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Abstract

We consider compact hypersurfaces with boundary in RV that are the critical
points of the fractional area introduced by Paroni, Podio-Guidugli, and Seguin in
[26]. In particular, we study the shape of such hypersurfaces in several simple set-
tings. First we consider the critical points whose boundary is a smooth, orientable,
closed manifold T' of dimension N — 2 and lies in a hyperplane H C RY. Then we
show that the critical points coincide with a smooth manifold NV C H of dimen-
sion N — 1 with ON = T'. Second we consider the critical points whose boundary
consists of two smooth, orientable, closed manifolds I'y and I's of dimension N — 2
and suppose that I'; lies in a hyperplane H perpendicular to the z-axis and that
Iy =T1+4+dey (d>0and ey = (0,---,0,1) € RV). Then, assuming that I'; has a
non-negative mean curvature, we show that the critical points do not coincide with
the union of two smooth manifolds N7 C H and N C H +dey of dimension N —1
with ON; =T for i € {1,2}. Moreover, the interior of the critical points does not
intersect the boundary of the convex hull in RY of T'; and I's, while this can occur
in the codimension-one situation considered by Dipierro, Onoue, and Valdinoci in
[14]. We also obtain a quantitative bound which may tell us how different the
critical points are from N7 UN5. Finally, in the same setting as in the second case,
we show that, if d is sufficiently large, then the critical points are disconnected
and, if d is sufficiently small, then I'; and I'y are in the same connected component
of the critical points when N > 3. Moreover, by computing the fractional mean
curvature of a cone whose boundary is I'y U ', we also obtain that the interior of
the critical points does not touch the cone if the critical points are contained in
either the inside or the outside of the cone.

Contents

[1__Introductionl

2__Proof of Theorem (1.1

[3 Shape of Critical Points with Two Disjoint Compact Boundaries| 10
B.1 Proof of TheoremIT.2 . . . . . . . . ... ... ... ... .. .. 10
[3.2  Further Study on Critical Points and Cones| . . . . . . . ... ... ... 11

*Technische Universitiat Miinchen, Bolzmannstrasse 3, 85748 Garching, Germany.
E-mail: fumihiko.onoue@tum.de



4 Topology of Critical Points| 16

1 Introduction

Fractional minimal surfaces without boundary were first investigated by Caffarelli, Roque-
joffre, and Savin in [6] and, since then, this topic has attracted many authors to study
their geometric properties as an analogy of classical minimal surfaces. Roughly speaking,
a fractional (or nonlocal) minimal surface without boundary is given as the boundary of
a set which minimizes an energy functional defined by the pointwise interaction of a set
and its complement. The typical interaction taken into account is scaling and translation
invariant with some polynomial decay. Precisely, if s € (0, 1) and € is an open set with
smooth boundary, one of such standard energies of a set £ C R relative to  is the
so-called fractional perimeter in 2 and is defined by

P.(B: Q) / / dxdg]/v / / da:dg]/v (1.1)
pra Jpe | — y[Nte Brae Jgena |2 — Y|V

where we denote by E° the complement of E. With this notion, we say that a set £ C RV
is a minimizer of P, relative to € if it holds that

Py(E; Q) < Py(F;Q)

for any open bounded set ' C Q and any F' C RY with F'\ ' = £\ . The existence
and regularity of such minimizers was shown by Caffarelli, Roquejoffre, and Savin in [6].
The regularity theory of the minimizers were later strengthened in, for instance, [9}30].
Moreover, they showed in [6] that if a set £ C R” is a minimizer of P, then the following
Euler-Lagrange equation holds in the viscosity sense:

/ XEe(y) — xey) dy =0 (1.2)

|y _ $|N+s

for z € OF. The integral in is intended in the Cauchy principal value sense. This
can be regarded as a nonlocal counterpart of the classical minimal surface equation and
the left-hand side in is the so-called fractional mean curvature on the boundary
OF. Dipierro, Savin, and Valdinoci in particular have revealed many properties which
classical minimal surfaces cannot possess (see, for instance, [16,/17] for the details). In
addition, many authors have studied the fractional(nonlocal) minimal surfaces or minimal
graphs for more than a decade since the fractional(nonlocal) minimal surfaces appear in
many other topics in which a long-range interaction is involved (see [11,29]). For further
discussions about the geometric features of fractional(nonlocal) minimal surfaces without
boundary, we refer to [2}/4],5]7,9,[12-15L/18},/19].

Quite recently, motivated by some mathematical modelling of thin elastic structures,
Paroni, Podio-Guidugli, and Seguin in [26] introduced a new notion of fractional area
and fractional mean curvatures for smooth manifolds which are not necessarily closed in
the following way: let Q C RY be a bounded domain and let M C Q be any (N — 1)-
dimensional compact smooth manifold with or without boundary. Here we mean by “a

manifold without boundary” a closed manifold. Then the fractional area of M relative
to 2 is defined by

max{xa(z), xa(y)}
Areay(M; Q) = cy //X(M dx dy (1.3)

‘LE _ ‘N—&-s
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where ¢y is some positive dimensional constant and X' (M) is a set of all pairs (z, y) €
RY x RY such that the segment [z; y] with two end points x and y has an odd number
of cross intersections with M and [z; y] is not tangent to M. Note that the presence of
the term max{yq(z), xa(y)} in is necessary to ensure that the integral converges
whenever OM # ().

As is explained in [26], if a (N —1)-dimensional smooth manifold M satisfies M = OF
for some set £ C RY, then the two notions and are equivalent, i.e., it holds
that

Areas(M; Q) = Py(E; Q).

Interestingly, Paroni, Podio-Guidugli, and Seguin also proved in |26, Theorem 3.3] that
(1—s)Area,(M; Q) — HN"H(M) as s 1 1 for a compact (N —1)-dimensional C'' manifold
M contained in a bounded domain €2, as it happens for P; in (see [1,[8]). See
[24,127,31] for further discussions on Areas.

This manuscript is devoted to develop the theory of the fractional area Area, for
manifolds with boundary. In particular, we aim to investigate the shape and topology
of critical points of Areas. Here the critical points of Areay are defined as a smooth
manifold such that the first variation of Area, vanishes with respect to a perturbation
associated with the unit normal vector of that manifold (in the sequel, we will call these
perturbations “normal variations”). The authors in [26] obtained a necessary and suffi-
cient condition for the vanishing of the first variation for manifolds as follows: let M be
an orientable compact smooth manifold with or without boundary and assume that M
is contained in a bounded domain 2 C RY. Then it holds that

dArea,(M;Q) =0 <=  Hp(z) =0 for any z € M. (1.4)

Here we denote by dAreas(M; () the first variation of M under normal variations and
H a5 is the fractional mean curvature associated with Area, which is defined by

Hys(2) = d
Mal2) = cn /]RN ly — 2N+ Y

for any z € M where ¢y is as in (1.3 and the sets A;(z) and A.(z) are defined by

Ai(2) = {y € RY | either (z,y) € X(M) & (2 —y) - vm(z) <0

or (z,y) X (M) & (2 —y) - vm(z) > 0} (1.5)
Ac(2) = {y € RY | either (2,y) € X(M) & (2 — 1) - vp(2) >0

or (2,0) & X(M)& (2 — ) () <0} (16)

where vy is the unit normal vector of M. The sets A;(z) and A.(z) can be regarded as
the “interior” and “exterior” of M relative to the point z, respectively, and these sets
are determined uniquely once the unit normal vector of M at z is specified. See [26]
for more discussions on the notions. Note that if a manifold is not orientable, then the
unit normal vector of the manifold cannot be determined uniquely and neither can the
“interior” A; and “exterior” A.. Moreover, in this paper, we require the C''®-regularity
with a > s of hypersurfaces so that the fractional mean curvatures are finite everywhere.

