perimeter and prove some of its features. In Section [§ we establish general Gauss-Green and
integration by parts formulas. Eventually, the last Section [J] deals with the case N = 1.

Iwe point out that in the literature [28}/38] it is sometimes De Giorgi’s reduced boundary to be denoted as
0" E; however, given that we do not employ it in this paper, we use this notation for Federer’s measure theoretic
boundary.
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2. NOTATION AND PRELIMINARY RESULTS

In the following we denote by € a nonempty open subset of RV, and for every set £ C RY
we denote by Y its characteristic function. For € RY and r > 0, we denote by B,(x) the ball
centered in z with radius r, and we set By := B1(0). Given a set U, we denote its closure by U.
We say that a set E is compactly contained in €2, and we write E € €, if F is a bounded set
and E C Q.

2.1. Measures and distributions. The following definitions and basic facts about measures
can be found, e.g., in |2, Chapter 1].
We denote by £V and #* the Lebesgue measure and the a-dimensional Hausdorff measure
in RY for some a € [0, N], respectively. Unless otherwise stated, a measurable set is a .Z'V-
N

measurable set. We set wy = .V (B;) = , where I" is Euler’s Gamma function.

T2
3
Following the notation of [2], we denote by Mi..(€2) the space of Radon measures on €, and
by M(2) the space of finite Radon measures on Q.
Given p € Mio.(Q) and a p-measurable set E, the restriction pl_ E is the Radon measure
defined by
uL E(B)=u(ENB), V B p-measurable, B C Q.

The total variation |p| of p € Mioe(€2) is the nonnegative Radon measure defined by

o o
|u|(E) := sup {Z |i(Ep)|: Ej p-measurable sets, pairwise disjoint, £ = U Eh} ,
h=0 h=0

for every p-measurable set E € Q. If p € M(Q), then |u|(R2) < co.

A measure p € Mo () is absolutely continuous with respect to a given nonnegative measure
v (notation: p < v) if |u[(B) = 0 for every Borel set B such that v(B) = 0. Two positive
measures v, va € Mio.(Q2) are mutually singular (notation: vy L vp) if there exists a Borel set
E such that |v1|(F) = 0 and [2|(2\ E) = 0. Given pu € Mjoc(Q2), the Lebesgue decomposition
of 1 with respect to £V is

p=p"+pt,

where u® is the absolutely continuous part, satisfying u® < £V, and p* is the singular part,
satisfying p® L ZN.

A measure p in  is concentrated on E C Q if u(Q\E) = 0. The intersection of the closed sets
E C Q such that p is concentrated on E is called the support of u and is denoted by supp(u).
In particular,

Q\supp(p) = {z € Q: p(B,(x)) =0 for some r > 0} .

We define a space of equivalence classes of Borel measure functions in the following way:
B(Q) = {u: Q — R Borel measurable}/ ~,
where ~ is the equivalence relation given by the almost everywhere equality; that is,
u~v = LN{reQ:ulx)#v(x)})=0.

Now, we recall some basic definitions about distributions. We refer the interested reader to
[42, Chapter 6] for a detailed treatment of this topic. We denote by Z(Q2) the space of test
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functions; i.e., ¢ € 2(Q) if and only if ¢ € C*°(2) and the support of ¢ is a compact subset of
Q. We consider the norms

llelln := max{|D%(z)| : z € Q, a € N" |a| <n}

for ¢ € 2(Q2) and n € N, where, corresponding to the multi-index o = (a1, @9,...,ay),
D% denotes the differential operator of order |a| := a; + ag + -+ + «, defined by D% :=
(02,)% (0ny )2 ... (Og,, ). Tt is well-known (see [42, Theorem 6.4 and 6.5]) that 2(2) is a topo-
logical vector space when equipped with a suitable topology 7 for which all Cauchy sequences
do converge. A linear functional A on 2(2) which is continuous (with respect to the topology
7) is called a distribution in . The space of all distributions in €2 is denoted by 2’(€2). The
smallest integer n € N such that

IA(@)| < Cliglln
for every ¢ € 2(Q), if exists, is called the order of A.

Remark 2.1. Given a u € M,.(Q), setting

Au(e) r=/Q<de, v €2(9Q),

defines a distribution A, in Q of order zero. Conversely, given a distribution A in € of order
zero, by the Riesz Representation Theorem there exists p € Mioc(S2) such that A = A,,.

Let A € 2'(Q2), and set
W::U{UCQ, U open: A(p) =0, forall p € 2(U)} .

Then, the support of A is defined as supp(A) := Q\W. In the case of distributions of order zero,
this definition coincides with the one of the support of a measure; that is, supp(A,) = supp(u).

Finally, by exploiting the relation between measures and distributions just recalled, we say
that a sequence (ug) C M(Q) weakly converges to some p € M(), and we write ux — p in
M(Q), if

k—+o0

lim eduy = / pdp for all p € C.(Q).
Q Q

2.2. Approximate limits and A-representatives. The following basic definitions and results
can be found, e.g., in |2 Sections 3.6 and 4.5].

We say that a function u € L}OC(Q) has an approximate limit z € R at © € Q if
1

Jim ZN (B (@) /BT(z) lu(y) — 2| dy = 0; (2.1)

in this case we say that z is a Lebesgue point of u. The set S, C € of points where this
property does not hold is called the approximate discontinuity set of u, and, thanks to Lebesgue’s
differentiation theorem, we know that .#V(S,) = 0. For any = € Q \ S, the approximate limit
z is uniquely determined and is denoted by z =: @(z). Note that Chebychev inequality and
imply
L2 (Y€ Bu(a) : luly) — (@) > <))
r—=0+ ZN(B(z))

=0 (2.2)
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for every € > 0. In fact, provides an alternative (weaker) definition of approximate limit
for a Borel measurable (even non locally summable) function (see [2, Remark 4.29] and (see
[29, §2.9.12])), and the two definitions are equivalent for locally bounded functions (see |2
Proposition 3.65]).

If u = yg, for a measurable set E C R, then the approximate limit at a point z € R is
also called density of E at x, and it is given by

. #NENB.(x)
D(Esz) = lim =25 B )

whenever this limit exists. We call measure theoretic interior of E the set of points with density
1, and we denote it by

E':={zeRY :D(E;z) =1}.
We call measure theoretic boundary of E the approximate discontinuity set of x g, and we denote
it by 0*E := S, ,, which also satisfies 0*F = RN \ (B! U EY).
Set R := RU {4o00}. Given a Borel measurable function u :  — R, we denote the sublevel
and superlevel sets of u as

{u<tl={reQ:ur) <t} and {u>t}={zecQ:ulx) >t}
and we recall the definition of the approzimate liminf and limsup at a point x € Q for u € B(Q):
u (z) :=sup{t e R: D({u < t};z) =0}, u'(z):=inf{teR: D{u>t};z)=0} (2.3)

(see |2, Definition 4.28]). We notice that u™,u™ : @ — [—o0, +00] are Borel measurable functions
and the set S¥ = {z € Q: v (z) < ut(z)} satisfies

2N (8% =0, (2.4)

so that u™(z) = u~(z) for ZN-a.e. v € Q, by |2, Definition 4.28] and the comments below. In
the particular case u € LL (€2), (2.2)) implies that

ut(z) =u (z) = a(z) forallz e Q\S,, (2.5)

which implies S} C S,,. Therefore, in Q\ S we shall write 4(z) := u*(z) = v (), with a little
abuse of notation. If u € Z(2), we tacitly identify the canonical representative of the class with
@, by setting @ = 0 on S}. However, by definition of #(f2) it is clear that u = @ with respect
to the Lebesgue measure, so that, whenever dealing with .Z, we shall simply write u as the
representative of the class.

Given u € LIIOC(Q), we say that x €  is an approximate jump point of u if there exist a,b € R,
a # b, and a unit vector v € RY such that

1
lm — —a|dy =
0+ 2N (Bi(2)) /B:;<m> [uly) —aldy =0,
1
lim / u(y) — bl dy = 0,
A PN B@) Jpp Y T

where Bi(z) :={y € B.(z): (y—x)-v >0}, and B¢(z) :=={y € B.(z): (y—x) v <0}. The
triplet (a,b,v), uniquely determined by up to a permutation of (a,b) and a change of sign
of v, is denoted by (u(z),u®(x), v, (x)). The set of approximate jump points of u is denoted by
Ju, and it clearly satisfies J, C S,. We notice that, even for a function u € L (Q), the jump

loc

(2.6)
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set Jy is (N — 1)-rectifiable (see |27]), while S, can have high Hausdorff dimension, even equal
to the space dimension N.
We point out that (cfr. |2, Definition 4.30] and the comments below therein)

u” (z) = min{u'(z),ué(x)} and u'(z) = max{u’(z),u(z)} for all z € J,. (2.7)
Finally, for u € L} _(Q) we define the precise representative of u in z € Q as
u(z) = Tlirél+ M /T(m) u(y) dy, (2.8)
whenever the limit exists. It is then clear that
. (z) x € Q\ Sy,
u'(z) = < ui(x) —;—ue(x) ve (2.9)

A priori, it is not clear whether u* is well posed in S, \ Jy, in general. However, for sufficiently
regular functions it is known that S, \ J,, is suitably small. To this purpose, we recall that u is
a function of bounded variation, and we write u € BV (), if u € L'(Q) and its distributional
gradient Du belongs to M(;RY); and we denote by BVje.(2) the local version of the space.
For a detailed treatment of the theory of BV functions, we refer the reader to the monography
[2]. Therefore, for u € BVic(f2), it is well known that we have s#N=1(S, \ J,) = 0, so that
u*(x) exists for N1 a.e x € Q and, up to a ¥~ -negligible set, is given by . However,
in the rest of the paper we are mostly dealing with functions not in BVj,.(€2) nor even locally
summable, so that we will have to consider another kind of representative.

For every function u € () and every Borel function A : © — [0,1], we define the
\-representative v : Q@ — R as

(1—Xx))u () + ANz)ut(z) ifxeQ\Z,

if z € Z, and A(z) > §
)= T if 2 € 2, and A(z) : (2.10)

0 if v € Z, and A(z) = 3

—00 if v € Z, and A(z) < 3
where Z, := {x € Q : ' (z) = +oco and v~ (x) = —oo}. In the particular cases A\ = 1 and
A = 0, we simply have u! := u* and u” := u™, respectively. We notice that, if u € L] (), then

Zy € Su\Ju, and, if u € L2 (), then Z,, = (). This definition can be seen as a generalization of
the [23, Eq. (2.4)], where the authors considered BV functions (see Remark below). Indeed,
in the particular case of u € BVi(f), we see that s#VN"1(Z,) < H#N-1(S, \ Ju) = 0 (see
[2, Theorem 3.78]).

If u € LL (Q), we notice that u*(x) = @(z) for all z € Q\ S,. More in general, if u € %(Q),
we get

uMz) = a(z) forall z € Q\ S;, (2.11)
so that, by , we deduce that
uMz) = u(x) for LN-ae. xe Q. (2.12)

In addition, if u € L{ (€2) and A =% on J,, we get u%(a:) =u*(z) for all z € Q\ (Sy \ Ju), but

loc

we might have u*(x) # uz (x) for some z € Sy, \ Jy, where the limit in (2.8]) exists. In particular,
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if x € Z,,, we might have u*(z) # 0: consider for instance the case N =1, Q = (—1,1) and

ﬁ ifz>0
u(x) =<0 ife=0,
3%/:? itz <0
for which we have u*(0) = 400, 4~ (0) = —oo and u*(0) = +o0.

Arguing as in the proof of [24, Lemma 2.2], we can characterize the approximate liminf
and limsup of the characteristic functions of the superlevel sets of u, outside of some essential
discontinuity set.

Lemma 2.2. Let u: Q0 — R be a measurable function, t € R and let
Nyi={u” <t<ut}\{u>t}/2
Then
X{ut>t(T) = X{iu>t}(x) Ve € Q\ N (2.13)
Remark 2.3. We recall that, if u € BV (Q), then formula holds N~ a.e. in Q, since
HANHN) =0 for £l-ae. t € R,
(see |2, Theorems 3.40 and 3.61]).
Proof. Thanks to [24, Lemma 2.2, eq. (2.11)], we know that for all t € R and x € Q
u () >t = Xpsn(@) =1, ut(z) <t = Xfusty(2) =0,
which easily implies
@ =1 = Xy @ =1, Xusg@ =0 = xfup@=0. (214
Let now x be a point in £\ /V; such that X{ust} (x) = 1. We notice that, for 7 € R, we have

Q ifr>1
{X{u>t}<7}= {u<t} ifo<r<1.
0 if <0

Hence, thanks to the definitions ({2.3), X{ust) (z) = 1 implies
D({u < t};x) =0, and so D({u > t};z) = 1.

All in all, this yields u~(x) > t. However, if u™ (z) = ¢, then x should satisfy v~ (z) <t < u™(z),
which, given that x ¢ N;, would imply z € {u > t}l/ 2 but this contradicts the fact that
D({u > t};z) = 1. Therefore, we conclude that u™(z) > ¢, and so we obtain

X{_wt}(x) =1 = X{m>t}(33) =1.
In a similar way it is possible to prove that

Xfusy (@) =0 = Xprsn(@) =0,
so that we conclude

X{u—>t} () =1 <= x{u>t} (x) =1, X{u+>t}(l‘) =0 < X{+u>t}(l‘) =0. (2.15)
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Ifu=(z) <t <wut(z)and z ¢ Ny, then necessarily x € {u > ¢}/, which means X{ust) (x) =1/2.
Hence, we get

X{+u>t}(95) + Xfu>t}(x) =1,
and, since Xf[tu>t} (x) € {0,1}, we conclude that

Xhog(@) =1 and  xpyo (@) =
Then, we exploit (2.15) to conclude. O

2.3. Divergence-measure fields. Given a measure valued vector field A € M(;RY), we
say that A is a divergence-measure field if its divergence in the sense of distributions is a finite
Radon measure in €, acting as

/ pddivA = —/ Ve -dA Vo € C°(Q). (2.16)
Q Q

We denote by DM() the space of all such vector fields. Analogously, we define the local spaces
DMioe(£2), as the sets of all vector fields A € M,.(€; RY), such that div A € Mo ().
We exhibit here a family of DM-fields whose divergence is a non-trivial measure. We fix
y € 2 and we consider
A= (ala az,...,aN-1, aNDzﬂN) )

where
aj =N {reQap =y, forall ke {1,2,...,N},k#j} forje{l,...,N -1}

and ay € BViee(2). By construction, A € Mjoe(RY) and div A = D, an € Mjc(S2).
Given p € [1,+o0], by DMP(Q) we denote the space of all vector fields A € LP(£2;RY) whose

divergence in the sense of distributions is a finite Radon measure in €2, again acting as in (2.16]).

Similarly, we define the local spaces DML (), as the sets of all vector fields A € L (Q;RY),

loc loc

such that div A € M,(€2). With a little abuse of notation, even in the case A € L ((;RY)
for some p € [1,4+0oc], we shall sometimes write A to denote the measure A2V .

