TOPOLOGICAL SINGULARITIES ARISING FROM
FRACTIONAL-GRADIENT ENERGIES
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ABSTRACT. We prove that, on a planar regular domain, suitably scaled functionals of
Ginzburg-Landau type, given by the sum of quadratic fractional Sobolev seminorms and
a penalization term vanishing on the unitary sphere, I'-converge to vortex-type energies
with respect to the flat convergence of Jacobians. The compactness and the I'-lim inf
follow by comparison with standard Ginzburg-Landau functionals depending on Riesz
potentials. The I'-lim sup, instead, is achieved via a direct argument by joining a finite
number of vortex-like functions suitably truncated around the singularity.

1. INTRODUCTION

1.1. Classical framework. Let  C R? be a non-empty, connected, simply connected,
bounded open set with Lipschitz boundary. Given a scale parameter ¢ > 0 and an
additional parameter A > 0, the Ginzburg—Landau functionals

GLoa(+;Q): HY (O R?) — [0, 0]

are defined as
1 A 2
L. ;in/D2d 7/ 2_1)°d 1.1
CLea(v: ) |log ¢ Q| vl x+52|log5| Q(|U| ) ! (L)

for v € H'(Q;R?). One may prescribe a trace constraint at the boundary by imposing
that v|po = ¢ for some fixed boundary datum g: 9Q — S' with (topological) degree
d = deg(g,00) € 7Z, in which case the functionals in (1.1) are restricted to the subspace

HAQR?) = {v e HYQR?) < vlon = g}

Much effort has been devoted to understanding the asymptotic behavior of the minimiz-
ers v, of the functionals in (1.1) as the scale parameter vanishes. In the limit as e — 07,
the minimizers v. of the functionals in (1.1) develop vortex-like singularities of the form
Z=2i (possibly, up to a fixed rotation) for |d| points z;’s in Q.

|z—a4|
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After the works [18,19,23,24] (we also refer to the monograph [8] and to [2] for a more
detailed presentation of the problem, and to [1] for the higher-dimensional setting), the
picture is nowadays well understood. The I'-convergence of the functionals in (1.1) as
e — 0" is related to the flat (or 1-Wasserstein) convergence of the Jacobians Jac(v.) =

det(Dwv,) of their minimizers v. to an atomic measure p € X(£2), where

N

xX(Q) = {Zdﬂwi cdi€Zandx; € Qfori=1,...,N, with N € N}. (1.2)
i=1

In more precise terms, we can state the following result. For a detailed presentation of

the notion of T'-convergence, we refer to the monographs [5, 15]. For the definition of flat

convergence; i.e., in the dual norm with respect to Lipschitz functions, see Section 2.2.

Theorem 1.1 (Compactness and I'-convergence of Ginzburg-Landau energies). Let
Q) C R? be a non-empty, connected, simply connected, bounded open set with Lipschitz
boundary, g € H%(GQ; SY) with d = deg(glaq, Q) € Z and X > 0.

(i) (Compactness) If (ve, Jren C Hy (S R?), with e, — 0 as k — oo, is such that

sup GL;, A (v, ; ) < 00,
keN

then there ezists a subsequence (vskj )jen and p € X(Q) such that p(QY) = d and

Jac(vgkj),ﬁf2 LN pooas j — oo.

(ii) (P-liminf inequality) If (ve, )ken C Hy(Q;R?), with e — 0% as k — oo, is such that

Jac(v., ) L2 LN pooask — oo (1.3)
for some € X(2), then p(Q) = d and
li;n inf GL,, A(ve,; Q) > 27|u|(Q).
—00

(iii) (I'-limsup inequality) If p € X(Q2) is such that () = d, then there exists a sequence
Ve ey C HY(Q;R?), with e, — 01 as k — oo, such that (1.3) holds and
2 9

lim sup GLg, 1 (ve,; Q) < 27| u|(Q).
k—o0
1.2. Fractional framework. In the present work, we investigate the validity of a fractional
analog of Theorem 1.1, in which the differential operator in the L? energy in (1.1) is
replaced by the fractional (Riesz) s-gradient

D*u(z) = (1 — s) 271 (e /R2 (u(y) —u(@)) ® (y — =) dy, zeR? (1.4)

m (%) ly — z|3*s

for s € (0,1), where I' stands for Fuler’s Gamma function. The integro-differential operator
in (1.4) has gained considerable interest in recent years, leading to a rapidly growing
number of works concerning the development of a fractional analog of classical calculus
and of its applications. For a non-comprehensive account on the existing literature, we
refer to [3,4,7,12-14,20,26-29] and the references therein.
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Our main aim is to replace (1.1) with functionals of the form

GL€S7/\(U; Q) =

A
Dful*d 7/ 2 _1)2d 1.5
|logss|/§z| u x+€§’10g85| Q<|u| ) de (1.5)

for some scale parameter £, > 0, depending on s, such that e, — 0" as s — 17, in such a
way that the analog of Theorem 1.1 holds.

In order to determine £,, we observe that the s-gradient in (1.4) can be equivalently
presented as the gradient of the Riesz potential of order 1 — s; that is, D*u = Dv, where

1—-s521r 34s u(y
vie) = houl@) = 775 = FE 3 /]R? ly — :r!)us dy, =eR” (1.6)

Therefore, since I1_,u tends to u as s — 17, we expect that, along a family of minimizers
us, the functionals in (1.5) can be reasonably approximated as

A
. 2 2 2 .
GL. (g3 ) ~ /Q|Dv5| dm+€g|loggs|/g(|vs| ~1)2dz ~ GLeA(0: Q) (1.7)

|log &

with vy = I1_sus a family of ‘almost minimizers’ of the functionals in (1.1). Assuming
that us and vg are uniformly bounded and supported in a bounded neighborhood of €2, we
expect that the size of the error in the approximation (1.7) should be not larger than

e = 12 = (= 1 de s S gz, (1)
e2|loges| Jo ™ eflloge|

(we refer to Lemma 3.2 in Section 3.1 below for the precise computations), where

u(y) \2d 4
b= [ Loy e dedy (1.9)

is the Sobolev-Slobodeckij H*-energy of u. Since the L? norm of the s-gradient in (1.4) is
proportional to the energy in (1.9),

IR ; ‘m (1= s) [ul}e (1.10)

(e.g., see [27, Rem. 2.3|, as well as Proposition 2.8 below), we get that the size of the error
in the approximation (1.7) should be at most

11— 1-—
=) | D*ug|* da ~ =) | D, |? dz.
ezl loge,| e2|loges| Jr2

Therefore, in order to re-absorb such an error, we have to require that its size is comparable
to the one of the other term in GL,, »(vs); that is,

11— 1
7( S) / |DUs’2 dz ~ / ‘D”USIQd.T,
2| loges| Jr2 |log e5| J/r2

from which we get that e, ~ /1 — s.
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1.3. Statement of the main result. Although rather naive, the approximation in (1.7)
leads to the correct fractional analog of (1.1). In view of (1.9) and of the identification
n (1.10), as customary we set

H*(R%; R?) = {u € LR R?) : [uf}. < oo}
for s € (0,1). Therefore, given A > 0, we define the Ginzburg—Landau fractional s-energies
GLA(+;): H*(R*%R?) — [0,00)

by letting
1
GLY(4;Q) = ———— Dul*dz + / (Jul* — 1)? 1.11
0590 = Tty o270 05+ gy D
for u € H*(R?* R?). By (1.10), we can equivalently write
1—s5 2
GLS (u; ©2 —_—— 2 / 2 1)?
3§ = \log(l—s)\ﬂ[] +(1—s]10g s)| [

for u € H*(R?* R?). We note that analogous scalar energies (but with different scaling
regimes) are related to a non-local approach to phase-transition problems, see [16,17,25].
In order to state the fractional analog of Theorem 1.1, we need to introduce a suitable
boundary condition, which—due to the non-locality of (1.4)—has to be prescribed on R?\
instead of just on 0€2. In addition, in view of the underlying approximation argument
n (1.7), we require that the boundary datum is bounded and supported in a bounded
neighborhood of €2. Hence, the set of boundary data we consider is defined as

g has compact support and

_ 12, 12 00 (2. T2 .
BQ_{gGH (RS R%) 0 L™(R 7]R)'|g|zlin an open neighborhood of 9