The study of critical points or fractional minimal surfaces with boundary can be re-
lated to the classical problem on free boundary minimal surfaces in differential geometry.
One of the main topics in the problem is to determine the shape of a manifold ¥ (em-
bedded or immersed) in another smooth manifold S such that ¥ minimizes its area in
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S and 0¥ C 0S8 with some topological constraints. The study of this classical problem
was first considered by R. Courant in [10] in 1940 and, since then, a lot of authors have
been intensively working on this topic. See, for instance, [21,23,25,28,32] for the details.
We also refer the readers to two surveys: [20] for classical works and [22] for more recent
results. The references here are obviously not exhaustive.

As an analogy of the classical free boundary minimal surfaces, it is natural to consider
a fractional(nonlocal) version of free boundary minimal surfaces; however, the nonlocal
version is not understood so far because, to our knowledge, suitable notions of fractional
area for manifolds with boundary had not been considered until Paroni, Podio-Guidugli,
and Seguin in [26] introduced the notion of Area, in (1.3]). To tackle the nonlocal version
of the free boundary minimal surface problem, it is important to understand the geometric
properties of critical points of Area,.

Given the importance of critical points of Area, from the above perspective, it is
desirable to develop some intuition about their geometric features. To do this, since
it is quite difficult to have explicit solutions which entirely describe critical points or
minimizers of Area,, it is often convenient to study simplified cases in which the boundary
of the critical points has some special characteristics. In this paper, we basically consider
three cases: the first is when the boundary of critical points in R lies in a hyperplane and
is homeomorphic |I| to S¥=2. The second is when the boundary is the union of two distinct
parallel and co-axial manifolds each of which lies in a hyperplane, is homeomorphic to
S¥=2 and the distance between the co-axial manifolds is d. The last is when the distance
d is sufficiently large or sufficiently small.

Our first goal in this paper is to determine the shape of critical points of Area, whose
boundary lies on a hyperplane. Precisely, we first define a set C C RY as

C:=GxR (1.7)

where G is a non-empty bounded open subset of R¥~! with a smooth boundary. Then
we define an (N — 2)-dimensional smooth manifold I" as

Ty = 0C N {zy = 0} (= OG x {0}). (1.8)

Assume that M C R” is an orientable compact (N — 1)-dimensional C''** manifold with
OM = T’y and that M is a critical point of Area,. Note that the orientability of M
implies the orientability of OM = I'y. Then, as our first theorem, we aim to rigorously
prove that M must coincide with C N {xy = 0}, as we can intuitively expect this to be
true.

Theorem 1.1. Let s € (0, 1). Let 'y be as in (1.8). Let M be an orientable compact
(N — 1)-dimensional CY* manifold with OM = Ty. If M is a critical point of Area
under normal variations, then M is a hyperplane lying on {zn = 0}, i.e.,

M=Cn{zy =0} (=G x {0}).

Our second goal in this paper is to study the shape of critical points of Area, whose
boundary consists of two disjoint components. The problem setting in the second theorem

LOur result (Theorem [1.1)) can be also true even if the boundary of the critical point is not always
homeomorphic to S¥~2. For instance, Theorem holds true if the boundary has more than one
connected components and lies in some hyperplane. The proof is the same as the one of Theorem



is as follows: we define two distinct compact (N — 2)-dimensional smooth manifolds I'y
and I'y by

[ =0CNn{zy =h} and Ty:=0CN{xy = hs}, (1.9)

where C is as in (1.7) and h; and hsy are given constants with hy < hy. Then a critical
point exhibits a different shape from a hyperplane. Precisely we prove

Theorem 1.2. Let s € (0, 1). Let I'y and 'y be as in and let M be an orientable
compact (N —1)-dimensional C** manifold with OM = T';UTy. Assume that C is convex
where C s as in . If M is a critical point of Areas under normal variations, then
M C {hy < zy < hi} and any connected component of M is neither Cy nor Cy where
we define

Ci=Cn{zy=h} and Co:=CnN{xy = hy}.
In particular, M # Cy U Cy. Moreover, M\ OM does not intersect 0C = 0G x R.

We remark that, by using a cone whose boundary is I'y U Ty as in Theorem [[.2] with
hy =1 and hy = —1, we can further detect how the critical points behave. See Subsection
3.2 of Section [3] for the details.

Our third goal is to further study the shape and, in particular, the topology of critical
points of Area, in the same situation as the one in Theorem[I.2] Precisely, taking I'; and
I's as in Theorem 1.2 with d := hy — hy > 0, we will see what critical points of Area,
under normal variations look like in terms of connectedness if d is sufficiently large or
sufficiently small.

To reach the third goal, we first show the following lemma which somehow tells us
how different critical points are from hyperplanes.

Lemma 1.3. Let s € (0, 1) and d > 0. Let I'y and 'y be as in with hy = 0 and
hy = —d. Assume that C is convex where C is as in (1.7)). Then there exists a constant
go > 0, depending only on N, s, and d, such that the following holds: let M be an
orientable compact (N — 1)-dimensional CY* manifold with OM =T, UTy. If M is a
critical point of Areas under normal variations, then the set enclosed by M and the union
of CN{xn =0} and C N {xzx = —d} contains two half-balls

B_(0) ={z € B,,(0) | xx <0} and BZX(ps) ={z € B.y(pa) | zny > —d}

€0
where pg = (0, —d) € R¥N"! x R.

Here, thanks to Theorem [1.2] we can precisely define the set enclosed by M and
CN ({zxy = 0} U{zy = —d}) as the collection of x € RY such that the line segment
[z, P(z)] where P(z) realizes the minimum distance between x and CN({zxy = 0}U{zn =
—d}) intersects M even number of times and (z — P(z)) - v > 0 where v = —ey if
P(z) eCNn{zy =0} and v = ey if P(x) e CN{axy = —d}.

To help with the intuition, a sketch of possible critical points is given in Figure [I]

As a result of Lemma [1.3] we prove that, if the distance d between two parallel and
co-axial boundaries is sufficiently small, then any critical point is connected in the sense
that the two boundaries are in the same connected component when N > 3. Moreover,
when N = 2, any critical point is disconnected and its two distinct connected components
should look like the right-hand side of Figure [1| with 0 < d < 1.

Precisely, our third theorem is as follows.

>



Figure 1: Two possible situations in dimension 2 in Lemma in which the ‘interior” or
“exterior” of the critical point M = v with 0y = I'y U 'y contains two half-balls.

Theorem 1.4. Let s € (0,1). Let T'y and T's be as in Lemma 1.5, Assume that C is
convez where C is as in (L.7). Then there exists dy = do(N, s) > 0 such that the following
holds: for any d € (0, dy), we take any orientable compact (N — 1)-dimensional C**
manifold M C RN with OM =T, UTy. If M is a critical point of Area, under normal
variations, then I'y and I'y are in the same connected component of M if N > 3 and M
18 disconnected if N = 2.

