CONVERGENCE OF CRITICAL POINTS FOR A PHASE-FIELD
APPROXIMATION OF 1D COHESIVE FRACTURE ENERGIES

MARCO BONACINI AND FLAVIANA IURLANO

ABSTRACT. Variational models for cohesive fracture are based on the idea that the fracture
energy is released gradually as the crack opening grows. Recently, [21] proposed a varia-
tional approximation via I’-convergence of a class of cohesive fracture energies by phase-field
energies of Ambrosio-Tortorelli type, which may be also used as regularization for numerical
simulations. In this paper we address the question of the asymptotic behaviour of critical
points of the phase-field energies in the one-dimensional setting: we show that they converge
to a selected class of critical points of the limit functional. Conversely, each critical point in
this class can be approximated by a family of critical points of the phase-field functionals.

1. INTRODUCTION

Fracture models describe the evolution of surface cracks in elastic materials subjected to
external loads or boundary conditions. The literature distinguishes between brittle models
and cohesive models (also known as Griffith and Barenblatt models respectively). The former
treat fracture as an instantaneous phenomenon: the body deforms elastically until a crack
surface appears; the crack energy is instantaneously released and there is no transmission of
force across the crack surface. The latter treat fracture as a gradual phenomenon: the bonds
between the lips progressively weaken; the crack energy is released with the growth of the
crack opening and the force transmitted across the crack surface gradually reduces to zero.
Thanks to these features, cohesive models are better suited than brittle models for describing
crack nucleation. We refer the interested reader to the book [16] and references therein for
a comprehensive comparison between brittle and cohesive, and we work from now on in the
cohesive setting.

The variational study of cohesive fracture started in the late 1990s and has been earning
interest ever since [4,8,12,13,17-20,23,24,26-29,36,41,42,44,46-48]. The appropriate varia-
tional setting to model a cohesive fracture process was shown to be the space of functions of
bounded variation or bounded deformation, allowing to describe the crack as the jump set of
a discontinuous displacement, and the total energy as a competition between bulk and sur-
face contributions [31]. The presence of free discontinuities, making the numerical treatment
highly complex, lead to the development of regularized phase-field theories [2,3,12,21,22,25],
in the spirit of the classical Allen-Cahn (or Modica-Mortola) approximation for phase tran-
sitions [40], and the Ambrosio-Tortorelli approximation of the Mumford-Shah functional for
image segmentation or brittle fracture [6,7,33]. The general approach of these works is to
construct sequences of purely bulk energies, whose variables are forced to engage transitions
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in thin concentration sets, and to show the convergence of corresponding global minimizers
to a global minimizer of the given energy as the thickness of the concentration sets vanishes.

Although this kind of results usually marks decisive enhancements in the mathematical
comprehension of the corresponding phenomena, its energy-based formulation and its global
minimization focus may be not completely satisfactory from the mechanical point of view.
Indeed, fracture evolution might realistically occur along critical states rather than following
global minimizers. In addition, numerical schemes based on alternate minimization for the
regularized energies typically converge to critical points of the limit energy; hence, the sole
convergence of global minimizers does not provide a complete theoretical justification of the
adoption of the phase-field models for numerical simulations, see for example [1, 15,16, 32,35,
51,52].

This motivated the investigation of better converging properties of the proposed regular
functionals. On the one side, it lead to the study of the convergence of the corresponding
gradient flows, see [5,9] for brittle fracture. On the other side, it lead to the study of the
convergence of critical points, see in particular [34,38,39,43,45,49,50] for the Allen-Cahn
functionals, and [10,11,30,37] for the Ambrosio-Tortorelli functionals.

In this paper we address the latter question in the context of one-dimensional cohesive frac-
ture: we study the asymptotic behaviour of the critical points of the regularized functionals
proposed in [21]. Thanks to its nature, the cohesive case allows for a deeper and more com-
plete analysis with respect to the brittle case. Our approach heavily relies on one-dimensional
arguments and the analysis is at the moment limited to this setting; its possible extension
to the higher-dimensional case, in the spirit of the recent work [11] in the context of brittle
fracture, poses significant challenges.

The rest of this Introduction is organized as follows: in Section 1.1 we provide notation and
properties of the sharp cohesive model and of its critical points; in Section 1.2 we introduce
our regularized models, which are slight modifications of those proposed in [12,21]. A few
additional technical assumptions will be needed. Our main results will be stated in Section 1.3.

1.1. The cohesive fracture energy and its critical points. We first introduce a one-
dimensional cohesive fracture energy for a bar of total length L > 0 (at rest), and total
elongation a > 0.

The deformation of the bar is described by a function of bounded variation u € BV(0, L),
whose distributional derivative is a bounded Radon measure on (0, L) that can be written as

Du ='dz + D + Z [u)(2)dz,

where v/ € L'(0, L) denotes the density of the absolutely continuous part (with respect to
the Lebesgue measure), Du is the Cantor part, [u](z) := u(x™) — u(z™), where u(z™) and
u(x™) are the approximate limits from the right and from the left of u at x respectively,
and J, = {z € (0,L) : [u](z) # 0} is the set of essential discontinuities. Since we want
to include in the energy the boundary conditions, we set u(0~) = 0, u(L") = a, we extend
the definition of [u](z) = u(z™) — u(z™) also at the endpoints z = 0, x = L, and we let
J¢={x € 0,L]: [u](x) # 0}.
The cohesive energy of the bar is defined as

L
D(u) = /0 d(u')dx + Z 9(|[u](x)|) + oc| D (0, L) for u € BV(0, L). (1.1)

xeJg
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Here o, € (0,+00) and the elastic energy density ¢ : R — [0, +00) is given by
¢ if [¢] < %,
¢(§) = { : (1.2)

2 .
ool - % il > %
For the cohesive energy density we assume that g : [0, +00) — [0,+00) is a nondecreasing
function of class C' with g(0) = 0, ¢/(0) = o.. We further assume that {g’ > 0} = [0, Sfrac)
for some sgac € (0, +00], and that ¢’ is strictly decreasing in [0, Sgrac)-

It is convenient to include in the energy also the non-interpenetration constraint that the
singular part D*u := D+ ;a[u](x)d, of Du is a nonnegative measure: we therefore define
®(u) == ®(u) if u € BV(0,L) with D%u > 0 (so that in particular «(07) > 0, uw(L™) < a),
and ®(u) = +oo otherwise.

Critical points of the functional ® are functions u such that ®(u) < +o0o0 and

lim inf P(u+ tv) = S(w)
t—0+ t

WV

0 for all v € BV(0, L).

These are studied in details in [17] (see also [28]). We stress that nonnegativity of the unilateral
lower limit as ¢ — 0% is required in place of the usual vanishing of the first variation. This is a
standard way to give a meaningful notion of critical point in presence of a noninterpenetration
constraint. Mechanically, such condition provides a critical stress to nucleation, in the sense
that nucleation of a crack point is only possible when the stress reaches the critical value.
By [17, Theorem 6.3] one has that a function v € BV(0, L) with D*u > 0 is a critical point

of ® if and only if there exists a constant ¢ € R such that

(i) o <o,

(ii) ¢'(u') = o a.e. in (0, L),

(i) ¢'(u]) = o on 2,

(iv) Du=0if 0 < 0.
As observed in [17, Remark 6.6], in the model described by the energy ® the quantity ¢’ (u')
represents the stress in the elastic part of the bar due to the deformation gradient u’; ¢’ ([u](x))
represents the stress transmitted through the points of JZ of the reference configuration (where
there is concentration of the strain); D can be seen as a singular, not concentrated strain
which transmits a stress o, and can be present only if 0 = 0., whereas if ¢ < o, a critical
point is necessarily in SBV(0, L). The constant o, is the maximum possible stress for an
equilibrium configuration.

In view of the previous conditions, we can give an explicit description of all critical points

belonging to SBV(0, L) corresponding to a prescribed elongation a > 0 (see Figure 1):

(a) (elastic states) u(x) = Fx in (0, L);

(b) (pre-fractured states) o € (0,0¢), #J3 = k, 1 < k < +oo, v’ = § a.e. in (0,L),

[u](x) = sq for all z € J where sg € (0, Sgrac) Obeys ¢'(so) = 0, and §L + kso = a;
(¢) (fractured states) o =0, #J5 =k, 1 < k < +oo, v’ = 0 a.e. in (0,L), and [u](z) >
Sirac for all x € Jy, with - ¢ a[u](2) = a.

Notice that in the first case o = QT“ No. € [0, 0] and all the possible slopes v’ = 1 are allowed;

if %" > 0. then 0 = 0. In the second case u is piecewise affine with constant slope & and

with a finite number of jumps of the same amplitude. In the third case o = 0, u is piecewise
constant with a finite number of jumps with amplitude larger than sg,., and this case can

only occur if sgae < +00 and a > Sgrac-
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FIGURE 1. Critical points in SBV(0, L) of the cohesive energy (1.1). Left:
elastic state u(z) = fx. Center: pre-fractured state with o € (0,0.). Right:
fractured state with o = 0.

Remark 1.1. By the results in [14] the functional ® is the lower semicontinuous envelope with
respect to the L'-convergence of the energy

L
u /0 [u'|? da + Z g(|[u](z)]) for u € SBV(0, L) with [u] > 0. (1.3)

reJg

As it is observed in [17, Remark 6.5], every critical point of this functional is also a critical
point of <T>, and every critical point of ® with o < o is a critical point of (1.3). For o = o,
there are critical points of ® which are not critical for (1.3): in particular, elastic states
u(z) = fx with QT“ > 0., and critical points with D # 0. Such configurations, however,

are not local minimizers of ®: in particular, ® and (1.3) have the same (local) minimizers,
see [17, Theorem 7.2].

Remark 1.2. It is instructive to consider a quasistatic evolution for the cohesive model (1.3),
corresponding to a time-dependent elongation a > 0, monotone increasing in time: at each
time we assume that the deformation u, of the bar is a critical state satisfying the boundary
conditions u,(0) = 0, us(L) = a (in the weak sense, as specified above). Initially, for small
values of a, the response of the bar is purely elastic and the evolution follows the elastic
critical points uq(x) = F, until the critical stress is reached ( = %). At this point, that
is for a = %O‘CL, it is expected that the state of the bar switches to a pre-fractured state, a
pre-fracture point appears, and the amplitude of the crack continuously increases from 0 to
Strac S a increases from %O’CL to Sfrac. In this case the displacement u, has constant slope F,
with o € (0,0¢), and jump amplitude sg € (0, Sgac), Which should satisfy the compatibility
conditions

d (s0) = o, gL + 50 = a. (1.4)

The limit case a = Sgqc corresponds to the complete fracture state, characterized by jump
amplitude exactly equal to the boundary datum sg = sgac = a and vanishing stress o = 0.

Concerning the compatibility conditions above, we remark that the existence of a solution
(0, 50) € (0,0¢) x (0, Sfrac) to (1.4) for values a > $o.L, with the property that so — 07 and
o — o. as a — (%JCL)JF, is not a priori guaranteed. In case of nonexistence, then, once
the critical stress is reached, the evolution creates instantaneously a jump of strictly positive
amplitude, possibly even brittle without cohesive effects (see [19, Section 9] for an explicit
example in two dimensions).
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The behaviour of the function ¢ at the origin determines whether for elongations a —
(0.L)" there are solutions of (1.4) such that sy — 0. Assuming that g satisfies the
expansion

g(s) = oes — IsP + o(sP) as s — 0

for some ¢ > 0 and p > 1, then it can be checked by elementary arguments that existence
of solutions as above is guaranteed if p > 2, whereas it fails if p < 2. The case p = 2 is
critical, the existence of solutions depends on the length L of the bar and fails for sufficiently
large L; this is an instance of the well-known size effects in fracture. A suitable choice of
our regularized models will produce in the limit a density g with the previous asymptotic
expansion, see Proposition 3.9. We refer to [27] for a more detailed discussion of the content
of this remark.

1.2. Phase-field approximation. Following [21], we now introduce a family of functionals
F-: LY0,L) x LY(0, L) — [0, 4+00], depending on a real parameter ¢ > 0, which approximate
the cohesive energy density (1.1) in the sense of I'-convergence. We let f satisfy the following
conditions, that will be assumed throughout the paper unless explicitly stated:

(f1) f e C?([0,1);[0,+00)), f7H(0) = {0};

(£2) Tim (1= 5)f(5) = o, with o € (0, +00);
(3) % [(1=3s)f(s)] >0 forall s € (0,1);
(f4) % [(1}?)8{/(8)} <0 forall s € (0,1);
(79) Jim s (1= 97(0)] = +ocs

(f6) the map s — /sf(1 —/s) is convex.

The previous conditions look very technical and a few comments are required: firstly, they
are satisfied by a large class of functions, as Remark 1.3 below shows. Secondly, the I'-
convergence result in [21] holds under weaker assumptions, but the analysis of the model was
further improved in [12] where conditions (f1), (f2), (f3), (f6) were assumed in order to
obtain more detailed properties of the limit functional, that we will recall in Section 3. Here,
we also include the conditions (f4)—(f5) whose role is crucial for the analysis in Section 2.
We believe that the optimal set of assumptions is (f1)—(f5), but dropping the convexity
condition (f6) would require a much finer analysis that goes beyond the scopes of this paper
(see Remark 3.5).

Remark 1.3. Prototype functions with the properties above are the maps

oc|l—(1—s)? Oc —5))s?
o) = L0 g g o (et =)

for 0. >0, ¢ € (0,2], and p € (—0oc,20.). (Notice that for ¢ € (2,4) the function f, satisfies
(/1)-(5) but not (f6).)

We next need to truncate the function f in a neighbourhood of 1 in a smooth way. To this
aim we fix points

(1.5)

se € (0,1) suchthat s.11 and +ef(s:)—1 (1.6)



6 MARCO BONACINI AND FLAVIANA TURLANO

as ¢ — 0. By (f2) and v/ef(sc) — 1 we easily deduce that
1—s.
Ve
We then define the function f. : [0,1] — R by
ef(s) if0<s
£(s) = { VES(s)

ve(s) ifse<s

— Oc as € — 0. (1.7)

Se,

<
<1

where 1. : [0,1] — [0, 1] is any function satisfying the following conditions:
(¥1) 9. € C%(]0,1]) is monotone nondecreasing, (1) = 1;

(¥2) Ye(se) = Vef(se), ¥i(se) = Vef'(se);
(13) the map s +— % is monotone nonincreasing.

Notice that the condition (3) forces L(1) = 0. The function f. in (1.8) is of class C'(0, 1),
and can be easily extended to a globally C!'-function on R by setting f-(s) = /z2f’(0)s for
s <0, fo(s) =1for s > 1.