}. (1.12)
Thus, given g € Bq and L € [||g]| L= (r2), 00), for s € (0,1) we define the spaces
Hy(Q By) = {u € H*(R%R?) :u=g on R?\ Q and [|u]z~ < L}. (1.13)

In view of the representation of the s-gradient in (1.4) via the Riesz potential in (1.6),
the approximation in (1.7), and the analogy with Theorem 1.1, we are naturally led to
define the fractional Jacobian of a function u € H*(R?;R?) as the usual Jacobian of the
function v = I _4u for all s € (0, 1), letting

Jac®(u) = det(D*u) = det(Dv) = Jac(v). (1.14)
The convergence of Jac*(u) as s — 17 is then defined according to the customary definition

of flat convergence.
With the above notation in force, our main result states as follows.

Theorem 1.2 (Compactness and I'-convergence of fractional Ginzburg-Landau energies).
Let Q C R? be a non-empty, connected, simply connected, bounded open set with Lipschitz
boundary, g € Bq with d = deg(glaq, 0?) € Z, L € [||g]| L=, 00) and A > 0.

(i) (Compactness) If u,, € H:*(%; By), with sy — 17 as k — oo, is such that
GL3Y (us, ; Q) < o0,
then there exists a subsequence (usk_)jeN and i € X(Q) such that () = d and

Jac™i (uskj) fat(®), T as j — 0.
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(i3) (T-lim inf inequality) If u,, € HJ*(Q; Br), with sy — 17 as k — oo, is such that

Jac™ (ug, ) o), T as k — oo (1.15)

for some p € X(Q), then u(Q) = d and
lilgn inf GL3 (us, ; Q) > |u|(Q).
—00

(7i) (I-limsup inequality) If p € X(Q) is such that p(S2) = d, then there exists a sequence
ug, € Hy*(Q; Br), with sy — 17 as k — oo, such that (1.15) holds and

lim sup GL3* (ug,; Q) < 7|u|(Q).
k—o0
1.4. Strategy of proof. The proof of Theorem 1.2 is split in two parts.

On the one side, claims (i) and (ii) of Theorem 1.2 follow by comparison with the local
setting (recall Theorem 1.1) via a rigorous formulation of the approximation argument
sketched in (1.7). The overall idea is to show that, if the fractional Ginzburg-Landau
si-energy of ug, is uniformly bounded, then the integer ¢,-Ginzburg-Landau energy of
Ve, = 11, Us,,, with e = /T — sy, is also uniformly bounded and, actually, we have that

GL¥ (us; 2) > ¢ GLg, A (02,5 92)

for some ¢, > 0 such that ¢, — % as k — oo and A > 0 which does not depend on k. From
Theorem 1.1 we hence infer compactness and the I'-liminf inequality for GLY (us,;€?)
thanks to the fact that, due to the definition in (1.14) and (1.6), we have

Jac®* (us, ) = ¢, Jac(ve,,) (1.16)

for some ¢}, > 0 such that ¢, — 1 as k — oo. The fact that p(§2) = d follows from an
integration-by-parts argument, roughly exploiting the fact that, recalling (1.16),

Jac® (us, ) = ¢, Jac(vs,,) = ¢, curl j(vs, ) ~ curl j(g) = Jac(vs,)
in a neighborhood U of 0%, where j(v,) = vs, X Dv,,, since
| D™ s, || 2(r2) |0s, — 9llr2ng) S GLY (us,; ) V1 — si|log(1 — si)| = 07, as k — oo,

in view of the definition in (1.11) and of the approximation in (1.7) and (1.8).

On the other side, concerning claim (iii) in Theorem 1.2, the recovery sequence (us, )ren
is built according to the classical cut-off approach around a vortex singularity. Precisely,
we first consider the case in which u is given by

N
p=>y_di,,, (1.17)
i=1
with N € N, z; € Q and d; € {—1, 1} such that

N
> d; = deg(glon, 09), (1.18)

i=1
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and construct a recovery sequence of the form

(- — )" :
e - —xz)ﬁ around z;, foreachi=1,..., N,
. —l’z
Usk =\ g outside €, (1.19)
u everywhere else,

1

_1)%2) for z € R?
and d € {—1,1}, and @ is an H' function with values in S' which does not depend on sy,

where 7;, is a suitable cut-off near the origin depending on sy, ¢ = <(

but only on the position of the x;’s in €2, interpolating the vortices (l_f;)T, i1=1,...,N,
and the datum g (the existence of such a function 4 is guaranteed by the condition (1.18)).
Once the special case (1.17) is achieved, the general situation can be then established via

a routine diagonal approximation argument.

1.5. Comments. We conclude this introduction with some comments on our main result.

An important difference between Theorem 1.1 and Theorem 1.2 appears in the domains
of definition of the corresponding energies. In our Theorem 1.2, we only consider H*
functions attaining the datum g € Bg outside 2 which are bounded by some constant
L > ||g||r. We do not know if this additional constraint—which we need in the error
estimate in (1.8)—is merely technical and can be removed. We nevertheless notice that
such constraint does not seem to be essential in our approach. Indeed, the fractional
energies in (1.11) are decreased by truncation (see Corollary 2.9 below) and the L* norm
of the recovery sequence constructed in point (iii) of Theorem 1.2 is bounded by ||g|| L.

Another relevant point concerning the definition in (1.13) is whether Theorem 1.2 may
be achieved with respect to the smaller space

H:(Q;S") = {u € H'(R}R?) :u=gon R*\Qand |ul =1 on Q} (1.20)
for s € (0,1), simplifying the non-local energies in (1.11) to
1
Li(u; Q) = +——— Déu|dz. 1.21
GL i) = o [ 1Dl (121)

While the compactness and the I'-liminf follow as in the proof of Theorem 1.2 up to
minor changes, the I'-lim sup remains unclear. As done in [30], one may directly take ‘%,
with = # 0 and d € {1,—1}, as a building block for the recovery sequence; that is, like
in (1.19), but avoiding the truncation near the singularity. However, the recovery sequence
U, € Hy(Q;S") constructed in this way satisfies

1
(1= s)[log(1 — )|

We do not know if the bound in (1.22) is optimal but, at least, it seems to agree with
the one given by [30, Th. 2.6] when (formally) rephrased to our setting. Indeed, given a
kernel p > 0, the energy considered in [30] is defined as

R = o o, o= ) — )P away (1.23)

3

GL(us; Q) < for s € (0,1). (1.22)
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Choosing p(r) = r7272% for r > 0 (note that this kernel is not admissible for [30, Th. 2.6])
and € = /1 — the functional in (1 23) becomes asymptotlcally equivalent as s — 17 to

|u(z y)[?
R |10g (1—3s)] / / |x _ |2+25 da dy. (1.24)

In virtue of (1.9) and (1.10), and ignoring the reminder terms coming from the interactions
between 2 and R?\ €, the energy in (1.24) differs from the one in (1.21) exactly by a
factor (1 — s), which is precisely the additional factor appearing in the bound (1.22).

The above considerations suggest that a more refined analysis of the energy (1.22) in
the space in (1.20) is required in order to properly understand the T'-limit as s — 17, and
in particular whether vortex singularities are ruled out for our functionals with the strict
constraint |u| = 1.

