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Abstract

We consider hypersurfaces with boundary in RY that are the critical points
of the fractional area introduced by Paroni, Podio-Guidugli, and Seguin in [27].
In particular, we study the shape of such hypersurfaces in several simple settings.
First we show that the critical points whose boundary is an (N —2)-sphere coincide
with (N — 1)-balls. Second we show that the critical points whose boundary is the
union of two parallel (N — 2)-spheres do not coincide with two parallel (N — 1)-
balls. Moreover, the interior of the critical points does not intersect the boundary
of the convex hull of the two (N — 2)-spheres, while it can happen in the situation
considered by Dipierro, Onoue, and Valdinoci in [14]. We also obtain a quantitative
bound which may tell us how different the critical points are from the two (N —1)-
balls. Finally, in the same setting as in the second case, we show that, if the
two parallel boundaries are far away from each other, then the critical points are
disconnected and, if the two parallel boundaries are close to each other, then the
boundaries are in the same connected component of the critical points when N > 3.
Moreover, by computing the fractional mean curvature of a cone with the same
boundaries as those of the critical points, we also obtain that the interior of the
critical points does not touch the cone if the critical points are contained in either
the inside or the outside of the cone.
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1 Introduction

Fractional minimal surfaces without boundary were first investigated by Caffarelli, Roque-
joffre, and Savin in [6] and, since then, this topic has attracted many authors to study
their geometric properties as an analogy of classical minimal surfaces. Roughly speaking,
a fractional (or nonlocal) minimal surface without boundary is given as the boundary of
a set which minimizes an energy functional defined by the pointwise interaction of a set
and its complement. The typical interaction taken into account is scaling and translation
invariant with some polynomial decay. Precisely, if s € (0, 1) and € is an open set with
smooth boundary, one of such standard energies of a set £ C R relative to Q is the
so-called fractional perimeter in 2 and is defined by

P.(E:Q) / / dxdgj/v / / dwd]yv (1.1)
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where we denote by E° the complement of E. With this notion, we say that a set £ C RV
is a minimizer of P, relative to € if it holds that

Py(E; Q) < PJ(F;Q)

for any open bounded set Q' C © and any F' C RY with F'\ Q' = E'\ €. The existence
and regularity of such minimizers was shown by Caffarelli, Roquejoffre, and Savin in [6].
Moreover, they showed in [6] that, if a set £ C RY is a minimizer of P;, then the following
Euler-Lagrange equation holds in the viscosity sense:

/ xeely) = xely) 4 _ (1.2)

Yy — I|N+5

for x € OE. The integral in is intended in the Cauchy principal value sense. This
can be regarded as a nonlocal counterpart of the classical minimal surface equation and
the left-hand side in is the so-called fractional mean curvature on the boundary
OF. Dipierro, Savin, and Valdinoci in particular have revealed many properties which
classical minimal surfaces cannot possess (see, for instance, [16}[17] for the detail). In
addition, many authors have studied the fractional(nonlocal) minimal surfaces or minimal
graphs for more than a decade since the fractional(nonlocal) minimal surfaces appear in
many other topics in which a long-range interaction is involved (see [11,130]). For further
discussions about the geometric features of fractional(nonlocal) minimal surfaces without
boundary, we refer to [2}4} 5, 7,9,[12-15}/18}/19].

Quite recently, motivated by some mathematical modelling of thin elastic structures,
Paroni, Podio-Guidugli, and Seguin in [27] introduced a new notion of fractional areas
and fractional mean curvatures for smooth manifolds which are not necessarily closed in
the following way: let  C RY be a bounded domain and let M C Q be any (N — 1)-
dimensional compact smooth manifold with or without boundary. Then the fractional
area of M relative to 2 is defined by

Per, (M; Q) _cN// max{xe(®). xeW)}t ;. (1.3)

’1; _ ’N—l—s

where ¢y is some positive dimensional constant and X' (M) is a set of all pairs (z, y) €
RY x RY such that the segment [z; y] with two end points x and y has an odd number



of cross intersections with M and [z; y] is not tangent to M. Note that the presence of
the term max{yxq(z), xa(y)} in is necessary to ensure that the integral converges
whenever OM # ().

As is explained in [|27], if a (N —1)-dimensional smooth manifold M satisfies M = 0F
for some set £ C R¥, then two notions and are equivalent, i.e., it holds that

Perg(M; Q) = Py(E; Q).

Interestingly, Paroni, Podio-Guidugli, and Seguin also proved in |27, Theorem 3.3] that
(1—s)Pery(M;Q) — HN"L(M) as s 1 1 for a compact (N — 1)-dimensional C' manifold
M contained in a bounded domain €2, as it happens for P; in (1.1)) (see [1,8]). See
[25,28,31] for further discussions on Pers.

This manuscript is devoted to develop the theory of the fractional area Per, for man-
ifolds with boundary. In particular, we aim to investigate the shape and topology of
critical points of Per,. Here the critical point of Per, is defined by a smooth manifold
such that the first variation of Per, vanishes with respect to a perturbation associated
with the unit normal vector of that manifold (in the sequel, we will call this perturbation
“normal variations”). The authors in [27] obtained a necessary and sufficient condition
for the vanishing of the first variation for manifolds as follows: let M be an orientable
compact smooth manifold with or without boundary and assume that M is contained in
a bounded domain 2 C R¥. Then it holds that

0Perg(M;Q) =0 <=  Hu(2)=0 forany z € M. (1.4)

Here we denote by dPerg(M; Q) the first variation of M under normal variations and
H 5 is the fractional mean curvature associated with Per, which is defined by

Hys(2) = d
Mmal2) = cn /RN ly — 2| N+ Y

for any z € M where cy is as in (|1.3]) and the sets A;(z) and A.(z) are defined by

Ai(2) = {y € RY | either (z,y) € X(M) & (2 —y) - vm(2) <0

or (z,y) € X(M)& (2 —y) - vm(z) > 0} (1.5)
Ac(2) = {y € RY |either (z,9) € X (M) & (2 —y) -vp(z) >0

or (z,y) € X(M) & (2 —y) - vm(z) < 0} (1.6)

The sets A;(z) and A.(z) can be regarded as the “interior” and “exterior” of M relative
to the point z, respectively, and these sets are determined uniquely once the unit normal
vector of M at z is specified. See [27] for more discussions on the notions. Note that,
if a manifold is not orientable, then the unit normal vector of the manifold cannot be
determined uniquely and neither can the “interior” A4; and “exterior” A.. Moreover,
in this paper, we require the C1®regularity with o > s of hypersurfaces so that the
fractional mean curvatures are finite everywhere.

The study of critical points or fractional minimal surfaces with boundary can be re-
lated to the classical problem on free boundary minimal surfaces in differential geometry.
One of the main topics in the problem is to determine the shape of a manifold 3 (em-
bedded or immersed) in another smooth manifold S such that ¥ minimizes its area in
S and 0¥ C 0§ with some topological constraints. The study of this classical problem



was first considered by R. Courant in [10] in 1940 and, since then, a lot of authors have
been intensively working on this topic. See, for instance, [22}24}26,29,32] for the detail.
We also refer the readers to two surveys: [20] for classical works and [23] for more recent
results. The references here are obviously not exhausted.

