ASYMPTOTIC APPROACH TO SINGULAR SOLUTIONS
FOR THE CR YAMABE EQUATION
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ABSTRACT. We investigate some effects of the lack of compactness in the
critical Sobolev embedding by proving that a famous conjecture of Brezis and
Peletier [14] does still hold in the Heisenberg framework: optimal functions for
a natural subcritical approximations of the Sobolev quotient concentrate energy
at exactly one point which is a critical point of the Robin function (i.e., the
diagonal of the regular part of the Green function associated to the involved
domain), in clear accordance with the underlying sub-Riemannian geometry.
Consequently, a new suitable definition of domains geometrical reqular near
their characteristic set is introduced. In order to achieve the aforementioned
result, we need to combine proper estimates and tools to attack the related
CR Yamabe equation with novel feasible ingredients in PDEs and Calculus
of Variations which also aim to constitute general independent results in the
Heisenberg framework, as for instance a fine asymptotic control of the optimal
functions via the Jerison and Lee extremals realizing the equality in the critical
Sobolev inequality [44].

1. INTRODUCTION

Let H™ := (C™ x R, 0,{dx}r>0) be the usual Heisenberg-Weyl group and define
the standard Folland-Stein-Sobolev space S§(H") as the completion of C§°(H™)
with respect to the horizontal gradient norm || Dy - || 2 grn). In [27] the authors prove
that the following Sobolev-type inequality does hold,

(L1) lulZr gy < S7IDsul By Vu € SE(HT),

where S* is a positive constant, and 2* := 2Q)/(Q — 2) stands for the Folland-Stein-
Sobolev critical exponent, which depends on the homogeneous dimension @ := 2n+2
associated to the group of dilations {dx}x>o-

The critical Sobolev inequality (1.1) has been an attractive object of study for
the last decades, since it is inextricably linked to the lack of compactness of the
related critical (Folland-Stein-)Sobolev embedding, and to the correspondent Euler-
Lagrange equation in turn describing the important CR, Yamabe problem, namely,
the problem of finding, for a compact CR manifold M of real dimension 2n + 1 a
choice of contact form in the conformal class of its equipped contact form © for
which the Webster curvature SR is constant. If we denote with ©* = 43720 a
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conformal change of © one gets for the corresponding scalar curvature that
Q+2
R =u @2 (2*AHU + %u)

It is then clear that in the flat case when 98 = 0 the PDE associated with the CR
Yamabe problem is actually the one obtained in considering the variational problem
related to finding the best Sobolev constant in (1.1); see forthcoming equation (1.5).
A breakthrough results on the CR Yamabe problem is due to Jerison and Lee in [43].
Also, very recently, the case when n = 1 has been solved by Gamara in [31].

For what concern the strictly related study of the optimality of (1.1), several
results in accordance with the classical critical inequality in the Euclidean framework
have been proven, despite the difficulties given by the sub-Riemannian geometry
of the Heisenberg group H™. On the contrary, several (somewhat expected) results
are still open for the same reason; that is, the substantial difference with respect to
the Euclidean framework in view of the complex non-commutative structure. The
literature is too wide to attempt any comprehensive treatment in a single paper.
We refer the interested readers to the very important papers [18,32,34,44,47,48],
the recent book [40], and the references therein.

In the present paper, we are interested into investigating some of the effects
of the lack of compactness in the critical Sobolev embedding (1.1), by analyzing
the asymptotic behavior of the natural subcritical approximation of the Sobolev
quotient.

Consider the following maximization problem,

(1.2)  S* :=sup { / lw(€)[* d€ : ue sg(Hn),/Hn | Dru(€)2dé < 1}.

The validity of (1.1) is equivalent to show that the constant S* defined in the
display above is finite. The existence of the maximizers in (1.2) is a difficult problem
because of the intrinsic dilations and translations invariance of such inequality, as
it analogously happens for the classical critical Sobolev inequality. The situation
here is even more delicate because of the underlying non-Euclidean geometry of the
Heisenberg group, and the obstacles due to the related non-commutativity. The
explicit form of the maximizers has been presented, amongst other results, in the
breakthrough paper by Jerison and Lee [44], together with the computation of the
optimal constant in (1.2). We also refer to the fundamental paper [28] where sharp
constants for inequalities on H™ have been derived for even more general cases, in
turn obtaining sharp constants for the corresponding duals, which are the Sobolev
inequalities for the sub-Laplacian and the conformal fractional Laplacians.

For any bounded domain 2 C H", consider now the following Sobolev embedding
in the same variational form as the one in (1.2),

1 spms{ [uOF ag s ue si@), [ 1Dauea <1},

where the Folland-Stein-Sobolev space S () is given as the closure of C§°(Q) with
respect to the L2-norm of the horizontal gradient in Q.

One can check that S& = S* via a standard scaling argument on compactly
supported smooth functions. For this, in view of the explicit form of the optimal
functions in (1.2) — see forthcoming Theorem 2.2 — the variational problem (1.3) has
no maximizers. The situation changes considerably for the subcritical embeddings.
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Indeed, since  is bounded, the embedding Sj(2) — L? ~¢(f) is compact (for any
0 < e < 2*—2), and this does guarantee the existence of a maximizer u. € S¢(£2)
for the related variational problem

(1.4) S = sup{/9|u(g)|2*6dg fu € 53(9),/Q | Dgu(€)2dé < 1}.

Such a dichotomy is evident in the Euler-Lagrange equation for the energy
functionals in (1.4); that is,

(1.5) —Apue = Mue|? 75720, in (S3(Q)),

where A is a Lagrange multiplier. Whereas when € > 0 the problem above has a
solution uc, it becomes very delicate when € = 0: one falls in the aforementioned CR
Yamabe equation, and even the existence of solutions is not granted. In particular,
the existence and various properties of the solutions do strongly depend on the
geometry and the topology of the domain Q2. We refer for instance to: [47,63] for
nonexistence of nonnegative solutions when €2 is a certain half-space; [18] where the
authors show the existence of a solution in the case when the domain 2 has at least
a nontrivial suitable homology group; [32] for existence and nonexistence results for
even more general nonlinearity.

In view of such a qualitative change when € = 0 in both (1.4) and (1.5), it seems
natural to analyze the asymptotic behaviour as € goes to 0 of the corresponding
optimal functions u. of the embedding S§(Q) < L?*~¢(Q). This is the aim of the
present paper.

For what concerns the Euclidean counterpart of such an investigation, several
results have been obtained, mostly via fine estimates and a standard regularity elliptic
approach of the special class of solutions of the equation (1.5) being maximizers for
the related Sobolev embedding.

On the contrary, for what concerns the Heisenberg panorama the scene is basically
empty in view of the many difficulties naturally arising in such a framework. Indeed,
the non-commutative group structure precludes the free generalization of several
tools such as symmetric decreasing rearrangements, ODEs techniques as well as
regularity approximations. Nevertheless, some fundamental results available in
the Euclidean framework where successfully extended in H™: the Bahri and Coron
conjecture in [5] in the aforementioned paper [18], as well as the non-existence
criteria on several relevant class of proper subset of H™ in [32,47].

Very recently, it has been proven in [55] that, up to subsequences, optimal
functions wu. for the subcritical Sobolev embedding (1.4) do concentrate horizontal
energy at one point &, € 2, even without requiring any regularity assumptions nor
special geometric features on the domain €2, in clear accordance with their Euclidean
counterpart in [3,24,52,53]; see also the recent results in the nonlocal settings in [61].

Theorem 1.1 (Theorem 1.2 in [55]). Let  C H" be a bounded domain, M()
being the family of positive Radon measure in Q and let u. € S§(Q) be a mazimizer
for Sz. Then, as e = e, — 0, up to subsequences, we have that there exists &, €
such that
up = ue, — 0 in L¥(Q),

and

|DHuk|2d§ A 550 m M(ﬁ),
with O¢, being the Dirac mass at &.
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Now, a natural question arises: can we localize the blow up; i. e., is the concen-
tration point &, related to some extent to the geometry of the domain € ?
For classical elliptic equations with critical growth nonlinearities, Atkinson and
Peletier, via ODEs methods, proved in [4] that the blow up (as € N\, 0) of solutions
to the critical equation

(1.6) —Au=ui"tin (HYQ)Y,

in the case when Q C R? does coincide with a ball, satisfy

2 1 1
lim eu?(0) = 32 and  lim ue(2) === 1),
e—0+ ™ e—0t  4/E 4V 2 \ |z

Subsequently, by relying on purely variational techniques, Brezis and Peletier in [14]
extended such results to the case of spherical domains. In particular, in [14] it
has been showed that subcritical solutions concentrate at one special point of the
domain. Moreover, the authors also conjectured that an analogous result should hold
for non spherical domains and for higher dimensions as well. This conjecture was
later proved to be true, independently, in the case of smooth domains by Han [39]
and Rey [62] by showing that the solutions of (1.6), with maximal Sobolev energy,
concentrate energy at one point which can be localized via the Green’s function
associated with the underlying domain.

The involved proofs strongly rely as well as on various available techniques in
the Euclidean framework such as, e. g., moving planes method, Kelvin transform,
etc..., also on the availability of various boundary regularity results for standard
elliptic equations. This last feature is in clear contrast with the complexity faced in
the present paper. As well known, even if the domain 2 is smooth, the situation
is dramatically different because of the possible presence of characteristic points
on the boundary 0. At such points the vector fields forming the principal part
of the relevant operator Ay become tangent to the boundary. Hence, near those
characteristic points — as firstly discovered by Jerison [41,42] — even harmonic
functions on the Heisenberg group can encounter a sudden loss of regularity. Indeed,
Jerison built an explicit solution in the domain {§ =(z,t)eH": ¢t > —M|z|2}, for
a suitably choice fo M > 0, vanishing on the boundary and having at most Holder
regularity near its isolated characteristic point 0. Also, one did not want to work
in the restricted class of domains not having characteristic points; that is, by still
including interesting sets as e. g. the torus obtained by revolting the sphere S2"
around the t-axis [1], but unfortunately excluding an extremely wide class of regular
sets which play a pervasive role in several relevant problems in the Heisenberg group,
as e.g. the level sets of the Jerison and Lee extremal functions (2.5) and those of the
Folland fundamental solution; i. e., the Koranyi balls. Nevertheless, some important
results have been obtained for maximizing sequence of S! in non-characteristic
domain. Indeed, in [49], the authors are able to construct a concentrating sequence
of solutions for certain non-degenerate critical point of the regular part of the Green
function of 2. We also refer to the references in the aforementioned paper.

For this reason, and in order to deal with the aforementioned difficulties, it is then
quite natural to work under the assumption that the domain €2 is geometrical reqular
near its characteristic set in accordance with the hypotheses firstly assumed in [34]
by Garofalo and Vassilev; see conditions (21)—(€23) in forthcoming Section 2.2.

We are eventually able to deal with the aforementioned sub-Riemannian frame-
work obstacles by proving the desired localization result for the concentration
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point &, of the maximizing sequence u. in terms of the Green function associated
with the domain €2, in turn establishing the validity of the aforementioned Brezis
and Peletier conjecture in the Heisenberg group.

In order to state our main result let us recall for any open domain 2 C H" and
any 1 €  the definition of the Green function of 2 as

Qx Q3 (&n) — Ga(&n) =Kn~ o)+ H(&n),

where K(-) is the fundamental solution of the sub-Laplacian —see Section 2 below —
and H(-) is the regular part of the Green function and it can be define in the sense
of Perron-Wiener-Brelot as

AgH(5m) =0 in Q,
H(&n) =K 'of)  in o,

see, for instance, Theorem 9.2.4 in [12]. We call Robin function of Q the diagonal of

H(:), i.e. Ra(§) :== H(&; ).
With this bit of notation we have the following theorem.