Remark 1.4. An explicit family of functions with the properties above are the exponentials

_ e _ 2 _ Vef(s)(1 = s0)”
Pe(s) =1 — aee , o = (1 — \/Ef(se))e s=, o= Ve

The choice of the coefficients a. and (. guarantees that (¢)2) holds. Moreover, it can be
checked by an elementary computation that also (13) holds for £ small. See Figure 2 for a
numerical plot of the resulting function f-.

FIGURE 2. Numerical plot of the function f. defined in (1.8), obtained by
choosing the prototype function f,) (with ¢ = 1) as in Remark 1.3 and the
exponential junction . as in Remark 1.4.

We next introduce a cohesive energy density ¢ : [0,+00) — [0, +00), depending on f, by
solving the following auxiliary optimal profile problem:

os) = inf Glaf), (1.9

where

+o00 _ 2
o= [ (PElps T p ) ar (1.10)
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/+ma%ﬂd4:s,

— 00

te = {(@.5) € HL(R) x HL(®) : o € 'R,

0<A<1, lim mwzl}(Ln)
[t| =400

(where f2(B) := (f(B))? and we adopt the convention f(3)|a/| =0 if 3 =1 and o/ =0). The
properties of the function g are discussed in Section 3. Here we just note that g satisfies the
conditions we required in Subsection 1.1 for a cohesive surface energy density, see in particular
Proposition 3.1. A more operational formula for g is provided in Proposition 3.3. This may
be used to obtain the explicit expression of g in the spirit of Remark 3.4, which treats the
prototype case f(t) =t/(1 —t), t € [0,1). The threshold of complete fracture sga. (which is
possibly infinite) is explicitly determined in terms of f, see (3.1) and Proposition 3.7.

With the previous definitions, we are now ready to introduce the approximating functionals
and to state the main I'-convergence result from [21]. We let F. : L' (0, L)< L*(0, L) — [0, 4+00]
be defined by

2

L : 1
2 112 (1_U) /12 1fu¢UEH(OvL)7
4+ — d
Ry = |, BOWP S e B E oD, )
+00 otherwise.

The following I'-convergence result is proved in [21], see in particular Theorem 3.1, Re-
mark 3.2 and Theorem 3.3.1. Although we state the theorem in dimension one, the result
in [21] is actually proved in any dimension and under more general assumptions on f.

Theorem 1.5 (Conti-Focardi-Iurlano). The functionals F. defined in (1.12) T'-converge as
e — 0% in LY(0,L) x L'(0,L) to the functional

Flu,v) = ®(u) ifue€BV(0,L),v=1 L'a.e. in (0,L), (1.13)
] 4o otherwise, )

where ® is the cohesive fracture energy given by (1.1) (with elastic energy density ¢ as in
(1.2) and surface energy density g as in (1.9)). Moreover, if (us,v:) satisfies the uniform
bound

sup(]-}(ue,vg) + HUEHLI(QL)) < +o00, (1.14)

then there exists a subsequence (ue,,ve, )ken and a function uw € BV(0, L) such that u., — u
almost everywhere in (0, L) and ve, — 1 in L*(0, L).

Remark 1.6. We collect here for later use a few properties that follow immediately from the
assumptions (f1)-(f5). Firstly, we observe that the function f is strictly increasing with
f'(s) > 0for s € (0,1), by (f3). By de 'Hopital’s theorem, using (f2) and (f4), one also has
that
lim (1 —s)2f'(s) = oc. (1.15)
s—1—

Finally, by the monotonicity property (f4) one has that the function J;((SS)) has a limit as

s — 0T, and since f(0) = 0 it is easily seen that it must be

lim I'(s)
s—0+ f(S)
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1.3. Main results. We consider a family of critical points (u.,v.) of the approximating
functionals (1.12), i.e. us,v. € H'(0, L) satisfy the Euler-Lagrange equations (in the weak
sense)

—ev! + f(ve) fL(ve)(ul)? + %22 =0 in (0,L), (1.17a)
(f2(ve)ul) =0 in (0,L), (1.17b)
ue(0) = 0,us(L) = a, (1.17¢)
v:(0) = vs(L) =1, (1.17d)
where for the Dirichlet boundary condition for u. we also require that
a: —a >0 as € — 0. (1.18)

In our first main result we show that any such a family of critical points with equibounded
energies is precompact and that any limit point is necessarily a critical point of the cohesive
energy (1.1). Moreover the I'-convergence acts as a selection criterion, since the limit critical
point has at most one crack point, located at the midpoint of the bar.

Theorem 1.7. Assume that (u.,v:) are critical points of the functionals F. satisfying (1.18)
and
sup Fe(ug, v:) < +00. (1.19)
g

Then there exists a subsequence €, — 0 such that (ue,,ve, ) — ( ,1) in (LY(0, L))?, for some
l

u € SBV(0, L) such that |Dul|(0, L) = a. Moreover, letting mg == lim I[nlr]l Ve, , we have that:
k—o0 [0,L

(i) If mg = 1, then u(x) = $.
(ii) If mo € (0,1), then u(z) = coxr + (a — coL)x X(L.L )( x) with cg = 1 f(mo)(1 — myg) €
(0,%), a—coL = [u)(5) € (0. strac), and ¢'([u](5)) = 2co.
(iii) If mo = 0, then sgac € R and u(z) = ax L L)( z) with a = [u](%) = Sgac.
Finally if mo <1, or if mg =1 and ¢ < 5, the convergence of the energies holds:
Fe(ue,ve) = F(u,1) as e — 0. (1.20)

If instead mo = 1 and ¢ > %, the convergence of the energies (1.20) does not hold.

Our second result is an existence counterpart of Theorem 1.7: we show that, for any
critical point @ of the cohesive energy (1.1) that might appear as limit of critical points of the
functionals F (that is, those that can be obtained as limits in Theorem 1.7), we can actually
construct a family (ue,v:) of critical points of F., with equibounded energy, approximating
uas e — 0.

Theorem 1.8. Let u € SBV(0, L) be either:

(i) u(z) = ¢t for some a >0, or
(il) u(x) = cox + (a — CQL)X(%’L) (z) with co € (0, %) and g'(a — coL) = 2cg, or

(iii) u(z) = ax L L)( x) with a = Sgac (if Strac @S finite).

Then for every e > 0 sufficiently small there exists a critical point (ue,v:) solution to (1.17a)-
(1.17d) with a. — a and uniformly bounded energy, such that u. — @ in L'(0,L) as e — 0.
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Let us discuss briefly our strategy of proof. Compared with the brittle case [10,11,30,37],
the main difficulty in our problem is that the behaviours of u. and v. are deeply related,
meaning that their transitions happen in the same regions with the same scale. With this
idea in mind, we start the proof of Theorem 1.7 and the study of system (1.17a)-(1.17d) by
computing u. from (1.17b) and inserting it into (1.17a), so obtaining a second order ODE for
ve (equation (4.6)). Analysis of the ODE (4.6) (performed in Section 2) shows that v, is a
symmetric well with minimum m. = v.(%) € (0,1] and that the interval {f.(v.) = '/2f(v:)}
shrinks to 0 as € — 0 (Section 4). Also, by definition of such interval, we find v. — 1 uniformly
on compact sets not containing % Now, we argue differently depending on the value of
mo := lim._,0 m., that is, on the fact we are in the elastic (mg = 1), pre-fractured (mg € (0, 1))
or fractured (mp = 0) regime. The richest regime is the pre-fractured one, addressed in
Section 5.1. Defining c. := f2(v.)ul and o := lim._,q ¢, we get u.. — co uniformly on compact
sets not containing Z. This in particular implies u € SBV(0, L), J, C {5}, v’/ = ¢y a.e. We
consider the blow-up of u. and v, around the minimum point %, setting 4. (t) = ue( % + et)
and ¥:(t) = vo(5 + et). Passing to the limit, we get (%,9.) — (s, s) optimal profile for
g(8), for some 5 > 0. The most delicate point is to prove that [u](%) = 5. This is obtained by
studying the bijective continuous map s € (0, sgac) — ms € (0, 1), where my is the minimum
of Bs with (as, Bs) optimal profile for g(s). Its inverse can be written in integral form, see
(3.11) in Proposition 3.3. Proofs in the elastic and fractured regimes, respectively performed
in Sections 5.3 and 5.2, are not based on blow-up arguments, but rather on energy estimates.
However, they also require fine ad hoc computations involving formula (3.11): indeed, in the
elastic case we need to show that [u](%) = 0 and in the fractured case that [u](%) = Strac-

The proof of the second main Theorem 1.8 is addressed in Section 6. The elastic case is
trivial, since we can define u.(z) = #x, v-(z) = 1 in (0, L). The pre-fractured and fractured
cases are again ODE-based. Take ¢, € (0, %) and set ¢g := lim._,g c.. Then, we show that for
all € > 0 we can choose m. > 0 such that the unique solution v to the second order ODE (4.6)
with initial conditions v.(%) = me, v.(%) = 0, satisfies in addition v.(0) = v:(L) = 1. This
strongly uses the analysis of the ODE in Section 2 and a continuous dependence argument
on the initial value. Finally, u. is easily computed from (1.17b).

Structure of the paper. Section 2 contains a detailed analysis of the ODE that is solved
by a critical profile v.. In Section 3 we discuss the properties of the cohesive energy density
g appearing in the I'-limit of the functionals F.. In Sections 4 and 5 we give the proof of
Theorem 1.7, whereas Section 6 contains the proof of Theorem 1.8.

2. ANALYSIS OF THE ODE SATISFIED BY CRITICAL POINTS

In this section we discuss the properties of the solution to the Cauchy problem
y// _ 1 - Y (2&)2f’(y)

L 0-pre (2.18)
y(0) =m (2.1b)
y'(0)=0 (2.1¢)

for fixed parameters o € (0, %) and m € (0,1). As it will be clear in the following of the
paper, this equation is satisfied by an optimal profile s for the minimum problem defining g
(see (1.9) and Section 3) and also corresponds to the blow-up of the critical points equation

(1.17a) around a stationary point of v..
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In the whole of this section we always assume that the function f appearing in (2.1a)
satisfies the conditions (f1)—(f5); in particular, the analysis of the Cauchy problem does not
make use of (f6).

It is convenient to introduce the functions

fy ()
) =025 p0s) (22)
and
—s a)?f(s —s -
h(s) = ! 1 (gz—)s)ffg(i) - 1} 1 1 [(2&)2f(s) - 1] for s € (0,1), (2.3)

extended by continuity by setting (1) = 0. With this notation, the equation (2.1a) takes the
form y” = h(y). The constant function § = 1 is always a stationary solution of the equation
(2.1a); in the next proposition we show in particular that the function A has a unique zero
za € (0,1), which corresponds to a second stationary solution § = z,.

Proposition 2.1 (Properties of f). The function f defined in (2.2) is of class C1(0,1) and
strictly decreasing, with f'(s) <0 for all s € (0,1). Moreover

i )= o0, F = L, 1 00

£/
==, ~ too, lim )
s—0+t s—1~ Ug s—0t f(S)

s—1— (1 — 8)3
In particular, it follows that for every o € (0, %) there exists a unique zo € (0,1) such that
- 1

f(za) = )2’ (2.5)

= too. (24)

and moreover (1 — z4) f(z4) > 2.

Proof. The regularity of f follows by (f1). By computing explicitly the derivative appearing
in assumption (f4), one easily obtains the inequality

(1= 8)f(s)f"(s) = F(5)f'(s) = (1 = s)(f'(s))* < 0.
Then using this inequality we get for all s € (0,1)

(1= ) f(s)f"(s) + f(5)f'(s) = 3(1 = 5)(f'(s))
(1—s)2f4(s)
2f'(s)[f(s) = (A=) f"(s)] _ 2f"(s)[(1 = 8)f(s)
(1= s)2f%(s) (1—s)2f4(s)
where the last inequality follows by (f3) (see also Remark 1.6); this proves the strict mono-
tonicity of f. The first limit in (2.4) follows from (1.16); the second limit in (2.4) is a
consequence of (f2) and (1.15); for the third limit, one has, arguing as before and using

(1.16),
F'(s) 2/ =8)f'(s) = f(s)] (L=s)f*s) _2f'(s) 2

fo 7T =P P fe) 1o
Similarly for the fourth limit in (2.4) we use assumption (f5), together with (f2) and (1.15):
P 2@ =9)fE)] _ [A=9)f(s)] 20— 9)%(s)

= . — 400 ass— 1.

(1-5)° L=s)P°f4s) (=5 (1=s5)'f4(s)

f(s) =

<0,

— 400 ass—0T.
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1

FIGURE 3. Left: numerical plots of the solution to the Cauchy problem (2.1a)—
(2.1c) for different initial values m, for the prototype function f(s) = == (see
(1.5) with 0o = ¢ = 1) and @ = 0.2. The two dashed lines correspond to
the stationary solutions § = 1 and § = z,. The green, red and blue curves
correspond to cases (i), (ii) and (iii) in Theorem 2.2 respectively. Right: phase

diagram of the solutions to (2.1a)—(2.1¢) in the plane (y,y’).

_ Existence and uniqueness of z, are immediate consequences of the strict monotonicity of
f and of (2.4). To show that (1 —z,)f(z4) > 2, we observe that (2.5) and the monotonicity

assumption (f4) give
(1= 20 2 ea) = S0l > i B g2 — 2

where we used (f2) and (1.15) in the last inequality. O

By Cauchy-Lipschitz theorem, for every value of the initial datum m € (0,1) the Cauchy
problem (2.1a)—(2.1c) has a unique solution 3 of class C?, which can be continued as long
as y(t) € (0,1) and is defined in a maximal interval (—7,T) for some T € (0,40c]. By
uniqueness the solution is symmetric with respect to the origin, that is y(t) = y(—t), and
therefore we study the equation only on the positive real axis. In the following theorem we
characterize the behaviour of the solution to (2.1a)—(2.1c) in terms on the relation between
the parameters m and a. We focus on the case m € (0, z,); for the case m € (zq,1), see
Remark 2.4.

Theorem 2.2. Let o € (0,%) and m € (0,zq) be given, let f satisfy (f1)-(f5), and let
g be the solution to the Cauchy problem (2.1a)—(2.1c). Then there exists to > 0 such that
y(to) = za and m < y(t) < zo fort € (0,t9). Moreover:
(i) if (1 —=m)f(m) < 2a, then there exists t1 € (tg,+00) such that y(t1) = 1, and g is
strictly increasing in (0,t1);
(i) if (1 —m)f(m) = 2a, then g(t) < 1 for allt € (0,4+00), § is stricly increasing, and
g(t) — 1 as t — +o0;
(iii) if (1 —m)f(m) > 2«, then y oscillates periodically between its minimum m and a
mazimum M € (zq,1): more precisely, there exists ta € (to, +00) such that y(ta2) =
M = maxy and y is strictly increasing in (0,t2). For t € (t2,2t2) one has y(t) =
y(2ta — t), and y is periodic with period 2ts.
The values of tg, t1, ta, M in the previous statements depend on m and .
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Proof. Notice that, since (1 — z4) f(2a) > 2 by Proposition 2.1 and the map s — (1 —s)f(s)
is strictly increasing by assumption (f3), for m € (0, z,) all the three cases may occur. We
also observe that, in view of Proposition 2.1, one has that h(s) > 0 for s € (0, 24) and h(s) <0
for s € (2q,1).