Moreover, when N = 2, there exist two distinct connected components My and M,
of M such that dist (My, My) > ¢ with some constant ¢ > 0, depending only on N and
s, and OM; intersects both T'y and T'y for each i € {1,2}.

As a counterpart of Theorem [1.4] we prove that, if the distance d between two parallel
and co-axial boundaries is sufficiently large, then any critical point is disconnected in any
dimension and it should look like the left-hand side of Figure [I] with d > 1.

Our last theorem is as follows.

Theorem 1.5. Let s € (0,1). Let I'y and T's be as in Lemma [1.5 Assume that C is
convex where C is as in (1.7). Then there exists d; = dy(N, s) > 0 such that the following
holds: for any d > dy, we take any orientable compact (N — 1)-dimensional C** manifold
M C RN with OM =T1UT,. If M is a critical point of Areas under normal variations,
then M is disconnected.

Moreover, there exist two disjoint connected components My and My of M such that

OM; =T; for any i € {1, 2}.

To help with the intuition, a sketch of possible critical points shown in Theorems [I.2]
[[.4] and [I.5]is given in Figure

The topological properties in Theorem and could be expected to be true
because Dipierro, Valdinoci, and the author of this paper obtained similar results in [14]
on the topology of fractional minimal surfaces without boundary in similar situations.
On one hand, they showed that minimizers of P, in a given cylinder coincides with the
cylinder itself for sufficiently small d where d is the distance between two disjoint parallel
and co-axial external(boundary) data. On the other hand, they showed that minimizers
of P, in the cylinder are disconnected for sufficiently large d.

Interestingly, however, we show in Theorem that the critical points (not neces-
sarily fractional area-minimizing) cannot touch the boundary of the cylinder C no mater
what distance two parallel and co-axial boundaries have, while it is shown in [14] that
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d>1

s
Iy M
F2-
Figure 2: Possible critical points of Area, when N > 3 in Theorem [[.2] and Theorem
on the left and in Theorem 1.5 on the right.

minimizers of P, in a cylinder favorably stick to the boundary of the cylinder if N = 2
and d is large or if N > 2 and d is small. Moreover, our results together with Remark
of Section [ possibly indicate that critical points of Area, with two nearby parallel
and co-axial compact boundaries might develop necks of catenoids, while this is not the
case with fractional minimal surfaces considered in . We remark that the existence
of fractional minimal catenoids without boundary in R3 was shown by Dévila, Del Pino,
and Wei in [13] if s is close to 1.

The organization of this paper is as follows: in Section [2 we prove Theorem by
“sliding” a hyperplane until it touches critical points (see the proof of Theorem for
the details). In Section , we first give the proof of Theorem and then we study
further properties of critical points of Areay, computing the fractional mean curvature
of a cone passing through the boundary of critical points. In Section [}, we first give the
proof of Lemma [I.3] by constructing a suitable barrier and then, by using this lemma, we
prove Theorem Moreover, in Section [, we also prove Theorem by means of the
“sliding method” (see Section [4] for the details).

2 Proof of Theorem [1.1]

In this section, we prove Theorem The idea of the proof is inspired by the so-called
sliding method introduced by Dipierro, Savin, and Valdinoci in . They developed this
method in order to investigate the shape of fractional(nonlocal) minimal surfaces (see
also [14[15,[17] for further discussions).

We proceed with the proof in the following way: we slide a hyperplane, parallel to
CN{zxn = 0}, from below or above until it touches M and assume by contradiction that
there exists a touching point in (C N {xy = 0})°. At the touching point ¢, we obtain the
Euler-Lagrange equation (1.4]). Then, taking into account all the contributions from the
“Interior” A;(q) and the “exterior” A.(q) of M, we can observe that the contribution
from either 4;(q) or A.(q) turns out to be strictly larger than that from the other region.
This contradicts the Euler-Lagrange equation.

Proof of Theorem[1.1. We first define a hyperplane Hy = {(2/, zn) | xx = A} and two
half-spaces

HY ={(,zy) |2y > A} and H, ={(2/, zy) | an < A} (2.1)



for A € R. We set Py : RN — RY as the reflection map with respect to Hy for A € R and
set 2, == Py(z) for any x € RY. Moreover, we define a (filled) cone Cr,(g) with vertex ¢
by

{z € RY | 3\ > 0 such that ¢ + Az — ¢) € G x {0}} U {q}

where G is as in (L.7). Note that Cr,(¢) N {(2',zn) | zy = 0} = ;. We further set
Ct, () = PA(Cry (q))-

Now let M C RY be the critical point chosen in Theorem The minimizer M
is bounded. Hence, we can slide the hyperplane H, from below until it touches the
minimizer M. Our result in Theorem states that this touching does not occur in
Hy U H{ and thus, we assume by contradiction that there exist a constant A\g < 0 and
a point ¢ € M N Q such that

T,M=H,, and H, NM=10

where T, M is the tangent space of M at g. Due to the symmetry of our setting, we
can conduct the same argument that we will show below in the case when we slide the
hyperplane from above and the touching occurs in Hy . Hence, it is sufficient to show the
proof in the case when the touching occurs in H; . See also Figure |3| for the situation
that we consider in dimension 2.

C(a,o)u(—a,o) (q)

A

S
S
.

Figure 3: The situation in dimension 2 in which the critical point M = ~ is a C** curve
with 0y =Ty = {(a,0), (—a,0)}. The set A.(q) is shown in dark gray, the set A;(¢) in
white. The dashed lines represent the boundary of the cone C, 0)u(-a,0)(4)-

Since M is an orientable compact critical point of Area,, which means the vanishing
of the first variation of Area, at M, and since ¢ € M, we obtain, from (1.4)), that

XAi(e)(¥) — X (Y)
0= Hmslg)=c / dy 2.2
mald) = en RN ly — q|Nts (22)

where the sets A.(q) and A;(q) are defined as in and (L.6). We consider all the
contributions from A.(q) and A;(q) in detail and show that the singular integral on the
right-hand side of is strictly positive, which is a contradiction.

Indeed, since Cr,(q) C Hy and H), is tangential to M, we have that Py,(Ac(q)) C
H,, C Ai(g). This implies that RN = A.(q) U Py,(Ac(q)) U Ai(q) \ Px(Ac(q)), up to
negligible sets, and thus we can compute the fractional mean curvature Hy s at ¢ as



follows:

S Ha(g) = / Xa@ ) = Xa@®) o / X ) = Xawb) ;-
Ae(q) Py (Ae(q))

ly — q|N+s ly — q|Nts
XAi(@)(¥) = Xau(@) (V)

+ - dy
Ai(@)\Pag (Ae(q) ly — q|N*
= s dy + / ——dy
/Ae(q) ly —q|N+s Py, (Ac()) ly — q|V+s
1
Asla)\Pag (Ac(a)) 1Y — @I

From the change of variables y — Py, (y) and the definition of P),, we have

1 1
s W= / ———dy. (2.4)
/A (Aele)) [y — VT A [y —alVte

0

Figure 4: The same situation as in Figure [3| The reflection Py,(A.(q)) of A.(q) is shown
in dark gray, the set A.(q) in light gray.

