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ABSTRACT. In this paper we consider a dynamic model of fracture for viscoelastic materials, in which the
constitutive relation, involving the Cauchy stress and the strain tensors, is given in an implicit nonlinear
form. We prove the existence of a solution to the associated viscoelastic dynamic system on a prescribed time-
dependent cracked domain via a discretisation-in-time argument. Moreover, we show that such a solution
satisfies an energy-dissipation balance in which the energy used to increase the crack does not appear. As a
consequence, in analogy to the linear case this nonlinear model exhibits the so-called viscoelastic paradox.
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1. INTRODUCTION

In the derivation of a mathematical model for dynamic crack propagation, the two fundamental facts
that must be taken into account are the laws of elastodynamics and the (dynamic) Griffith criterion. The
first one states that the displacement of the deformation must solve the elastodynamics system away from
the crack, while the second one dictates how the crack grows in time. More precisely, the Griffith criterion
(see [16, 18]), originally formulated in the quasi-static setting, explains that there is a balance between
the mechanical energy dissipated during the evolution and the energy used to increase the crack, which is
supposed to be proportional to the area increment of the crack itself.

The first step to address the study of a model of dynamic fracture is to find the solution to the elasto-
dynamics system when the evolution of the crack is prescribed. From the mathematical point of view, this
leads to the study of the following system in a time-dependent domain:

ii(t) — div(e(t)) = f(£) in Q\Ty, te[0,T], (1.1)

with some prescribed boundary and initial conditions. In the above formulation Q € R? is an open bounded
set with Lipschitz boundary which represents the reference configuration of the material. The (d — 1)-
dimensional closed set I'; C Q models the crack at time ¢, u(t): Q\ Ty — R? is the displacement of the
deformation, o(¢) is the Cauchy stress tensor, and f(¢) is a forcing term. Once we found the displacement
u which solves (1.1) with a prescribed crack evolution ¢ — T, we determine the pairs displacement-crack
which satisfy the Griffith energy-dissipation balance. Finally, we select the “right” crack evolution according
to some maximal dissipation principle.

In the easiest case of a pure elastic material, the system (1.1) is coupled with the following constitutive
law involving the Cauchy stress and the strain tensors:

o(t) = Ceu(t) in Q\Ty, te(0,T], (1.2)

where C is the elasticity tensor, which is fourth order positive definite on the space of symmetric matrices
Rgfnﬁl, and eu = 3(Vu + Vu®) is the strain tensor. In this setting the Griffith criterion reads as

1 1 1 1
§||u(t)||§ + §||eu(t)||§ +HEH T\ Ty) = §||u(0)||§ + §\|eu(0)H§ + work of external forces (1.3)

for all t € [0,T]. We point out that the first two terms in the left-hand side of the above identity correspond
to the mechanical energy (the sum of kinetic and elastic energy), while the term H9~(I'; \ T'g) models the
energy used to increase the crack from I'g to I';.

In the literature, we can find several mathematical results for the model associated to (1.1) and (1.2). As
for the existence of a solution when the evolution ¢ — T is prescribed, we refer to [10, 13] for the antiplane
case, that is when u(t): Q\I'; — R is a scalar function and eu is replaced by Vu, and [4, 26] for the general
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case. Regarding the determination of the crack evolution ¢ — I';, we have only partial results. For example,
we cite [5], where the authors characterize in the antiplane case and for d = 2 the pairs displacement-crack
which satisfy the energy-dissipation balance, and [11, 12] in which for d = 2 the authors studied the coupled
problem under a suitable notion of maximal dissipation.

Viscoelastic materials, which exhibit both viscous and elastic behaviours when undergoing deformations,
are another class widely studied in the literature. One of the simplest mathematical model is the Kelvin-Voigt
one, where the constitutive law between the Cauchy stress and the strain tensors reads as

o(t) = Ceu(t) + Beu(t) in Q\Ty,te[0,T], (1.4)

where C and B are the elasticity and the viscosity tensors, respectively. For the Kelvin-Voigt model, the
Griffith criterion leads to the following energy-dissipation balance

lu 21% 2 =1, teu525
5101+ 5leu(®)l + 1 (T AT + [ fei(s) (15)

1 1
= §||u(0)\|§ + §Heu(0)|\% + work of external forces

for all ¢ € [0,T]. Notice that, with respect to formula (1.3), in (1.5) we need to take into account also the
energy dissipated by the viscous term, which is given by fot lleti(s)]|2 ds.

In [10, 26] we can found existing results for the linear viscoelatic problem (1.1) and (1.4), when the
evolution of the crack is prescribed. Unfortunately, in those papers, it is also shown that the Griffith
energy-dissipation balance (1.5) holds without the term H9~'(I'; \ I'g). As a consequence, there is no pair
displacement-crack which satisfies (1.5), unless the crack does not grow in time, i.e., I';y = Ty for all ¢ € [0, T.
This phenomenon, which says that in the linear Kelvin-Voigt model the crack can not propagate, is well-
known in mechanics as the wiscoelastic paradoz, see for instance [25, Chapter 7]. We point out that, if the
viscosity tensor B is allowed to degenerate in a neighborhood of the moving crack, the viscoelastic paradox
does not occur, as shown in [6]. For other versions of linear constitutive laws in the framework of viscoelatic
materials, we refer for example to [7, 8, 9, 23].

More recently, viscoelastic materials in which the constitutive relation is nonlinear and given in an implicit
form have been also considered. For example, in [3], the authors studied the following elastodynamic system
in a domain without cracks:

i(t) —div(e(t)) = f(t) inQ,¢€0,T], (1.6)
with the implicit constitutive law
G(o(t)) = eu(t) +eu(t) inQ,te[0,T], (1.7)
where G Rg;n‘i — R‘iyx,ﬁf is a nonlinear monotone operator which satisfies suitable p-growth assumptions. In
particular, the prototypical models studied are
G1(€) := |¢|P%¢ for p > 1, Gq(&) = (1+|§§|“)f1» for p=1, with @ > 0. (1.8)

As explained by Bulicek, Patel, Siili, and Sengiil in their paper [3] (see also [21]), linear models may be
inaccurate to describe real phenomena, while implicit constitutive theories allow for a more general structure
in modelling than explicit ones. Moreover, as shown by Rajagopal in [22], the nonlinear relationship between
the stress and the strain can be obtained after linearising the strain, and so it make sense to consider implicit
constitutive relations in the contest of small deformations. Under suitable assumptions on the initial data
and on the nonlinear term G, Bulicek, Patel, Siili, and Sengiil in [3] proved existence and uniqueness of
solutions to the problem (1.6) and (1.7) via the Galerkin approximation.

The aim of our paper is to study the model of viscoelastic materials with implicit constitutive law of [3], in
the framework of dynamic crack propagation. More precisely, we consider the elastodynamics system (1.1)
with the constitutive relation

G(o(t)) = eu(t) +eu(t) inQ\Ty, te[0,T], (1.9)
where G': Rgl;,g — R;‘l;ﬁ% is a nonlinear monotone operator which satisfies suitable p-growth assumptions

(more precisely (G1)—(G3) in Section 2). Since the linear growth p = 1 is hard to handle even in the case

with no cracks, we restrict ourselves to the range p € (1,2*), where 2* := % is the Sobolev critical exponent.

The condition p < 2*, which also appears in [3], is needed to ensure that the displacement u(t) is an element
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of L2(Q\Ty; R?). Indeed, from (1.9), we easily deduce that u(t) lives in the Sobolev space W#' (Q\ I'y; RY),
being p’ = pf - the Holder conjugate exponent of p, which is compactly embedded in L?(Q\I';; RY) whenever
p < 2*. This simplifies the mathematical formulation of the problem. An interesting question, which is out
of the scope of this paper, is whether this condition can be removed.

Our first result is Theorem 2.8, where we prove the existence of a solution to the problem (1.1) and (1.9)
when the crack evolution t — I'; is prescribed, under suitable conditions on the data and on the nonlinear
term G. The proof of Theorem 2.8 follows the main ideas of [3], adapting them to our setting. First, since
the Galerkin approximation does not fit well with the framework of time-dependent domains, we use the
discretisation-in-time scheme exploited in [10]. Moreover, since we want to consider nonlinear operators
which are not strictly monotone, we regularise G in order to invert the relation (1.9). This allows us to
write the Cauchy tensor in terms of the displacement and to switch from the formulation (1.1) and (1.9)
to a simpler system. More precisely, we fix n € N and we search a discrete-in-time approximate solution
to (1.1) and (1.9) with G replaced by its regularisation. Then, we perform a discrete energy estimate (see
Lemma 3.3), which allows us to pass to the limit as n — oo to obtain a pair (u, o) which solves (1.1). We
prove that the displacement w is more regular in time, and by using a standard technique in the monotone
operator theory, we show that (u, o) satisfies also the implicit constitutive relation (1.9). We conclude this
part of the paper with Theorem 3.10, where we prove that there is at most one pair (u, o) with the same
regularity of the solution of Theorem 2.8 and that solves (1.1) and (1.9) for a prescribed crack evolution
t—TIYy.