For a more detailed exposition on the properties of these vector fields, we refer the reader to
[5110L [T 1][16l[19} 23|46} /48]

We recall that the divergence measure of a field A € DM, () enjoys absolute continuity
properties with respect to suitable Hausdorff measures, depending on the value of p € [1, +00].
More precisely, we have the following cases:

(1) if p = 400, then div A < sV~ (|10, Proposition 3.1] and [46, Theorem 3.2]) and, if
A € L (S RY), then |div Al < CNHAHLoo(Q;RN)L%”N*l, where ¢y > 0 is a constant

depending only on the space dimension ([48, Proposition 3.1]);
9) ifpe |, 4+00), then |div A|(B) = 0 for all Borel sets B of o-finite 7~ 7T measure
( ) p N—-1> )

([46, Theorem 3.2]);
(3)ifpe [1, %), then the singularities of div A may be arbitrary (|46, Example 3.3]).

Actually, in case (2) a slightly stronger result holds; that is, | div A| vanishes on Borel sets with

Zero pf 7-Sobolev capacity (|41, Theorem 2.8]), but this goes beyond the scope of our paper.

For the purposes of calculus, many different Leibniz rules for DM vector fields and suitably
regular scalar functions have been discovered in the past years (see [10}/11}[15[30L{47]). We collect
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here a list of such rules. In the most general case of A € DM..(Q), if u € C(R), then we have
uA € DM)pe(Q2) and
div(uA) =udivA+Vu-A on , (2.17)

which is a particular case of [11, Theorem 3.2]. More in general, even if u € Lip,,.(f2), it is
possible to prove that uA € DMo.(£2), with

div(uA) = udiv A + ((Vu, A)) on Q, (2.18)

where ((Vu, A)) is the weak*-limit of the family of measures Vu, - A, for any standard mollifi-
cation u, of u, which is a Radon measure satisfying

[{({(Vu, AD)| < IVl oo o my| Al on € (2.19)

for every open set ' € Q (see [47, Proposition 2.2]).
If instead A € DMY, () for some p € [1,+o0], then, under the following set of assumptions:

(1) if p € [1,+00) and u € L2, (Q) NW,9(Q), where ¢ = I is the conjugate exponent of p,

loc

(2) if p=+oo and u € LS, (Q2) N BV (£2),
it holds that uA € DM, () for all r € [1,p], with

(Q) N Wi, (),

loc

A-Vu N, if p<+oo,orp=-+ocoand u e L>®

loc
div(uA) = u*div A+
(A, Du), if p= oo and u € L, (Q) N (BVioe(2)\ Wi (),
(2.20)
where u* is the precise representative of u, which satisfies u*(x) = @(x) for |div Al-a.e. z € Q
if u is a Sobolev function, and (A, Du) is the standard pairing measure between A and Du
introduced in [5] (see [20] for more details). For such results, we refer the reader to [10, Theorem
3.1], |15, Theorem 3.2.3], [30, Theorem 2.1]. The pairing measure can be also characterized as
the weak*-limit of the measures A - V(u * p.)ZN as ¢ — 0, for any standard mollifier p. In
addition, for every open set Q' € Q we have

(A, Du)| < || Al oo (ymv) | Dul on € (2.21)

by [16, Proposition 3.4].

Finally, in [23, Proposition 4.4] the notion of A-pairings is introduced in the case A €
DM, (Q). More precisely, given u € BV,.(Q) such that u* € L'(;|div A|) and a Borel
function A : Q — [0, 1], then defines a family of A-pairings, which provide the following
Leibniz rule

div(uA) = u* div A + (A, Du), , (2.22)

where v is given by (2.10) (see the subsequent discussion for the particular case of BV func-
tions). In addition, analogously to (2.21]), for every open set Q' € Q we have
(A, Du)x| < [|All oo (qr;rny| Du| on € (2.23)
If A\ = 3, then we retrieve the standard pairing given by (L.1) (see also [20, Theorem 4.12]). If
instead A =0 or A = 1, we simply write (A, Du)p and (A, Du);, respectively.
We state now a technical result which can be seen as a basic version of a Gauss—Green formula.
It has been proved already in some special cases (see for instance |19, Lemma 3.1]), while we
were not able to find it in literature in the most general form.
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Lemma 2.4. Let A € DM(Q) be such that supp(|A|) € Q. Then div A(2) = 0.

Proof. Let V'€ Q be an open set such that supp(|A|) C V. It is well known (see, e.g., [19,
Remark 2.21]) that supp(div A) C supp(|A|). Therefore, divA = 0 on Q\ V. Then, we can
apply the definition of weak divergence to a function n € C°(Q2) such that n =1 on a
neighborhood of V: we get

diVA(V):/nddivA:/nddivA:—/Vn'dA:— Vn-dA=0.
v Q Q \%

Thus, we get div A(Q) = div A(V) +divA(Q\ V) =0. O

We conclude this section with the Gauss—Green formulas for essentially bounded divergence-
measure fields and sets of finite perimeter, for which we refer the reader to [19, Theorem 3.2].
To this purpose, we recall that a measurable E C ) is a set of finite perimeter if xg € BV ();
and, in such a case, we have |Dxg| = SN~ L0*FE, due to De Giorgi’s and Federer’s Theorems
(see for instance [2, Theorems 3.59 and 3.61]). Then, given A € DM>(Q) and F € 2 of finite
perimeter, we have

div A(E') = —/

Tr' (A, 0" E)d#V ! and div A(E'UO*FE) = — / Tré(A,0°E) daN 1,
o*E

o*E
' (2.24)
where Tr'(A, 0*E), Tr¢(A, 0*E) € L=(0*E, #N~") are the interior and exterior normal traces
of A on 0*F. In particular, the normal traces can be characterized as the densities of the
measures (A, Dxg)o and (A, Dxg)1, respectively, with respect to the measure |Dxg|, thanks to
[23, Proposition 4.7] applied to the case u = xg. More precisely, if A € DM () and E C Q
is a set of locally finite perimeter, we have
(A, Dxg)o = Tr'(A,0*E) V1L 0*E and (A, Dxgp) = Tr*(A,0°E) #N"1LO*E (2.25)
and, for all open sets Q' € €,
ITx* (A, 0 E)|| e (rror men -1y < 1Al oo (rnpry), (2.96)
|Tr(A, 0" E) || oo (inos BN 1) < Al Lo\ BsRNY-

For these results we refer the reader to [23, Proposition 4.7] and [19, Theorem 4.2].

3. THE CLASS BVAXQ)

In this section we introduce our new general definition of A-pairing. First of all, we define
good ambient classes of summable functions, inevitably depending on the chosen field and the
Borel function which defines the representatives.

Given a vector field A € DM,.(2) and a Borel function A: Q — [0, 1], we set

XAANQ) = {ue B(Q) : v e LYQ,|A|) N LYQ, |div A|)},
XAMNQ) = {ue B(Q) v € Ll (Q,|A]) N L (2, | div A])}.

loc
It is interesting to notice that these sets of functions are not linear spaces, in general, due to
the fact that the A-representative of a sum is not the sum of A-representatives, see Remark
for some examples.

We define now a A-pairing for functions in Xf;1 C’/\(Q).



16 G. E. COMI, V. DE CICCO, AND G. SCILLA
Definition 3.1 (General A-pairing). Let A € DM oc(2), A\: Q — [0,1] be a Borel function and
u € Xf:C’A(Q). We define the A-pairing between A and u as the distribution

(A,Du), : C(2) = R

acting as

(A.Du)y. 0=~

u/\cpddivA—/u/\Vgo-dA for ¢ € C(Q). (3.1)
Q Q

We emphasize that, for a given function u € le)‘c’)‘(Q), the derivative Du may not exist
as a Radon measure, but it is always well defined as a distribution (of order one), so that
we are justified in choosing the standard A-pairing notation as in the case of BV functions,
[23, Definition 4.1].

In addition, if A € DM (), then becomes

((A,Du), , ¢) ::—/u)‘goddivA—/quwAd:c for p € C°(Q), (3.2)
Q Q

since v (z) = @(z) = u(z) for £N-a.e. x € Q, where we denote by u one of the elements of its
equivalence class, with a little abuse of notation, following the convention adopted in Section
2.2

We provide an alternative equivalent formulation of the definition of A-pairing (3.1]), which is
often used in the following.

Lemma 3.2. Let A € DMjo.(2), A\: Q — [0,1] be a Borel function and u € Xl‘:é)‘(ﬂ). Then,
the distribution (A, Du), is of order 1 and satisfies

((A,Du), , @) = —/Qu’\ddiv(goA) for all ¢ € CHQ). (3.3)

In particular, if u = ¢ for some ¢ € R, then (A, Dc), = 0.
Proof. 1t is clear that

(A, Du)y, ¢)| < IIsOHLoo(n)/QIUA\d\ diVA|+”v90HL°°(Q;RN)/Qu/\|d|A|7

so that the distribution (A, Du), can be extended to C! test functions. Then, (B.3)) is a straight-
forward consequence of (2.17)). Indeed, for all ¢ € C1(Q), we can rewrite (3.1]) as

((A,Du), , @) = —/ u (pddiv A+ Ve -dA),
Q

and now we apply the Leibniz rule (2.17) to A and ¢. Finally, if u is constant and equal to
c € R, then we have

((A,Dc)y, p) = / cddiv(pA) = —cdiv(pA)(Q2) =0,
Q
thanks to Lemma 2.4 O

Arguing in analogy with the classical theory of functions of bounded variation, we introduce
a version of BV -type classes with respect to the variation given by this generalized A-pairing.
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Definition 3.3. Given A € DM,,.(Q2) and a Borel function A: Q — [0, 1], we define the classes
BVANQ) = {u € XANQ) : (A, Du)y € M(Q)} :

loc loc

BVANQ) = {u e XANQ) : (A, Du), € MlOC(Q)} .

Remark 3.4. We point out that BVA’/\(Q) s not a linear space, in general, due to the fact that
the A-pairing is not linear in the second component. This was already noticed in |23, Remark 4.6]
in the classical case of A € DM>®(Q) and v € BV (Q) with v* € L'(Q,|div A|), whenever
Mz) # § for all € B, for some Borel set B C J, with |divA|(B) > 0. In our setting,
however, the map u — (A, Du)y may fail to be linear even in the case A = %, as showed by the
second example in Remark[7.5. It is also relevant to notice that the linearity may be ensured in
some particular cases, which are explored in Section [3

Whenever ) is constant; that is, A = ¢ for some t € [0,1], we simply write BVA4*(Q) (and
analogously for the local classes). In the extreme cases A = 0 and A = 1, we therefore have
BVAY(Q) and BVA1(Q), respectively. In the particular case A = %, we use the following
shorthand notation:

XA(Q) = X43(Q), BVAQ):=BVA2(Q), (A,Du):=(A,Du):,

1

2

and analogously for the local classes. This case is indeed relevant due to the fact that, in the
1

classical theory of pairings, for A € DM;S.(Q) and u € BVic(f2), we have uz(z) = u*(x) for

|div Al-a.e. x € Q, and, as long as u* € L{ (,|div A|), the pairing which we obtain coincides

loc
with the one defined by Anzellotti. We discuss this equivalence more in detail in the following

proposition.
Proposition 3.5. Let A € DMio.(Q2) and X : Q — [0,1] be a Borel function.
(1) For all u € Xl‘gc’)‘(ﬂ) we have

(A, Du),, ) = — /Q putddiv A+ <div(u)‘A), (p> for ¢ € CHQ) (3.4)

in the sense of distributions. Hence, u € BVANQ) if and only if u € XAMNQ) and
div(u*A) € M(Q), and, for all u € BVk‘?C’)‘(Q), we get

(A, Du)y = —u” div A + div(u*A) on Q, (3.5)
in the sense of Radon measures. Therefore,

BVANQ) = {u € XANQ) : div(u*A) € M(Q)} ’

BVANQ) = {u e XAMQ) : div(u A) € MloC(Q)} .

loc loc

(2) If A € DML, .(Q), then for allu € Xl’g(;)‘(Q) we have div(u* A) = div(uA) in the sense of
distributions. Hence, u € BVANQ) if and only if u € XANQ) and div(uA) € M(Q),
and, for all u € BVk’::’)‘(Q), we get

(A, Du)y = —u” div A 4+ div(uA) on Q, (3.6)
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in the sense of Radon measure. Therefore,
BVAXQ) = {u e XANQ) : div(uA) M(Q)} ,

BVANQ) = {u e XAMNQ) : div(uA) € MlOC(Q)} .

loc loc

(3) If A € DM*>(Q), then we have
BV(Q) N BVAXNQ) = BV(Q) N XA2Q) = {u e BV(Q) : u* € L}(Q,|div A|)},

and, if u € BV(Q) and u* € L*(Q,|div A|), then the A-pairing (A, Du)y coincides with
the one defined in [23].
(4) If A € DMY(Q), then for every two Borel functions A, a: Q — [0, 1], we have

BVAM(Q) N L®(Q) = BVA*2(Q) N L>®(Q).
In particular, if u € BVAM(Q) N L>®(Q), then
(A, Du)y, — (A, Du)y, = (™2 —uM)div AL S* = (A\y — A1) (uF —u™) div AL S,
Proof. In order to prove (1), we observe that, given A € My,.(;RY) and v € L] _(Q,]A]), we

loc
clearly have

(div(vA), ¢) = —/ vwWe-dA for ¢ € C(Q)
Q

in the sense of distributions. Hence, for u € sz C’)‘(Q) (3.1) can be rewritten as (3.4). Given that
both distributions are clearly of order 1, we can test them against functions in C1(€2). Therefore,
follows as long as either (A, Du)y or div(u*A) are Radon measures. This concludes the
proof of point (1).

Point (2) follows immediately from point (1) by noticing that, if A € L _(¢RY), then
uMz) = u(x) for |A|LN-a.e. z € Q.

As for point (3), we start by observing that Definition extends the standard definition
of A-pairing [23, Definition 4.1], given that the equation satisfied by (A, Du), is the same in
both cases. Now, if u € BV (), in particular u is a class of Lebesgue measurable functions,
and therefore, as an easy consequence of Lusin’s Theorem, it admits a Borel representative.
Therefore, we see that u € %(£). Then, we recall that, if u € BV (), we have HY ~1(S,\J,) = 0
(for instance, see |2, Theorem 3.78]) and so |div A|(S,, \ J.) = 0, since |div A| < /N1 for A €
DM (), see Section E This means that u*(x) = u%(:v) for |div Al-a.e. z € Q (see Section
2.2). Moreover, as proven in [23| Lemma 3.2] for every u € BV(f2) and for every two Borel
functions A1, Ao: © — [0,1], u™ € LL (Q,|div A|) if and only if w2 € LL (£, |div A|). Hence,
if u € BV (Q)NXA*(Q) for some Borel function A : Q — [0, 1], then we get uz € LY(Q,]div A)),
which allows to conclude that u* € L'(Q,|div A[). This proves the inclusions

BV (Q) N BVAMNQ) C BV(Q) N XAMNQ) C {ue BV(Q) : u* € L}, |div A])}.