Theorem 1.2. Let Q C H" be geometrical reqular near its characteristic set and
let ue € S§(Q) be mazimizer for S*. Then, up to subsequences,

(1) ue concentrates at some point & € Q such that
ZrRa(&) =0 forany k=1,...,2n.
(2)

7 i el =

2n 42 [wan VAL ("
nS* \ 2n (%2

: )> Ral6o)]

with S* being the best Sobolev constant, I'(x) being Euler’s Gamma function
and way, being the (2n — 1)-dimensional measure of the Fuclidean 2n-sphere.

(3) for any & € Q\ {&} it holds

(1.8) i Y6 _ [ nST Gal&éo)

es0+ eV 2n 42, /IRa(&)] ’

where, as above, S* denotes the best Sobolev constant.

The proof of our main result stated in Theorem 1.2 will be postponed to Section 4
of the present manuscript, because it involves several new results — see in particular
forthcoming Theorem 1.3 — together with various general tools in the sub-Riemaniann
framework, as e. g., maximum principles, Caccioppoli-type estimates, H-Kelvin
transform, boundary Schauder-type regularity estimates, as well as with a fine
boundary analysis for the subcritical CR Yamabe equation.

Remark 1.1. We remark that, as in [39], one could deduce the results in Theorem 1.2
under the slightly weaker assumption that u. solves (1.5) and approzimates the
Sobolev quotient. Moreover, in the same flavour of subcritical approzimations, still
in clear accordance with the Euclidean framework studied in [14,39,62], one can
consider to investigate the asymptotic behaviour of the sequences approaching the
critical Sobolev inequality which solve the auxiliary family of equations —Agu. =
)\ug*_l + eu., so that the lack of compactness does similarly come into play when e
goes to 0.
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Among other results, in order to prove our main Theorem 1.2 above, an asymptotic
control of the maximizing sequence u. for S* in (1.4) via the Jerison and Lee
extremals is needed. This is shown in Theorem 1.3 below, and it reveals to be
an independent result which could be also useful to investigate further properties
related to the subcritical Folland-Stein embedding.

Theorem 1.3. Let Q C H" be a smooth bounded domain and let u. € S§(Q2) be
a mazimizer for S¥. Then, there exist {n.} C Q, {\.} C R such that, up to
choosing € sufficiently small, we have that, on ), there exists a universal constant
¢ > 0 such that

Q72

(1.9) ue(§) < U:(¢),

where Ug(+) := U(5 Q2. (7, 1(5))) with U(-) being the Jerison and Lee extremal
functions given in forthcommg (2.5) and the sequence {n.} satisfies

1.10 li = Go>

(1.10) lim 7e = ¢

where the concentration point &, is the one given in Theorem 1.2.

The result above reminds somehow to the literature following the pioneering work
in the Euclidean setting due to Aubin and Talenti, and this is one of the key-points
in the subtle proof of the related conjecture by Han in [39]. Here, we have also to
deal with the fact that, in strong contrast with the Euclidean setting, the Jerison
and Lee extremals cannot be reduced to functions depending only on the standard
Koranyi gauge. For this, we need to pursuit a delicate strategy which makes use
and refines the concentration result obtained in [55] via the I'-convergence approach
in order to detect the right scalings A. and 7. above.

1.1. Related open problems and further developments. Starting from the
results proven in the present paper, several questions naturally arise.

e The localization results as well as the I'-convergence approach carried out
in [55] can be still pursued in the more involved setting of H-type groups, giving
thus a precise study of the asymptotic behaviour for critical Yamabe-type equations.
Such groups of Heisenberg type were introduced by Kaplan in his seminal paper [45]
on hypoelliptic PDEs generated by composition of quadratic forms. They consist
into a natural generalization of the Heisenberg group, including also the nilpotent
component in the Iwasawa decomposition of simple groups of rank one. In extending
the aforementioned results in such framework, one could take advantage of the
involved group structure, as well as of important results present in the literature;
that is, the investigation in [67], where the explicit expression of the optimal function
realizing the inequality in the Sobolev embedding have been provided, positively
answering to a conjecture formulated by Garofalo and Vassilev in [35].

e A strictly related problem could be the asymptotic analysis of singular solutions
to critical equations for the Grushin operator. Such an operator, introduced by
Grushin [36,37] and Baouendi [8], is strictly related to the study of PDEs on
manifolds [46] and to PDEs on the hyperbolic space [10]. Moreover, there is a
deep connection between the sub-Laplacian on a group of Heisenberg-type and
its Baouendi-Grushin operator on its Lie algebra, via the natural action of the
k-dimensional torus T*; see [35], as well as the role of hyperbolic symmetry in
building Grushin-type operators [51]. The sharp form of the Sobolev embedding
for the Grushin operator is not yet completely solved. Nevertheless, an increasing
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interest has been focused in deriving properties and existence results of related
critical semilinear equations, as, e.g., in the recent paper [2], where the authors
prove a Brezis-Nirenberg-type results as well as a version of Lions’s Concentration-
Compactness principle for the Grushin operator.

e Also, one can consider to investigate the fractional counterpart of the results
proven here; that is, by replacing the S§-norm in (1.1) by the S§-norm of differentia-
bility order s € (0, 1). In this respect, some recent results about decaying properties
of subsolutions to fractional Yamabe-type equations have been obtained in [33], via
a precise boundedness estimate [33, Theorem 1.1], which is the linear version of the
one already obtained in [50, Theorem 1.1] where a precise quantity, the so-called
“nonlocal tail”, has been firstly introduced to attack very general equations led by
fractional sub-Laplacian-type operators; see also [54] for related results on fractional
nonlinear equations in H".

Otherwise, quite a different energy approach in the nonlocal framework could
be carried out via an auxiliary harmonic extension problem to the Siegel upper
half-space, by taking into account that conformally invariant fractional powers of
the sub-Laplacian on the Heisenberg group can be given in terms of the scattering
operator, as seen in the relevant paper [29].

e For what concerns the natural hypotheses on the domain €2 in order to achieve
the localization Theorem 1.2, it could be interesting to ask if one can obtain such a
delicate result under somewhat different assumptions, still in the spirit of treating a
very wide class of domains also possibly involving the presence of characteristic points.
In this respect, it would be interesting to pursuit such an investigation by taking into
account the different assumptions of nontangentially accessible domains satisfying
an intrinsic outer ball condition, as firstly introduced in the relevant paper [15] to
deal with the solvability of the related Dirichlet problem with summable boundary
data.

e Still for what concerns the possible localization of the concentration point
in non-smooth domains, it is worth mentioning the paper [23] in the Euclidean
framework, where Flucher, Garroni and Miiller were able to construct an example
of a peculiar non-smooth domain Q (see Example 9 there), whose related Robin
function R achieves its infimum on the boundary; and subsequently Pistoia and Rey
in [60] showed that concentration can occur on the boundary in such a domain . It
could be interesting to understand whether or not one can construct similar intricate
examples in the sub-Riemannian setting; see also the related relevant estimates
in [65].

e The localization result in Theorem 1.2 can be generalized in the case when one
considers more general nonconvex and discontinuous energies with critical growth.
This seems a very challenging task; we refer to the delicate approach in the Euclidean
framework in [23].

e Related concentration phenomena could be investigated in the sub-Riemannian
setting by considering the second critical exponent, see [58], in the same spirit
of [20], where the authors are able to prove the existence of solutions whose energy
concentrates to a Dirac measure of given geodesics of the boundary of domains with
negative inner normal curvature.

e Finally, another very important conjecture, the third Brezis-Peletier conjecture
in [14], is addressed to the asymptotics of the solutions to —Au. + au. = 3ud~*¢
with the function a assumed to be critical in the sense of Hebey and Vaugon. This



8 G. PALATUCCI AND M. PICCININI

has been lastly solved in the Euclidean setting in the very relevant paper [30], where,
under a natural nondegeneracy assumption, the authors are able to derive the exact
rate of the blow up and the location of the concentration point. Despite the flexible
tricky energy-based approach by the authors, it is unclear whether or not similar
results could be achieved in the Heisenberg group.

‘We hope that our estimates and techniques will be important in further develop-
ments for a better comprehension of the effects of the lack of compactness in the
critical Sobolev embedding in the Heisenberg group.

1.2. The paper is organized as follows. In Section 2 below we briefly fix the
notation and recall some important results on the effects of the lack of compactness of
the critical Sobolev embedding in H™ which will be necessary in the rest of the paper.
We will also introduce the relevant class of “geometrical regular” sets near their
characteristic points appearing in the statement of our main result in Theorem 1.2.
The fine asymptotic control of the optimal functions via the Jerison and Lee extremals
is achieved in Section 3. In Section 4 we prove the localization result in Theorem 1.2
after pursuing a fine boundary analysis for solutions to the subcritical CR Yamabe
equation.

2. PRELIMINARIES

In this section, we briefly fix the notation by recalling a very few properties of
the Heisenberg group; we also present some well-known results regarding the lack of
compactness in the critical Sobolev embedding in the Folland-Stein spaces in the
Heisenberg group.

2.1. The Heisenberg-Weyl group. We start by summarily recalling a few well-
known facts about the Heisenberg group. We denote points & in C" x R ~ R?"+1
by
E:=(z,t) = (x+iy,t) =~ (L1, s Tn, Y1, -+, Yn,t) ERT xR X R.

The Heisenberg group H" is an analytic, simply connected (2n + 1)-dimensional Lie
group such that its Lie algebra g admits a stratification

g=V'eV? [VLVY=V? and [V',V?=/{0}
A basis of left invariant vector fields of the subspace V; is given by

Zj = 6$j + 2yj8t, Zn+j = 8yj — 2a:j8t, 1<7<n.

X j ~X
Moreover, note that since [Z;, Z,1;] = —40; for every 1 < j < n, while all the

others are zero, a basis for the subspace V5 is given by
T := 0.
Hence, the stratification of the algebra g is given by
g =span{Z,..., Zon} @ span{T'}.

The Heisenberg group can be identified with the triple (R?"*1 o, {§\}r>0), where o
is the polynomial group multiplication law given by

ol =(z+a,y+y, t+t' +2y.2") —2(x,y)),

for any &,& € H", and {6)} x>0 is the automorphism of (R?"*! o) of non-isotropic
dilations

(2.1) € 0x(6) := (A, Ay, A%t).
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Given ¢’ € H", the left translation T¢ is defined by
(2.2) Ter(€) =& o VE € H”.
As customary, @ is the homogeneous dimension with respect to {dx}x>0 given by
Q = dim(V"') + 2dim(V?) = 2n + 2.
We denote by Dy the horizontal (or intrinsic) gradient of the group
Dy = (Z1,...,Zay).

and we indicate by D = (9,,,...,0:) the standard Euclidean gradient. The Kohn
Laplacian (or sub-Laplacian) Ay on H™ is the second order operator invariant with
respect to the left-translations 7. defined in (2.2) and homogeneous of degree 2
with respect to the dilations {d)}x>¢ defined in (2.1),

2n
A]HI = Z ZJ2
j=1

It is well known (see [26]) that Ag admits a unique fundamental solution K (-) €
C=(R?>"1\ {0}), K(-) € L .(R*™*1), K(£) — 0 when ¢ tends to infinity and such
that

K(§) Aug(€) d§ = —¢(0) V¢ € C™(H").