Moreover, we have that the volume of the set A;(q) \ Py, (Ac(q)) is not zero because

Ai(g) \ Pr(Ac(q)) D {z € RY | [2/| > [p']/2} 0 H}, N Cry(q)° D BY, (),
100
where p = (p/, Ag) € RV™! x R for some p' € RN with |p'| > || + max, yer, |z — y|
sufficiently large and B/ (¢q) == {z = (¢/,2n) € B,(q) | zn > qn}. See also Figure 4] for
illustration in dimension 2. From (2.3 and (2.4), we obtain

0 / B / L s / L
= ————dy ———dy ———dy
Aty [y —al™* Adg) [y —al™* Asla)\Pag (Acla)) 1Y — @IV

dy > 0,

/fti(q>\PXO (Ao 1Y — Vs

which is a contradiction.



3 Shape of Critical Points with Two Disjoint Com-
pact Boundaries

In this section, we first give the proof of Theorem and then we show some properties
of the critical points of Area, and compute the fractional mean curvature of cones.

3.1 Proof of Theorem 1.2l

In this subsection, we prove Theorem [I.2] The idea of the proof is basically the same as
the one in the proof of Theorem [I.1 The convexity assumption on C is necessary for us
to use the sliding method.

Proof of Theorem[1.4. We first define
Hf ={(', zn) | xn > hi}, Hp ={(a', 2n) |y < h;}
for each ¢ € {1, 2}. Notice that
OH{: NOC =0Hy NIC =T; and OHE NC=0H; NC=C;

for each i € {1, 2}.

Cla,ha)U(=a,h2) (@)

(a, ho)

Figure 5: The situation in dimension 2 in which each component M; = ~; of the critical
point M = v for i € {1, 2} is a CY® curve with d; = I'; where I'y = {(a, hy), (—a, hy)}
and I'y = {(a, h2), (—a, h2)}. The set A.(g) is shown in gray, the set A;(¢) in white.

Let M C RY be the critical point chosen in Theorem . By using the same argument
as in the proof of Theorem , we obtain that M cannot exist in the regions Hy, and
Hy, that is, M N (Hp, UHL) = 0.

We now show that any connected component of M cannot be either C; or Cs. To
see this, we assume by contradiction that there exists a connected component M; of M
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such that M coincides with (. Taking any ¢ € M, we have that the cone Cr,(q) of
vertex ¢ whose boundary passes through I's is contained in Hy . By choosing a proper
orientation of M, we can have that H{' C A.(q) and A;(q) C Hf, where the sets A.(q)
and A;(q) are defined as in and , respectively. See Figure [5| for the situation in
dimension 2.

Since M is a critical point of Areag, from (1.4]), we have that

X)) (Y) — XAu(@) ()
0 = s q = C / d . 31
Hms(q) = en . [y — g Y (3.1)

Now, by employing the same argument we used in the proof of Theorem [I.I, we obtain
that

-1
ey Hms(q) =/ —dy+/ s
N Ae(q)NHY ly — q|V+s Ac(@)NHy ly — q|VFs

1
Y
Ao [y — @Vt
—1
g/ <o
By jp(—Aen) ly — q|V+s

because Bi/s(—Aen) C Ac(g) N Hp, where A > max{|z — z| | v € Cy, 2 € M} + 1. This
contradicts . Therefore, we conclude that the first claim is valid.

To prove the rest of the claim, we can argue in the same way as in the proof of the
first claim. Indeed, we slide any hyperplane parallel to the xy-axis from right to left or
from left to right until it touches the boundary of the cylinder C. If there is no touching
point, from the convexity of C, we obtain that the critical point M is strictly contained in
C except for its boundary. Thus, we assume by contradiction that there exists a touching
point ¢ of M in the complement of C. Then, by choosing a proper orientation of M,
we can show that the contribution from A.(g) relative to the touching point ¢ is strictly
larger (or smaller) than that from A;(q), respectively, as we see in the proof of the first
claim. This contradicts that the fractional mean curvature vanishes at the touching point
q. Therefore, we conclude the proof of Theorem [1.2]

m

3.2 Further Study on Critical Points and Cones

In this subsection, we further study the shape of critical points of Area, under the same
assumptions as in Theorem with h; =1 and hy = —1.

First, we investigate the shape of critical points in dimension 2. To begin, we divide
R? into four regions, that is, we define four regions C¢, C§, Ci, and C§ by

o= {(z1, 22) € R | 22 > |a1]},
Ch = {(x1, 22) € R? | 1y < —|21|},
Chi={(x1, 13) €ER?* | —|z1| < w3 < |21], 0 < 21},
and  Cf == {(z1, 12) € R?* | —|z1| < 29 < |71, 21 < 0},

respectively. Moreover, we set
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Notice that 0Cy = I'y UT'y where I'y and I'y are given in Theorem with Ay = 1 and
hy = —1 in R?. From the definition of I'; and Ty, we have that T’y = {(+1, 1)} and
Iy = {(£1, —-1)}.
Now we prove that the fractional mean curvature of the cone Cj vanishes at regular
points, i.e.,
Heys(2) =0 (3.3)
for any z € Cy \ {0, (£1, 1), (£1, —1)}. Indeed, let z € Cy \ {0, (£1, 1), (£1, —1)} and,
by symmetry, we may assume that z = (z1, 25) satisfies —1 < z; < 0 and 0 < 2z, < 1.

Then, from the definition of the “interior” A;(z) and the “exterior” A.(z) of the cone Cy
and by taking a suitable orientation of Cy \ {0}, we may obtain that

Ai(2) = (2 (LD N [z (1 =DIDNCE) U (([2, (=1, DI Nz (<1, =D U C)
and
A(2) = (12 (=1, D N [z (@ DU U (L= (=1 =D Nz (1, —D])N G)

where we denote by [p, ¢ the straight line passing through p, ¢ € R? with p # ¢ and we
define [p, ¢]* and [p, ¢~ by the upper part and the lower part of the region separated by
the straight line [p, g, respectively.

Now, because of the symmetry of the cone Cy, we readily observe that, in dimension 2,
the sets A;(z) and A.(2) are equivalent to each other in the sense that T(A;(z)) = A.(2)
where T : R? — R? is an isometric map such that 7% € {(zy, z5) | 25 = 21} for any
x € R% By definition, we notice that T'(z) = z.

Therefore, from the change of variables x — T'(x), we obtain that

1 1
1
H - - 4
en Hepal2) /Ai(z) ly — z|*+s Y /Ae(z) ly — z[*+s Y

/ 1 J / 1 d
= T oas Y — Y
Az [y — 2[*T A [ T(y) = T(2)[**s
=0.

By combining this fact with Theorem [1.2] we can prove the following proposition.

Proposition 3.1. Let N =2 and s € (0, 1). Let I'y and 'y be as in Theorem [1.4 with
hiy =1 and hy = —1. Let v C R? be an orientable compact CY* curve with Oy = I'y UT,.
Assume that C = {(z1, x2) | |z1] < 1} where C is as in ([L7). If v is a critical point
of Area, under normal variations, then vy is not contained in either C{U CY or Cy U C§

whenever (v \ 0v) N (Cy \ {0}) # 0.