We finally note that functionals in (1.11) can be equivalently defined for Q@ C R™ with
n > 2. In this case, Theorem 1.2 must be stated in terms of (n — 2)-dimensional integral
currents. We do not address the details here, but we refer to [1] for proper statements and
for the extension of the construction of recovery sequences for arbitrary n > 2.

1.6. Organization of the paper. The main notation and definitions, plus some basic
results concerning the Jacobian, the degree, the fractional gradient and the Riesz potential,
are given in Section 2. The proof of Theorem 1.2 is then detailed across Section 3.

2. PRELIMINARIES
In this section, we recall the main notation and collect some preliminary results.

2.1. General notation. Throughout the paper, the ambient space is R?2. The norm

of a point = = (2) € R? is given by |z|*> = 22 + 22, while the norm of a matrix A =

(ﬁ; jg) € R¥*2 is given by |A|> = A%, + A2, + A2, + A2,. Welet S' = {z e R?: |z| = 1}
be the standard unitary circle and we let Q C R? denote an open set, possibly satisfying

further topological and/or regularity assumptions.

2.2. Lipschitz functions, measures and flat norm. We let Lip(£2) be the space of
real-valued Lipschitz functions on €2, endowed with the norm

lellLip = [[@llze@ + [Velle@), for ¢ € Lip(€),
Ozyp

compact support in €.
We let My(Q) be the space of Radon measures on Q2 with finite total variation. We let

Iy = sup{ [ odn: o € Lin (), llelhsn < 1},

O . . . .
where Vi = ( 150) as customary, and we let Lip,(§2) be its subspace of functions with

and, analogously,

Il = sup{ [ i ¢ € Lin@), gl < 1},

be the flat norm of u € My(Q) on Q and Q, respectively. Consequently, given ju, i €

My(Q), k € N, we write ot w (respectively, pu Botl®), w) if || pn — ptl|gar) — 0

(vespectively, || — pllgay@) — 0) as k — oc.
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2.3. Sobolev functions, Jacobian and degree. We let
H'(%R?) = {v € LA R?) : Dv € LX(Q;R¥?)}
be the standard Sobolev space on €2, endowed with the norm
[l = l[vll2@) + [I1Dv]l 12, for v € HY (% R?),
see [21, Ch. 11] for a detailed introduction. Here we note that

Do — (axlvl 8xgvl>

aarl V2 axg V2

and that | Dv||72gy = [[[Dv]||72(q), where [Dv| is defined as in Section 2.1.
The Jacobian of v € H'(Q;R?) is defined as
Jac(v) = det(Dv) = 0,,010,,V9 — O, 104,02 € L*(Q). (2.1)

In particular, we tacitly identify Jac(v) with the Radon measure Jac(v).#£? € M, (Q). For

a (historical) presentation of the Jacobian of Sobolev functions, we refer to the survey [11].
We now recall some elementary properties of the Jacobian that will be useful in the

sequel. The first one concerns H' functions with values in S' (e.g., see [11, Sec. 3]).

Lemma 2.1. If v € H'(Q;R?) is such that |[v| = 1 on Q, then Jac(v) =0 on Q.
Proof. Differentiating |v|*> = 1, we get that v € ker(Du), proving that det(Dv) =0. O
In order to state the second result on the Jacobian, we need the following notation.
Definition 2.2. Given v, w € H'(2;R?), we define the current
j(v,w) = v x Dw = vy Dwy — vy Dw; € L'(Q;R?).
In particular, we let j(v) = j(v,v) € L1(Q; R?).

The next result relates the Jacobian of H' functions to the current j in Definition 2.2
and also shows that the curl of j is zero.

Lemma 2.3. If v,w € H'(Q;R?), then

1
/QJac(v) odr = 5 /Qj(v) x Vo dx (2.2)
and
G0 w) = jw, ) x Vi =0 (2.3)
whenever ¢ € Lip.(Q).
Proof. If v,w € C?(2;R?), then we can write

Jac(v) = ;curlj(v) and j(v,w) — j(w,v) = V(v X w),

from which we get (2.2) and (2.3). In the general case, the validity of (2.2) and (2.3)
follows by approximating v, w € H'(Q; R?) with smooth functions. O

Lemma 2.3 can be exploited to estimate the flat distance between the Jacobians of two
H' functions, as follows (note that this is a particular instance of [10, Th. 1(i)]).
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Proposition 2.4. If v,w € H'(Q;R?), then
[ Jac(v) — Jac(w)llgar(e) < 2[Jv = wllr2() ([[Dvllz2@) + [Dwllz2@))-
Proof. Given v,w € H'(Q;R?), by Definition 2.2 we can estimate
7 (v) = j(w)] < |j(v,v —w)| + |j(w, v —w)| < 4fv —w|(|Dv] + |Dw]).
From (2.2), by Holder’s inequality we hence get that

[ (ac(v) — Jac(w)) | < 2]jv ~ wllza) (1 Dol + [1Dwlie@) [Velioy
whenever ¢ € Lip,(2), yielding the conclusion. O

Last, but not least, we recall the following result linking the Jacobian of Sobolev functions
to their (topological) degree. For a more detailed account, we refer to the survey [9].

Lemma 2.5. Let Q C R? be a non-empty, connected, simply connected, bounded open set
with Lipschitz boundary. If u € H'(Q;R?) is such that |u| = 1 on OS2, then the (topological)
degree deg(u|aq, 0) € Z of the trace ulgq of u on O satisfies

deg(ulgq, 002) = i/ﬂJac(u) dz. (2.4)

2.4. Ginzburg—Landau energies. As briefly recalled in Section 1.1, given €, A > 0, the
Ginzburg—Landau functionals on a non-empty open set {2,

GLoa(-;Q): HY (O R?) — R,

are defined as

1 A
GLp(u:2) = /Q\Du|2dx+62|logg|/g(|u]2 ~1)2de (2.5)

for u € H'(;R?). The following result rephrases Theorem 1.1 in the case no boundary
condition is imposed on ) (again, refer to [2,8, 18, 19,23, 24] for the proof, and see [1] for
the higher-dimensional setting). Here and in below, as in (1.2), we let

N
X(A):{,u:Zdiém:diEZandxiEAforizl,...,N, WithNEN}
i=1

be the collections of atomic measures on a non-empty set A C R2.

Theorem 2.6. Let Q C R? be a non-empty, connected, simply connected, bounded open
set with Lipschitz boundary and A > 0.

(i) (Compactness) If (v., )ken C H'(Q;R?), with e — 0T as k — oo, is such that

sup GL;, A (v, ;) < 00,
keN

then there ezists a subsequence (Uakj )ien and p € X(Q) such that

Jac(vgkj) LLON Wooas j — oo.
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(i) (T-lim inf inequality) If (ve, )ren C Hy(Q;R?), with e — 07 as k — oo, is such that

Jac(ve,) LN @ooas k — oo (2.6)

for some p € X(Q), then
liminf GL, x(ve,; Q) > 27| u| ().

k—o0
(iii) (T-limsup inequality) If o € X (), then there exists a sequence (ve, )ren C Hj (€ R?),
with e, — 07 as k — oo, such that (2.6) holds and

k—o0

2.5. Fractional Sobolev functions. We let
H*(R* R?) = {u € L*(R?) : [u],q < oo}
be the fractional Sobolev space of order s € (0,1), endowed with the norm

lullrre = [lullzz + [u]so,  for u € H*(Q;R?),

|u(y) —u(x)*
o= [ [ =2 |y_x|2+23 " dedy, (2.7)

see [22, Ch. 6] for a detailed introduction. If Q = R?, then we simply write [u]; = [u] ge.
For future convenience, we recall the following result, which corresponds to [6, Lem. 3.
Here and below, for 7 > 0, we let

Ar={(wy) eR*: |z —y| <7} CR2 (2.8)

where

Lemma 2.7. Let Q C R? be a measurable set. If u € L*(2), then

// M drdy < %
@xQ\&, T — y[2H2s - sT%

for 7 >0 and s € (0,1).