In the second part of the paper, we aim to study the validity of the Griffith energy-dissipation balance for
the implicit nonlinear model (1.1) and (1.9). At first, in Theorem 4.1 we prove that the mechanical energy
of every regular solution to problem (1.1) and (1.9) (in particular, of the one found in Theorem 2.8) satisfies
the implicit energy balance (4.1). Then, we consider the strictly monotone operator G(£) = |£[P~2¢, so that
our problem reduces to the nonlinear Kelvin-Voigt system

ii(t) — div(|eu(t) + ea(t)[P 2 (eu(t) + eu(t))) = f(t) in Q\ Ty, t € [0,T). (1.10)

In this setting, the Griffith energy-dissipation balance takes the form

1. 1 ’ -
O3 + —lleu®I, +HH T\ To)

’

p
t
+/ / (|eu(5,x) + et(s, z)|P "2 (eu(s, z) + ei(s, ) — |eu(s, z)|? zeu(s,x)) etu(s,z)dxds (1.11)
0 JQ
1 1 ,
= 5Hu(O)H% + 17H€“(0)H§/ + work of external forces

for every ¢ € [0,T]. In particular, the energy dissipated by the viscous term is given by

/0 /Q (|eu(s,x) + ei(s, x)|” ~2(eu(s, z) + ei(s, x)) — |euls, x)|p,_26u(s,x)> -et(s,x)drds >0,

which reduces to the corresponding term in (1.5) for p = 2 (notice that this term is non negative due to
the monotonicity of G~1(n) := [n|” ~2n). For this particular choice of @, in Corollary 4.3 we derive that
the energy dissipation balance proved in Theorem 4.1 can be rewritten just in terms of the displacement u
as (4.7). Therefore, the pair displacement-crack given by Theorem 2.8 satisfies (1.11) if and only if I'; = T’y for
every t € [0,T], i.e., when the crack does not grow in time. This shows that also the nonlinear Kelvin-Voigt
model of dynamic fracture exhibits the viscoelastic paradox, as it happens in [10, 26] for the corresponding
linear model.

We conclude the introduction by observing that the corresponding phase-field model of dynamic crack
propagation has been analyzed by [20] (see also [21]). This is the one in which, roughly speaking, for a
fixed € > 0 the crack set is replaced by a function v which is 0 in a e-neighborhood of the crack and 1
far from it. More precisely, in [20] the author proved that there exists a pair (u.,v.) which satisfies the
elastodynamics system with the implicit constitutive law and the Griffith energy-dissipation balance for
both the nonlinearities in (1.8). Therefore, it could be interesting to understand in a future paper if there
is a connection between these two models; in particular, if the viscoelastic paradox can also occur in the
phase-field setting.
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The rest of the paper goes as follows: in Section 2 we introduce the mathematical framework of our model
of dynamic fracture for viscoelastic material, and we fix the main assumptions on the reference set, the crack
evolution, and the nonlinearity G in the constitutive law. Moreover, in Definition 2.3 we give the notion of
(weak) solution to problem (1.1) and (1.9), and we state our main existence result, which is Theorem 2.8. In
Section 3 we prove Theorem 2.8 by performing a discretisation-in-time scheme together with a regularisation
of the nonlinearity G. At first, we find an approximate solution in each node of the discretisation of the
regularised model. Then, in Lemma 3.3 we prove a discrete energy estimate, which allows us to pass to the
limit when the parameter of the discretisation and regularisation goes to 0. Finally, we show that under
suitable regularity assumptions the solution is unique. We conclude the paper with Section 4, where we
prove that every regular solution to (1.1) and (1.9) satisfies the energy-dissipation identity of Theorem 4.1.
Afterwards, we consider the nonlinear Kelvin-Voigt system (1.10), and we use the energy-dissipation identity
to show that this model exhibits the viscoelastic paradox.

2. NOTATION AND FORMULATION OF THE MODEL

2.1. Notation. The space of mxd matrices with real entries is denoted by R™*%; in case m = d, the subspace

of symmetric matrices is denoted by Rg;,‘,il. For any A, B € R¥? we denote with A - B the Frobenius scalar
product, namely A - B := Tr(ATB). Given a function u: R? — R™, we denote its Jacobian matrix by Vu,
whose components are (Vu);; := dju; for i € {1,...,m} and j € {1,...,d}; when u: R? — R? we use eu to
denote the symmetric part of the gradient, namely eu := %(VU—I—VUT). Given a tensor field A: R% — R™*4,
by div A we mean its divergence with respect to rows, namely (div A); := Z;l=1 0;A;; forie {1,...,m}.

We denote the d-dimensional Lebesgue measure by £? and the (d — 1)-dimensional Hausdorff measure by
H41: given a bounded open set € with Lipschitz boundary, by v we mean the outer unit normal vector
to 09, which is defined H?!-a.e. on the boundary. The Lebesgue and Sobolev spaces on € are defined as
usual; the boundary values of a Sobolev function are always intended in the sense of traces.

The norm of a generic Banach space X is denoted by || - ||x; when X is a Hilbert space, we use (-,)x
to denote its scalar product. We denote by X’ the dual of X and by (-,-)x the duality product between
X’ and X. Given two Banach spaces X; and X5, the space of linear and continuous maps from X; to X»
is denoted by Z(X1; Xs); given A € Z(X1; Xs) and u € X1, we write Au € X5 to denote the image of u
under A.

Given an open interval (a,b) C R and ¢ € [1, o0], we denote by L9(a,b; X) the space of L? functions from
(a,b) to X; we use W¥*4(a,b; X) to denote the Sobolev space of functions from (a,b) to X with derivatives
up to order k in L9(a,b; X). Given u € W4(a,b; X), we denote by % € Li(a,b; X) its derivative in the sense
of distributions. When dealing with an element u € W14(a, b; X) we always assume u to be the continuous
representative of its class, and therefore, the pointwise value u(t) of u is well defined for all ¢ € [a,b]. We
use C9 ([a,b]; X) to denote the set of weakly continuous functions from [a, b] to X, namely, the collection of
maps u: [a,b] — X such that ¢ — (2, u(t))x is continuous from [a,b] to R, for all 2’ € X'.

2.2. Mathematical framework. Let 7' > 0 and d € N with d > 2. Let Q C R? be a bounded open set
(which represents the reference configuration of the body) with Lipschitz boundary. Let dpQ2 be a Borel
subset of 9, on which we prescribe the Dirichlet condition, dy{2 its complement in 9, and I' C Q the
prescribed crack path. As in [6, 7], we assume the following hypotheses on the geometry of the crack and
the Dirichlet part of the boundary:

(E1) T is a closed set with £L4(T') = 0 and H*1(I' N 9Q) = 0;

(E2) Q\T is the union of two disjoint bounded open sets 2; and s with Lipschitz boundary;

(E3) 0p§2 N 0L contains the graph of a Lipschitz function 6; over a non empty open subset of R4~ for

all i € {1,2};

(E4) {T't}ieqo,r) is a family of closed subsets of I' satisfying I's C I'y for all 0 < s <t < T
We recall that the set T', represents the prescribed crack at time ¢ € [0, T] inside (2.

Thanks to (E1)—(E4) for all ¢ € [1,00] the space L4(Q\ T'y; R?) coincides with L?(Q; R?) for all t € [0, 7.
In particular, we can extend a function u € L4(Q \ Ty;R?) to a function in L4(£2;RY) by setting u = 0 on
I';. Moreover, for all ¢ € [1,00) the trace of u € Wh4(Q \ T';R?) is well defined on 9 and there exists a
constant Cy,. > 0, depending on €2, I', and ¢, such that

[ull Laoeiray < Crrllullwra@yrgey  for all w € WHI(Q\ T;RY). (2.1)
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Hence, we can define the space
W;,’q(Q \[;RY) := {u e WH(Q\T;RY) : =0 ondpQ}.

Furthermore, by using the second Korn inequality in £; and Qs (see, e.g., [19, Theorem 2.4]) and taking the
sum we can find a positive constant C'x, depending on €2, I, and ¢ such that

IVullo@mos) < Coe(lullfope) + leul?, e )T for all u € WH(Q\TiRY). (2.2)

Similarly, thanks to the Korn-Poincaré inequality (see, e.g., [19, Theorem 2.7]) we obtain also the existence
of a constant Ckp, depending on 2, I', ¢, and dpf2, such that
H'LL”WI,q(Q\F;]Rd) < OKP”eu”Lq(Q;]ngx,ﬁ) for all u € Wll)’q(Q \ F;Rd). (23)

Finally, for all ¢ € (dQ—fQ, o] the embedding W14(Q \ I'; R?) < L?(Q); R?) is continuous and compact.

