ON MORREY’S INEQUALITY
IN SOBOLEV-SLOBODECKII SPACES
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ABSTRACT. We study the sharp constant in the Morrey inequality for fractional Sobolev-Slobodeckii
spaces on the whole RY. By generalizing a recent work by Hynd and Seuffert, we prove existence
of extremals, together with some regularity estimates. We also analyze the sharp asymptotic
behaviour of this constant as we reach the borderline case sp = N, where the inequality fails.
This can be done by means of a new elementary proof of the Morrey inequality, which combines:
a local fractional Poincaré inequality for punctured balls, the definition of capacity of a point and
Hardy’s inequality for the punctured space. Finally, we compute the limit of the sharp Morrey
constant for s 7 1, as well as its limit for p  co. We obtain convergence of extremals, as well.
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1. INTRODUCTION

1.1. Foreword. Let N € N\ {0} be the dimension, we fix an exponent 1 < p < co and a parameter
0 < s < 1. We define the following norm! for every ¢ € C5°(RY)

— p »
AL
RN xRN |.T - y|N+sp

1
</ V<p|pdx>p, ifs=1.
RN

o(x) — oy
oy = sp B0
z,y€ERN x#y |'T - y‘

[@]WSvP(RN) =

For 0 < a < 1, we also set

When s and p are such that sp > N, we set
N
(1.1) Qgp=86——.
S,p p

We observe that this is the unique exponent « such that
© = [SO}WS‘F(]RN) and © = [(p]co,a(RN),

are dimensionally equivalent, i.e. they scale the same way. Thus, for every ¢ € C$*(RY) not
identically vanishing, the ratio
p
[@]Ww(RM
p = )
[W]Covas,p(RN)

is scale invariant. In this paper, we are interested in the lowest possible value of this ratio, which
can be written as

Ny _ ; p . —
(1.2) man(® )‘¢eé§f<Rw>{[¢]w$~p<Rw>  Telcooann) = 1},
thus generalizing to the fractional case 0 < s < 1 some recent studies by Hynd and Seuffert (see
the series of papers [36, 37, 38] and [39]).

By definition, the quantity m, ,(R") is nothing but the sharp constant in the so-called Morrey
inequality

(1-3) C’N,s,p [‘P]go,as,p(RN) < [@]@Vs,p(sz), for every ¢ € CSO(RN)~

The local case s = 1 is well-known and can be found for example in [33, Theorem 3.8]. For the
fractional case 0 < s < 1, we refer for example to [44, Theorem 7.23]. This inequality can be seen
as a surrogate for sp > N of the Sobolev inequality (see for example [45, Theorem 10.2.1] for the
case 0 < s < 1)

N—sp
N p
T ([ 75 d0) " <ol for evary o € GFRY)

which is valid for sp < N. Observe that both inequalities are homogeneous, in the sense that they
only contain norms having a scaling property. The main difference between the two inequalities is

LAt risk of being pedantic, we point out that this is actually a norm on compactly supported functions.
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that Morrey’s inequality does not provide “size” (i.e. integrability) estimates on functions, but only
estimates on their oscillations. Actually, for sp > IV it is not possible to get size estimates only in
terms of [- |y «r@ny for functions in Cg° (RM). This is the ultimate reason why, for example, the
completion of C§°(RY) in the norm [ Jyy«.ngn) fails to be a functional space for sp > N (see [7, 50]
and the references therein on this point).

1.2. Main results. Our first result is an elementary proof of the fractional Morrey inequality (see
Theorem 4.2 below). This is simply based on showing that

mpRY) 2 A i=  inf_ {lell. o, o) = 1, 9(0) = 0}.
»(RY) P e B [V’]W,p(gl(o)) ol e (51 (0)) ©(0)

In other words, we show that it is possible to bound m; ,(RY) from below by means of the “local”
fractional Poincaré constant, in a punctured disk. In turn, the latter is “quantitatively” positive:
indeed, by an argument ¢ la Maz’ya, it is (lenghty but) not difficult to prove that

AS,P Z ég‘f)s,p({o}; By (O))a

see Proposition 3.4. Here cap, ,({0}; B1(0)) is the fractional p—capacity of order s of {0} relative
to B1(0), see Definition 3.1. This quantity is positive precisely for the range sp > N.
In turn, by relying on a symmetrization argument, we show that

P
@ (05 B10) 20, @\ O = int,  Jlellynn + [ 5 a1},

Thus, by joining the last three estimates, we get a lower bound of the type
(1.4) msp(RY) Z b p (RN {0}),

in terms of the Hardy constant b ,(RY \ {0}) for the punctured space (see Corollary 8.1). This can
be seen as the analogue for the case sp > N of the well-known lower bound on the sharp Sobolev
constant, in terms on the sharp Hardy constant for the whole space, see for example [46, proof of
Theorem 1] and [29, Section 4].

Other results obtained in this paper concern the existence and regularity of minimizers for the
minimization problem (1.2). Indeed, by relying on the same argument as in [37], we will show that
the infimum in (1.2) is attained on the larger homogeneous space W*P(R™) (see (2.1) below for its
definition). Any such a minimizer, called extremal in the sequel, will be shown to verify weakly the
equation

(1.5) (=A)*u = C (0zy — yo), in RY,

for a suitable C' # 0 and o, yo distinct points. Here (—A,)® is the fractional p—Laplacian of order
s, defined in its weak form by

<(_Ap)su7<,0> — /ANXRN JP(U(I) |wU£y;)|1\([f£i) — (p(y)) dx dy, for every ¢ € CSO(RN),

and J,(t) = |t[P72 ¢, for every t € R. By relying on some recent a priori estimates contained in [10]
and [30], we will prove that any extremal u enjoys the following additional regularity

sp—N

= 00,5(RN) N LOO(RN)’ for every s p < d< 1 ’
p—

loc
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and
u € Cloo’f(]RN \ {z0,%0}), for every o, < 0 < min {spl, 1} ,
p—

see Theorems 7.7 and 7.9. In [37], for the local case s = 1, the global boundedness of extremals
is proved by exploiting their geometric properties. Here on the contrary, we simply rely on the
optimality condition (1.5), in conjunction with a Moser—type iterative argument based on Hardy’s
inequality. The result is then readily obtained, actually for more general right-hand sides (see
Proposition 7.6).

The explicit value of the sharp constant m; ,(R”) is still unknown and its determination seems
quite a challenging problem, already in the local case s = 1. Thus, it is interesting to get at least
some upper and lower bounds, which are “quantitatively” sharp, in a suitable sense. At this aim,
we devote a part of our paper to study some meaningful asymptotics for m, , (RN). In particular,
we will analyze its asymptotic behaviour as:

(i) 1 < N < p are fixed and s \, N/p;
(ii) 0 < s <1 < N are fixed and p 7 oo;
(iii) 1 < N < p are fixed and s 1.
As we will explain in the next subsection, the item (i) is the most difficult and original one. Here,
we will crucially exploit our proof of Morrey’s inequality, that we exposed above. Indeed, even if
our lower bound on ms ,(RY) is very likely not optimal, it permits to get quite easily the sharp

decay rate to 0 of ms ,(RY), as p > N is fixed and s \, N/p. More precisely, by using the estimate
(1.4) and the explicit expression of the Hardy constant b ,(R™ \ {0}), we can prove that

RN
0 < liminf B
S\ (sp— N)p~t

This has to be coupled with the information

RN
lim sup msp(R7)

—EP L < oo
_ p—1 ’
s\% (Sp N)

which is here obtained by means of a careful choice of a test function. Both results are contained
in Proposition 8.2 below.
The lower bound provided our proof is good enough to handle item (ii) above, as well. We show
in Proposition 8.4 that
1
. Ny\YP
pll>nolo (ms’p(R )) =1

thus generalizing to the case 0 < s < 1 a result recently obtained by the first two authors and
Zagati in [14]. However, here we use a slightly different proof, with respect to that of [14]. Finally,
for the case (iii), we show in Theorem 8.5 that

lim (1 — s) m ,(RY) = K, ymy »(RY),

s 1
where K, v is an explicit constant. The renormalization factor (1 — s) is not surprising, in light of
the celebrated Bourgain-Brezis-Mironescu formula (see [27, Corollary 3.20]), which reads as follows

Lll/H}(l —5) [QD]I{:VS,p(RN) =Ky, [@]?}Vl,P(RN)v for every ¢ € CSO(RN)
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Our result comes with a convergence result of fractional extremals to those of the local case s = 1,
in the sense of local uniform convergence. It can be regarded as a I'—convergence result, we refer
to [19] for the general theory and to [3, 13, 20, 52] for some results of this type in the context of
fractional Sobolev spaces.

1.3. A note on the borderline case sp = N. We want to expand a bit the discussion on the
asymptotic behaviour of my ,(RY), as sp \, N.

Let us start with the local case s = 1. Some of the classical proofs that can be found in the
textbooks provide the following lower bound

my ,(RY) > Cp v ~ (p— N, as p\, N,

see for example [15, Theorem 9.12] and [33, Theorem 3.8]. However, this behaviour is not sharp.
By resorting to some finer estimates relying on the following local potential estimate

\Y
[ e -eelasoy [ LG s erY 2 e B,
Br(z) B, () |z =yl
one can get
ml,p(RN) > Cpn~(p— NP, as p N\ V.

See among others the proofs of [28, Theorem 3] and [62, Theorem 2.4.4]. Asymptotic optimality
of this lower bound can be easily proved by using a truncation of the fundamental solution for the
p— Laplacian, i.e.

p—N
<p(z):<1f|z|%1) , for x € RY.
+

The choice of this test function can be easily guessed, as we now explain. Indeed, it has been shown
in [37] that each extremal u for my ,(RY) solves the following local version of (1.5)

_Apu =C (6960 - 5110)?
for a suitable pair of distinct points xg, 19 € RY. Moreover, u is smooth in the doubly punctured
space RN \ {z0, 50}, while around these two points we have
- N —N
w(z) — u(xg) ~ & — x| 71 as x — xg and w(@) — ulyo) ~ |z — yo| 71 as x — yo,
see [37, Section 4].

Remark 1.1 (The one-dimensional case, s = 1). This is quite peculiar, in this case extremals are
known, together with the value of the sharp constant (see [37, Section 2.3]). We have

m17P(R) =1,

and observe that this does not vanish, as p goes to 1. This is consistent with the fact that for p =1
the homogeneous Sobolev space still embeds continuously into a space of continuous function and
we have

2|[ellz=® < lelwiim, for every ¢ € Cg°(R),
see [7, Theorem 5.5].

Let us now come to the fractional case 0 < s < 1, which is our primary target. A proof of (1.3)
in its nonhomogeneous version, i.e.

p p
o (I0le@n) + [Pleoann@n)) < (Ieloem + [elwesmn)) s for every p € CERY),



6 BRASCO, PRINARI, AND SK

can be found for example in [60, Theorem 2.7.1, case (i)]. By a simple scaling argument, we see
that if we call Dﬁs,p(RN ) the sharp constant for this inequality, then we have

My p(RY) < myp(RY).

Thus, lower bounds on the nonhomogeneous constant M ,(RY) would provide lower bounds on our
constant, as well. Unfortunataley, the proof in [60] is done in the wider context of Triebel-Lizorkin
spaces, defined in terms of Fourier analysis and Paley—Littlewood—type decompositions. In partic-
ular, the result in [60] concerns some equivalent norms and not directly the ones considered here.
Tracing back a possible explicit lower bound on DJ?S,Z,(RN ) in this proof seems quite a gravesome
task, nearly prohibitive.

An older proof due to Peetre directly deals with the homogeneous inequality (1.3), see [51,
Théoréme 8.2]. However, here as well, it seems quite complicate to extrapolate a quantitative lower
bound on ms,p(RN ). Indeed, the use of abstract real interpolation techniques certainly simplifies
the task of getting (1.3) for equivalent norms, but it complicates a lot the task of producing some
effective lower bounds.

It is possible to give a handier proof by relying on Campanato spaces and the Campanato-Meyers
Theorem, see for example [33, Chapter 2, Section 3| for these classical tools. This proof can be
found in [25, Theorem 8.2], for the case of the non-homogeneous Morrey inequality in open bounded
sets having some smoothness condition. The homogeneous case in the whole space can be found in
[7, Corollary 2.7], where (1.3) is obtained with a constant incorporating the factor (1 — s).

In this proof, the first step is to get the fractional Poincaré-Wirtinger inequality

(1.6) / ® —f pdy
Br(zo) Br(zo)

This entails an estimate in the homogeneous Campanato space ,Z”J‘(RN ), with A = sp. Here

P
de < (1—s)pun,pRP [ap]ivsyp(RN), for every ball Bg(zo).

XP’A(RN) = {(p cL? (RN) : [U]gp,A(Rn) < —|—OO}7

loc
» 1
© —][ pdy| dx| .
BR(QEQ)

Then we use that if A = sp is larger than the dimension N, this space embeds into a homogeneous
space of Holder continuous functions, with exponent c , given by (1.1). More precisely, we have

and

1
[e] 2o @) 1=< SUP R

$06RN,R>O BR(I())

(17) LN,s7p [U]CO‘QSYP(RN) < [’U/]_gp,sp(RN).

This is the Campanato-Meyers Theorem (see [17, Teorema 5.1] and [47, Theorem]). By joining (1.7)
and (1.6), we thus get (1.3), with the lower bound

(LN,s,p)p

ms,(RY) > )
»P( ) (1 _ S) /J'N,p

However, there is a vicious detail here: the presence of the Campanato-Meyers constant Ly s p-
When \ = sp = N the Campanato space .ZP" (RV) is isomorphic to a space of BMO functions,
which are neither continuous nor bounded in general. Thus, we must expect that the constant
Lysp in (1.7), and accordingly the lower bound on m, ,(RY), deteriorates as sp goes to N. A
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careful inspection of Campanato’s proof of (1.7) (see the proof of the key estimate [33, equation
(2.21), Lemma 2.2] or directly [41, Proposition 1]), reveals that

Lygsp~sp—N, as sp \( V.