Proof. By the definition in (2.8), we can estimate

Ju(z) — u(y)? 2 dh ArullZ2 g
dvdy <4 [ da dy —
//(QXQ)\AT |z — y|2+2s =T [u()] R2\B, |h|>+2s B sT2s

whenever 7 > 0 and s € (0, 1). O

2.6. Fractional gradient. By combining [27, Rem. 2.3] with [7, Cor. 1] (also see the
discussion in [13, Sec. 3.9]), we can equivalently define

H*(R%;R?) = {u € LR*%R?) : D*u € L*(R%;R¥?)}
for s € (0,1), where, as briefly recalled in (1.4),

Du(z) = (1 - s) 2: §E+§ /. () _’;fvfgﬁs(y "y, reR, (29)

is the fractional (Riesz) s-gradient of w. Note that the s-gradient in (2.9) is well
defined for sufficiently regular functions (u € Lip,(R?;R?) would suffice, see the discussion




TOPOLOGICAL SINGULARITIES ARISING FROM FRACTIONAL-GRADIENT ENERGIES 11

in [13, Sec. 2.2] for instance), while, for u € H*(R?*; R?), the operator in (2.9) is defined in
the distributional sense via (fractional) integration-by-parts, see [13, Def. 3.19].

Here we just recall the following result, which relates the L? norm of the s-gradient
in (2.9) with the fractional seminorm in (2.7). Here and below, as in Section 2.3, we set
|| D*ul|22 = ||| D*ul||22, where |D*u| is as defined in Section 2.1.

Proposition 2.8. If u € H*(R? R?), then
[D*ullfz = (1 —s) e [ul?

ER

(2.10)

45 sT'(1
where ¢y = sT +5) > 0 satisfies lim ¢, = —.
T

2 T(2—s) s—1-

Proof. By density, we may assume that u € C2°(R?; R?) without loss of generality. In this
case, formula (2.10) follows either by applying Fourier’s transform, or by observing that

(1—5)cs[u]? = / u(—A)Yudr = —/ w div*(D%u) da = / | D*ul? dz,
R? R? R?

where (—A)* is the fractional Laplacian of order s and div® is the fractional divergence of
order s (the dual operator of (2.9)), see [13, Lem. 2.5 and Sec. 3.10]. O

From Proposition 2.8, we deduce that the fractional Ginzburg-Landau energies in (1.11)
are decreased by truncation. In order to precisely state this result, we need to introduce
some notation. Given L > 0, we let

Tp(t) = max{—L,min{t, L}}, forteR,

Ty (x) = (%EZ;) , forz= (2) € R?.

Note that |Tr(x)| < |z| for all z € R? by definition.
Corollary 2.9. If u € H*(R?;R?), then Tr(u) € H*(R?* R?) and
GL3(TL(u)) < GLS(u) (2.11)

and we set

forall s € (0,1) and L > 1.
Proof. Since T,: R — R is 1-Lipschitz, from Proposition 2.8 we get that
ID*(Tr ()2 = (1= s) e [Tr(w)]s < (1= s) ¢ [ul} = | D*ull7

whenever L > 0. Moreover, for L > 1, we also have that (|77 (u)> —1)? < (Ju|? — 1)?, from
which the inequality in (2.11) follows. O

2.7. Riesz potential. As observed in [27, Th. 1.2] (also see [13, Sec. 2.3]), the s-gradient
in (2.9) can be rewritten as D® = DI;_,, where

1 u(y) 9
L) == [ =20 dy, aeR?, 2.12
1 u(m) vs JR2 |y . .’L'|1+8 Y x ( )
is the Riesz potential of order 1 — s in R?, with
1 3—s
B ) (2.13)

1-— S F(325)‘
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Precisely, considering the differential operators in the distributional sense, we have that

D*u = DI,_,u in L*(R?* R**?) (2.14)
for u € H*(R?* R?). Therefore, if u € H*(R? R?), then
v=1_u € H (R*R? (2.15)

and so, recalling (2.1), we may generalize the notion of Jacobian to fractional Sobolev
functions as follows.

Definition 2.10 (Fractional Jacobian). Given s € (0, 1), the fractional (Riesz) s-Jacobian
of u € H*(R?;R?) is defined as

Jac®(u) = Jac(I;_,u) € L*(R?).

In particular, we tacitly identify Jac®(u) with the Radon measure Jac®(u).Z? € M,(R?)
whenever s € (0,1) and v € H*(R?; R?).

Remark 2.11. Although not needed in the present work, Definition 2.2, Lemma 2.3,
and Proposition 2.4 can be naturally analogously reformulated in the fractional setting.

3. PROOF OF THEOREM 1.2

The rest of the paper is dedicated to the proof of Theorem 1.2, which is split across
Sections 3.2, 3.3 and 3.5. From now on, with the notation introduced in (1.12), we fix
a boundary datum g € B and a bounded open neighborhood U C R? of 92 such that
lg| =1 on U. We hence let L € [||g|| o2y, 00), we let A= U UQ and R > 0 be such that
suppu C Ag, where

AR = U BR([E),

€A
and we work in the fractional Sobolev space Hy(€2; By) defined in (1.13).

3.1. A truncated Riesz potential. We begin with the following definition, which
provides a truncated version of the Riesz potential defined in (2.12).

Definition 3.1 (Truncated Riesz potential). For s € (0,1), the truncated Riesz potential
It u: R* — R? of u € Hj(Q; By) is defined as

1—s U('y)
IR ——7/ —2d fi € R2 3.1
1_SU(:B) 2Rl Br(z) ‘37 ?/‘Hs v o ( )

Let u € H,(€); By) be fixed, and set v = I w as in Definition 3.1 above for brevity.
Recalling (2.12), and owing to the fact that supp g C A, we can write

v(x) = gﬁ_ﬂj)_zs I _su(x), forx e A, (3.2)

with 75 > 0 as in (2.13) such that
=1. (3.3)

Moreover, by combining (2.14) and (2.15) with (3.2), we get that v € H'(A; By), with

(]' B S)Vs

Do —
v 2R3

D’y in L*(A;R*?) (3.4)
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and
2r RS

We now exploit Definition 3.1 in two ways. We first provide a quantitative formulation
of the error in the approximation argument carried in (1.7) and (1.8).
Lemma 3.2 (L? comparison). If u € H:(Q; By) then v = It u as in Definition 3.1
satisfies

> Jac(v) on A. (3.5)

2 (1—-s)2L% .
/A (jof* — |uf?)” de < 4L / fu—of do < = ! (3.6)
for any s € (0,1).
Proof. Since
1—s5 u(x) 9
- -5 LA R
u(z) 5 i /BR(x) P y, for x € R?,

we can estimate

1—s u(z) + u(y)
2 2
lu + v]? = ‘%Rl_S/B o Toogmie dy < Alfuf2ea,y <AL

for any x € A, so that

(lo(@)P - IU(I')F)2 < Jo(@) + u(@) [o(z) — u(@)* < AL |o(z) — u(z)|’

for any = € A, giving the first inequality in (3.6) by integrating on A. For the second
inequality in (3.6), we just need to observe that, by Jensen’s inequality,

, | 1—s / u() —uly) , [7 (1 —s)? / u(z) — uly)]?
— = — Pyl < e
’U(I) U<ZE>| ImrRl—s Br(z) |I _ y’1+5 Yy = TR1-2s Jp (z) |I _ y|2+25 Y

for any x € A, and the conclusion follows by integrating on A again. 0J

Additionally, we compare the Ginzburg-Landau energies in (2.5) with their fractional
counterparts in (1.11). As mentioned in Section 1.4, Lemma 3.3 below will play a crucial
role in the proof of claims (i) and (ii) of Theorem 1.2.