H'IL
Definition 2.1. We call Gauge norm on H" a homogeneous symmetric norm d
smooth out of the origin and satisfying

A(d(§)*™) =0 VE#0.
In particular, we will work with the standard gauge on H", also known as Kordnyi
gauge,
€l = (|2* + )7 VE=(z,t) eH".
In this way we have that

K(€) =Cg'lefa = !
Cq ((\w|2+\y\"‘)2+t2

)(Q—2)/4 ’

where the constant Cgp can be computed explicitly. We define the fundamental
solution with pole in 7 as K(n~!o¢&) = Cél|n’1 o f@{Q. As customary, we will
denote by B,(n) the gauge ball with center n € H" and radius p > 0 given by
By(n) :={§ € H" : [n~! o &Jm < p}.

Definition 2.2. A domain Q) is said to be of class C*°, if for any & € 0 there
exists a neighborhood Ue of & and a function ¢ € C*°(Ug) such that

Ue N ={n e Us : P¢(n) <0}
Uen o9 = {n € U : oc(n) =0}
We will say that £ € 0Q is a characteristic point of @ whenever Dy®e = 0 and

we will denote with X(£2) the set of all characteristic point of .
We recall the definition of intrinsic Holder spaces C*:5.

Definition 2.3. Let 8 € (0,1) and Q@ C H". A function u : & — R belongs
to CYP(Q) if there exists a positive constant ¢ such that

[u(€) — u(n)]
[u]co.s(q) = S;;l, W =

£,neQ

For any k € N, we say that u € C*P(Q) if Zju € C*=15(Q), for any j =1,...,2n.
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The space C%#(Q) is a Banach space endowed with the following norm,
l[ullcos @) = llullL= (o) + [ulcos(o)-
Let &, in 89, we define the induced distance d on 99 by
d(&,n) = |n~" o €,

where |-|g is the Kordnyi norm in H" and for r > 0 we call B,.(¢) the induced ball
given by
B, (§) = Br(§) N 0Q,

Definition 2.4. Let 0 < g < 1. We say that a continuous function u belongs to
C%B(0Q) if there exists a constant ¢ such that

u(€) —u)| _,

[ulo = = 3
§,neN d(gv 77)
§#n

and the Holder norm is defined by
[ulla = [ula + sup [u(§)]
£€oQ

Consider now a non-characteristic point £ € 0{2. Hence, the outward horizontal
unit normal

Dy
ny = ,
5 | Dude]

is well define, and so we can express the boundary 992 N Ug in local coordinates 6 =
(C1,- -, Con) € 02N Ug by means of the inverse =¢ of the exponential map; see [41,
Section 3]. Set now, J := (j1,...,jon), for any ¢ define
deg(J) :=j1 + -+ Jan—1 + 2jon

and

CJ: {1.__ngn

n

A polynomial of order & in local coordinates on the boundary is given by

P = ), asl’,

deg(J)<k

for some constant ay. If n = Egl(f), let Pe(n) := P(C).
We can give the following definition.

Definition 2.5. Let 5 € (0,1) and k € NU{0}. We say that a bounded function u
belongs to TP (0Q) if for each & € OQ and any o > 0, there exists a polynomial P
of degree k in local coordinates on 02 and a uniform constant ¢ > 0 such that

u(n) = Pe(n)l <™ 7 oglw < o

Then, the Holder seminorm [u]k g is the least of possible constant ¢ > 0 above plus
the supremum of the coefficient of P: and the Hélder norm is given by

[wllrr.8 00y = [ulk,p + sup [u(§)].
£
With this notation we recall the boundary Schauder-type estimate below; for

other results regarding Schauder estimates at the boundary in Lie groups we refer
the reader to [7,17].
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Theorem 2.1 (Theorem 1.1 in [6]). Let Q C H" be a bounded subset of class C*P
for some € (0,1), and assume that the set B, N 0SY is non-characteristic. Let
uw€ SH(B,NQ)NC(B,NN) be a weak solution to

{—AHu: f  inB,NQ,

2.3
(23) u=20 in B, N0Q,

with f € L>°(B,NQ). Then, u € C**(B,,; N Q) and we have the apriori estimate

(Dl o550 < e07 7 ([ulleqs,nm + P21 f w00 + P10 pro s )

Remark 2.1. We remark that in particular, in [6] the authors prove that on the
boundary 0N B, 5 the solution u to (2.3) belongs to the intrinsic Holder class rs
according to Definition 2.5.

Moreover, when sufficiently regularity is assumed, the Pohozaev identity stated
in forthcoming Lemma 2.1 holds true. We denote by @ the infinitesimal generator
of the one-parameter group of non-isotropic dilations {dx}r>o in (2.1); that is,

(2.4) D =" (250, + ;) + 20

j=1
Lemma 2.1 (see Theorem 3.4 in [34] and Theorem 2.1 in [32]). Let Q be a C* domain
and let u € C%(Q) be a solution to

—Agu = f(u) in £,

for some function f € C(R) such that f(0) = 0. Setting F(s fo t)dt, the
following identity holds

/ (2@F<u> ~(Q~2)uf(w) d

_22 @uzuzj,deQ 2 / | Dygu)?(D, n) dHO 2

+2/ F(u)(®D,n) dHO2 + Z/ uZju(Zj, m) dHO 2,
o0

where v is the exterior unit normal and D is the vector field generating the anisotropic
dilations {6} >0 and where we denote by HO~? the (Q — 2)-dimensional Hausdorff
measure.

2.2. Geometrical regularity near the characteristic set. Some further notation
is needed in order to introduce the natural assumptions on the domains in accordance
with the by-now classical paper [34].

Definition 2.6. Let Q be a C' connected open set of H" containing the group
identity 0. We say that Q is 0x-starlike (with respect to the identity 0) along a
subset K C 909 if
(D,m)(n) >0,
at every n € K ; in the display above n indicates the exterior unit normal to 0S2.
We say that ) is uniformly dy-starlike (with respect to the identity 0) along K if
there exists Cq > 0 such that, at every n € K,

(D,m)(n) = Ca.
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A domain Q as above is dy-starlike (uniformly dx-starlike, respectively) with respect
to one of its point ¢ € Q along K if 7.-1(Q) is dx-starlike (uniformly 0x-starlike,
respectively) with respect to the group identity 0 along -1 (K).

For recent interesting results on starshaped domains in sub-Riemannian frame-
works, we refer to [22,25].

We finally are in the position to introduce a natural class of regular sets that we
take the liberty to christening for shorten.

Definition 2.7. A smooth domain Q@ C H"™ such that 0X) is an orientable hy-
persurface is “geometrical regular near its characteristic set” if here exist ® €
C>®(H™), cq > 0 and po € R such that the following conditions hold true,

(Q1) There exist ® € C°(H"™), cq > 0 and pa € R such that
Q:={P < pa} and |DP|>= cq.
(Q2) There exist Mq such that for an interior neighborhood w of X(Q)

4
Ag® > — (Dud, ).
H MQ< u®, )
(Q3) Q is dx-starlike with respect to one of its point (, € Q and uniformly
dx-starlike with respect to ¢, along X(Q).

As mentioned in the Introduction, recall that notable sets having characteristic
points do naturally belong to such a wide class of domains, as for instance the
Korany balls as well as level sets for the Jerison and Lee extremals; i.e., domains of
the type

Qg = {g = (2,t) € H": (0 + |22)2 +#2 < R4} YR >0 > 0.

Also, the class is safe from problematic sets in the sense that the definition above
does permit to exclude those sets like for instance the characteristic cones which
the famous boundary Schauder counter-example by Jerison has been based on.

2.3. Lack of compactness in the critical Sobolev embedding. In this section,
we recall some important results in the Heisenberg framework regarding the analysis
of the effect of the lack of compactness in the critical Sobolev embedding.

Firstly, we state (in the form adapted to our framework) the aforementioned
pioneering result by Jerison and Lee [44] which gives the explicit expression of the
functions giving the equality in (1.1).

Theorem 2.2 (Corollary C in [44]). Let 2* =2Q/(Q —2). Then for any A > 0 and
any & € H", the function Uy ¢, defined by

U)\,g0 =U (5; (ngl(f))> s
where
_Q-2
2 1
(2.5) U(€) = co ((1 + \z|2) + t2> Ve € H™,
is solution to the variational problem (1.2); that is,

1Ux &M+ gamy = S*IDuU 172 11m)-

where S* is the best Sobolev constant.
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We conclude this section by recalling the Global Compactness-result for Palais-
Smale sequences in 2 C H". For any fixed A\ € R consider the problem

(Py) —Apu—u—[u¥ 2u=0  in (SHQ)),
together with its corresponding Euler-Lagrange functional &y : S§(Q) — R given by

=5 [ 1Dsa g =5 [ ag - o [ ae

Consider also the following limiting problem,
(Po) ~Agu—[u? Pu=0  in(S}(Q)),

where (2, is either a half-space or the whole H"; i.e., the Euler-Lagrange equation
corresponding to the energy functional £* : S§(Q,) — R,

) 1 1 .
e =g [ IDsuPds— g [ a

We have the following

Theorem 2.3 (Theorem 1.3 in [55]). Let {ug} C S§(Q) be a Palais-Smale sequence
for Ex; i. e., such that

Exlug) < c  for all k,

déx(ug) =0 ask — oo in (S5(Q)).
Then, there exists a (possibly trivial) solution u(®) € S§(Q) to (P\) such that, up to
a subsequence, we have

up —u®  ask— oo in SH().
Moreover, either the convergence is strong or there is a finite set of indexes I =
{1,...,J} such that for all j € I there exist a nontrivial solution u¥) € S§(Qs QY )
to (P ) with Q(()J) being either a half-space or the whole H", a sequence of nonnegative

numbers {)\](f)} converging to zero and a sequences of points {51(€j)} C Q such that,
for a renumbered subsequence, we have for any j € I

e )= G . n
V()= )\ U, (7'51(3) ((&g‘)(-))) w9 () in SYH™)  as k — co.

In addition, as k — oo we have

() = u® +ZA‘” = Uk((sl//\m(gm()))-l-O(l) in S3(H");

(@)

—k_ — o0 fori#yj, i,j€ L
)\(J)
k

Hn»

log

Gt i
+ 10100 (fkj) Oflg))

lurllgs = Z a5 + o(1);

Ex(ug) = Ex(u®) + Ze*(u@) +o(1).
j=1
Several remarkable results regarding the behaviour of Palais-Smale sequences for
the critical energy £* can be found in [16] where the author proves an analogous
representation result for nonnegative Palais-Smale sequences. Moreover, it is worth
mentioning the relevant paper [38], where the authors deduce the desired Global
Compactness in the important case of critical energies on the (2n + 1)-dimensional
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sphere (equipped with the CR structure) associated to the sub-elliptic intertwining
operator Lo of order 2k, with £ € R being such that 0 < 2k < @; also covering
fractional CR Yamabe energies.

As firstly shown in a very general setting in [59], the proof of the result in the
theorem above is deduced in [55] via a subtle application of the so-called Profile
Decomposition, originally proven by Gérard for bounded sequences in the fractional
Euclidean space H®, and extended to the Heisenberg framework in [9].

3. ASYMPTOTIC CONTROL VIA THE JERISON AND LEE EXTREMALS

Before going into the proof of Theorem 1.3, we need some integrability and
boundedness estimates for weak solutions to subelliptic equations in the Heisenberg
group as well as the notion of H-Kelvin transform and a maximum principle for the
sub-Laplacian Apy.

3.1. Regularity properties for subelliptic equations. Below, we state and
prove some estimates in the same spirit of classical Caccioppoli-type inequalities
and consequently boundedness results. We refer also to the Euclidean counterpart
in [14,39] and to related results on Carnot groups in [64].

Lemma 3.1. [Caccioppoli-type estimate]. Let us consider the following problem,

{AHU = a(uPt,

3.1
(3:1) u € S§(Q), u=0.

where a € L*°(Q), 2 < po < p < 2*. Then, for any 1 < q < 2* — 1, there exists vy
and po depending only on ||a| =), n, p and q such that, for any & with

(3.2) / uPdé <wvg  for any p < po,
QN B2, (8)
we have
c
(3.3) lull | cosmer nB.(E) < WHU||L<I+1(QOBP(E))7

for a constant ¢ > 0 depending on the dimension n only.