As an analogy of the classical free boundary minimal surfaces, it is natural to consider
a fractional(nonlocal) version of free boundary minimal surfaces; however, the nonlocal
version is not understood so far because, to our knowledge, suitable notions of fractional
areas for manifolds with boundary had not been considered until Paroni, Podio-Guidugli,
and Seguin in [27] introduced the notion of Per; in (1.3). To tackle the nonlocal version of
the free boundary minimal surface problem, it is important to understand the geometric
properties of critical points of Per,.

Given the importance of critical points of Per, from the above perspective, it is desir-
able to develop some intuition about their geometric features. To do this, since it is quite
difficult to have explicit solutions which entirely describe critical points or minimizers
of Per,, it is often convenient to study simplified cases in which the boundary of the
critical points has some special characteristics. In this paper, we basically consider three
cases: the first is that the boundary of critical points in RY lies in a hyperplane and is
homeomorphic to S¥~2 (our result is also true if the boundary is not always homeomor-
phic to S¥~2). The second is that the boundary is the union of two distinct parallel and
co-axial manifolds each of which lies in a hyperplane, is homeomorphic to S¥=2, and has
distance of d from another boundary. The last is that the distance d is sufficiently large
or sufficiently small.

Our first goal in this paper is to determine the shape of critical points of Pery whose
boundary lies on a hyperplane. Precisely, we first define a set C C RY as

C:=GxR (1.7)

where G is a non-empty bounded open subset of {zy = 0} with a smooth boundary.
Then we define an (N — 2)-dimensional smooth manifold I' as

Ty == AC N {zy = 0} (= 3G x {0}). (1.8)

Assume that M C R¥ is an orientable compact (N — 1)-dimensional C'** manifold with
OM =Ty and that M is a critical point of Per,. Note that the orientability of M implies
the orientability of OM = I'y. Then, as our first theorem, we aim to rigorously prove
that M must coincide with C N {xy = 0}, as we can intuitively expect this to be true.

Theorem 1.1. Let s € (0, 1). Let Ty be as in (1.8). Let M be an orientable compact
(N —1)-dimensional C** manifold with OM = Ty. If M is a critical point of Pers under
normal variations, then M is a hyperplane lying on {xy = 0}, i.e.,

M=Cn{ry =0}(=G x {0}).

Our second goal in this paper is to study the shape of critical points of Per, whose
boundary consists of two disjoint components. The problem setting in the second theorem

is as follows: we define two distinct compact (N — 2)-dimensional smooth manifolds I’y
and I'y by

Fl = OCﬂ{a:N:hl} and FQ = 8Cﬂ{xN:h2}, (19)

where C is as in ((1.7) and hy and hy are given constants with hy < hy. Then a critical
point exhibit a different shape from a hyperplane. Precisely we prove
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Theorem 1.2. Let s € (0, 1). Let I'y and 'y be as in (1.9) and let M be an orientable
compact (N —1)-dimensional C** manifold with OM = T'1UTy. Assume that C is convex
where C is as in . If M is a critical point of Per, under normal variations, then any
connected component of M is neither Cy nor Cy where we define

Ci=Cn{zy=h1} and Co:=CnN{xy = hy}.
In particular, M # Cy; U Cy Moreover, M\ OM does not intersect 0C = 0G x R.

We remark that, by using a cone whose boundary is I'y U T's as in Theorem with
hy =1 and hy = —1, we can further detect how the critical points behave. See Subsection
3.2 of Section [3] for the detail.

Our third goal is to further study the shape and, in particular, the topology of critical
points of Per;, in the same situation as the one in Theorem [[.2] Precisely, taking I'; and
I's as in Theorem 1.2 with d = hy — hy > 0, we will see what critical points of Per;
under normal variations look like in terms of connectedness if d is sufficiently large or
sufficiently small.

To reach the third goal, we first show the following lemma which somehow tells us
how different critical points are from hyperplanes.

Lemma 1.3. Let s € (0, 1) and d > 0. Let 'y and T'y be as in with hy = 0 and
he = —d. Assume that C is convex where C is as in (1.7)). Then there exists a constant
o > 0, depending only on N, s, and d, such that the following holds: let M be an
orientable compact (N — 1)-dimensional CY* manifold with OM =T, UTy. If M is a
critical point of Pers under normal variations, then a set enclosed by M and the union
of CN{xx =0} and CN {zx = —d} contains two half-balls

B_(0) :={z € B,,(0) | xx <0} and BZ(ps) ={z € By(pa) | xny > —d}

where pg = (0, —d) € RN~ x R.

To favor the intuition, a sketch of our critical points is given in Figure [I]

I'

Figure 1: Two possible situations in dimension 2 in Theorem (1.3 in which the ‘interior”
or “exterior” of the critical point v with dy = I'; U T’y contains two half-balls.

As a result of Lemma [1.3] we prove that, if the distance d between two parallel and

co-axial boundaries is sufficiently small, then any critical point is connected in the sense
that the two boundaries are in the same connected component when N > 3. Moreover,

>



when N = 2, any critical point is disconnected and its two distinct connected components
should look like the right-hand side of Figure [1| with 0 < d < 1.
Precisely, our third theorem is as follows.

Theorem 1.4. Let s € (0, 1). Let I'y and I'y be as in Lemma[l.5 Assume that C is
convez where C is as in (L.7). Then there exists dy = do(N, s) > 0 such that the following
holds: for any d € (0, dy), we take any orientable compact (N — 1)-dimensional C*
manifold M C RN with OM =T UTy. If M is a critical point of Per, under normal
variations, then I'y and I's are in the same connected component of M if N > 3 and M
18 disconnected if N = 2.

Moreover, when N = 2, there exist two distinct connected components My and M,
of M such that dist (My, My) > ¢ with some constant ¢ > 0, depending only on N and
s, and OM; intersects both T'y and T'y for each i € {1,2}.

As a counterpart of Theorem [I.4] we prove that, if the distance d between two parallel
and co-axial boundaries is sufficiently large, then any critical point is disconnected in any
dimensions and it should look like the left-hand side of Figure (1| with d > 1.

Our last theorem is as follows.

Theorem 1.5. Let s € (0,1). Let T'y and T's be as in Lemma [1.5 Assume that C is
convex where C is as in (L.7). Then there exists di = di(N,s) > 0 such that the following
holds: we assume that, for any d > di, M C RY is any orientable compact (N — 1)-
dimensional CY® manifold with OM = Ty UTy. If M is a critical point of Per, under
normal variations, then M is disconnected.

Moreover, there exist two disjoint connected components My and My of M such that

OM; =T, for any i € {1, 2}.