Thus, by this method we get a lower bound which, apart for not being optimal, does not even
display the sharp decay rate as we approach the borderline case sp = N.

As explained in the previous subsection, our method of proof of Theorem 4.2 permits to circum-
vent this problem and rectifies this non-sharp behaviour.

Remark 1.2 (The one-dimensional case, 0 < s < 1). Even in this case m,,(R) is not known.
Obtaining the sharp decay rate of ms,(RY) would be easier in the case p = 2 and N = 1, for
s\ 1/2. In this case, we can exploit the following characterization

o 1 2s
(ehveae = 5 [ 16

in terms of the Fourier transform F, see for example [35, Chapter VII, Section 9]. The sharp decay
rate in this particular situation has been obtained in [5, Theorem 3.6] by Bianchi and the first
author.

Still for N = 1, but this time for the full range sp > 1, an explicit estimate on the Morrey
constant can be found in a paper by Simon, see [56, Corollary 26]. However, here as well, the
resulting lower bound has a suboptimal asymptotic behaviour in the regime sp \, 1 (the same as
in the proof using the Campanato-Meyers Theorem).

2
FlPl©)| ds,  forevery p € C(R),

1.4. Some open issues. Left aside for the explicit determination of m; ,(R") and its extremals
(an unsolved problem already for the case s = 1), we want to list some questions left open. We
believe that some of them are quite interesting and deserve a future investigation.

At first, it would be interesting to improve our Proposition 8.2 and determine Cy ), > 0 such
that

RN
lim msp(R7)

51 = N
SN (sp— N)p?

Still on the same problem, it seems intriguing to know what happens to mSm(RN) as sp \y N,
without fizing p > N. In other words, we allow both s and p to vary. The most interesting case is
when

s\0 and p oo,

but their product is always larger than N, eventually converging to N. In this case some arcane
phenomena could appear.
It would be important to deepen the study of the regularity properties of extremals for msyp(RN ):

for example, we expect extremals to be in Cloo’fw (RN), with

sp— N
ﬁs,p - ﬁ
Observe that this is the natural expected regularity, in light of the function

sp—N
el

3
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which is supposed to be the fundamental solution? for (—A,)*. This would require a boosting of
the regularity techniques presently available for fractional elliptic equations. Without any attempt
of completeness, we mention [18, 23, 24, 40, 42] and [43] for some important regularity results for
equations driven by the fractional p—Laplacian. Also, it would be interesting to prove regularity
estimates for extremals which are robust, i.e. stable for s /1 (in the vein of [9, Theorem 1.5]). This
could permit to improve our convergence result in Theorem 8.5 and to retrieve some informations
on extremals for s ~ 1, from those of the local case.

Finally, it would be interesting to prove some global regularity result for extremals. In this
respect, we point out the recent concurrent paper [59] by Tavakoli, studying the behaviour at
infinity of extremals.

1.5. Plan of the paper. Section 2 contains the main notation used throughout the whole paper,
together with a small “bestiary” listing all the relevant functional spaces needed in the sequel.
We also collect some technical facts on fractional Sobolev and Holder seminorms, which are useful
for our needing. Section 3 still has a preparatory character: here we discuss, from a quantitative
point of view, the fractional capacity of a point. In Section 4 we introduce the constant A, and
prove the cornerstone inequality (see Lemma 4.1), which eventually leads to the proof of Morrey’s
inequality on the whole space. Section 5 is devoted to generalize to the fractional case the results
of [37, Section 6]. Here, the delicate point is to get the “localized” fractional Morrey inequality of
Lemma 5.1. This is done by means of a different argument with respect to the case s = 1, still
based on the constant As,. We then obtain in Section 6 existence of extremals for mg ,(RY). The
subsequent Section 7 explores some of their regularity properties. At last, Section 8 contains the
results about the asymptotic behaviours of m; ,(RY). For ease of readability, in turn this is divided
in three subsections, according to the relevant asymptotics considered.

The paper ends with two appendices: Appendix A contains some (lengthy) computations for the
Sobolev-Slobodeckii seminorm of a suitable test function. These are expedient to prove the opti-
mality of the asymptotic behaviour for s \, N/p. Finally, Appendix B contains the characterization
of a homogeneous Sobolev-Slobodeckii space built on the multiply punctured space.

Acknowledgments. We thank Erik Lindgren and Alireza Tavakoli for sharing a draft version
of their papers [30] and [59], respectively. We wish to thank Francesca Bianchi and Giuseppe
Mingione for some discussions on the Campanato-Meyers Theorem. Part of this work has been
done during a visit of L.B. to the University of Pisa in May 2023. We gratefully acknowledge
the Department of Mathematics and its facilities. F.P. is a member of the Gruppo Nazionale per
I’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di
Alta Matematica (INAAM).

2. PRELIMINARIES

2.1. Notation. For o € RY and R > 0, we indicate by Bpg(zp) the N—dimensional open ball cen-
tered at zg, with radius R. We will use the standard notation wy for the N—dimensional Lebesgue

2We try to shed some light on this point: it is a well-known fact that for sp # N we have
sp=N
(=4p)°fa] P=T =0, in R\ {0},

in weak sense, see for example [11, Theorem A.4], [22, Theorem 1.1] or [58, Proposition 6.6]. However, to the best of
our knowledge, a proof of the fact that

Ap)*le| T = 5 in RN
(_ P) le P _CN,p,s 0, n )

is still missing, except for the Hilbertian case p = 2 (see [16, Theorem 2.3] and [31, Theorem 8.4]).
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measure of B;(0). Occasionally, we will use the symbol H* for the k—dimensional Hausdorff mea-
sure, with £ € N.
For every bounded measurable set £ C RY with positive measure, we set

av(p; E) = ][ pde,  for p € Ly, (RY).
E

For a pair of open sets E C Q C RY, the symbol E €  means that the closure E is a compact
subset of Q.

2.2. Bestiary of functional spaces. Let  C RY be an open set. We indicate by C(Q) the
vector space of real valued continuous functions on Q. In what follows, for every 0 < o < 1 and
every open set Q C RV, we will need the homogeneous Hélder space defined by

Coe@) ={peC@ : [Ploonm <+

Observe that the elements of this space are not bounded functions, in general. We will reserve the
more familiar symbol C%%(Q) for the space

CO,a (ﬁ) = C«O,a(ﬁ) N Cbound (ﬁ),

where Chound (£2) is the Banach space of continuous and bounded functions on 2. The space C%%(Q)
will be endowed with the usual norm

lellcoay = lellie(@) + [lcoa,  for every ¢ € C¥*(Q).

We observe that when (2 is bounded, the two spaces C’O’O‘(Q) and C%*(Q) coincide as sets. In some
places, we will also need the following symbol

Q) = {u : Q — R continuous : [u]

loc

€0 (B, (o)) < 400 for every B,.(zg) € Q}

Whenever  # RY, we will also indicate by Cy(£2) the completion of C5°(£2) with respect to the
sup norm. We recall that we have

Co(Q2) C{u € Chound(2) : u =0 on 9N},
see [14, Lemma 2.1]. For 1 < p < oo and 0 < s < 1, we define
WHP(Q) = {90 € LP(Q) : [plwen(a) < +OO},
endowed with the norm
lellwer@) = lelle@) + [lwsr @), for every ¢ € W*P(Q).

We also indicate by W;”(Q) the closure of C§°(Q) in W*P(RY). We will denote by Z;" () the
completion of C§°(€2) with respect to the norm

= [plwer@y)-
The following space
DP(RN) = {90 € Lipc(RY) : [plwsn@yy < *oo}’

will be useful, as well. At last, one more fractional Sobolev space. For every N > 1,0 < s <1 and
1 < p < oo such that sp > N, we will frequently work with the following space

(2.1) WP(RY) = {@ € CO%r(RN) : [plwsp@ny < ‘H’O}v
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where the exponent o, is defined in (1.1).
Remark 2.1 (A family tree). We will show that
DHP(RY) = WHP(RY), for sp > N,
see Proposition 6.4 below. In Proposition B.1, we will also prove that
5P (RN \ {xo}) = {u e WP(RY) : u(xg) = 0}, for sp > N.
We also recall that, still for sp > N, we have that the quotient space
WP (RN)
~C

= W*P(RY),

is isomorphic to the completion space Z;" (RY) (see [7, Theorem 4.4]). Here ~( is the equivalence
relation given by

U~c v = u — v is constant.

Finally, we recall that in general we have

WeP () # 757 (9).

2.3. Some technical facts. The next technical result is a sort of Holder inequality for fractional
seminorms. Observe that the estimate below blows-up as ¢t /s and ¢ < p are fixed. This is in
accordance with the well-known fact that W*9(Q) is not embedded in W*P(Q), in general (see
[49]). The proof can be found in [18, Lemma 4.6].

Lemma 2.2. Let 0 <t <s<1land1<q<p<oo. Let Q CRY be an open bounded set. Then
for every u € WP(Q) we have

Nwy | p—q T s—t
[U]Wt,q(g) < (St W (dlam(Q)) [’U,]Ws.p(Q).

Lemma 2.3. Let 0 <t < 1 and let Q@ C RY be an open set. Let u € WH4(Q) for every 1 < q < oo,
such that

L := lim inf[u]y.qa(q) < +oo0.

q—0o0

Then u € CO*(Q) and [Ulcor@y < L, in the sense that there exists u € CO'(Q) such that u = U
almost everywhere.

Proof. Let us fix 0 < ¢ < 1 and set

O, = {(x,y) EQAXQ |z —y| ZE}O (B%(O) xB;(O)).

€

We then have

1
. u’ _dvdy )
L =limnflu)wer) >h;5£f(// |x—y\“’ w =yl

u(z) — u(y)
|z —y|*

= lim
Q*}OO

— sup M
Li(Ouio—y-N) (m)e0. [T =Yl

By arbitrariness of € > 0, we get the conclusion. O
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Lemma 2.4. Let Q C RY be an open set. Then, if 0 < 3 < B’ < 1 it holds
(2.2) ii\(mﬁ[u]co,a@) = [u]co.s @) for every u € CO% (Q) N COP(Q).

Moreover, for every u € C%P(Q) such that

[U]Wﬁ,q@) < +o0, for some 1 < q < o0,
we have that
(2.3) pli{{.lo[u]wﬂvp(n) = [ulco.s @)

Proof. In order to show (2.2), we first observe that for every pair z,y € Q of distinct points, we
have

[u(z) —u@)| _ - Jul@) )] lm inf{u] . gy
|z —y|? a=p |z —yle a—p

This in turn gives

(2.4) [ulco.s @ < lignjgf[u]co,a(ﬁ).

This holds in both cases a * 8 and a ™, 8. For the limsup inequality, we can use a simple
interpolation estimate: observe that for every § < a < 8/ and every pair z,y € Q of distinct points,
we have

(@) — u)| _ (|u(@) — @]\ 7P [ |u() - um)]) 7
o =yl S( |z —yl? ) < |z — y|P’ > :
This yields

B —a a=p
[U]co,a(ﬁ) < ([U]Coﬂ(ﬁ)) o ([U]covﬂ’(ﬁ)) o
from which the desired lim sup inequality easily follows.

In order to show (2.3), let u € C%#(Q) be such that [u]we.a(q) < +oo for some finite ¢ > 1. We
can resort to an interpolation inequality, here as well. For every p > q, we have

u(x) —u(y) | \" |u(z) — u(y)|?
] * d dy // < ) dz dy
Uhysnie) = // \xf |N+ﬁp S e o — y[ Vi
q

§<[u}cw@>p (Wfiysaca):

By raising to the power 1/p and taking the limit as p goes to oo, we get

limsup[ulws.»(q) < [u]co.s(m)-
p—00

The lim inf inequality follows from Lemma 2.3. |
Remark 2.5. If we assume u € C%#(2), then one can get that

i%[u]coya(ﬁ) = [U]co,ﬁ(ﬁ)y
for every open set  C RV, In light of (2.4), it sufficient to prove

lim sup(u]co.« @) < [U]cos@)-
a/p
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For this, it is sufficient to note that for every x # y we have

w0) ~ ol _ (D =800 o) iy < (ML) (o) 7

|z —yl|* |z —y|? lz —y|?

which entails that for every 0 < a < <1

(2.5) oo < 2 lulie) 7 [ulos@)-
Observe that we are now assuming u € C%#(Q), thus u is bounded.
Finally, we need the following simple I'—convergence—type result.
Lemma 2.6. Let 0 < s < 1 and let @ CRY be an open bounded set. Let {u,}nen € C(Q) be such

that
U, € WP (Q) and lim infu, |ys.pn () < +00,

n—oo
where {pn}nen C (1,+00) is an increasingly diverging sequence. Let us suppose that {un}nen
converges pointwise on Q to a function u € C(Q). Then u € C%*(Q) and

[W]co.: @) < linrgifgf[un}ws,pn (Q)-

Proof. Let us fix 0 <t < sand 1 < ¢ < co. From Lemma 2.2, we have

1
N Ql 1\« s—t
lim inf[un] e () < <WN| ) (diam(Q)) lim inf{u, |yws.on ()

By Fatou’s Lemma, we also have

linnii@gf[un]wmm) > [u]lwtaq)-

This shows that u € WH4(Q) for every 0 < ¢ < s and every 1 < ¢ < oo. Moreover, we have the
estimate

—t
lim sup[u]w+.q() < (diam(Q))s lim inf{w, |yws.on ()

q—o0 n—oo

By Lemma 2.3, this implies that u € C%*(€2), with
s—t
] oy < (diam(Q)) lim inf iy .m0