Proof. Test (3.1) with ¢ := ¢?*ud, with ¢ > 1 and ¢ € C§°(Q) being a cut-off
function, so that

e=1on QN B,(&), ¢=0outside QN Bs,(¢) and |Duy| < c/r

Then, via integration by parts and Young’s Inequality
/Q Dy (p*uf) - Dyudé
N /Q 20u? Dyp - Dygu + qo*u?™ " | Dgul® d¢
=2 [ u'E Dl Daul d + o [ Pt Dal? e
> — é/ O u? | Dyul? d¢ — 5/§2uq+1|DH@\2d§
+q/ @*u? ! Dyul® d¢

(3.4 >3 [ FuriDauP s == [t Dl ac.
Q
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Using Sobolev’s and Hélder’s Inequality and (3.4) we obtain

2
2%
(57)7F / [pul 22 dg
QﬁB?p(é)

= / | Dar(puTT/2)|2 dg
QﬂB?p(E)

1 2
_lat+1)%g / o201~ Dyguf? A + 2 / wT | D2 dé
¢ 2 JanB., QNBa, (€)

2 1)2 2
< (q+1) / ) a(f)uq+p_14p2 de + 7/ ) uq+1|DH¢|2 d¢
QNBs,(£) 4 JanBs,(€)

q

+2 / | Dol dé
QﬂBZp(é)

(3.4) ) i . 2
(3.5) < cllallLe () / lpulatD/22" q¢ / lu|P=2F d¢
N8z, () B2, (©

+c/ uT™ Dy|? d¢.
Qﬂng(é)

M)

Note now that, since p < 2*, Q(p —2)/(2p) < 1, one has

Jul-2% df)

cllallz=(ay ( /Q -
2

2
Q

P
p—2

p—

? S 2 _p-2
< C||aHLoc(Q) (/Q s (€)|u|pd§> |Qﬂsz(§)|Q P
NB2,

2) =2 2 _p-2 S*) 3=
< clallpe@vy” 12N Bay(E)|27 7 < %,

up to choosing vy and pg sufficiently small.
Then, re-absorbing on the left-hand side in (3.5), it yields

2
(S*)_Q% 1)/22* - 1 2
COE [ ereag) <o utipaglag
2 QN By, (&) QN B2, (€)

which gives the desired estimate in (3.3). O

Moreover, the following L°°-estimate holds true.

Lemma 3.2. [Local boundedness estimate|. Let us consider the following
problem,

—Anu = f(§,u)u,
u € SHQ), u=0.

If&— f(€,-) € LY2(Q), for a.e. £ € Q and for some ¢ > Q, then it holds

1
1 A7 :
(3.6) sup u < ¢ (Q/ u? > VB3,(§) C €,
B, (€) P J B2, (6)

where ¢ = ¢(n, q, ||fHL‘1/2(Q)) > 0.
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Proof. With no loss of generality, we assume that p = 1 and £ = 0. Consider
for p > 1, B4(0) = B4 and a nonnegative cut-off function ¢ € C§°(By), the test
function ¢ := p?uP. So that

(3.7 /QDHU - Du(¢?uP) dé = /Qf(fyU)SQQUPJrl de.

Integrating by parts the first integral on the left-hand side in (3.7) and using Young’s
Inequality yield

/ Dy - Dy (*uP) dé
Q
> 2 / pu?| Digu|| Digep| d€ + p / S2uP | Dygu? dé
Q Q

2
>0 [ et iDau dg 2 [ urt Dl e
Q P Ja

Putting all together we have that
_ 2 4
[ ipaas < [ je et 5 [ o Dagl a.
Q P Jo = Ja

Applying now Sobolev’s Inequality yields that

ptl w2 (p+1)2 _
||SOU’ 2 ||iZ*(Q) < 2(5 )2*(2)/;2 (IOZUP 1|DHU|2d£

+2(S*)%/up+1|Dng\2dg

Q

(3.8) < cpr12 [ <f(£,U)s02+IDHs02>up“d€
—JQ

Using Holder’s Inequality with ¢/2 and ¢/(¢ — 2) and the interpolative inequality

lgllze < ellgllzr + e~ llgllzr
forr <t<7andp:=(+—1)/(+ — 1), we obtain

p+1

pr1 2
[ rew(e®) a6 < Iflmllen Baos

L - i1 2
< fllnorscoy (elou™ e ) + &7 llouF 2 )

Thus, by choosing ¢ sufficiently small and absorbing the terms in the left-hand side
in (3.8), we have

) _a_ )
(3.9) lpu? || L2ee /2 @) < cV7=2(@ + [Dup|)uz || 2o,

where we denoted by ¥ := p + 1. We specify now the cut-off function ¢. Let
1 <o < p < 3 and choose ¢ such that

2
0<¢p<1l, ¢=lonB,, ¢=0onH"\B, |Dypl<——.

With such a choice of ¢, the estimate in (3.9) becomes

ca—@a ||u19/2
p—0

(3.10) [u”/2| 2, < lz2(z,)-
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1

Thus, once defined Aq, := (st ud df)q7 we have that the inequality in (3.10)

becomes

-9 %
a—Q
(3.11) Az, < <m9 ) Ay,

2

We are finally in the position to start a classical iteration method in order to
get the desired supremum estimate. Taking o; := (2*/2)7¢ and p; := 1+ 277,
for j =0,1,..., we prove that

2
_a_ 5

N J
(3.12) Apy.py < H — Ayo  forany N > 1.

Clearly the case N =1 follows from (3.11). We now assume that the estimate above
holds for N and prove it for N + 1. Indeed, recalling (3.11) we have

g 2
—9q 9
cOi“ "
A19N+1,0N+1 < A19N,;0N
PN — PN+1
q ﬂi 4 ﬂl
= N N -Q i
a—Q q
P B 11 v
X 4,2
PN — PN+1 o \Pi — Pit1
q 2
N+1 Cﬁ;fQ v
= 11 Ay,

j=o \Pi — Pi+1

and the induction step does follow.
Moreover, note that

L3N

9q
q 2 2log | c2dtl9d—@
0o —a 94 q 5 J
cy? cya—@ Z 7
j )
=0 Pj — Pj+1

where we also used that

o 2log (c2j+119]7‘?> 0o

jz:; 7 :2logczq’ﬁ+2log223ﬁ

Thus, letting N going to infinity in (3.12), we eventually arrive at

1

9
supu < ¢ / u? d¢ ,
By Bo

which gives the desired estimate (3.6) choosing ¥ = 2*. O
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3.2. H-Kelvin transform. We briefly recall some notion about the H-Kelvin
transform which will play an important role in the proof of Theorem 1.3.

Definition 3.1. For any { = (z,t) € H" \ {0} we call H-inversion the map
ki : H™\ {0} — H" \ {0},

z t
ru() = (|z2 it ]2 +t2) '

With ku defined above, given a function u: H" — R we denote by u? its H-Kelvin
transform defined by

uf tH"\ {0} — R,
W) = I¢l5 @ u ().
It can be easily verified that
(3.13) ru(Ra(§) =& and  |ra(€)ls = €5

We would now need to present few properties of the H-Kelvin transform adapted
to our framework.

Proposition 3.1 (See Theorem 2.3.5 in [40]). Let Q be a domain and denote
by QF the image of Q under the H-inversion k. Then, we have that the H-Kelvin
transform is an isometry between Si(Q) and S§(QF).

Proposition 3.2 (See Lemma 2.3.6 in [40]). Let u be a solution to
—Agu = uP,
u€e SHN), u>0,
for some positive exponent p > 0. Then, its H-Kelvin transform uf satisfies
—Oaut() = eIt e,
uf € S§(QF), wuf >0.
Lastly we will take advantage of the maximum principle stated below.

Proposition 3.3 (See Proposition 1.3 in [11]). Let E be a smooth bounded domain
on H"™ and let f € L°(E). Then, there exists 6 > 0 depending only on n and
| fllzo (&) such that the mazimum principle holds for Ay + f provided that |E| < 0.

3.3. Proof of Theorem 1.3. Consider a maximizing sequence {u.} of (1.4). Then
it holds that

(3.14) / uel? S de = §* 4 o(1),  ase 0,
Q

where we also used Proposition 2.5 in [55].
Step 1. The sequence of the supremum norms |u.||r~ diverges; i.e.,
(3.15) |tel oo (@) — 00, as € — 0.

By contradiction assume that there exists a sequence {ey } for which wu,, remains
bounded in € for £, — 0" as k — +o00. Hence, up to subsequences, we can assume
that u., — v # oo uniformly on 2. If the limit function v = 0, then by (3.14) we
have reached a contradiction since S* # 0. On the other hand, if v # 0 we would



CRITICAL SOBOLEV EMBEDDING IN THE HEISENBERG GROUP 19
have obtained a maximizer of (1.3) which is a contradiction as well. Thus, (3.15)
holds true.

Choose now a sequence of points {n.} C Q and a sequence of numbers {\.} C R
such that

_Q=2
(3.16) us(n:) = Ae 7 = luellpee(o)-

Consider the function

(3.17) vel€) = AT ue (rng (i;%@))’

which is a weak solution to

—Agve = rUg*fle inQ,: =46 Q-2__, <T771(Q))
A * N
(3.18) v-(0) = 1,
0<v: <1,

Indeed, by the homogeneity of the sub-Laplacian we get

_A]Hlvé (f) = )\52_2 Agi%E(_AHua) (Tnf (6)\1(94_25 (f))>

Qt2_Q-2_ .
— A 3 Eui —1—¢ (7-,75 ((5 1@4—%(5)))
Ae
SR (EE ) o 21—
= A - uZ A\ 7. 5)\1_QZ25<§) = v ‘.

Also, recalling the choice of {n.} and {\.} in (3.16), we have that

Q-2
0:(0) = Ae 2 wue(ne) =1,

and that 0 < v. <1 in (..

Now, since the sequence {v.} is bounded it is equicontinuous on compact sub-
set of H", and by Ascoli-Arzela’s Theorem, up to subsequences, there exists a
function vo, # 0 such that v. — vs uniformly on compact set.

Step 2. As ¢ — 0", the sequence {)\.} defined in (3.16) satisfies
(3.19) 0<e<< A<, with ¢ = ¢(n).

First of all, since A, — 0 when ¢ — 0, by (3.16), it trivially follows that \¢ < 1,
for e sufficiently small. Moreover, since the function v. defined in (3.17) tends
t0 Voo Z0 uniformly on compact set and v, (0) = 1, it exists o > 0, sufficiently small,
such that in B,(0) C 2. and vs > 0. Hence, by Fatou’s Lemma, we get that

lim inf / v2 TEdE > / lim inf 02"~ d¢
B, (0) B (

e—0t 0) e—0t

= / v2 dE =:¢> 0.
B (0)

Then, we have
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- Q
Q-952¢ 55—
< Ae 2 UsQ ? Tne 0 1—
Q. Ae

2
(@=2?,

< A /Q w2 (6) de,

which, by the previous computation gives

22.(©)) ) ae

liminf A8 >
e0t+ ¢ ~

G149 ( c )W >0,
S* +0(1)
which is the desired estimate.

Step 3. The asymptotics in (1.10) for the sequence {7.} holds true.
Recall that |Dgu.|? dé = ¢, in M(Q) for a given point &, € Q. Then, considering
the function v. in (3.17), which converges to v, Z 0 uniformly on compact set, it
yields that, up to choosing p > 0 large enough,

e—0+

O</ | Dpvso |2 dé < liminf/ | Dygv |* d¢
B, (0) B, (0)

(@-2)2

= liminf</\§) * / |DHUE|2d§a
B - a2 )

e—0t

PAL

which, in view of the asymptotic of {\:} in (3.19) gives a contradiction if 7. does
not converge to &, € Q.