Lemma 3.3 (Energy comparison). If u € H:(Q; Br), then v = I u as in Definition 3.1
satisfies

GL3 (u; ) > a _4;|R1(1);s / lu — v|*dz, (3.7)
GLj(:9) = e Dl e o= w2 3:8)
GLy(u:0) > (j”_Rw) CLyin, (03 A), (39)
for s € (0,1), A >0 and n € (0,1), where
Nory = 12_7]77 (gﬂ_Rf)_ZS)Qms,/\, Mg\ = min{csﬁfi%,k}, (3.10)

and cs,vs > 0 are as in (2.10) and (2.13), respectively.
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Proof. By Proposition 2.8 and the first inequality in (3.6) in Lemma 3.2, we get that
GLi(u Q) > L=90 s ArRT / lu — of? dz,
|log(1 — s)| (1—s|log1—s|
proving (3.7). Combining (3.7) with the inequality
1
| log(1 —s)[ /e

we get (3.8). Owing to the fact that w = g and |g| = 1 on A\ Q, Proposition 2.8 and the
second inequality in (3.6) in Lemma 3.2, we can estimate

GLS (u; ©2) > , | D*ul? de,

(1—s)c 2 2
GLY(u; Q) = ———— [u]; + / u
{050 = gt~ o 1+ T syigra .o (4 -
(1—s)c, 7wR7™? 9 9
Tl =71 T - ez J, (o = lef?)” s
(3.11)
2
— 1
+(1—s]log |/ [u do
Mg\ 2
1
_2(1—s]log \/ Jol” -
Therefore, by (3.11) and (3.4), we get that
GL3 (u) = nGL(u) + (1 — n) GL}(u)
1— m by
DS 2 ( S, 2
~|lo / u da:+2 1—y9) lo (1—2s) |U| 1 de
1 g( | g
2T RS (1 —n) Mg 2
> = Dvl*d = —1) d
=9 ((1_3) ) |log\/—| / Dol de g v (W =1)" da,
for any n € (0, 1), from which (3.9) follows due to the definition in (2.5). O

For future convenience, completing the definitions in (3.10) in Lemma 3.3, we set

1—n

Ay = Slirfl_ Aspp = 2 max, (3.12)
for any A > 0 and n € (0,1), where
1
mL)\ = Sl_i}l}'lﬁ ms)\ = min{RL2, )\} (313)

3.2. Proof of claim (i) of Theorem 1.2. Let u, € H;*(%; Br), with s — 17 as
k — oo, be such that

sup GL3¥ (us,; ) < o00. (3.14)
keN
Following Definition 3.1, we define v,, = I | u,, for k € N. By combining (3.3) and (3.13)
with (3.9) in Lemma 3.3, from (3.14) we infer that

sup GL 1= ¢(vs,; A) < 00
keN
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for some C' > 0 which does not depend on k. Thus, by Theorem 2.6(i), we find p € X' (A)
such that, up to passing to a subsequence (which we do not relabel),

Jac(vg,) LGN T as k — 00. (3.15)

Thanks to (3.5), we can estimate

( 2m R~k )2
<p - (=
(1_316)'7%

so that, by (3.3) and (3.15), we deduce that

Jac®™ (ug )M T as k — oo. (3.16)

|| Jac™ (uSk) - 7T/~L||ﬁat(A) H JaC(”Sk)Hflat(A) + || Jac(v5k> - 7T,u||ﬁat(A)

Since 2 € A by construction, from (3.16) in particular we get that

Jac™ (ug, ) 5, T as k — oco.

We now prove that ||z]|gata\0) = 0, so that supp u C Q. To this aim, we observe that
Pl < 180 () = Talluen + 1 Jac™ () lamney. (317

In view of (3.16), we just need to deal with the second term in the right-hand side. Owing
0 (3.5), Lemma 2.1 (since |g| =1 on A\ Q), Proposition 2.4 and (3.4), we have that

T 1—s
| Jac™ (g, ) laas(are) = (B2 ) 1| Jac(vs) || aat(aray
T 1—s
- <(21 Ek)’}:) | Jac(vs, ) — Jac(g) [|nat(a\0)

(3.18)

T 1-s
< 0 (52 o, ~ gllscaay (1Dvsllscney + 1Dlzcnen)

<0 (5 o, — gl (S
By combining (3.8) in Lemma 3.3 with the fact that u;, = ¢ on A\ Q, we find that
vy, = g in L*(A\ Q) as k — oc. (3.19)
Therefore, by exploiting (3.19) in combination with (3.14) and (3.8), we get that

D% ug, |l 2@2) + | Dgll 22 ) -

Jim [ D% [| 12 g2) [[vse = gll2(av0) = 0, (3.20)

which, together with (3.17) and (3.18), yields that ||4/|gat(a\0) = 0 and thus supp p C Q.
Finally, we show that

() = deg(glaq, 0). (3.21)
To this end, let ¢ € Lip.(A) be such that ¢ = 1 on Q. According to Definition 2.2, we can
decompose
3(0s,) = J(Vsy, vs,) = 3 (vs, = 9, 05,) + 5 (9, vs,)
for k € N. Since Vo = 0 on Q by definition, from (3.20) we deduce that

lim sup ‘/A](Usk - g’vsk) X VQO dz S Llp((p) khlrolo ||Usk - g||L2(A\Q) ||DU81<||L2(A) = 0.

k—o0
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Thus, by combining this with (3.15), (2.2) and (2.3) in Lemma 2.3, and (3.19), we get

7T/Agod,u: lim [AJac(vsk)wdnglrgoAj(vsk)wadx:]}Lralo/flj(g,vsk)xV¢dx

k—o0

— lim Aj(USk,g) X Vgpdx:/Aj(g) X Vgpdxzw/AJac(g)gpdx.

k—o0

Since o =1 on Q, suppp C Q and |g| =1 on A\ Q, by Lemmas 2.1 and 2.5 we hence get

_ 1 1 1
w@) = - [ pdu=— [ Jac(g) pd = = [ Jac(g) dz = deg(glan, 09,
/A 7 Ja 7 Ja
proving (3.21) and thus yielding the conclusion. O

3.3. Proof of claim (ii) of Theorem 1.2. Let u,, € H;*(§); Br), with s, — 17 as

k — oo, be such that Jac™ (us,) ot mp as s — 17 for some p € X(Q). Letting v,, =

IfiSkusk as in Definition 3.1, and repeating the argument of the proof of Theorem 1.2(i),
we get

1(82) = deg(uloq, 002)
and

flat(A
Jac®™ (vs,) B, 7y ask — 00,

for some v € X(A) such that suppr C Q and v|g = p. Therefore, owing to (3.9) in
Lemma 3.3, (3.3), (3.12) and Theorem 2.6(ii), we can estimate

( 2m R~k

o s |
lim inf GL* (ug, ; 2) > liminf =
A ( k ) (1 N Sk)f}/sk

2
k—o0 k—oo ) GLMJXSIC’)\’" (Usk; A)
no.
=g iminf GLyr—ps, (045 4)

H7A1’2)W (Usk;A)
> nrlv|(A) = nn|ul($),

for any n € (0, 1), yielding the conclusion. U

> 7 Jim inf GL
2 k—oo

3.4. Truncated vortex. The proof of point (iii) of Theorem 1.2 requires some prelimi-
naries. We begin by introducing the following definition.

Definition 3.4 (Cut-off function). Given 0 < r < R < oo, we define the cut-off function
nrr: R — [0,1] by letting

0 if |z] € [0, 7],
M r(t) = |2|__: if 2| € [, R], (3.22)
1 if |x| > R.