The solution ¥ satisfies ¥'(0) = 0 and §”(0) = h(m) > 0, therefore g’ > 0 and ¥ is strictly
increasing and convex in a right neighbourhood of the origin. Since ¢ remains convex as long
as y(t) < zq, there exists ty > 0 such that g(tg) = za, and g is convex and strictly increasing
in (0, to).

At the point ¢ty we have 3'(t9) > 0 (otherwise § = z,) and y”(t9) = 0, and therefore
g(t) > zq and ¥'(t) = h(y(t)) < 0 for ¢ in a right neighbourhood of ¢y, so that § becomes
concave after tg. We let

t1 ==sup{t >0 : y(s) < 1forallse(0,t)}

and we observe that t; > tg. We can then identify three possible types of solutions.

Case I. If t; € R, then g reaches the value 1 in finite time: indeed it must be y(¢1) = 1, and
7' (t1) > 0 (it cannot be 7' (t1) = 0, or else the solution would coincide with the stationary
solution constantly equal to 1).

If t; = 400, then the solution is defined in the whole positive real line and y(t) < 1 for all
t > 0. We let

ty =sup{t>0: y'(s) >0 forall se (0t}

and we observe that ty > to, as §'(t) > 0 for all ¢ € (0, o).

Case II. If to = 400, then ¢'(t) > 0 for all ¢ > 0. Then the solution is strictly increasing in
(0, +00), is convex in (0, tg), concave in (g, 00), and y(t) — 1 as t — +oo.

Case III. If t9 € R, then §/(t2) = 0, M = y(t2) € (24, 1) and §”(t2) = h(M) < 0. Then t is
a local maximum of y. The function z(t) = y(2ty — t), for t € (to,2t2), solves the equation
(2.1a) in (tg, 2t9), with z(t2) = M = g(t2) and 2’(t2) = 0 = ¥/ (t2), and therefore by uniqueness
of the solution of the Cauchy problem it must be y(t) = z(t) = g(2ts —t), for t € (t2,2t2). At
the point 2ty we have 3(2t3) = m, §'(2t2) = 0, and again by uniqueness we can conclude that
g(t) = y(t — 2ta) for all t > 2ty, that is, y is periodic with period 2ts.

These are the only three possible behaviours of solutions to (2.1a)—(2.1c), for m € (0, z4).
See Figure 3 for numerical plots of the three types of solutions. To conclude the proof, we
only need to determine the form of the solution in terms of the value of the initial datum.
We let

t1 in Case I,
t:=< +oo in Case II,
to in Case III.

Since i > 0 in (0,%) in all cases, we can multiply the equation (2.1a) by ¢ and integrate in
(0,t), for t < t: we obtain by a change of variables

[ 7onear= [namwmar= [ 1

m
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and, recalling that §'(0) = 0,
(1) 01— s (20)2 /(s
;(g’(t)f:/ h(s)ds:/ - [((2 I )> —1} ds

" " 1= 5) s
- i/my(t) ((204)2;;((?) —14 s> ds
= i<2 ;225;;)) + 2%8; (1) + 550 +m - ;m2).
Therefore for all ¢ € (0, 1)
07 = 3|02 (s — 72y ) — (- -9, (26)

If we are in Case I, then as ¢t — ¢ = t; we have 3(t) — 1 and ¥/(t) — ¥/(t1) > 0. Therefore,
by letting ¢ — ¢1 in (2.6) we obtain

o <o =[50 -] = 5 (=)

and hence (1 —m)f(m) < 2a.
If we are in Case II, by letting ¢ — +oo in (2.6) we obtain, since g(t) — 1 and ¢'(t) — 0,

0= lim (5(t)" = ! _4m)2 [((1 - jzo)éf(m)>2 - 1}

and hence (1 —m)f(m) = 2a.
Finally, if we are in Case III, by letting t — £ = t5 in (2.6) we have, since 7/(t3) = 0 and
y(t2) = M € (2q4,1),

0= 1Co (gatay ~ poagy) — -+ 0w

from which we get
2 (1-=m)* = (1 - M) 2(m) £2
o) = (S gy = iy ) an)
_ (fQ(M)(l —m)® — fA(M)(1 - M)?
(1= m)2(f2(M) = f*(m))
PAM)A = m)? = fPm)(A=m)*\ ey
( (1—m)2(f2(M)—f2(m)) )(f( )(1 )) (f( )(1 ))7

where we used the fact that f2(M)(1— M)? > f?(m)(1—m)? since M > m and the function
s+ f(s)(1 —s) is strictly increasing by (f3). Therefore (1 —m)f(m) > 2a.
Since these are the only possible cases, the characterization of § in the statement holds. [J

>(f(m)(1 —m))*

Remark 2.3. Let mq € (0, z4) be the unique value such that (1 —mg)f(ma) = 2. The three
cases (i), (ii) and (iii) in Theorem 2.2 correspond to m € (0,mg), m = mq, and m € (Mmq, 2q)
respectively. If m € (mq, 24) (case (iii)) the solution has a maximum value M € (zq, 1) which
is uniquely determined by a and m by the equation

B (2a0)?
f2(M)

(1—M)? =(1-m)?— (2.7)
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which is obtained by evaluating (2.6) at the maximum point t5. We observe that the function
(20)

- [a)

vanishes at © = m,, and at x = 1, has a maximum point at x = z,, is increasing in (mq, zq)

and decreasing in (zq4, 1), as can be easily checked by noting that its derivative is given by

2(1 - 2)((20)*f () — 1).
It follows that M takes all the values in the interval (z4, 1) when m € (mq, 24), with M — 1
as m — Mg, and M — z, as m — Zq.

z— (1—x)?

Remark 2.4. In the case m € (zq, 1), the solution 7 is a translation of one of the periodic orbits
obtained in Theorem 2.2(iii). Indeed, by Remark 2.3 every value of m € (z,,1) corresponds
to the maximum value of one of the solutions with initial datum in (mg,24), so that by
uniqueness ¥ is a translation of that solution.

In the next proposition we obtain uniform estimates on the point ¢, at which the solution
to the Cauchy problem (2.1a)—(2.1c) reaches a value n arbitrarily close to 1 (or the maximum
M for the periodic solutions). In the following, we will denote by w(:) a generic modulus
of continuity (that is, w : [0,1] — R is a bounded, monotone increasing function such that
w(t) — 0 as t — 0T), which is independent of a € (0,%) and m € (0, z,), but depends
ultimately only on f. The function w might change from line to line.

Proposition 2.5. Under the assumptions of Theorem 2.2, let y be the solution to (2.1a)—
(2.1¢). Letn € (zq, 1) be fixed; in the case (1—m) f(m) > 2«, assume further thatn € (zq, M),
where M € (z4,1) is the mazimum of y. Denote by t, > 0 the first point such that y(t,) = 7.

Then there exists a constant Co > 0, depending only on o € (0,%), and a modulus of

continuwity w independent of a and m, such that the following estimates hold:

C
ty < ———m— with sup Cy <400 foralld >0, (2.8)
! v1i—mn ae(0,%—9)
w(l—m)
t, < —~. 2.9
ERCEEOE 29

Furthermore, we have the estimate from below

1—24+Cam 20 2
o e(Tte) e Conim - (i)

Proof. We first obtain a uniform estimate of the point ty where there is a change of convexity
of the solution y, as in the statement of Theorem 2.2: recall that for ¢ € (0,%p) the solution
is strictly increasing with m < y(t) < z,.

From the proof of Theorem 2.2, see in particular (2.6), we have that

By a straightforward computation and recalling the definition (2.2) of f and (2.5) we find

= 5 20)(1 — $)(F(s) ~ F(z0)) (2.12)

1
2

(2.10)

'(s)
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and in particular ¥'(s) > 0 for s € (m, z,) since f is strictly decreasing (see Proposition 2.1).
By repeatedly applying the mean value theorem we have for all s € (m,z,) (using also
¥(m) = 0)

U(s) =W(m)+ (&) (s —m) for some £ € (m, s)
= 321 = () - Flza)) s —m)
1 f! —&)(s—m or some z
— 3 (- 9T = O =m)  forsome ¢ € (€:2)
L 7
> 5(— f(<)>(1—za)(2a—s)(s—m), (2.13)

where we used in particular (2.5) in the third equality, and the monotonicity of the function
f in the last inequality. Observe now that, being f’ < 0 and continuous in (0, 1), and by
(2.4), the ratio |f’|/f is uniformly bounded from below by a positive constant in (0, 3),
whereas if ¢ € (1,1) one has, by the fourth limit in (2.4), that | f/(¢)|/f(¢) = |F/(Ol/f(3 ) >
—¢)3/w(1 —m), for a uniform modulus of continuity w. Therefore we can write

POl (1= =)’

inf = > . 2.14
Celmza) f(C) — w(l—m) 24
Hence combining (2. 11) (2.13), and (2 14) we find
to /
2.15
0= ﬁ F L e e
which eventually yields
w(l—m)
to <K T—F0F . 2.1
0OS T2 (2.16)

We next fix n > z, as in the statement. By the properties of the solution, there exists a
point t,, > ty such that y(t,) = n; in the interval (t,,) the solution satisfies z, < y(t) <,
y'(t) > 0 As before we have from (2.11)

ty / n ds

[, Ve L e

and therefore we need to estimate from below W(s) for s € (24,7). Notice that by (2.12) and
monotonicity of f, ¥ is decreasing in (z4,1). For all s € (z4,7) we have by the mean value
theorem, using also ¥(n) > 0, (2.5), and (2.12),

U(s) =U(n) + ¥ () (s —n)
> 2 (20)°(1 - )

(2.17)

(2.18)

for some ¢ € (s,m). We next bound from below the quotient on the right-hand side of (2.18),
and we consider first the case o uniformly bounded away from % (which will prove (2.8)),
and then the case « in a small neighbourhood of % (which will prove (2.9)). It is important
to recall from Proposition 2.1 that z, depends continuously and monotonically on «, and that
Zo — 1l as a — 5.
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Notice first that

L J© 1 f(za) = f(§) 1

if = <= then —_—t =1 = 25 2 56— 2a) (2.19)
flza) ~ 2 f(za) flza) = 27 2

Let 6 > 0 be such that a < % — 4. Then z, < 1 — ¢5 for some c¢5 > 0 depending only on 4.

We have that

if €>1-2  then fza) = F©)
2 f(za)

with Cg > 0 depending only on &, by the properties of f. If instead ff

we obtain
M SO MO oo S22 om0
> LG - >(01_05)'2f}) 2a) = CH(E — 20)
where again C? > 0 by the properties of f in Proposition 2.1. Hence
if ;E$>; wdfgl—% then ﬂﬁzx%)>@@—%) (2.21)

Therefore by inserting (2.19), (2.20), and (2.21) into (2.18) we find that for all o < % — ¢

U(s) = Cs(L=n)(n—5)(§ —2a) 2 Cs(1 =n)(n —s)(s —za)  forall s € (2a,7)
for a uniform constant Cs > 0 depending only on §. In turn by (2.17) we conclude that

t

1 / s ™
< ———— =
K 0 VCs1T—n )., V11— VS — za VCs5/1—n

which combined with (2.16) proves the estimate (2.8) in the statement.

We next show (2.9). If ff(f)) > 1 then by using the last condition in (2.4) and arguing

similarly to (2.14) we have

f(za) = F(&) _ f(za) = F(&) S - £~ Za or some 2
R =T R AC T f se el
SWON oy A=
R TP Ly )

for a uniform modulus of continuity w. Therefore combining this estimate with (2.19) and
inserting them into (2.18) we can write

(1—n)*

(1—n)*
U(s) > ——~m—35)(§—2) > w1 = =)

w(l—zy)
and in turn by (2.17) we conclude that

(n—3s)(s— za) for all s € (24,7)

l—za/ s :Ww(l—za)
I=n)? Lo V=85 =20  (1-n)

By combining this estimate with (2.16) we obtain (2.9).

ty —to <
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We eventually prove the estimate from below (2.10). By the assumptions (f2)-(f3) we
have that (1 —s)f(s) < o for all s € (0, 1), so that we can bound the function ¥ in (2.11) by

R

4 Oc
and in turn we obtain the rough estimate /U (s) < (1 —5) 4 Cq m, where Cy p, is the constant
defined in (2.10). By inserting this inequality into (2.17) and integrating we deduce (2.10) by
an elementary computation. U

We conclude this section by discussing the behaviour of solutions to (2.1a)—(2.1c) in the
case o = %

Proposition 2.6. Let o > % and m € (0,1) be given, let f satisfy (f1)-(f5), and let § be
the solution to the Cauchy problem (2.1a)—(2.1c). Then there exists t1 > 0 such that y(t1) =1
and y(t) is monotone increasing in (0,t1). Moreover, denoting for n € (m,1) by t, € (0,t1)
the point such that y(t,) =1, the estimate (2.9) holds.

Proof. By the properties of f in Proposition 2.1 and since a > %, the function h in (2.3) is
strictly positive in (0,1). Therefore, since initially we have ¢'(0) = 0 and ¢”(0) = h(m) > 0,
the solution is strictly increasing and convex for ¢ > 0 as long as g € (0,1). The existence of
a point t; > 0 such that y(¢1) = 1 follows easily.

Fix now & € (0, %) such that m € (0, z5) and (1 —m)f(m) < 2&, and let 7 be the solution
to the Cauchy problem (2.1a)—(2.1c) with a replaced by &. Since o > % > &, by comparison
we have y < .

We can apply to y the qualitative analysis in Theorem 2.2 and Proposition 2.5 to deduce,
in particular, that for all n € (m,1) there exists ¢, such that §(¢,) = n, and #, obeys the
estimate (2.9). Then by comparison ¢, < 7?77 obeys the same estimate, as desired. O

3. PROPERTIES OF THE COHESIVE ENERGY DENSITY, OLD AND NEW

We discuss in this section the main properties of the cohesive energy density g defined by
(1.9), appearing in the I'-limit of the phase-field functionals (1.12). Most of the properties of
¢ have been studied in [12,21], but we also include here some new results: in Proposition 3.6
we prove that g € C*(]0,+0c0)) and a characterization of the derivative of g, and in Propo-
sition 3.7 we determine explicitly the value of the threshold of complete fracture sga. (see
(3.1)). Eventually we determine the asymptotic expansion of g near the origin in terms of
the behaviour of f(s) as s — 1, see Proposition 3.9: this is only relevant in connection with
the existence of critical points of pre-fractured type, see Remark 1.2.