Remark 3.2. We may observe, by combining Proposition [3.1| with Theorem that the
possible shapes of minimizers of Area, in dimension 2 whose boundary is I'; U I's are
depicted in Figure [6]

Proof. Let v C R? be as in Proposition and assume that (v \ 9v) N (Cy \ {0}) # 0.
We argue by contradiction that either v C C§UCE or v C C5 U C§ holds. Due to the
symmetry of Cp, it is sufficient to consider the case that v C C§ U C§ holds. From this

assumption, we can choose a point z € (v \ dv) N (Cy \ {0}).

12



Figure 6: Possible minimizers 7 of Areas in dimension 2 with 0y = I'; UT'y is shown with
dashed lines. On the right, v does not intersect with C except at their boundaries I'y
and FQ.

Now, by choosing a proper orientation, we consider the “interior” and “exterior” of
~v and Cj at the touching point z. To see this, we set the interior and exterior at ¢ € n
of a curve n C R? as A}(z) and A7(z), respectively. Then, from the smoothness of the
critical point v and the assumption that v C C§ U Cg, we obtain, by taking a suitable
orientation of v and Cj, that

A (2) \ AL(2)] = |A] (2) \ AT°(2)] # 0 (3.4)
and
|AY(2) \ AL (2)] = |AT (2) \ Al (2)] = 0. (3.5)

Here, from Theorem we have used the fact that all the critical points of Area, in our
situation are contained in the box {(z1, x2) | |z1] < 1, |z2| < 1}. See also Figure [7] for
our situation.

Figure 7: The situation of the critical point v and the touching point z in which ~ is
included in Cf U C% with 9y = I’y UT,. The set AY(z) is shown in light gray, the set
A (2) in white, and the set AS(2) \ AY(z) in dark gray.

13



Hence, since = is a critical point of Area,, we have that

H, 4 (z)=0.

From (3.3)), (3.4), and (3.5]), we have
0= 02_1 H%S(Z) = 02_1 (H%S(Z) - HCo,S('Z))
B / Xy (2)(Y) = X 4% () (U) + X 40y (%) = X2 () (¥)
RQ

|y _ Z|2+s

dy

Lo 7= Ja o
= s y - s y
A NAT () |y — 2 AC (2 Y — 2P

+ / L4 / L4
T oo AY — T o0 AY
ACO (N A2 () [y — 2[FT AL (NSO () [y — ]2

1 1
_ —dy+/ 1 w0, (36
/A;(z)\AfO(z) ly — z|*** A0 (A2 (=) [y — 2[Fe

which is a contradiction. Therefore we obtain the claim. O

Remark 3.3. We briefly consider the situation of Theorem with h; =d and hy = —d
for d # 1 and d > 0 and see what kind of shape the critical points in dimension 2 look
like. Notice that we have treated the case of d = 1 in Proposition [3.1]

Assume that h; = d and hy = —d for d > 0. We define a cone C,; with vertex 0 by

Ca = {(z1, 22) € R* | 2] = d|z1], |22] < d}. (3.7)

Notice that 0C; = I'1UI'y. By slightly modifying the argument for showing that He, s = 0
on Cp\ (0CyU{0}) and taking a proper orientation, we can show that the fractional mean
curvature He, s(z) of Cy is either positive or negative for any z € Cy \ 0Cy with z # 0.
Then, again by slightly modifying the argument in the proof of Proposition 3.1} we obtain
the same result as in Proposition even for any d # 1.

We next prove the same result as Proposition [3.1] in higher dimensions. To see this,
we also show that the fractional mean curvature of a cone passing through I'y U I’y is
either positive or negative everywhere except at its vertex in higher dimensions. The
idea of the proof is the same as that in the proof of Proposition We first introduce
some notations. We define a bounded tube Dy and a unbounded (open) cone Cy by

Dy = {(2, zn) eRVI xR | |2| <1, =1 <zy <1}
Co = {(a, xy) € RNV X R | |zy| > |2']}.

Moreover, we set CN == 8Cy N {(«/, zn) | |zn| < 1} and decompose C, into two parts
Cy and C; which are defined by

Cf ={(@, zy) eRV ' xR | zy > |2/}
Cy ={(, zy) e RV xR | 2y < —|2'|}.

Notice that C}¥ coincides with Cy given in (3.2)) if N = 2 and 9CY =T, UTs.
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Proposition 3.4. Let N > 3 and s € (0,1). Let I'y and T's be as in Theorem
with hy = 1 and hy = —1. Let M C RY be an orientable compact C** manifold with
OM =T, UTy. Assume that C = {(2/, zn) | |2'| < 1} where C is as in (L.7). If M

s a critical point of Areas under normal variations, then M is not contained in either
CUCy or Do\ (Cf UCy) whenever (M \ dM) N (CN \ {0}) 0.
Proof. The proof is similar to that of Proposition |3.1] and we here show a rough sketch
of the proof. Let M be the critical point selected in Proposition 3.4, We assume that
(MN\OM)N(CY¥\{0}) is not empty and we choose a point z € (M \ OM) N (CY¥\ {0}).
Suppose by contradiction that either
McCfuCy or McDy\(Cfucy)

holds. First, by choosing an orientation, we show that

Hc(z)vﬁ(z) > 0. (3.8)
Indeed, if we take the unit normal vector vew (2) of the cone CY at z in such a way that

the direction is towards Cy, then the “interior” Aicév(z) and “exterior” AS0 (z) are given
by
AT (2) =RV (A (mu )
and
AZY (2) = (Con {(@', wn) | o] < 11 U ((Cry(2) U Cry(2) N{(@', ) | fan| > 13)

where Cr,(z) is defined by a (filled) cone of vertex z passing through I'; for each i € {1,2}.

Now we take a hyperplane H, which is tangent to dC, and passes through z and define
N

the reflection map Ty, with respect to H,. From the definitions of C, Ao (z), and

Agév(z), we have
T (AT (2)) € AT () and AT (2)\ Tt (A7 ()] 0,
Since Ty, is an isometry and T_(z) = z, we obtain the following:

C N o Z) = — R
N ASY o\ T (S0 2y |2 = 2Ny A (o) | — 2N

/ dx
A4S (o) |1 — 2| NFs

dx

- L0, (3.9)
/Afév (NI, (AT () |7 — 2|V

which implies ({3.8]).

Now, since M is a critical point of Area,, we have the Euler-Lagrange equation
HM7S<Z) = 0.

Thus, taking the unit normal vector va¢(z) of M at z as v (2), we can have the following
computation:

0= cy' (Hms(2) = Hoy o(2) + Hey ((2))
1 1
:2/ —dx—2/ . dr 4 Hew(2). (3.10)
AT iz | — 2N Ap (A0 (2 | — 2V co
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From the assumption, we can observe that
AS )\ AM(E)] >0 and [ AM()\ AT ()| = 0.
Therefore, from (3.8)) and (3.10]), we reach a contradiction. H

4 Topology of Critical Points

In this section, we investigate the topology of critical points with two parallel and co-axial
boundaries and prove Theorems [1.4] and [L.5]

Before proving our main theorems of this section, we establish Lemma [I.3] The idea
of the proof is to construct a small barrier, whose fractional mean curvature is strictly
positive or negative, and to “slide” the barrier until it touches the critical point. The
construction of the barrier is inspired by the one shown in [18]. See also |14, Proof of
Proposition 4.1]. In the sequel, without loss of generality, we may assume that C =
{(«', zn) | |[#'| < 1} where C is as in for simplicity.