The topological properties in Theorem and could be expected to be true
because Dipierro, Valdinoci, and the author of this paper obtained similar results in [14]
on the topology of fractional minimal surfaces without boundary in the similar situations.
On one hand, they showed that minimizers of P, in a given cylinder coincides with the
cylinder itself for sufficiently small d where d is the distance between two disjoint parallel
and co-axial external(boundary) data. On the other hand, they showed that minimizers
of P, in the cylinder are disconnected for sufficiently large d.

Interestingly, however, we show in Theorem that the critical points (not neces-
sarily fractional area-minimizing) cannot touch the boundary of the cylinder C no mater
what distance two parallel and co-axial boundaries have, while it is shown in [14] that
minimizers of P; in a cylinder favorably stick to the boundary of the cylinder if N = 2
and d is large or if N > 2 and d is small. Moreover, our results together with Remark
of Section 4] possibly indicate that critical points of Pery with two nearby parallel
and co-axial compact boundaries might develop necks of catenoids, while this is not the
case with fractional minimal surfaces considered in [14]. We remark that the existence
of fractional minimal catenoids without boundary in R3 was shown by Dévila, Del Pino,
and Wei in [13] if s is close to 1.

The organization of this paper is as follows: in Section [2, we prove Theorem by
“sliding” a hyperplane until it touches critical points (see the proof of Theorem for
the detail). In Section , we first give the proof of Theorem and then we study further
properties of critical points of Per,, computing the fractional mean curvature of a cone
passing through the boundary of critical points. In Section [d we first give the proof of
Lemma by constructing a suitable barrier and then, by using this lemma, we prove
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Theorem [I.4] Moreover, in Section[d], we also prove Theorem [I.5] by means of the “sliding
method” (see Section {4 for the detail).

2 Proof of Theorem [1.1]

In this section, we prove Theorem [I.1} The idea of the proof is inspired by the so-called
sliding method introduced by Dipierro, Savin, and Valdinoci in [16]. They developed this
method in order to investigate the shape of fractional(nonlocal) minimal surfaces (see
also [14}15,|17] for further discussions).

We proceeds with the proof in the following way: we slide a hyperplane, parallel to
CN{zx = 0}, from below or above until it touches M and assume by contradiction that
there exists a touching point in (C N {xy = 0})°. At the touching point ¢, we obtain the
Euler-Lagrange equation (1.4]). Then, taking into account all the contributions from the
“Interior” A;(q) and the “exterior” A.(q) of M, we can observe that the contribution
from either 4;(q) or A.(q) turns out to be strictly larger than that from the other region.
This contradicts the Euler-Lagrange equation.

Proof of Theorem[1.1. We first define a hyperplane Hy = {(2/, zn) | xx = A} and two
half-spaces

HY ={(2, zy) |2y > A} and H, ={(z/, zy) | zny < A} (2.1)

for A € R. We set Py : RV — R" as the reflection map with respect to Hy for A € R
and set z = P\(z) for any x € RY. Moreover, we denote by Cr,(q) a (filled) cone with
vertex ¢ whose boundary passes through I'g, that is, {|2/| = a, xy = 0} N ICr,(q) = L.
We further set Cp (q) == Px(Cr,(q))-

Now let M C RY be the critical point chosen in Theorem The minimizer M
is bounded. Hence, we can slide the hyperplane H, from below until it touches the
minimizer M. Our result in Theorem states that this touching does not occur in
Hy U H{ and thus, we assume by contradiction that there exist a constant A\g < 0 and
a point ¢ € M N Q such that

T,M=H,, and H/\’OQMIQ)

where T, M is a tangent space of M at ¢. Due to the symmetry of our setting, we
can conduct the same argument that we will show below in the case that we slide the
hyperplane from above and the touching occurs in H; . Hence, it is sufficient to show
the proof in the case that the touching occurs in H; . See also Figure |2| for the situation
that we consider in dimension 2.

Since M is an orientable compact critical point of Per,, which means the vanishing
of the first variation of Perg at M, and since ¢ € M, we obtain, from , that

X Ai(q) (y) - XAe(q)(y)
0= Hplq) =c / dy 2.2
(@) =ex RN ly — q|N+ (22)

where the sets A.(¢q) and A;(q) are defined as in and (L.6). We consider all the
contributions from A.(¢) and A;(¢) in detail and show that the singular integral in the
right-hand side of is strictly positive, which is a contradiction.

Indeed, since Cr,(¢q) C Hy and H,, is tangential to M, we have that Py, (A.(q)) C
H,, C Ai(g). This implies that RV = A.(q) U Py, (Ac(q)) U Ai(q) \ Px(Ac(q)), up to
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Ai(q) ¢ Hxo

Figure 2: The situation in dimension 2 in which the critical point M = v is a C1* curve
with 0y = {£a} where +a = (+£a, 0). The set A.(q) is shown in dark gray, the set A;(q)
in white. The dashed lines represent the boundary of the cone C,(q).

negligible sets, and thus we can compute the fractional mean curvature Hy s at ¢ as
follows:

_ XAi(\Y) — XAc(9)\Y XAi()\Y) — XAc()\Y
CN1HM,5(C]) :/ (q)< ) N+S(q)( )dy—l—/ (q)( ) N+S(q)( )dy
Ac(q) ly — 4| Pag (Ac()) ly —ql

N XA () ~ XA ()
=g
Ai(@)\Pxrg (Ac(q)) y—4a
-1 1
/Ae(q) ly — q|N*s Pag (Ac(a)) 1Y — |V
1
By S ) o
As(a)\Pag (Ac(a)) 1Y — @I
From the change of variables y — Py, (y) and the definition of P),, we have
1 1
——dy = / ——dy. (2.4)
/fao(Ae(q>) ly — al+ Acg) [y — VT

Moreover, we have that the volume of the set A;(q) \ Py, (Ac(q)) is not zero because

Ai(g) \ Pa(Ac(q)) D Q°N Hy, N Cry(9)° 2 Bl (p),

100

where p = (p/, A\g) € RV"! x R and some p’ € Q° with [p/| > |Ag| + a. See also Figure
for illustration in dimension 2. From ([2.3)) and ([2.4)), we obtain

- 1 1
R S N
A 1y —alV* A 1y — ¥ As(@)\ Py (Ace)) [y — @[V

dy > 0,

/Ai<q>\Px0 (Ac(g)) [y — N

which is a contradiction.



C’:l: a (q)

Figure 3: The same situation as in Figure 2] The reflection Py,(A.(q)) of Ac(q) is shown
in dark gray, the set A.(q) in light gray.

3 Shape of Critical Points with Two Disjoint Com-
pact Boundaries

In this section, we first give the proof of Theorem and then we further show some
properties of critical points of Per, and compute the fractional mean curvature of cones.

3.1 Proof of Theorem [1.2

In this subsection, we prove Theorem [1.2] The idea of the proof is basically the same as
the one in the proof of Theorem [1.1} The convexity assumption on C is necessary for us
to use the sliding method.