We fix p € (1,2*), where 2* is the Sobolev conjugate of 2, defined as

. oo ford=2,
271= 9 a4
a—3 for d > 2.
Notice that p € (1,2*) if and only if p’ € (dz—fz, o0), where p' := 1% is the Holder conjugate exponent of p.
We set H := L?(Q;R?) and we define the following spaces

V=W (Q\D;RY  and Vi = W (Q\T;;RY)  for all t € [0,7].

We point out that in the definition of V' and V;, we are considering only the distributional gradient of u in
Q\T and in Q\ T', respectively, and not the one in 2. Taking into account (2.2), we shall use on the set V;
(and also on the set V) the equivalent norm

1
7

lully, = <||u|\§; + ||eu||£:)p for all u € V;.
Furthermore, by (2.1), we can consider the sets
VP ={ueV :u=0ondpQ}, VP i={ueV,:u=00n0pQ} foralltec]|0,T],
which are closed subspaces of V' and V4, respectively.

Remark 2.1. Since p € (1,2*), by exploiting (E1)—(E4) we derive that for all ¢ € [0,T] the space V,” is a
separable reflexive Banach space with embedding

VtD — H continuous, compact, and dense.

In particular, the aforementioned condition on p is used to deduce the compactness of V; in H. Therefore,
the embedding H < (V,”)’, which is defined by

(h,u)ypy == (hu)g for h € H and u € VP, (2.4)
is continuous, and the same holds true also for V;, V, and VP.

Let us consider a nonlinear operator G: R2x? — RIxd gatisfying the following assumptions:

sym sym
(G1) there exists a convex function ¢: R4X¢ — R of class C* such that G(£) = Vg(§) for all £ € RIX:

(G2) there exist constants by > 0 and by > 0 such that G(€) - £ > by[£[P — by for all £ € RE<E:
(G3) there exists a constant b3 > 0 such that |G(€)| < bz(1 + [£[P~1) for all £ € REXd

sym*
Remark 2.2. The assumption (G1) implies that G is continuous and monotone, i.e.,

(G(fl) — G(fg)) : (§1 - Eg) >0 forall &,& € Rg;ri (25)

Moreover, up to add a constant, we always assume that ¢(0) = 0.

Given

(D1) fe L*(0,T; H);

(D2) z € W22 (0,T;V);

(D3) u®,u! € V; such that u® — 2(0) € V¥ and u! — 2(0) € VP;
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we study the following dynamic viscoelastic system with implicit nonlinear constitutive law:
w(t) —div(o(t)) = f(t) in Q\Ty, te[0,T],
{G(O’(t)) =eu(t) +eu(t) in Q\Ty, tel0,T],
equipped with the boundary conditions
u(t) = 2(t) on dpQ, te€0,T7, (2.7)
c(t)r=0 ondyQUT:, t€][0,T],
where v denotes the outward unit normal to 0f2, and the initial conditions
u(0) =u®,  w(0) =u' in Q\Ty. (2.9)
Notice that in (2.6)—(2.9) the explicit dependence on x is omitted to enlighten notation. As usual, the
Neumann boundary conditions are only formal, and their meaning will be explained in Remark 2.4.
From now on we always assume that p € (1,2*) and that (E1)-(E4), (G1)-(G3), and (D1)-(D3) are
satisfied. Let us define the following functional spaces:
Vi={oe WY (0,T;V)nWh*(0,T; H) : o(t) € V; for all t € [0,T]},
D:={p e CHO,T;V) : o(t) € V;P for all t € [0,T7}.
Similarly to [14], we introduce the following notion of weak solution.
Definition 2.3 (Weak solution). A pair (u,0) € Vx LP(0,T; L (2, R%x4)) is a weak solution to the nonlinear
viscoelastic system (2.6)—(2.8) if

(i) u(t) — z(t) € V;P for all t € [0, T];
(ii) the following identity holds

T T T
- / (t). (1)) dt + / (0(8), (1)) 0 dt = / (). oO)rdt orallpeD,  (210)

0
where (g, h)p = [ 9(x) - h(z)dz for all g € LP(;RIX) and h € g (4 RExd):;
(iii) the constitutive law

G(o(t)) = eu(t) + eu(t) in Q\ Ty for a.e. t € [0,T] (2.11)

(2.6)

is satisfied.

Remark 2.4. The Neumann boundary conditions (2.8) are formally used to pass from the strong formu-
lation (2.6)—(2.8) to the weak formulation (2.10). Notice that, if u(t), o(t), and T'; are sufficiently regular,
then (2.8) can be deduced from (2.10) by using integration by parts in space.

We want to give a meaning to the initial conditions (2.9) for a weak solution (u, o) to (2.6)—(2.8). To this
aim, we first recall the following result (see, for instance [15, Chapitre XVIII, §5, Lemme 6]).

Lemma 2.5. Let XY be reflexive Banach spaces such that X — Y continuously. Then
L0, 75 X) 0 Cy ([0, T);Y) = Cy ([0, T]; X).
Moreover, we need the following regularity result for the weak solutions to (2.6)—(2.8).
Lemma 2.6. Let (u,0) € V x LP(0,T; LP(Q,R%X%)) be a weak solution to the nonlinear viscoelastic sys-
tem (2.6)~(2.8). Then u € W24(0,T; (VP)"), where ¢ := min{2,p}. In particular v € C°([0,T];V) and
i & CO((0,7]; H).

Proof. Let us set g := min{2, p}. We define A € L4(0,T; (Vi)') in the following way:

(A1), v) oy = —(0(t),ev)pp + (f(t),v)n forallve VP and for a.e. t € [0, 7).
Let us consider a test function ¢ € C}(0,T), then for all v € VP the function ¢(t) := ¥ (t)v satisfies
© € CHO,T;V), t)eVP cVP foralltelo,T]. (2.12)

Thanks to (2.10), since ¢ € D from (2.12), we can write

T _ T T T
- / (at), ) () dt = — / (0(8), ev)pprep(t) dt + / (), o) p(t) dt = / (A (), 0oy (0) d,
0 0 0 0
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which implies by (2.4)

T ) T 5
— w(t)y(t) dt, v = A)y(t)dt,v for all v € V.
(- [umiwans) , =( [ oo o
Hence, we get
T . T
- / w(t)y(t)dt = / A(t)p(t)dt in (VP) for all o € CL(0,T). (2.13)

0 0

Since @ € L>(0,T; H) — L>(0,T; (V{")") then identity (2.13) implies
uwe W>10,T; (V{")).

Therefore & € Wh4(0,T; (VL)) < C°([0,T7; (V{P)), and since @ € L>(0,T; H) by Lemma 2.5 we deduce
that @ € C2 ([0, T); H). Finally, we have wir' (0,7;V) < C°([0,T]; V) hence u € C°([0,T]; V). O

If (u,0) € V x LP(0,T; LP(Q; REX?)) is a weak solution to (2.6)~(2.8), then u(t) and u(t) are well defined
as functions of V' and H, respectively, for all ¢ € [0,T]. Hence, it makes sense to evaluate them at time ¢t = 0
and we can introduce the following definition.

Definition 2.7 (Initial conditions). We say that a weak solution (u,o) € V x LP(0,T; LP(Q; RX4)) to the
nonlinear viscoelastic system (2.6)—(2.8) satisfies the initial conditions (2.9) if

u(0) =" inV, a(t)=u' inH
The main existence result of this paper is the following theorem.

Theorem 2.8. There exists a weak solution (u,o) € V x LP(0,T; LP(Q;ngX,fL)) to the nonlinear viscoelastic

system (2.6)—(2.8) satisfying the initial conditions (2.9). Moreover, u € W22(0,T; H).

The proof of Theorem 2.8 is postponed to the next section. We point out that the displacement w of the
solution found in Theorem 2.8 is more regular in time, more precisely i € L?(0,T; H). This regularity is
used at the end of Section 3 to prove a uniqueness result for the nonlinear viscoelastic system (2.6)—(2.9).
Moreover, we exploit such a regularity in Section 4 to show the energy-dissipation balance of Theorem 4.1.
This identity implies the viscoelastic paradox, which is discussed at the end of the paper.

3. EXISTENCE OF SOLUTIONS

This section is devoted to the proof of Theorem 2.8. As explained in the introduction, the main idea
is to combine the discretisation-in-time scheme of [10] with the regularisation of the nonlinear operator G
introduced in [3]. Therefore, we rephrase the system (2.6) in a simpler way, and we use Browder-Minty
Theorem to find a sequence of approximate solutions in each node of the discretisation scheme. Then in
Lemma 3.3 we prove a discrete energy estimate and we use a compactness argument to obtain a pair (u, o)
which solves (2.10) (see Lemma 3.8). Finally, in Lemma 3.9, by performing a standard argument in the
theory of nonlinear monotone operators we show the validity of the constitutive law (2.11).