As for the second inclusion, the opposite one can be proved by reversing this argument. Then,

we notice that [23, Lemma 3.2 and Proposition 4.4] imply that, if u € BV(Q) is such that

u* € L1(,|div A]), then (A, Du)y € M(): this proves the remaining opposite inclusion.
Finally, in dealing with point (4) we start by observing that, if u € L*>(2), we have

uM ut? e LNQ, |A|ZN) N LY(Q, | div A|).
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Hence, u € X421 (Q) N X4*2(Q). Then, we notice that
uWMA=uMA =uA up to a LV -negligible set,

so that, if u € BVA*(Q) N L>®(R), then point (2) implies div(uA) € M(R), and thus u €
BVA22(Q). The opposite inclusion follows by exchanging the roles of A; and Xo. Then, if
u € BVAM(Q) N L>®(Q), we know that it also belongs to BVA*2(Q) N L>=(Q), so that we
obtain (3.6) in both cases, and we subtract the equation with A = Ay from the one with A = A;.
Thus, it is enough to exploit and the fact that Z,, = () to end the proof. O

Remark 3.6. We point out that the “if and only if” condition in point (1) of Proposition is

actually equivalent to saying that, given A € DMoc(Q2), X : Q@ — [0,1] Borel and u € Xf:é (Q),
we have

u e BVAMNQ) < v A € DMye(Q).

loc

Analogously, the necessary and sufficient condition in point (2), for which we have A € DM%OC(Q),
can be rewritten as

ue BVANQ) = uA e DML (D).

loc
We stress the fact that no equivalent statement holds for higher summability of the field A, since
u € XA’)‘(Q) only implies that uA € LL _(;RYN).

loc loc

Remark 3.7. We point out that, if u € L _(Q), we could define the general \-pairings by

loc
exploiting the representatives of u given by the limit of averages on balls and half-balls; that is,

(2.1) and (2.6), respectively. This is indeed the approach followed in the classical setting of 5|
for \ = %, and for a general Borel function X : Q — [0,1] in |23|: therein, the field A is DM®™>
and the scalar function u is BV, and therefore it is well known that the function

fL([L')’ ZfﬂZ‘GQ\Su,
u(z) = (3.7)
(1 — X)) min{u®(z),ué(2)} + Az) max{ui(x),ué(x)}, ifx € Ju,

is well defined | div A|-a.e. (see the argument in the proof of point (3) in Proposition . We
point out that, if u € BV (Q), then #N"1(Z,) < #N=1(S, \ J.) = 0, so that our definition

@-10) coincides with (3.7) up to an SN "-negligible set, due to [2.5) and [2.7). However, as
s00m as u & BVige(Q) or A € DMioe(Q) \ LX (4 RY), in general the function u” given by (3.7)

loc
is not well defined |Al|-a.e. or |div A|-a.e., since we have no control, a priori, on the set Sy \ Ju,
except that LN (S, \ Ju) = 0, obviously. An alternative possible approach would be to consider

functions u € LL _(Q) such that

loc
|A%[(Sy \ Ju) = |div® A|(Sy \ Ju) =0 (3.8)
and u* € L (Q,|A|)n L}

oc e (82, | div A]). Under these assumptions, the A-pairing can be defined
as done in (3.1)), and therefore we can provide alternative definitions of X 4() and BVAN Q)
as the classes

XANQ) = {u € LN(Q) : (JA®| + [div® A)(Su \ Ju) = 0,u* € L'(Q, |A]) N L} (9, | divA|)} :

BV0) = {u e XANQ) : (4, Du)y e M)
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and analogously for the corresponding local versions. Due to the additional condition on Sy, \ Jy,
there are no obvious inclusions between XA () and BVAAQ) and these alternative versions,
unless (|A| + | div A|) < £, in which case XA>(Q) C XAN(Q) and E‘J/A’)\(Q) C BVAMNQ).
Furthermore, in the particular case A = %, we could completely identify us with the precise
representative u*, in such way removing the problematic related to the set S, \ J,. Therefore, we
could drop (B.8), and replace it with the requirement that the limit exists for (JA|+|div A|)-
a.e. x € . This is indeed coherent with the fact that the pointwise limit of any mollification
(uxpe)(x) is u*(x), whenever the precise representative is well defined (see point (1) in Theorem
below). This approach takes also in account the possibility of having a precise representative

which does not necessarily coincide with w for x € Sy \ Jy: consider for instance
u = x(@,~ and z = 0.

Nevertheless, such an analysis would be out the scope of the present paper, so we preferred to
exploit the fact that the approxzimate liminf and limsup u® are always well defined, in order to
circumvent all these difficulties involving the well-posedness of the representatives and to avoid
any assumption on the set S, \ Jy. Furthermore, in the classical setting there are no substantial
differences.

Remark 3.8. Point (4) in Proposz'tz'on does not hold if A € DM(Q)\DM,..(Q), in general.
Indeed, let us consider N >2, Q= (—1,1)N, A = (%1LJ,O, ... ,O), where J is the segment

J={2xeQ:z;=0forallj=2,... N} ={xcQ:2=(0,...,0) fort € (—1,1)},

s0 that divA = 0 and A € DM(Q) \ DM, .(Q). Then, we choose u = X(=1,1)x(0,1)N-1- @t 18
clear that u € L*°(2) and

u (x)=0 and u"(x)=1 forallz € J.

In particular, we see that u € BVAY(Q). Indeed, u’(z) = u~(z) = 0 for |Al-a.e. = € Q, so that
u™ € LY(Q,|A]), obviously u= € L*(,|div Al|), and, thanks to (3.5),

(A,Du)g = —u~ divA +div(u~ A) = 0.

Let now X(x) = xp(x1), for some Borel set F C (—1,1) such that xrp ¢ BViee((—1,1)) (for
instance, F' could be any fat Cantor set). Then we have

ux(x) = (1 - Xz)u (2) + Xz)uT(2) = xp(z1) forallz € J.
Hence, u € XANQ), and for all ¢ € CH(Q) we get

((A, Du)y, ¢) :—/ gpu’\ddiVA—/u’\Vgo-dA:—/xp(:Ul)
Q Q J

! dp(x)
——/_1 xr(x1) 0y dxq

dp(x)

1
O a0

Therefore, (A, Du)x & Mioc(82), given that xp ¢ BVioc((—1,1)), and so u ¢ BVIQ’X(Q). Thus,
we conclude that

BVAY(Q) N L®(Q) # BVANQ) N L®(Q).

As a consequence of the Leibniz-type rule (3.5)), we obtain an integration by parts formula
for BV A functions with compact support.
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Lemma 3.9. Let A € DMio(Q), X : Q — [0,1] be a Borel function and u € BVA(Q) be such
that supp(u) € Q. Then we have

/Q wddivA = — / d(A, Du)y . (3.9)

Q
Proof. Since supp(u) € €, it is clear that supp(u*|A|) € Q, and therefore, since u € BV A (),
we conclude that u* A € DM(Q). Hence, thanks to Lemma we see that div(u*A)(Q) = 0.
Thus, (3.9) follows by evaluating (3.5 over €. O

An immediate consequence of point (3) Proposition is that, if A € DM>(Q), then
{u e BV(Q):u* € LY(Q,|div A)} € BVAXQ) (3.10)

for all Borel functions A :  — [0, 1]. In general, the inclusion is strict, as shown in the following
remark.

Remark 3.10. Let N > 2 and X : Q — [0,1] be a Borel function. There exist a field A €
DM™>(Q) and a function v € BVANQ) such that v & BViy.(Q). Let us consider

A(l‘) = (al(irl), ag(i'g), . ,aN_l(gf?N_l), 0) s

where
Tji= (21, X1, Tjg1s - - TN), aj € L(Q)) and Q; = {y e RV 1y =&, for some x € Q}
for every j € {1,2,...,N — 1}. By construction, div A = 0. Then, thanks to (3.6)), a function
u € XAMNQ) belongs to BVANQ) if and only if (A, Du)y = div(uA) € M(R).

Now, let y € Q, r > 0 be such that Bo,(y) C Q and n,y € C°(Bar(y)) be such that n,, =1
on B,(y). Then we set

v(x) = log(lzn — yn|)nry(@).

It is clear that v € LY (Q), which implies v € L' (Q, |A|.LN), since |A| € L>®(2), while trivially

vd € LY, |div Al), being div A = 0. Hence, v € XANQ). On the other hand, v & BViee(Q)
given that

D,yv=p.v. on B,(y),

1
(()v —n)
so that the distributional gradient of v cannot be a vector valued Radon measure on ). However,
we have

N-1 N-1
div(vA) = > Dj(vay) = [log(I()n — ynDa; Y ey | LN
j=1 j=1

being va; not depending on xj, for every j € {1,2,...,N —1}. Thus, as remarked above,
(A, Dv)) = div(vA) € M(9),
so that v € BVA().

loc

In addition, we point out that, if A € DM(Q) \ DM>(Q), then the inclusion (3.10) may fail
to hold true for every A. We provide now an example of such a case.
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Example 3.11. Let N =2, Q = (—1,1)?,
(—z2,21)
A ==
(xluxQ) LU% +CC%
and u = xg, where E = (—1,1) x (=1,0). It is clear that A € DMP(Q) for all p € [1,2),
u € BV(Q) and v € LY(Q,|div A|) trivially, since div A = 0. In particular, we easily deduce

that u € XA(Q) for all Borel functions X : Q — [0,1]. However, as it was showed in |9, Remark
4.8] (see also |47, Example 2.5]), we have

div(ud) = po.

where p.v. stands for principal value integral. Hence, div(uA) is not a Radon measure, and
therefore, by Proposition this means that u ¢ BVANQ) for any Borel function \ : Q —
[0, 1].

Intuitively, the cases A = 0 and A = 1 represent the extreme choices for A, and therefore it is
natural to expect that the A-pairing is a convex combination of the 0-pairing and the 1-pairing.
We prove this idea in the following lemma. To this purpose, we notice that, if u € BVA9(Q) or
u € BVAY(Q), then by (3.5) we have

(A, Du)g = —u~ divA +div(u~ A) or (A, Du); = —ut divA +div(ut A), (3.11)
respectively.

Lemma 3.12. Let A € DM.(9).
(i) u e ngéo(Q) NXANQ) if and only if u € X2 for every Borel function A : @ — [0, 1].

loc loc )
(i) Ifu € BVA’O(Q)HBVI::;I(Q) and furthermore A € DML, (Q), then we have u € BVAAQ)

loc loc

for every Borel function A : Q — [0, 1], and it holds
(A, Du)y = (1 = X)(A, Du)o + AM(A, Du); on Q. (3.12)

(iii) If u € BVIfC’O(Q) N BVI?CJ(Q), then we have u € BVIfC’t(Q) for every t € [0, 1], and (3.12))
holds for A = t.

Proof. (i) If u € X2%(Q) N XA1(Q), by the boundedness of A we have

r
T

)%1|_(—1,1) x {0},

loc loc
Aut, (1= Nu™ € Lip (€, |A]) N Li. (9, | div A) (3.13)

and so
ut € Lige(€, |A]) N Lig (2, | div Al).
The opposite implication is trivial.
(ii) If uw € BVAY(Q) n BVA1(Q), by (i) we have and u € Xf;‘c’/\(Q) for every Borel

loc loc

function A : Q — [0, 1]. Therefore, since A € DM (), by and we obtain
(A, Du)y = —udiv A + div(uA)
= —(1-=XNu divA - duTdivA+ (1 — ) div(ud) + X div(uA)
=(1-X) (—u divA+div(uA)) + A (—ut div A + div(uA))
=(1-X)(A,Du)o+ A(A,Du); on S
Hence, the conclusion follows, since (A, Du), € Moc(R2) if (A, Du), , (A, Du); € Mioc(£2).



BEYOND BV: A NEW PAIRING AND GAUSS-GREEN FORMULAS 23

(iii) Thanks to (i) with A = ¢ for ¢t € [0,1], we have u € Xf:ét(Q). Then, we argue as in
the proof of point (ii), this time exploiting (3.5) and noticing that, for A\ = ¢, we have
div(u*A) = (1 — A)div(u~A) + Adiv(ut A), since \ is constant.

U

Remark 3.13. We notice that in point (ii) of Lemma we cannot drop the assumption
A € DML (Q). Indeed, if we choose A € DM(Q) \ DML, .(Q) and u as in Remark we
know that u € BVAY(Q), with (A, Du)y = 0, and it is not difficult to check that actually
u € BVAY(Q) N BVALQ), with

(A, Du); = div(ut A) =divA = 0.

However, whenever \(x) = xr(x1), for some Borel set F C (—1,1) such that xp ¢ BV ((—1,1)),
Remark shows that (A, Du)y is not a Radon measure, and so u ¢ BVA’)‘(Q).

loc

Instead, point (iii) of Lemma ensures that, under the general assumption A € DMo. (),
for all t € [0,1] the t-pairing is the convexr combination of the 0-pairing and the 1-pairing. In
1

particular, if u € BVA(Q) 0 BVAN(Q), then u € BVA(Q) = BVY2 (Q), with

(A, Du)o + (A, Du)1 o
2

As recalled in Section the pairing measure between a vector field A € DM, (Q) and

u € BWoo(Q) with u* € L;, (€2, |div A|) enjoys the quite natural absolute continuity property

given by (2.21)). With the following proposition, we analize the absolute continuity of the general
A-pairing, in the case of an essentially bounded divergence-measure field.

(A, Du) = n Q.

Proposition 3.14. Let A € DM.(Q), A : Q — [0,1] be a Borel function and Q' € Q be an
open set.

(i) If u € BVipo(Y) is such that u* € L (Q,|div A|), then we have

loc
(A, Du)s| < | Al gy Dl on .
(ii) If u € BVIQ:’A(Q) N LS (82), then we have

(A, Du)y| < 2en||ul| oo ) | All oo (qrmry 2N on €,

where

N-—1
2N 2 wpn
=N|—— . 3.14
e <N+1> = (3.14)

In addition, if A € DM>®(Q), u € BV (Q) with u* € L(Q, |div A|) in (i), and u € BVANQ)N
L>(Q) in (i), then the respective statements hold true with Q instead of V.

Proof. Property (i) follows from point (3) of Proposition applied to Q' and (see also
[23, Proposition 4.4]). In order to prove (ii) it suffices to note that, if w € L%(€), then
uA € L®(QV;RY). By equation and by point (2) of Proposition we deduce that
div(uA) € M(Q), and so uA € DM>(Q). Hence, thanks to [48, Proposition 3.1}, we get

|div A| < cN||A||Loo(Q/;RN)<%”N71 on ' and |div(uA)| < CNHUAHLOO(Q/;RN)%Nil on (V,
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where ¢y is as in (3.14). Thanks to (3.6) and the fact that [u*| < [lullze(q) on €, the
conclusion follows. Finally, it is clear that, under global assumptions, we can simply repeat on
Q the argument above. 0

Arguing analogously, we can characterize the absolute continuity properties of the pairing
measure in the case A € DM], (Q) for p € [1, 4]

Proposition 3.15. Let p,q € [1,+00] be conjugate exponents; that is, I%—i— =1. Let A €

DML () and X : Q — [0,1] be a Borel function.