Proof of Theorem[1.9. We first define

Hf ={(2, zn) | x5y > i}, Hp = {(@, on) | on < hi}

i

for each ¢ € {12}. Notice that
OH{ NdC =0H; NAC=T; and OHI NC=0H; NC=C;

for each i € {1, 2}.

Let M C RY be the critical point chosen in Theorem . By using the same argument
as we show in the proof of Theorem (1.1 we obtain that M cannot exist in the regions
Hp, and H{ | that is, M N (Hp, U Hf) = 0.

We now show that any connected component of M cannot be either C; or Cs. To
see this, we assume by contradiction that there exists a connected component M; of M
such that M coincides with C;. Taking any ¢ € M, we have that the cone C,r, of
vertex ¢ whose boundary passes through I'y is contained in Hp . By choosing a proper
orientation of M, we can have that H{. C A.(q) and A;(q) C Hy, where the sets Ac(q)
and A;(q) are defined as in and , respectively. See Figure [4] for the situation in

dimension 2.



Figure 4: The situation in dimension 2 in which each component M; = ~; of the critical
point M = ~ for i € {1,2} is a C* curve with 9y; = T'; where I'j; = {+a} and
'y = {£b}. The set A.(q) is shown in gray, the set 4;(¢) in white.

Since M is a critical point of Perg, from (1.4), we have that
XAi(0)(¥) = Xa.(0) ()

0=Hmslq) =c / dy. 3.1

D= fo ™ v o

Now, by employing the same argument we show in the proof of Theorem we obtain
that

_ —1 -1
CNlHM,S(Q) = /

B A S
Ac(@)nHy, ly — q|Nts Ac(@)NHy, ly — q|V s

1
iy S S
i) [y — Ve
—1
< / I
B1/2(—)\8N) ‘y - q|N+S

because Bi/s(—Aen) C Ac(g) N Hp, where A > max{|z — z| | v € Cy, 2 € M} + 1. This
contradicts (3.1). Therefore, we conclude that the first claim is valid.

To prove the rest of the claim, we can argue in the same way as in the proof of the
first claim. Indeed, we slide any hyperplane parallel to the xy-axis from right to left or
from left to right until it touches the boundary of the cylinder C. If there is no touching
point, from the convexity of C, we obtain that the critical point M is strictly contained in
C except for its boundary. Thus, we assume by contradiction that there exists a touching
point ¢ of M in the complement of C. Then, by choosing a proper orientation of M,
we can show that the contribution from A.(q) relative to the touching point ¢ is strictly
larger (or smaller) than that from A;(q), respectively, as we see in the proof of the first
claim. This contradicts that the fractional mean curvature vanishes at the touching point
q. Therefore, we conclude the proof of Theorem [1.2]

O
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3.2 Further Study on Critical Points and Cones

In this subsection, we study more the shape of critical points of Per, in the same situation
as in Theorem with Ay = 1 and hy = —1.

First, we investigate the shape of critical points in dimension 2. To see this, we divide
R? into four regions, that is, we define four regions Cf, C§, Cf, and C§ by

Cli={(x1, 1) € R? | 23 > |14]},

Ch = {(x1, 22) € R? | 1y < —|21|},

Chi={(x1, 13) €ER?* | —|z1| < w3 < |21], 0 < 21},
and  Cf == {(z1, 12) € R?* | —|z1| < 29 < |74, 21 < 0},

respectively. Moreover, we set
Co == (OCLUICY) N {(w1, 22) | || < 1}. (3.2)

Notice that 0Cy = I'y U I'y where I'; and I'y are given in Theorem [1.2] with h; = 1 and
hy = —1 in R%. From the definition of I'; and TI'y, we have that 'y = {(£1, 1)} and
Iy ={(£1, -1)}.
Now we prove that the fractional mean curvature of the cone Cj vanishes at regular
points, i.e.,
Heys(2) =0 (3.3)
for any z € Cy \ 0Cy with z # 0. Indeed, let z € Cy \ {0, (%1, 1), (1, —1)} and, by
symmetry, we may assume that z = (21, 25) satisfies —1 < z; < 0 and 0 < 25 < 1. Then,

from the definition of the “interior” A;(z) and the “exterior” A.(z) of the cone Cj and
by taking a suitable orientation of Cy \ {0}, we may obtain that

Ai(2) = (2, (L D) N [z (1 =DIDACE) U (([2, (<1, DI Nz (<1, =D U C)
and
A2) = (I (1L, DI Oz (L DI UC) U (2 (<1, =) N Lz, (1, =D\ G)

where we denote by [p, ¢] the straight line passing through p, ¢ € R?* with p # ¢ and we
define [p, ¢]* and [p, ¢]~ by the upper part and the lower part of the region separated by
the straight line [p, g, respectively.

Now, because of the symmetry of the cone Cj, we readily observe that, in dimension 2,
the sets A;(z) and A.(z) are equivalent to each other in the sense that T'(A4;(z)) = A.(2)
where T : R? — R? is an isometric map such that %@ € {(x1, ) | 3 = 1} for any
x € R% By definition, we notice that T'(z) = z.

Therefore, from the change of variables x — T'(z) and , we obtain that

1 1
—1
H s - ———dy — — d
ex Heys(2) /A,-(z) ly — 2[>*s Y /Ae(z) |ly — 2|>Fs Y

/ 1 d / 1 J
= T o4. Ay — Yy
i) |y — 2]FF i) | T(y) = T(2)[*s
=0.

By combining this fact with Theorem [1.2] we can prove the following proposition.
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Proposition 3.1. Let N =2 and s € (0, 1). Let I'y and Ty be as in Theorem [1.4 with
hi =1 and hy = —1. Let v C R? be an orientable compact CH® curve with Oy = I'y UT,.
Assume that C = {(z1, x2) | |z1| < 1} where C is as in (L7). If v is a critical point
of Per, under normal variations, then 7 is not contained in either C§ U CE or Cy U C§

whenever (v \ 0v) N (Cy \ {0}) # 0.

Remark 3.2. We may observe, by combining Proposition with Theorem that the
possible shape of minimizers of Per, in dimension 2 whose boundary is 'y UT's is depicted
in Figure [o]

Figure 5: Possible minimizers « of Per, in dimension 2 with 9y = I'y U 'y is shown with
dashed lines. On the right, v does not intersect with Cy except at their boundaries I’y
and FQ.

Proof. Let v C v be as in Proposition [3.1] and we assume that (y\ 9v) N (Cy \ {0}) # 0.
We argue by contradiction that either v C C{UCE or v C C5 U C§ holds. Due to the
symmetry of Cy, it is sufficient to consider the case that v C CfU C§ holds. From the
assumption, we can choose a point z € (y\ dv) N (Cy \ {0}).

Now, by choosing a proper orientation, we consider the “interior” and “exterior” of
~v and Cj at the touching point z. To see this, we set the interior and exterior at ¢ € n
of a curve n C R? as AJ(z) and A"(z), respectively. Then, from the smoothness of the
critical point 7 and the assumption that v C C} U Cf, we obtain, by taking a suitable
orientation of v and Cj, that

A (2) \ AZ(2)] = [ AT (2) \ AT (2)] # 0 (3-4)

and

[AZ(2) \ AL (2)] = AT (2) \ AT (2)] = 0. (3:5)

Here, from Theorem we have used the fact that all the critical points of Per, in our
situation are contained in the box {(z1, z2) | 21| < 1, |z2| < 1}. See also Figure [0 for
our situation.