Let us fix n € N and set

T
T = ud =’ VE=vh 2P = 2(kT), for k € {0,...,n},
kTn
Sud =l 620 := 2(0), fx ::][ f(e)dt, for k€ {1,...,n}.
(k=1)7n

We define G,,: RIXd 5 RIXd aq

sym sym
Gn(€) == G(&) + %W—?g for all £ € RYxY.

Notice that G, still satisfies (G1)—(G3) with ¢ replaced by

- i T dxd
On(€) = 6(6) + el for all € € RIS,
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and with bs replaced by b3 + 1. Since G, is strictly monotone, by the standard theory of monotone operators
there exists the inverse operator G 1: R%Xd — R4*d " hich is still strictly monotone. Moreover, if we

sym sym>?

introduce the Legendre transform ¢} of ¢,,, defined as
or(n):= sup {n-§—on(§)} for allnEngXn‘fb,

cerRE
by (G1)-(G3) we have that ¢ : R‘jyx,ﬁ — R is still a convex function of class C' and G;! satisfies
G, (n) = Ve, (n) for all 7 € RYT (3.1)
G-(n)-n> cl|77|pl — ¢ for all n € Rg;ﬁ, (3.2)
G ()| < es(1 + |n|p/_1) for all n € R‘Sjyxn‘i, (3.3)

for suitable constants c1,cs > 0 and ¢ > 0 independent of n € N. Furthermore, if we define ny := G(0) =
G, (0), by the assumption ¢(0) = 0 (see Remark 2.2) we have

¢7(m0) = —¢n(0) = 0.

Therefore, thanks to the convexity of ¢ we derive

$n(1) > & (m0) + G (o) - (n—=10) = 0 for all n € RYH, (3.4)
G1(m) < 6% (m0) + G (n) - (= mo) < ea(L+ n”")  for all y € RESS, (35)
for a suitable constant ¢4 > 0 independent of n € N.
For all k € {1,...,n} we search for a function u* € V with u* — 2z¥ € V¥ satisfying the following identity
(02ur, o) + (G 1 (eu® + edul), eP)pp = (f¥ o) forall p € V¥, (3.6)
where k k—1 k k—1
—urT duy — dur~
Suk .= M, 62k = Pn =% ke {1,...,n}. (3.7
Tn Tn

To this aim, we find a function v¥ € V¥ which solves
(6208 + 6228 o) + (G (evh + edvk 4 ezF +edzk), e0)p = (fF, o) for all p € VF, (3.8)

where §2F and §22F are defined similarly to (3.7) starting from z*. Indeed, the function v¥ € V¥ solves (3.8)
if and only if uf := vk + 2% € V satisfies uf — 2% = vk € V¥ and (3.6).
To solve (3.8), we consider the family of nonlinear operators F¥: V¥ — (V*)" defined by

(FE), @) vpy = (04 vh2 = 20570 4 72022 — 28 o)
+ (G (1 + E)ev — Evﬁ_l + ezl 1 edzk), ep)p
for v, € V¥, Tt is clear that v¥ € V¥ solves (3.8) if and only if
FFFy=0 in (V). (3.9)
To find a solution to (3.9) we need the following result, whose proof can be found in [2, 17].

Theorem 3.1 (Browder-Minty). Let X be a reflexive Banach space and let F: X — X' be a monotone,
hemicontinuous, and coercive operator. Then F is surjective. Moreover, if F is strictly monotone, then F
is also injective.

Let us show that F* satisfies the hypotheses of Theorem 3.1.

Proposition 3.2. For every n € N and k € {1,...,n} the nonlinear operator F¥: V¥ — (V¥) is strictly
monotone, coercive, and hemicontinuous.

Proof. Let us fix n € N and k € {1,...,n}. We start by proving that F* is a strictly monotone operator,
ie.,
(FF(v) — FF(w),v — w)yry >0 for all v,w € V¥ with v # w.

By the definition of F¥, for all v,w € V, with v # w we have

1
(F(v) = Fi(w),0 —w)gy = v —wlf + (G (enev + hy) = Gyt (enew + hy), ev — ew)yy, - (3.10)
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where
en =1+ % >0, hFi=—Levf ™t ek pestevh

Tn

By using in (3.10) the monotonicity of G;;! with 11 = c,ev + hE and 1y = c,ew + hE | we can write

1
(Fa() = Fy(w),v = w)vpy = —llv = wllf >0,

n

which shows the strictly monotonicity of F.
To prove the coerciveness of F¥, we have to show that

(Fy (v), ) (vpy

— 00 as ||v|lyr = oo. (3.11)
vllve "
Notice that
(F(0),0)(vry =dn|[vlF + dn (05, 0) 1
1, 1,
(G (enev ) cnco b — (G (enev + hi) by

where

1
dy == >0, O i=uvp? =200+ 726%20 + 72 f € H.

n

Thanks to (3.2), (3.3), and Young inequality, for all £ > 0 we have

(G e+ ). cocu -+ By — (G eneu -+ BE). 1)

> Cllenen + Bl — L) - inc,:l(cnev + A [p 1 [

> Cllenen + Bl — 2L7@) - %naﬂcnev + b~ pl [

> Leyen+ B — LUR) =~ I — S (2 lenen + REI + 2 L0(@)

_ Cln (1 - 2‘”;’56”) lenew + BEIPZ - p,cigp, 1Bk |17 - é(@ + 2’”;’56”)@(9). (3.12)

In particular, the Korn-Poincaré inequality (2.3) yields

’

cP
S [0]17 < llenev|By < 27"~ Hlenev + RE |7, + 271 |[E|IE.

Cip
Hence, from (3.12) we deduce
1, 1,
Z(Gnl(cnev + h":L)? Cn€U + hﬁ)p,p/ - a(Gnl(CneU + hft)’ h]:z)pm/
=1 op=1cPep | r-lcher ’
> (o= T Yol — — (e - 25 ) IR
20 =1CY p "o Cp p p'eP
1 2P~ cheP
— = (e + =2 ) (@), (3.13)
n p
By applying again Young inequality we can write
dy dy,
dnllvll7 + dn(ln,v)n = - ollE = 16 (3.14)

If we choose

1
Cc1p P
0<5<(2wcg) ’

thanks to (3.13) and (3.14) we obtain the existence a positive constant K; such that
(F¥@),0) vy = K (Iloll + 10l = 515 = 12513 — 1) - (3.15)
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Clearly, we have
[ e

[vllv

=0 as [[v]lys — oo. (3.16)

Moreover, we can write
[l + 1vl17.
[ollvs
Thanks to (3.15)—(3.17) we get (3.11).

To prove the hemicontinuity of F¥ we need to show that for all u,v,w € V,¥ there exists to = to(u,v,w)
such that the function [—to,to] 3 ¢ = (F)¥ (v + tu), w) (k) is continuous in ¢ = 0. We fix u,v,w € V,}' and
we notice that

(F*(v + tu), w) vy = dn(v+ w4 dt(u,w) g 4 (Gt (en(ev + teu) + hE) ew), .

Moreover, we can write

> [|olPrt = 00 as [[u]lyr — oo (3.17)

Gnl(cn(ev +teu) + hﬁ) - ew ‘.%‘:'6'0 Gnl(cnev + hlfL) - ew, (3.18)
—
and thanks to (3.3) we get

. 1 i 1 /
(G (en(ev + teu) + hy), ew)p | < ];\IGﬁl(cn(ev +tew) + hy)|D + lewly

r—1ck ;PR 1 /
< 2 len(ev + tew) + hy|[p, + —=2LYQ) + = |lewl]},
D p p
< Ks([lenev + R |15+ [leully, + lew]]}, + 1), (3.19)

for a positive constant K. By using (3.18), (3.19), and dominate convergence theorem we obtain
(G (en(ev + teu) + hE), ew), . (G (enev + hE) ew),, . (3.20)
Since d,t(u,w)g — 0 as t — 0, by (3.20) we have
(FE( + t0),0) ey — a0+ 5 0)1 + (G enev + BE), ew)r = (FE).0) ey
which concludes the proof. O

Thanks to Theorem 3.1 and Proposition 3.2 we obtain that for all n € N and k € {1,...,n} the nonlinear
operator FX: V¥ — (Vk)"is bijective, and hence there exists a unique v¥ € V¥ which solves (3.8). As a
consequence, the function u¥ = v¥ + 2% € V is the unique solution to (3.6).

Let us define

oy =G, (euy +ebuy) forall ke {l,...,n}. (3.21)
In the next lemma we show a uniform energy estimate with respect to n for the family {(u*,o%)}?_,, which
will be used to pass to the limit as n — oo in the discrete equation (3.6).