The following properties are proved in [21, Proposition 4.1].

Proposition 3.1. Assume that f satisfies the assumptions (f1), (f2), (f3). The function g
defined in (1.9) enjoys the following properties:
(i) g(0) =0, and g is subadditive;
(ii) g is nondecreasing, g(s) < min{l, o.s}, and g is Lipschitz continuous with Lipschitz
constant oc;
(iii) limgy 400 g(s) = 1;
(iv) limg o+ @ = o¢.
We studied in [12] the existence and properties of optimal pairs for the minimum problem
(1.9) which defines g, which we collect in the following two propositions. Notice that the first
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part of the statement of Proposition 3.2 does not make use of the convexity assumption (f6),
whereas this condition is crucial to deduce uniqueness of the optimal pair and the properties
of the function ms in Proposition 3.3 (compare with Remark 3.5).

Proposition 3.2. Assume that f satisfies the assumptions (f1), (f2), (f3). Let g be defined
by (1.9) and let

Sfrac = sup{s : g(s) < 1} € (0, +o0]. (3.1)
Let s € (0, Sgrac), so that g(s) < 1. Then:

(i) There exists an optimal pair (as, Bs) € Us such that g(s) = G(as, Bs).

(ii) If (as, Bs) is an optimal pair for g(s), then there exist —oo < T— < Ty < Ty < 400
such that {Bs < 1} = (T_,Ty), Bs € CYT_,Ty), Bs is symmetric with respect to T,
and nonincreasing in (—oo,Ty), as € CH(R) is nondecreasing.

(iii) Any optimal pair (as, Bs) solves the Euler-Lagrange equations

1_Bs

Y= f(Bs)f'(Bs)()? — I weakly in {Bs < 1}, (3.2)
2(Bs)aly = o pointwise on {fs < 1}, for a constant o5 € R. (3.3)

(iv) Any optimal pair (as, fs) satisfies pointwise on {Bs < 1}

- 2
FHBs)los + 185 — (14&) =0. (34)

(v) Assuming in addition that f satisfies (f6), the optimal pair is unique up to transla-
tions, in the sense that if (as, Bs) and (G, Bs) are minimizers then there are aj,t; € R
such that as(t) = a1 + as(t —t1), Bs(t) = Bs(t — t1).

[t]

If instead s = Sgrac, one has g(s) = 1. In particular g(s) = G(0, Bs), where Bs(t) =1 —e” 2,
that is, one can interpret the value g(s) = 1 as the energy of a configuration (as,Bs) ¢ Us
where g 1S piecewise constant.

Proof. See the proof of [12, Proposition 8.1], which only uses (f1)-(f3), and [12, Propo-
sition 8.3] for the uniqueness part (v). We only sketch here the proof of (i), since some
details were missing in [12, Proposition 8.1(ii)]. The existence of an optimal pair (as, 5s)
can be obtained in two steps: in the first, we fix 8 with (1 —3) € H'(R), 0 < 83 < 1, and
limy 400 B(t) = 1, and we minimize G(-, 3) with respect to the first variable; in the second
step, we minimize G(«, ) with respect to 3, where a has been obtained in the first step and
depends on S.

To prove the existence of a minimizing profile a (for fixed ) in the first step, we can
assume that inf,cr 5(t) > 0, since otherwise G(«, ) > 1 for all a. Then, we check that
the crucial property 1/f2(8) € L'(R) holds. Indeed, by (f2) there exists K > 0 such that
f(B)(1 =) > % in R\[-K, K], where we adopt the convention f(5)(1 - 3) = 0. if § = 1.

Then
dt 4

_ar a4 I
ST < i P+ 7 1~ PO 0 <

a(t) :_C/oth(?(—T)) wherec:-s(/Rﬂiﬂ)dT>_l.

In this way («, 8) € Us and « minimizes G(-, 5) for fixed 3, by convexity of the energy.

We define
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Next, as a second step we minimize in 5. Notice that, in the minimization problem (1.9), we
can restrict to profiles such that § is nonincreasing in (—oo, 0) and nondecreasing in (0, +00),
by exploiting the same argument as in [12, Proposition 8.1 (v)]. We define

00 =2([ )+ [ (S ) e

so that gl(ﬁ) = G(ag, B), where ag is the optimal profile associated to a given function 3, as
constructed in the previous step. In this way

9(s) = inf G:(B) (3.6)

where the infimum is taken over all profiles 3 such that 1 — 8 € HY(R) and 0 < 8 < 1. Let
(Bk)r be a minimizing sequence for G,, that is g(s) = limy é’\s(ﬁk). The sequence 1 — f3y, is
bounded in H'(R) and has therefore a subsequence (not relabeled) converging weakly and
uniformly on compact sets to some function 1 — 3 € H'(R), with ming 3 = 3(0) € (0,1) (or
else 5(0) = 0 would imply g(s) > 1, while 5(0) = 1 would give g(s) = 0, hence s = 0).
We let
oo [e.@]
= limsup/ (1—Bp)?dt —/ (1—p)%dt >0,
k—+o00 J—o0 —o0

and we also observe that

. dt dt I
1 < —. .
lf?fip/R 2060 S P T o2 (3.7

Indeed, given € > 0 we can choose T' > 0 so large that (1 — 8(£T)) f(B(£T)) > 0. — ¢ (using
assumption (f2)). Then also (1 — Bi(£T))f(Bk(£T)) = 0. — € for all k sufficiently large; in
turn, by monotonicity of 8 and of the map (1—s) f(s), we also have (1—p5(¢)) f(Bi(t)) = oc—¢
for all |t| > T and for all k sufficiently large. By using the uniform convergence Sy — [ on
[—T,T] we have

: (1—Bp)?
imonw [ 7t < [, iy N e

T at 1
i - - . 29
<[ 7 i e /R\[_m(l COR

T at 1 I
= 1—B3)2%dt+ ——
/T HORCEE /R\[T,T]( Pyt G

and by passing to the limit first as T'— 400 and then as e — 0 we obtain (3.7).
Then by definition of p and by (3.7)

o) = tim G.(on) > (v [ )_1+“+ / :O(“‘WW’F) at. (38)

r f2(B) 4 4

If 11 = 0, then the previous inequality shows that g(s) > Gs(53), and therefore /3 is a minimizer
in (3.6) and the proof is concluded. If instead p > 0, we modify the profile 3 as follows: define

B(0) if [t| <L
Bt) =< B(t—L) ift>1L,
Bt+1L) ift<—L,
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where L > 0 is chosen so that 2L(1 — 3(0))? = u. With this choice

A’ at N ARO[l
gs(ﬁ)_32<f2(ﬁ(0))+ Rfm)) T +/ ( TP ‘2> at
_52 H dt - 112

- ((1—6(0))2f2(6(0))+ Rﬂ(ﬁ)) < *'B)dt

—1 8
(G lrm) i 5T W)dt

where in the first inequality we used the fact that (1—53(0))f(5(0)) < oc by assumption (f3).
This shows that B is a minimizer in (3.6) and concludes the proof also in the case p > 0. O

Proposition 3.3. Assume that f satisfies the assumptions (f1)-(f6). For s € (0, Sgac) let
(as, Bs) be the optimal pair for g(s) given by Proposition 3.2, translated so that Bs attains its

t
minimum at the origin; for s > sgac let Bs(t) =1 —e” 2. Define

ms = min Bs(t) = Bs(0) (3.9)

teR

(uniquely determined by s). The map s — My is continuous, strictly decreasing in [0, Sgac),
with mg =1 and ms =0 for s > Sgrac-
Moreover, one has that {Bs < 1} =R, and the constant os in (3.3) is given by

00 = £(1—m.)f(m.). (3.10)

Denoting by m — s(m) the inverse of the map s — ms, one has for all m € (0,1)
! 1

) =201 = o) | om0 —mppmy e

sommy =2 [ (L-?f()
et 2/m (1= 8)272(8) — (1 — m)2f2(m))/?

dt. (3.12)

Proof. The first part of the statement concerning the properties of the map mg is proved
in [12, Proposition 8.3] without the hypotheses (f4)-(f5). By substituting (3.3) into (3.4)
and evaluating the resulting equation at the origin, recalling that 55(0) = ms and 5(0) = 0,
we find (3.10). Inserting (3.3) into (3.2) we find that 5 solves in the set {85 < 1} the Cauchy
problem (2.1a)-(2.1c) for the values of the parameters a = o5 and m = m,. By (3.10) we can
apply case (ii) in Theorem 2.2 to deduce that s < 1 in R and 8. > 0 in (0, +00).

Finally, we prove (3.11) and (3.12). We have by a change of variable

_ 63y [T o e, [T ((1—,5;)2_ o? )
S‘/R“ = /0 f2</3>dt‘25/0 PeI\ 2 Pey) @

o [Pl (P N dt
_2s/msf2(t)< 4 fQ(t)> dt_4s/msf()[( D2f2(t) — 402)"/?

[T
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g(s(m)) g(s)

FIGURE 4. Left: plots of the functions s(m) and g(s(m)) in (3.11)-(3.12),
in the prototype case f(t) = t/(1 —t), see Remark 3.4. Right: plot of the
function g(s) obtained by using the expressions in Remark 3.4 and inverting
numerically the function s(m).

from which we obtain (3.11) thanks to (3.10). Similarly
3.4 o0 (1 — Bs)? +oo
o) = Gl ) @2 [ O a s [T
0

4
@0 [T ,<(1—6s)2 o2 )‘5
2 /0 (1= Bs)"P, 1 72050 dt
[ 2<<1—t>2_ o2 )‘{1 R ()5 I
_/ms(1 ? 4 f2(t) t_/ms [(1—t)2f2(t)—403]1/2 t
from which we obtain (3.12) thanks to (3.10). O

Remark 3.4. In the prototype case f(t) = t/(1 —t), t € [0,1), equations (3.11)-(3.12) give
explicit formulas for the maps m € (0,1) — s(m) € (0, Sgac) and m € (0,1) — g(s(m)) €
(0,1) (notice that in this case sgae = m by Proposition 3.9 below):

1 —m?2 14+ +v1—m?
VI i (LI
m

s(m) = 2arctan (
m

g(s(m)) = m?log (ﬁ) +v1—m2.

See also Figure 4 for numeric plots obtained using these expressions.

Remark 3.5. If we drop the assumption (f6), there is numerical evidence (using the function
f(g) in (1.5) for ¢ > 2) that the conclusions of Proposition 3.3 are no longer true in general.
However, it seems that it is still possible to define a one-to-one correspondence s € (0, Sgac) —
Mms € (Merac, 1), for some mgae > 0.

We next show that g is differentiable and characterize its derivative in terms of the minimum
value m; (see (3.9)) of the optimal profile f3.

Proposition 3.6. Under the assumptions (f1)-(f6), the function g defined in (1.9) satisfies
g (s) = (1 —ms)f(ms) for all s > 0. (3.13)
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Proof. We first observe that the identity (3.13) is valid for s = 0 since ¢’'(0) = o, by Propo-
sition 3.1, mg = 1 by Proposition 3.3, and limy_,1(1 — ¢) f(t) = o, by assumption (f2). It is
also valid for s > sgqc, since g(s) = 1 and mg = 0 for s € [Sgac, +00).

We then consider the case s € (0, sgac). Let (o, 8s) € Us be an optimal pair for g(s),
according to Proposition 3.2. Let s, € (0, 5tac) be two arbitrary points. Since (Hay, fy) €
Us is an admissible competitor for the minimum problem (1.9) defining ¢(s), we have

+o00 — 3.,)2
o) < 63 av8) = [ ((5) PP+ C2 0 ) ar

= law+ ((2)' 1) [ Poomea

—0o0

‘ s+ +oo
= g(s+(s—¢)- e -as// ol dt
—00

(3.10) s+ s _ _
= (8/) + (S - 5,) ’ 2/ ) (1 - ms’)f(ms’)
whence
/
g(s) < g(s) +(s—5)- S;;,S (1 —mg)f(mg) for all s,5" € (0, Sgrac)- (3.14)

If & < s, by dividing both sides in (3.14) by (s — ') we get

g(s) —g(s) _ s+ -
S—SI < 28I '(1im5’)f(m5’)v
and letting s — (s')" or s’ — (s)~, using the continuity of s — my, we obtain the following
inequalities for the right and left derivatives of g:

gi () < (L —my)f(my),  g-(s) < (1 —ms)f(ms).
By arguing similarly for s’ > s in (3.14), we obtain the opposite inequalities, so that (3.13)
follows for all s € (0, Sgrac)-
To conclude the proof, it only remains to show that g is differentiable also at s, and
g’ (8frac) = 0. This is easily obtained since lim__, - g'(s) = 0 by the first part of the proof

and g = 1 for s > Sgac- ]

A condition for the finiteness of the threshold sg.,. is given in [12, Proposition 6.3]. In the
following proposition we improve that result by determining explicitly the value of sga in
terms of the derivative of f at the origin.

Proposition 3.7. Under the assumptions (f1)-(f6), the threshold sgac defined in (3.1) is

given by
T

Sfrac = W (315)

(with Strac = 00 if f/(0) =0).
Proof. For any fixed § € (0,1) we have by (3.11)

' i ) 1 dt
b = 1 200 ) () | I 020) — (—mr]
‘ i ) 5 dt
- silg%ac 2(1 —ms) f(ms) /m £t) [(1 —1)2f2(t) — (1 — m3)2f2(ms)]1/2 7
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where in the last equality we have used that the denominator of the integrand is uniformly far
from 0 in (4,1) and that ms — 0. Denoting by ¢(¢) = (1 —t) f(¢), which is strictly increasing
by assumption (f3), we can write the previous identity as

4 /
Stac = lim  2¢(im) ¢'(t) ISR

S irac ms O()/P2(t) — 92 (ms)  ¢'(2)

im m su (1-1) 1)
< sisf_rac 2¢( 8) <t€ mlj, ¢/( ) ) Mms ¢( ) 2<t) - ¢2(ms)
(

. (1- ) <\/¢2 — @2 ms)> (1—1)
=1 2
s—:g%ac <t6?7171135) ¢/( ) aretan ( s) TrtESl(l)p(S) ¢< )

since ms — 0 as s — s;, . Arguing similarly we find

1-—1t 1—1¢
( )gsfracgﬂ' sup ( )

inf .
te(0,0) ¢/ () te(0,6) @' (1)
The conclusion follows by letting § — 0. g

t

dt

Remark 3.8. For the prototype examples in Remark 1.3 one has s, = m% € R for the

functions f,), and sgac = +o00 for the functions f @),

We conclude this section by determining the asymptotic expansion of the cohesive energy
density g at the origin.