Hence, since 7 is a critical point of Per,, we have that

H, s(z) =0.

12



Figure 6: The situation of the critical point 7 and the touching point z in which ~ is
included in Cf U C§ with 9y = T’y UTy. The set AY(z) is shown in light gray, the set
A% (2) in white, and the set A0 (2) \ AY(2) in dark gray.

From (3.3), (3.4), and (3.5]), we have
0= H,s(2) = Hy5(2) = Hoy s(2)
- / X.AZ(Z) (y) - X_AiCO (2) (y> + X_ASO(Z) (y) — XAL(2) (y)
R2

’y _ Z|2+s

dy

/ 1 J / 1 J
AT (NAC0 (2 [y — 2[Fe AC0p\AY (=) [y — 2[PFS
1 1
N N S S
ACO A2 (2) |y — 2P AL NAS () [y — 2[*FS

—dy+/ — —_dy>0,  (3.6)
/Ag(z)\AfO(z) |y — z|*** A4S0 \A2 (=) [y — 2P

which is a contradiction. Therefore we obtain the claim. O

Remark 3.3. We briefly consider the situation of Theorem with h; = d and hy = —d
for d # 1 and d > 0 and see what kind of shape the critical points in dimension 2 look
like. Notice that we have treated the case of d = 1 in Proposition [3.1]

Assume that hy = d and hy = —d for d > 0. We define a cone Cy of vertex 0 by

Ca = {(z1, 22) € R* | 2] = d|z1], |22] < d}. (3.7)

Notice that 0C; = I'yUI'y. By slightly modifying the argument for showing that He, s = 0
on Cy\ (0CyU{0}) and taking a proper orientation, we can show that the fractional mean
curvature Hc, s(z) of Cy is either positive or negative for any z € Cy \ 0Cy with z # 0.
Then, again by slightly modifying the argument in the proof of Proposition [3.1] we obtain
the same result as in Proposition [3.1] even for any d # 1.

We next prove the same result as Proposition (3.1} in higher dimensions. To see this,
we also show that the fractional mean curvature of a cone passing through I'y U I'y is

13



either positive or negative everywhere except at its vertex in higher dimensions. The
idea of the proof is the same as that in the proof of Proposition [3.1 We first give some
notations. We define a bounded tube D, and a unbounded cone Cj by

DO — {(iL‘/, va) c RNil x R ‘ ’SC/| < 1, —1< TN < 1}
Co={(a, zy) ERV"I xR | |zn| > |2/]}.

Moreover, we set CN == 8Cy N {(«/, zn) | |zn| < 1} and decompose Cy into two parts
Cy and C, which are defined by

CH={(,zy) eRV' xR | zy > |2|}
Cy ={(, zy) e RN xR | zy < —|2'|}.

Notice that C}¥ coincides with Cy given in (3.2)) if N = 2 and 0CY =Ty UTs.

Proposition 3.4. Let N > 3 and s € (0,1). Let I'y and T's be as in Theorem
with hy = 1 and hy = —1. Let M C RY be an orientable compact C** manifold with
OM =T, UTy. Assume that C = {(2/, zn) | |2'| < 1} where C is as in (L.7). If M

1s a critical point of Pers under normal variations, then M is not contained in either

CHUCy or Dy \ (Cif UCy) whenever (M \ dM) N (CN \ {0}) 0.

Proof. The proof is similar to that of Proposition [3.1] and we here show a rough sketch
of the proof. Let M be the critical point selected in Proposition 3.4 We assume that
(MN\OM)N(CY¥\ {0}) is not empty and we choose a point z € (M \ OM) N (CY\ {0}).
Suppose by contradiction that either

McCruC; or McCDy\(Cfucy)
holds. First, by choosing a proper orientation, we show that
Hcévﬁ(z) > 0. (3.8)

Indeed, if we take the unit normal vector l/Cév(Z) of the cone CJ¥ at z in such a way that

the direction is towards Cp, then the “interior” Aioév(z) and “exterior” A ‘])V(z) can be
defined as N N
AT (2) =RV (A (xyu )

(2

and
AS (2) = (Con{(a', zn) | |lon| < 1}) U ((Cr, (2) U Cr,y (2)) N (2, 2x) | |zn] > 13)

where Cr,(z) is defined by a (filled) cone of vertex z passing through I'; for each i € {1, 2}.

Now we take a hyperplane H, which is tangent to dCy and passes through z and define
N

the reflection map Ty, with respect to H,. From the definitions of C, A (z), and

oy '
Ac® (2), we have

Tt (AS (2)) € AT (2) and - [AT (2)\ Ty (AT (2))] # 0.

14



Since Ty, is an isometry and Ty_(z) = z, we obtain the following:

Hew (2) / de | / d
CN s z) = T —
0 AT o\ T, (ASE () 12— 2N Sy a6 (o | — 2N

/ dz

ASY (o) |z — 2|V

B / dx
ALY (N, (AT (2 |7 = 2|V

which implies ({3.8]).

Now, since M is a critical point of Per,, we have the Euler-Lagrange equation

+0>0, (3.9)

HM7S(Z) =0.

Thus, taking the unit normal vector vx¢(z) of M at z as v (2), we can have the following
computation:

0= Hpms(2) = Hey 5(2) + Hey o(2)

1
:2/ —dx—?/ — dx+ How (2). (3.10)
AT (e 1T — 2V AMNATS (3 [T — 2|V Fe 0

From the assumption, we can observe that
‘Afév (2) \A;‘/‘(z)‘ >0 and ‘Aﬁ"(z) \ A ()] = 0.

Therefore, from (3.8)) and (3.10)), we reach a contradiction. ]

4 Topology of Critical Points

In this section, we investigate the topology of critical points with two parallel and co-axial
boundaries and prove Theorem and [1.5]

Before proving our main theorems of this section, we show Lemma|l.3. The idea of the
proof is to construct a small barrier, whose fractional mean curvature is strictly positive
or negative, and to “slide” the barrier until it touches the critical point. The construction
of the barrier is inspired by the one shown in [18]. See also |14, Proof of Proposition 4.1].
In the sequel, without loss of generality, we may assume that C = {(2/, zy) | |2/| < 1}
where C is as in for simplicity.