Lemma 3.3. There exists a positive constant Cq, independent of n € N, such that

e ||unHv t A 16, |l + Zrn||5un||1’ + ZTnHUan <G (3.22)
” =1 i=1
Proof. We take ¢ = 7, (uf — 2¥) € V¥ as a test function in (3.6). Therefore, we obtain
T (G Heuf + eduf) eul — e2?), = 1 (FE b — 2K g — 7, (0%uF  ul — 2F) g (3.23)

We fix i € {1,...,n} and by summing in (3.23) for k € {1,...,i} we obtain

(3
Z (G (eup + edul), eus ) o

= ZTn (eul + edul), ezk), ,» + Z'rn(fﬁ,uﬁ — ZTn (62uf uk — 2y (3.24)
ki
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Now we use ¢ = 7, (Jul — 62F) € V¥ as a test function in (3.6) and we get
0wl (|2 — (6ul=", 6ul) g 4 7, (G (euf 4 edul), esuk),

= 7o ( R 0ul — 628y + 7 (G (euk + edul), ed2F), b 4 T (07Ul 528 g (3.25)

By means of the following identity

1 1 72
60t 13 — (Gub, 6ub )i = 55wk I3 — 510wl 3 + 2 6%ub %,

n n

from (3.25) we infer
1 k2 1 k—12 77% 2 k|2 —1/_ .k k k
Slounlle = Slown™ Iz + S8 unller + 7 (G (euy, + eduy, ), eduy)p.pr
=7 ( ff,&tﬁ — 82k N+ (G, 1(eu + eduk ) eéz’;)p’p/ +Tn(62u2,52,’§)H

and, by summing again for k € {1, ..., 1} we get

*H5unHH— *Ilu HH+ZTn n (e, + eduy,), eduy )p
k=1

§ZTn( kosuk — 52k H—l—ZTn (euf 4 edul), es 2" pp/+ZTn 82k 62F) . (3.26)

By considering together (3.24) and (3.26) we get

fHéunHH—l—ZTn (euf + eduk), equ—l—eéu’fL)RP/
< 1 5 F 1 edzk
75 ”H—’_ZT" (eul + esul) ek +e52),
+Z¢n (fF ub 4+ oul — 2k — 52k H—l—ZTn S2uk 2k 4 52F g ZTn o2uk uk)y
k=1

Thanks to (3.1)7(3.3) and the Korn-Poincaré inequality (2.3) we deduce from the previous estimate

]. . Cl ! k k /
QH&%H% + m ZTnHun + uy, v

< eTLYD) + H 1||H+ZTn (euk 4 edul), ezk +edzk),
-‘rZTn (fF b 4+ oul — 2k — 52k H+Z’7'n O2uk 2F 4 52F )y ZTn o2uk uk)y (3.27)
k=1

Let us now estimate the right-hand side of (3.27) from above. We can write

ZTn (ff ukf + 5ub) g

1< 1<
< F 120,000y + 3 > mlluk | + 3 > rallsul|f3, (3.28)
k=1

T 1 .
(¥ 2k +625)m| < 11172 0,700 + §||Z||2Loo(o,T;H) + §||Z||%2(O,T;H)' (3.29)

Moreover

ZTn (eul + edul), ezk +es2k),

< ullG;  (eusy + edul)|[2 +

k=1

’
nly

€
p
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_ e 2P~ 1chTeP o' =1 op'~1
= p ZTnH“ +5“n||p T‘?ﬁd(Q)*‘pTHZHLoo(OTv)"' /e’ B HLP’(O,T;V)' (3.30)

Notice that the followmg discrete integration by parts formulas hold

ZTn (62uk 28+ 620y = (6l 28 + 620 i — (6ul, 20 4 620) i —ZTn k=L 52k 46220y, (3.31)
ZTn (6%uf uFyy = (0ul,ul) g — (ul,ul) g ZTn k=1 sul) g (3.32)

Since
ZTnl\&tk iz = ZTnH5u 7 < Tl (I + ZTnH&L (78 (3.33)

k=1
thanks to (3.31) we can wrlte foralle >0

‘Zrn 5 un,szr(Sz Vi ‘

S 1, , 1¢ _ 1¢
< S llounliz + 2 170 + Oznllir + Nt l12(0) + 2(0) 1 + 5 > malloul i + 3 > malloz + %2515
k=1 k=1
€ 1 <
< KE 4 ghoul i + 5 S o s (3:34)
where K¢ is a positive constant depending on e. Moreover, since u?, = ZZ=1 Tpouk +u0 for alli € {1,...,n},
the discrete Holder inequality gives us
i i 3
; 1
il <D mallSug |l + [l < T2 <Z mlMUﬁll%) + [u [ 2. (3.35)
k=1 k=1

Hence from (3.32), (3.33), and (3.35) we deduce

2
§ 7—n(suna n

£, 1, . 1< _ 1<
a| < slloullE + o lunllz + el + 5 > malldun ™ E + 5 D mall s

k=1 k=1
€ ; T\
< K5+ §||5u;|\12q + (1 + ;) ZTnH(SuﬁH%I, (3.36)
k=1
where K35 is a positive constant depending on €. Furthermore

1 7 [ )

ngnHUﬁqu ST + T2 mll6ub [l (3.37)
k=1 k=1

If we consider together (3.27)-(3.37), we get

1 i C1 1Cp5p
(5 - =) louiliz + ( = - Sl w1 < 5 (143 mloudl )
2 Chp p

k=1 k=1

where K3 is a positive constant depending on €. By choosing

1 c »
0 <e <min <¢) !
v ov—1
we get the existence of a positive constant K4 independent of n and 4 such that

16wt 13 + 3 mllul + oub |} < K (1 +y Tn||5u’;||§,> . (3.38)

k=1 k=1
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By defining af, := ||6ul,||% for all i € {1,...,n}, from (3.38) we derive

n

al < Ky (1 —l—ZTnafL) for alli € {1,...,n},
k=1
and taking into account a discrete version of Gronwall lemma (see, e.g., [1, Lemma 3.2.4]) we deduce that
the family {a? }" ; is bounded by a positive constant K5 independent of i and n, i.e.,
|6ul||? < K5 forallic{l,...,n} and n € N. (3.39)
By using (3.38) and (3.39) we get the existence of a positive constant K independent of n such that
max | 6ul||% + Y Tllul + oul, P < K. 3.40
e, 180 + 3l I < Ko (3.40)
In particular, by (3.3) and (3.21) it holds
n ) n ) ) ,
S mallopllh <2071 malleud, + edul, ||, + 2P ETLYQ) < 2P B K + 20 ' ETLYQ). (3.41)
i=1 i=1
To get the last estimate in (3.22) we set b% := (1 + 7,)* for k € {0,...,n} and we notice that

bk _ bk—l

=bF"1 forall ke {1,...,n}. (3.42)
Tn
From (3.42) we can write
Uy, — 0%’ =y (b, — 0l ™)
j=1
b7 — b]fl . . uj — u]fl . . .
_ n n 7 j—1"%n n _ —1/,,7 7
Z e Z bl B Z bl (Wl + Sud). (3.43)
j=1 j=1 j=1
Since
nT
T\T
1< +7)f <(14m)" = (1+E> e,
from (3.43) we deduce the existence of a positive constant K7 such that
’ k . . ’
It < Ko | 14> mallud, + Sud |l | < K7 (14 Ke) (3.44)
j=1
As a consequence of this, we obtain
k . ’ k . . ’ . ’
> ralldud |l <2270y (lul, + dul|[f + W lIf) <277 (Ko + TEKr + TKrKy). (3.45)
j=1 j=1
Hence by considering together (3.40), (3.41), (3.44), and (3.45) we get (3.22). O

As a consequence of (3.22) and of the particular form of equation (3.6), we derive also a uniform bound
on the discrete time second derivative of u* in the space H. This allow us to find in the limit as n — co a
weak solution to (2.6)—(2.8) with displacement u € W22(0,T; H).

Corollary 3.4. There exists a constant Cy, independent of n € N, such that

> Sl |7 < Co. (3.46)
k=1
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Proof. Let us define v¥ := uf +6uk € V for all k € {1,...,n} and n € N. By equation (3.6) we deduce that
v¥ solves the following equation

((51}5, o)+ (G;l(evﬁ), eP)pp = (f,’f + 6uﬁ, p)g forall p € Vf.