In the following result, we collect some properties of the cut-off function 7, g given in
Definition 3.4 that will be useful below.
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Lemma 3.5. Given 0 <r < R < 00, the function n, g in Definition 5./ satisfies
1

nl <1, Lip(p.n) = | 299

] =< tp (1) R—r (3.23)
%r,5(x) — nrr(Y)]? 2R 22

| : drdy < 3.24

//(BRXBR)QAT ‘x_y‘2+25 Tdy > (R—T)2 1 —37 ( )

. 2 2 2 2 2—2s
(Bo\By)x (B,\Br)NA, |z — y|2+2s (R—r)? 1—s

and )
éxﬁﬁ—g<mgwm (3.26)
for s € (0,1), 7€ (0,7) and p> R+ .
In the proof of Lemma 3.5, we will need the following elementary estimates.
Lemma 3.6. Let n € N. If x,y € R"\ {0}, then

x Y 2
o < 20
and )
Ty <Lﬂ<w—ﬂ2_m-@—xw%!y—ﬂj (3.28)
[ fyll 7yl A 2f? ]! ) '
Proof. By the triangular inequality, we can estimate
TV | T Y Y Y2
7 B e I B 7 B ’

proving (3.27). To prove (3.28), instead, we observe that

x ? x- v (y—z) |zl 2| [yl x-(y— =)
B -2 - - ) (-
| Tyl ] [y] el fyl Tyl vl \ ] ]
|| v y—a| z-(y—x)
=2 e R e
y \\ |z 2] ]

Thanks to the elementary inequality
1 1
v1+t§1+§t—§ﬁ for t > 0,
we thus get that
x__yrggwmlw—ﬂz_l@x-@—xﬁ%w—ﬂﬁ2>
=] [yl lyI\2 |z 8

lo| (Tly—zP 1z - (y—o) 1@ (y—2)ly—a
B WI< )

2 z|? 2 |z|? 2 ||

_ 2 . _ 2 _ 3
<Mﬂoy o Jr-y—2) | ly ﬂ>’

=yl
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yielding (3.28) and concluding the proof. O
Proof of Lemma 3.5. From the definition in (3.22), we get (3.23) and thus

A%@%rﬂfdxzé%@%fﬂfdxguﬁL

giving (3.26). To prove (3.24), we observe that

T — r 2 T — Ir h 2
[ i) WD g < [ [ Pl el £ ADE g,
(BrxBr)NA, |z — y|?F2s Br /B, |h|2+2s

h|? T2R2 422
< Lip(n,. p)? / / ME e = ,
S IR o Jo T T TR T
while, to prove (3.25), we note that

r € B,\ Bgyr = |x+h|>R forhe B,

and thus we can estimate

. 2
// |771",R<x) nr,R(y)| d[L’ dy
(BAB)X(BABONA, T —y[>2s

1
< —_ N —ny h)|1*dzdh
= /BT |2+ /BQ\BT e r() — 0 p(7 + h)["dz

1 T ((R+7)% —r?) 7272
=/ X —n, h|)|? dz dh < :
L s L, beel) =l R e < T S

and the proof is complete. O

We can introduce the notion of truncated vortex by exploiting the cut-off function 7, r
given in Definition 3.4.

Definition 3.7 (Truncated vortex). Given 0 < r < R < oo and d € {—1,1}, we let
Varr: R? = R? be the truncated vortex defined as
d
x

Varr(x) = nrr(|z|) =i for z € R?, (3.29)
A . z1
where 7, g is as in Definition 3.4 and — ((—1)%2) for all z € R2.
We now collect several properties of the truncated vortex introduced in Definition 3.7.
On the one hand, we have the following result.

Lemma 3.8. Given 0 < r < R < oo and d € {—1,1}, the truncated vortex vq, r in
Definition 3.7 satisfies

Varr € Hipo(R%; R?) N L2(R* R?), (3.30)
with .
| Dva,rr(z)| < mnr,R(M), z € R?, (3.31)
where C' > 0 is a numerical constant. In addition, it holds that
/R Nvarr — vaorl* dr < 4nR?, (3.32)
Jac(vao,r) = md 28 (3.33)

| BR|
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and
/B | Dugosl? de < Clog (}‘;) (3.34)
for o > R, where C' > 0 is a numerical constant.

Proof. From (3.29) in Definition 3.7, we get that ||vg, r||z~ < 1 and a direct computation
yields (3.31), from which we get (3.30). The validity of (3.32) is a consequence of (3.22)
in Definition 3.4. Finally, from the fact that

XBS r®x?
DUd,QR(I) = XER Jd + |QZ‘R (Jd - W), T e R2 \ {0}7

where we have set
1 0
Jg = , ded{l,—1},
(o ) 2=0
we infer (3.33) and (3.34), concluding the proof. O
On the other hand, similarly to Lemma 3.5, we have the following result.

Lemma 3.9. Given 0 < r < R < oo and d € {—1,1}, the truncated vortex vq, r in
Definition 3.7 satisfies

|Varr(T) — Varr(Y)|? (8%2(}%2 —1r?) 212 R? ) 7272
- 57 drdy < 3.35
//(BRxBR) Dy |z — y|2F2s T = r2 - (R—r)2)1—s ( )

// |Ud,r,R($) - Ud,r,R(y>|
((Bo\Br)x(Bo\By))NA, |z — y[*T2s
7T2 r 0 7_2—25 4772(@ _ 7,.) ,7_3—23
<09 g () ) G
= +5)<7‘—70g r 1—3+ o(r—7) 3—2s (3:36)
I\ m2((R+7)% —r2) 7272
(e ) TR =)

£ (R—r)? 1—s

2
dx dy

and

/ (|vd7r73|2 — 1)2 dr < 7R? (3.37)
BE’

for s € (0,1), 7€ (0,7), 0> R+ 7 and € > 0.

Proof. We have that

[Var r(2) = varr(Y)] < mrr(l2])

Ty
= 1| T er(2]) = 0 r (Yl (3.38)
|| |y|‘

Thanks to (3.27) in Lemma 3.6, we can estimate
2

z oy 2

2 5l 4 |z —y

~r(|x 7dxdy§/ dx dy

//(BRxBR)an allel) |z — y[>F2 (Br\B)x Bp)no, |zf? |z — y|*+28 (3.39)

2 2( P2 _ 2y 2-2s
34/ / hE gy = A =) T
r2 Jppn, B, |R|22s 2 1_ s
Therefore, by combining (3.38) and (3.39) with (3.24) in Lemma 3.5, we get that

// |var,r(2) — Varr(Y)]” dedy < 8n*(R? — 1) n 2m° R? 72_28’
(BrxBr)NAr |z — y[2+2s 72 (R—71)?)1—5
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proving (3.35). We now deal with (3.36). In view of the elementary inequality
1
(a+b)*<(1+4¢)a*+ (1—1—) b> for a,b >0, >0,
€

we can revisit (3.38) as

2

x Y 1
(@) = varn)F < (14 ) nen(e)? |Z =2+ (14 ) lleh) = nen(lu)
(3.40)
whenever € > 0. We now observe that
o _ oy
2 l«] Tyl
N r(|2|) 77— - dody
//«Bg\Br)x(Bg\Br))mT Al |z —y[>+2 (3.41)
1 T T+ h 2
< S — — dx dh.
<y T S [~ o]

Since 7 < r, we have that
|t +h|>|z|=|h|>r—7>0 forze B,\ B, he B,
and therefore we can estimate

ol 1 _ 1 1
PR SE

|z T

— " forzeB,\B, heB,.
rT—T

Thus, thanks to (3.28) in Lemma 3.6, we get that
x r+h |

1
/BT]hP”S /BQ\BT lz| |z + Al
1 lz|  (|n)* Jaz-h*|A]?
< _ dz dh
—/BT DB /BQ\BT iz + A <|x]2 2 TR

2 12 3
L [,
B

— =1 JB [P B, a2t [P

dz dh

At this point, we make the following observation. Given h € B,, we can find a rotation
matrix R € SO(2) such that h = Re;. Therefore, we can compute