Proposition 3.9. Assume that f satisfies the assumptions (f1)-(f6), and assume further
that

(1—=35)f(s) =0c—L(1 —5)4+o((1 —s)?) as s — 17 (3.16)
for some £ > 0 and q € (0,2], where o(t) denotes any quantity such that lim;_, % oD — 0. Then
the function g defined in (1.9) satisfies, for p = 4# and for some £ > 0,

g(s) = ocs — IsP + o(sP) ass— 0T, (3.17)

Proof. The proof is a straightforward adaptation of [12, Proposition 8.5], which deals with
the case ¢ = 1. The details are left to the reader. (]

Remark 3.10. The function f, for ¢ € (0,4) in Remark 1.3 satisfies the condition (3.16).

4. PRELIMINARY PROPERTIES OF CRITICAL POINTS

We assume along this section that (u.,v.) € (H(0,L))? is a family of critical points of the
energies J., i.e. they are weak solutions to the system of equations (1.17a)—(1.17d). We also
suppose that the Dirichlet boundary condition satisfies (1.18), and that the equiboundedness
of the energy (1.19) holds. We first remark that by (1.17b) there exist constants c¢. € R such
that

FA(vo)ul = c. a.e. in (0, L). (4.1)
Notice that from (4.1) it follows that u. has constant sign a.e. in (0, L) and therefore, in view
of the boundary conditions, it must be ¢, > 0, so that u. is monotone nondecreasing in (0, ).
Moreover it cannot be ¢. = 0, or otherwise the second term in (1.17a) would vanish and v,
would be a weak solution to —ev + %=1 = 0, with v-(0) = v-(L) = 1; however, this would
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imply that v. = 1 and in turn, by (4.1), u. = 0 almost everywhere in (0, L), which is not
possible in view of the boundary conditions (1.17¢). Therefore c¢. > 0 for all €.
We also have

L L
Fe(ue,ve) = / ff(v5)|ué|2 do = cg/ u’6 dr = c.a.,
0 0

so that by (1.18) and (1.19) we obtain that sup, c. < +00 and, up to subsequences,
c: —>cog =0 as e — 0. (4.2)

Similarly to [30, Lemma 3.1] and to [10, Lemma 2.3], we show that v. obeys a maximum
principle.

Lemma 4.1. We have that 0 < v. <1 in [0, L].

Proof. By testing (1.17a) with the function ¢. = max{—v., 0}, which is admissible since
¢e € H}(0, L) in view of the boundary conditions (1.17d), we have

L N2 L / \2 L we+1
- / e(pl)? du + / Fo(0) £1(0e) ()P0 dr — / oo dr =0,
0 0 0 4e

and since all the terms are nonpositive (recall that f.(s) = /ef/(0)s for s < 0) we deduce

that fOL “"Z‘;l pedz = 0, and therefore v. > 0. Similarly, by testing the equation with the

function . == max{0,v. — 1} € H}(0, L) we prove that v. < 1. O

We next show that the solutions to the equations (1.17a)—(1.17d) satisfy a conservation
law, which can also be seen as a consequence of the vanishing of the first variation of the
functional F. with respect to inner variations.

Proposition 4.2. There exist constants d. € R such that

(1*05)2_ 2 N2 N2 _ :
e fewe)(ue)” —e(ve)" =de i (0,1), (4.3)
with sup, |d:| < +00 and, up to subsequences, d. — dy as € — 0.
Furthermore, ue,v. € C%(0,L) with ve > 0 in [0, L], and the equations (1.17a)—(1.17d) hold
in the classical sense.

Proof. We first remark that, as v. is a weak solution to (1.17a), we have v” € L'(0,L) and

C

therefore v. € C1([0,L]). By (4.1) we have u. = 260 almost everywhere in the open set
{ve > 0}, that is, ul is (almost everywhere equal to) a Cl-function in {v. > 0}. In particular
u. is of class C? in {v. > 0}. In turn, by (1.17a) the same holds for v., and equation (1.17a)

holds in the classical sense in {ve > 0}.
We can thus differentiate the left-hand side of (4.3) in {v. > 0}:

— Vg 2 ! / /
% <(148) - faz(vﬁ)(ua)Q - 6(U€)2>
ve — 1

= (et = LoD + ) - Pt

(1.17a)

— 20, fe(ve) fL(ve) (ue)® — f2(ve)ulul
" (1.17b)

= —u(£2(eut) "0,
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hence (4.3) holds in {ve > 0}, for a constant d. possibly changing with the connected com-
ponents of {v. > 0}.

We next show that v. > 0 everywhere in [0, L]. Consider any connected component (a,b)
of the open set {v. > 0}. By combining (4.3) and (4.1) we have

— v 2 c? ’ .
(1 - )’ fQ(i;E) —e(v))? =d. in (a,b). (4.4)

Assume by contradiction that v. vanishes at one of the endpoints, say v-(a) = 0. The point
a must be in the interior (0, L) by (1.17d); since a is a minimum point of v. by Lemma 4.1
and v, is of class C1([0, L]), we have v’(a) = 0. We can pass to the limit in (4.4) as * — a
from the interior of (a,b):

1 . cg
T )
and since f.(v-(z)) — f:(0) = 0, we conclude that it must be ¢. = 0. However, we already
observed that ¢ > 0 (see the discussion after (4.1)), which is a contradiction proving that
(a,b) = (0, L), and since v, cannot vanish at the endpoints we obtain {v. > 0} = [0, L].
Finally, by integrating (4.3) on (0, L) we also have

1 [H(1—w.)? 1
dl = [ | - o - et do < L),
and therefore sup, |d:| < 400 by (1.19). O
Notice that, by using (4.1), we can rewrite (4.3) in the form
(1—wv)? Cg 1\2 :

— — =d 0,L). 4.5
2F g S =d L) (4.5)

Similarly, we can rewrite (1.17a) as an equation for the function v. alone:

2 £/
-1

—evl + ¢/ (ve) + =0 in (0,L). (4.6)

° 0 f3(ve) 4e
From this equation we can deduce the symmetry properties of the function v., similarly
to [30, Lemma 4.1 and Proposition 4.2] and to [10, Proposition 2.1].

Lemma 4.3. The graph of ve in [0, L] is a symmetric “well”: it is symmetric with respect to
the point %, which is a global minimum, and v, is decreasing in (0, %)

Proof. By (4.6), v is a solution to an equation of the form v = h.(v.), where the function h, is
Lipschitz continuous in (0, +00) by definition (1.8) of f. and by assumption (f1). Notice that
ve takes values in (0, 1] by Lemma 4.1, and therefore Cauchy-Lipschitz theorem guarantees
uniqueness.

If v, is not identically equal to 1, by Rolle’s Theorem there exists at least one critical point
in (0, L). Given any critical point z¢ € (0, L) of v., we can symmetrize the graph of v, about
the vertical line through x¢: more precisely, if zg € (0, %] then we define o, : (0,2z9) — R
by Ue(z) = ve(z) for z € (0,z¢), 0:(x) = ve(2xg — x) for x € (x0,2x0). Then o, is also a
solution of ¥/ = h.(v.) in (0,2x¢), with 9.(x0) = ve(x0), V.(z0) = v.(z9) = 0, and Cauchy-
Lipschitz theorem yields that v. = o, in (z9, 2x0). In particular the critical point z is either
a maximum or a minimum point. A symmetric argument can be repeated in the case of a
critical point in the interval (%, L).
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Therefore the graph of v. is symmetric with respect to all the vertical lines passing through
its critical points, which are either absolute maximum or absolute minimum points. If there
is an interior maximum point at xg € (0, L), since v-(0) = v-(L) = 1 it must be v.(zg) = 1,
vL(zp) = 0. Then by uniqueness we conclude that v. = 1, since the constant function 1 is also
a solution of (4.6). Hence, if v, is not identically equal to 1, there are no interior maximum
points and therefore there is a unique interior critical (minimum) point, located ad % The
symmetric structure described in the statement follows. O

Remark 4.4. The symmetry property of v. proved in the previous lemma is in accordance
with the result in [10] for the Ambrosio-Tortorelli functional, where it is shown that, imposing
the Dirichlet boundary conditions on v., a much stronger symmetry property is obtained
than in the Neumann case considered in [30], namely that v. has a wunique critical point
located at the midpoint % We expect that, also in our setting, imposing Neumann conditions
vL(0) = vL(L) = 0 we would obtain a weaker symmetry property, namely that there exists
ne € N such that the graph of v, in (0, L) is made of n. repeated identical subgraphs, each of
which is a symmetric “well” (with a unique interior critical point, which is a global minimum,
and two maxima at the endpoints), or a symmetric “bell” (with a unique interior critical
point, which is a global maximum, and two minima at the endpoints).

We conclude this section by collecting in the following lemma the compactness properties
of the family (u.,v:), together with a uniform bound of v..

Lemma 4.5. We have that ve — 1 in L'(0, L) and, up to extracting a subsequence € — 0,
ue — u in LY(0, L) for some u € BV(0, L) with |Du|(0,L) < a. Moreover ¢||vl|l < 1 for all
e sufficiently small.

Proof. In view of the bound (1.19) we have that sup, fOL(l —v.)?dz < +oc, which im-
mediately implies the convergence of v.. Since u. is monotone increasing by (4.1), we have
|Duel(0, L) = ac, ||uc||foo(0,1) = ae- Hence (uc)e is bounded in BV and the second convergence

follows by the compact embedding of BV into L'. By semicontinuity of the total variation
|Du|(0, L) < liminf, |Du.|(0, L) = liminf. a. = a. Finally by (4.5)

o 2
€2<’Ué)2 § (1 41)8)

with sup, |d.| < 400 by Proposition 4.2. O

1
+elde| < —i—&?sup]d\

As a consequence of Lemma 4.5 we remark for later use that the constant ¢y (see (4.2))
satisfies the bound

1 L (4.1) L ’ a
== i < =—. .
co L/o il_r)r(l) cedr < il_r)r(l) / P (vo)ul dz < hm 1T u, dz 7 (4.7)

5. PROOF OF THE CONVERGENCE OF CRITICAL POINTS

This section is entirely devoted to the proof of Theorem 1.7. We assume along all this sec-
tion that (ue,ve) is a family of critical points of F. satisfying the assumptions of Theorem 1.7.
We recall that (ue,v:) enjoys the regularity properties discussed in the previous section and
that v-(x) € (0, 1], see in particular Lemma 4.1 and Proposition 4.2.

We denote by

Mme = fnianE € (0,1]. (5.1)

)
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In view of the symmetry properties of the critical points observed in Lemma 4.3, we have

that v, has a single-well shape, that is, its global minimum m, is achieved at the midpoint £,

L

the graph of v. is symmetric with respect to %, and v is decreasing in (0, 5) and increasing

in (%, L), achieving its maximum at the endpoints v.(0) = v.(L) = 1.

We further assume that we have extracted a subsequence (not relabeled) such that u. — u
and v. — 1 in L(0,L) as in Lemma 4.5, c. — ¢o (see (4.2)), de — do (see Proposition 4.2),
and also

me — mp € [0, 1] as € — 0. (5.2)

For later use it is convenient to introduce the discrepancy

@) s

(x) = P e(ve(x))” = m
By the second expression of & in (5.3) and monotonicity of v., the minimum of the function &
is attained at the maximum point of ve, that is min & = £.(0) = —£(v2(0))? < 0, and similarly
the maximum of & is attained at the midpoint, that is max &, = 55(%) = (171?5)2 > 0. Hence
there exists y. € [0,5] such that & (y.) = 0, & < 0 in [0,y.] and & > 0 in [y., £]. Up to
subsequences we can assume y. — yo € [0, %] Notice that by evaluating (5.3) at the point y.
we find

+d.. (5.3)

c
d. = ) < 0. (5.4)

In the following lemma we show an explicit relation between the limit values ¢y and my.
Lemma 5.1. Assume that f-(m.) — 0. Then
1
co = 5(1 —my) f(myg), (5.5)
where ¢y and mq are the limits in (4.2) and (5.2) respectively, and the right-hand side of (5.5)
must be interpreted as % if mo = 1, in view of (f2).

Proof. By evaluating (4.5) at a minimum point of v, we have

(1 —me)? c? B
e f2(me) e (56)

Since by assumption f.(m.) — 0 and recalling the definition (1.8) of f, it must be f.(m.) =
Vef(me) for € small. Then

1 1
2y 2L 2 2 g2 _t_ 2 2
= lim 2 = lim (1 = mo)2f2(m.) — de f2(m2) = £(1 = mo)2f%(mo),

where we used the uniform bound on d. in Proposition 4.2. O

In the following lemma, which is a consequence of the qualitative study of the equation
(4.6) for v, contained in Section 2, we deduce some general properties of the sequence (ue, ve).

Lemma 5.2. Assume that m. < s, where s. is as in (1.8). Let
A. ={z € (0,L) : ve(x) < s:}.

Then A, = (% — X, % + xc) with lim. o2 = 0. If mg < 1, then lime 0 %= = +o0.
Finally, uw € SBV(0, L) with J, C {%} and v’ = ¢y almost everywhere in (0, L).
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Proof. Since v. has a single-well shape, vg(%) = m. < Sz, and v. = 1 at the endpoints of
(0, L), we have A, = (% — e, % + x¢) for some z. € (0, é) Notice that for z € A, we have
f-(ve(2)) = Ve f(v=(x)). The rescaled function 7. (t) = v-(5 + et) satisfies

= 1 -0 (265)2f,(f}€)
: 4 [(1—=0:)f3(0)

9:(0) =m., ©.(0) =0,

—1 for t € (—Eﬁ) = (—t., L),
3 &

(5.7)

that is, . is a solution in (—t.,t.) of the Cauchy problem (2.1a)-(2.1c) studied in Section 2,
for the values of the parameters m :=m. € (0,1) and a := ¢. > 0.

We first consider the case c. < %, which is the assumption in Theorem 2.2 and Propo-
sition 2.5. Notice that necessarily m. < z.., where z.,. € (0,1) is defined by the equation
(2.5): indeed, if it were m. > z._ then by the qualitative analysis of the ODE (5.7) (see in
particular Remark 2.4) the solution o, would have a local maximum at the origin, which is
incompatible with the single-well structure; if m. = z._ then 9. would be constant, which is
again not possible.