Step 4. The concentration point ¢, is away from the boundary of 9f2.
In order to prove this result, we will employ the maximum principle stated in
Proposition 3.3.

First, let us show that there exists a direction ¢, with |¢|g = 1, along which w,
decreases; i. e., for any £ € Q it holds

Ue(Ox,(6) 0&) —ue(dr,(s)0&) <0 foranyd < Ay < Ap < Ao,

for some A\, > 0. By contradiction assume that there is no such direction. Then, for
any ¢ with [¢|g = 1, denoting uy c := u(7s,(¢)(+)), we have that the function wy . is
such that uy . > u. for any A > 0, and it solves the following problem,

2

_ 1—¢
—AH’LL)\_’8 = ’U,)\

in Q)\ = T((s)\(g))—l(Q) s

€
uxe =0 on 0€,.

Because of the boundedness of €2 one has that there exists A, > 0 such that Q N =

) and QN Qy # O for any A € [0,),). We immediately notice that in the case

when A = 0, one has Q) = . For any A < A, let us consider the function w
defined as follows,

Wx e = UNe — Ue-
Such a function is the solution of the following problem,
AHU}A7E‘ — f(f)w,\ﬁ <0 inQ2yNQ,
wye =0 on (1 NQ),

where f € L>®(Q, N Q). Letting § > 0 be the one given by Proposition 3.3 and
choosing A5 such that

(3.20) 2ANQI<d  VA> ),
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we can apply the maximum principle to get that
wye =0 in 2, NO.
Moreover, by the strong maximum principle, we get in particular that
wye >0 in Qy,NQ.
Now, define
A1 ::inf{)\>0:ws,€>0 foranys>)\} > 0.

We show that A\; = 0. By contradiction assume that A\; > 0. Note that wy, . > 0
on {1y, N} and, by the strong maximum principle, wy, . > 0. Choose a compact
set K C Qy, NQ such that

(0, N\ K < 5/3,
and
(3.21) Wse =0 on K fors< )\
Fix now 0 < A < A1 such that
(3.22) KcQynQ and [(NQ)\ K| <9,

where 0 is the one appearing in (3.20).

Choose A < A; sufficiently near to Ay such that (3.21) and (3.22) are satisfied for
any s € (A, A1). This plainly leads to a contradiction. Indeed, w, . > 0 on (2;NQ)\ K
by Proposition 3.3 which together with (3.21) does imply that w, . > 0 on Qs N Q.
Moreover, recalling that w, #0 and s > A > 0, from the strong maximum principle
it follows that ws . > 0 for some s < Ay, which is a contradiction. Therefore, we
have that u.(7s, (s)(-)) is decreasing for any A in (0, A,).

Now, we can find o,% > 0 such that for any & € {5’ € Q : dist(¢,090) < 19}
there exists a measurable set K¢ such that

0,
|Ke| >0, KeC {5/ € Q : dist(¢,00) > 2} ,and uc (&) > u(€), V¢ € Ke.
Thus, being {u.} a maximizing sequence for S¥, we finally arrive at

u(§) < ]{<u8d§’
¢

1
L 1
< ][ u? e de’ < o= (S* —|—0(1)) o
Ke

Then, since u(n:) — oo, it must follow that 7. is away from the boundary (up to
choosing ¢ small enough).

Step 5. The function v, in (3.17) converges to U in (2.5) locally uniformly
on compact sets. As proven above we have that the sequence {v.} converges
uniformly on compact set to v. Moreover, if we denote with €2, the limiting
set for ¢ — 0 of ., we have that Q, = H". Indeed, thanks to Step 2 and
Step 4 we have that the sequence {A§Q72)5/471dist(775, 00)}. is unbounded. Then,
recalling [18, Lemma 3.4] we have that the limiting space €, does coincide with H™.
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This yields that vy is a solution to

_ 271 : n
— AV =05, 7", in H",

Voo (0) = 1,
0< v <1,
which implies that v coincides with the function U, defined in (2.5).
Step 6. The sequence {)\.} satisfies
(3.23) IS — 1] = Aee|ln A,

for some ¢ € (0,1). By means of the Mean Value Theorem we have that there
exists ¥ € (A, 1) such that

11 /Hdsln/\;

Hence, considering ¢ := Inv/In AS € (0,1) we have that
XS — 1] = Aee|ln A,

by (3.19), which gives the desired result.

Step 7. Useful estimates. Recalling the homogeneity of the horizontal
gradient Dy and the result in (1.10); we have

_a-2,
/QE|DH1)E|2 d¢ = /QE /\g2 2 (D]Hlug)<7'nE <5}\2Q425(§)>)

(@-2)2 (Q—2)2

)
(3.24) = A 7 €/|DHUE|2d§ <A,
Q

2
dg

as similarly done in Step 2. Also, by means of (1.10), one has

2 2
@-2?_ @-2?_

(3.25) /Q|vg|2* d¢ = A\ @ /Q|u5|2* d¢ = A\ * (S*+0(1)).

Step 8. The asymptotic estimate in (1.9) holds true. We start by observing
that proving (1.9) is equivalent to show that the following estimate holds, for some
universal constant ¢ > 0,

(3.26) 0(§) < CUE)  in Q..

Consider the H-Kelvin transform vg of v., according to Definition 3.1; we now have
that (3.26) follows from

(3.27) vl <C inQf,

for a suitable (relabed) constant C = C'(n), which for shortness we relabel as C,
and where Qf is the H-Kelvin transformed of §).. Indeed, recalling Definition 2.5 of
U we have that (3.26) is equivalent to say that

Q-2

(A+12+2) "o <
Q—2
4 —
Hence, since ((1 + |2]?)? + t2) < e+ c|é|¢7?, for some dimensional constant

¢ =¢(n) > 0 and for any £ = (z,t), the inequality above will follow from

v=(€) + €@ 0(8) < et elelF () < C,
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once recalled that 0 < v, < 1. Hence, applying the H-inversion map, by (3.13), we
have that the above estimate can be rewritten in the following way

e+ cléli - (rm(€)) < C.

Thus, recalling the definition of H-Kelvin transform we are left to prove (3.27).
|§\HE(Q72), and this will reduce the
estimate for vf to be proven just near the origin. Also, we observe that we can

choose p > 0 sufficiently small such that B A@-De/am1 = =B oA(Q-D)e/4- 1(0) C Qc,

Begin noticing that v. < 1 yields that vf <

Hence, applying the H-inversion map, we have that B pAQ-2)e/4=1 is mapped into
CBp,lAl (@-2ea :=H"\ B 1l (@-2e/a C Qf. Since v, satisfies (3.18), by Proposi-
tion 3.2, its H-Kelvin transform is a solution to

2% —1—¢

_Aul(€) = e @ (vg (5)) i CB 1o
Now, calling, a(§) := |§\H;(Q72)5 we have that, by (3.19), a(-) is uniformly bounded
in CB pm1al-(@=2)e/a independently of . Indeed, for any £ € CB pm 1A= (@=2)e/4, it
holds

a(€) < P @A P —e@- 2

which by (3.19) is bounded as € \(0. For any ¢ < 0g and B2, = B2, (0), we have
that

)2 —e < 2 e
/C.B 1-(Q-2)e/4NB2 (vz) i < ”U‘E'L2 €B ., 1-(@- 2J€/4DBQ")|
pTINTIET 7
§12" —e bi
S ”vsHLz*(CBfulf(Q—zme'zv)|BQU ’
€
&
— ””6”1;2*(}3 (Q72)£/471)‘BQU‘2
< ||U6||L2* QE)|BQU|2L*
2* ¢

(3.25) (Q@-2)2 2" .
< Ae T SS*+o(1) | B2, |2

where we have also used Proposition 3.1. By taking og sufficiently small we have
that (3.2) is satisfied for some vy, who can be chosen independently of e.
An application of Lemma 3.1 (with ¢ = 2* — 1 there) yields

29? c
/ WH 2 de < o l[0El e ot
CBP,1A17(Q72)5/4OB(, 0'2/2 ( e)
c
= oz el e
3.25 c M L

In particular, the constant appearing in the preceding display stays bounded as
e goes to 0. Moreover, by (3.28) we get & — f(&,0f) = \§|1}E(Q72)E(v§)2*_2_5 €
Lq/2(CB 1-(@-2¢/4 N By,), a.e., once chosen

(29)? 29 Q Q
22 —2-&) 202 -2) Q-22

LD

w.\Q

4
2
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Indeed, by (3.28), we have

aq
/ £(E ob)] de
CBflAi—(Q—me/mBo

(Q—2)qe (2%)2

P #
</ e = @ de
CBp_lAi—(Q—ms/ﬁBa
(@-2)qe  UQ=2)el%a  (Q—2)ae (2%)2
<pz oA ° 2 (0f) 77 d¢
CB, 1 1-(@-2)e/4NBs
—2
(3.28) cp(Qz)qg (@-2e?s _ (Q=2ee / 1@l =
X T £ 8 ()\5 S +0(1)> .
g

with the term on the right-hand side in the last display above being bounded as ¢
goes to 0, thanks to (3.19). Thus, Lemma 3.2 yields that

¢ i
oG/ Vel 2 (a2

N

sup vt

CB, _1\1-(@-2/4NBs

C
—oyz Vel o)
(3.25) c

= cam

1
3

(AQ(QTMQ S* 4 0(1)) :

(3.29)

where the right-hand side in (3.29) is bounded as ¢ goes to 0.

Step 9. Conclusion. Recalling the definition of v, in (3.17) and the estimate
in (3.26), we obtain that

Q-2

wl®) <ede T U(5 e, (n (@)

which is the desired control stated in (1.9). O

4. PROOF OF THE LOCALIZATION RESULT IN THEOREM 1.2

This section is devoted to the proof of the localization result in Theorem 1.2. As
mentioned in the introduction, for such a proof we will need all the results proven
in the previous sections and also a few further independent results, as integral
estimates for the horizontal derivatives and boundedness up to the characteristic
set for the @-derivatives of u..

4.1. Boundary behaviour of subcritical extremals. In this section, we recall
some results about the boundary behaviour of solutions to the subcritical CR
Yamabe equation. The results in the two forthcoming theorems can be essentially
obtained by their critical counterparts in [34,64]. For the sake of the reader, we
present them as well with the needed modifications in the corresponding proofs.

Firstly, in view of the assumptions (21)—(23), one can build fine subelliptic
barriers as firstly seen in [34]. We have the following

Lemma 4.1 (See Theorem 4.3 in [34]). Let Q be a smooth bounded domain of H™
satisfying (21)—(23). For any « € (0,1] define

|z

U, = (po — D)% Ma.
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Given a neighborhood K of the characteristic set X () such that

_ M
(4.1) Kc{z|2<”2“},

we have that

2
Ag¥, < _ﬁ?; v onw:=QNK.

Furthermore, there exist c1,co > 0 such that for any n € 02N K and any A € [, 1]
it holds

c1(1 =N < U,(0x(n)) < ca(1—N)™
Moreover, the result below will be needed in the rest of the present section.

Lemma 4.2 (Lemma 4.1 in [34]). For any D C H", there exists a constant
¢ = ¢(D) > 0 such that, for anyn € D and 0 < A < 1, we have

o da(mlu < e(1— )%

We now prove the main result of this section. We remark that we denote by K an
open neighborhood of the characteristic set X'(€2) not containing the concentration
point &, and with w := QN K.