We take ¢ := 7, (6vF — 62F — §22F) € V¥ as a test function in (3.6). We fix i € {1,...,n} and by summing
over k=1,...7 we get

ZTn||5Un||H + Z ev - evk 1)1),1)’
= ZTn(f,]f + 6uk  svF) g — ZTn(f,If 4 oul 02k + 5228y

—I—Zrn (SvF 528 4 622F) H+ZTn ), €028 + 622k, . (3.47)

Let us now estimate the right-hand side of (3.47) from above. Thanks to (3.22) we can write

: 1 TC? !
> ra(fh 4 oul, 6vf)m| < ;Ellflliz(o,T;H) + Tgl +ed mlldvEll3, (3.48)
k=1 k=1
> Tl fE + oul, 628 + 672K u| < fl320 0y + TCT + 121520 111 (3.49)
7 7 1 .
> Ta(dvf, 028 + 6228 | < €;Tnll5vﬁ||2f; + ?6||2||%V1~2(0,T;H)' (3.50)
Moreover

Z To(Grt (evk), €828 + e6228),

k=1

<= Zmuc DI+ LS ralledzk + eo?E |

k=1
=18 op—1.PT op—1
< annu 4SS + TS + 2 i
4p= 1cf’ 2p=1eBT op—1
< 3(TCP + Cy) + T?)cd(g) + ||z||W1 v (0:T) (3.51)
Finally, by (3.1) and the convexity of ¢ we have
S (Gt ek)ent — ek, 2 30 ([ dnledbie o [ grent @) ar)
k=1 k=1 & Q
— [ onteui@ns— [ 6 (ed@)dn (3.52)
Q Q

By combining (3.47)—(3.52) with the bound (3.5) for ¢}, we deduce the existence of a positive constant K¢,
which depends on ¢, but it is independent of n and ¢, such that

(1—2¢) ZTnHékaH /(b ev! (x))dx < K¢ forallic {1,...,n}. (3.53)

By choosing ¢ = 1 and using (3.4), from (3.22) and (3.53) we deduce (3.46). O
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We now want to pass to the limit as n — oo in the discrete equation (3.6) to obtain a weak solution
(u, o) to the nonlinear viscoelastic system (2.6)—(2.8), according to Definition 2.3. We start by defining the
following interpolation sequences of {(uf,ok)}n_;:

(t) == ul 4 (t = kr)oul, G, (t) i= oul + (t — kr)0%uk,  te[(k—1)m, kr), ke {l,...,n},

ut(t) := uk, ab(t) == suk, te((k— 1), k), ke{l,...,n},
ul (0) = ud =P, af(t) = oul = u',

u, (t) = ub1 a, (t) := dul~1, te[(k—1m, krn), ke{l,...,n}
Uy (T) = uy, t, (T) = duy,

ol (t) = ok, te((k—1)m, km), ke{l,....,n}.

By means of this notation, we can state the following convergence lemma.

Lemma 3.5. There exists a pair (u,0) € (VNW?22(0,T; H)) x LP(0,T; LP(Q; REX4)) such that, up to a not
relabeled subsequence

w W' (0,15V) w u, W (0,T;H) o, L (0.T;V) o a, Wh2(0,T;H) " (3.54)
n—oo n—oo n—oo n—oo
ik EOTVY e L7 (0,1;v) g, ot LOTH e 4 LPOTLY @RI, (3.55)
n—oo n—oo n— oo n—oo
Moreover
Un (t) —2— ul(t), i (t) —2— 4(t) for all t €0, T, (3.56)
n—oo n—oo
uE(t) —L— u(t), at () —E— a(t) for all t € [0, T). (3.57)
n— 00 n—oo

Proof. Thanks to Lemma 3.3 and the estimate (3.46), the sequences

{tn}n € WE'(0,T; V) N WH(0,T; H), {iin}n C LP(0,T; V) NWL2(0,T; H),
{0}, € LP(0,T; LP(Q; REX4Y),

sym

are uniformly bounded with respect to n € N. Indeed, we have

n
’ / /
L S N D DA L
R L < L

) .

n
- ’ k ’ ’
Vil 0y < 230 Tall U1 + 1
k=1

n
linl[f120.rny ST max |[Suf|F + Y mll6%uf |13,
ke{0,...m} —~

n
k=1

By Banach-Alaoglu theorem and Lemma 2.5 there exist three functions v € W1#' 0, T;V)NWh>(0,T; H),
ve L 0, T;VYNWY2(0,T; H), and o € LP(0,T; LP(Q; R%X4)) such that, up to a not relabeled subsequence

sym
whr' (0,1;v) Woo(0,T;H) . _ ¥ (0,13V) _ WY3(0,T;H)
Uy ——————— U, Uy —————— U, Uy ———— U, Up ———— 0, (3.58)
n— o0 n—o0 n— o0 n—o0

and

4+ LPOTLP(QRESD)

sym

g
n n—00
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Thanks to (3.46) we get
it~ Tl 30 < 72 TSk < Cor2 ——+ 0,
k=1
from which we deduce that v = 1.
By (3.22) also the sequences

{ubn © L0, T3 V), {iiy }n € LY (0,T5V) N L(0,T; H), (3.59)
are uniformly bounded. Moreover, by using again (3.22) and (3.46) we have

ltn = ut | Lo (0,30 < T ke?lléx [6ulll < Cimy — 0,

yeeey T
luy = wallem oz S 7 max [Sunlli < Cirn —— 0,
n
||an - a;H%Q(O,T;H) S T»s kZTnH(SZU/ZH%{ S CQTTQL m} 0’
=1

n

~ < k

@) = @, 72 0,7:0) < o ZTn”(szun”%i < Cory — 0
k=1

We combine (3.58) and (3.59) with the previous convergences to derive

L®(0,T;V) .
ui _—

n un un u.

u’ u’
n—oo n—oo n—oo

Finally, by (3.58) for all ¢ € [0, T] we have

un(t) ——u(t),  n(t) —— a(t).

n— oo n—roo

Thanks to (3.22) and (3.46), for all ¢ € [0,T] we get
luE @llv < C1, - luf () = un(®) | < Crmg ——0,

i (8) = u (D]l < Cr7 —— 0,

n
i Ol < Cro sy () = () < 70 Y Tall6*ul | < Coma ——0,
b1 n— oo

n
it (6) — i ()3 = 70 S Tl 13 < Coms ——>0,
k=1

which imply (3.56) and (3.57). O

In view of the compactness of the embedding V' < H (see Remark 2.1), we deduce also the following
strong convergences.

Corollary 3.6. Let (u,0) € (VN W?22(0,T; H)) x LP(0,T; LP(Q;RE<D)) be the pair of function given by
Lemma 3.5. Then, we have

L?(0,T;H L2(0,T;H) .
ut ( ) + L( )u

u, @ — (3.60)

n—oo n—oo

Proof. By Lemma 3.5 we know that the following sequences
{tn}n € WP (0,75 V) N WE2(0,T; H), {tn}n C L7 (0,T;V) N WE2(0,T; H),

are uniformly bounded with respect to n. Since the embedding V' — H is compact, by Aubin-Lions lemma
(see for example [24, Theorem 3]), we derive

L*(0,T;H) .

n b un
n—o0 n— oo

L*(0,T;H)
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Moreover, we have

n
l[un — urJLrHQLQ(O,T;H) < 7'5 ZTn”(SUfL”%I = TCsz n—o0 0
k=1
n

@ — a:”%ﬁ(QT;H) <7s ZTn”52 . wlH < Cor P 0,
k=1
which imply (3.60). O

We want to prove that the pair (u,0) € (VN W?>2(0,T; H)) x LP(0,T; LP(Q; R%X%)) of Lemma 3.5 is a
weak solution to the nonlinear viscoelastic system (2.6)—(2.8) with initial conditions (2.9). To this aim, we
need to check (i)—(iii) of Definition 2.3 and that u(0) = u® in V and %(0) = u! in H. We start by showing

that the function u € VNW?22(0,T; H) satisfies the Dirichlet boundary conditions and the initial conditions.

Lemma 3.7. The functzon ueVNWw?2 2(O T; H) of Lemma 3.5 satisfies (i) of Definition 2.3 and the initial
conditions w(0) = u® in V and u(0) = u' in H.

Proof. By (3.56) we have

0 __ |4 1 _ ~ H 5
u = up(0) — u(0), u = u,(0) — 4(0).

Hence, u(0) = u° in V and 4(0) = u! in H. Moreover, since z € C°([0,77]; Vp) and thanks to (3.57), we have
for all t € [0,T]

_ _ _ _ %
Ur () =2 () € VP, (t) = 2 () = u(®) — 2(t).
Thus, u(t) — z(t) € V;P for all t € [0,T], being V,P a closed subspace of V. O

With the next lemma we show that the pair (u, o) solves the weak formulation (2.10) of the elastodynamics
system.

Lemma 3.8. The pair (u,0) € (VN W?*2(0,T; H)) x LP(0,T; LP(Q; RX4)) of Lemma 3.5 satisfies (ii) of
Definition 2.3.