Since this is valid for every t < s, we now easily get the desired conclusion. O

2.4. Hardy’s inequality on the punctured space. According to [29, Theorem 1.1], we have
the fractional Hardy inequality for functions on R™ \ {0}. More precisely, for N > 1,0 < s < 1
and 1 < p < oo such that sp # N, we have

p
BN OD) [ e <y or every ¢ € Z57(RY \ (0)),

v |aloP

The sharp constant b ,(RY \ {0}) > 0 is computed in [29]. In order to analyze the asymptotic
behaviour of the sharp constant in our Morrey’s inequality, the following simple result will be
useful. An analogous estimate for the case sp < N was obtained in [46, Theorem 2], without prior
knowledge of the sharp constant.
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Lemma 2.7. Let N >1,0<s<1and 1 < p < oo be such that sp > N. Then we have

b p(RY\ {0}) > C <£—_N)>

for a constant C' = C(N,p) > 0.
Proof. From [29, Theorem 1.1], we know that

—s

1
@\ 0) =2 [t =Ty )

where for & > 0 and 0 < r < 1, the quantity &, a(r) is given by

(2.6) Dy o(r) =SV ﬂt/

and

dt, for N > 2,

N+5p

1—2tr+r2)

Pralr) = ((1 iw T +1>““) |

With simple manipulations, we first rewrite the sharp constant as follows

by (B 0)) =2 [ L (1Y by () dr

By using that 7 — 7(57=N)/P i concave, we get

sp-N _ sp—N

l—r—7 > (1—m), for 0 <r < 1.
p

This yields
sp— N

(2.7) hsp(RY\ {0}) > < 5 )p.ATrN'1(1—40P©NJPQan

We are left with estimating ®x s p. Let us start with the case N > 2. With simple manipulations,
we can rewrite it as follows

1 2 N-3 1 2 N-3
-t 1—t
Dy op(r) =[SV / ( ) — dt-|-/ ( ) —
o (1—2tr+7r2) = o (1+2tr+7r2) =

By dropping the second integral and observing that for ¢ € [0, 1]

1=2tr+r2=(1 -7 +2r(1—1) and (1—t2)N’;3

1 L 1-t)"=
Dy s \/>SN 2 / dt.
N, p | | T)N+Sp 0 : ) 1+ Ntsp
( * T(l—r)?)

For every 0 < r < 1, we perform the change of variable (1 —t)/(1 — r)? = 7, which gives

Tz e
Oy \f " / S —
ol )“”p 0 (1+2r7) 52

we get
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The last integral can be further estimated from below by

/ T e ] / s L2
T _Nisp OT —_— T T - =
0 (1+2r7) 52— 3N+sp g 2 3N N =1
Thus, from (2.7) we can infer
_N\? !
hsp(RY\ {0}) > C (Sp ) / A € S e
p 0

where C'= C'(N,p) > 0. The last integral can be finally bounded from below as follows

1 1 9l-N 1 p(1—s)
/ pN-1 (1- 7ﬂ)p*1*51j dr > 217N / (1-— r)pflfsl’dr = <> .
0 3 p 2

(1—s)

This concludes the proof for N > 2. Finally, the case N = 1 is simpler and it is left to the
reader. O

3. SOME EXPEDIENT FRACTIONAL POINCARE-TYPE INEQUALITIES

We first recall the definition of fractional capacity we need to work with. See also [1, 53, 54, 55]
and [61] for further studies on other definitions of fractional capacities.

Definition 3.1. Let ¥ C RY be a compact set and let E C RY an open set such that ¥ € E. For
every 0 < s < 1 and 1 < p < oo, we define the fractional p—capacity of order s of ¥ relative to E
as the quantity
cap, ,(X;E) = inf { L : >10n2}.
ps,p( ) LpGC(?C(E) [‘p]W vP(RN) Y=

If sp > N, it is well-known that every point has positive fractional p—capacity of order s, relative
to any bounded set. For our scopes, we need a quantitative version of this fact. At this aim, we
need an “endpoint” Poincaré constant. Let 0 < s < 1 and 1 < p < oo be such that sp > N. For
every 2 C RY open set, we define

(3.1) Mool =i |l lollime =1}

Ii is not difficult to see that this infimum is unchanged, if we add the further restriction ¢ > 0. The
following lower bound will be crucial.

Lemma 3.2. Let N >1,0< s <1 and 1 < p < oo be such that sp > N. For every Q@ C RN open
set with finite volume, we have

sp—N oy b (BV {0
" AZ,OO(Q)ZN(WN)NW_

Proof. Let ¢ € Cg°(Q2) be such that [[p||z~@) = 1 and ¢ > 0. We take * the spherically
symmetric decreasing rearrangement of . This is in particular a Lipschitz function, compactly
supported in Q* (see for example [58, Lemma 1]). The latter is the ball centered at the origin, such
that |Q*| = |Q]. We observe that, by construction, we have

|2

[ L= @) = llpllL= @) = 1.

We also have
1 —p* e WHP(RY) and 1 —¢*(0) = 0.
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Thus in particular we have 1 —¢* € 257 (RN \ {0}) by Proposition B.1. We can then apply Hardy’s
inequality for R™ \ {0} and obtain

1=y 2 Do @\ 0)) [ G2

P N 1
5 ez, @\ o) [

rRN\Q+ 2|57

We set R = (|Q|/wn)/™, then the last integral can be computed and gives

oo N N Q\I"~
/ (mzmw/'gwkwwszRmW:wN(|0
RN\Q*

R sp— N sp— N \wyn
Up to now, we have obtained

x|sP

sp
~N
Nwy

* _ 5P N
1= Tyen@ny > sp— N Q7% bsp(RT\{0}).

It is only left to observe that
[1— @*]%/s,p(RN) = [@*]evs,p(]RN) < [Sﬁwvs,p(RN)a

where in the last inequality we used the fractional Pdlya-Szegd principle (see [2, Theorem 9.2]). By
arbitrariness of ¢, we get the desired conclusion. O

We can now give a good lower bound for the relative capacity of a point.

Lemma 3.3. Let N >1,0<s< 1 and 1 < p < oo be such that sp > N. For every Q@ CRY open
set with finite volume and T € ), we have

w v s N

Proof. Let ¢ € C§°(Q2) be such that ¢(Z) > 1. By using the very definition of Aj . (€2), we have
[cp]g[/s,p(]RN) Z )\;,DO(Q) ||§0||p00((2) 2 )\[S),OO(Q)
By taking the infimum over ¢, we get in particular

cap, , ({7} Q) = A} o (Q).

By using Lemma 3.2, we eventually get the claimed estimate. O

The following capacitary fractional Poincaré inequality a la Maz’ya can be obtained with minor
modifications of the proof of [5, Proposition 4.3]. The latter is in turn a fractional generalization
of [45, Theorem 14.1.2].

Proposition 3.4. Let N > 1,0 < s <1l and 1l < p < oo be such that sp > N. There exists a
constant C' = C(N,p) > 0 such that for every o < r the following Poincaré inequality holds

C ro\%P _
[u]%/S:P(Br(%)) Z T7N (;) Ca‘ps,p({xO};BQ(xO)) ||u||ip(BT(xo))7

for every u € CY(B,(z0)) with u(xg) = 0.

Proof. Let us take 0 < o <7 and n € C§°(B,/2(70)) a cut-off function such that

C
nElonB%(IO)a OSUSL |V77|S7a
0
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for some constant C' = C(N) > 0. For every u € C1(B,(z0)) such that u(zg) = 0 and

][ |ulP dz =1,
BT(IO)

we have that the function ¢ = (1 — ) n is admissible for the definition of the capacity of the point
zo. Thus we have

ég’f)s,p({x()}; Bg(xo)) < [(1 - u) U]ﬁvs,p@w) = [(1 - u) n];/s,p(BQ(xO))

dy
2 / 11— u(@)? [n(z)]? / W) g,
By(wo) RN\B,(ao) [T =yl FoP

p
< O =01y, @
dy
+2/ 11— u(z)? / S S
B (20) RN\B, (zo) 1T — Y|V TP

< 2p71 // |u(5€) B u(y)|p n(x)p dJU dy
- By (z0)x By(zo) 1T —y|NT5P

1 In(z) —n(y)[?
2 //B (20)x By(mo) 1T —y[N o7 1=yl dedy

dy
+2/ 11— u(z)? / — Y da.
By (a0) RN\B, (o) [& = YN P

By using that B,(z¢) C B, (x0) and || < 1, we observe that

ju() —u P )
1) = W yp dwdy < Wty o
//BQ(IO)XBQ(IO) |z —y|NFsp (z) [ ]W (Br (o))

As for the second double integral, by using the Lipschitz estimate on 7, we have

x) —n(y)|P
A ) = 9D 11 _ gy dody
Bo(x0) X Bo(xo) |z =yl

<< = g~V L u(y)|P e dy
e By (z0) X By (z0)

<£ _ylp~N=spy 1— Pd

<= |z -yl x| 1 —u(y)’ dy
e By (x0) Ba,(y)

CNWN 1
ey [ Py
2 p(1=35) 0°? Jp,(z0)

Up to now, we obtained

__ _ c 1
cap, , ({zo}; Bolxo)) < 277 (e (B, (50)) + 71— /B o) 11— u(y)|” dy

dy
+2/ 11— u(z)? / S TR
By (a0) RN\B, (o) |# = Y|V P
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for some C'= C(N, p) > 0. In turn, for the third integral we can observe that for every x € B, ,2(z0)
and y & By(zo), we have

¢ - ly— ol
223

dy
11— u(z)|? / W) g
/Ba’(%) RN\B, (o) [# = Y|V P
§2N+sp/ |1—U(:L')|p / LJ\H- dx
B (o) RN\ B, (z0) Y — To|VT5P

oN+sp
_ “’N/ 1 — u(z)P do
sp  0°P Bg (x0)

oN+sp N
YN / |1 —u(z)|P de
sp 0°F  JB,(z0)

In conclusion, by also using that N/sp < 1, we get

|z —y| > |y — 20| — |2 — 20| > |y — 0| —

Thus, we get

<

__ _ c 1
a0 ({50} Bale0)) < 2 (s, ) + o5 T3 /B P,

for some C'= C(N,p) > 0. We are only left with estimating the LP norm of 1 — u. At this aim, we
observe that

1= ll By ooy < I = o (05 Bo(@o)) o, ) + 1t = & (15 Bo(@0)) | o ooy -
The second term can be estimated thanks to the fractional Poincaré-Wirtinger inequality, i.e.®
(32) [l —av (u; BQ(mO))HLp(BQ(xU)) <C(1-s)o® [u]:;vs,p(Bg(wo))’

where C = C(N,p) > 0. For the first term, we recall the normalization on the LP norm of u. We
also observe that, without loss of generality, we can suppose that

av (u; By(zg)) > 0.
Thus, we have
1
11— av (u; BQ(xO))HLp(BQ(xO)) = |Bg(w0)|? |1 — av (u; By(20))|

(IB o(%0)|

|B Zo

e L
() (], omienienre)

3The proof of this inequality can be extrapolated from that of [45, Corollary 1, page 524]. Alternatively, it is
sufficient to repeat verbatim the proof of [5, Lemma 3.5], for p # 2. We point out that the presence of the factor
(1 — s) is important for us. A fractional Poincaré-Wirtinger inequality without this factor can be found for example
in [48, equation (4.2)].

) el 200 = o (5 B0,
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For the last term, we have

(/ lu —av (u; By (o))" dw) < (/ lu —av (u; By (x0))[" dx)
By.(x0) By (zo)

+ (/BT(%) lav (u; B (20)) — av (u; Bo(zo))[” dm)

P

Moreover, by using Jensen’s inequality, we get

f fu(y) — av (s B (x0))] dy| de
Be(zo)

/Brm) Jav (u; By (20)) — av (u; By(0))|” do = /

By(z0)

(
< / ][ luly) — av (us; B, (o)) |? dy da
B (z0) J Byo(xo)
,],,N
< lu(y) — av (u; B, (z0)) |7 dy.
Q Br(ajo)

We conclude by using again the fractional Poincaré-Wirtinger inequality (3.2), this time on the ball
BT (1[,’0) . O
4. A PROOF OF MORREY’S INEQUALITY

We need to introduce a further Poincaré-type constant. For every ball B,.(zg) and every 0 <
s < 1,1 < p< oo such that sp > N, we define

(41 AepBr@o))i= il Lol ey ¢ 1900wy = 1 and (zo) = 0}.
0€C(Br(z0))
We observe that such a constant is positive. Indeed, by using Proposition 3.4 with o = r, we get
Cs__
(4.2) Asp(Br(20)) = — €aby , ({z0}; Br(wo)),

and the relative capacity of a point is positive (see Lemma 3.3). We also observe that A, enjoys
the following scaling and translational rule

(4.3) Asp(Br(z0)) = r7°F As p(B1(0)).

The main interest of the positive constant A, , is that it permits to bound from below the constant
mS,p(RN ). The key estimate is the following one. Loosely speaking, this may be seen as a “pointwise
fractional Hardy inequality”, in nuce (see [34, 57] for more details on the subject).

Lemma 4.1. Let N > 1, 0 < s <1 and 1 < p < oo be such that sp > N. For every r > 0,
zo € RN and ¢ € CY(B,(x0)) such that p(zo) = 0, we have

1 b (r—|z — o))" +r
#01< (o o) ) e € B

Proof. We pick a point z € B,.(z¢) and we set for brevity 6 = r — |z — z¢|. For every ¢ as in the
statement, we estimate

(@) <lp(@) =) +lp(2)],  for every z € Bs().
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By taking the average over Bs(z) and using Jensen’s inequality, we get

(4.4) lo(@)] < (]é ( )w(a:)—w(znpdz) + (fB ( )|<p<z>|ﬁdz> |

We now observe that the function

)= o) = ola)
() = o(@)llLe(Bs ()

is admissible for the problem which defines A, ,(Bs(z)). Thus we get

p
[Pl (s @)

o(2) — p(@)P de

Asp(Bs(2)) < Wiy (py(a)) = /
Bs(x)

By taking into account (4.3), this can be recast into

osP 5P
— p P — p < 7 2 )
/]35(93) |§0(Z) 90(39)| dx S A57p(Bl(0)) [SD}WS,P(BJ(I)) = A (Bl(o)) [(p]Ws,p(Br(mO))

S,p

From (4.4), we thus obtain

1
P

1 6
(wn 6N) (Ae(B1(0))

lp(z)] <

[elw=r (B, (o)) T <][ lp(2)[P dZ>
Bs(x)

Finally, for the last term we can simply observe that

=

1 1 1
Pdz < Pdy < P § )
£ weras = [ P < g Wl

By using again (4.3), we conclude. O

By virtue of the previous result, we can now prove the validity of the fractional homogeneous
Morrey inequality on the whole space, together with a quantitative lower bound. We use the
notation mg ,(RY) introduced in (1.2).