(i) If u € L (Q) N W,h4(Q), then
(A, Du)y = A-Vu V.

1
q

(ii) If N >2,p¢€ {%,—l—oo) and u € BVI(’?C’)‘(Q) N L2 (), then |(A, Du)y|(B) =0 for every

loc

Borel set B C Q which is o-finite with respect to the measure SN 9.

Proof. Assertion (i) follows from the Leibniz rules recalled in Section see @ and the
comments afterwards. Indeed, it is clear that u € Xf: é’\(Q). In addition, if u € I/Vhl)cq(Q), we
know that either v admits a continuous representative and so S,, is empty for ¢ > N (by Morrey’s
inequality), or v*(z) = @(z) for |div Al-a.e. = € €, by [15, Theorem 1.1.24 and Theorem 3.2.2].
All in all, this implies that | div A|(S,) = 0, and so u*(x) = @i(x) = u*(x) for | div A|-a.e. € Q.
Therefore, we exploit and to obtain

A -Vu 2N =div(uA) — u* div A = div(uA) — v’ div A = (A, Du)y

As for (ii), we notice that uA € LF (;RY). Since u € BVA’/\(Q), then (A, Du)y € Mioc(Q),

loc loc

and so, thanks to (3.6), we conclude that uA € DM;] (). Hence, thanks to the absolute

continuity properties recalled in Section (see also [46, Theorem 3.2]), we exploit again (/3.6
to conclude. O

Remark 3.16. In case (i) of Proposition[3.15, we can exploit [41, Theorem 2.8] to conclude
that (A, Du)y vanishes on Borel sets with zero g-Sobolev capacity, and the proof is completely
analogous.

Remark 3.17. As for the subcritical case A € DMfOC(Q) forp e [1, %) , we point out that we
cannot expect any absolute continuity property for the \-pairing. Indeed, we provide an example
of a field A, a Borel function \ : Q — [0,1] and a function u € BVAXQ) such that (A, Du)y
involves a Dirac delta. Let N > 2, Q =RY and

1 T
Alx) = ——
€)=y
where wy = £N(By), so that #V"1(8B1) = Nwy, in particular. Clearly, A € LV (RN;RY)

for all p € {1, %), and, by a standard calculation, we see that div A = 0§y, which is the
Dirac’s delta measure centered in the origin . We choose u = X (g 1) - Arguing as it was done in
19, Example 3.1] for the special case N = 2, we can show that div(x1)vA) € M(RYN) and

. 1 YU s YOO
le(X(O,l)NA) = 2W50 + (A, DX(071)N), (315)
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where (A, Dx (o 1)~) is the measure acting as

. 1 z - v~ (T) N1
pd(A, Dy = / o(r)——%——dH x
/RN ( (O’I)N) Nwy d(0,1)Nn{x;>0, Vje{l,...,N}} ||V (@)
1
= ) —— A Y O 3.16
 Nuwy Z/ a(0,1)Nn{z;=1} #l )(1 + |:%j|2)% (=) (3.16)

for all ¢ € C.(RYN), where #; = (z1,...,%j—1,Tj+1,-..,2N). Thanks to point (2) in Proposition
this fact implies that x 1)~ € BVANRN) for all Borel functions X : RN — [0, 1], with

1 -
(4 Dxoa s = (v = AO)) o + (A D) (3.17)

Hence, as long as A\(0) # 27N, the measure (A, Dx o1y~ )x cannot be absolutely continuous
with respect to ' for all a € (0,N]. In order to prove , we take ¢ € CHRYN), and
we notice that A € CY(RN \ Bs(0)) and divA = 0 on RY \ Bs(0) for all § > 0. We set
Ht ={z; >0, Vj€{1,...,N}} and Q = (0,1)V for brevity. Hence, we can integrate by parts
in the following way:

/ XQA -Vydxr = lim A -Vpdx
RN e—=0% JQ\B.(0)

= — lim (/ PA - vg d%N1+/ PA - VN B, (0) d%Nﬂ)
e—0t 8Q\ B (0) OB:(0)NH+

1 . z - v(z) N-1 / e(x) N-1
= ——— lim / T)———L d I x) + dt
NwN e—=0t ( (OQ\B:(0))NH+ (P( ) ‘33"N ( ) 0B (0)NH+ ’w‘N L ( ))

B 1 x - vo(z) _ 1 . _
- /8 - (o) U AN @) = g i olex) AN (x)

Nwy WN e=0t JaB, (0)nH+

== | Pl Dxa) = g OB 1 T (0),

and this implies (3.15)), due to the fact that

AN NOB(0) N {ay > 0, Vj € {1,...,N}}) = N“’N

All in all, (3.6) and (3.15) imply (3.17]).
Remark 3.18. If A € DMioc(12) and u € Lipy, (), then u € BVlfc’A(Q) for all Borel function
A:Q —[0,1], and
(A,_D’LL))\ = <<VU, A>> on 1,
where ((Vu, A)) was recalled in (2.18)). Indeed, u is continuous, so that
u(z) = () = u(z) for all x € Q.

The assertion then follows combining (3.5) and (2.18). Furthermore, if A € DM(Q) and
u € Lip(Q2) N XA(Q), then u € BVANQ) for all Borel function X : Q — [0, 1].
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Proposition 3.19. Let A € DML () be such that |div A| < ZN. Then, for every Borel
function X : Q — [0, 1], we have

BVAMNQ) = BUA(Q) = {u e B(Q) : ue LL.(Q,|A] +|div A]), div(uA) € Mi()} (3.18)
and, given u € BV,A(Q)

(A, Du)y = (A, Du) = —udiv A 4+ div(uA) on Q. (3.19)
In particular, the operator BVA(Q) 3 u — (A, Du) € Moc(Q) is linear.

Proof. Thanks to and , we know that, for every u € %(£2) and every Borel function
A:Q—[0,1],
|divA|(S}) =0, and uMz)=u
Thus, due to , we get
(A, Du)y = —udiv A + div(uA) = (A, Du) for every Borel function A : Q — [0, 1],
and this implies , which in turn easily yields the linearity of the operator u — (A, Du). O
Remark 3.20. Due to (2.11), we notice that, under the assumption |div A|(S}) = 0 for a

given u € B(Q), we have u € BVI(‘;‘C’/\1 (Q) if and only u € B\/i(‘::’M(Q) for all Borel functions
AL, Ao s Q— [0,1}, with

(A, Du)y = (A, Du) = —adiv A 4+ div(uA) on Q,

for every Borel function \ : Q — [0, 1], which is (3.19) with the representative 4. However, in
general we cannot weaken the absolute continuity assumption |div A| < £V, since the set S
could have Hausdorff dimension equal to N.

Remark 3.21. If A € DM] (Q) satisfies div A = 0, then the results of Proposz’tz’on can be
simplified, since the condition uw € L{ (,|div A|) is always satisfied, so that (3.18) is improved

N[

() =u(x) for|divA|-a.ezeQ,

loc
to
BV NQ) = BYA(Q) = {u € BQ): u € Ly (2 A]), div(uA) € Minc()}
for every Borel function A : Q — [0,1], and
(A, Du)y = (A, Du) = div(uA). (3.20)
As a particular case of divergence-free vector fields, let us choose a fized direction v € SN, and
consider the constant field A := v. Then, by virtue of (3.20), for all w € BV}).(2) we have

(A, Du) = div(uv) = Dyu,

where Dyu is nothing else than the distributional derivative of u in the direction v. Note that, if
N =1, thenv € {£1}, and so, up to a sign, we simply get the first distributional derivative of u:
therefore, in the one-dimensional case, if A is a nonzero constant, we obtain BVA(Q) = BV (Q).
If instead N > 2, by the characterization of the differentiability of the precise representative (see
[2, Theorem 3.107]) we then have

Dyu=2N"1.Q, ® Dul, (3.21)

where Q, = m,(Q), uy(t) = u(y +tv) fort € R and y € Q, such that y +tv € Q. Although

[2, Theorem 3.107] requires u € BV (), an inspection to the proof, based on Fubini’s Theorem,
shows that Dyu € Mioe(Q); i.e., the weak differentiability of u in a fixed direction v, will suffice
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to get (3.21)) (see also the remarks in [2, Section 3.11]). We claim that (3.21) and general results
on the disintegration of measures (see [2, Section 2.5]) imply

(v, Du)| = |D,u| < HN L.

Indeed, we first note that, as a consequence of |28, Theorem 28] applied to m,, HVN~1(B) =0
implies N ~Y(m,(B)) = 0 for every B Borel set, B C Q. Now, for any such set B,

Dal(B)= [ ( /|

since £N"1(B,) = 0 and |Dul|(BY) < 400 for LN t-a.e. y € B,.

dDuZ) dLN"Yy) =0,

v
Yy

We end this section with the definition of a “degenerate” Sobolev-type class.
Let A € DML () and X : Q — [0,1] be a Borel function. We define

WANQ) == {u € BVAXQ) : |(A, Du)y| < ZV}.

WANQ) == {u € BUANQ) « (A, Du)y| < 2V}

loc

Analogously to the case of BVA(Q), we set WA(Q) := WA’%(Q), and analogously for the local
class.

We point out that the assumption A € LL (;RY) is not restrictive. Indeed, given A €
DMpe(Q2) and u € Lip,.(2), we have only |(A, Du)| < |Al, thanks to Remark and
(see also |47, Propositions 2.1 and 2.2]), which implies that (A, Du)) may not be absolutely
continuous with respect to the Lebesgue measure even for a regular function u, as long as A is
a singular measure.

In addition, we note that, analogously to the inclusion for BVAA, classical Sobolev
functions with suitable summability for their precise representatives belong indeed to W42, as

long as A satisfies a natural summability assumption.

Proposition 3.22. Let p,q € [1,4+00| be conjugate exponents; that is, %—f—é =1, and A €
DMP(Q). Then for all Borel functions X : @ — [0, 1] we have

whi(Q) N XA4(Q) c wANQ)
with strict inclusion, and (A, Du)y = (A - Vu).ZN for allu € WH(Q) N XA4(Q).
Proof. Let X\ : © — [0, 1] be a Borel function. Arguing as in the proof of Proposition we
see that, if u € WH9(Q), then |div A|(S,) = 0 and u*(x) = @(z) = u*(x) for |div A|-a.e. x € Q.

Hence, Wh4(Q) N XA(Q) = Wh4(Q) N XANQ). Let now u € WH1(Q) N XA(Q). For k € N, we
set Ti : R — R to be the truncation map

k if u >k,
Tp(u) =< u if |u| <k, (3.22)
-k ifu<—k.

It is clear that Ty (u) € L>=(Q) N W4(Q) for all k € N. By Proposition we have
(A, DTy (u)x = (A - VTi(u) LN = (A Vu) LN L{|u| < k},
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where A - Vu € LY(Q). Hence, for all ¢ € C}(9), thanks to Lebesgue’s Dominated Convergence
Theorem with respect to the measure |div A|, we get

/¢(A.vu)dx: lim [ @d(A, DTi(w)y = — lim I/ﬁu/)ddivAJr/Tk(u)A-Vgod:c
o k—+o0 Jq k—+00 Jq Q

:—/ﬁddivA—/uA-Vgoda;.
Q Q

Thus, by Definition we conclude that (A, Du)y = (A - Vu).Z"Y, and so u € WANQ).
Finally, in order to prove that the inclusion is in general strict, we consider the example given
in Remark [3:I0] For such choices of the vector field A and the function v, we clearly have
v ¢ VVli’Cq(Q) and v € WAXQ) for all Borel functions A : Q — [0, 1], given that v € BVA(Q)
and it satisfies |(A, Dv),| < . This ends the proof. O

Remark 3.23. If A € DML (Q) satisfies |div A| < £V, then, arguing as in the proof of
Proposition we get WANQ) = WA(Q) for every Borel function X\ : Q — [0,1]. In
particular, for v € BVA(Q) (3.19) implies

(A, Du)| < £V «— |div(ud)| < £V,
so that we get

WAQ) = {u e XAQ) : div(uAd) € M(Q) and |div(ud)| < LV}

4. LOWER SEMICONTINUITY PROPERTIES AND APPROXIMATIONS RESULTS

Let A € DM pc(2) and A: 2 — [0, 1] be a Borel function. In this section we will study some
lower semicontinuity and continuity properties of the A-pairing and its total variation in the
class B Vlfc’)‘(Q), with respect to a suitable notion of convergence. Since (A, Du), is affected by
the pointwise value of u*, the natural notion of convergence in B VI?C’)‘(Q) involves the function

A

Definition 4.1. Let A € DMio.(Q) and X : Q — [0,1] be a Borel function. We say that a
sequence (Up)n C XA’)‘(Q) (A, \)-converges to u € Xl‘g(;)‘(ﬂ) if

loc
(1) w) = in LL (A,
(2) u) — v in LL _(Q,]div Al).

loc
Remark 4.2. We list some particular cases in which the (A, X)-convergence is easier to check.

i) If (JA| + |divA|) < £V, then X\ does not play any role in the convergence, given that
uMz) = u(z) for (|A| +|div Al)-a.e. € Q, due to 212). In such a case, we omit the A
in the notation for the (A, \)-convergence and simply refer to it as A-convergence.

i) If A € L=®(Q;RY) and |A| > ¢ for some ¢ > 0, then condition (1) is equivalent to the weak
convergence in Li. ().

ii1) If div A = 0, then condition (2) can be dropped, so that the (A, \)-convergence reduces to

the weak convergence in Li (Q,|A|).

loc

We have the following lower semicontinuity and continuity results.
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Theorem 4.3. Let A € DMoc(2) and A : Q — [0,1] be a Borel function. Then for every
sequence (Up,)n C Xl‘:C’A(Q) and for every u € Xf;lC’A(Q) and such that (un)n (A, X)-converges to
u, it holds

(A.Du)y, ¢) = lim ((A.Du,)y.¢)  YoeClQ) (41)
in the sense of distributions. In addition, if u,u, € BVANQ) for all n € N, then
(A, Du), (©) < liminf | (A, Duy), |(©). (42)

and, if sup, ey [(A, Dup)r|(2) < 400, we get
(A, Duy)y — (A, Du)y in M(Q). (4.3)
Proof. We see (4.1)) is a consequence of the definition of (A, \)-convergence; indeed

<(A,Du))\,g0>——/cpu)‘ddiVA—/u/\Vg0-dA
Q Q

= lim {—/wgddivA—/ugw-dA}

= lim ((A,Duy),, ¢).