Proof. We fix n € N and a function ¢ € D. We consider the following functions

ok — k1
o = p(kr,) for ke {0,...,n}, dpf:=T" " forke{l,...,n},
n
and the piecewise-constant approximating sequences
ot (t) == o, G (t) := sk, fE@) = fF, fort € ((k—1)1p, kms], k€{l,...,n}.
If we use 7,0F € V¥ as a test function in (3.6), after summing over k € {1,...,n}, we get
ZTn (62uk kY + ZTn ok ek, ZTn koY (3.61)
k=1 k=1
Since 2 = " = 0 we obtain
n n—1 n—1
ZTTL 5 un?@n H *Z 5un790n Z 730n = Z(5u§,g&ﬁ)H—Z(5un,gﬁﬁ+l)
k=1 k=1 k=0 k=0

:_Zr (6uk 5k ZT w1 5ok )y —/T(“(t) Grt (1)) pr dt
n n n n 0 n 5

and from (3.61) we deduce

T T T
- [ @ei O [ @@t O dt= [ 50O (3.62)
0 0 0
Thanks to (3.55) and the convergences

’
LP (0,T;V) L?(0,T;H) . L2(0,T;H) . L?(0,T;H)
+ L5 + L5 + 43 +
n @7 n ) n ) f f
n—00 n— 00 n—00 n—00
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we can pass to the limit in (3.62), and we get that the pair (u,o) € V x LP(0,T; LP(Q; R%X4)) satisfies (i7)

sym

of Definition 2.3. O

Finally, we have that the pair (u, o) satisfies the constitutive law (2.11).

Lemma 3.9. The pair (u,0) € (VN W?>2(0,T; H)) x LP(0,T; LP(Q; REX)) of Lemma 3.5 satisfies (iii) of
Definition 2.5.

Proof. In order to verify the constitutive law, we use a modification of Minty method, as done in [3, 20].
Since . € W12(0,T; H), by integrating by parts in (2.10) we deduce that (u, o) solve

T T T
/ (i(t), o(t))m dt + / (o(t), eo(t))p,p dt = / (f(t),(t))m dt  for all p € D. (3.63)
0 0 0

Let us now consider a function ¢ € L¥' (0,T;V) N L0, T; H) with ¢(t) € V;? for a.e. t € [0,7]. Then
there exists a sequence of functions {¢,}, C D such that

L? (0,T;V) L2(0,T;H)
T,
n—oo n— oo

This can be done, for example, by considering a sequence {wy, }, C CL((2,T — 2)) with 0 < w,, < 1in [0, 7]
for all n € N and such that w,(t) — 1 as n — oo for all t € (0,7, and a sequence {p, }, C C2((0, )) with
pn >0 and [, p,dt =1 for all n € N, and defining
On = pn * (wpp) foralln eN
(see also [14, Lemma 2.8]). By testing (3.63) with ¢,, and passing to the limit as n — oo can deduce that
the pair (u, o) satisfies
T

T T
/ (ii(t), (1)) dt + / (0(8), (1)) e dt = / () o)) dt (3.64)

0 0 0
for all ¢ € LP'(0,T;V) N L2(0,T; H) with o(t) € V;P for a.e. t € [0, T]. Notice that
i—%eL”(0,T;V)NL*0,T; H), o(t)e VP forae. tel0,T]
since WO=ulizh) _ 2W=20=h) ¢ D for all ¢ € (0,7 and h € (0,), and

u(t) —u(t—h) =z(t)—=z(—h)
h h
Hence, by using ¢ :=u+ 4 — 2z — 2 in (3.64) we get

— u(t) — 2(t) for a.e. t €[0,T] as h — 0.

/ (o(t). eu(t) + ei(t))y p dt = / (F() u(t) + () g — / (ii(t), u(t) + a(t)) g dt
0 0 0
T T
- / (F(8), 2(8) + () g i + / (ii(t), 2(8) + 2(t))  dt
0 0

+ / (o(t),ez(t) + ez(t))p,r dt. (3.65)
0

We now consider equation (3.6) and we use ¢ = 7, (uf + duf — 2% — §2F) as test function. By summing over

ke{l,...,n} we get

n

S (G e+ eBul),euls + ebu )y = S (£ 00k — D 0%+ )
k=1 k=1 k=1

n n
— Z’Tn( kR 8y + ZTn(ézu’;, 2P 52y
k=1 k=1

n
+ Z 7o (G (eul + edul), ex? + eész)pm/.
k=1



THE VISCOELASTIC PARADOX IN A NONLINEAR KELVIN-VOIGT TYPE MODEL OF DYNAMIC FRACTURE 19

By using the notations introduced before, we can rewrite the previous identity as
T T
| @0 Galo O dt = [ (G5 et (0) + enf (@), cul ®) + e ()
0 0
T T
= [ @t + afomat = [ a0 + 5 0)
0
T .
[ O [ G50+ 5o
0

T
4 [ 0. es 0 + e @)t (3.66)
0
Now we pass to the limit in (3.66) as n — co. Thanks to the strong convergences
L2(0,T;H L 0,1,V L2(0,T;H . L Tv) . .. L*0,T:H
B2 g g Yy g DR, g B s L2
n—00 n—00 n— 00 n—oo T —00

and the convergences in (3.54), (3.55), and (3.60) we deduce that there exists
T
lim [ (o) (t), Gn(oy (t)))py dt

:/(ﬂmww+mmH&—/<mmww+mew
0 0
—/(ﬂm4w+amHa+/<mm4w+ame+/'w@x4w+wwnww
0 0 0

T
_ / (o(t), cult) + ei(t)), dt,
0
in view of (3.65). Notice that by (3.22)

HG(J:L_) - eu+ - eu+||Lp (0,T:L% (Q; ]Rdxd)) ”G(U:) ( )H (0,T;L7 (2 Rdxd))
L o
- LP(OTLP(Q RIS S T ane (3.67)

which gives
© T T T
lim [ (o7 (t),Goy (1)ppdt = lim [ (o7 (t), Gulo (1)))p dt = /O (o(t), eu(t) + ei(t))p, dt.

n—oo Jq n—oo J

Moreover, thanks to (G3) and (3.22) the sequence {G(o;5)}, C L (0, T; L*' (Q; R‘jyx,ﬁ)) is uniformly bounded.
Hence, by (3.54) and (3.67) we derive

L (0,T;L7 (Q;REX4Y)

G(a)) " eu + e,
n—oo
We combine these two facts and we obtain that for all w € LP(0, T; LP(Q; Rex1))
T T
0< lim [ (o (t) = w(t), G(oy] (£)) = G(w(t)))p, dt = / (0(t) = w(t), eu(t) + eu(t) — G(w(t)))p, dt.
n—oeJo 0

In particular, we take w := o — kb with b € LP(0,T; LP(£;R%*?)) and k > 0, and by dividing by k we get

sym

T
0< /0 (b(t), eu(t) + eu(t) — G(o(t) — kb(t)))p,p dt.

Since G is continuous, by sending k¥ — 0% we deduce

T
0< [ (ble) cult) + €ift) = Gla(®))y dt
0
for all b € LP(0,T; LP(; R%X4)). This implies the constitutive law (2.11). O

sym

We can finally prove our main existence result Theorem 2.8.
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Proof of Theorem 2.8. Tt is enough to combine Lemma 3.5 with Lemmas 3.7-3.9. O

We conclude this section with a uniqueness result in the space (VNW?22(0,T; H)) x LP(0,T; LP(£; Rg;ﬁ))
for the weak solutions (u, o) to the system (2.6)—(2.8) which satisfy the initial conditions (2.9).

Theorem 3.10. Let (u,0) € (VN W?22(0,T; H)) x LP(0,T; LP(;R¥*1)) be a weak solution to the non-

sym
linear viscoelastic system (2.6)—(2.8) satisfying the initial conditions (2.9). Then, the function u is unique.
Moreover, if G is strictly monotone, also o is unique.