Proof of Lemma[1.3. We first fix ¢ € (0, 1) so small that § = () = (—loge) "2 < 1
and we define a smooth bump function w, : R¥=! — R by
wo(o) = TP (~rfer)  forll <o
0 otherwise.

Notice that w. € C®(RN™1), w.(z') = 0 for |2'| = §, w.(0) = —&, and

lifg o(c) = lii(r)l V"0, ||co = 0. (4.1)
where V' = (0, , Oxn_,)- If necessary, we may choose ¢ in such a way that ¢(g) < 1.

Note that, since ¢ is an increasing function in a neighborhood I, C [0, 1) of the origin,
its inverse function ¢! exists in a neighborhood J; C [0, 1) of the origin. We then set

r(e) = (2(N — D¢(e))™"  and d(e) == 2r(e). (4.2)

Moreover, we define a positive constant ¢4 as

£ ¢_1((2(N - 1)d)_1) if (2(N — 1)(1)_1 € J,
d: (any positive constant in .J,) if (2(N —1)d)™" ¢ Ty

By definition, we observe that r(e4) > d and g4 can be chosen independently of d if
d < (2(N —1))~* since J, C [0, 1).

In addition, we choose a smooth function v, : R¥~! — R such that v. is radially
symmetric, 0 < v.(2') < 1 for 2/ € RN~! and sptv. C B 5(0) where we denote by B;(0)
an open ball centered at the origin of radius r in R¥~!. In particular, we choose v, in
such a way that its subgraph {(z/, zn) | 0 < zx < v.(2)} of v. contains a cylinder of
height ¢()? < 1 for 8 € (0, s) with the base of radius -. Then we define a function
w. : RV"1 =+ R by

we () for |2'| < ¢
.~ J0 for 0 < |2'] < 2
() = ve (' =) for 2 <|o'| < £
0 for |2/| > %
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where b’ € RV~! is any point with [0'| = 3. Notice that w, is smooth in RV~

Now we construct a barrier against M| i.e., an orientable compact (N —1)-dimensional

piecewise smooth manifold M=* in the following way: first, taking any ¢ € (0, €], we de-
fine two sets

Mt = {(o!, o) | ] < 1, o = @ule’) + 1,
and ./\/lg’t ={(@, zn) | |2 £ 1, 2y = —d(e) + t}

where d() is as in ([1.2). Then we define our barrier as M= = MS' U M5!, By
construction, we can easily see that M®" is an orientable compact (N — 1)-dimensional
smooth manifold with OMS = T'7" and OM" = I'y" where we define

I =cn{zy =t} and Iy =CnN{azy=—d(c)+1t}.

e,t
F2

Figure 8: The barrier Mt = M5 U M5! associated with a function @, in dimension 2.
The graph of w, in {|]2’| < 1} is depicted with black lines and the cylinders in dark gray.

We next construct another barrier in which the small bump associated with v, is
removed from Mt First, for any ¢ € (0, €], we define a manifold M5" as the graph of
We, l.e.,

M = {2, an) | 2] < 1, oy = w.(2) + t}
and, then, define the second barrier as M*! := M5'UM5". Notice that IM=t = TT'UTY".

We now show, up to orientation, that the fractional mean curvature of Metis negative
on the graph of w.. Let ¢ € M7" be any point such that |¢'| < () where we set
q = (¢, qv). We now define er’t(q) to be a (filled) cone of vertex ¢ whose boundary

passes through I‘f’t for ¢ € {1, 2}. Then, up to orientation, the interior and exterior of
Mt at q are

e

AV (q) = RV (A (g) U M)

and

AN (g) = <CF§’t(Q) N{(2', on) | on < —d(e) + t}> U{(@, an) [ 2y > wl(2))},
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respectively, where we define a function w? : R =1 — R by

o) = {wg(x') for |2/] < 1

) (the graph function of 9Cr<(q)) for |2/] > 1.

We now compute the fractional mean curvature Hy.. (q) at g of M=t From the

definition of the fractional mean curvature and by a Changé of variables, we have

(q) = / Xagret (4 = %) = Xqmet (@ — 7)
9 = n [N+

1
—cy H

Msit s d,flj'

dx

_ / Xagret (0 — %) = X qiet (0 — 7)
BL(0)X (—r,7) || N Fs

dx

N / Xagre (1~ %) = Xqmen (4 — )
(BLO)x (—r,7)° [V

= (I) + (IT) (4.3)

where we set 7 := r(g) where r(¢) is as in (4.2)).

We first compute (7). Thanks to the choice of r and the construction of M we
observe that

(BL(q) x (=, )) N (org,t(q) N {(e', zn) | on < —d(e) + t}) = 0.

Thus we can represent the set 8A£V‘V€’t(q) in B/(0) x (—r, r) as the graph of w?. By doing
a computation similar to the one in [3, Section 3], we obtain

q '\ _ g !/ / d /
D[ p(HO-EU=) o
B(0) |2/| |2/ [N 1rs
_ / 2 (@g(Q') —wi(q — $')) dx’
B(0) |2/| |2/ [Nt
[ p(H0-masy
o) /| |2/ [N+
L[ (=)
BL(0) |2/| |2/ [N =1t

o (@(q’) — @ +w’>) do’ )

|x/|N71+s

where we set

for any t € R. Note that we have used the change of variables 2’ — —z’ in the second
equality of (4.4) and the fact that F' is odd in the last equality of (4.4). By definition,
we have that w?(q') = w.(¢') and w?¢ > w, in R¥~1. Since F is increasing, we derive from

(4.4) that
(1) > / P (—ws(q’) + w.(q —x’)) dz’
-~ JBL0) |2/| |/ [Nt

—/ F(we(q/>_w€(q,”/)) do’__ (4.5)
B.(0) |2/ |/ [N =1
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Now, by using the fundamental theorem of calculus in (4.5]), we obtain

([) - /;/ ) /01 - (a(x/7 q', )\)) d)\2w6(q/) — wa(q/ + x’) — wE(Q’ _ x/) ” (46)

EIRE

where we set a(z/, ¢/, \) as

a(z', ¢, ) =

for 2/, ¢ € R¥N=1 and X € [0, 1]. By using again the fundamental theorem of calculus, we
have

|2wa(q/) - wa(q, + 55/) - wa(q/ - :B/)|

1 1
— / Vw.(q¢" + pz') - 2" dp + / Vw.(q" — px') - 2" dp
0 0

1
< [ 19wl + pa') = Vunla' = p)| 2] dp. (4.7
0
Hence, combining (4.7) with (4.6)), we obtain that

(1) > _/ /1 V'we(d + p2!) = V'weld = p2)l ) o
— JBro) Jo

|I/|N_1+S

Here we have used that F'(t) = (1 +¢2)~ "2 < 1. Since w, is smooth in RV~ we then

have

dz’ 2Wn_
(1) > —2[ V™o / Y N2 gy e, (48)
B

0N R

Now we compute (/1) in the following way: since B,(0) C B.(0) x (=r,7) C RY, we
have

dz WN-1 _
(1) > —/ o N1 (4.9)
Beo) |T|VTE 8
Therefore, from (4.8]) and (4.9), we obtain
— Hyen (@) 2 — (a1 IVPwellco 7™ + cor™®) (4.10)
where ¢; and ¢y are defined as
L 2wN—2 _ WN-1
= and ¢y = ,
1—s s

respectively. From (4.2), it holds that the right-hand side of (4.10)) takes the maximum
at r =r(e) € (0, d(¢)). Hence we finally obtain, from (4.10)), that