Theorem 4.1. Let Q) C H"™ be geometrical regular near its characteristic set and
let u. € S§(Q) be mazimizer for S*. Then, for 0 < e sufficiently small, it holds that

/ |Dasue (@, ) AHO2 < HO2() sup(®D, m),
Y Q

where v is any compact hypersurface contained in @.

Let us remark that by the uniformly dy-starlikeness of €2 along its characteristic
set X(2) in (£23), up to taking a smaller neighborhood K, we get

(4.2) DB(n) >c>0, VnedQnk,

where @ is the defining function of Q in (21) and D is defined in (2.4).

Condition (4.2) implies that the trajectories of @ starting from 9Q N K fill a
full open set interior of Q. Indeed, considering n € 922 N K and taking the Taylor
expansion of f(\) := ®(d,(n)) around A = 1 we obtain that

pa — B(5a(n)) = DB(n)(1 - ) +o(1 = A) > (1 - N).

Hence, with no loss of generality, up to further shrinking K, we assume there
exists A, such that

(4.3) Ir(n) e NNK, for Ao <A< 1.

Proof of Theorem 4.1. Consider an open neighborhood K of the characteristic
set X (£2) not containing &, and such that (4.3) holds true for any n € 0QN K. With
the notation above, we prove that there exists £ = &(n) > 0, such that, for any
€ < g, it holds

(4.4) ue(0x(n)) < (1 — ) for any n € 00N K,

where A is as in (4.3); above the positive constant ¢ also depends on the dimension n.
Indeed, let us fix € € (0,2* —2). By (1.9) in Theorem 1.3 we get that there exists

a dimensional costant ¢ > 0 such that
—2

_Q-2
ue <che 2 Us+0(1) on w:=QNK, for any € < .
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Hence, u. € L™ (w), since U, stays bounded in w, giving that &, ¢ w. For this, we
can deduce that u. € C*°(w).

Moreover, using condition (€2) one can adapt to the present setting the classical
Moser iteration argument to get u. € C%% (902N K), for some exponent 1 > o > 0.
Thus, u. € C%% () N C>®(w).

Now, since u. = 0 on 02, we have that for any n € QN K it holds

ue(0x(n)) < eln™t o dx(n)lir
Moreover, by Lemma 4.2, we have that there exist a dimensional constant ¢ > 0

such that |7~ o 6x(n)|m < ¢(1 —A\)'/2. Thus, for any n € 92N K and any A € [\, 1],
we get that

(4.5) ue(6x(n) < c(1 = A)7

Note that, for any ¢ < 2* — 2, we have that 2* — 1 — ¢ > 1. Hence, we can
choose m € N such that (2 —1 —¢)™™ < «a./2. Since the estimate in (4.5) does
hold for any n € 92N K and any A € [\, 1], we can assume that the points d5(n)
cover w. Thus, on W we have

045

—m

(4.6) ue < e(1—A)F 179

Hence, up to taking a smaller neighborhood K such that (4.1) is satisfied, we have
that for d5(n), by (4.6) and Lemma 4.1, it holds

—Ague(Ox(n) = u(da(n)* 7F
_ 02*’1’5(1 . )\)(2*7175)1—’"

< T W i-m (05(n)
< —1e _1MQAHW(2*_1 e (B ()
=t —Du(co¥(ar—1-c)1-m)(0x(n))-

Thus,

(4.7) An(co¥ias—1-cp-m —u:) <0 in w.

Moreover, proceeding as in [64, Theorem 5.14], we get

(4.8) Co¥(2+—1—ey1—m = Ue on Ow.

Combining together (4.7) with (4.8), by the maximum principle, on @ we obtain
ue(63(1)) < Co¥(ae 1_epm < coca(l — A 17"

which is a refinement of (4.6). Iterating this procedure m-times yields

ue(0x(n)) < ¢(l = X) for any n € 0NN K.

Fix now a compact hypersurface v C @, and cover it with a family {B v,
such that By—i(&;) = B( )1 C w, for any ¢ = 1,...,9. By the interior estimate
in [6, Corollary 3.2], we have that on every ball B(Z,)i it holds, for any A € [Ao, 1],

| Dsrtell o 50, < (““e“w >+2‘2’Iuellimb>€>

44

(4.9) < e Z( M) +27%(1 A)2*16> = C < .
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Moreover, by the dy-starlikeness we have that

(4.10) 0 < / (D,n) dHI™2 < H2(y) sup(D,n);
¥ Q
note that, being n the outward normal, by Cauchy-Schwartz’s Inequality we also
have that the last term on the right-hand side in the preceding estimate is bounded
from above, since @ is a vector field with smooth coefficients and Q is bounded.
Thus, combining (4.9) and (4.10) with a standard covering argument yields

/ | Digue (D, n)dHO2 < cHO2(y) sup(D,m) |
Y Q

where ¢ does not depend on ~. U

We conclude this section by noticing that, in view of the hypotheses as in (Q21)-
(Q3), it readily follows the boundedness of the D-derivatives basically generalizing
the argument developed in [34]. For the sake of ease, we will present the proof in
our specific subcritical setting.

Theorem 4.2. Let Q) C H" be geometrical reqular near its characteristic set and
let ue € S§(Q) be maximizer for S*. Then, or 0 < e sufficiently small, it holds that

Du. € L=(w),
with w being an interior neighborhood of the characteristic set X(2).

Proof. By extending u. to be equal 0 outside 2, we have that, by standard
subelliptic regularity properties, that

ue € CO% (H™) N C™=(Q).

Moreover, let us consider the fundamental solution K(-) of the sub-Laplacian
Ap. Hence, if we define v := u? ~'7% % K(-) — see the Appendix on Page 39 for the
related definition of convolution— we have that v is a solution to Agv = u2 =17 in
H". Also, since u. € C%®(H") and has compact support from [26, Theorem 6.1]
we obtain that

v e CH (HM).

loc
Define now w := u. —v. Recall that we denote with K an open neighborhood of the
characteristic set X(£2) and with w := QN K. Moreover, let D := 90Q N K. Hence,
for a given A = 1, let us define
o wy =d(w) N w;
[ ] D)\ = 5)\(D),
e the different quotient

1(6)
oAl)=——"F—7"— E€w,
)
and where w is defined above.
Let us assume that there exists a constant ¢ > 0 such that, for A ~ 1 and for

& € wy it holds

(4.11) [oA(§)] < e

If condition (4.11) holds true than, passing to the limit in A — 1 yields that |Dw| < ¢,
which proves the theorem.
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Thus, we are left with the proof of (4.11). Let us start noticing that ¢, is
H-harmonic. Indeed,

(€))

M=

Agw(€) — A (w(5
AV:INEES 1

=3
_ Daw(€) AP Agw(01(€) 0
= 1 — % - *

Hence, from maximum principle, it is enough to prove (4.11) for £ € dwy, for some
A € [M1, 1] sufficiently near 1. Start noticing that dwy := Dy U (Owy \ Dy) and
separately consider the two parts of the boundary.

Let us start with Dy. Since on D) any point £ can be written as d)(n) for some
1 € D, we have that (since u. =0 on 0f2)

R
_ |\ ue(0n(m) —ue(n) +v(n) — v(éx(n) ‘
A1
< =0 | U@A(ﬁ))”(ﬁ)‘
- 1-X
Y oy Dt

Moreover, by [26, Theorem 5.26] we have that C2%< (H") C Cl’%E(H”), hence

loc loc
we can deduce that v is locally Lipschitz continuous. This yields that

[w(dx(m) —v(m] < c(l—=A).
Then, (4.11) holds on D). For the remaining part of the boundary let us note that
Owy \ Dy is uniformly away from the characteristic sets. Hence (4.11) follows from
Lipschitz continuity estimate in a uniform neighborhood of such set. [l

4.2. Proof of the localization result. We are finally in the position to present
the proof of Theorem 1.2, whose argument involves different techniques and results
such as the asymptotic control via the Jerison and Lee optimal functions established
in Theorem 1.3, the Pohozaev identity, the regularity theory for the subcritical CR
Yamabe equation in Theorem 4.2 as well as the integral estimate in Theorem 4.1.
Moreover, we will use the negligibility of the characteristic set

Theorem 4.3 (See Theorem 1.2 in [21]). Let Q@ C H™ be a C*° domain and let X ()
be its characteristic set. Then,

HO2(2(Q)) =0,

Proof of Theorem 1.2. For the sake of readability, we divide the proof into several
steps.

Step. 1 For any ¢ € (0,¢) it holds
_9 .
€Q-2 / u? Fdg :/ |Dyuc|*(D, n) dHO 2.
Q 0

2 —¢
We start recalling that, since 2 is a smooth domain, the characteristic set X'(€2)
is compact. Moreover, thanks to Theorem 4.3 and Theorem 1.1 in [66], we can

(4.12)
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consider an exhaustion of € of C*° connected open sets {€;} such that Q; 1 Q,
u. € C2(Q) and 09; = v U~y® with 4V c 09\ £(Q), 7Y 1+ 09\ 2(Q) and
He-2(vP) 0.

We apply the Pohozaev identity of Lemma 2.1 on u. in €2;, getting

2n

=23 [ P By A= [ D

1), (2)
j= VY

2n
(4.13) = 22/(1) Due Zjue(Zj,n) dHO ™2 — /(1)\DHUE|2(CD,TL> dHO 2
j=1"7; i

2n
+2 Zl /Y(Q) Du, Zju€<Zj,n> (;[’;L[Q_2 _ /Y(Q) ‘DHUE‘QCD, n> dHQ—Q'
J= @ :

i

Note that since u. > 0 in §2; and u. = 0 on %(1)’ then there exists a function w <0
such that Du, = wn on ’y(l) )

;. Hence, on ;7 we can write

2n 2n
Z@ue Zijus(Zj,n) = w(CZ),n)ZZjuE<Zj,n)
j=1 j=1
2n
= (D,n) ZZju5<Zj,wn>
j=1

2n
= (D,n)Y_ Zju. (Z;, Du.) = | Dyuc[*(D,n).
J=1 =:Zjuc

Then, putting the computation above inside the equality in (4.13) yields

M/ ur"ede = / | Diue |* (D, n) dHO 2
Q; 751)

2* — ¢
2n
. . Q-2
+2; /752) Due Zjue(Zj,n) dH

- /(2)|DHu5|2<@7n> dHe2.
Vi
Now recalling Theorem 4.1 we have that
[ DD 022 MO0,
i

by Theorem 4.2 the @D-derivative of u. are bounded near the characteristic set,
and by recalling also that Z;u. stays bounded up to the characteristic set, for any
j € {1,...,2n}, which can be deduced by following Theorem 4.6 in [34]. Thus,
passing to the limit as ¢ — oo, recalling the §)-starlikeness of 2 and the estimate
n (4.9), by the Dominate Convergence and the Monotone Convergence theorem we
eventually arrive at the desired estimate (4.12).

Step 2. The following limit holds,
(4.14) lim XS =1.
e—0t
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We start proving that there exists a constant ¢ = ¢(n, ) > 0 such that
(Q;2)2 €

(4.15) / | Dague|2(D,n) dH2 2 < e AET
o

Consider the Taylor polynomial P: of u. with center in £ € 90\ X(€2). As proven
in [6, Formula (4.55)] for any point ¢ such that

ls7t o €|y = dist(s,00) =5 and <€ B,(n) C Q
for o, p > 0, it holds
|Dyue(§)] < |[Druc(s) — DaPe| + | Daue(s)|
< 2 (e = Pl (Bason + 32 Muellf (5 ) ) + 1Daue(o)]

where, for a > 0, B,5(s) is a non-tangential balls from inside of Q.