Hence in the case c. < % we have m. € (0, z..) and we are in position to apply Proposi-
tion 2.5 with 1 := s, in order to estimate the time t. such that 0.(¢t.) = s.. Notice that, in
the case (1 — m.)f(m:) > 2c., the additional assumption 7 < M (where M is the maximum
of the solution and then depends on ¢) is certainly satisfied, or else the function 9. would
reach a maximum point before t. and then decrease, which is incompatible with its single-
well shape. Hence t. obeys the bounds (2.8)—(2.9). In particular, if m. — mg € [0,1) then
c: = ¢o € [0, %) by Lemma 5.1 and therefore the estimate (2.8) holds with a constant which
is uniformly bounded with respect to &, namely

C
te < ——

A V1 — s,

If, instead, m. — mgy = 1, then we can apply (2.9) to deduce

if mg € [0,1). (5.8)

w(l—m,)

where w(+) is a modulus of continuity independent of e. Hence if mg € [0, 1) we find

Coe (@1 Cohe
\/ 1— Se 5% o

T, = et < — 0 as € — 0,

whereas if mg =1

cw(l—me) (1.7) w(l —mg)

(1—sc)? ol

T = et < —0 as € — 0,

proving that z. — 0 in any case.
Consider now the case c. > . Notice that in this case it must be m. — 1, or otherwise

by Lemma 5.1 ¢. — ¢y = %(1 —mg) f(mo) < %, which is not possible. We can then apply

Proposition 2.6 to deduce that the estimate (5.9) continues to hold, and therefore z. — 0, as
before.
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Assume now that mg < 1 and let us show that %= — +o00. As already observed it must be
c: < %, and we can apply again Proposition 2.5 with 7 = s. to deduce by (2.10) that

Te 1-— Ze, + ks 206 2

— =t. =2 log| ——— ke=1— | ——m————

-eom(mnw) e ()
By (5.5) we have k. — 0 as € — 0. Moreover ze, — z¢,, where cg = 3(1 —mo) f(mo) by (5.5).
Since mo < 1, we then have ¢y € [0, %) and in turn z,, € [0,1) by the properties of f in
Proposition 2.1. Therefore by passing to the limit as € — 0 in (5.10) we obtain %= — 400 as
¢ — 0, which completes the proof of the first part of the statement.

For every fixed 0 > 0 it holds A, C (% — 9, % + ) for all € sufficiently small. In particular
for all z € (5 — 6, % +6)¢ = (0,L)\(5 — 6, % + &) we have v, > s, and, in turn, f-(v:(z)) >
fe(se) = 1, that is, f-(v:) converges uniformly to 1 on compact sets not containing % Hence
by (4.1)

1
2

(5.10)

ul = 2075 — ¢ uniformly on (5 — 4, % +6)°, for all § > 0. (5.11)
f2(ve)
We also have
Felueve) > f2(52) [ e,
(£—6,L+0)e

so that from the uniform bound on the energies (1.19) and the convergence f.(s.) — 1, we
have that u. is uniformly bounded in H'((5 — 6, % +6)¢) for all § > 0. We can conclude that
u € Hl((% - 5,% +0)¢) for all § > 0. The properties in the statement are then immediate
consequences of the previous facts. O

5.1. Case I: pre-fractured regime. We show that if my € (0,1) then the limit function u
is a piecewise affine critical point of the cohesive energy (1.1) with a single jump at % and
constant slope. This is summarized in the following proposition, which is the main result of
this subsection.

Proposition 5.3. Assume that mg € (0,1). Then u € SBV(0,L), v’ = ¢y € (0, %) almost
everywhere in (0, L), J, = {5}, [ul(5) € (0, Sgrac), and

g ([ul(5)) = 2¢o. (5.12)

Moreover u attains the limit boundary conditions, that is, |Du|(0,L) = coL + [u](5) = a.
Finally, the convergence of the energies (1.20) holds.

Notice that, under the assumptions of the proposition, we can apply Lemma 5.2 since
me < 8. for € small enough, as mg € (0,1) and s — 1. We premise a lemma to the proof of
the proposition.

Lemma 5.4. Under the assumptions of Proposition 5.3, let Ac be as in Lemma 5.2. Then
we have as € — 0

F (e, 0o AS) = /

(0,L)\Ae

2 712 (1— 05)2 712 L 12
f2(ve)|uz|” + e +elv|* ) dz — |u'|* de.
0

Moreover ¢ + dy = 0.
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Proof. By multiplying (4.6) by the function v, — 1 and integrating in (0,%
after integration by parts,

Fwe s 1—0.)? , 3T 2 f (o,
/0 <5!v€]2 + (4:)> do = e(s. — vl(5 —=.) +/0 Cﬁ)(z))(l —v.)dz

L
5 —e (v
<€(1—Sa)llvé\loo+cz/ ( pelve)
0

1 — ve) P2 (ve)
where in the second equality we used the fact that f.(v.) = 1-(ve) in (0, % — ) since ve > s.
in this interval. In view of the monotonicity properties of 1. in assumptions (/1) and (¢3),

the previous estimate yields

L L
27 re, (L—we)? / ZPL(se) /2_:5E 2
+ <e(l— oo + 1-— .
/0 <€U6 " do <e(1 — se)|vell 0= 50350 Jy (1 —wv:)*dax

Now recalling (f2), (1.7), and that co < % (by (5.5) and the assumption mg € (0, 1))
dectyl(se) deyfec? (1 —s2)%f'(sc)  Ack

lim ——5—2 =i . =<1
SO0 (1= s )uB(se) e (1—s)3  f3(s2) o2 =

hence we have that there exists a constant C' > 0, independent of e, such that for all e
sufficiently small

— x.) we have,

(1—wv.)*dz

1 2L (se) S 1%

de (1—s)y3(s.) = e’

In turn we find
L_g 2
e C 1—
/02 <£\vé\2+(4;}5)> dr <e(l = s)||v) |l — 0 ase — 0

in view of the bound ¢||v]]|s < 1 for € small in Lemma 4.5. By symmetry of v. with respect
to the midpoint % we can conclude that

1 — 2
lim (a\v;P + (Ua)> dz = 0. (5.13)
e—0 (0,L)\Ac 4e
In turn using (5.11)
L
- CACY — i 2 N2a. 27 "2
lip P 49) = By [ (et = L = | s

proving the first part of the statement.
To show that ¢+ dy = 0, fix any xo € (0, &) and notice that (0,29) C A for e small, since
ze — 0 by Lemma 5.2. Then, using the uniform convergence of u. to ¢y (see (5.11)) we find

(1 —wv.)?
4e

4.3) o

o
| + do|xo = ig%/ |ceul + d.| dz“? 1in
0

e—0 0

2

- 5(”;)2 07

which completes the proof of the lemma. ]

We are now ready to give the proof of Proposition 5.3.
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Proof of Proposition 5.3. We first prove that the limit function u satisfies | Du|(0, L) = a. Fix
0 > 0 such that ug(% +0) — u(% + ¢) and denote by I5 := (O,L)\(% - 5,% +0). We have
Is C AS for e small enough, since . — 0 by Lemma 5.2; hence by (5.13)

1— 2
0 = lim (w — 5]1}2]2) dz
e—0 15 48
= lim (cgu; + dg) dx

=0 /s
= Co ;%(UE(L) - Us(é +0) + ue(% —0) - ue(o)) + do(L — 26)
=coa— u(% +0) —{—u(% —9)) - C%(L — 20),

where the second equality follows by (4.3) and (4.1), and the last one by Lemma 5.4. Hence
by letting 6 — 0 we find a = coL + [u](5) = OL o' dz + [u](5) = |Dul(0, L).

To conclude the proof, it remains to show the criticality identity (5.12) and the convergence
of the energies (1.20). We consider a blow-up of the functions u. and v. around the midpoint:
let @ (t) == uc(L + et), 5.(t) = vo(§ +et) for t € (—£&,£). The idea of the proof is to
show that the pair (., 7.) converges to an optimal pair (as,, 8s,) for the minimum problem
(1.9) which defines g(sp), with so = [u](%) We refer to Section 3, and in particular to
Proposition 3.2 and Proposition 3.3, for the existence and the main properties of optimal
pairs for g.

We first remark that for all 7' > 0 and all € sufficiently small

T — 2 £+ET 1_ 2
/ ((141)5)—i—|z7é2)dt:/2 (=l ) e < 5,10

=T %—aT 4e

for a constant C' > 0 independent of € and 7', by the uniform bound (1.19). Therefore, up to
extracting a subsequence, we have that 9. — @ weakly in H._(R), for some function ¢ with
1 — % € HY(R), and the convergence is also uniform on compact sets.

Furthermore, the function @ solves the initial value problem (5.7) in (—%=, =), where
te = = — +oo as ¢ — 0 by Lemma 5.2. For every T' > 0 and every test function ¢ €
Ce(=T,T), since (=T,T) C (—%, %) for all € small enough we can pass to the limit in the
weak formulation of (5.7):

_ ’ ~1 Cgf/(@s) ve — 1 T - C(%f/(f)) v—1
0‘/_T(W+ P 7t *”)dt_)/_TW* £o) °t 90)“

where the convergence is justified since 9. — @ weakly in H'(—T, T') and uniformly on [T, T,
and 0 > 9(0) = mg > 0. In conclusion, we obtained that the limit function v is a weak solution
to the equation

_Te Ze

. afl(v) v-1 .
- 3@(57)) R (5.15)
o(0) = mg, ©'(0) =0.

Notice that the right-hand side of (5.15) is a continuous function, and therefore o € C%(R)
and the equation holds in the classical sense; moreover ¢'(0) = 0 since the origin is a minimum
point of v.
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Consider now the map s — mg defined in Proposition 3.3, which associates to every s €
[0, +00) the minimum value of the optimal profile 85 for g(s). This map is a continuous
bijection between (0, sgac) and (0,1): in particular, since mo € (0,1), we have that there
exists sg € (0, Sgrac) such that mg = ms,. By (3.2) and (3.3) the optimal profile 35, for g(so)
solves

"o O—go I(BSO) 680 - 1

T By 4 i (5.16)
Bs0(0) = sy, By, (0) =0,
where by (3.10) and (5.5) the constant o, is given by
010 = (1= 113 [ () = 5 (1~ mo) F(mo) = et (5.17)
Therefore by comparing (5.15) and (5.16) we conclude, by uniqueness, that it must be
¥ = B, (5.18)

In order to obtain the criticality condition (5.12), it is now sufficient to show that sg =
[u](%) indeed in this case we would have by Proposition 3.6

g ([W()) = g'(s0) = (1 — ) f(y) =7 200.

Therefore we now prove that so = [u](%).
By using the properties of the optimal pair (as,, 8s,) in Proposition 3.2, we have

(33 Oso (5.18) / co
’ / e (B © w f2(0)

+eT
= sup / dt = sup lim c dt = sup lim ce dx
T>0J-T f2( ) T>0 €20/ f2( c) 750 e=0 JL_.p ef?(v:)
(4.1) 3T / . L L L L
=" sup lim u, dz = sup lim (uc(5 +€T) —uc(5 — eT)) < u(5 +0) — u(5 —6)
T>0 €0 JL_.p T>0 €0

for every & > 0 such that u.(5 +6) — u(% £ ), since u. is monotone nondecreasing. By
letting 6 — 0 we obtain so < [u](%).
We next show the opposite inequality so > [u](%) For § > 0 as above we have

L
) ] §+5
u(%—i—é)—u(é—d) :il_rf(l)(ue(é‘i‘(s)—ue(%—d)) :il—r}(l) L ul dx
L_
L
54—6 c DRES Ce
= lim * _dz < lim/ dx + 2d¢g
e—=0 —6 fa (UE) =0 5 e fa( )
I 2/ i+ 20cy = Jim 2 / ds L9
= lim co = lim 2¢ B I— c
b2 | P P )
< 260 L + 2600 (3;1) So + 2560, (519)

mo [2(s)/Wo(s)
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where in the second line we have used (4.1) and f-(ve) > fe(sc) in (% - xg,% + z.)¢, with
fe(se) = 1 and 2. — 0 by Lemma 5.2; in the third line we have used

(17/)2 = \I’fs(ﬁs)

3

with
0(6) = gy (1= 9270) = (1= moPPme) 44242 (£2(9) - ). 5 € oo, )
which comes from (4.5), (5.6), and (5.4); and in the fourth line we have set
1
Uy (s) = 1720s) <(1 —5)2f%(s) — (1 — m0)2f2(m0))>, s € (mo,1).

As § — 0, we get [u](5) < so.

Hence sy = [u](%) which in turn yields, as we have seen before, that (5.12) holds. The
only missing point to complete the proof of Proposition 5.3 is the convergence of the energies
(1.20). However, this follows immediately by combining Lemma 5.4 with the computation
below, which is based on the same arguments used in (5.19):

1— )2 : 1— )2
lim (fg(vz.:)|u'5|2 + d—ve) + €|Ué|2) dz Y 1im <2/ G dz — / d- dx>
A 45 Ae 4 A

e—0 e—0 e
, T (1 - )2 ‘ /55 (1— )2 /1 (1—5? . 12 .

= lim 2 ————dt = lim ds = 22 Y (s = s0) = g([u] (L)),
e—0 /_I: 4 e—0 Me \115(8) mo \IIO(S) g( 0) g([ ]( 2))

where in the fourth equality we have used dominated convergence. This is allowed since,
setting f(s) := (1 — s)f(s), which is monotone increasing by assumption (f3), we have

(-9 _ 2f1-5) _ 2/(s)(1 - 5) |
VI [7205) = P2me) (/2 (me) P (G(9)(s — me)

for all s € (me,sc) and some (c(s) € (me,s). Since ((s) > m. and inf.m. > 0, in view
of assumptions (f3) and (f5) we have that f/(¢.(s)) = C(1 — ¢:(s))® = C(1 — s)3 for all
s € (me,s:) and for a constant C' > 0 independent of . Therefore we find for another
constant Cq > 0 independent of

(1 — 8)2 < Cl

Ve (s) S V1= sys —m.
which allows to apply the (generalized) dominated convergence theorem, as required. This
concludes the proof. O

5.2. Case II: complete fracture. We next show that if my = 0 then the limit function u
is a critical point of the cohesive energy (1.1) describing a completely fractured state, namely
u has a single jump at % and is constant elsewhere.

Proposition 5.5. Assume that mg = 0. Then necessarily Sgac € R and a = Sgac, and
u(z) = ax L py(x). Furthermore the convergence of the energies (1.20) holds.
27

Proof. The proof is in part similar to that of Proposition 5.3. By Lemma 5.1 we have ¢y = 0.
We can also apply Lemma 5.2 to deduce that A; == {v. < s.} = (% — T, % +x.) with z. = 0
and £ — +o0. Moreover, by the same lemma we have u € SBV(0, L) with J, C {5} and
u' = ¢y = 0 almost everywhere in (0, L), with uniform convergence u. — 0 on compact sets
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not containing 5 L by (5.11). We can also repeat word by word the proof of Lemma 5.4, so
that

lim F (ue, vo; AS) = 0, c+dy=0 (5.20)
e—0

(hence dy = 0).

For any z € (0, £

)2
ue(z) = ug(L)—fo ul dt — a—co(L—x) = a. Therefore the limit function is u(z) = ax, 1.