Proof of Lemma[I.3. We first fix ¢ € (0, 1) so small that § = §(¢) == (—loge) /2 < 1
and we define a smooth bump function w, : R¥~! — R by

we(a) = {—eXp (~7fem)  forlel<s

0 otherwise.
Notice that w, € C®°(RY™1), w.(2') = 0 for |2/| = 6, w.(0) = —¢, and

li =i 2 = 0. 4.1
;fgd&) Z_ggHV Wellgo = 0 (4.1)
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If necessary, we may choose € in such a way that ¢(¢) < 1. Note that, since ¢ is an
increasing function in a neighborhood I, C [0, 1) of the origin, its inverse function ¢~
exists in a neighborhood Jys C [0, 1) of the origin. We then set

r(e) = (2(N = Dg(e)™" and d(e) == 2r(e). (4.2)

Moreover, we define a positive constant ¢4 as

I K (CICR Sy it 2(N —1)d)™" € Jy
“ (any positive constant in J,) if (2(N —1)d)™* & Jy.

By definition, we observe that r(e4) > d and €4 can be chosen independently of d if
d < (2(N —1))~ ! since J, C [0, 1).

In addition, we choose a smooth function v, : R¥=! — R such that v. is radially
symmetric, 0 < v.(z') < 1 for 2/ € RN=1 and sptv. C B 5(0) where we denote by B;(0)
an open ball centered at the origin of radius » in R¥~!. In particular, we choose v, in
such a way that its subgraph {(2/, zy) | 0 < 2y < v.(2')} of v. contains a cylinder of
height ¢(e)? < 1 for § € (0, s) with the base of radius 7z. Then we define a function
w. : RV"1 = R by

we () for |2'| < ¢
_ )0 for 0 < |2'] < 2
() = ve (' =) for 2 <|2/| < L
0 for [2'| > §

where b’ € RV"! is any point with [0'| = 2. Notice that @, is smooth in RV,
Now we construct a barrier against M=*, i.e., an orientable compact (N —1)-dimensional

piecewise smooth manifold MEt in the following way: first, taking any t € (0, €], we de-
fine four sets

MY = (@ an) | ] <1, oy = @e(a') + 1,
and M;’t = {(.%’/, .’L'N) ‘ ’CC,| S 1, IN = —d(g) +t}

where d(g) := 2r(e). Then we define our barrier as Mot = MPPUMS. By construction,

we can easily see that M®" is an orientable compact (N —1)-dimensional smooth manifold
with OMS = T'7" and OM5" = I'5" where we define

I =Cn{zy =t} and Ty =Cn{zy=—d(c)+1t}.

We next construct another barrier in which the small bump associated with v, is
removed from Mt First, for any ¢ € (0, €], we define a manifold M5" as the graph of
We, l.e.,

M = {2, an) | 2] < 1, oy = w.(2) + t}

and, then, define the second barrier as M*! := M5'UM5". Notice that IM=t = TT'UTY".

We now show, up to orientation, that the fractional mean curvature of Metis negative
on the graph of w.. Let ¢ € M7" be any point such that |¢'| < §(¢) where we set
q= (¢, qn). We now define Cpf,x (q) by a (filled) cone of vertex ¢ whose boundary passes
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g,t
F2

Figure 7: The barrier M= = M5* U M5* associated with a function @, in dimension 2.
The graph of w. in {|2’| < 1} is depicted with black lines and the cylinder in dark gray.

through I'S* for i € {1, 2}. Then, up to orientation, we can choose the interior and
exterior of M®! at ¢ as

AT () = RV (X (g U M)
and
AT (q) = (Crge (@) N{@, aw) [ o < —d(e) + 1)) UL, o) | 2y > @)},
respectively, where we define a function w? : R¥=! — R by

79(2) we () for |2'] < 1
wi(z") =
) (the graph function of GC’Fi,t(q)) for |2'| > 1.

We now compute the fractional mean curvature H .. (q) at g of MEt. From the
definition of the fractional mean curvature and by the change of variables, we have

_Hﬂs’t,s dx

( ) / XAé'vl“‘f’i(q)(q - l‘) - XAftf’t(q)(q - CI?)
7 = v [N+

dz

B / Xagret (4 = %) = Xgme (@ — 7)
BL(0)x (—r,7) |z Vrs

X it () (@ = T) = X zet (@ — T)
n / AMEE (g) AME (g d
(BLO)X(=,7))°

‘x|N+s
= (I) + (IT) (4.3)

where we set 7 := r(g) where r(¢) is as in (4.2)).
We first compute (I). Thanks to the choice of r and the construction of M= we
observe that

(Bi(a) x (=r, 1) N (Crgela) N{( 2x) [ < —d(e) +1}) = 0.
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Thus we can represent the set 8A§4vs’t(q) in B.(0) x (—r, r) as the graph of w!. By doing
the similar computation to the one in [3, Section 3], we obtain

~q "\ _ g !/ / d /
D[ p(HO=EU=) i
B.(0) |2/| |2/ [N Lrs
[ p(HO=mu=ny e
B(0) |2/| |/ | N1
/ e <@§(Q'> —wi(q + f’)) dx’
BL(0) |2/| |2/ [Nt
_ / 2 (—1753((1') + wi(g — x')) dx’
B(0) |2/| |2/ [Nt

(A a4 / /
BL(0) || |2/ | N1t

where we set

for any t € R. Note that we have used the change of variables 2’ — —z’ in the second
equality of (4.4)) and the fact that F' is odd in the last equality of (4.4). By definition,
we have that w?(q') = w.(¢') and w?¢ > w, in R¥~1. Since F is increasing, we derive from

(4.4) that
1) > / P (—wg(q’) + w.(q —x’)) dz’
-~ JB() |2/| |2/ [Nt

_/ F(ws(q’)—wg(q’—l—x’)) da’ (4.5)
B.(0) |2/ |/ [N

Now, by using the fundamental theorem of calculus in (4.4)), we obtain

([) . //(0) /0~1 - (a(x/’ q/7 )\)) d>\2w€(q’) — we((]’ + x’) _ w5<Q’ _ x/) o (46)

|$/|N+S

where we set a(z’, ¢/, \) as

a(x’, q/7 )\) — )\ws(q/) B ws(q + l‘/) + (1 . )\) _we?(q,) + we(q/ — l‘/)

for 2/, ¢ € R¥=t and A € [0, 1]. Thus, by using again the fundamental theorem of
calculus, we have

(1) > — / / HVwed o pr!) = Vweld = p)l
— Jero) Jo

|I/|N_1+S

Since w, is smooth in RV~ we then have

dx’ 2WN_9

(1) 2 =2V e | o T T T IV el (47)
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Now we compute (/1) in the following way: since B,(0) C B.(0) x (=r,7) C RY, we

have 4
X WN-1 _
(I1) > —/ _ N1 (4.8)
Be(o) 1TV T* 8
Therefore, from (4.7) and (4.8), we obtain
HMe t (Q) 2 - (Cl Hv/2w5||00 Tl_s + Co T_S) (49)
where ¢; and ¢y are defined as
L 2(,(}]\[_2 L WN-1
¢ = and ¢y = ,
1—s5 s

respectively. From (4.2)), it holds that the right-hand side of (4.9)) takes the maximum at
r=r(e) € (0, d(¢)). Hence we finally obtain, from (4.9), that

— Higeo J(0) 2 —c|[V™wellto = —co(e)* (4.10)
where we set the constant ¢ = ¢(N,s) > 0 as
2N —1))'wy
s(1—s)