Theorem 4.2. Let N > 1,0< s <1 and 1 < p < oo be such that sp > N. Let us define the
constant

(T -1~
ON,sp = wWN SUP 5
T>1 ((T _ 1)5 + Ts)

With the notation above, we have
On,s,p Nsp(B1(0)) < ms,p(RN)-

Proof. We take ¢ € C§°(RY), then we fix two points = # y and set § = |z —y|. We also take T' > 1
and consider the function

v(2) = ¢(2) — ¢(y), for z € Brs(y).
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We observe that, by construction, z € Brs(y). By applying Lemma 4.1 to the function v, which
vanishes at the center of the ball Brs(y), we get

=

(T —1)*§° +T* 6°

[o(x) = e(y)l = (@) < ( 1 )

[Plwse(Br s (1))

wn As p(B1(0)) T-1)6)7
1 ) » (T—-1)4+T° ,_n
< 8°7 7 [elwen@y
(wzv Asp(B1(0)) (T-1% =
By recalling that 6 = |« — y|, the previous estimate permits to conclude. ]

Remark 4.3. We do not expect the lower bound obtained in Theorem 4.2 to be sharp. However,
we will see in Section 8 that it becomes “qualitatively sharp” in the limit s \, N/p, as explained in
the Introduction. This is the main bonus feature of using the Poincaré constant A .

Moreover, it also becomes “quantitatively sharp” in the asymptotic regime p * co: in this case,

we will see in Section 8 that we have
1

T (map(®)7 = i (9 Ap(B10) =1

5. THE HOLDER SEMINORM OF FUNCTIONS IN W$P

In this section, we will show that for every ¢ € W*P?(R™M), the supremum in the C%®=:» seminorm
is actually a maximum. We need at first the following “localized” fractional Morrey inequality. This
is analogous to [37, equation (6.1)].

Lemma 5.1. Let N > 1,0 < s < 1and 1l < p < oo be such that sp > N. For every open ball
B.(z0) CRY, every ¢ € C(B,(z0)) and every x,y € B,(xq) such that

Bg(x;—y)CBT(mo)» f0T5:|x_y‘,
we have
le(x) — (Y] ANt1 oN+2p 1
5.1 @) = el 445 _ oNe B .
( ) ‘$_y|5—% - wNAS,p(Bl(O)) [‘P]W , (B%( +u))

Proof. We can suppose that
[Plwes (s (g < F00,
otherwise there is nothing to prove. Then, thanks to the linear extension operator of [5, Proposition

3.1], there exists u € W*?(Bas((x + y)/2) such that ¢ = ¢ on Bjs((z +y)/2) and

4N+1

(52) [@]WS,p(Bzg(%)) S 47w [SO]WSVP(B%(wJZry)).

By the construction of this operator, we also know that ¢ € C(Bas((x +y)/2)). Let p € C§°(R™) be
the usual Friedrichs mollifier supported on the unit ball B;(0). We define the sequence of smoothing
kernels

pn(x) =0V p(nx), for n € N\ {0}.

By the properties of the convolutions, we have

(53) nli»H;o[sDn - (’,E]Ws)p(Bé(%)) =0 and nh—>ngo ||<,Dn - SBHLOO(BJ(TT-#U)) = 0,
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where ¢,, = @*p,. By proceeding as for the estimate (4.5) with (z+y)/2 in place of y and choosing

T =2, for every n € N we have
T +y op (s+1) AN

— <({— - . sty 1y,

o= (5) < (sriymon) (3)  Wormso

N

Tty 2p (s+1) o\~
_ < _— — T4y |\ -
L)On(y) Pn ( 2 ) > (WN As,p(Bl(O))) <2) [@H]Ws,p(Bg( ;r )

By summing up and using the triangle inequality, we get

[on(7) = n(y)] 9N+2p 1
< Ty .
lz —yl wn As p(B1(0)) [%]WS,;,(B&(%))

By taking the limit as n goes to co and using (5.3), we get

|9(x) — o(y)] oN+2p »
< ) '
ot S\ Ay (Bi)) Pwermacen)

Finally, by using (5.2) and the fact that ¢(z) = ¢(x), ¢(y) = @(y), we conclude. O

S|
3|2

and

=

S_f

Remark 5.2 (A subtle detail). We observe that in one-dimensional case N = 1, from (5.1) we get
for sp > 1 and = < y the following estimate*

lp(x) — (y)? c, lo(t) — p(r)lP
(5.4) z — ylop1 SAW(( ) //(Iw(m)y) P dtdr,

which is the same as [26, Lemma 4.5], the latter in turn taken from [32, Lemma 1.1]. However, we
point out that in [26] this estimate is obtained with a constant Cs , > 0 such that

0< lim(sp—1)PCs,p < +00.
s\%

On the contrary, in (5.4) the asymptotic behaviour of the constant is dictated by As,((—1,1)),
which enjoys the following property

: (sp— 1Pt

lim sup ————~

P AL (L)

see (8.2) below, in conjunction with Lemma 2.7.

Lemma 5.3. Let R > 0 and let z, y € RN \ Bag(0) be two distinct points. Let N > 1,0<s <1

and 1 < p < oo be such that sp > N. There exists a constant C = C(N s,p) > 0 such that for
every ¢ € WSP(RY) we have

< 00,

x — ~
() i@' < Clelwen @ mao).
|z —y|* >

Proof. Tt is sufficient to repeat the proof of [37, Lemma 6.2], by using this time Lemma 5.1, in place
of [37, equation (6.1)]. We leave the details to the reader. O

4Indeed, for N =1 and =z < y we have

T4y z+y & xz+y 6
Bs = —_ — — = .
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We are ready for the main result of this section. This is an extension of [37, Theorem 6.1].

Theorem 5.4. Let N > 1, 0 < s < 1 and 1 < p < oo be such that sp > N. For every
© € WP(RN) there exist two distinct points xo, yo € R such that

[Pl gy = 120 = WOl
C P (RN) |$07y0‘(x5m

Proof. The case s = 1 is contained in [37], thus we consider 0 < s < 1. We can suppose that u is
not constant, otherwise the statement is straightforward. For every n € N, we take z,,y, € RY a
pair of points such that

1 Ju(wa) — ()]

(5.5) [u] co.csp @iy — e PRy T
The goal of the proof is proving that
(5.6) linrgiQf | — yn| >0,
and
(5.7) sup(|zn| + |yn]) < +o0.
neN

Indeed, from (5.7), we would get that the maximizing sequence {(Zn,¥yn)}nen iS precompact in
RY x RN, Thus, up to pass to a subsequence, we get that there exists (Z,7) € RY x RY such that

lim z, =7 and lim gy, =7.
n—oo n—oo

Moreover, by (5.6), we would have T # 3. By using this information in (5.5), we would obtain

— lim _ @)l
[U}CO P (RN) nl 0 |xn Y |25r |m -7

As,p

The property (5.6) can be proved exactly as in [37]: it is sufficient to use Lemma 5.1, in place of
[37, equation (6.1)].

As for (5.7), the proof is quite lengthy, but here as well it is sufficient to reproduce almost
verbatim the arguments in [37]. We just list the modifications which are needed to cope with the
fractional case: at first, since u € W*P(RY), the function

1
lu(z) —u()” , \*
Gu(x) = </RN W dy y for every r € RN,

belongs to LP(RY). Thus, for every & > 0 there exists R. > 0 such that

/ Gu(z)Pdz | <e.
RN\Bkg, (0)

Then in [37] the two cases N = 1 and N > 2 are discussed separately: for dimension N = 1, one
can repeat the proof of [37], by using in place of the estimate

Y P
lu(z) — u(y)| < |z — y|% (/ [u|P dt) , for every z,y € R with z < y,
T

its fractional counterpart (5.4).
For dimension N > 2, the only further modification needed with respect to [37] is the use of
Lemma 5.3, in place of [37, Lemma 6.2]. |
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6. EXISTENCE OF EXTREMALS
We still denote by mg ,(RY) the sharp constant defined in (1.2).
Theorem 6.1. Let N >1,0<s<1 and 1 < p < oo be such that sp > N. Then we have

mep(RY) = %V\}Rf(RN) {[sp]{;V“"’(RN) Hlelenesr @) = 1}'

Moreover, the infimum on the right-hand side is attained.

Proof. Since C§°(RY) C WP(RY), we immediately obtain

N . . —
me (R )ZvemggmN){wﬁ;“%wﬂ' Wkﬁ“““RN>_l}'

For the reverse inequality, we observe at first that

goewi}g(RN){[(p]gV”’(RN) Felooer@y) = 1}

- ¢€V\}££(RN) {[SDVV)V“’(RN) : [w]CO’“W(RN) =1, ¢(0) = 0},

since both seminorms are invariant with respect to the addition of constants. We then use that
Z3P®RY\{0}) = {p e WP (RY) : 9(0) = 0},
thanks to Proposition B.1. In particular, for every ¢ € W*P(R) such that
¢(0) =0 and [Plco.asn@myy =1,
there exists a sequence {¢, hnen € C5°(RY \ {0}) such that

(6.1) lim [, — @]wsp@yy = 0.

n—oo

By applying Lemma 5.1 to each function ¢,, — ¢, we have
Pn L) — OX) = (PnY) — Pl
lon(2) — () = (on(y) (»|§Cwn—ﬂ

x -y~ >

WSvP(B%($)) < Clen — Plwar@n),

which holds for every pair of distinct points z,y € RV. By taking the supremum over z and y and
using (6.1), we get

lim [, — @] co.sp@yy =0 and thus nlLH;o[wn}Co,aS,p(RN) = [plgoasr@yy =1,

n—oo
as well. By using cpn/[@n]go)aw(RN) in the definition of mg ,(RY), we thus get
[SDTL]Z‘;[/S,P(RN)

myp(RY) < lim — OB

[O1e.n (rvy-
n— oo [<‘0”]Co'as’p(RN) We:P(RNV)

Finally, by taking the infimum over the admissible ¢ on the right-hand side, we obtain that

N H p . — —
mop(RT) < i v, {[@}Ws,p(w) Hpleoenn @y = 1, 9(0) = 0},

as well.

We now show existence of a minimizer. For s = 1 this is contained in [37, Lemma 2.1], for the
case 0 < s < 1 we can reproduce almost verbatim the same argument. Let {uy}reny € W5P(RY)
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be a minimizing sequence for our problem. For each k € N we choose a pair of distinct points
Tk, Yk € RY such that
ug(Tk) — uk(Yr)

|z — yr|*or
Such a pair of points exists by Theorem 5.4. Without loss of generality, we assumed that uy (zy) >
ug (yx). We also take Oy an orthogonal transformation satisfying

(62) 1 = [uk]CO’QSvP(RN) =

— X
Ok(eN) _ Yk k

yk — ]’
where ey = (0,---,0,1) € RY. For k € N and z € R", we then define the new sequence
(uk (|zk — Ykl Ok(2) + 1) — uk(%))
Uk(z) = p .
[Tk — yr|*=»

Then, by the invariances of both the Holder and Sobolev-Slobodeckii seminorms, we get

[Uk]co,as,p(RN) =1, for every k € N,
and
klijgo[Uk]@Vs,p(RN) = m, ,(RY),

i.e. this is still a minimizing sequence. Moreover, by construction, we have U (0) = 0 and by (6.2)
Us(en) = uk (k) — we‘(yk) _
|z — yi|*or
By applying the Arzela-Ascoli theorem and a standard diagonal argument on an increasing sequence
of centered balls, we get a subsequence {Uy, }nen which converges to a continuous limit function
U, uniformly on compact sets. Hence, by the properties of Uy and the local uniform convergence,
we obtain
U(0) =0, Ulen) =1 and [Ulco.asp @y = 1.

Moreover, by Fatou’s lemma, we have
[U]svs-,p(RN) < 1§€Ig{gf[Uk]€Vs,p(Rw) = m,(RY).
Thus, U € W*P(R¥) is a minimizer for our problem. This completes the proof of the theorem. [J

Definition 6.2. We will say that u € WP(RY) is an extremal for m, ,(RY) if u is non-constant
and
[u];g[/s,p(RN) = msyP(RN) [u]go,as,p(Rw)~

The previous result entails that the elements of the space WOS (Q) enjoy a Morrey inequality, as
well. We explicitly state the relevant result, since this will be needed in the sequel.

Proposition 6.3. Let N >1,0<s<1 and 1 < p < oo be such that sp > N. Let Q C RN be an
open set. Then we have the continuous embedding

WP (Q) = CO%r(Q) N Co ().
More precisely, there exists a constant C = C(N, s,p) > 0 such that

N —_—
le1F @) < C (lellr@) * ([Plwer@y)™™ =, for every o € WgP(Q),
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and )
[W]go,as,p(ﬁ) < mo (RN [cp]ﬁvs,p(RN), for every o € W5P(Q).
Finally, for the constant \;, . (Q) defined by (3.1), we have
%ol = inf Al ¢ Iele@ =1}
PEWSP(Q)

Proof. We prove at first that WiP(€2) C Co(Q). Let ¢ € WP(Q), by definition there exists a
sequence {@y, neny C CF° () such that

lim |¢n — @llwsr@y) = 0.
n— oo

In particular, {®,}nen is a Cauchy sequence in W*P(RY). By [14, Lemma 2.2] and Morrey’s
inequality, we have for every n,m € N
1—- N

sP

([@n - @m]covas,p(RNO )

|2

s

i~

lon — emllLe@) < C (llen — emllLe@)

and

[en — ‘Pm]CO'“S«P(RN) < (mS,p(RN)> [on — Omlwsr@n)-
Here the constant C' depends on N, p and s, only®. Thus, {¢n}nen is a Cauchy sequence with
respect to the sup norm, as well. Thus it converges uniformly to a limit function in Cy(2), which
must coincide with . More precisely, it is a Cauchy sequence in the Banach space C%®:»(Q), as
well. Thus, we actually have ¢ € C%%»(Q) N Cy(Q).
In particular, we have that WOS P(Q) € WHP(RY), thus we get the validity of Morrey’s inequality
for WS P(Q). The validity of the claimed L estimate follows in a standard way, by taking the limit
as n goes to co in

3 =

N 1— N
lenllze@ < C (lenllr)*® ([enlwer@y)) 7.
This estimate can be obtained as above, by combining [14, Lemma 2.2] and Morrey’s inequality for
C§°(Q) functions.