Then, if u,u, € BVA’)‘(Q) for all n € N, we exploit the fact that the A-pairings are all finite
Radon measures to take the supremum in ¢ with [|¢]| ) < 1 to get from (4.1). Finally,
if the sequence (A, Duy,), is equibounded in total variation, then, given ¢ € C%(Q2), for all ¢ > 0
we choose ¢, € C1(Q) such that ||¢) — ¢.||f(q) < € in order to get

(A, Du)y s ¥) = ((A; Dun)y s )] < [((A, Du)y, @e) = (A, Dun)y s @e)| + (A, Du)y s ¢ = ge)
+ |<(A7 Dun))\v w - SOSH
< [{(A, Du)y, ¢c) = (A, Dun)y , ¢e)| + €[ (A, Du)x[(©)

+ esup|(A, Duy)A[().
neN

Therefore, by (4.1) we deduce that
limsup ’<(A,DU))\, ¢> - <(A7Dun))\7 ¢>‘ < CE?

n—+o00

for some C' > 0. Since € > 0 is arbitrary, this proves (4.3)). O

With the following theorem, we establish the existence of smooth approximations for the A-
pairing. As for the case A = % [20], we adapt a standard mollification technique to our general
setting, by adding a suitable assumption on the concentration of the measure |div A|. As for
the A-pairing functional, instead, we take advantage of a more refined approximation result,
recently obtained in |17].

Theorem 4.4. The following hold true:

(1) if A € DM (Q), for every u € BVA(Q) N LL (Q) such that |div A|(Sy \ Ju) = 0 there
exists a sequence (uy)ry C BVA(Q) N L>®(Q) N C>®(Q) converging to u in L'(Q,|A|LN)
and to u* in LY(Q, |div A|), such that

lim wA - Vupdr = / wd (A, Du) Vo € CHQ); (4.4)
k—+oco J Q
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(2) if A € DM™>®(Q) and X\ : Q — [0,1] is a Borel function, for every u € BV (Q) with
ur € LY, | div A|) there ezists a sequence (up) C BV (Q)NL®(Q)NC>®(Q) converging
to u in BV (Q)-strict (that is, u} — u in L*(Q) and |Dup|(Q2) — |Dul(2)) such that

(A-Vup) LN — (A, Du), in M(Q).

Proof. In order to prove (£.4), we first notice that u*(z) = u%(m) for |div Al-a.e. x € Q,
thanks to | div A[(S, \ Ju) = 0, see Section We start by assuming u € L>(£2), and we set
Uue = pe * u, for some standard mollifier p. It is clear that u. — u in LY(Q), uc(z) — u*(x) for
all z € Q\ (Sy\ Ju), so that uc(z) — u(z) for ZN-ae. z € Q, and |uc(z)| < |Jull o (q) for all
x €  and € > 0. Hence, thanks to Lebesgue’s Dominated Convergence Theorem with respect
to the measures |A|.Z" and |div A|, we see that

”Ua — UHLl(Q,\ALi”N) + Hua - U*”Ll(ﬂ7ldiVAD — 0.

Therefore, (4.4) immediately follows from Definition for A = % In the general case of
u € BVA(Q) N LL (), we consider the truncation of u, Ty(u), defined as in ([3.22). Since

loc
u*(x) = u%(m) for |div Al-a.e. z € Q, we see that u* € LY(Q,|divA|) and Ti(u)*(z) —
u*(x) as k — +oo for |div Al-a.e. z € Q. By Lebesgue’s Dominated Convergence Theorem
with respect to the measure |div A|, Tp(u)* — u* in LY(Q,|div A|). Analogously, we know
that u € L'(Q, |A|.ZY), so that Ti(u) — v in L'(Q, |A|ZY) again by Lebesgue’s Dominated
Convergence Theorem. Now, we consider u. , = (T;(u)). and we see that

lim lim/ |ue p — ul|| Al dx +/ |ug p — u*|d| div A| = 0.
k—4o00e—0 Jq Q
Hence, via a diagonal argument, we may find a sequence (u, )i such that us, — win L' (Q, |A|.ZY)
and u., — u* in LY(Q,|div A]). Thus, immediately follows again from Definition in
the case A\ = %
As for point (2), we refer to [17, Theorem 3.4]. O

Remark 4.5. We notice that point (i) of Theorem actually implies that (ug)g (A,%)-
converges to w. In addition, if in point (ii) of Theorem we also assume that u € L*™(Q),
then we obtain up — u* in LY(Q,|div Al), so that the sequence (up) (A, \)-converges to u.
Indeed, the convergence in L' () implies the one in L' (Q, |A|LN), given that A € L=(Q;RY).
As for the convergence in L*(§), | div Al), it follows by Lebesgue’s Dominated Convergence The-

orem, since, by 17, Theorem 3.2 and Theorem 3.4], we have ||up|i=() < 2|ullfq) and
up(z) = uz) for AN "Lae. x € Q as k — +oo, and so up(z) — u(z) for |div Al-a.e.

r € Q, given that |div A| < SN~ (see Section .

5. A LINEAR SPACE CONTAINED IN BVAA(Q)

Let A € DMyc(2). We define a new subclass of functions summable with respect to the
measures |A| and |div Al:

XA Q) :={ue B(Q): [ult € L}, |A]) N LY(Q,|div A|)}.

We notice that
XAH(Q) C XANQ) (5.1)
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for every Borel function A: 2 — [0,1]. Indeed, thanks to the inequality
[u|” = min{|u™], Ju”[} < max{|u’], |u"[} = |ul,
it is easy to see that
| < A+ (1= M| < AJuf™ + (1= Al < [ul*

for every Borel function A:  — [0, 1].
Moreover, we note that X4+ (Q) is a linear space. Indeed, for every u,v € X4F(Q) we see
that

[t ol dus [ (ul+ 1o du <2 [ a2 [ [o* dp < +0o,
Q Q an{jol<ul} Qn{jul<fol}

for p = |A| and p = | div A|, thanks to the fact that |f|™ < |g|T, if |f] < |g]-
At this point, we can define the related BV 4-like class:

BVAT(Q) = {ue XAH(Q): (A, Du)y € M(Q) for every Borel A: Q — [0, 1]}
It is not difficult to see that, whenever A € DML (Q), we get
BVAT(Q) = {ue XAT(Q): div(ud) € M(Q)}. (5.2)

Indeed, given u € X4+(Q), by we know that u € X4(Q) for every Borel function
A: Q — [0,1]. Hence, thanks to point (2) of Proposition we see that (A, Du)y € M(9Q) if
and only if div(uA) € M(Q).

We employ all these remarks in order to explore the case in which BV 4% (Q) enjoys a linear
structure.
Proposition 5.1. Let A € DM,,.(Q).

(1) We have BVA*T(Q) C BVAXNQ) for every Borel function \: Q — [0, 1].
(2) If A € DML (), then BVAT(Q) is a linear space.
(3) If A € DM (Q) with div A = div® ALY for some div® A € LL (Q), then
BVAT(Q) = BVA(Q),
so that BVA(Q) is a linear space satisfying
BVA(Q) = {u € B(Q) : |ullpyag) < +oo},
where || - | gyaq) is a seminorm defined as
[ullBvac) = llulloioajeny + lull Lo, aive ajeny + 1 div(wAd)[(€2). (5.3)

If in addition £V (2 \ supp(|A|)) = 0, then BVA(Q) is a Banach space, endowed with
the norm given by (5.3)).

Proof. Point (1) is a trivial consequence of the definition of BVA (). As for point (2), the
linearity follows from (5.2)) and the fact X4+ (Q) is a linear space. Concerning point (3), the
absolute continuity (JA| + |div A]) < .Z% implies

lu|"(x) = |u(z)| for (|A|+ |div A|)-a.e. x € Q,

due to (2.12)), and therefore BVA(Q) = BVA(Q) (see Proposition [3.19)), with u € BVA(Q) if
and only if u € Z() and [[ul|gya) < +oo. Finally, it is easy to check that (5.3) is a norm,
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under the assumption .2 (9 \ supp(]A|)) = 0, so that we are left to show the completeness.
Let (uy)n be a Cauchy sequence in BVA(RQ), i.e. for every ¢ > 0 there exists ng € N such that
for every n > ng we have

[[wn — “n-i-lHBVA(Q) <e. (5.4)
Then (uy), is a Cauchy sequence in L'(Q,|A|.ZY) and in L'(€,|div® A|.£"). Since these
spaces are Banach, there exists two functions u € L'(Q,|A|.ZN) and v € LY(Q, |div* A|.ZN)
such that

lim /|un—u||A|d93:0, lim /\un—deiV“A|dx:0.

n—-+o0o

Hence, there exists a subsequence (uy, ) such that u,, (z) — u(z) for |A|.ZN-a.e. z € Q, and,
thanks to the assumption V(9 \ supp(]A|)) = 0, this implies that u,, (z) — u(z) for L N-a.e.
x € Q. Therefore, we exploit Fatou’s Lemma with respect to £ to get

/ lu —v||div® Al dx < / lim inf |uy, — v||div* A dz < liminf/ |, —v||div* A|dx =0,
Q Q k—+oo k—+oo Jo

and so we conclude that u = v for |div* A|.ZN-a.e. x € Q. Thus, u, — v in L'(Q, |A|ZN) N
LY(Q,|div* A|.ZN). Moreover, by the sequence of measures ji,, := div(u,A) is a Cauchy se-
quence, and therefore it is uniformly bounded, so that there exists a measure p and a subsequence
(#tn;) such that i, weakly converges to p in M(Q2). It remains to prove that u = div(uA). We
recall that, since |div A| < Z%, all pairings are identical, see , so that we just consider
(A, Du). By for all p € CL(Q2) we have

((A,Du), ¢) = lim ((A,Duy,), ¢)= lim ; wd (A, Duy). (5.5)

n—-+00 n—-+00

Hence, we get

/ pddiv(uA) = —/ pu div® Adz + ((A, Du) , ¢)
Q Q

= lim (—/(punj diV“AdJ:—I—/gOd(A,Dunj))
Q Q

Jj—+oo

= lim gpddiv(unjA):/gpdu.
Q

Jj—+o0 Jo
Therefore ;1 = div(uA), so that div(uA) € M(f), and we conclude that u € BVA(Q). O

Corollary 5.2. Let A € DML (Q) be such that |div A| < £V, with div A = div* ALY for
some div® A € Li (Q). Then the functional

loc
BVA(Q) 5 u — |(A, Du)|(%)
is a seminorm, and an equivalent seminorm on BVA(Q) is given by
BVAQ) 3 u— |lullpiq,a1zy) + [l Lo, aive ajzy) + (A, Du)|(Q).

Proof. Thanks to Proposition we know that the operator BVA(Q) 3 u — (A, Du) is linear.
In particular, this immediately implies the total variation of the pairing is 1-homogeneous and
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satisfies the triangle inequality. Then, given u € BVA(Q), we exploit (3.19) twice, in order to
get

(A, Du)|(2) < [Jull 110, dive aj2n) + [ div(uA)|(R),

| div(uA)|(2) < [[ullLr(q,dive aj2n) + (A, Du)|(Q).
The rest of the proof follows from point (3) of Proposition O

Under the assumption that both the vector field A and its divergence are locally summable
we prove that also the Sobolev-like class W#4(Q) is indeed a linear space (in such a case, A does
not play any role, as noticed in Remark [3.23|).

Corollary 5.3. Let A € DML (Q) be such that |div A| < £V, with div A = div® ALY for

some div® A € LL (). Then WA(Q) is a linear space on which we define the seminorm

[ullwa = llull L1, a12n) + [[ull 1, dive aj2v) + [[(A, D)l Ly q), (5.6)

where (A, Du) = (A, Du)*ZN for some (A, Du)® € L'(Q). If in addition N (Q\supp(|A])) =
0, then WA(Q) is a Banach space, endowed with the norm given by (5.6).

Proof. Thanks to Corollary we know that the pairing is linear in the second component.
This implies that W4(Q) is a linear space. Then, it is easy to check that || - lwa is a

seminorm, and a norm whenever .Z~ (Q\ supp(|A|)) = 0. It remains to prove the completeness.
Let (un)nen be a Cauchy sequence in W4 (). Since W4(Q) ¢ BVA(Q), and, by Proposition
BVA(Q) is a Banach space, we know that there exists u € BVA(Q) such that

Jm up — ullgyag) = 0.

Hence, we need to check that |(A, Du)| < V. To this purpose, we notice that, for all n € N,
there exists (A, Du,)® € L'(£2) such that (A, Du,) = (A, Du,)*.Z"N. Hence, ((A, Dup)*)nen
is a Cauchy sequence in L*(Q), and therefore it admits a limit 4, € L*(Q). Due to and
the fact that u, — u in L*(Q, (|A| + |div® A|).ZY), we see that

/@{A,udac— lim ¢ (A, Dup)*dx = — lim (/ O Up divaAdx—i—/unA-V(pdx)
Q Q Q

n—-+4o0o Q n—-4o0o

= —/ pu diV“Ada:—/uA-V«pd:E:/cpd(A,Du)
) Q )
for all ¢ € C}(2). This proves that (A, Du) = £a,,-Z", and therefore u € W4(Q). O

Remark 5.4. We point out the assumption £~ (Q\ supp(|A|)) = 0 in point (3) of Proposition
is necessary in order to avoid the degeneracy of the seminorm | - || gyaqy. Indeed, consider

A € CHRN) such that V = Q\supp(|A|) is a non-empty open set. Then, given any nontrivial
function u € CL(Q) such that supp(u) C V, we clearly have u € BVA(Q), with lull pva@) =0,
since u and A are both reqular and have disjoint supports, so that, in particular

(A, Du) = A-VugN =0.

Thanks to Proposition we know that, if A € DML (Q) is such that |divA| < £V,
then BVA(Q) is a linear space endowed with a seminorm. Hence, it is natural to ask whether,
under such conditions, it enjoys some local compactness with respect to the A-convergence (see
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Remark [4.2). This would be relevant since the seminorm given by the total variation of the
pairing is lower semicontinuous with respect to the A-convergence (Theorem 4.3). However, it
is important to point out that BVA(Q) is not locally compact with respect to such convergence,
at least in dimension N > 2. In other words, we can find a field A and a sequence (uyg)
which is uniformly bounded in BV4(Q), but does not admit an A-converging subsequence.
The counterexample below shows the occurrence of this pathological phenomenon even for a
“smooth” transversal vector field.

Example 5.5. Let N > 2, Q = (—1,1)V, f € CL(R) such that f(0) # 0, A(z) = (f(xn),0,...,0).
It is clear that A € DM*(Q) and divA =0. For ke N, k> 1, we define

uk(x) = k:X(—l,l)Nflx(O,%) (m),
so that Dju,, =0 for all j € {1,...,N — 1} and

Dug = k <%N1I_(—1, DV {0} — AN (=1, 1)V x {;}) .

Therefore, by (3.20) we get
(A, Duy) = div(ugA) = Dy (urAq) =0,

since ug and Aj are constant in x1. Hence, we get up € BVA(Q) = BVANQ) for all Borel
functions X : Q@ — [0,1], due to Proposition . In addition, we have

fun

1 E
lukll sva) = llukllp @, apy + g oo, givap + [(A, Dug)[(Q2) = 2N_1k/0 |f(zn)|doy

< 2% fll oo ()

for all k € N,k > 1. Hence, (up)ren s a uniformly bounded sequence in BVA(Q), while it
is clearly not so in BV (Q). However, it cannot admit a converging subsequence in L'(Q, |A|),
since we have ug(x) — 0 for all x € Q, so that the only limit could be u = 0, but we have

-

&

il oy = 2k /0 Fon)] day — 281 £(0)] £0.