Proof. Let (u1,01), (ug,09) € (VN W?22(0,T; H)) x LP(0,T; LP(Q; RZX4)) be two weak solutions to the

sym
nonlinear viscoelastic system (2.6)—(2.8) satisfying the initial conditions (2.9).
We fix s € (0,T]. If we set u :=u; —ug € VN W?22(0,T; H), by arguing as in (3.64), we derive that u
satisfies the following identity

[ e+ [0 - oa(e). o) i =0 (3.65)
0 0
for all ¢ € LP'(0,s; V) N L2(0, s; H) with o(t) € V;P for a.e. t € [0,s]. Moreover, we have
u(0) =u(0) =0,  w(t)+ut)eV,? forae tec0,T). (3.69)
Thanks to (3.69) we can use u + 4 as test function in (3.68), and we get
/ (6(t), u(t) + u(t)) g dt = 7/ (o1(t) — o2(t), eu(t) + ei(t))p,p dt. (3.70)
0 0

By taking into account (2.5) and (2.11), by (3.69) we have

/Os(al(t) — 02(t), eu(t) + ei(t))p, dt = /Os(al(t) —039(t), G(o1(t)) — G(02(t)))p,pr dt > 0. (3.71)
Moroever, since u € W22(0,T; H), we derive

[ @00+ a0y e = JJa) + als)uls) — [ i) at (372)
0 0

and by Young inequality
. 1. 1. 5o
|(i(s), w(s)) | < Zlli()l + lus)llz < Fllals) % +T/O la(®)]17 dt. (3.73)

Hence, by (3.70)—(3.73), for every s € (0,7 we obtain

i =@+ [ il < Gl + e - [ lawlae<o. @

In particular, since

d (s [T s (| .
< (e e [ o) dt) = e (jags) 1, - 47 + D [l at) forae. s 0,7,

thanks to (3.74) we have that the function s — e=*(TFDs [®l4(t)[|%, d¢ is decreasing on [0,7], from which
we deduce

/ |i(t)||3 dt = 0 for all s € [0,T).
0
Therefore 4 = 0 on [0, 7T, which implies u = ¢ for some constant ¢ € H. By (3.69) we have 0 = u(0) = ¢,

that is u; = us.
Finally, if G is strictly monotone, by G(o1) — G(02) = eu + et = 0, we conclude that o1 = o5. O
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4. ENERGY-DISSIPATION BALANCE AND THE VISCOELASTIC PARADOX

In Theorem 2.8 we proved the existence of a solution (u, o) to the nonlinear viscoelatic system (2.6)—(2.8).
As observed in Lemma 3.9, the displacement u obtained via the discretisation-in-time scheme is more regular
in time, more precisely v € W?22(0,T; H). This regularity allows us to prove the following energy-dissipation
balance.

Theorem 4.1. Every weak solution (u,0) € (VNW?2(0,T; H)) x LP(0,T; LP(; R%<4)) to the nonlinear
viscoelastic system (2.6)—(2.8) satisfies the energy-dissipation balance

1 s 1
5 lla(s)1iz +/O ((t), ei(t)ppr dt = S [[W(0)3 +W(0, 830, 0)  for all s € [0, T], (4.1)
where W(0, s;u, o) is the total work of (u,o) on the time interval [0,s] C [0,T], defined as
W(0, s;u,0) == /S(f(t),u(t) — () g dt + /S(il(t),é(t))H dt + /s(a(t),eé(t))pvp/ dt for all s € [0,T].
0 0 0

Proof. We fix s € (0,T]. By arguing as in (3.64), we derive that the pair (u,0) € (VN W?22(0,T; H)) x
LP(0,T; LP(Q; RIX4)) satisfies

sym
[ @ e@mar+ [0, oo at= [ (G@nema
0 0 0
for all ¢ € L”,(O7 s; V)N L2(0,s; H) with (t) € V;P for a.e. t € [0, s]. Hence, if we use ¢ := 1 — Z we obtain
/ (ii(t), @()) i dt + / (o(t), €it(t))yp dt = W(0, s3u,0) for all s € [0,T].
0 0

Finally, since u € W22(0,T; H), we can use the identity

1

/S(ﬁ(t)»’d(t))H dt = %\IQ(S)II% = 5[l for all s € [0, 7]
0

to derive (4.1). O

We conclude the paper by showing that in the nonlinear Kelvin-Voigt model, which is the one associated
to the monotone operator
G(€) = |E[P~%¢ for £ € RYyy (4.2)

sym7
the solution to the system (2.6)—(2.8) found in Theorem 2.8 satisfies another energy-dissipation balance,
which is (4.7). This implies that the crack can not propagate in time, i.e., also the nonlinear Kelvin-Voigt
model of dynamic fracture exhibits the viscoelatic paradox, as discussed in the introduction.
We assume that G is defined by (4.2). Therefore, G satisfies the assumptions (G1)—(G3) and in addition
it is strictly monotone. In particular, G is invertible and its inverse is given by

G7(n) = """y for n e REXA

sym:

In this case, the system (2.6) reduces to

ii(t) — div(|eu(t) + ea(t)[” "2 (eu(t) + eu(t))) = f(t) in Q\ Ty, t €[0,T], (4.3)
with boundary conditions
u(t) = z(t) on Op{Y, t € 0,77, (4.4)
leu(t) + eu(t)[P "2 (eu(t) + eu(t))y =0 on ONQUTy, te 0,7, (4.5)
and initial conditions
u(0) =u’,  w0)=u' in Q\Ty. (4.6)

According to Definition 2.3, we say that u € V is a weak solution to the nonlinear Kelvin-Voigt system (4.3)—
(4.5) if u(t) — z(t) € V;P for all t € [0, T] and the following identity holds:

T T ) T
*/ (a(t), o(t))m dt + / (leu(t) + ea(t)[” ~(eu(t) + ei(t)), ep(t))py dt = / (f(t), (1) m dt
0 0 0
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for all ¢ € D. By Theorems 2.8 and 3.10 we know that there exists a unique weak solution u € ¥V N
W?22(0,T; H) to (4.3)—(4.5) which satisfies the initial conditions (4.6). Moreover, by Theorem 4.1 the
function u satisfies the .

We want to show that the energy-dissipation balance (4.1) can be rephrased just in terms of u. Given
u € VNW?22(0,T; H), we define the mechanical energy & at time s € [0, 7] as

1,. 1 /
& (s;u) = gllals) |7 + EI\GU(S)IIP

p"
the energy dissipated by the viscous term ¥ on the time interval [0, s] C [0,7T] as
70, 53u) == / (Jeu(t) + ea(t)[P 2 (eu(t) + eu(t)) — leu(t) P ~2eu(t), eu(t))p, dt,
0

and the total work # on the time interval [0, s] C [0,T] as
P(0550) = [ (F(0.0(6) = 20) dt + [ (e), 20D
0 0

* / (Jeu(t) + ()" ~2(eu(t) + eilt)), ex(t))p, dt.
0
Remark 4.2. For p = 2 we have
(0, 51u) = / led(t) 3, dt,
0

which corresponds to the viscous dissipation term in the linear Kelvin-Voigt model. Moreover, since G~}
satisfies (G1), we deduce that

(G m) =G (m2)) - (m —m2) =0 for all gy, € RIS
and by choosing 11 = eu(t) + eu(t) and ne = eu(t) we derive
7(0,s;u) >0 for every s € [0,T].
Therefore V can be seen as the analogous of the viscous dissipation term in the nonlinear setting.

Thanks to Theorem 4.1 and (4.2), we derive the following result.

Corollary 4.3. Every weak solution u € VNW?22(0,T; H) to the nonlinear Kelvin-Voigt system (4.3)—(4.5)
satisfies the energy-dissipation balance

E(s;u) + 7(0,s;u) = &(0;u) + #(0,s;u)  for all s € [0,T]. (4.7

Proof. By Theorem 4.1 we know that u satisfies the energy dissipation balance (4.1). Moreover, for the
nonlinear operator G given by (4.2) we observe that

| ot cite at
N /os(IW(t) +ei(t)|” 2 (eu(t) + ei(t)), ei(t))p dt
- /Os(|€u(t) +ei(t)]” 2 (eu(t) + ei(t)) — eu(t)[” Peult), ei(t)),., dt
+ /0 8(|eu(t)\P’*2eu(t), et(t))p dt
= [ Geute) + il 2eu(t) + €i(t) ~ leu(OF et it de-+ el - leuO)]-
Indeed, u € W#'(0,T; V), which implies that the map ¢ Heu(t)HZi is absolutely continuous on [0, 7] with

d ’ ’
Slleu(t) |, =P (lew(®)l eu(t), eilt))py for ae. t € [0,7)

By combining the previous identity with (4.1) we derive (4.7). O
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As a consequence of Corollary 4.3 we deduce that for every weak solution u € V N W22(0,T;V) to
the nonlinear Kelvin-Voigt system (4.3)—(4.5) the crack can not grow in time. Indeed, as explained in the
introduction, according to the Griffith criterion there is a balance between the mechanical energy dissipated
and the energy used to increase the crack. In the nonlinear Kelvin-Voigt model (4.3)—(4.5), this reads as

E(s;u) +HITLT\ To) + 7(0,85u) = E(0;u) + #(0,5;,u)  for all s € [0,T].

Since the energy dissipated by the crack growth, which is ’Hd_l(Ft \ Ty), does not appear in (4.7), we
derive that for the weak solution u € VN W?22(0,T; H) to (4.3)-(4.5) given by Theorem 2.8 we must have
HIYT, \Ty) = 0 for every t € [0,T]. Hence, the crack associated to u does not increase in time. We
point out that this phenomenon, called viscoelastic paradox, is the same which arises in linear Kelvin-Voigt
models, as shown in [10, 26].
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