As for the last statement, we observe at first that
AP (Q) > inf {gpps : @ngzl}.
p,oo( ) W3 P(@) [ ]W P (RN) el ()
In order to prove the reverse inequality, we take ¢ € WS P(Q) with unit L norm and take a
sequence {p, }nen C C§°(Q), converging to ¢ both in W*P(RY) and uniformly. Such a sequence
exists, thanks to the first part of the proof. Thus we get
P
[Son]ws,p(RN) o

Apioo(§)) < lim —————— = [Q]. gy
p,00 =00 [nll g Wer (RN)

By arbitrariness of ¢, we conclude. O

The use of the space W*P?(RY) may look a bit akward. We now show that this actually coincides
with a more standard definition of homogeneous space. The local case s = 1 is included for
completeness, so to show that our results are perfectly consistent with those of [37]. This is the
content of the following

5We remark that it stays bounded as s 1, as well as s \, N/p (see [14, Remark 2.3]).
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Proposition 6.4. Let N >1,0< s <1 and 1 < p < oo be such that sp > N. Let us define
DPRY) = {p € Lo ®Y) : [plwesn) < +00}.

Then we have
D*P(RY) = WP (RY),
in the sense that for every ¢ € D*P(RN), there exists p € W*P(RN) such that ¢ = @ almost
everywhere.
In particular, the fractional Morrey inequality holds in the space D¥P(RY), as well, still with
sharp constant given by m ,(RY).

Proof. We first consider the case 0 < s < 1. Let ¢ € D*?(RY) and consider O, M = QM * P,
where p,, is the sequence of smoothing kernels as in the proof of Lemma 5.1. By construction, we
clearly have

nh_)rr;<> lon — @l L1 (Br(0)) for every R > 0,
and thus
lim ¢, (x) = ¢(z), for a.e. z € RV,
n—oQ

possibly up to pass to a subsequence. We also know that (see [7, Lemma A.1])

lim [py, — @lwep@y) =0,

n—oo
and {p, }neny € C®(RY). By applying Lemma 5.1 to each ¢,, and thanks to the arbitrariness of
R >0, we get
[en(@) = en(y)] _ 23 ( A
Trn) = wnddl < 475 s
[z —y wn As p(B1(0))
By taking the limit as n goes to oo and using the previous informations, we get that

lo(@) — el _
[z —y T

Qs,p

P
) [On]lwer@ny, forz#uy.

for a.e. z,y € RV,

Qs,p

i.e. ¢ coincides almost everywhere with a function in C%»(RN). This gives the desired conclusion
in the fractional case.

In the local case s = 1, we proceed in exactly the same way, by using the following Morrey—type
estimate (see [37, equation (6.1)])

en(@) = en(y)] < Cnp |Von|P de, with § = |z —y| > 0,

|z — ylorr By (5%

in place of Lemma 5.1. ]

Remark 6.5. In the local case s = 1, we can easily repeat the density argument of the first part
of the proof of Theorem 6.1 and obtain

N H . —
mp®) = ik AWy ¢ Ao =1

here as well. By using the previous result and [37, Lemma 2.1], we then obtain that this infimum
is attained on W'P(RYV) = DLP(RYN), the latter being exactly the space used in [37].
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7. SOME PROPERTIES OF EXTREMALS
7.1. Basic properties.

Lemma 7.1. For every xg # yo € RY and a # b € R, there exists an extremal u € W*P(RY) such
that
u(xg) — u
u(zo) = a, w(yo) = and [u] co.csp mvy = M.
|zo — Yo

Qs,p

Proof. From Theorem 6.1, we already have existence of an extremal U € W*P(RY). Moreover, by
Theorem 5.4, there exists two points T,y such that

[U@) ~ U@
T-7 '

Let O be an orthogonal transformation of RV such that

otz 1t
Yo — o] [y — 7|

(U)o ey =

As,p

and define
_ r — X _ N
u(r) =AU ||y —7| O ﬁ +z |+ B, for every x € R,
— o
where . -
b—a aU(y) —bU(T
A= ———F— and B=—FF———.
Uy) -U(x) Uy) - U()
Then, it is easy to observe that this function has the desired properties. O

Every extremal satisfies the relevant Euler-Lagrange equation. More precisely, if we recall the
notation

Jp(t) = [t[P~2¢, for every t € R,

we have

Proposition 7.2. Let u € W*P(RY) be an extremal for ms ,(RN). If xo,yo are two distinct points
such that

|u(zo) — u(yo)]
7.1 U|c0,as,p = -
(7.1) [ ]C (RN) |z — yo|@sw

then u is a weak solution of

s Jp(u(zo) —u .
(=A,)"u = m ,(RY) pio(_oidspf@jg” (Gug —8y)s iRV,

In other words, for every ¢ € W*P(RY) we have

// Tp(u(@) —uly)) (p(z) — o)) dy = my (RN Jp(uzo) — u(yo)) ((x0) — ¢ (y0))

lx —y|NFsp lzo — yolsP—N .

Proof. By Theorem 5.4 there exists a pair of distinct points xg, yo such that (7.1) holds. Thus, we
get

|u(zo) — ulyo)|”
(7.2) M p(RY) [u]f0,0, vy = Msp(RY) Too— gl N [u3yom @)
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For ¢t > 0, we consider the function
v(z) = u(x) + tp(z), where ¢ € WHP(RY),

which still belongs to W*P(RY). Therefore, by applying the fractional Morrey inequality for v and
using the convexity of the function t — |¢|P, we obtain

[ (u(zo) = uly)) + (plao) = pluo))
20— ol 7=

lu(wo) — u(yo)|?
20 — yol P~V

[u+t w}ﬁ/s,p(Rw) 2> ms,p(RN)

Ip(u(o) — u(yo)) (p(0) = ¢(y0))

> m, (RN
= S,P( ) |Z‘0 _ y0|sp_N

+ ms,p(]RN) pt

By combining this estimate with (7.2), we get for ¢t > 0

Jp(u(zo) — ulyo)) (p(zo) — ¥(¥0))
|zo — yols PN

[u + t‘lo];[.jvs,p(RN) - [u]g[/S,p(RN) > m

¢ syp(RN)p

By taking the limit as ¢ goes to 0 and recalling that (—A,)° in weak form coincides with first

variation of the functional
1

a0 PRIETE

we get that u satisfies

Jp(u(z) —u(y)) (v(z) — v(y)) ~y Jp(u(o) — u(yo)) (¢(z0) — ¢(¥0))
//RNXRN LT dx dy > m, ,(RY) o — yol N ,

for every ¢ € WP(RYN). By using this inequality with —¢ in place of ¢, we get the desired
conclusion. ]

Remark 7.3. From the previous result, we obtain in particular that if u € W*?(R") is an extremal,
then the two distinct points xg, yo obtained in Theorem 5.4 are actually unique. This easily follows
from the Euler-Lagrange equation (7.2).

Theorem 7.4. Let xq, yo € RY be two distinct points. Then the following facts are equivalent:
(1) u e WsP(RY) is an extremal for ms ,(RY) and

|u(zo) — u(yo)l

U0, as,p =
[ ]C (RNV) |£L'() — v

Qs,p

1) u € ’ weakly solves the following equation
(ii) WSP(RN) kl l he followi ;
(=Ap)*u = ¢ (0 — 0y) in RY,
for some constant ¢ # 0;

(iii) u € W*P(RY) is non-constant and is the unique minimizer of the problem

: p . — —
ot Alelhesqavy  9(@0) = ulwo) and g(yo) = ulyo) |

Proof. The implication (i) = (ii) follows from Proposition 7.2.
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Let us suppose that (ii) holds and let v € WP(RY), with u(zq) = v(zo) and u(yo) = v(yo). Then,
by convexity and the equation for u (used with test function ¢ = v — u), we obtain

[U]gvs,p(RN) > [U}ﬁvs,p(m)

. // To(ula) — ulw) () — @) - 0w —u)) "

@ — y[Ntsp
= (W) + P ((0(0) = (o)) = (o) = u(w))) = [y gan).

Therefore, property (iii) holds.

Finally, we prove the implication (iii) = (i). Let w satisfies (iii), by Lemma 7.1 we know that
there exists an extremal w € W*P?(RY) such that

wao) = ulzo),  w(yo) =ulwo) and  [w]gnenngr = LA =)
|330—y0\ P

Observe that the last properties imply in particular that

u{ro) — ulYo
(7.3) [w]coaen@r) = L(_ﬂ)'
|zo — yol®™ 7

N

= [u]covo‘s,p(RN).

By extremality of u, we have

[w] > [u]

p p
wep@®N) = Upwsp@yy:

On the other hand, by extremality of w, we also get

p [y eon )

[u]gvsm(RN) > m, ,(RY) [u}co,a,g,p(RN) = [w] [u]? > [w]

p
CYas,p (RN) Ws.p (RN )"

P
COosp (RN)
In the last inequality, we used (7.3). Thus the two seminorms must coincide and the previous chain

of inequalities must be a chain of identities. This in particular shows that u is an extremal for
N
m ,(RY). O

Corollary 7.5 (Uniqueness). Suppose u,v € W*P(RYN) are two extremals such that

- [v(20) — v(yo)|

[u(zo) — u(yo)|
- 7 7/ and [IU}COVO/S,D(RN) = |l‘0 — yolo‘SvP

U|0,05,p =
[ ]C (RN) |{E0 — 4

Qs,p

for some xg # yo. If there exists a constant C # 0 such that u(zg) = Cv(xo) and u(yo) = Cv(yo),
then u = Cwo.

Proof. We first observe that v and v are both non-constant, by definition of extremal. Thanks to
Theorem 7.4, both C'v and u solve the same problem

3 p . — —
oot ALl * 9(@0) = Ov(ao) and olyo) = Cv(w) .

Since this problem has a unique solution, we conclude. O
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7.2. Regularity: boundedness. We now prove a global L°° bound, by using a curious Moser-type
iteration, based on Hardy’s inequality. This is the content of the following

Proposition 7.6. Let N > 1,1 <p < oo and 0 < s < 1 be such that sp > N. Let pu be a compactly
supported finite measure. Let U € W*P(RN) be a weak solution of

(=AU = p, in RN,
that is
Jp(U(x) =U -
(7.4) //RNx]RN p(Ulz) E _(z;)|)zv(fs(:) #(y)) dedy = /RN odu,  for every o € WHP(RY).

Then U € L= (RYN) and for every z € RN we have
IU = U(2)]| L @) = max |U = U(2)],

where K C RN is the support of ju.

Proof. We fix z € R and observe that U — U(z) € W*P(R") still solves the same equation. Thus,
without loss of generality, we can suppose that U(z) = 0. We first observe that by proceeding as
in [12, Lemma 3.4], we get that |U]| is a subsolution of a similar equation, i.e.

// LU ()] = [UW)]) (¢(x) — ¢(y)) dmdy</ odlyl
RN xRN - B |

|z —y[NHer

for every ¢ € W*P(R™) such that ¢ > 0. We now take M > 0 and 8 > 1 and insert the test
function
= Uy == (min{|U|, M})".
By using [12, Lemma A.2], we get
s
(p+6-1)r [ M }

On the left-hand side, thanks to Proposition B.1 below, we can apply the fractional Hardy inequality
for 257 (RN \ {z}). Thus we get

< [ Ulidiul= [ Ul dinl < ul(®Y) mgpe(an)”
Ws.p (RN) RN K

6pp U5+p*1
h&p(RN oD (p+p—-1)7 /]RN |x1\j z|5P de < || (RY) mI?X(UM)B'

We now raise both sided to the power 1/(8 + p — 1). This yields

B+p—1 ﬁ _ +:>71
R hs,p( K

N |z —z]oP R¥A\{0})  Bp»
This is valid for every M > 0 and 8 > 1. We take the limit as S goes to oo, so to obtain
1Um | oo rrvy < ml‘?X(UM)-
Finally, since U € C(RY), it is bounded on the compact set K and we have
max(Ups) = max |U|,
K K
for M large enough. Thus, by finally taking the limit as M goes to oo, we conclude. |

By joining Propositions 7.2 and 7.6, we get the following
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Theorem 7.7. Let u € W5P(RYN) be an extremal for ms ,(RY). Then we have u € L>(RY) and
min{u(zo), u(yo)} < u(x) < maxfu(zo),ulyo)},  for every w € RY,
where g, yo € RN are the unique two distinct points such that

[u] oo Ny = ‘u(.’L'()) — U(y0)|
C P (RNV) |x0 _ y0|as,p

Proof. Without loss of generality, we can suppose that u(xg) > u(yo). We can apply Proposition
7.6 with K = {x¢,y0} and z = yo. This gives for every z € RY
u(z) —u(yo) < u(@) — u(yo)| < [u(zo) — ulyo)| = u(zo) — u(yo),
that is u(x) < u(xg) for every z € RY. Similarly, with z = zo we have
u(z) — u(xo) > —|u(z) — u(zo)| > —[u(zo) — u(yo)| = ulyo) — u(zo),
which shows that yg is a minimum point for w. O

7.3. Regularity: improved Hoélder continuity. We will show that extremals for msm(RN ) are
more regular. This is a consequence of the following more general result.