Such a ball can be constructed since we are considering non-characteristic points.
Indeed, up to left translations we assume that & = 0. Moreover, since 0 is not
characteristic there exists j € {1,...,2n} such that

(2;,m)(0) # 0.

Now, by an orthogonal transformation and the implicit function theorem, we can
assume the existence of py > 0 such that 2N B, can be represented as

{xzn > 5(96’,75)} where 2’ := (21,...,29,_1) € R*"7L,

for a Lipschitz function @ such that &(0) = 0, V,/@(0) = 0. In view of the Lipschitz
continuity of the function 5, we can assert that, up to taking A sufficiently small,
the ball Bys(dx(e2r)) is strictly contained in , for s > 0 small enough. We also
refer the reader to the proof of Proposition 3.3 in [6] where a non-tangential ball
from outside was determined, and to the proof of Theorem 7.6 in [19].

For any interior ball B,(n) C €, not containing the concentration point &, let us
choose ¢ sufficiently small so that Baz(s) C B,(n). Then, by the interior estimate
of Corollary 3.2 in [6], we get that

*

C _ .
(4.16)  |Dmuc(6)] < g(IIuE—PgHLwBM—,(c))+02||“a||ioo(13;<q>>)
C *_1—
+ 2 (el + P55

Now, note that for any ¢ we have that

C _
(4.17) g”uf—PﬁHL“(Baa(c)) < CO’ﬁ,

Note that the first estimate in the display above comes from the proof of Theorem 1.1
in [6]; see in particular Page 26 there, and note also that any 8 in (0,1) can be
chosen in view of the smoothness of the set €.

Since &, ¢ B,(n), we have that the interior asymptotic estimate (1.9) implies
2
that u. = 0(/\§Q72)/27(Q72) 5/4) when £ # &. Then (4.16) and (4.17) yields that,
for e sufficiently small, it holds

| Digue (€)] < 0(5) + 02(5) + o(AQ-/2-(@=2%/4)

where with o.(7) we indicate a quantity that for any fixed & > 0, satisfies o.(¢) — 07
when ¢ — 0. Hence, passing to the limit ¢ — 07 yields that |Dyu.(§)| =
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O(AEQ_z)/Z_(Q_m%M) for a.e. £ € 00\ X (), which implies the desired estimate
in (4.15), recalling that, by the divergence theorem since div @ = @, it holds

/ (D, n)dHO? = / div @ d¢ = Q9.
o0 Q

Now, by (4.12) and (3.14), we obtain that

_o_(@-2)?
e < c)\EQ 2 R ,
which gives
A2 =1 =072l \.),
once recalled (3.23) and the asymptotic of A2 in (3.19). Hence, the desired (4.14)
follows.

Step 3. The following limit holds true, as ¢ — 0"

(ntl
(418)  Juellpmgoyue — 220 YIS

o g CoE) in DO @),

for 8 € (0,1), where I'(z) is Euler’s Gamma function and wy, is the
(2n — 1)-dimensional measure of the Euclidean 2n-sphere..

Define the function

Q-2
2

2% —1—¢

We = ||'LLE||LOO(Q)'LL3*_1_E = )\5_ UE

We show that w, — ¢d¢, in the sense of distributions. Indeed, for any ¢ € C§°(12),
we have that

Q-2

[oweae = A5 [ icag

_(@-2)2 9 _1_g
_ T / ST (5 ams. ()0 "1 5(n) dy
Q. A 4

Q+2

(£19) = o6 [ vFae= o6

where we have used the definition in (3.17), the fact that since v. — U uniformly on
compact set (by Ascoli-Arzeld’s Theorem), and v. — 0 when |[¢|g — oo uniformly
in g, given that . — H", we have that it also holds on H", and the asymptotics
in (4.14) for AS. Moreover, note that when & # &, by (4.14), we get that

We = ||U€||Loo(Q)U§*_1_E
_Q=2

2% —1—¢
= A U

Q-2 Q-2/5%x 4 _
< el T oz @Al E)U(é

@) = o),

which yields that
(4.20) we = 0 ase — 0.
Thus, combining (4.19) and (4.20) we obtain that w. — ¢d¢, in the sense of
distributions.
Furthermore, note that the function [|u||ze(q)ue is a solution to
=~ (e o @yie ) = el @2 =175 in @,

l[te || oo (@yue = 0 in 90 Nw,
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where w is an interior neighborhood of 90\ X'().

Consider a ball B, such that p > 0 sufficiently small so that B, N {2 does not
contain §,. By (4.20) since [[uc||z~@)u: = 0 on 09, we have that the hypothe-
ses in Theorem 2.1 are satisfied. Thus, the sequence {||uc| p()u} is compact
in I'#(B, N oN), for some B € (0,1), which in fact is arbitrary because of the
smoothness of 2. Moreover, from (4.19) and (4.20) it has to converge to ¢Gq(-,&,).
Indeed, for any test function ¢ € C§°(2) it holds

[ eele@puetusds = = [ (Bauluclomous)ode
Q Q

_ /Qw5¢d£
— /Qéégoqbdﬁz—/QEGQ(vfo)(Alﬁl‘b) dg.

Hence, (4.18) follows taking an open covering of 92\ X' () and computing the explit
value of the constant ¢ as follows

_ dzdt
C T =
((1 + |2]2)2 +t2>

_/ dz / dt
S TP R (L 22) 3

Wan \/7?11(”7“)

2n r(%2)

where I'(z) is Euler’s Gamma function, wa,, is the (2n — 1)-dimensional measure of
the Euclidean 2n-sphere, and where we have also used that

/ d¢  |w T(5)T(a - 5)
s (LFICP) 2 Tl

Step 4. For any k € {1,...,2n} it holds
(4.21) / |Dyuc|?(Zy,n) dH? ™2 = 0.
a0

Consider the equation

(4.22)
u: =0 on 0N,

and lets {£2;} be the exhaustion of  of C° connected open set of the previous step;
i.e., such that Q; T Q, u. € C2(Q) and 99; = 4 U~ with 4V c 99\ £(Q),
%-(1) 100\ X(92) and HQ_Q(%@)) — 0asi— oo.

Now, we note that on €2; the function u. is C?(£;). Also since u. is a solution
to (4.22) we get that

/ ul T de = / Dyu-Dugdé Vo € S5(9).
Q Q
Moreover, integrating the right-hand side by parts yields
/ ul TG dE = / (—Luuc)pds Vo€ 55(Q)
Q Q

and thus
/ (AHuE n u‘;‘**H) Gpde =0 Vo e SHQ),
Q
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which by Lemma A.1 yields that —Agu, = ug*_l_f holds a.e. in 2. Then, by
the regularity of u. in ; yields that —Agu. = ug*_l_s holds pointwise in €2;.
Multiplying it with Zxu. on both sides and integrating over §2; yields

- / Ante Zyue dE
Q;
2n
= —Z/ Z2u. Zyue A€
j=17%
2n 2n
:Z/ ZjueZ; Zyue dg—Z/ Zju:Zyu(Zj,m) dHO2
=17 =17 0%
2n 2n
:Z/ Ziue Zy, 7 jue dng/ Ziju.Zyue(Zj,m) dHO 2
= =17 0%

74/ Zk/usTusdﬁ
Q;

2n 2n
1 2 _
(4.23) - 5;21 /Q Z (Zjus) dgf;:l /aQ Zue Zyue(Z;,m) AHO2

+4/ TZ;ucu. d€ — 4/ Zueus (T, m) dHP 2

o9,

where we have integrated by parts and used the fact that [Z;, Z;] = —4T when-
ever |k — j| = n, and [Zy, Z;] = 0 otherwise; thus k' being such that |k — k| = n.
Again, since u. > 0 in Q and u. = 0 on 9€);, then there exists a function w < 0
1

such that Du, = wn on 7,

2n
> Zjue Zyue(Z;,m) = w(Zy,n Zzug
j=1

. Hence,

= (Zk,m ZZusZ wn)

= (Z,n Zzug . Du.) = |Dyuc|*(Zg, n).

=:Zjuc

Moreover, since [T, Z;] =0 for any j € {1,...,2n} and u = 0 on the boundary fy( )
from (4.23) we get

_/ Ague Zyue df
Q;
1 2n )
p— . _ 2 Q_2
2 J—Zl/Ql Z}c(ZJus) dé- /,yfl) |DHU/5| <Zk7n> d’)Ll

2n
- ’ Q-2 _ . ) Q-2
4/}/?2) Zk; UEUE<T7 n> dH ;/y@) ZjugzkuE<ZJ7n> dH

1

- 2/ |Dyuc|?(Z), n) dHQ‘Q—/m |Dyuc|?(Zy, m) AHO 2
7 7.

i

4/(2) Ziucue (T,n) dHO2 Z/ Zju. Zyue(Zj,m) dHO2
’YY
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1
+f/ | Dyuc|?(Zy,, ) AHO 2
2 /@

i

1
=5 [ 1Dsu PGy 4O =4 [ Zueu (T ano
Pyi(l) ’Y<2)

i

2n

Z _ 1 _
a /(2) ZJUEZkUs<Zjan> dHQ 2 + 5/(2) |DHUE‘2<Zkan> dHQ 2
j=1"7; Vi

after integrating by parts; k' being such that |k’ — k| = n. Hence, passing to the
limit as i — oo, by an analogous argument as that in Step 2, by recalling also that
Zju. stays bounded up to the characteristic set, for any j € {1,...,2n}, which can
be deduced by following Theorem 4.6 in [34], we obtain

1

(4.24) —/ Anue Zyue dg:—f/ |Dyuc|?(Z), n) dHO 2.
Q 2 Joq

Moreover, denoting with f(u) := u2 ~'~¢ and with F(u) := / f(7)dr, we have
0

/ Fu)Zpude = / Zi(F(u)) dg
Q Q
(4.25) = / F(u){Zy,n)dH® 2 =0,
a0
recalling that u. = 0 on the boundary 0.
Then, (4.21) follows combining together (4.24) with (4.25).

Step 5. Let us prove that, for any k € {1,...,2n},
(426) |DHGQ('7€O)|2<Z1€7”> dHQ72 = 7ZkRQ(§O) 3
o0

where Rq(-) is the Robin function. The proof of identity (4.26) firstly appear in
the Euclidean framework in [14, Theorem 4.3]. Here further care is needed in order
to carefully deal with the underlying geometry of H” as well as with the possible
lacking of regularity at the characteristic part of the boundary of (2.

With no loss of generality let & = 0. For any p > 0 consider () := xB,/|B,l;
we have that the function (") converges weakly* to 8y as p — 0. Indeed, for
any ¢ € CJ(Q) we have that

lim /Q 5P pd¢ = lim pde = ¢(0),

p—0+ p—0+ B,(0)
for the Lebsegue-Besicovitch theorem. Now let v, be the solution to
—Agv = 8 in H"™ |

such that v, — 0 as |€|lg — co. Note that by [26, Corollary 2.8] such function can
be built by v, = §(") x K(-) where K(-) is Folland’s fundamental solution with pole
in 0. Then we have

wl€) = [ KrtosWman=f
H~ B
Moreover, note that

v, (€7

K(n~tog&)dn :][ K (n) d.

»(0) B,(8)

][ Kot )dn
B, (0)

= *][ K(no& ')dny
B, (0)
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(4.27) - —]{B KOt egdn= (@),

by symmetry of the fundamental solution K (-).
Then, by Lebesgue-Besicovitch Theorem, for a.e. £ € H", one get

li = K(¢).
Jim, v, = K(£)

Moreover, for any £ € 02 such that — up to choosing p > 0 sufficiently small — it
holds that 0 & B,(§)’, we have that

(4.28) lup(€)] < ][B K1 < sup K9] < o0

given that 0 ¢ 0f.

Now, consider the solution u, to

{AHup =6 in Q,

(4.29)
u, =0 on 0N).