Next we compute the fractional mean curvature Hps-5(¢) at ¢ by using Estimate
(4.10)) of the fractional mean curvature Hyz., (q) at ¢. Indeed, from the construction of

M=t and M®*, we have that, by choosing a proper orientation, Aéﬁe’t(q) c AM'(¢) and
thus we obtain

_HMW,S(Q) = _Hﬂa,t7s(Q)
+¥/ X aptert () (L) = X gt () (B) X giie () (2) = X gt () (@)
]RN

=c(N,s) =

d
|(L’ _ q|N+s x
= —Hg.. (q) / oAt w) + XM= )\ AM (g) () dz
- Mesa\d RN |z — g|NVts
1
= —Hpye (@) + 2/ — . (4.11)
Mest, Aé\’ta’t(q)\A{FE’t(q) |$ — q’NJrs

Recalling that AM™(q) \Aé’tve’t(q) contains the subgraph {0 < zx < v.(2’ — ')} and the
subgraph contains the cylinder of height ¢(g)? with the base of radius 1/16, we have

A @\ AT (@) = oo

where a constant ¢ = ¢(N) > 0 depends only on N. Moreover, we observe that the
distance between ¢ and the cylinder is less than, at most, 2 + ¢(£)? and this is bounded
from above by some constant depending only on N, s, and 5. Hence from and
and by recalling the choice of ¢, we obtain

Hyenla) 2 —co(e) + @+jiwﬁm&
> o) + o6
¢( )’ (- cqb(&?)s P+ ) (4.12)
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where ¢ > 0 is a constant depending only on N, s, and . Since 0 < 8 < s and ¢(¢) | 0
as € | 0, we choose g1 = ¢1(N, s, 5) € 1, N (0, ﬁ) so small that the right-hand side of
is positive for any e € (0, £1]. Therefore, from (4.12)), we obtain that H e s(q) < 0
for e € (0, &4].

Now we set &5 := min{e;, g4}. Since r(eg) > d and d(es) < 3,
d(e9) > d and M?;f’t NT; =0 for any ¢ € (0, es]. For our convenience, we denote €3 by &
in the sequel.

We then slide the barrier M®* from above, i.e., we vary the parameter ¢ stating at
until M®? touches the critical point M. To prove the claim, we assume by contradiction
that there exists ¢, € (0, ] such that MNM5™ #  and MNMS" =  for any ¢ € (¢, €].
We pick up a point g.;, € M N M35". Notice that

we may observe that

{(@,2n) | —d <y <O}N M =0
since d(g) > d. See Figure [§] to favor the intuition in dimension 2.

e,t1
Fl

£,t1
AZ (q8,t1 )

Figure 8: The critical point v depicted with dashed lines and the barrier 45" with black
line. y touches v at q.;, from above. The exterior A" (g.,,) of 454 is depicted in
light gray and the exterior AY(ge+,) of v in both light and dark gray.

Since M is a critical point of Pery under normal variations, we obtain

HM’S(qaatl) = O

From Theorem and the above argument, we obtain that the touching point ¢.; =
(4,5 a2,) € RV "I xRosatisfies |, | < 6(¢) and thus H e 4(gey,) < 0. Moreover, from
the construction of M;"', we have, by choosing a proper orientation, that

AM (g )\ A (gen)] > 0 and [AMT (gegy) \ A (g, )| = 0.
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Therefore, we obtain

0= HM,S(Q&,tl) - HMe’tl,s<QE,t1) + H/\/l5>t1,s<QE,t1>
/ oo ()~ Xapetn ) (@) F Xapen ) (@) = Xattiaein) (7)
< : ’ ’
RN

dr+0
|x - QE,tl |N+s
1
= —2/ s da <0, (4.13)
AM(qe e NAMT (g ) 1T — Qe [V

which is a contradiction. We thus conclude that we can slide the barrier M®" until the
boundary T'5* = OM3" coincides with the boundary T'y = OM;. By symmetry, we can
slide the barrier from below and do the same argument.
Therefore we obtain that two open half-balls of radius €5 are contained in a set enclosed
by M and the union of C N {zx =0} and C N {zx = —d}.
O

As a consequence of Lemma [I.3] we now prove Theorem [1.4]

Proof of Theorem[I.4 Assume that e, and ME? are given in the proof of Lemma
for e € (0, &5 and t € (0, €]. From the definition of &5, we can choose d' > 0 so
small that ' < (2(N — 1))~! and that ey can be chosen independently of d for any
d € (0, d'). Moreover, if necessary, we may assume that ;3 ¢(e9) < (2(N — 1))7!, which
is still independent of d.

Let M be the critical point chosen in Theorem [1.4 We set dy := min{d’, e»}. From
the choice of ¢ and ey, we have that dy¢(dy) < (2(N — 1))~'. Then we observe that
d(e2) —t = ((N —1)¢(e2)) "' —t > d for any t € (0, 5] and thus we have that

I {2, an) | —d <ay <0} =10

for any ¢ € (0, e2] and any d < d.
Now, by Lemma we find that we can slide the barrier M*>! until the parameter
t reaches 0. Thus, by combining this with Theorem we obtain that

M (C\{(@, zn) | |2| < e2}) N{(/, zn) | —=d < zn < 0}
={(@, zn) |2 < |2/ <1, =d < zy <0}

for any d < dp.

If N = 2, then, since I'; consists of two distinct points for ¢ € {1, 2}, by a sim-
ple geometric argument, we conclude that the critical point M is disconnected for any
d € (0, dy). Moreover, from the construction of the barrier, we obtain that there exist
two connected components M; and My of M such that dist (M7, Ms) > 9 and M;
intersects both I'y and 'y for each i € {1, 2} at its boundary (see also Remark [1.1]).

If N > 3, then, by using a homology theory, we conclude that I'y; and I'y are in
the same connected component of the critical point M for any d € (0, do) (see [21]).
Indeed, we assume by contradiction that there exists a connected component Mg of M
with OM, = I';. Taking the fundamental class [I';]] € Hy_o(I'1) where H(S) is the
k-th homology group of S, we may have that the image in Hy_o(M,) of [I';] by the
induced map of homology from the inclusion ¢ : I'y — M, does not vanish because
My C M C A., and A., deformation-retracts to I'y ~ S¥~2 where

A, = {2, zn) | ea < |2'| < 1,—d < zy <0}
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However, since [I'1] is the boundary of [Mj]| and by using an exact homology sequence
of the pair (M, I'1), we obtain the contradiction. ]

Remark 4.1. Combining Remark [3.3] with Lemma [I.3| and Theorem we may observe
that two possible critical points of Per; in dimension 2 whose boundary is I'y U T’y =
{(£1, d), (£1, —d)} are depicted in Figure [9]

Figure 9: Two possible critical points v of Per, in dimension 2 with 9y = I'y U I’y are
shown with dashed lines and the cone C; defined in is shown with crossed lines. On
the right, v does not intersect with Cy except at their boundaries I'y and I's. In both
figures, two distinct connected components v, and v, of v are placed at mutually positive
distance of at least 5 > 0.