Proposition 7.8. Let N > 1,1 <p < oo and 0 < s < 1 be such that sp > N. Let uu be a compactly
supported finite measure. Let U € W*P(RN) be a weak solution of

(—A,)°U = p, in RY,
i.e. U satisfies (7.4). If we indicate by K the support of p, we have

(7.5) Ue RN\ K), for every o, , < o < min {pSpl, 1} )
Moreover, we also have

- N
(7.6) U e CIO(;S(RN), for every asp, <6 < 85_ T

and for every ag, <6 < (sp— N)/(p—1) there exists a constant C = C(N,s,p,0) > 0 such that

C
[Ulco.s (B, 0)) < 5

N .
Ul Lo ey + 7777 (IMI(RN)) 1],

holds for every r > 0.

Proof. We will appeal to the regularity results for local weak solutions taken from® [10] and [30].
In order to do this, we need to assure at first that U satisfies the following weighted integrability

property
/ Ll
——dx 00.
ry (14 [z)NFsp

This follows, for example, from the fact that U is globally bounded, thanks to Proposition 7.6.
The first result (7.5) immediately follows from [10, Theorem 5.2] and [30, Theorem 1.1], since U
is, in particular, a local weak solution of

(=A,)*U =0, in RV \ K.
6We observe that the results of [30] concerns the case 1 < p < 2. Thus, they are needed to handle the case N =1

only, where it may happen that 1 <p <2 and sp > 1= N. For N > 2, the condition sp > N automatically implies
that p > 2.
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As for (7.6), if the measure y is absolutely continuous with respect to the N —dimensional Lebesgue
measure, this is a direct consequence of [10, Theorem 1.4] and [30, Theorem 1.2] with ¢ = 1 there.
When p is a general measure, we need to go through a regularization procedure and get the desired
result from the a priori estimates of [10, Theorem 1.4] and [30, Theorem 1.2]. This is possible
because sp > N, of course. We give the details, for completeness.

Step 1: approximation. We fix the ball Br(0) and choose R large enough so that K € Bg(0).
We now set

fn = K * Pn,
where {p, }nen is the usual family of Friedrichs mollifiers. By construction, we have f, € C5°(RY)
and

(7.7) Il fnllor@yy < || (RY) < 400, for every n € N.

Moreover, the sequence {f, }nen is *—weak converging to p, as n goes to oo (see [4, Theorem 2.2]).
We now consider the following nonlocal boundary value problem

{(—Ap)su = fn, 1in Bgr(0),
u = U, inRY\ Bg(0).

This admits a unique weak solution u, € W*P(RY) such that u, — U € WP (Bg(0)), i.e. u,
satisfies

Ip(un () — un(y)) (p(z) = #(y)) _ . - over s
//RNxRN |z — y|[N+sp drdy = /BR(O) fapdz,  forevery ¢ € Wy (Br(0)).

Existence of a solution can be established by variational methods. More precisely, u,, is the unique
solution of the following problem

1 N
inf =~ []Z.. —/ wpdr o —U e WP (Bg(0 .
gaewlg,lp(RN) {p [@}W"‘“(RN) Br(0) fopdr o 0" (Br( ))}

We claim that {u, }nen converges to U as n goes to 0o, up to a subsequence. By testing the weak
formulation of the equation with ¢ = u,,, we get

Ty = | A A Py L s
R
< fallerr) (ltn = Ullee(sro) + 1UllL=(5r0))) -
Observe that the last term is finite, since functions in W*?(RY) are locally bounded. Moreover,

since u, — U € WSP(Bg(0)), from the definition of N> (Br(0)) and Proposition 6.3, we have

1

1 5
> [un — Ulwso @)

— oo < s (RO
[un = UllL(Br(0)) < <,\;;700(BR(0))

1 P
< (5 (b + Do),

By joining the previous two estimates and keeping (7.7) into account, it is not difficult to see that
there exists a constant C' = C(N, R, p, s, ) > 0 such that

[un]ﬁvsyp(]RN) <C, for every n € N.
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On the other hand, we can also bound uniformly the L? norms, by using the boundary datum and
the fractional Poincaré inequality (see for example [8, Lemma 2.4]), i.e.

lunllLeBr(0)) < llun = Ullr(Br©o)) + 1UllLr(Br0)) < C R [un — Ulwsr@yy + 1UllLr(BR);

for some C'= C(N,p,s) > 0. The last term in turn is uniformly bounded, thanks to what we said
above. .
In conclusion, {u, — U}n,en € WP (Bg(0)) is uniformly bounded. Thus, thanks to [8, Theorem

2.7], up to a subsequence it converges weakly in WJ"”(Bg(0)) and strongly in L?(Bg(0)) to a

function u € WN/S”’(BR(O)). Such a convergence is uniform on Br(0), as well (thanks to Proposition
6.3, for example). We claim that

(7.8) u

0,

this would give that u, — U actually converges to 0, as n goes to oo. In order to prove (7.8), we
test the minimality of u, against U. This yields

1 1
(7.9) - [un]gvs‘p(RN) */ Jntndr < — [U]g[/s,p(]RN) */ faUdx.
p Br(0) p Br(0)
We now observe that
lim fmUde = / Udpy,
=2 JBr(0) Br(0)
and
lim fntupdr = lim fn (up = U)dx + lim fnUdx
n—o00 Br(0) n—o00 Br(0) n—o00 Br(0)
[ wdur [ v,
Br(0) Br(0)

where we used the x—convergence of f, and the uniform convergence of u,, — U. Moreover, by weak
convergence we have

o1 1
tn i fonliyes sy 2 3 1 Uiy
Thus, by taking the limit as n goes to oo in (7.9), we get
1 1
(7.10) e Uy /B (V)i < Oy~ / U dp.
r(0) Br(0)

It is only left to observe that U is the unique solution of the strictly convex problem

1 —
inf —[elen —/ odu - o —U e WSP(Br(0)) §.
PEWSP(RN) {p[ o, (RY) Br(0) 0" (Br(0))

Since u + U is still admissible in this problem, from (7.10) we get (7.8).

Step 2: uniform Hélder estimate. By using that sp > N, we can apply [10, Theorem 1.4] or
[30, Theorem 1.2] with f = f,, and ¢ = 1, so to obtain that

sp— N
p—1

u, € CP(BR(0)), for every a,, <6 <

loc
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Moreover, from [10, Theorem 1.4] and [30, Theorem 1.2] we also have the following a priori estimate:
for every a5, <60 < (sp—N)/(p—1) and every r < R/8, there exists a constant C = C(N, s,p, ) >

0 such that
™ N
[ Pp— / dy
L=(B.(0) RV\B,.(0) 1YV TP

+ (PN N fall o roy) T ] .

[un]cos(s, e0) < —5

(7.11)

For the first term on the right-hand side, we can use the uniform convergence, already obtained in
Step 1, so to get

Jim | o 5,0)) = UL (B, (0))-

For the “tail” term, by using again the uniform convergence on Bg(0) and the fact that u, = U
outside Br(0), we have

I unl?™ 0 Y +/ v,
im y = lim Yy ———dy
n—o0 Jpny g, (0) Y|V TEP n=00 [ g on\B,.(0) [YIN TP RN\ Bp(0) [y TP

ot
= "
/]RN\B,.(O) |ly|N+sp

Finally, we can use (7.7) to bound the term in (7.11) containing f,. By proceeding in this way and
taking the limit as n goes to co, we get

L
ot
5 (U5, 0 + ( /RN\B o s Y +rt (IMl(RN)) ,

for some C' = C(N, s,p,8) > 0. This shows that U € C%(B, 3(0)) for every r < R/8 and every
R > 0 large enough. By arbitrariness of 7 and R, we thus get the claimed conclusion.
Finally, by using that U € L>(R") thanks Proposition 7.6, we have

[Ulcos (s, 50 S

e o [
RN\ B,.(0) |y|N+S” B LW(R \B() " RN\ B,.(0) [Y[V TP

Nwn -1
= ||UYHLOC RN\B (0)) sp S WN ||UH1[)100(]RN\BT(O))

From the previous estimate, we can infer

C sp—N ﬁ
[Ulcos (s, s < 75 |10l poe vy + 77777 (IMI(RN)) ]

possibly for a different constant C' = C(N, s,p,d) > 0. a

By joining Propositions 7.2 and 7.8, we immediately get the following
Theorem 7.9. Let u € W*P(RY) be an extremal for my ,(RY). Then we have

u € Cﬁ)?(RN \ {z0,%0}), for every o, , < o < min {Spl, 1} ;
p—
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and also
sp— N

p—1"~

U € Co’é(RN), for every as p <60 <

loc
Here o, yo € RN are the unique two distinct points such that

[u] oo Ny = ‘u(l'()) — U(y0)|
C P (RNV) |x0 _ y0|as,p

Moreover, for every as, <6 < (sp—N)/(p—1) there exists a constant C = C(N, s,p,0) > 0 such
that

C
[u] co.5(B,(0)) < "
1

ma {Ju(eo), [u(uo)]} + 755 (., (®Y)) '“()_“(y)'] »
|zo — yo| #=

holds for every r > 0.

8. ASYMPTOTICS FOR THE SHARP CONSTANT

8.1. The case s \, N/p. We start with the following lower bound, which is interesting in itself: it
relates the sharp Morrey constant with the sharp Hardy one.

Corollary 8.1. Let N >1,0<s <1 and 1< p < oo be such that sp > N. We have

o (RY N\ {0})
| RN

(8.1) m, ,(RY) > sC o N
for a constant C = C(N,p) > 0.

Proof. From (4.2) and Lemma 3.3, we obtain the following explicit lower bound

(8.2) Agp(By(x0)) > Nfsspr hs:pSiN\]V{o}).

By using this estimate with g = 0 and » = 1, in conjunction with Theorem 4.2, we get the claimed
result. |

The main result of this section dictates the exact decay rate to 0 of the sharp Morrey constant,
as we reach the borderline case sp = N.

Proposition 8.2. Let 1 < N < p < co. We have

0 < lim jnf 2 &) map(RY)

P < Pl i N Q)
SN (sp= NPt T~ (sp— NPTl oo
P P

Proof. The liminf follows from (8.1), by keeping into account Lemma 2.7, as well.

The lim sup is in principle simpler, it is sufficient to make a clever choice of trial functions. We
will use the idea of [5, Appendix], which was concerned with the case N =1, p = 2 and s N\, 1/2.
We take the trial function

C(z) = (1 - |ac|55:1N) ) for x € RY,
+
and observe that ¢ € W*?(RY). Indeed, the fact that

[Clws.» @y < +00,
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follows from Lemma A.3. Moreover, since ¢ identically vanishes outside Bj(0), we have
N

o T — [y P
[Clgoosp@mny = [C]covas,p(Bl(o)) = Sup SN ’
eyeBi(0)  |lz—ylr
thanks to the fact that
sp—N sp—N sp—N _N A
| 77T — Jy[ 7 | < | = Jyl] 7 and e = |l Y

together with the observation that s — p/N < (sp — N)/(p — 1) < 1. Thus, by recalling Theorem
6.1, we get

[C]?}[]s,p RN
m&P(RN) S [C]p ( ) = [C]%/&P(]RN)'
C%%s,p (RN)
If we now apply the estimate of Lemma A.3, we get the desired conclusion. O

8.2. The case p /" co. We first need the following technical result. We still denote by A, the
constant defined by (4.1).

Lemma 8.3. For every 0 < s <1 < N, we have

lim (A&p(Bl(O))) -1

p—o0

=

Proof. For every € > 0, we set

fe(z) =2+ |z]2 —g, for x € RV,

Then, the function

1

1 » >
Fpe(z) = éjv(x) ’ with Cnpe= (NwN /0 (6+ 92)5 oL dg) :
sPy€

is admissible for A ,(B1(0)), Thus, we get

i 1
(Aep(Br(0))" < [Fypdwseion = g Uelwerisio):
»PHE

Since f. is a Lipschitz continuous function, by applying (2.3), we obtain that

1
lim sup (As’p(Bl (O))) " < limsup

p—00 p—00 N,p,e

[felwer(By(0))

= limsup[fe]wer(B,(0)) = [fe] co. By
p—00

Let us now take two distinct points z,y € B;(0), without loss of generality we can suppose that
|z| > |y|. Thus, we get”

fe@) = L) = V2 H 2P =V + P < Jal = Jy| = |lal - Iy

"We use that for every t > 7 > 0, the function
g(e) = Ve +12 — Ve 4 12,

is monotone non-increasing. In particular, g(e) < g(0).
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In particular, this entails that

[fel@) = fe()] _ \le — |yl
vl a1y

1—s
s =kl <1

The previous inequality implies that
1

(8.3) lim sup (Asm(Bl(()))) " < [feos oy < 1.

p—)OO
Then, in order to conclude the proof, it is sufficient to show that
1
liminf (Asp(B1))> 2 1.

For every p > 1, let u, € C'(B;(0)) be such that
;1

(8.4) [uplwar (B, (0)) < (As,p(Bl(O))) T+ D lupllLesiony =1, up(0) =0
We fix 1 < ¢ <ooand 0 <t < ssuch that tqg > N, by (8.4) and Lemma 2.2 we get for every p > ¢
b—gqg
Nwn[Qp—g\ 7 (. st o1
. tq <|——— - .
53 o < (TP O (@) ((A(5i0)” 4

Moreover, by using Hélder’s inequality and the normalization on u,, we have that

(8.6) upllLa(B, (o)) < (wWn)a 7, for every p > .

By combining (8.3), (8.5) and (8.6), we get that the family {u,},>, is bounded in W*"4(B;(0)).
Since tq > N, by [25, Theorem 8.2], we get that the family {u,},>, is equicontinuous. Moreover,
since u,(0) = 0, this implies that {up},>4 is equibounded, as well. By applying the Ascoli-Arzela
Theorem, we have that there exists an increasingly diverging sequence {p, }nen C (g, 4+00) and a

continuous function us, on B1(0), such that u,, converges uniformly on B;(0) to us, as n goes to
oo. Of course, we still have

Uoo(0) = 0.
In addition, by the uniform convergence, we have

1
L= liminf flup, [l e (5 o)) < W0SUp @R [fup, [l (51(0)) = Iltioe| L (510

Thus, there exists T € B;(0), such that
Uoo(T) > 1.