) we have u.(z) = [ uldt — coz = 0, whereas for = € (£, L) we have

()

(ij)
with a jump at the midpoint of amplitude [u](%) =a.
We now claim that
ii_r}r(l)fg(ug,ve) =1 (5.21)
We first observe that by (4.1) and the Dirichlet boundary condition (1.17c¢)
L
. 2 ’ T -
il_f)%/ fE(ve)( 2de = ;1_% ce/o u.dz = 21_13% ceae = 0. (5.22)
By (4.3) we have
Bl —wv.)?
lim 0 e(v)?|dz = lim |cgu +d. |d:c hm(cga8 + |de|L) =0
e—=0 Jo 4e e—0

(where we used in particular that co = 0, do = 0), and in turn it follows that

L 1— 2 L 1—
lim <(“) Fe(l)?—(1- vg)v;]> dz = lim ( f|v€|>
0 e—0 0

e—0 4e 2[
L 2
1—
< lim A-w)” (v)?dz =0
e—0 0 4€

Therefore, combining this equation and (5.22), we find

2( B —w)? 2
hH(l).F Ue, Vz) = lim f ve)(ul)? do + —— +e(v))? ) dx
0

e—0 4e

L
i [0 oo da = lim2/2(1 — v (—ol) dz
0

e—=0 Jo e—0

=lim(1 - v.(%))? = lim(1 — m.)* = 1,
e—0 e—0
which proves the claim (5.21).
To conclude the proof, we need to show that

[u](%) = Sfrac (5.23)

(and, in particular, that sg,e is finite). Indeed, recalling that w is piecewise constant, in this
case we have F(u,1) = g([u](%)) = 1, and therefore (5.21) gives also the convergence of the
energy. The rest of the proof is therefore devoted to showing (5.23).

Let G.(t) = u.(% +et), 0(t) = vo(5 +et), for t € (—%=,%). We first check that
o:(t) = 1 — e /2 weakly in HL_(R) and uniformly on compact sets. Indeed, as in (5.14)
we have that (1 — @.) is uniformly bounded in H'(—T,T) for all fixed T > 0, so that o
converges weakly in Hﬁ)C(R) and uniformly on compact sets to some function v as ¢ — 0,

with 1—9 € HY(R). Also, 9(0) = lim. 9:(0) = lim. m. = 0. We now check that {0 = 0} = {0}.
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By the properties of v, we have {0 = 0} = [-Z, Z], for some Z > 0. Recalling (5.21) and that
= — +o00 by Lemma 5.2, we have

= 1—7.)2 T 1 — 7)2
1 = lim Fo(ue, ve) > lim inf/ <(U€) + (ﬁé)2> dt > / <(U) + (5/)2> dt
e—=0 e=0 J_ze 4 _7 4

for all T' > 0, so that

1>/R<(1_45)2+( ))dt % /R\(M)<(1;ﬁ)2+(ﬁ/>2>dt>§+1.

This implies Z = 0 and in turn {0 = 0} = {0}.
By writing in weak form the equation (5.7) satisfied by 0. and passing to the limit as e — 0
we get for all p € C°(R\{0})

2 / ~
- f (Ua) U — 1 ~1 1
0:/ <§g0'+ w+ w | dt — vap—l—i(p dt,
supp(¢) fS( ) 4 supp(y) 4

where we used the weak L?-convergence of @ for the first term and the uniform convergence
for the second and the third term. Together with ©(0) = 0 and 9(+o00) = 1, this implies
o(t) =1 —elt/2,

We further recall that by changing variables in (4.5), using (5.6) and since d. < 0 by (5.4),

we have in (—%=, %=)
0 = 1 ((1 2P - A - 4€daf2(@a)>

1

- ((1 L) — (L me)f2(me) + delde|(f2(5) — f2(ma))> —wL(0).

5.24)
Let us now compute [u](%). We have
L CRE .

[u](%):a ig% udx = 3%2/ fa ) 22%2/5 %dx
o 5.24) oA
= ig% 2/ f ;LI}%) 2c; /0 m dt (5.25)

_ lurr(l]QCE/mE mds,

where in the fourth equality we have used that f.(v:) > fe(v-(L/2+z.)) — 1 in A¢ and that
ce — 0, and the last passage follows by a change of variables. Fix now any ¢ € (0,1). Since
me < 6 < s for € small enough we have by the definition of W, that

ds
il_I% 205/ f2 ;1_132.)405/ (s —5)2f2(s) — (1 — me)2f2(me)
< lim 405(58 - 5) =0

50 f( )\/(1 —0)2f2(6) — (1 = mo)?f2(me)
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where we used the monotonicity of the map s — (1 — s)f(s) given by assumption (f3).
Therefore by (5.25) we see that for all § € (0,1)

. ’ 1
[U](%) =a= ;l_}n’é 205 . m ds. (526)
By inserting the definition of W, we find
0
(L) = lim de, ds
=0 I f( )\/(1 - 8)2f2( ) = (1 —me)?f?(me) + delde|(f2(s) — f2(me))

ds

> lim

s—>0\/1—7n‘E )2 + delde| Jme f(s \/f2 — f2(m.)

1 o f'(s)
glﬁI\I(l]Qf(mg) se( ms d) (f/( )/ \/f2 f2 (me) @

] <6> dt
—ggnﬁ(ma)selgg (f/( ))/ Ot/ = f2(me)

- 1 \/f2 f2 (me) _ : 1
=2 el (ﬂ())amm( f(ma) )‘”sé%%is)(f’(s))'

Similarly, again by (5.26) and using the definition of ¥, and denoting by f(s) = (1—s)f(s),
we have

) ds
Ly _
[u)(3) = lim de. me F(5)V/ (L = 9)2f2(5) — (1 — mo)2f2(me) + 4eldz|(f2(s) — f2(me))
< lim 4c¢ ' ds
TSm0 o f(9)/(1 - — (1 —=me)2f2(me)

: o e
_il—r>n4c€/ (s) \/ F2(s) — zme) f’(s) d

1-s
< lim 4c.  sup =
T ae(men) \f(s)

)
1—s\ 1 VF20) - P2mo)y 1—s
—tinges swp (5t ) et (V2 )= s (5

=0 se(mes) \ f'(s) ) f(me) f(me) sc(00) \ f'(s)
where we used the fact that f?:ne) — 2 by (5.6). By collecting the previous inequalities we

conclude that for all 6 € (0,1)

1 1—s
T inf — | < L Sy =
A (f’(S)) Sz <m s <f'<s>>

so that by letting 6 — 0 and recalling Proposition 3.7, we get [u ](f) = f’( y = Strac: With a

small abuse of notation, the previous computation says that if f'(0) =0, then [u](%) = 400,

which is a contradiction with [u](%) = a < +o0o. Hence, necessarily s, is finite and (5.23)

holds. J
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5.3. Case III: elastic regime. We eventually consider the case my = 1. The limit behaviour
of the family (ue,v:) is an elastic critical point, as described by the following proposition.

Proposition 5.6. Assume that mg = 1. Then u(x) = fx and co = ¢. Moreover the

convergence of the energies (1.20) holds if and only if ¢ < %.

Proof. We distinguish three cases, depending on whether the minimum value m. of v, is above
or below the threshold s. (see (1.8)) and whether f.(m.) converges to zero or not.

Step 1: m. > s.. In this case fo(ve(x)) = fe(me) = e(m:) — 1, that is, f-(vs) converges to
1 uniformly in [0, L]. In turn u. — ¢ uniformly in [0, L] by (4.1) and «’ = ¢p. In view of the
boundary conditions (1.17¢)

L

a= hm a. = lim uf_: dz = ¢oL,
—0 e—0 0

therefore cg = ¢ and u(x) = $2. To complete the proof in this case, it only remains to show

that the convergence of the energy holds if and only if ¢y < %.
If co > %, then

2 L 2
Fe(ug,ve) > / F2(ve)|ul)? da =9 L > (O’CCO - U—C>L = / (ocu - 0—) dz = F(u,1).
0 4 0

Conversely, assume that ¢y < %. Recalling the definition of the discrepancy & in (5.3) and
evaluating it at the point y. where {.(y.) = 0, by the uniform convergence f.(v.) — 1 we

have
2

2 Ce .
o= (S ) = ) =0,
CO + 0 — EI—E% fa ('UE (ys)) + 81—1}(1) 55 (yE)
and therefore c% + dyp = 0. Moreover, we compute
L L
L1 —w,)? 2 ve 2
/ A —ve)” —e(v)?|dx = 2/ |&c(z)| doe = —2 E(x)da + 2/ &e(x)dx

L
—Q/Oya(cgu/s—i—d )dx+2/ (el + d2) da
= 2d: (% — 29¢) + 2¢: (us (%) — 2us(ye))
= L+ 2ccuc(%) — 4(dey. + c. /Oys uldz),
so that by passing to the limit, and assuming up to subsequences y. — yo € [0, L],

Aoty

4e
where the last equality follows by the identities ¢§ + dyp = 0 and ¢y = 7+ We deduce that

/OL(“;)Q F e - (1= et ) e = /OL(l — 5|)

r (1_7)5)2_ V)2
</0 ()

4e

lim
e—0 0

dz = do L + coa — 4(doyo + ciyo) = 0, (5.27)

dz — 0,
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and in turn

li ’ 7(1_”5)2+ (v0)? ) dz = li L(1— )|ve|' dz = lim —2 é(1— yld
25/ ge el jar =g ) T veiveldr = = ) Y (5.08)

= lim(1 — Ug(%)) = lim(1 —m.)? = 0.

e—0 e—0

In view of (5.28), we conclude that the convergence of the energy holds:

L
lim .7’-"€(u€,vE hm/ 2 (ve)|ul)? dao = ¢ / (u')? dz = F(u,1),
e—0 0

e—0
where we used the uniform convergences f:(v:) — 1 and u. — ¢o, and v’ = o < %

Step 2: m. < s.. In this case we can apply Lemma 5.2 to deduce that |A.| — 0, where
A; = {v: < s.}, and that u. — ¢ uniformly on compact subsets of [0, L] not containing %,

see in particular (5.11). For any x € (0 L) we have u.(z) = Jo uldt — cox, whereas for

' 2

T € (%, L) we have u(x) = us(L f L dt — a — ¢o(L — ). Therefore the limit function is
.f L
w(z) = 4 OF Hre (% 2): (5.29)
cor+a—col ifxe(5,L),

with a possible jump at % with amplitude [u](%) = a—coL. Notice that ¢y < ¢ by (4.7). We
next distinguish two further subcases depending on the limit value of fz(m.).

Step 2a: f-(m.) — 0. In this case by Lemma 5.1 we have cg = % . Let us first show that
[u](%) = 0. We consider once more the blow-up o.(t) = vs(% + et), which obeys the equation
(5.24) in (-, %=). Denote by f(s) == (1 —s)f(s) and recall that f is strictly increasing by
assumption (f3). By monotonicity of f and f, the function W, defined in (5.24) satisfies

f2(s) = fA(me) _ f(s) = f(me) f(s) = f(me)
4f%(s) 4f%(s) 2/%(s)

for s € (me,1). Then by arguing as in (5.25) we have, recalling that c. — %, 0(*%2) = s,
and (91)? = W.(7.) by (5.24),

U (s) >

(f(s) + f(me)) = - f(me)

[u](5) =a—cyL = lim 2

2 ), (o xz —col = hm 268/ f2 -l— col — coL

= lim o,

/ R / P

< lim

\Hwﬂ D”vmﬂﬁ@@—ﬂwﬂm

(1 —s)ds ) 20, [*F (1—s)ds
= hm V20, —~ — —~ < lim =
/i<@m@—mmwﬂ / m

T / (1 —13s)ds
e=0 \ 0¢ Jm, fs _ ma))l/Q'
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We can now write, for s € (me, s.), f(s) — f(me) = f'(C.(s))(s — m.) for some point (. (s) €
(me, s). Since ((s) > m. — 1 and in view of assumption (f5), given any M > 0 we have
that for all € small enough

f’(Ca(s)) > M(1—C(s)> =M1 —s)? for all s € (meg, se),

hence
2 (1—s)ds
Ly < 1 =
() < i3 | ﬁl_sw
< lim > /
< lim
e—0 \ o me VS —m \/35—3 oc M

Since M is arbitrarily large, we conclude that [u](%) = 0, as claimed. In turn u(z) = Fz by

(5.29). In particular we also have ¢ = co = 5.

To conclude the proof in this case, we need to show that the convergence of the energy
holds. We preliminary show that

lim [ e(vl(z))*dz = 0. (5.30)

e—0 0

To this aim, we multiply (4.6) by the function v, — 1 and integrate in (0, L): we have, after
integration by parts,

L L 2r L 1—wo )2
el |?dz = Ce e (ve) 1—w dx—/ (7de
/0 | o f3(ve) ( e) 0 4e

_ [ _Aec2fi(ve) (1—ve)?
a /O ((1 — v:) f2(ve) - 1) de o
Now, for z € A. we have v.(z) < s. and by definition of f. (see (1.8)) and f (see (2.2))
dect fl(ve)
(1 —ve) f3(ve)

where we used the monotonicity of f (see Proposition 2.1). Similarly, if 2 € A¢ we have
ve(x) = s. and by the monotonicity properties of 1. in assumptions (¢'1) and (13)

decZ fl(ve) 1= (2¢)eyl(ve) 1< (2¢)eyL(se)

(1 —ve) f2(ve) (L —ve)yd(ve) 7 (L= sc)ipd(se)

Hence

—1=(2c.)?f(ve) =1 < (2¢2)*f(me) — 1,

—1=(2c.)?f(se) — 1.

/OLe\v;P dz < <(205)2f(m5) - 1) /OL (1_4:)2 dz — 0

since the integral on the right-hand side is uniformly bounded by (1.19), and (2c:)?f(m.) —
(20%0)2 =1 again by Proposition 2.1. Hence (5.30) follows.

We next show ¢ + dy = 0. By evaluating (4.5) at x = 0 we have

2 i (2 lim e (o (O))2 <
cy +do il_r)r(l)(ca—i-dg) }_r}r(l) e(v.(0))* <0,
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hence ¢ + dy < 0. On the other hand, for every fixed zy € (0, %) we have that f.(v:) — 1
uniformly in (0, x0), and therefore

x0 2 x0 2
5 e 2 (4.5) . (I—ws)® 0
(¢ + do)xo = ;1_1(}1(1)/0 <f52(va) + d5> dz = il_r}r(l) ; (45 e(vl)* | dz

o

> — lim e(vl)?dz =" 0,
e—0 0

which combined with the inequality obtained before gives c3 + dy = 0, as desired.
By using (4.3), (4.1), (5.30), and the identities ¢§ + do = 0, co = %, we have

L (1 _ ’U5)2 L

. T 2 /
lim i > dz = lim i (e(vl)? + ceul) da + doL (5.31)
= cpa + doL = co(a — ¢gL) = 0,
and similarly
lim ' M — 2(ve)(ul)? ) dz = lim Le(v’)2 dz +doL = —c3L. (5.32)
e—0 0 45 ¢ ¢ e—0 0 € 0
Therefore combining (5.30), (5.31), and (5.32) we find
. 2 . L (1- Us)z L N2
lim F.(ue, ve) = ¢gL + 2 lim ———dr= [ (v)*dzr=F(u,1), (5.33)
e—0 e=0 Jo 4e 0

that is, the convergence of the energy holds.