In particular, this rules out the existence of any A-converging subsequences, even in the case in
which BVA(Q) is a Banach space; that is, whenever £ ((—1,1) \ supp(f)) = 0 (by point (3) of
Proposition .

Furthermore, we notice that we cannot have even the weak convergence up, — 0 in L*(Q, |A]):
indeed, it is not difficult to see that

up LN — AN (=1, )N {0} in M(Q),
so that, for all ¢ € C.(Y), we get

/ o(2)ur () A()| dz — / o(@)|f (x| dN 1 L(-1, )N x {0}
Q Q

:yf(())y/ S(@rse N1, 0)day . drn .
(~1,1)N-1
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Nevertheless, we can prove the existence of minimizers for functionals involving the pairing
and a forcing term. For instance, we consider the following family of functionals:

Ep(u) = (A, Du)|(Q) + u — gll o jaizy), € BVAQ)NLP(Q,|ALLY), (5.7)

for 1 <p < +oo, g € LP(Q,|A|LN) and A € DM, .(Q) with |div A| < Z%, and under other
suitable additional assumptions on the vector field.

Theorem 5.6. Let A € DM (Q) be such that |A| > ¢ for some ¢ > 0 and div A € LV ().
Let g € LP(Q,|A|LN) for some 1 < p < +00. Then the functional £, admits a minimizer in
BV& ().

Proof. Let (ug)r C BViA(Q) be a minimizing sequence. In particular, (ug)y is equibounded in
LP(Q, |A|ZN). Therefore, we can find u € LP(Q, |A|-ZY) such that uj, — u in LP(Q,|A|LN),
up to a subsequence. Hence, we see that u, — wu in L'(£,|A|ZY), since L>=(Q, |A|LYN) C
L"(Q,|A|ZLN) for all > 1, due to the fact that |A| € L'(2). In addition, since |A| > ¢ > 0,
we get

luk — gl e, 1a12v) 2 cllur — gl (@)

so that we conclude that (ug)y is equibounded in LP(€2) and therefore up — u in LP(2), up to
a further subsequence. In particular, this implies uj, — u in L*(Q, |div A|.Z"), up to another
subsequence. From Theorem [4.3|and the lower semicontinuity of the norm in LP(2) with respect
to the weak-LP convergence, we have

Ep(u) < liminf &, (uy). (5.8)
k—+00
Therefore, u is a minimizer of £ and the proof is concluded. U

We notice that the assumptions on the vector field in Theorem [5.6] allow for fields with some
vanishing components. Indeed, the transversal vector field A used in the counterexample to
the compactness of BVA(Q), Example satisfies these assumptions as long as we require
|f(xn)| > ¢ >0 for zy € (—1,1). We also note that such assumptions imply that BVA(Q) is
a Banach space, thanks to point (3) of Proposition and still we need a forcing term in &,
to achieve the existence of a minimizer, due to the lack of local compactness in BVA(2) (see

Example .

6. A COAREA FORMULA

Theorem 6.1. Let A € DMjo(R2), let X : Q — [0,1] be a Borel function and let u € BVIC’:’)‘(Q)
be such that

Mt (1= N~ € Ligo(2,|A]) N Lig (2, | div Al) (6.1)
and

|A|(Ny) + | div A|(N;) =0 for L1 -a.e. t €R, (6.2)
where Ny := {u~ <t <ut}\ {u>t}/2. Then we have

/Q 2 d(A, Du)y = / o (A Dxpogr. ) di Vg € CHQ) (6.3)

— 00
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in the sense of distributions. In particular, we get

—+o00
(A, Du)y| < / (A, Dy o)l dt (6.4)

—00

in the sense of measures, whenever the right hand size is well posed.

Proof. For all ¢ € C}(Q), by (3.3) for every t € R we have

<(A, Dx{u>t})>\, g0> =— /Q X?u>t}cpddivA — /Qx?u>t}V<p -dA = — /Q X?u>t} ddiv(pA)
in the sense of distributions. Thanks to Lemma [2.2] we have that
Xpusty (@) = (1= AM@)X(u- 50 () + A@)xqur> (€) Vo € Q\ Ny, (6.5)

where N; := {u~ <t <ut}\ {u>t}'/2, and we also have

|div(pA)| (V) < [ ol d|div Al + / V| dlA] = 0
Nt Nt

for #l-a.e. t € R, thanks to (2.17) and (6.2]). Therefore, ([6.5]) holds for | div(¢A)|-a.e. = € Q.
In addition, Lemma implies that div(pA)(Q2) = 0, since ¢ has compact support. Hence, by
exploiting these facts together with (3.3]), Cavalieri formula and Fubini’s Theorem, we get

+o0o +00
/ <(A,DX{u>t})A, <,0> dt = —/ /QX?’LL>15} ddiv(pA)dt
+o0
- _/0 /Q ((1— MX{u->t) + )\X{u+>t}) ddiv(pA)dt
0
+ / /Q (1-@a- A X {u->t} — AX{u+>t}) ddiv(pA)dt
+o0o
= / / (1 = M) Xgu->ey dtddiv(pA)
QJ0
0
b [ [ 02 0 xua) drdaivioa)
00
- / / AX fut>t} dtddiv(pA)+
QJo
0
+/ / AL = Xqut>ey) dtddiv(pA)
QJ—o0
= - / (1 —XMNu ddiv(pA) —/ AT ddiv(pA)
Q Q

:—/Qu’\ddiv(goA) Z/Q@d(AvDU)A-

This proves (6.3]), while (6.4) follows immediately by taking the supremum in ¢ € C}(2) with
ol oo () < 1. O
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Remark 6.2. We notice that the assumptions (6.1]) and (6.2)) in Theorem are always satisfied
in the case |A| < £V and |divA| < £V, since Ny C S; and LN (S¥) = 0 by [2.4); and
ut(z) = u™(z) = u(z) for LN-a.e. x € Q, so that (6.1) is implied by v € LL _(Q,]|A]) N

LL (Q,|div A|), which is one of the conditions for having u € BVIS‘C’A(Q). Actually, in such a

case, by Proposition[3.19 all the A\-pairing coincide, so that, the coarea formula can be rewritten
in the following way:

+o0
/ngd(A,Du) :/ (A, Dxpony)s 9) dt, Vg € CHQ).
If instead we have | A®|(Ny) + | div® A|(N;) = 0, we can also drop (6.2)), while we still need (6.1).

Alternatively, if A € L2 (Q;RY) and we take u € BViee(Q), then follows from to
the absolute continuity |div A| < N1 and the fine properties of BV functions with respect
to the A#N~"'-measure (see for instance [24, Lemma 2.2]). As for (6.1), we see that u* €
LL (2, |div A|) implies u* € LL (Q,|div A|), thanks to [23, Lemma 3.2], so that we recover
[23, Theorem 5.1], where holds in the sense of Radon measures (that is, for test functions
© € Ce()). If u € BVipe(Q) N L (Q) and A € DMZ.(Q) with divA € Li (Q), then the

loc loc

assumptions (6.1) and (6.2) are satisfied and (6.4) holds as an equality (see |22, Theorem 4.4]).

7. THE (A, \)-PERIMETER

In this section, we focus ourselves with the particular case in which u € Xf: C’)‘(Q) is the
characteristic function of a Borel set (up to Lebesgue negligible sets). We notice that, given any
Borel set E and Borel function A : Q — [0, 1], we get

X5 = (1= Nxet + Apiuos = Xet + Mo, (7.1)
since xp = xpgr and XE = XEU*E-

Definition 7.1. Let A € DMjoc(2), A : Q — [0,1] be Borel function and let E be a Borel
subset of ). We define the (A, X)-perimeter of E in Q, denoted by Pa x(E,), as the following
variation

Par(E.Q) = sup {/ GV dA+ [ bpddivA: € CHARY), ol < 1} - (12)
Q Q
We say that E is a set of finite (A, X)-perimeter in Q if Pa x(E,Q) < +o0o. Moreover, E is a
set of locally finite (A, X)-perimeter in Q if Ps \(E,Q) < oo for any open set ' € Q.
By the definition of A-pairing (Definition , it is immediate to see that
Pa(E,Q) = [(A, Dxp)\l(€).

It is an interesting question to ask whether the (A, \)-perimeter of a set is concentrated on
some type of generalized boundary of the set. To this purpose, we recall the definition of another
type of Lebesgue measure-invariant boundary of a Borel set E:

O E:={zecRY:0< 2N(ENB(2)) < £V (B.(z)) forall r > 0}.
We point out that 07 F is a closed set and 0*FE C 0~ E C OF, possibly with strict inclusions.

We prove below that this boundary contains the support of the pairing distribution (A, Dxg)a,
thus covering also the case of Borel sets of infinite (A, \)-perimeter.
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Proposition 7.2. Let A € DMioc(Q2), A : Q — [0, 1] be Borel function and E C 2 be a Borel
set. Then we have supp((A, Dxg)x) C 0~ E.

Proof. Since ™ E is a closed set, then 2\ 0~ F is an open set. Therefore, let ¢ € C1(£2) be such
that supp(p) € 2\ 0~ E. By (3.3) we get

(A.Dxe)y o) == [ xhddiviea) == [ ddived)~ [ Addiviea),
Q E1l O*E

Since 0*E C 0~ E and supp(div(¢A)) C supp(pA) € 2\ 0~ E, we can conclude that the second
term must be zero. As for the first one, we notice that

Q\0"E=E"UE"",
where
EY~ = {2z € RV : there exists r > 0 such that 2V (E N B,(z)) = N (B, (x))},
E% = {2 € RY : there exists r > 0 such that .~ (F N B,(z)) = 0}.

It is easy to check that B~ C El, so that E'N(Q\0~E) = EY~. Now, since supp(y) € Q\0™E,
then there exists an open set V € E'~ U E%~ such that supp(¢) C V. Since BV~ N E%~ =),
then Vo = VN E% and Vi = V N EY~ are open sets satisfying V; € EJ~ for j = 0,1. All in
all, we get

/ ddiv(pA) :/ ddiv(pA) :/ ddiv(pA) :/ ddiv(pA) =0,
El EL- EL—nV Wi

thanks to Lemma since ¢ € CH(V; U Vp), and so ¢ € CL(V1), in particular. Therefore,

<(A7DXE))\’ 90> =0
for all ¢ € CL(Q2) be such that supp(¢) € Q\ 9~ E, and this ends the proof. O

Remark 7.3. We point out that the control on the size of the support of the pairing distribution
(A, DxEg)a given in Pmposz’tz'on is in general too large. Indeed, we can find A € DMioc(RY)
and a Borel set E such that (A, Dxg) = 0, while 0~ E has Hausdorff dimension equal to N. To
this purpose, we let N > 2 and consider the set F C R defined in [16, Example 3.9], satisfying
dim  (0*F) = 1. Arguing analogously as it was done in |16, Example 3.9], we define

E=FxRNL

and we conclude that
dim (8*E) =N= dim,%o(a_E),

since O*E C 0~ E. It is clear that xg is constant in all variables except for x1. Hence, if
now we set A = (0,0,...,0,xg(x)), we see that xgA = A and so divA = div(xgA) = 0.
Thanks to Pro osition this implies € BVA(Q) = BVA’)‘(RN) for all Borel functions

D p XE loc
A Q — [0,1], with (A,Dxg)x = 0. In addition, this provides an example of a Borel set E
such that xg € BVI?C’)‘(]RN) \ BVioc(RY) and Pa\(E,Q) = 0, while still being nonnegligible with
respect to the measure |A|; thus showing the degeneracy of the (A, \)-perimeter.

In analogy with the classical notion of perimeter, it is interesting to check whether the (A, \)-
perimeter satisfies locality, additivity and similar properties.
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Proposition 7.4. Let A € DMy.(Q), E,F C Q be Borel sets, and X : Q@ — [0,1] be a Borel
function.

(1) If ZN(EAF) =0, then (A, Dxg)x = (A, DxFr)y in the sense of distributions.
(2) In the sense of distributions, we have

(A, Dxg)r = —(A, Dxo\E)1-x, (7.3)
so that xg € BVANQ) if and only if Xo\E € BVAI=NQ), with
Par(E,Q) = Pa1_x(Q\ E,Q).

In particular, if X = %, then we see that (A, Dxg) = —(A,Dxq\g) in the sense of

distributions, so that xg € BVA(Q) if and only if Xo\E € BVA(Q), with
PA,%(E7 Q) - PA,%(Q \ E, Q).

(3) If N(ENF)=0 and (0*E)NF! = (0*F)NE' = 0*ENO*F =), then

(A, DxEgur)x = (A, Dxg)x + (A, DXF)x, (7.4)
in the sense of distributions. In addition, if xg, xXr € BVI(‘;”\(Q), then xpur € BVI(‘:‘C’A(Q),
with

(A, Dxpur)a| < [(A, Dxg)al + [(A, Dxp)r| on Q. (7.5)
Furthermore, if 0" ENO~F =0, then
(A, Dxpur)a| = [(A, Dxe)al + [(A, Dxp)r| on Q. (7.6)

Proof. Clearly, £~ (EAF) = 0 implies that yg(x) = xp(z) for £N-a.e. z € Q, and so
xy(z) = xp(x) for all z € Q.

Hence, the equality of the A-pairing distributions in point (1) follows immediately from Definition
Then, we note that xo\p = 1 — xg implies

Xovg=1-Xg=1-xm
and
Xonp =1~ X =1-Xpuoe
All in all, we get
X?\z\E =1—xp —(1=Nxorp=1—xp
Therefore, is an easy consequence of Lemma and the rest of point (2) follows imme-
diately. Finally, under the assumptions of point (3), we notice that
I (EUF)=0*FEUJ*F and (FEUF)' = E'UF!,
which follow from [39, Proposition 2.1] and a straightforward computation. Therefore, we get

XBur = X% + X3 so that (7-4) follows from Definition Then, if xg, xr € BVA’/\(Q), then

loc
(7.4) easily implies (|7.5)), so that xpur € BK?C’A(Q). Finally, if 9" E N0~ F = (), thanks to
Proposition we see that the pairings (A, Dxg)x and (A, Dxr)x have disjoint supports; and
so, by taking the total variations in (7.4)), we deduce ([7.6)). O
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Remark 7.5. We point out that only the assumption .,?N(EHF) = 0 is not enough in point (3)
of Proposition |7.4. Indeed, let us consider Q@ = RN E = (—1,0) x (0, )N~ and F = (0,1)V.
In this case, we have E' = E, F1 = F, 0*E = 0E, 0*F = OF and

(EUF)Y'=F'UF'UL and *(EUF) = (0*EUO*F)\ L,
where L = {0} x (0, 1)V~ so0 that we have
XBurF = XpUriuL + AX(@-Euar F\L = XE1 + XF1 + AXo+B + Axor + (1 — 2M)xL
= X3+ xp + (1= 2\)xe. (7.7)

Therefore, in general we cannot have (7.4) whenever the set L N {)\ =+ %} is not negligible with
respect to the measure |A| + |div A|. This happens for instance if we choose

A(Jf) = (X{x1>0}7 07 v 70)7

in which case we have divA = J#N"1{z; = 0}. Due to the fact that A € DM>(RY)
and E,F are sets of finite perimeter, we exploit point (3) of Proposition to conclude that
XE» XFs XEUF € BVANRYN) for all Borel functions A : RN — [0,1]. Hence, by (3.6) and (7.7)

we obtain
(A, Dxpur)x = —Xpup div A + div(ygurA)
=— (X% +xp+ (1 - 2>\)XL> div A + div(xgA) + div(xrA)
= (A, Dxp)r+ (A, Dxp)y — (1 —20) V1L L.