We are left with observing that the sequence {u,, }nen satisfies the assumptions of Lemma 2.6 (in

view of (8.4) and (8.3)). Thus, we actually have us, € C%*(B1(0)), together with the estimate
. . 1 1
[toc] oo (B, (o) < lim influy, Jwevn (8, (0)) = Hminf (A, (B1(0)))7 + o

On the other hand, by using the properties of u.,, we have
|uco (T)]

1<
I EN

< oo ] 0.5 (B, (0))-
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The last two formulas in display, in conjunction with (8.3), show that

1

lim (As,pn(Bl(O)))"" ~ 1

n—oo

Since the above limit does not depend on the sequence {p, }nen, we get the desired conclusion. [

We can now give the result about the asymptotic behaviour of the sharp constant, as p diverges
to oo. This generalizes to the fractional case the asymptotic result of [14, Corollary 4.3].

Proposition 8.4. Let N > 1 and 0 < s < 1, then we have

lim (ms)p(RN))% =1

p—o0

Proof. From Theorem 4.2, we know that for every p > N/s and every T > 1, we have

Thus, from Lemma 8.3 we get

: 1
. N7 s : _
I inf (ms’p(R )) T )T (As’p(Bl(O»)

for every T' > 1. In particular, by arbitrariness of T" we get

1
(T —1)s +T5’

Sl

1
liminf (m,,,(RY))" > 1.

pP—

In order to prove the lim sup inequality, we take the function

Fo@) = (1= fo(@))s,  where fuz) = v/ T o —c.
This is a compactly supported 1—Lipschitz function, thus we have that ]?E € WeP(RY). This
implies that

1

(ms7p(RN)>;< [fe}Ws,p(]RN) < [fE]Ws-,P(]RN) B [fa]Ws,p(RN)

[A;]CO‘“S»p(]RN) T feler) — f2(0)]  VE2H1-e

By taking the limit as p goes to co and using (2.3), we get

1 _

lim sup (ms (RN)) "< [feleo @) = [fE]CO’S(Bl(O)) = [fE]CO‘S(Bl(O)) .
P00 P T Vet+l-c¢ Vvez+l—e¢ Ve2+l—e¢

In the proof of Lemma 8.3, we have already shown that the last seminorm is smaller than or equal

to 1. This concludes the proof, by arbitrariness of € > 0. ]
8.3. The case s 1. We start by recalling that
Ny _ ; P . —
myp(R )_g,ewnll%w) {/RN IVeolP da : [plcoons gy = 1}

_ ; P . _
B @EDI?LI%RN) {/RN Vel du - [SD]CO’QI”’(RN) - 1} ’

thanks to Remark 6.5. The latter is exactly the problem studied in [37]. We also define

1
.mw:f/'\wﬁmwﬂ*w»
p Jov—
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Theorem 8.5. Let 1 < N <p < oo. Then
(8.7) ll/‘m1(1 — 5)my ,(RY) = K, v my p(RY).

Moroever, if for every N/p < s < 1 we define us € W*P(RY) to be the unique extremal for mg ,(R™N)
such that (z0) (o)
Us(To) — Us\Yo
us(yo) = 0, us(zo) = 1, [Us]coﬂs,p(RN) = W =1,
then, as s goes to 1, we get that {us}n/p<s<1 uniformly converges on compact sets to the unique
extremal u € WHP(RN) for my ,(RY) satisfying

us (o) — s(yo)
ulyo) =0, ulwo) =1, [ueoesy @y = =TT = L
Proof. Thanks to [14, Corollary 4.3], we have my ,(RY) = my ,(B;). Then, for every ¢ > 0, there
exists u. € C§°(B1(0)) such that

myp(RY) 46> / " [Vue|P dz and [us]co,alvp(r(o)) =1.
B1(0

Since C%1»(B1(0)) C C%=»(B1(0)), by Remark 2.5 and [27, Corollary 3.20], we get

(I—s) [US]gvs,p(RN)

limsup(1 — ) m, ,(RY) < limsup >
s, 1 s,'1 [UE]CO”"&P(T(O))
Kp N Vel
_ : ellLr(B1) < Kpn (mp(RN)—i—g).
[uelgo.0n, 7o
Co1r (B1(0))

By arbitrariness of € > 0, the latter gives that
(8.8) limsup(1 — s) m, ,(RY) < K, xy m,(R™Y).
s 1
In order to prove the liminf inequality, for every 0 < s < 1 such that sp > N, we take us as in the
statement. By applying Theorem 7.7, we have that

||u8||L°°(RN) = ugs(xo) = 1, for every s > E

We now fix N/p <5< 1 and set « =35 — N/p. We thus get that {us}s<s<1 € C%*(RY) and
lus|lco.o@yy = llus] oo mry + [ts] co.o mry < C, for every 5 < s < 1,

for a uniform constant C' > 0, thanks to the uniform L> bound and to (2.5). Hence this family is
equibounded and equicontinuous. We now take an increasing sequence {si}ren C (3,1) converging
to 1, such that

limi{lf(l —9) ms)p(RN) = klim (1-— sk)msk’p(RN).
S — 00

By using the Ascoli-Arzela Theorem and a standard diagonal argument, we can infer existence
of a subsequence {sy, }nen C {sk}ren, such that the sequence {us, }nen uniformly converges on
compact sets to a function u € L™ (RN), as n goes to oo.

We claim that u € WYP(RY). Let z, y € RY with z # y, then we have

0@) =~ ()] _ e, (@)~ ey, ()

|.13 — y|a1,p n— 00 |J; — y‘askn*”

<1

= 4




40 BRASCO, PRINARI, AND SK

which implies that u € CO1 (RYM). In addition, we have

u(Zo) —u . u Zo) — Usy, (Yo
[u}c’O»‘*l,p(RN) > ‘ ( O) iy0)| = lim | Skn( ) a:kn,g )|
|.1:0 — y0| 1,p n— o0 |3:0 — yo|“okn

:]_’

so that
[u]co,alyp(RN) = 1.

We still need to prove that Vu € LP(RY). By appealing Lemma B.2, there exists a constant
C = C(N) > 0 such that

— p
sup / ‘Us(x'F h)gpus(f)‘ de < C(]. _ S) [us}z‘jvs,p(RN) _ C(]. B s) ms,p(RN)«
|h|>0 JRN |h|

In particular, by Fatou’s Lemma we get for every |h| > 0

h - p ] + h - Ug P
/ ule £ h) = u@)l” , liminf/ s, @ 1) = s, @ ) inf 0 (1= ) e, (RY),
RN |h|P n—oo [Jpn || skn P s A1 ’

By the classical characterization of Sobolev spaces in terms of finite differences, the last estimate,
the arbitariness of h and (8.8) show that Vu € LP(RY™). Moreover, for every R > 0, thanks to [52,
Theorem 8] and to (8.8), we have that

Ky [Vl 5,y < liminf(1 — sy, [, I

Wekn?(Bg) = hin inf(1 - s)m, ,(RY) < K, x m, (RY).

1

By the Monotone Convergence Theorem, the previous estimate holds by replacing the L? norm on
Bp with that on RY, on the first term in the left-hand side. By definition of m,(RY), this yields

Kpn mlyp(RN) < Kp N ||Vu||ip(RN)
< hm/i{lf(l — s)m, ,(RY) < K, y m,(RY).

Combining (8.8) and (8.9), we get (8.7) and that u is an extremal for m,(R"), having the claimed
normalization properties.

Finally, we observe that by [37, Corollary 3.2] such a minimizer is unique. Hence, we get
convergence of the whole family {us} N/p<s<1 to u, uniformly on compact sets. (Il

(8.9)

APPENDIX A. A FAMILY OF TEST FUNCTIONS
For every N > 1,0< s <1 and 1 < p < oo such that sp > N, we consider the function
sp—N
C(x):<1—|x| 5*1) ) for x € RV,
Jr

With the aim to estimate the Sobolev-Slobodeckii seminorm [C]{;Vp (rN)» We prove the following

preliminary lemmas. The first one is an extension of [5, Lemma B.1], the latter being concerned
with the case p = 2 only.

Lemma A.1 (One dimension). Let N =1,0< s <1 and 1 < p < oo such that sp > 1. There

exists a constant C' = C(p) > 0 such that
C % p 1-sp 1 sp— 1 p
Doy < (14+67%) at
[C]Ws’p(R)Sp—1</0 + +1—8(p—1>>
sp—1

-7
4 ! ( B T )
S B G A
* Sp J_1 (1 - t)Sp

sp—1

1— ¢

(A1)
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The constant C' blows-up as p \, 1.

Proof. This can be proved as in [5, Lemma B.1], with minor modifications. Since ¢ identically
vanishes outside (—1,1), we can write

[C@)[”
[C]gvsp(ﬂg) = [C]Z;Vs,p((,l’l)) +2 // w dx dy

(~1,1)x(R\(~1,1)) |7 —

For z € (—1,1), we have

/ dy 1 1 n 1 1
R(-11) [z —y[TP  sp (1—x)5P * sp (1+2)5P
By using this fact, a change of variable and the definition of {, we thus get
sp— r
4 1 (1 — It ppfll)
ol R
sp Joi (1=t)°P

By using the symmetry of the set and of the integrand, we can estimate

[C]ﬁvs,p(m) = [C]?;Vs,p((fl’n +

sp—1 sp—1 p
p—1

[} <4// ‘|x| i dody =T
sp((_ < . xdy =:T.
Wep((=1,1) (0,1)x(0,1) |z — y|l+sp

We apply [6, Remark 4.2, formula (4.3)] with the choice 8 = (sp—1)/(p — 1) there, so the term T
can be estimated as follows

sp—1 sp—1|P
o] # — o) #5 sp-1) ot e
134// o dady < / ey (1) a
(0,1)%(0,1) |z — y|t+sp sp—1 Jo [L—t|tsp

In order to estimate the last integral, we break it into two pieces

sp—1 r

sp—1 p
—1

1 ‘1_tp 1-sp 3 sp—1
/ 7(1+tp—1)dt<21+8p/ ’1—15?—1
o [1—tlter B 0
1 ‘1 e

1 2%”511) | I 7y
+(1+ / g

In turn, the last integral can be estimated by appealing to the following concavity inequality
(A.2) a® —b* < ab*!(a—b), for0<b<a, 0<a<l.
With the choice « = (sp—1)/(p — 1), we get
1 ts p—1 |P
1 —t -1 P 1
sp—1 p(=s) (1—s)p—1
e dt < [ —— 2 p-1 1-—-t¢ P=%dt
[, = (57) f o=
B 95 (s=1) (Sp—l)p
p(l—s) p—1)

This is enough to conclude. U

p 1—sp
(1 s ) dt

-

(A.3)

In higher dimension we get a very similar estimate, but the computations are a bit more involved.
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Lemma A.2 (Higher dimension). Let N >2,0< s <1 and 1 < p < oo such that sp > N. There

exists a constant C = C(N,p) > 0 such that
1
C 3 p Nposp_ 1 (sp—N\’
p < — (1 tomT 1>dt —
[C]Ws‘p(RN)_Sp_N</O‘ + +1_S b1
sp—N

) 1(1—-tp—1)p
2(Nwn) / N1 gt
0

sp (L—t)sP

Proof. Since ( identically vanishes outside B1(0), we first observe that we have

p
[C]g{/S,p(RN) = [C]?}V&p(Bl(o)) + 2 // M

B1(0)x (RN\ B, (0)) |T — y| VTP

sp—N

1—t7T

(A4)

+

dzx dy.

Moreover, for every x € B1(0), we have
RY\ B1(0) € RV \ By(z),
where we set for brevity d = dist(x,0B1(0)) = 1 — |z|. This permits to infer that

dy
Py < Doy +2 [ @P ([ W) do
WP (RN) Ws:r(B1(0)) Br(0) RN\ By () |$_y‘N+sp

2N wy / ()
_ P + dx
[dW 2 (B1(0)) sp B (0) (1 - |x‘)sp

- [C]€VS,ZJ(BI (0))

1 tspr P
1 — -1
2(Nwy)? / ( " ) N1 gy
sp o (-t

By using spherical coordinates and the fact that

sp—N sp—N
-1 -1

C@) = Cw)l = [lal 77 — [y for 2,y € B1(0),

we can write

K—]p s,p = // ‘Q 15*1 —7r p-1
W2 (B1(0)) (0,1)x(0,1)

Here the function ¥y g, is given by

oV TNl Uy splo,r)dodr.