We start noticing that the function u, — v, satisfies the following problem

{—AH(UP—UP) =0 in{,

4.30
(4.30) Uy — Vp = —V, on 0f).

Hence, by Bony’s Maximum Principle we have that
(4.28)
(4.31) sup|u, —v,| < suplu, —v,| < supv, < supK
Q aQ aQ a0
which is finite since 0 is an interior point of 2. Then, up to choosing p > 0 sufficiently
small, so that given an interior neighborhood w of 90\ X() it holds B,(¢) C w

and 0 € w, we have that

sup|u,| = suplu, — v, + v,
w w
< sup|u, — v,| + sup|v,|
w w
< sup|u, — v,| + sup|v,|
Q w
< sup|u, — v,| + sup|v,|
o0 w
(4.28),(4.31)
(4.32) < sup K + sup K.
oQ w

Moreover, in a similar fashion as in Step 3, we can deduce that an analogous
estimate such as (4.24) holds for u, as well

1
(4.33) —/ Agu,Ziu, dg:—f/ | D, |*(Zg, m) dHO ™2,
Q 2 onN

Indeed, considering the same exhaustion of 2 of C*° connected open sets {€2;} of
the previous step, we have that

— / AHukaup dé
Q;

1
=-3 /m | Dty |*(Z, m) dHO2 — 4/(2) Zyupu, (T, m) dH~2
v i

i i

1

2n
—Z/@) Zjukaup<Zj,n> dHO2 + 5 /(2) |DHup|2<Zk,n> dHQ_Q,
j=1"7 i
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where &’ is such that |k’ — k| = n. Now, recalling that — up to taking p sufficiently
small such that in an interior neighborhood w of the characteristic set §(?) = 0 —
by [64, Theorem 5.7] u, has bounded horizontal gradient, we can pass to the limit in
the inequality above getting (4.33), by Theorem 4.3. Moreover, the sequence {u,},
converge weakly to Gq(+;0). Indeed, for any test function ¢ € C5°(£2) it holds (since
u, = 0 on 0Q)

_/Qup(mqs)dg = —/Q(Amup)¢d§

(4.34) = 8P pde
Q

— dopd = — [ Ga(-,0)(Aue)dE.
0 Q

Also, thanks to the bound on its L°°-norm up to the non-characteristic boundary
in (4.32), by Theorem 2.1 we eventually have that such convergence is actually
in I'8(9Q \ ¥(Q)). Note that this is possible by taking p sufficiently small so
that 6(”) = 0 near 99, since the &, = 0 is away from the boundary.

As for the left-hand side in (4.34), we have

/ 8 Zyu, d¢
Q

(4.35) _ /Q 57 Zy(u, — v,) de

/5(”)Zk(up—vp)d£—|—/ 50 Zpv, de
Q Q

where the last integral is 0 by the symmetry of v, in (4.27), since it is an integral
over B,.

Let us recall the Dirichlet problem (4.30). By the boundedness of its supremum
norm in (4.31), the sequence {u, —v,}, is compact in C*(Q), for any k € N; see for
example the interior estimates in [7, Theorem 3.3]. Also, the sequence {u, —v,},
is compact in I'*#(0Q \ 2(9)), for any k¥ € N.  Indeed, this can be shown
considering an open covering of the boundary made of B, N so that B, N 0
is non-characteristic and then applying Theorem 1.1 in [7]. Also, the sequence
{u, —v,} converges to H(¢,0), with H(,0) being the regular part of the Green
function. Hence, passing to the limit in (4.35) as p — 0, by Lebesgue-Besicovitch
Differentiation Lemma, we have that

p—0+

1
lim / 89 Zilu, —v,) d€ = ZLH(0,0) = 3 ZRa(0),
Q
since, by symmetry of the function H(§,7), we have
ZOH(0,0) = 2 H(0,0) + 2" H(0,0) = 229 H(0,0),

with Z,ig), being the Zj-derivative with respect the ¢ variables. Thus, passing also
to the limit on (4.33) yields the desired (4.26).

Step 6. Let us prove that
(4.36) |DuGa(-, &)} (D, n) dH? ™ = —(Q — 2)Ra(&).
o0

As in the previous steps, consider an exhaustion of Q of C'*° connected open sets
{9} such that Q; 1, and 09; = 4V Uy with 4V c 092\ 2(Q), 4 1 00\ 2(Q)

i

and ’HQ_Q(%-(Z)) — 0 as p — 0. We apply the Pohozaev identity in [34, Corollary 3.3]
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on Q; \ B,(0), to the Green function Gq(;0). We get

22/ DGo(;0)Z;Gal;0)(Z;,n) dHI?
A(Q2\B,(0))
HQ-2) [ |DaGal:0) dg
Q2:\B,(0)
(4.37) = / | DuGo(; 0)2(D, n) dHO2.
9(Q2:\B,(0))

Now, note that

/m\Bp(o)DHGQ(.;OVdg - Z/Q\Bp(o Z'GQ(';O))QdS
_ _Z/Q o (Z76a(50)Gal:0)ag
+Z/

(2Ga(50)) Ga(-0)(Z;,n) aH?~2
9($2:\B,(0))

_ ol ONZem AW Q=2
(4.38) - Z/Q\B o, (2160 Gal:0)(Z,,m) 4o,

since AgGq(-;0) =0in Q; \ B,(0). Hence, combining (4.38) with (4.37), it yields

zz/ | DG(0)Z,Gals0) ) AHO

2 /

:/ |DHGQ(;0)|2<@,n> dHO2.
A(Q2:\ B, (0)

(2:Ga(-:0)) Gal(:0)(2;,m) AR~

Passing now to the limit as ¢ — oo, recalling that the Green function has bounded
horizontal gradient near the characteristic set by [64, Theorem 5.7], as well as
bounded D-derivatives by [64, Theorem 5.8] and the subsequent Remark 5.9 there,
and that, in view of Theorem 4.3, the characteristic set has negligible surface
measure, we finally get

22/ | P60 Z,Gal:0)(Zm) AHQ-2

A\ B, (
Q- 22/

= / |DuGa(;0)[*(D,n) dH? 2.
(9\B,(0))

(2,Ga(0))Ga(0){2;, n) 41O~
8B,,(0)

since Gq(+;0) = 0 on 9. Thus, we can rewrite the identity above as follows,

22 DGa(;0)Z;Ga(;0)(Z;,n) dHY™2 — [ |DrGa(;0)*(D,n) dH? 2
o o0
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2n

(4.39) =(Q-— 2)2/63 o (2iGal:0))Gal:0)(Z;,n) aH~*

j=1

[ DaGaGOP (D, n) aue 2

B, (0)

+2Z/ DG (;0)Z;Ga(;0)(Z;,n) dH 2.

Starting with the left-hand side term in (4.39), we note that DGq(&;0) = gn, for
some function g, being Gq(+;0) = 0 on J9, so that

DGa(&0)(Zj,n) = Z;Ga(&0)(D,n),

which in turn yields
(439 ps) = 22 Q)GQ 0)Z;Ga(;0)(Z;,n) dH? 2

- / DG (;0) (D, n) dHO2
o0

(4.40)

/|DHGQ(;0)|2<CD,n)dHQ_2.
o0

As for the right-hand side term in (4.39), we first note that on 9B,(0) the
fundamental solutions K(-) = (cg) 'p?*~?, so DK(-) = 0. Moreover, except for
the term H(-;0)Z;K(-), we can consider any other quantity as o(p), since both the
D-derivative and the Z;-derivative of Gq(+;0) do coincide with the analogous one
of H, given that K(-) = (cq) 'p?>~% on 0B,. Thus, the right-hand side in (4.39)
can be treated as follows

(43 hsy = —/BB © )|DHH(;0)‘2<CD,n) AHR2
+2Z/ 0)Z;H(;0)(Z;,n) dHO2
oB (o)
2 Z / () H(+0)(Z;,m) dHO

(441) =: Il +IQ+13+I4+I5.

Let us start noticing that, since the regular part of the Green function H(+;0) is
smooth in 2, we have that I; < ¢H? 2(0B,(0)), for j = 1,2,4. As for Iy we
can reason in a similar way, recalling that K(£) = cgop®~? on 0B,(0), getting
Iy < cH?2(0B,(0))/p?=% = cp. Thus, (4.41) can be rewritten when p — 0% as

(43 4nsy = (Q@— 22 /

K(€) ) H(;0)(Z;,m) dHO 2 + ofp).
8B (0)
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We rewrite the integral above in a more convenient way now. Let us star noting
that

_9 D
ZK(E) 7o) =~ L2242, Dil) (. (et )

2
g2 (%)
= /@1 D]

Thus,

(130 ney = (@-2 /8 o ZK(€)H(;0)(Z;,n) dH22 + o(p)

Q-2 De(el) o
- & H(;0) 2SI g,
cop@ /aB,,w) GO D] ol)

(4.42) ~(Q — 2 H(0,0) + olp).,
by the representation of harmonic functions with their surface measure; see for exam-
ple [12, Theorem 5.5.4]. Finally, (4.36) plainly follows by collecting estimates (4.40)
and (4.42) and passing to the limit as p — 0F.

Step 7. Conclusion. The thesis follows by the Pohozaev identity obtained
in (4.12) and (4.21), the identity (4.26) and (4.36) and the limiting behaviour
in (4.18).

APPENDIX A. CONVOLUTION
We conclude the paper by recalling some basic properties of subelliptic mollifiers.

Definition A.1. Let B;(0) C H" and let J € C§°(R?"*1) be such 0 < J < 1,
supp J C B1(0) and
J(§)d¢=1.
HTL
Define Jn(€) :==h=?J(61(€)) and for any u € Li (H"), define

1
h

un(€) = (ux J)(€) = / (Y 0 €)u(n) dn

n

Proposition A.1. The following results hold true.

(1) If g e LP(H"), 1 < p < o0, then gx Jp, € C°(H™) and g+ Jp, — g in LP(H™) as
h—0

(2) Let g € LL (H"). Then (¢pxg) € CL(H™) and

loc
Zi(g*Jn) = g*(Z;JIn)
forany j € {1,...,2n}.

Proof. The statements of Proposition A.1 can be proven by a quite standard
argument. For the sake of completeness, we just give a proof of (2). By left
invariance of the vector field Z; we have that

Zi(g*Jdn) = Z; ( o Jn(n~" o &)g(n) dﬂ)

= / Z; (Jh(n’l Oﬁ)g(n)) dn
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= [ @ om
([

Lemma A.l. Let Q C H" be an open and bounded set and let u € L .(Q) be such
that

/uzj)dgzo Vo € C5°(9).
Q
Then, w =0 a.e. in 2.

Proof. Consider a sequence of compact set {Kp} C € such that

U Kn=0 and dist(Ks,0Q) <2/h.
h=1
Choose now ¢ € L (H") be such that supp ¢ C K}, and consider J;, € C§°(H™).
Setting ¢y := ¢ x J;, we have that
supp ¢, C B1(0) + Kj, C Q.

By Proposition A.1, we have that ¢, € C§°(€2). Thus by hypothesis, we have that
(A1) / upp, d§ = 0.
Q

Moreover, since by [12, Remark 5.3.8] the sequence ¢, converges to ¢ in Li, (H"),
up to subsequences, we have that ¢, — ¢ a.e. in H" and ||¢p || o mn) < cl|@l] poo (mn);

see [13, Theorem 4.9]. Hence, passing to the limit in (A.1) yields that

/Quqsdg =0.

We now choose

sgn u in Ky,
b=dn=13" .,
0 in Q\ Kp,
This yields that / |u| d¢€ = 0 for any h € N. Hence, u =0 a.e. on €. O
Ky
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