Hence, the A-pairing is not additive, as soon as A\(x) # % for #N"1-a.e. x € L. It is important
to notice that the case A = % is not privileged: to see this, we consider E = (0,1)" and

F = (-1,0)N. Again, E'=E, F' = F, 0'E = 0E, 0*F = OF and

XBuF = XEluRt + AXorBuo F = Xp1 + XFt + AXorE + AXo+F — AX{0}

= X%+ XF — AX{o} (7.8)
where we denote by 0 the origin of RN . In this case, (7.4) fails to hold if we choose
1 T
Alx) = —— d A :
@) = om o and A0 #0

In this case, we have A € DML (RY) with div A = &, and so, arguing as in Remark
with minor changes, we get Xg, Xr, Xgur € BVANRY) for all Borel functions X : RN — [0,1].

Thus we exploit and to see that
(A, Dxpur)x = —Xbur div A + div(xgurA)
=— (X)é +Xp — /\X{o}) div A +div(xgA) + div(xrA)
= (A, Dxg)x + (A, Dxr)x + A0)do.

In analogy with point (4) of Proposition we investigate the relation between (A, \)-
perimeters for different choices of A, as long as A is a summable divergence-measure field.
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Proposition 7.6. If A € DM%OC(Q) and E C Q is a Borel set, then for every couple of Borel
functions A\, g : Q — [0, 1] we have
(A,Dxg)r, — (A, DxE)r, = (A2 — A1) divALO'E (7.9)
in the sense of distributions on Q. In particular, if |div A|(0*E) = 0, then
(A, Dxg)r, = (A, DxE)x,
in the sense of distributions on Q. Therefore, if A € DM (Q), we get
Pax (E,Q) < +oo if and only if Pax,(E,Q) < +o0,

and, as long as one of these conditions holds, then (7.9) holds in the sense of Radon measures
on €.

Proof. We apply the definition of the A-pairing distribution (3.2)) to u = xyp and A = A1, and
u = xg and A = Ag, respectively. Then, we take the difference between the two formulas and
for all p € CL(Q) we get

<(A7DXE))\1 — (A, DXE)x,» <P> = —/QSO (X%l — x%) ddiv A.

Therefore, ([7.9)) follows by exploiting (7.1)), where the right hand side clearly vanishes as soon
as 0*E is | div A|-negligible. Finally, if A € DM!(Q), we see that the right hand side of (7.9)
is always a finite Radon measure, so that (A, Dxg)y, € M(Q) if and only if (A, Dxg)\, €
M(Q). O

Remark 7.7. In light of (7.9), if A € DM (Q) and A(z) = § for |div A|-a.e. © € 9*E, then
we obtain (A, Dxg)y = (A, Dxg). Therefore, by point (2) of Proposition|7.j) these assumptions
are also sufficient to ensure

(A, Dxa\e)r = (A, Dxa\g) = —(A, Dxg) = —(A, Dxg)»,
and therefore Pa \(E,Q) = Pax(Q2\ E, Q).

In analogy with Proposition we list the absolute continuity properties of the (A, \)-
perimeter.

Proposition 7.8. Let A € DMS.(2), A : Q — [0,1] be Borel function, E be a Borel set and
Q' € Q be an open set.

i) If E is a set of locally finite perimeter in ), then xg € BVIfC”\(Q) and we have
(A,Dxp)r= ((1- MTr'(A,0%E) + A\Tr¢(A, 0*E)) AN L_0'E, (7.10)
where Tr'(A,0*E), Tr?(A,0*E) € L (0*E, #N71).
it) If xz € BV,22(Q), then
(A, Dxg)x| < 26N||A||LOO(Q/;RN)<%”N_1I_O_E on (7.11)
where ¢y is as in Proposition [3.1]}

In addition, if A € DM™(Q), E is a set of finite perimeter in Q in (i), and xgp € BVANQ) in
(ii), then the respective statements hold true globally.
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Proof. We notice that clearly x € Li. (Q,|div Al), so that, by point (3) of Proposition we
conclude that xg € BVA“\(Q). Hence, by (3.12)), we get

loc
(A,Dxg)r = (1 = X)(A,Dxg)o + A(A,DxEg)1.

Hence, the result is a consequence of (2.25)) and (2.26)). As for point (ii), thanks to Proposition
3.14] (ii) we see that

|(A,DXE))\’ < QCNHAHLoo(Q/;RN)%Nil on Q’.

Hence, it is enough to apply Proposition to conclude. Finally, it is clear that, under global
assumptions, the normal traces are in L>(0*E, 2N ~1) in point (i) and (7.11]) holds on . O

Remark 7.9. We point out that the inclusion 0*E C 0~ E might be strict, since 0" E can
have positive Lebesque measure (see |38, Proposition 12.19 and Example 12.25]). In addition,
N0 F is a Radon measure if and only if E is a set of locally finite perimeter, in which
case AN"HO"E\ 0*E) = 0. Indeed, if #N"1L_0"E is a Radon measure, then for every
compact set K we get

AN VOENK) < AV Y0 ENK) < +o0.

Hence, Federer’s Theorem |28, Theorem 5.23| implies that E is a set of locally finite perimeter.
Therefore, we can apply De Giorgi’s and Federer’s Theorems to conclude that the perimeter
measure satisfies |Dxp| = AN "1LO*E (see for instance |2, Theorem 3.59 and 3.61]). Since
the perimeter measure is supported on 0~ E, thanks to |38, Proposition 12.19], we conclude that
O~ E\ 0*E is N -negligible. The reverse implication is instead trivial.

Remark 7.10. [t is interesting to notice that a representation analogous to may hold
even for sets which do not have locally finite perimeter. To this purpose, in the case N > 2 we
provide an example of a field A € DM (RYN) and of a Borel set I satisfying xXr ¢ BVioc(RY)
such that

(A, Dxp)y=h#N 1L
for every Borel function \ : RN — [0,1], where h € L (L, #N~1) and L C O*F is a Borel set

loc

such that #N~1(L) < +oo. We argue similarly as in |9, Remark 4.9]: we consider the set E
defined therein; that is, the open bounded set in R? whose boundary is given by

OFE = ({0} x [0,1]) U ([0,1] x {0}) U ([0,1 +log 2] x {1}) U S,
S = ({1}>< [0,;])U([1,2]><{;}>U gl{“r;(_l’fl} " [1_21”,1_273“

2 qyk-1 241 qyk-1] 1
(U S S {1

n>1 L k=1 k=1

where

2n 1 k—1 2n—1 1 k—1] 1
Uiy 1+Z(2,1+Z(2_x{1—2%}

n>1 L k=1 k=1
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FiGURE 1. The set F' in the case N = 3

It is clear that #°*(S) = +oo. Then, we set
F=Ex(0,1)N2

which clearly satisfies xr & BVioe(RY), and, in particular, N~ (0*F) = #N~Y 0" F) = +o0.
However, we can exploit the same approach as in [@ Remark 4.9] to show that D, xr € M(RY),
with

Ihnxpvzu%?N1L({0}><(Q])N'1)—u%?N1L_<{1}x (o,i) X ﬁLl)N2>

—N e Y 1+i‘§11—)}ti wf(i- XL x (0,1)N—2
p k on ’ 2n+1 ’

n>1

Let now A(z) = (f(£1)g(x1),0,...,0), where 1 = (v2,3,...,2N), for some f € L (RN
and g € CL(R). It is immediate to see that A € DM (RV),

loc
div A = f(&1)g (x1) L™, (7.12)

and

div(xpA) = Dy, (f(21)g(z1)xr(2)) = f(21)9(21) Doy xr + Xr(2) f(31)g (21) LY,

since f is constant in x1 and g € CL(R) (see ﬂgl, Remark 4.9] for more details). Now, since
|div A| < £, thanks to Proposition we know that, for every Borel function X : RV —
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[O; 1]7 BVA,)\(RN) — BVA(]RN) and Xf\;‘(x) = XF((E) fo'r' ‘ div A‘_a_e_ = RN Th@r@fOT@, we get

where

L=({0} x (0,)N 1 u <{1} X <0, ;) X (0,1)N—2> U

ul {1+§n:(_1]ikl} X (1—2171,1— 2n1+1) x (0,1)N 2 (7.13)
k=1

n>1

and
h(z) = f(21)g(x1) (X{o}x(o,l)N—l(fU) - XL\({o}x(o,1)N—l)($)> - (7.14)

In particular, we conclude that xp € BVA(RN)\ BWoo(RY). One could even define the normal
trace of A on O*F by setting

h(z) ifxel
0 ifr e *F\ L’
in this way recovering the representation for the pairing
(A, Dxp) = Tr(A,0*F) N LO*F, (7.15)

which is an extension of (7.10) in the case |div A| < LN, for which interior and exterior
normal traces on the measure theoretic boundary of sets of locally finite perimeters coincide
(this fact is a simple consequence of [19, Theorem 4.2], for instance).

Finally, we notice that this ezample works even for f € LY (RN™1) for any p € [1,+oc],
which gives us A € DM (RN) and h € LY (L, #N~1).

loc loc

As an immediate consequence of Proposition and Proposition we get the following
absolute continuity property in the case A is not essentially bounded.

Tr(A,0"F)(z) == {

Proposition 7.11. Let N > 2, p € [%, —i—oo) and q € (1, N] be conjugate exponents; that is,
satisfying ]% —i—% =1. Let Ae DM (Q), X\: Q —[0,1] be Borel function and E C Q be a Borel

loc

set. If xg € BVIfC’A(Q), then |(A, Dxg)A|(B) = 0 for every Borel set B C Q which is o-finite
with respect to the measure N "4_0~E.

As for BVA-functions, we consider a notion of (A, \)-convergence for sets of (locally) finite
(A, \)-perimeter.

Definition 7.12. Let A € DM o.(2). We say that a sequence of Borel sets (En)n (A,\)-
converges to a Borel set E if

(1) x5, — X3 in L (] Al),

loc
(2) X)]:;n — X)E in Llloc(Q, |div Al).
In the particular case A € DM (Q) with |div A| < £V, we refer to this convergence as
A-convergence, as established in Remark

As an immediate consequence of Theorem we get the following lower semicontinuity
property of the (A, \)-perimeter.
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Proposition 7.13. The function E — Pa \(E,Q) is lower semicontinuous with respect to the
(A, \)-convergence.

The lower semicontinuity of the (A, \)-perimeter naturally suggests the question whether
there is any sort of compactness for families of sets with uniformly bounded (A, \)-perimeter.
This of course requires first that such perimeter defines some sort of seminorm: due to Corollary
we see that this happens as soon as A € DM} .(Q) satisfies |div A| < ZVN. However,
similarly to the case of BVA-functions (Example , in the case of dimension N > 2, we can
find a counterexample to the compactness with respect to the A-convergence.

Example 7.14. For k > 1 we set
2k—1_1 . .
27 2541
= U <2k zk) |
j=0

It is not difficult to see that L' (Fy) =% for all k > 1, and that
1
LU F, — 5.,iﬂll_(o, 1) in M(R).

In particular, this means that the sequence of sets (Fj)g>1 does not admit any subsequence
converging in measure. Let now N >2, Q = (—=1,1)" and A(z) = (1,0,...,0). It is clear that
A € DM™(Q) and div A =0. We set

E. = (—1, 1)N71 x Fy,

and it is easy to see that (A,Dxpg,) = 0, so that Pa\(Ey,Q) = 0 for all k > 1. Actually,
XE, € BVA(Q) = BVANQ) for all Borel functions \ : Q — [0,1], due to Proposition |3.19. In
addition, by Pmposition we know that BVA(Q) is a Banach space, and we see that

IxE Bva@ = Ixellr @ ay =2V 'L (F) =2V forall k> 1.
On the other hand, we notice that
1
xg ALY = 2V (-, D)V e 2L E, - 2V (-1, )V e 531 L(0,1)
_ Al
2

Thus, the sequence of sets (Ey)i>1 is uniformly bounded in BVA(Q), but it is not weakly compact
with respect to the A-convergence.

LNL(-1, 1)V % (0,1) in M(Q).

8. GAUSS-GREEN AND INTEGRATION BY PARTS FORMULAS

As a remarkable consequence of the previous sections, we establish Gauss-Green and integra-
tion by parts formulas in our framework.

Theorem 8.1. Let A € DM,o(Q) and let E € Q be a Borel set. If xp € BVANQ) for some
Borel function A : Q — [0, 1], then we have

div A(E1) + /

AddivA = —/ d(A,DXE))\. (81)
o*E

0~ FE
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If xg € BVAY(Q), then

div A(E') = —/ d(A, Dxg)o; (8.2)

if instead xp € BVAY(Q), then v
div A(E'UO*E) = —/8 i d(A, Dxg): . (8.3)
Proof. It is easy to see that follows by applying Lemma to u = xg and exploiting .
Then, and are particular cases of for A =0 and A = 1, respectively. O

Corollary 8.2. Let A € DM,.(Q) and let E € Q be a Borel set. If xg € BVAY(Q)NBVAL(Q),
then we have

div A(0*F) = /aE d((A,Dxg)o — (A, Dxgp)1) - (8.4)

In addition, if A € DML .(Q) and E C Q is a Borel set satisfying xg € BVlfc’)‘(Q) for some
Borel function X\ : Q — [0, 1], then

divALJ'E = (A,Dxg)o — (A,Dxg)1 on Q. (8.5)

Proof. We obtain (8.4)) by subtracting (8.2)) from (8.3). As for (8.5)), it is clear that A € DM ()
for every open set ' € €, therefore the result follows by applying Proposition to the couple

)\1:Oand)\2:1. Ol

Remark 8.3. In the case A € DM>(Q) and xg € BV (), then we know that xg € BVAA(Q)
for every Borel function X : Q — [0, 1], by Proposition|7.8 Hence, xg € BVAY(Q)NBVAL(Q),

and so, taking into account ([7.10), from the Gauss—Green formulas (8.2)) and (8.3)) we retrieve
(2.24). Analogously, Corollary (8.2)) is a generalization of

divALO'E = (Ti'(A,0*E) — Ti*(A,0°F)) AN 1LO"E,
for which we refer to [19, Corollary 3.5 and Theorem 4.2].

We exploit two examples seen in the previous sections to show some applications of our general
Gauss—Green formulas.