Finally in this section, we prove Theorem [I.5] The idea of the proof is basically the
same as the one in [14, Theorem 1.2], i.e., we use the “sliding method” that is developed
by Dipierro, Savin, and Valdinoci in |[15-H17].

Proof of Theorem[1.5 Let M be the critical point selected in Theorem [I.5] and we set
I' = Pl U FQ.
Given t € R and o € (0, 1), we consider the open ball Bga/s(prq) where prq =

(te}, 3) € RY ' xR and ¢} :== (1,0,---,0) € RV~!. Here we take d conveniently
large so that d — d* > 100. Then we slide the ball from left to right until it touches
the critical point M, which means that we vary t from ¢t = —oo to t = +00. Note that

By j2(pra) C C° for [t| > 14 d*/2 and Bgoja(pra) NI = 0 for any ¢. To prove the claim,
we suppose by contradiction that there exists ¢y € R such that By a(pra) N M = 0 for
t <t and aBda/g(ptOyd) n.M 7& @

We choose a point ¢ € 0Bgo/2(pty,a) N M. Note that, due to Theorem , q€C. By
the Euler-Lagrange equation, we have that

Hus(q) = 0. (4.14)

Moreover, by choosing a proper orientation, we can choose the interior A (q) and exterior
AM(q) at ¢ of M in such a way that

Bax (pro.a) € AM(q) and  AM(g) = RY\ (AM(q) UM) . (4.15)

We now consider the symmetric ball of Bga /2(py,,q) with respect to ¢ and we denote it by

B = Bao j2(Dty,a) Where Py a = Diy.a + 2(q¢ — Pro,a)-
We define a cylinder Sy as

Sy =42, zy) | |2'| <2, =d < xx < 0}.
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Notice that C N {(z/, zn) | —d < 2y < 0} C Sy and M C S, thanks to Theorem [1.2]
From the symmetry of the balls, we have

/ dz B / dz
SdﬂB% (pto,d) |l' - q|N+S Sdﬂé |l' - q|]\[—"_S

and therefore, from (4.15)),

/ XAZM(q)(x) — XAM(q) () do — / XAM(q) (z) — XAM(q) (z)
S |z — q|Nts SaB s (prg.a) |z — gV s

dx

M xT) — M T
n / Xam(g) () = Xam(g) (2) A
Sdﬁg

|z — gVt
Xa(g) () = Xap () ()
* > N+s dx
Sd\(B% (pto,d)UB) | — ¢
dx dr
- [T R s
SdnB%(Pto,d) |.T - Q| SaNB ‘LE — q|
/ dx
Sa\ (B% (pto,d)UE) |-T - q’NJrS
d
= . (4.16)

/Sd\(B%(pto,d)ug> |z — g|N+s
By employing the result in [15, Lemma 3.1] with R = d*/2 and A = d~%, we obtain

/ = d$N+s < Cod e
B g @\(Baz (.08 ) 17— 4

a%

where Cy > 0 is a constant depending only on N and s. As a consequence, we obtain
/ dx < / dz

N\ [y — g[N+s = N\ 1y — g|N+s
Si\(Ban (g VB ) 17 =AY T b g 0\ (Ban g0 ) |7 = a7

+/ dx
Si\B g () |z — q|NFs

. d
<Cod "+ / FEer

RM\B ¢ () r=q
< Cod T4 Crd 3% < Cyd 3 (4.17)

where Cy :== Cy + (' is a constant depending only on N and s. From (4.16]) and (4.17]),

we have

/ XAM(q) (z) — XAgA(q)(fl?) do — / XAiM(q)(ﬂ?) — XAM(q) ()
RN |z — gVt S, |z — q|Nts

dx

dz

/ Xam(g) () = Xam(g) (2)
ss |z — gt

> —ng—2a+/ X (q>|i) q@ff(”( ) de. (4.18)
s ~

c
d
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Now we consider the contributions from AM(q) and AM(q) in S5. We now define
Cr(q) by a (filled) cone of vertex ¢ whose boundary passes through I'. Moreover we
define Cg,(q) by a (filled) cone of vertex ¢ whose boundary passes through

IS;N{(x', zny) |y =0} and AS;N{(2/, zn) | zx = —d}.
From the definitions of Sy and I', we observe that
CF(Q) - CSd (Q)

We now set Cr(q) == Cr(q) N {(z/, zx) | #x > 0 or zxy < —d}. We then rotate Cr(q) by
angle /2 or —m /2 with respect to the straight line parallel to the z;-axis passing trough
¢ (if N =2, then we just rotate Cp(q) by angle 7/2 or —/2 with respect to ¢). Since
we choose d so large that d — d* > 100, we obtain that

R(Cr(q)) € 85N AM(q) N Cs,(q)°

where R(Cp(q)) is an image of Cp(g) by the rotation map R : R¥ — R¥ in the above.
See Figure (10| for an intuitive understanding. Then, observing that R(q) = ¢ and

S50 AM(q) = Cr(q)

and by a change of variables, we have

/ dx _/ dx _/ dx
rEr@) [T = aV Jaug [t —dN T Jsenamg [ — gV

Bao /2(Dto,d)

Al(q)

Figure 10: The touching between the ball Bya /2(py, q) and its symmetric ball B at q. The

image of the set 6p(q) by the rotation map R is depicted in dark gray and the set A7(q)
in light gray.
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From the definitions of Sy and the rotation map R, we can choose an open ball outside
Sq and R(Cr(q)) but close to g, i.e., we have

Bi(q+5e1) C (S50 AM(q)) \ R(Cr(q))

where we set e; == (1, 0,---,0) € RY. Thus, we obtain

/ Xarm(g) () = Xapm(g) (z) do — / dx B / dx
s |z — q|NFs senamg) 1T — alVt Jag lr — gVt

c
d

/ dx
Z N+s
S51AM ()N R(Gr(a)) 1T — 4]

dx
+ ~ N+s
(S5nAM (@) )\R(Cr(a)) |7 — 4l

/ dx
Or(g) 1T — Vs
S / dx

~ JBigssen) 1T — Ve

dx
= —— =(03>0
/Bl(Bel) || N

where C'3 depends only on N and s. This with (4.18]) leads to

M ) — M T s
Has(q) = / e @'%) = XarplD dex > —Cyd™ 2% + Cs.
’ RN |z — q|Nts

Therefore, there exists dy = dy (N, s) > 0 such that Hus(q) > 0 for any d > d; and this
contradicts the Euler-Lagrange equation (4.14]). O

Remark 4.2. From Lemma [1.3] and the choice of g5 in the proof of Lemma [1.3] we also
obtain that, for sufficiently large d, a set enclosed by M and the union of C N {zy = 0}
and C N {xxy = —d} contains two half-balls of radius 3 = ¢~'(d~!) where ¢! is as in
the proof of Lemma [1.3]
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