— Hyzeo () = —c[[VPwe][go = —cé(e)* (4.11)
where we set the constant ¢ = ¢(N,s) > 0 as

Y — D)yt

c=c(N,s) = A=)
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Next we compute the fractional mean curvature Hpet(¢) at ¢ by using Estimate
(4.11)) of the fractional mean curvature Hyz., (¢) at ¢. Indeed, from the construction of

MEt and M®*, we have that, by choosing a proper orientation, Af”(q) c AM*'(¢) and
thus we obtain

—cj\,l Hper 5(q) = —cN Hy S(q)
/ X apiert () (L) = X qmiot () (T) X giie () (2) = X gyt (o (@)
]RN

d
|7 — [Nt ’
X 4= (0 AFE= () (B) T X g5t (g amet () (7)

— o 'He. - 6 : Z !

N Higger (CI)‘*’/RN |z — q|NFs ’
1
I (q)+2/ LI (4.12)
N e A g AT g [T — gV

Recalling that AM™(g) \Aff’t(q) contains the subgraph {0 < zx < v.(a’ — ')} and the
subgraph contains the cylinders of height ¢(¢)? with the base of radius 1/16, we have

A @\ AT (@) = oo

where a constant ¢ = ¢(N) > 0 depends only on N. Moreover, we observe that the
distance between ¢ and the cylinder is less than, at most, 2 + ¢(£)” and this is bounded
from above by some constant depending only on N, s, and 8. Hence from and
and by recalling the choice of ¢, we obtain

o Haeeala) > —c0(e)" + @+£iw%¢@ﬁ
> —e(e) + 9(e)
o (el 4 ) (1.13

where ¢’ > 0 is a constant depending only on N, s, and /3. Since 0 < § < s and ¢(¢) | 0
as € } 0, we choose g1 = ¢1(V, s, ) € 1, N (0, ﬁ) so small that the right-hand side of
is positive for any € € (0, £;]. Therefore, from , we obtain that H et s(¢) <0
for e € (0, &4].

Now we set e := min{e1, e4}. Since r(g4) > d and d(e2) < 3, we may observe that
d(e9) > d and M?f’ NT; =0 for any ¢ € (0, &5]. For our convenience, we denote €5 by &
in the sequel.

We then slide the barrier M®! from above, i.e., we vary the parameter ¢ stating at
until M®! touches the critical point M. To prove the claim, we assume by contradiction
that there exists ¢, € (0, €] such that MNMZ™ # 0 and MNMG" = 0 for any ¢ € (4, €].
We pick up a point q.,, € M N M5". Notice that

{(«/, zn) | —d < zny <O} N MF* =0

since d(e) > d. See Figure [J] to favor the intuition in dimension 2.
Since M is a critical point of Area, under normal variations, we obtain

HM7S(qa,t1) - O
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€,t1
F1

£,t1

AZ (Qf-:,tl)

Figure 9: The critical point 7 depicted with dashed lines and the barrier v*% with black
line. 7 touches v*' at ¢.; from above. The exterior A" (ge,) of v is depicted in
light gray and the exterior AY(g.+,) of v in both light and dark gray.

From Theorem and the above argument, we obtain that the touching point ¢.;, =
(4,5 a2,) € RNIxRosatisfies |q ;| < 6(¢) and thus H e 4(gey,) < 0. Moreover, from
the construction of M5", we have, by choosing a proper orientation, that

AL (@) VA (@) > 0 and A (g, ) \ AN (o) = 0.

Therefore, we obtain

0= CJ_VI (HM7S<qeyt1) - HMgvtl ,S(qé,t1> + HME’tl,s(q67t1))
/ Xa(aea) () = Xgeets gy (B) + Xogpeotn ) () = X)) (2)
< ! . ’
]RN

dr +0
|'T - q{:‘,tl N+s
1
= —2/ v dr <0, (4.14)
AM(ger NAME (g ) [T — Qe [N

which is a contradiction. We thus conclude that we can slide the barrier M®! until the
boundary I';* = OM3* coincides with the boundary T'; = M. By symmetry, we can
slide the barrier from below and do the same argument.

O

Therefore we obtain that two open half-balls of radius €5 are contained in a set enclosed
by M and the union of CN{zxy =0} and C N {zy = —d}.
As a consequence of Lemma (1.3, we now prove Theorem 1.4

Proof of Theorem[1. Assume that 5 and M=t are given in the proof of Lemma
for ¢ € (0, &3] and t € (0, ¢]. From the definition of 5, we can choose d' > 0 so
small that d < (2(N — 1))~! and that €5 can be chosen independently of d for any
d € (0, d'). Moreover, if necessary, we may assume that e ¢(g) < (2(N — 1)), which
is still independent of d.
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Let M be the critical point chosen in Theorem [1.4 We set d := min{d’, e,}. From
the choice of ¢ and &3, we have that dy¢(dy) < (2(N — 1))~!. Then we observe that
d(es) —t = ((N — 1)p(e2))™t —t > d for any t € (0, 5] and thus we have that

I n{(@, an) | —d <ay <0} =10

for any t € (0, &3] and any d < d,.
Now, by Lemma we find that we can slide the barrier M=>* until the parameter
t reaches 0. Thus, by combining this with Theorem [1.2] we obtain that

M (C\{(@, zn) | |2| < e2}) N{(/, zn) | —=d < zn < 0}
={(@, zn) |2 < [2/| <1, =d < zy <0}

for any d < dp.

If N = 2, then, since I'; consists of two distinct points for ¢ € {1, 2}, by a sim-
ple geometric argument, we conclude that the critical point M is disconnected for any
d € (0, dy). Moreover, from the construction of the barrier, we obtain that there exist
two connected components M; and My of M such that dist (M, My) > 5 and M;
intersects both I'y and T'y for each ¢ € {1, 2} at its boundary (see also Remark [4.1]).

If N > 3, then, by using homology theory, we conclude that I'y and 'y are in the
same connected component of the critical point M for any d € (0, dy) (see [33]). Indeed,
we assume by contradiction that there exists a connected component M, of M with
OMy = T'y. Taking the fundamental class [I'1] € Hy_o(I'y) where Hy(S) is the k-
th homology group of S, we may have that the image in Hy_o(My) of [I'1] by the
induced map of homology from the inclusion ¢ : I'y — M does not vanish because
My C M C A, and A,, deformation-retracts to I'y ~ S¥~2 where

A, = {2, zn) | ea < |2'| < 1,—d < zy <0}

However, since [I'1] is the boundary of [Mj]| and by using an exact homology sequence
of the pair (M, I'1), we obtain the contradiction. ]

Remark 4.1. Combining Remark [3.3 with Lemma [I.3] and Theorem we may observe
that two possible critical points of Area, in dimension 2 whose boundary is I'y UTy =
{(#£1, d), (£1, —d)} are depicted in Figure

Figure 10: Two possible critical points v of Area, in dimension 2 with 9y =I'; U Ty are
shown with dashed lines and the cone C,; defined in (3.7)) is shown with crossed lines. On
the right, v does not intersect with Cy except at their boundaries I'y and I's. In both
figures, two distinct connected components v, and v, of v are placed at mutually positive
distance of at least €9 > 0.
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Finally in this section, we prove Theorem [I.5] The idea of the proof is basically the
same as the one in [14, Theorem 1.2], i.e., we use the “sliding method” that is developed
by Dipierro, Savin, and Valdinoci in |[15-H17].