Step 2b: f-(m:) — a > 0. By monotonicity of f.

Lo 2 a® [t
Fotueo) > [R>S [Tl o

for all e sufficiently small; by the uniform bound (1.19) we then deduce that [juc||g1(0,z) is
uniformly bounded, and therefore that the limit u belongs to H'(0, L). In particular u cannot
jump at % and by (5.29) we conclude that u(z) = ¢z and co = 7.

To conclude the proof, we have to show that also in this case the convergence of the energy
holds if and only if cp < %. Assume first that c¢g > %¢: then for every § > 0, by the uniform
convergences u. — co and f-(ve) = 11in (5 — 6, & + )¢ we find

e—0 e—0

lim inf 7, (ug, ve) > lim inf /L i Fv)ul* de = (L — 20),
(3—0,53+0)°

so that by letting 6 — 0 we find

o2 L o2
lim inf F. (ue, ve) > L > (UCCO - —C)L = / (o’cu' - —C) dz = F(u,1),

e—0 4 0 4

that is, the convergence of the energy does not hold. If, instead, co < %, then one can prove
that the convergence of the energy holds just by repeating the argument in Step 2a leading
to (5.33). O

Proof of Theorem 1.7. The result follows by combining Proposition 5.3, Proposition 5.5 and
Proposition 5.6. 0
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6. PROOF OF THE APPROXIMATION OF CRITICAL POINTS

In this section we give the proof of Theorem 1.8. We premise a technical lemma to the
proof, which shows that it is possible to construct a solution v, to the ODE (4.6) which attains
the boundary conditions v.(0) = v.(L) = 1.

Lemma 6.1. Let c. € (0,%) be such that sup. c. < % . Then there exists €9 > 0 with the
following property: for every e € (0,eq) there exists m. € (0, zc.), with (1 —m¢)f(m.) < 2c¢.,
such that the unique solution to the initial value problem

" _ cgfs,(va) Ve — 1
€ 12(ve) 4e

EV

satisfies v-(0) = v.(L) = 1. Moreover:

e ifinf. c. > 0 then inf. m. > 0;

e if cc = 0 then ms — 0 and f(QrffE)

Proof. Recall that the value z.. € (0,1) appearing in the statement is defined by the relation
(2.5). Since sup, c. < % we have that sup, z.. < 1 and therefore by choosing £y small enough
we can guarantee that z.. < s. for all € € (0,¢9).

For all m € (0, z..) we consider the solution v.(-;m) of the initial value problem (6.1) with
vs(é; m) = m, which exists and is unique by Cauchy-Lipschitz Theorem. The solution is also

— 1.

symmetric with respect to the point % The proof of the lemma amounts to show that we
can choose a value m, such that ve(L;mc) = 1.

Fix any m € (0, z._) such that (1 —m)f(m) < 2c.. We first observe that, in the region
{ve < sc} (which contains an interval centered at the point %, since m < s. and the solution
is symmetric), the rescaled function ¥.(t) := v-(% + et;m) solves the initial value problem
(2.1a)—(2.1c) studied in Section 2, for av = ¢.. In view of Theorem 2.2, since we are assuming
(1 —m)f(m) < 2c., the solution reaches the value s. in finite time, namely

Vm € (0, z,) with (1 —m)f(m) <2¢. Fx; =z1(Mm,e) > % such that v.(z1;m) = s..

Furthermore, we can estimate x; by applying Proposition 2.5 with n = s.: after a rescaling
we find
(m. &) < L n Ce
ri(m,e) < — 4+ ———
! 2 ' VI—s.
where the constant C' > 0 is independent of € and m, since sup, ¢. < % (see (2.8)). By (1.7),

2
up to reducing the value of gq if necessary, we can therefore guarantee that

L 3
for all € € (0,&¢) and for all m € (0, z..) such that (1 —m)f(m) < 2c..

In the following argument we work with a fixed ¢ € (0,£0) and we study the family of
solutions {v:(-;m)} depending on the parameter m. By Theorem 2.2 it also follows that v.

is strictly increasing in (%, x1) with vL(z1;m) > 0. We let

z9 = xa(m,e) = sup{z > z1(m,e) : ve(-;m) <1and v.(-;m) > 0in (z1,2)}
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so that v, is strictly increasing in (%, x2). By multiplying (6.1) by v and integrating in (%, x),
for x < w9, we find with a change of variables

T T 2 r/
E ! 2 ’on _ Csfs(va) vs_l /
(W (a))? = / colo dt = / ( s+ ol

2

L@ 2P s
‘/m <f§<s> T )ds

el 1 1 1 e — (1 — 2
_2<f§<m) ff(vs(iﬂ))>+85((l £(@))” = (1= m)7),

=z (5 - ) - (S5 A aeame 69

in (5,22(m,¢)). Let

L (1—s)? ec?
o= a0 (5 5)

and notice for later use that

ec: <i(e) < —ec2 < 0 (6.4)
- <i(e) < —ec ) )
f2(s¢) :
The map m (17£n)2 - fzc(ﬁm) is strictly increasing for m € (0, z..) (by Proposition 2.1),

tends to —oo as m — 0% and vanishes if (1 —m)f(m) = 2c.. Hence there exists a unique
m = m(e) € (0, z,.) such that (1 —m)f(m) < 2¢. and

(w2 2N
i) ( 1 f2<m<s>>>‘0'

By the definition (6.3) of the function H it follows that

inf H(s;m(e),e) =0, inf H(s;m,e) >0 forall me (0,m(e)).
SE(se,1) SE€(se,1)

In turn, since ve(z;m) € (s¢, 1) for x € (x1(m, e), z2(m,€)), by (6.3) we have that

inf vl(z;m) = infl) VH(s;m,e) >0 for all m € (0,m(e)). (6.5)

z€(z1(m,e),x2(m,e)) SE(se,

Then for m € (0,7(¢)) the solution v.(-;m) reaches the value 1 at the finite point z2(m,e) €
(Zvl(m’ 6)7 +OO)

Summing up, we have proved so far that for all m € (0,7(c)) there exist two points
z1(m,e) € (5,3L) and 25(m, €) € (z1(m, ), +00) such that

ve(z1(m,e);m) = se, ve(x2(m,e);m) = 1.

The goal is now to show the existence of a value m. € (0,7(¢)) such that xo(m(e),e) = L.
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By the continuous dependence of the solution to (6.1) on the initial value m, the point x5
is a continuous function of m. We can write by (6.3)

z2(m,e) v ($ m

xo(m,e) = x1(m,e) +/ NG UE m7m)) s dz

:xl(m,s)%—/&m
L+(1—Sa)( inf H(S;mﬁ))_

S€(se,1)

N

<

> w

and since lim,,, o+ infye(s. 1) H(s;m,€) = +00, we see that x2(m,e) < L for all m sufficiently
small. On the other hand, for m = 7m(e) we have

—

inf vl(z;m(e)) = inf H(s;m(e)
z€(z1(m(e),e),z2(m(e),e)) SE(se,1)
and therefore z2(m(¢),e) = +oo, which implies lim,,, s, (-)- T2(m,e) = +00. By continuity
of m — xa(m,e), we conclude that there exists m. € (0,7(¢g)) such that xa(m.,e) = L and
therefore v.(L;me) = 1, as claimed.
We eventually prove the second part of the statement. By (6.6) it also follows that

Sl - (B o)) = e e < S

g2 4 f2(m€) S€(se,1) L?

By elementary manipulations in the previous inequality, and recalling that by construction
(1 —mg)f(me) < 2¢ce, we find

(1 —mg)? - c? - 16e2(1 — s.)?

(3]

4 = f2(me) L?

Suppose that inf. c. > 0. If by contradiction m. — 0, then by passing to the limit as ¢ — 0

in (6.7) we would have that the middle term would tend to +oo, whereas the right-hand side

would tend to + (since i() — 0 by (6.4)). This contradiction proves that if inf. c. > 0 then
inf. m. > 0.

Similarly, if ¢. — 0 then by (1 —m¢)f(m.) < 2¢. we must have m. — 0. Again by passing

to the limit as € — 0 in (6.7) we easily deduce that f(%s 7 — L O

(1 —mg)? .

—i(e) + 1

(6.7)

Proof of Theorem 1.8. We divide the proof into three cases according to the form of the
critical point u, as in the statement of the theorem.

Case (i). Assume u(x) = {2 for some a > 0. In this case it is sufficient to take u.(z) = fx

and v.(z) = 1. Since fI(1 ) = ¢L(1) = 0, it is immediately checked that the pair (ue,v.) is
indeed a solution to (1.17a)—(1 17d).
Case (ii). Assume u(z) = cox + (a — coL)xz ;) (x) with co € (0, %) and g'(a—coL) = 2cy.
2 bl
We apply Lemma 6.1 with ¢. = ¢ for all €, to find values m. and functions v, solving (6.1)
such that v.(0) = v.(L) = 1. Notice also that mg := inf. m. > 0. We define

0= 2o (@))
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and we obtain that (uc,v:) is a family of critical points for F., i.e. they solve the system of
equations (1.17a)—(1.17d) for a. = fo f2 3 dz. To conclude, we need to show that a. — a

and that u. — @ in L'([0, L]).

To this aim, we first show that the equiboundedness of the energy (1.19) holds for the
family (ue,v:). By the construction in Lemma 6.1 the function v, obeys the equation (6.3)
(with ¢. = ¢p and m = m,). Denoting by H.(s) := H(s;m,¢) the function appearing in
(6.3), we have for all s € (m,, 1) after some elementary manipulations

2(s) — f2(m, 2
() = gy [0 920~ (= map 2ma)] + EEER (s - - mep)
1

> 1o (L= 9P L26) = (1= ma)2(s)

where we used the monotonicity of the map f. and the fact that (1 —mg)f(me) < 2¢o by the
construction in Lemma 6.1. Then, denoting by f(s) := (1—s)f(s) (which is strictly increasing
by assumption (f3)), we have

L ! 5
, A g Hve > se}|
/0 J: (UE)( - / fg ve( ¢ /{ve<85} f2(v6) He(v:) drt f‘g(se)

<5 LCO

Co - fe \/7 fE 85

Se ds LC
< 42 _ _ 0_ .
%4#®W@#%Mm fe(se)

(6.8)

sc) we write f(s) — f(me) = f'(¢.(s))(s — me) for some point (.(s) € (me, s).

For s € (m.

Since (.(s) = me > mg > 0, in view of assumptions (f3) and (f5) we have that f'(¢.(s)) >
C(1—C((8))2 > C(1—s)? for all s € (me, 35) and for a constant C' independent of e. Therefore

4c2 ds Lc3

2 / 0 0

/O fs (Us)(ug) . f (1 — 8)3/2 fQ(SE)
20 f(m c
. ) (6.9)
< 4c3 ds Lcj <c

QCf(mE)f(ma) me V5 —meV1—s )

for another constant C’ uniform in . By multiplying (6.1) by (v. — 1) and integrating, after
integration by parts we have

/OL<5(U;)2+(1;;’€)2) dx:cg/oLwdx

< sup < >/ F2(ve)( <’
s€(me,1)

for a constant C” independent of e, where the last estimate follows by (6.9) and from the
assumptions (f4), (1), (¥2), (¢3) and by (1.7) (recalling that m. > mg > 0).

Combining (6.9) and (6.10) we obtain that sup, Fc(u.,v:) < +o00. The critical points
(ue,v:) then satisfy the assumption of Theorem 1.7. Since lim.gm. € (0,1), we are in
case (i) and we can conclude that up to extraction of a subsequence u, — ug in L'([0, L]),

(6.10)
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where ug(x) = coz + (ag — C()L)X(L L)(az), ap = limy, a., , and ¢'(ap — coL) = 2¢p. Since we also
2?

have ¢'(a — ¢oL) = 2¢p and ¢ is injective in (0, Sgac) by Proposition 3.6, we conclude that
ap = a and ug = 4. Hence, as the limit of any subsequence of u. converges to @, we conclude
that ue — @ in L'([0, L]).
Case (iii). Assume that Sgac is finite (i.e. f/(0) > 0 by Proposition 3.7) and that @(z) =
ax(c (x) with a = Sgac-

Take any sequence c¢. — 0, with ¢, > 0, and apply Lemma 6.1 to find values m. and
functions v. solving (6.1) such that v-.(0) = v-.(L) = 1. Notice also that m. — 0 and

2cc 5 1, We define
xr CE
) = —dx
= [

flme)
and we obtain that (ue,v.) is a family of critical points for F, i.e. they solve the system of
equations (1.17a)—(1.17d) for a. = fOL ff(j) ») dz. To conclude, we need to show that a: — Sgac
and that u. — @ in L'([0, L]).

As in the previous step, we first show that the equiboundedness of the energy (1.19) holds
for the family (ue,ve). We indeed have, similarly to (6.8), for § > 0,

/ da; < / ds + 4de(1—9) n Lec,
JE) F)(F2(s) = P2me) 2 PO (F2(0) — F2(me)) 2 F2(se)

S C"( >) /: f<s>(f2<§>(i) ;;ms))” i
_ g f(o
e Sup <1~ )>/f() dt

se(me.d) \ ['(s F(me) t(t2 fQ(mE))l/Q

_ e - 1—s arctan (f2(5)—f2(ma))1/2> Cre
F(me) se mIa), <f’()> ' < f(me) o

where Cjs is a constant depending on 9, for ¢ is small enough. Now, using the fact that ¢ — 0,
me — 0, f/(0) > 0 and that (265 y 1, one can see that the right-hand side in the previous
chain of inequalities is uniformly bounded. Therefore

+ Csce

+ Csce

sup a. < 400, hm/ fE ve)( 2z = hH(l) ceae = 0. (6.11)
£

Coming to the energy of v, we fix 6 € (0,1) and as in (6.10) we have
t 1—v)? P (1= ve) fL(ve)
 (eur+ £ o)
Cg ! CE
< ——| sup f(s )/ ———dz
f(me) (se(ms,é) (®) {v-<6} f2(ve)

+ o (SFRY) [ e

Again by (6.11), by f(27fzi) — 1, and by all the assumptions on f, it is possible to check that
the previous quantities are uniformly bounded with respect to . Hence sup, F:(ue, v:) < +00.
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The critical points (ue, ve) then satisfy the assumption of Theorem 1.7. Since lim._,om. =
0, we are in case (iii) and, as at the end of the previous step, we can conclude that u. — @ in
LY([0,L]) and a = sgac. O
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