B2 12 2
/ |2 4| dox = / = 641| dox = / x—14 dx
B\B. |7 BB, || Bo\B, |7

and thus, by replacing e; with e, we get that

-h 2 1 2 1 2 1 2
/ [z - Al dr = = idx+f 12 gy == mdxzﬂlog(‘g).
Bo\B, |zl 2 /o8, |xf! 2 /BB, |x]! 2 /B8, |x]! r

As a consequence, we have that

1 |R|> |z -h|? B3 ) o\ T27% 1 1\ 7372
- dzdh = °1 <> g2 (1] |
/BT |h|2+2s /BQ\BT |z|? || * |x|3 v ey 15 e r o) 3—2s
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from which we deduce that

1 h 2 2 2-2s  gr2(o 3—2s
/m/ ERE s dxdhgﬂrlog(g)T +7T(Q r) T .
B, |h BB, ||| |z + A r—T r/)1—s o(r—7) 3—2s

(3.42)

Thus, by combining (3.40), (3.41) and (3.42) with (3.25) in Lemma 3.9, we get that
// [Varr(2) = Varr(Y)|?
((Bo\Br)x (Bo\Br))NAs |z —y[>+2
2 o\ TP Ap(o— ) TP
< (1 1 =
<( +€)<T‘—T 0g<r> 1—s+ o(r—r) 3—23)
N <1 N 1) T ((R+71)% —r?) 7272
€ (R—r)? 1—s
whenever ¢ > 0, yielding (3.36). The validity of (3.37) follows by combining the definition
in (3.29) with (3.26). The proof is complete. O

dx dy

3.5. Proof of claim (iii) of Theorem 1.2. Below, in order to avoid heavy notation,
we will frequently adopt the following shorthand. Given z1,...,zx € R? for some N € N,
any ¢ > 0 and any non-empty open set V C R2, we let

V=V (LleBg(a:)> (3.43)

Proof of claim (iii) of Theorem 1.2. We divide the proof in three steps.

Step 1. Let pn € X(Q2) be given by

N
w=3d.s,, (3.44)
=1

for some N € N, z; € Q and d; € {—1,1}, for each i € {1,..., N}, such that

p(Q) = p(Q) =" d; = deg(glon, 09). (3.45)

i=1

In this step, we construct u, € Hj($; Br) for s € (0,1) such that
lim sup GL5 (us) < m|p|(2) = 7N (3.46)

s—1—

whenever \ € (0,00).
To define u,, we need to introduce some parameters. We let

7s=+v1—s and M;=/|log(l—s)| forse(0,1). (3.47)
In view of the assumption made in (3.44), we define
1
o min{dist(xi,R2\Q), Slzi— | g € {1, N}, z’;éj} €(0,00)  (3.48)

and we fix

r< (3.49)

Do 3
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Without loss of generality, we tacitly work with s € (0, 1) sufficiently close to 1 so that

(M, +2)7, < g (3.50)

which is always possibile in virtue of the definitions in (3.47).
We can now define u,. With the notation of Definition 3.7, we define

Usj = Udi7M5T57(Ms+1)7_s< - — l‘l) for each i € {1, ey N} (351)

By well-known results (e.g., see [, Th. 1.4]), due to (3.45), we can find 4 € H'(Q,;S")

(where Q, is defined using the shorthand (3.43) with points z1, ...,z N given by (3.44) and
¢ =r as fixed in (3.49)) such that

us; on dB,(z;), foreach i € {1,..., N},
= (3.52)
g on 0f).

Since, by (3.51) and by Definition 3.1, for each i € {1,..., N}, we have

(. _ xi)di

| | in an open neighborhood of 9B, (z;),
. —l’z

uS,i =

the function @ does not depend on s. We thus define u,: R* — R? by letting

us; in B,(z;), foreach i € {1,..., N},
uy=<{a inQ,, (3.53)
g inR?\Q.
We observe that u, € H(Q; By), since, by (3.51) and by (3.30) in Lemma 3.8, and
by (3.52), we have that u, € H'(R?* R?) with |Jus|re < [|g]|ze-
We now detail the proof of (3.46). We begin by observing that, owing to (3.53), the

fact that |us) = [@] = 1 on Q, and |us| = |uy;| = 1 on B.(z;) \ Bas,s1)r, ;) for each
ie€{l,...,N}, and to (3.37) in Lemma 3.9, we can estimate

/ (|us|2 _ 1)2 der = /A (|ﬁ|2 _ 1)2 dz + i/ (|us,i|2 _ 1)2 dz
Q Qr i—1 7 Br(zs)

2 1)2 dr < N7 (M, +1)*72,

= N (|’Udi7Ms7'Sv(Ms+1)Ts
B(as+1)7s

from which, in virtue of the definitions in (3.47), we get that

Hence, to show (3.46), by (2.10) in Proposition 2.8, we just need to prove that

, (1—2s)
limsup ———F—
o1 |log(1 — )

2
N
[uy)2 < Wz . (3.54)
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Recalling the notation introduced in (2.8), by Lemma 2.7 and (3.53), we can estimate

// |US<.T) - us(y)|2 d:ll'dy < 47—‘-””5”%2
(R2xR2\A,,  |x — y|?F2s s(1—s)°

4
< s(I—s) <||9||L2 + Jlal3, y +N7r )
from which we deduce that
(1-s) |us(z) — us(y)[?
lim ) / dz dy = 0. 3.55
siql— |10g(1 — s | R2xR2)\ A, ’a;- _ ’2—}—23 T ay ( )
Hence, by combining (3.54) with (3.55), the validity of (3.46) reduces to
| (1-s) s (2) — uy(y) N
1 / / dedy < T2 3.56
liﬁl_lp |log (1 —s)| J/mexr2)nA,, |z —y|?+2s Te= (3.:56)

Our aim is now to estimate the integral
_ 2
// [us() = w4,
By o=yl

|us<x> - Us(y)|2
A :// dzd
Q:(V, W) vawna, o —yPre Y

for any two measurable sets V, W C R?. Since we can write R? =V, ; U V5 UV, 3, with
pairwise disjoint union, where

To do so, we let

N N -
Vs,1 = U B(Ms+1)75 (l’z), Vs,2 = U Br(SUz') \ B(Ms+1)73 (%) and Vs,s = (RQ)W

i=1 i=1

and (@)T is as in (3.43) (W1th V =TR? and ¢ = r), we can decompose

// |us(z us(y )|2 drdy = i QS(VSJ’Vs’k)'

|J] _ y|2+2s Py

We now deal with each possible pair. We begin by observing that, if x € B, 11)-, (2;) and
Y € B,+1)r, (2p) for some i, h € {1,..., N} with ¢ # h, then

|z —y| > |z; —xp| — 2(Ms + V)75 > 27 — 2(Ms + 1)75 > 2r — 2(Ms + 1)75 > 75,
because of (3.48), (3.49) and (3. 00) so that

Qs(Vs1, Vi) Z Qs ( (Ms+1)7s (@), B4, (%)> :

Next, we notice that

Qu(Vir,Viz) = Qs(Var, Via) and  Qu(Via, Var) = Qu(Viz, Vi),

where we set

N
%,1 = U B(Ms+1)7'3 (':Ul) \ BMSTS (‘/EZ)

i=1
Moreover, if € B,(x;) and y € B, +1)r, (z5) for some ¢, h € {1,..., N} with i # h, then

e —y| > |zi —ap| =17 — (Mg + 1)7s > 2r — 1 — (Ms + V)75 > 1 — (M5 + 1)75 > 75,
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again because of (3.48), (3.49) and (3.50), so that

Qs(Vsa, Vi) Z Qs ( Mo+ 1), (%) \ Barory (@), Br(2i) \ Bwg41)r, (1’1))
and, similarly,
Qs(Viz, Vi) z Qs (Br(2:) \ Batsye, (20), Biarysnyr (%) \ Busyr, (7))