Example 8.4. Let A(z) = (f(Z1)9(z1),0,...,0), where 1 = (x2,x3,...,2N), for some f €
L (RN=Y) and g € CH(R). Let F be the Borel set in Remark|7.10. Then, we know that A €

DM (RN) with |div A| < £V, xr € BVARY) = BVAARY) and (A, Dxr) = (A, Dxr)x

for every Borel function X : Q — [0,1]. Thus, we can apply (8.1)), or equivalently (8.2)) or (8.3),
to A and F to get

/Ff(il)g'(m)da: =divA(F!) = _/8F

thanks to (7.12) and (7.15), where L is given by (7.13|) and h by (7.14). We point out that
cannot be derived directly from the standard Gauss—Green formula for sets of locally finite

perimeter, since xr ¢ BVioc(RY).
Example 8.5. Let N >2, Q =RN, \: RN — [0,1] be a Borel function and

_ 1 =
~ Nuwy |z|N’

d(A,Dxr) = — / hdAN 1, (8.6)
L

A(x)
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be as in Remark . We apply 8.1)) to A and E = (0,1)V, and exploit (3.17) to get
. . 1 e

A(0) = de(El)+/ AddivA = /6E A(A, D) = — e FA0)~(A, Dx o) (0, DY),

which easily implies

*B

—_— 1

(A, Dx (o) (00, 1)) = — -
On the other hand, Pmposition ensures that (A, Dxg)y is supported on 0~ E = 3(0,1)V, so
that also (A, Dx(o1)~) is supported on 0(0, 1)N. Hence, by taking o =1 on (=2,2) in (3.16),
we see that

A Do) (000,1)%) = /. TrmpE
( (071)N)( ( NwNZ d(0,)NN{z;=1} 1+‘$ |2 ) «

i_i 1 d.;g/ﬂN_l(

wN SNt (14 [yf2)>

since the integrals on each face of the cube are clearly equal. All in all, by settingn = N — 1,
we deduce directly the following nice identity:

1 Wn+1
7613;: for all n>1.
”+1 n+1 =
/< m (1 y[?) 2

We were not able to find it in literature, and we do believe that a direct computation of such
integrals would be a hard task.

Y),

As an immediate consequence of Theorem [8.I] we deduce the following general version of
the integration by parts formula. For the reader’s convenience, we clarify the notation adopted
below. Namely,

By AN () = {v e XM AN () (WM A, Do)y, € M(Q)} ,
where Aj, Az : © — [0, 1] are Borel functions and
XU AX () = {ve BQ):v™ e LYQ, [uMA]) N LHQ, | div(u* A)])}.

Theorem 8.6. Let A € DM oc(Q2) and let E C Q be a Borel set. Let A\j, 2 : Q@ — [0,1] be
Borel functions. If u € BVAM(Q) and xg € BV AX2(Q) satisfy supp(x/\2 MIA|) € Q, then
we have

/ uM diVA+/ AguM divA+/ d(A, Du)y, —l—/ A2 d(A, Du)y, (8.7)
Bl * [ Bl * [
_ _/ (™ A, Dxp), -
o0~ FE

In particular, if X : Q — [0,1] is Borel function, u € BVANQ), xg € BV“AA7O(Q) and they
satisfy supp(xzu*|A|) € Q, then we have

/ u? divA—i—/ (A, Du)y = —/ d(u*A, DxE)o; (8.8)
E! E! )
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while, if u € BVANQ), xp € BV AL(Q) and they satisfy supp(xfut|A|) € Q, then we have
/ u div A +/ (A, Du)y = —/ d(u* A, Dxp): . (8.9)
ElUo*E ElUuo*E o0~ FE
. A2 A s A2 A1 —

Proof. Since supp(xzu’t|A|) € Q, we get div(xz'u™A)(Q) = 0 thanks to Lemma Then,
we apply (3.5)), to the scalar function g, the field u A and the Borel function Mo, obtaining
div(xgzuAlA) = X)}}Q div(u™ A) + (u™ A, DxE)x,.

Now, we apply again (3.5)), this time to the scalar function u, the field A and the Borel function

A1, and we get

diV(X)}‘qulA) = X)};U)\l div A + X)L‘?Q(A, Du)y, + (u)‘lA, DxEg)xr,-
Therefore, by evaluating this identity of measures over 2 and exploiting ([7.1]), we obtain (8.7]).
Finally, (8.8)) and are the cases Ay = A and Ay = 0 and Ay = 1, respectively. O

Remark 8.7. The formulas (8.8)) and are generalizations of the integration by parts for-
mulas in [23, Theorem 6.3], respectively.

9. THE ONE-DIMENSIONAL CASE

The case N = 1 presents essential differences in some instances, and therefore we consider it
separately. First of all, for all open sets {2 C R we have the following identifications:

DM(Q) = DMH(Q) = BV(Q),

and analogously for the local versions. Indeed, if N = 1, then the operator div reduces only
to the first (distributional) derivative, which we denote by D; so that the equivalence between
DM (Q) and BV (Q) is trivial. In addition, A € DM(Q) if and only if A, DA € M(Q): this
implies that |A] < Z1, with A = AZ! for some A € BV (Q) (see for instance [2, Exercise
3.2]). Clearly, the opposite is also true; that is, for all B € BV (Q2) the measure B.Z" belongs
to DM(Q). In other words, there is a bijection between DM () and BV (€2). Analogously, we
see that
DMP(Q)={A e LP(Q): DA€ M(Q)} C LP(Q) N BV}.(2)

for all p € (1, +o0]. Clearly, if £1(Q) < 400, then DMP(Q) C DM (Q) = BV () C DM>(Q),
due to the embedding BV (2) C L*°(12), so that, in this case,

DMP(Q) = BV(Q2) forall p € [1,+0o0].

It is also interesting to point out that in general we have DMP(Q2) C L (Q) for all p € [1, 4+o0],
given that, if A € Ll () is such that DA € M(), then A € L°°(Q) (see 2, Sect. 3.2]).
Because of these facts, in this section we shall choose A € BV (Q).

We gather in the following proposition the main basic properties of BV 4 in the case N = 1.

Proposition 9.1. Let A € BV(Q) and A : Q — [0,1] be a Borel function. Then we have
u € BVANQ) if and only if u € XANQ) and uA € BV (Q), in which case we have

D(uA) = u*DA + (A, Du)y on Q

and
[uA gy @) < llullziaizn) + 1wl i, pa)) + [(A, Du)al(Q). (9.1)
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In particular, if u € BVAMNQ), then uA € L®(Q).

Proof. Given that N = 1, we know that div(uA) = D(uA), so that the first part of the statement
follows from point (2) of Proposition The second part is a consequence of the embedding
BV (Q) C L*(Q). O

As in the higher dimensional case (without additional assumptions on A, given that it is
always locally essentially bounded), we point out that the inclusion of BV () in BVAMNQ) is
strict.

Example 9.2. Let Q = (—1,1), A(z) = X (L) (z) and u(z) = log (|z|). Then u € BVAMNQ)\
BVio(Q) for every Borel function A : Q — [0,1]. Indeed, DA = 5%, and so u € XANQ) for

every Borel function X : Q — [0,1], given that u € C(Q\ {0}), and so u(x) = u(x) for all
x € Q\ {0}. In addition, we see that uA € BV (Q), with

1 1 1

All in all, by Proposz'tion we obtain u € BVANQ) with

_ (L 1 Lo (LY Lo (1
auun = o (1), 108 (D)o, + Lt (1) = L (1.1).

The peculiarity of the one dimensional case lies in the fact that we achieve compactness in a
fashion similar to the classical BV space, under suitable assumptions.

Proposition 9.3. Let A € BV(Q) and X :  — [0, 1] be a Borel function. Let (uz) C BVAXQ)
be a sequence of functions such that

Sup lukllLi (o, a121) + Ul Lo, pa)) + (A, Dug)s] (Q) < +oc. (9.2)
(S

Then there exist u € L*(0, |A|L") such that uA € BV (Q) and a subsequence (uy,)jen such
that u; — u € L'(Q,|A|£LY). In addition, assume that at least one of the following conditions
1s satisfied:

i) there exists ¢ > 0 such that |A(z)| > ¢ for £'-a.e. z € Q,

i) A € WHi(Q),

iii) the sequence (uy)ken is uniformly bounded in L™ ().
Then u € BVAXNQ) for every Borel function X : Q — [0,1]. Finally, if A € WH1(Q) and the
sequence (ug)gen 18 uniformly bounded in L°°(QY), then, possibly up to a further subsequence,
u, — u in L*(Q,|DA|); so that (uy,)jen A-converges to u.

Proof. By combining to (9.1]) and , we see that the sequence (ugA)gen is uniformly bounded
in BV (). Thanks to the compactness theorem in BV [2, Theorem 3.3], we deduce that there
exists wa € BV (Q) and a subsequence (uy; A)jen such that ugy, A — w4 in L'(Q). With a little
abuse of notation, we still denote by A and w4 the Borel representatives of these two functions.
Then, we set

0 otherwise
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Therefore, we clearly get u € L'(Q,|Al.£"), uA € BV(Q) and up, — u in L'(Q,]|Al.27).
We assume now that there exists ¢ > 0 such that |A(z)| > c for £'-ae. = € Q. Then,
u € L>®(§) by definition, given that wa € BV (Q2) C L>®(f2). Hence, we immediately obtain
u* € LY(Q,|DA|) for every Borel function A : @ — [0, 1], and so, by Proposition we get
u € BVAANQ). If instead A € WH(Q), then BVAA(Q) = BVA(Q) for every Borel function
A:Q — [0,1]. Then we notice that, up to extracting a further subsequence, we have uy;(x) —
u(x) for |A|ZL1-a.e. x € Q, and therefore uy, (z) — u(z) for £'-a.e. x € supp(|A]). Given that
supp(|DAJ) C supp(|A|), we conclude that uy, (#) = u(z) for L' -a.e. = € supp(|DAJ). Thus,
since |[DA| < £, this implies

ug; () = u(z) for |[DAl-ae €, (9.3)

and so by Fatou’s Lemma we obtain
/ lu| d|DA| = / liminf ug; | d|DA| < Liminf/ |lug, | d|DA| < +o0.
Q Q J—+oo J—=+0 Jo

Allin all, we get u € L'(2,|DA|), and so u € BVA(Q), by Proposition As for condition (iii),
we claim that it entails u € L>(Q). To see this, we let C' > 0 be such that [Jug| ze(q) < C for
all k € N. As noted above, up to a further subsequence, we have uy,(z) — u(z) for |A|.Z"-a.e.
x € ), and so

lu(z)| = lim |ug, (z)] < lminf [|ug, || o) < C for |A| L ae. 2 € Q.
Jj—+o00 J—+o0

This implies that u € L>°(Q,|A[£") with ||ul| (0, aj21) < C, which means
/ |Aldz =0 forallt > C.
{lul>t}

By definition, u(z) = 0 for Zt-a.e. z € Q such that A(z) = 0. Therefore, by Chebyshev’s
inequality, for all ¢ > C' we obtain

L ({Jul > t}) = 2 ({Jul > t} N {|A] > 0})

+oo
_ (w >N <{|A\ > 130 {; > 1A > kL}))

k=1

+o0o
<2 {ul> 0 {4121+ L 2 (> a0 ] > 1412 o ])

k=1

g/ Al dz + / (k + 1)|A] dz = 0.
{lul>t} Z {|u|>t}

All in all, this entails that ||ul|pe~(q) < C, and so, as above, we have ut € LY(Q,|DA) for every

Borel function A :  — [0, 1], Wthh in turn, by Proposition implies u € BVAA(Q). Finally,
let A € WH(Q) and C > 0 be such that |lug||p) < C. Arguing as above, up to extracting
possibly a further subsequence, (9.3) holds, and therefore, given that

lug, —ul <2C € LY(Q,|DA|),
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we exploit Lebesgue’s Dominated Convergence Theorem to conclude that ug; — uin LY(Q,|DA)),
and so (ug; )jen A-converges to u. O

Remark 9.4. We point out that in the last part of Proposition[9.5 we cannot remove the assump-
tion that A € WHL(Q) and still achieve the convergence of the A-representatives in L'(Q,|DA).
Indeed, let Q = (—1,1), A(x) = x(0,1)(7),

up(z) = aarctan (kx) ifz >0
7] barctan (kx) ifz <0’

for some a,b >0, and \: Q — [0,1] be any Borel function. Since
DA =46y and up(0) = ug(0) =0,

we see that &
__4a 1
D(upA) = T k:2x2$ L(0,1),
and so uj, € BVANQ), by Proposition with
o B ak 1

It is clear that the sequence (ug)ren satisfies (9.2), is uniformly bounded in L*° () and converges
to

ay if x >0,
u(z) =<0 if £ =0,
BT ifz <0

pointwise and in L*(Q, |A|.£Y). However,

WN0) = (1 — A(0)) (—bg) +A(0)ag = ((a+b)A0) — b) 7.

so that up does not converge to u* in L*(S2, |DAY|), as long as (a+b)A(0) # b. Furthermore, under
such condition we do not even have any lower semicontinuity with respect to the L'(Q,|DA|)
norm of the A-representatives.

Corollary 9.5. Let A € BV(Q) and )\ : Q — [0,1] be a Borel function. Let (Ey) be a family of
Borel sets such that

sup P, x(Ek, ) < +o0.
keN 7

Then there exist a Borel set E such that Pa x\(E, ) < +o00 for every Borel function A : @ — [0, 1]
and a subsequence (Ey,)jen such that xp, — xg in L*'(Q,|A|LY). If A € WH(Q), we also
b J

have XE, = XE in LY (), |DA|), possibly up to a further subsequence, which entails the A-
convergence.

Proof. Arguing as in the proof of Proposition we see that there exist wq € BV (Q2) and a sub-
sequence (X, A)jen such that xg, A — wa in L*(2). Therefore, xg, — %4t in L'(Q,|A[£7),
J J J

and this readily implies that u;‘l“(;;) € {0,1} for |[A|L a.e. z € Q. Thus, there exists a Borel

set E such that uj:(;;) = xg(z) for |[A| L -ae. z € Q. Tt is plain to see that yg A € BV () and

xE € L®() € XA(Q) for every Borel function A : Q — [0, 1], so that Proposition [9.1| implies
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xE € BVAX(Q) for every Borel function X : © — [0,1]. Let now A € WHH(Q). Given that
”XEk”LOO(Q) < 1, we just need to employ Proposition to conclude that, up to extracting a
further subsequence, XEy, = XE in L'(Q,|DA|), and so (Ek;)jen A-converges to E. O

Remark 9.6. Pmposition implies that, if A € DMY(Q) with |DA| < £ and L1 (Q\
supp(|A|)) = 0, we have a weak compactness result in BVA(QY) (which is actually a Banach
space, due to Proposition , as well as Corollary implies a weak compactness in the class
of sets with finite A-perimeter. However, if N > 2, analogous results fail to hold true due to

new degrees of freedom, even if div A =0 (see Ezamples and .
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