Proof of Theorem[1.5 Let M be the critical point selected in Theorem [I.5] and we set
I = Fl U Fg.
Given t € R and o € (0, 1), we consider the open ball Bga/s(prq) where prq =

(tef, %) € RY"' x R and €] = (1,0,---,0) € RV"'. Here we take d conveniently
large so that d — d* > 100. Then we slide the ball from left to right until it touches
the critical point M, which means that we vary ¢ from ¢t = —oo to t = +00. Note that

By ja(pra) C C° for [t| > 14 d*/2 and Bgajs(pra) NI = 0 for any ¢. To prove the claim,
we suppose by contradiction that there exists ty € R such that Bga/s(pra) "M = (0 for
t <ty and 8Bda/2(pt0,d) n.M 7é 0.

We choose a point ¢ € 0Bga/2(p,,a) N M. Note that, due to Theorem [1.2, ¢ € C. By
the Euler-Lagrange equation, we have that

Hus(q) = 0. (4.15)

Moreover, by choosing a proper orientation, we can choose the interior A (q) and exterior
AM(q) at ¢ of M in such a way that

Bue (p.a) C Ai'(g) and  AX(q) =RY\ (AM(q) UM). (4.16)

We now consider the symmetric ball of Bga 2(py,,q) with respect to ¢ and we denote it by

B = Byo 2(Prg,a) Where Dra = proa + 2(q — Pro,a)-
We define a cylinder Sy as

Sy ={(2', zn) | 2] <2, —d < xx < 0}.

Notice that C N {(z/, zn) | —d < zxy < 0} C Sy and M C S, thanks to Theorem [1.2]
From the symmetry of the balls, we have

/ dx B / dx
SdlﬁlB% (pto,d) |x - q‘N+8 Sdﬂé |x - q‘N+8

and therefore, from (4.16)),

Xarm(g) (%) = Xam(q) (%) Xap () (%) = Xapq) ()
N+s dr = N+s
Sq |ZL’ - Q| SdﬂB%(pto,d) |$ - ql

dx

X AM T) — XAM T
+/ M) () = Xam(g)( >dx
Sdﬁé

‘x _ q‘Nﬁ»S
XAM(q) () = Xam(g) ()
* B N+s dzx
Sd\(B% (pto,d)UB) |z — q
dx dr
- o — g™+ [
SdﬂBg(pto,d) |‘T - Q| S;NB ‘33 — q‘
/ dx
Sd\(B%(ptoyd)ué) |z — g|N+s
d
= - (4.17)

/Sd\ (B%g (pto,d)UE) ’3: o q’NJrS.
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By employing the result in [15, Lemma 3.1] with R = d®/2 and A\ = d~2, we obtain

/ ~ d—xNJrs < Cod 50
B g @\(Baz (.08 ) 17— 4

a2
where Cy > 0 is a constant depending only on N and s. As a consequence, we obtain

/ dz </ dx
Si\(Baz (rg. 008 ) 17 =A™ 7 b g 0\ (Bae rg.0B) [ = a1V

+/ dx
Si\B g () |z — q|NFs

s d
< Cod % +/ —xm
RN\B g (9) |z —q|

< Cod T+ C d 5" < Cyd 3° (4.18)

where Cy := Cy + (' is a constant depending only on N and s. From (4.17)) and (4.18]),

we have

XAM(q) (z) — XAQA(q)(x) X.A{"‘(q)(x) — XAM(q) (z)
dr = dx
RN Sa

|z — g+ |z — gV

dx

XA{"‘(q)(x) — XAM(g) (z)
+ |z — g|N+s
s¢ q

s X AM ) — XaMm x
> G, dzcur/ ) e 0% 4 (1.19)
S5 |z — g

Now we consider the contributions from AM(q) and AM(q) in S5. We now define
Cr(q) by a (filled) cone of vertex ¢ whose boundary passes through I'. Moreover we
define Cg,(q) by a (filled) cone of vertex ¢ whose boundary passes through

IS;N{(x', zny) |y =0} and AS;N{(2', zn) | zx = —d}.
From the definitions of S; and I', we observe that
Cr(q) C Cs,(q).

We now set 6p(q) = Cr(q) N{(2, xn) | zx > 0 or xxy < —d}. We then rotate Cr(q) by
angle /2 or —m /2 with respect to the straight line parallel to the z;-axis passing trough
¢ (if N = 2, then we just rotate Cp(¢) by angle /2 or —7/2 with respect to ¢). Since
we choose d so large that d — d* > 100, we obtain that

R(Cr(q)) € 85N AM(q) N Cs,(q)°

where R(Cp(q)) is an image of Cp(g) by the rotation map R : R¥ — R in the above.
See Figure [11] for an intuitive understanding. Then, observing that R(q) = ¢ and

S50 AM(q) = Cr(q)
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Bae /2(to,d)

Al(9)

Figure 11: The touching between the ball Bga /2(py, q) and its symmetric ball B at q. The

image of the set ap(q) by the rotation map R is depicted in dark gray and the set A7(q)
in light gray.

and by a change of variables, we have

/ dx _/ dx _/ dx
RGr@) [T —alV Jeng lr —al Jeeqamg [ — gV

From the definitions of S; and the rotation map R, we can choose an open ball outside
Sq and R(Cr(q)) but close to g, i.e., we have

Bi(q+5e1) C (S0 AM()) \ R(Cr(q))

where we set e; = (1, 0,---,0) € RY. Thus, we obtain
/ XAM(q) (z) — XAM(q) (z) di — / dx B / dx
se |z — q|Nts senamg) 1T — @Vt Japg) lr — gV
/ dx
Z N+s
S5NAM(q)NR(Cr(q)) [z —q

dx
+ ~ N+s
(S50 AM (@) \RCr (@) 1T — 4]

/ dzx
Orlg) 1T — N s
S / dx

o Bl(q+581) "CE - q’NJrS

dx
= —— =35>0
/31(5e1) || NFs

where C3 depends only on N and s. This with (4.19)) leads to

) Xar(g) (%) = Xam(g) (#) ta
CNl HM,S(q) = /RN q’gj . q’N+5 dx Z _CQd 27+ C3°
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Therefore, there exists dy = dy (N, s) > 0 such that Hus(q) > 0 for any d > d; and this
contradicts the Fuler-Lagrange equation (4.15)). m

Remark 4.2. From Lemma [1.3| and the choice of €5 in the proof of Lemma [1.3] we also
obtain that, for sufficiently large d, a set enclosed by M and the union of C N {zy = 0}
and C N {xxy = —d} contains two half-balls of radius 5 = ¢~!(d~!) where ¢! is as in
the proof of Lemma [1.3]
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