As above, if © € B,(z;) and y € B,(xy) for some i, h € {1,..., N} with i # h, then
|e —y| > |z —ap| —2r > 2F = 2r > 4r — 2r > 74,

again because of (3.48), (3.49) and (3.50), so that

Qs(Vez, Vaz) Z@s( (1) \ Bat,sym (1), Br(@:) \ Bas,yr, (1))

We hence infer that
QS(‘/; 1 ‘/:S 2) + Q (‘/:9 2 ‘/871) + QS(‘/S,27 ‘[9,2)

= z Qs (Bowsnyr (#0) \ Basyr (), Bo(2:) \ By, (1))
+ZQS( () \ Bos1yr. (), Basnyr. (@) \ Bagyr, (1))

+ Z Qs ( (i) \ B(Ms—l—l)fs(xl) B, () \ B(Ms‘f'l)Ts(xi))

-

Qs (B(Ms+1)rs(l’z‘) \ Burtor, (%6), B (%5) \ Biaras1)yr, (ffi))

.
I

+
="

Qs (Br(@) \ By, (#:), Br(@i) \ Bu,s, ()

Il
—

<

Qs (Br(xi) \ Byr, (i), Br(2i) \ Baror, (2:)) -

M=

=1

Finally, if € By, +1)r, (z;) and y € R? \ B,(zy,) for some 4,h € {1,..., N}, then
e —y| >r— (Mg + 1)15 > 7%

by (3.50), so that
Qs(Van, Vi) = Qs(Vi, Vi) = 0.
Moreover, if x € Vo, and y € Vs, then (x,y) € A, only in the case in which

z € By(2i)\ Br_r,(z;) and yeR?\ B,(x;)
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for some i € {1,..., N}. We therefore get that

N —
Qs(‘/Q,& ‘/3,5) + Qs(‘/&sa ‘/2,8) + Qs(‘/&sa ‘/3),8) = Qs (U Br(xz> \ BT‘—T5 (Qfl), (R2)r>

i=1

Lo, (@@T, U B\ Boo, <xi>) + Q. (@), @),

=1

_o. (U By(w)\ By n(21), (B 2») Lo (@), @), )
<Q.(®),,.[®),.,).

By combining all the above estimates, we thus conclude that

us(z sy
// | |z — ‘2+2s>| dzdy < Z Qs ( (Mo+1)7, (i), B 417, (-I'z))

+ZQs @)\ Bapo (21), Bo(a) \ By (1)) O07)

- @s(< ) (B2, ).

We estimate each term in the right-hand side of (3.57) separately. Recalling (3.51),
by (3.35) in Lemma 3.9 we have that

o
Qs ( (Mo+1)7s ()5 B(MSH)TS(%)) < 1 s (3.58)
for each i € {1,..., N}, where C' > 0 is a numerical constant. Moreover, by (3.36) in
Lemma 3.9, we similarly get that
Qs (Br (@) \ Butor, (%), Br(%:) \ Basr, (7:))
<(1te)a M, (1 — )t~ logr — log M, + [ log(1 — s)| CM, (3.59)
M, —1 1—s5 e(l—ys)
for each i € {1,..., N} and any £ > 0, where C' > 0 is a numerical constant. Finally, by
the Fundamental Theorem of Calculus, Jensen’s inequality and (3.50), we have that

— — 1
2 2 _ 2
Q:((R2), .. (R?), ) < /B [h2es /@ jus(z + h) — uy(2)[ dzdh

’h|2 1 2
_/ / (/ |Dus(x+th)|dt> dzdh
R2), _ 0

1
< /\ Dug th)|>dt dz dh
= /BTS RE /(R2)TTS/(J | Dug(x + th)| z

1
< _ |Duy(2)[*dzdh

C
<15 f IDua)P
1—s (R2), ),

r—2Tg
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where C' > 0 is a numerical constant. We also observe that, by (3.53), we can write

/A |Duy(2)|? dz = / \Da(2)[? dz +/ 1Da(z)|* dz + Z/ |\ Dug,[? da,
(RZ)T/Q R2\Q (2 \Br/2 x;)

with, thanks to (3.31) and again (3.50),

|Du,;|>dr < C dr < 4C'T,

/Br(xi)\Bv-/Q(xi) Br\B, 2 |$|

where C' > 0 is a numerical constant. Therefore, we have that

QS((@>T*TS7 (ﬁg)rfn) S 1?57 (360)

where C' > 0 does not depend on s. Hence, by combining (3.57), (3.58), (3.59) and (3.60),
and by recalling (3.47), we infer that

| (1-5) |us —uy(y)P N
1 / / dzdy < (1
1?i??]‘ollog 1—s)[ /., y|2+2 rdys (e
whenever € > 0, proving (3.56) and thus (3.46).
Step 2. Let p be as in (3.44) and let us be as in (3.53). In this step, we prove that

Jac® (us) LN T o ass— 17. (3.61)
Thanks to (3.3) and (3.5), to show (3.61) we just need to prove that

Jac(vs) flatt®), T o ass— 17, (3.62)

where, following Definition 3.1, vy = If* u, for s € (0,1). To prove (3.62), in turn, we
need to introduce the auxiliary function u,: R? — R? defined as

Va, 0. (Mot 1) (- — ;) in B.(;), for each i € {1,..., N},
G =14 in Q,, (3.63)
g in R?\ Q.

As for u,, we have that 45 € H'(R? R?) and ||ts]|z=~ < [|g||r~. In addition, by Lemma 2.1
(since |us| =1 on (R?2),) and by (3.33) in Lemma 3.8, we have

U Ms+1)7s (Ti
Jac(us) = Z JaC(Udi707(M5+1)TS( — I’Z>> XB(M5+1)TS (xz) =T Z dz B (Ms+1) 7

from which, recalling (3.44), we deduce that

Jac(u )#Wﬂ as s — 17

We can hence achieve (3.62) by proving that
lir{1 | Jac(vs) — Jac(ts)]|gas(a) = 0. (3.64)
s—1—

To this end, we exploit Proposition 2.4. On the one hand, by (3.7) in Lemma 3.3 and (3.46),
and by (3.63), (3.32) in Lemma 3.8, and (3.47), we can estimate

o = iallzeay < low = wallzzgay + e — Tz < CY(1— 8) [ log(L — )], (3.65)
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where C' > 0 is a constant which does not depend on s. On the other hand, by (3.3), (3.4)
and (3.46), and by (3.63) and (3.34), we also have that

|Dvellaa) + DTl 2y < C/[log(1 — 9)]. (3.66)

where C' > 0 is a constant which does not depend on s. Hence, by Proposition 2.4, the
validity of (3.64) follows by combining (3.65) and (3.66).

At this point, thanks to Steps 1 and 2 above, we proved (iii) in Theorem 1.2 for any

p € X(Q) as in (3.44) such that p(2) = deg(g|aq, 0S2).
Step 3. We now prove (iii) in Theorem 1.2 in full generality. Let u € X(Q2) be such that

1(§2) = deg(glaq, 052). We can find a sequence (fux)reny C X(§2) as in (3.44), that is,

N
wr(Q) = deg(gloq, Q) and  py = Zdz}k 0z, foreach k€N,

=1

with N, € N, 2, € Q and d;, € {—1,1} for each i € {1,..., Ni}, such that

flat()
[y —> . as k — oo.

In particular, we have that |ug|(Q) — |p|(Q) as k — oo. By Step 1, for each k € N we can
find u,, € HJ(S%; Br,) such that

lim sup GL (1) < ]| (©)

s—1—

whenever A > 0. Thus, given any sequence (s;)jen C (0,1) such that s; — 17 as j — oo,
by a diagonal argument we can extract a subsequence (s;, )yen such that

. S, . . =
Jim GLY* (uy, 1) < Jim g () = 7]l (€2),
concluding the proof. O
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