1 2 N-—-3
1—-1t°)=
\IIN,SP(er) :/ ( ) N+tsp dtv

Te-mrt2or-n)

and it has the following properties

1 r
(A.5) Un,sp(0,7) = Un,sp(r, 0) and Un.splo,r) = oNFsp Pnsp (Q) )
where the function @y s, is the same as in (2.6). We can rewrite

sp—N sp—N p

oo = ] o5~
WP (B1(0)) (0,1)x(0,1)

sp—N
p—1
0

AEE S Uy splo,r)dodr

3 P\ r
() Un.sp (1, ) dr | do.
0 0
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1 , sp=N P AN , o , sp=N |P N .,
L @ e [ ()7 (0 o)
0 0 0 0 0 Y Y 0
1 T S| M\ Nt r
LT )
0 0 0 0

and then we make the change of variable r/p = ¢ in the first integral and r/o = 1/t is the second

one. This gives
V! r ! sp-N
<) YN sp <1,> dr:g/ ’1—75 p=1
1% 4 0

1 sp—N |P
r\ p!
/ 1( )
0 Y
sp—N |P
—1

1|1 —¢t» 1
—_— v 1,— | dt.
+Q/Q tsg:lN"FN"Fl N,sp< ’t)

1
\I’N,sp (]-7 t) = tN+Sp (DN,Sp(t)'

P\ N1 r 1 sp—N |P
() VN sp (1, > dr=o / L—to 1t | N oy, (t)dt
4 0 0

= P
o [ e 0

1

We pass to analyze the integral in r: we decompose it as follows

p
N Wy o, (1,1) dt

In the last integral, we can use (A.5) to infer that

Thus, we finally get

[h-G)"

+

sp—N Np-sp_q

L (g

<o

S~

) @nop(t)dt
We notice that

sp— N

p—1
hence, from the previous estimates we obtain

1 sp—N _ 1 sp—N
[C]evs,p(gl(o)) < </0 ot 1d9> /0 ’1 —1pt

—-1> -1,

p p—sp
(tN_l o ‘1) By p(t) dt

-1 1 sp—N |P p—sp
= SZ_N O 1= 5[ (Y ) D (1)
1
p—l ‘ sp—N |P ( Np—sp_l) p—l
1—t»1 1+t 71 d tYdt = — 1.
“sp—N Jo ’ e Nsp () sp— N

As in the one-dimensional case, we can break Z in two pieces

1/2 sp_ N
11:/ ‘17?5 p—1
0

p Np—sp_q
(1475 enp@ dt,
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1 sp—N |P
I ::/ ‘1—:5?
1/2

For 0 < t < 1/2, by recalling the definition (2.6) it holds

and

p—s

N p*l
<1+t = )@N,sp(t)dt.

1 ! N-3
¢N,sp(t) < W /1 (1 — TQ)T dr < 6'2]\/-‘1-177

with C' = C(N) > 0 (observe that the last integral is converging for N > 2). This yields
1/2 sp—N |P Np—sp
7, <C / ’1 i (1 = *1) dt,
0

possibly for a different C = C(N,p) > 0. In the case 1/2 < t < 1, by using the change of variable
2t
(1-1)?

z =

(1-1),

it is not difficult to show that
Dy ap(t) < C(1L—t)~ P,
for a dimensional constant C' > 0 (see [11, formula (A.8)]). By using this estimate and again (A.2),

we obtain that

sp—N |P

V-
12 (L—t)t+sp

sp— N Pt (1-s)p—1 (ST”Nfl) —p—1
<C 1-t¢ t\ et Py gspmp dt
B ( p—1 ) /1 =0 ( i )

N p—

(1+¢777) @naplt)at

/2
P ol
<C (2(%+1)p+27827+?+1> (SpN) / (l_t)(l—s)l’—l dt.
p—1 1/2
By computing the last integral and combining the estimates given for Z; and Zs, we finally obtain
the desired conclusion. O

Finally, the following estimate is the main point of this section.

Lemma A.3. For N >1,0<s<1and1<p< oo such that sp > N, we have

(sp— N~
p
[C]WS,P(RN) S C 1—3s ?

The constant C = C(N,p) > 0 does not depend on s.

N
for every — < s < 1.
p

Proof. Let us give the proof for N > 2, the case N = 1 being exactly the same, with (A.1) in place
of (A.4). We proceed as in the proof of [5, Lemma B.1]: we observe at first that

Nop—
TPTEP 150, for N>2,
p—1
thus we get
% sp—N |P Np—sp_q % sp—N |P
1=t55 | (14 ar <2 ’141’—1 dt.
0 0
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In order to estimate the last integral, we define

s

- N
hr(s)=7 p*lN, forr>0,s>—.
b

h-(s) — h. (Z)' = /N R.(t) dt
sp— N

S tp— N
/ET T dt S%(—logﬂ (s—p) = (—logT) P

P

Then we have

Thus, for 0 < 7 < 1/2 we get

sp—N
‘1 — 7 p-1

= = llog]

We then obtain for N/p < s <1 and N > 2
1—t o1

} Ny g
(A.6) / " at < (Sp N) / (= log7)? dr,
0 p—1 0

and this gives the desired estimate, since the last integral is finite and independent of s. Thus, from

(A.4) we get
C sp— N\’ 1 sp—N\”
b <

V(1=

d(Nwy? 1 (1-tF)

4+ 2Wwn) / tN=1 gt
sp 0 (1—t)sp

possibly for a different constant C' = C(N,p) > 0. The last integral can be handled in a similar
manner: we have

1 1—t35:1N P 1 1—t55:1N P
/0((1_t)sp>tzv1dt</0 ((1_t)sp)dt
3 l—tsz::fv P 1 1_t-<;:11V P
:/02((1t)sp)dt+/; <(1t)sp)dt

sp— p
% sp—N\P 1(1_tp_1N)
< or (14 = ) dt AN )
< | */; FEnE

The first integral on the right-hand side has been already estimated in (A.6). The second one can
be estimated as in (A.3), by relying on (A.2). We leave the details to the reader. O

APPENDIX B. HOMOGENEOUS SPACE ON THE PUNCTURED SPACE

We still consider the space W*P(RY) defined by (2.1). For an open set Q C RY, we indicate by
257 () the completion of C§°(£2), with respect to the norm

@ = [plwsr@ny, for every ¢ € C3° ().

For a characterization of this space when = RY, we refer to [7, 50]. In the case sp > N, when (2
coincides with the whole space minus a finite number of points, we have the following
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Proposition B.1. Let N > 1, 0< s <1 and 1 < p < oo be such that sp > N. For every k € N
and every x1,...,x, € RN, we have

TP BV {n, - and) = {w € WPRY) : ulm) =+ = u(en) =0},

Proof. We will prove the result for the fractional case 0 < s < 1 only. The limit case s = 1 is
actually simpler and can be proved by repeating the same arguments. We also notice that it is
sufficient to prove the result for £ = 1, in the general case the proof is exactly the same. Finally,
without loss of generality we can suppose that z; coincides with the origin.

We first observe that if u € W*P(RY) is such that u(0) = 0, then by Morrey’s inequality we
have

[ulfye.s
(B.1) (@) = |u(z) — u(0)|? < m:VTH@i};) 1z[*P=N,  for every z € RV,
We take a cut-off function n € C°°(R”) such that
0<n<l, n =0 in B;(0), n=1in RN\ By(0), Vn||z~ < On.

Truncation at the origin. For every n € N\ {0} we define

M (x) :=n(nx), for x € RV,
We wish to prove at first that there exists a constant C' = C'(N, s,p) > 0 such that
(B.2) [w ]y, p®N) S C [ully. (RN for every n € N.

We start by decomposing the seminorm as follows

[u(@) ma(z) — w(y) na(y)|?
[unnlb . = // dz dy
Wep(RY) B3 (0)xB3 (0) |z —y|NFsp

— p
vz ff ua) 1 2) 0@ g
By (0)x(®RN\Bs(0) 1T —y[NTP

u U
o M 20
(RM\Bj (0)x(R¥\B (0)) |7 —y[VFsP

It is easily seen that J3 is uniformly bounded by the seminorm of u on the whole RY. For J;, by
the triangle inequality and the fact that 0 <7, < 1, we have

_ p r
7, < o1 // |u(z) U(y])\[\+L77(93)| da dy
B (0)x B3 (0) |z —y|NVHsp
— r r
Lot // |7 () %(i&'s lu@” . dy
B3 (0)xB3 (0) |z — y[N+sp

[ulye (v Nosp 7 (%) — 1 (y) [P
< op Ly 4 op—1 ( )<) // - - dx dy,
Wer(B2(0)) m, ,(RV) B3 (0)xB3 (0) Cz— gV

where we also used (B.1). By recalling the construction of 7, a change of variable finally leads to

J <Clu }Ws P (RN) (1 + [n]WSP( 3(0))) ’
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for some C = C(N, s,p) > 0. In turn, by using the Lipschitz character of 1, we have

[n]@vs,p(33(o)) < ||V77||}£oo // |z — y|p(1is)7N drdy < C.
Bg(O)XB3(O)

This permits to conclude that

J1 <C [U]};Vs,p(RN),
for some C' = C(N,s,p) > 0. For J, we recall that 7, = 1 outside By/,(0) and that 0 <7, <1,
thus we have

u(x)np(r) —u p
j2:// |u(@) 1 ( )N+S(y)| d dy
Ba (0)x(®N\Bs (0)) |z —y|NTsP

v ) ~ uly)l
(B3 (0\Bz2 (0)x(RM\B3 (0)) |7 = ¢V P

_ p
< or-t // % dz dy
B2 (0)x(RN\Bj (0)) |7 —ylNTsP

() — 1|7 »
vzt ff () = W )
B> ()x(®V\Bj(0) |T—y[NTeP

+ [um,s,p(RN)

—1lr P
S C [U]p . N 4 2])71 nspr |77(x) | |U(y/n)| dl' dy
We.p (RN) Nts
B2 (0)x (RN \ B3(0)) |z — y|Ntsp

dx dy

In the last estimate we also used a change of variable. We now observe that for y € R \ B;(0) and
2 € By(0), we have

1 1
e =yl 2yl = |zl 2 lyl =2 = 3|yl = & (L +|yl).
Thus we get

_ 1P p P
// In(z) — 1 J\;ﬂfg/nﬂ dzdy < C // |U(y/n]3]|+s d dy
B2(0)x (RN\ B3 (0)) |z — y[VHsp By (0)x (RN\ By (0)) (1 + |y[)N+sP

lu(y/n)|P
— CNwy 2V / _luly/m)_
rN\By(0) (1+ [y[)V TP

By using again (B.1), we have

In(x) = 17 Ju(y/n)[? N ly[sP—~
dedy < C[ult,.., n'y P ————dy,
//Bg(o)x(RN\Bg(o)) lx —y|NFsp Wer®Y) RN\ By(0) (1 + [y[)N+sp

and the last integral is finite. By collecting the previous estimates, we finally obtain that 75 is
uniformly bounded, as well. Thus, (B.2) holds true.

Truncation at infinity. For every n € N\ {0}, we now set
P () ::77({), for x € RV,
n
By applying [7, Lemma B.2] to the function un,, we get

(B.3) (U Yl wer@yy < C [unn]wer@yy, for every n € N,
for some C' = C(N, s, p) > 0.
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Rough approximation. We now set

B () = 2@ (@) (= (@) — u(y) ma(y) (1 = ¥ (y))

o=yl 7

, for a.e. (z,y) € RV \ RY.

We observe that this sequence is bounded in LP(RY x RY), since
IEnll o @y xryy = [Wnn (1 = Pn)]wsr@n)
< [unnlwer@yy + [Win Ynlwer@yy < C [ulwer @y, for every n € N,
thanks to (B.3) and (B.2). Thus, up to a subsequence, it converges weakly in LP(RY x RY). Such
a limit must coincide with the pointwise limit, which by construction is given by the function
u(r) — u(y)

|x—y|%+s7 for a.e. (z,y) € RV x RV,

F(‘Tvy) =

We can now appeal to Mazur’s Lemma and infer existence of a sequence of convex combinations
of F,, which strongly converges to F' in LP(RY x RY). Thanks to the peculiar form of F,, and the
properties of both 1, and n,,, this implies that there exists a new sequence

¢n € C(C))O(B%L(O) \B% (0))a
such that
u(z) pn (@) —u(y) duly)  ul@) —uly)

=0.
r—y|7 " fr—y|? "

LP (RN xRN)

lim
n—oo

This is the same as

i 16— sy =0

Thus, u is the strong limit of a sequence of W*P(RY) function, with compact support which is
distant from the origin.

Smooth approximation. Finally, from the previous point we know that there exists a sequence
{tn}nen € W*P(RY) approximating u in the Sobolev-Slobodeckii seminorm, such that

U, =0 in B1(0) U (RN \ By,(0)).
We take {pg}ren the usual family of Friedrichs mollifiers and set
Un,k = Un * Pk.

Thanks to the properties of convolutions, for every & € N large enough we have that u,j; €
C3°(RM\ {0}) and
lim [un, gk — Un]wsr@y) = 0.

k—o0
In particular, for every n € N\ {0}, we can choose k,, € N such that
1
[Un,k — Un]wsr@yy < —, for every k > k.
n

We thus have
[un,kn — U]Ws,p(]RN) < [umkn — un]WS,p(]RN) + [un — U]Ws,p(]RN) < - + [un — u]WS,p(]RN).

This finally shows that u is the strong limit of the sequence {uy k, }nen € C§°(RY \ {0}). This
concludes the proof. |
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Finally, we extend to the space
D*(RY) = { € Lipo(RY) : [elwesav) < +00},

a simple yet useful result. The main focus is on dependence on s of the constant appearing in the
estimate below.

Lemma B.2. Let N >1,0<s<1 and 1< p < oo be such that sp > N. There exists a constant
C = C(N) > 0 such that

T |eta )~ @)
s [

|h|®
Proof. From Proposition 6.4, we know that D*P(RY) = W*P(R¥). Thus, for every ¢ € D5P(RY),
we have

p

dx < Cs(1—3s)[¢] for every ¢ € DSP(RY).

p
WP (RN)?

$=p—p(0) € 75" (R \ {0}),

thanks to Proposition B.1. By definition of 237 (RY \ {0}), there exists a sequence {¢y tnen C
Cs° (RN \ {0}) such that

lim [(pn - @}Ws,p(RN) =0.

n—oo
By applying Hardy’s inequality for 2,7 (R \ {0}) to each function ¢,, — @, we have

RN len — 2" dr < -5
bsp(R™\ {0}) o 47 < [on — Plwen@y).
RN |T[°P

The last two equations show that {¢,, — P },en converges to 0 in the weigthed space LP(RY; |z|=5P).
Thus, we can further suppose that

=0, for a.e. z € RY,

lim [ (2) — @(x)

n—oo
up to a subsequence. We now use that

Sup/ en(T + h) — pu()
>0 JRN |h®

thanks to [21, Theorem 1.1] (see also [8, Lemma A.1]). By taking the limit as n goes to oo and
using Fatou’s Lemma in the left-hand side, we get the desired conclusion. ([l

p
dx < Cs(1—3)[en] for every n € N,

p
Ws,p(RN)7
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