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Abstract. We study the loss of compactness for optimal functions of a subcritical approxima-
tions of the sharp Folland-Stein-Sobolev embedding in the Heisenberg group. When blow-up is
prevent at the boundary we show that centered-symmetric maximizers in a Korány ball concen-
trate at its center. Moreover, we obtain the exact blow-up rate and the pointwise asymptotic
profile away from the pole, in turn establishing a natural counterpart of the classical Brezis and
Peletier asymptotics for nearly critical Sobolev problems.

1. Introduction

Let Hn := (Cn × R, ◦, {δλ}λ>0) be the usual Heisenberg-Weyl group, and let D̊1,2
X (Hn) denote

the completion of C∞
0 (Hn) with respect to the horizontal gradient norm ∥∇X · ∥L2(Hn). In [18],

Folland and Stein proved that the following Sobolev-type inequality holds:
(1.1) ∥u∥2∗

L2∗ (Hn) ≤ S∗∥∇Xu∥2∗

L2(Hn) ∀u ∈ D̊1,2
X (Hn),

where S∗ is a positive constant and
2∗ := 2Q

Q− 2
is the Folland-Stein-Sobolev critical exponent, with Q := 2n + 2 denoting the homogeneous di-
mension associated with the anisotropic dilations {δλ}λ>0; see, e. g., (2.1) below.

The critical Sobolev inequality (1.1) has been an attractive object of study for the last decades,
since it is inextricably linked to the lack of compactness of the related critical (Folland-Stein-
)Sobolev embedding, and to the correspondent Euler-Lagrange equation in turn describing the
important CR Yamabe problem ( [23,32]).

For what concern the strictly related study of the optimality of (1.1), several results in accor-
dance with the classical critical inequality in the Euclidean framework have been proven, despite
the difficulties given by the sub-Riemannian geometry of the Heisenberg group Hn. On the con-
trary, several (somewhat expected) results are still open for the same reason; that is, the substantial
difference with respect to the Euclidean framework in view of the complex non-commutative struc-
ture. The literature is too wide to attempt any comprehensive treatment in a single paper. We
refer the interested readers to the very important papers [13, 25, 27, 33–35], the recent book [29],
and the references therein.

In the present paper, we are interested into investigating some of the effects of the lack of
compactness in the critical Sobolev embedding (1.1), by analyzing the asymptotic behavior of the
natural subcritical approximation of the Sobolev quotient.

Consider the following maximization problem,

(1.2) S∗ := sup
{ˆ

Hn

|u(ξ)|2
∗

dξ : u ∈ D̊1,2
X (Hn),

ˆ
Hn

|∇Xu(ξ)|2dξ ≤ 1
}
.

The validity of (1.1) is equivalent to show that the constant S∗ defined in the display above is finite.
The existence of the maximizers in (1.2) is a difficult problem because of the intrinsic dilations and
translations invariance of such inequality, as it analogously happens for the classical critical Sobolev

2020 Mathematics Subject Classification. 35R03, 46E35, 35B33, 35J08, 35A15.
Key words and phrases. Folland-Stein-Sobolev embeddings, Heisenberg group, CR Yamabe equation, concen-

tration phenomena, Green functions.
1



2 G. PALATUCCI AND M. PICCININI

inequality. The situation here is even more delicate because of the underlying non-Euclidean
geometry of the Heisenberg group, and the obstacles due to the related non-commutativity. The
explicit form of the maximizers has been presented, amongst other results, in the breakthrough
paper by Jerison and Lee [33], together with the computation of the optimal constant in (1.2). We
also refer to the fundamental paper [20] where sharp constants for inequalities on Hn have been
derived for even more general cases, in turn obtaining sharp constants for the corresponding duals,
which are the Sobolev inequalities for the sub-Laplacian and the conformal fractional Laplacians.

For any bounded domain Ω ⊊ Hn, consider now the following Sobolev embedding in the same
variational form as the one in (1.2),

(1.3) S∗
Ω := sup

{ˆ
Ω

|u(ξ)|2
∗

dξ : u ∈ D̊1,2
X (Ω),

ˆ
Ω

|∇Xu(ξ)|2dξ ≤ 1
}
,

where the Folland-Stein-Sobolev space D̊1,2
X (Ω) is given as the closure of C∞

0 (Ω) with respect to
the L2-norm of the horizontal gradient in Ω.

One can check that S∗
Ω ≡ S∗ via a standard scaling argument on compactly supported smooth

functions. For this, in view of the explicit form of the optimal functions in (1.2) – see forthcom-
ing Theorem 2.2 – the variational problem (1.3) has no maximizers. The situation changes con-
siderably for the subcritical embeddings. Indeed, since Ω is bounded, the embedding D̊1,2

X (Ω) ↪→
L2∗−ε(Ω) is compact (for any 0 < ε < 2∗ − 2), and this does guarantee the existence of a maxi-
mizer uε ∈ D̊1,2

X (Ω) for the related variational problem

(1.4) S∗
ε := sup

{ˆ
Ω

|u(ξ)|2
∗−ε dξ : u ∈ D̊1,2

X (Ω),
ˆ

Ω
|∇Xu(ξ)|2dξ ≤ 1

}
.

Such a dichotomy is evident in the Euler-Lagrange equation for the energy functionals in (1.4);
that is,

(1.5) −∆Xuε = λ|uε|2
∗−ε−2uε in D̊1,2

X (Ω)′,

where λ is a Lagrange multiplier. Whereas when ε > 0 the problem above has a solution uε, it
becomes very delicate when ε = 0: one falls in the aforementioned CR Yamabe equation, and
even the existence of solutions is not granted. In particular, the existence and various properties
of the solutions do strongly depend on the geometry and the topology of the domain Ω. We
refer for instance to: [34, 47] for nonexistence of nonnegative solutions when Ω is a certain half-
space; [13] where the authors show the existence of a solution in the case when the domain Ω has
at least a nontrivial suitable homology group; [25] for existence and nonexistence results for even
more general nonlinearity.

In view of such a qualitative change when ε = 0 in both (1.4) and (1.5), it seems natural to
analyze the asymptotic behaviour as ε goes to 0 of the corresponding optimal functions uε of the
embedding D̊1,2

X (Ω) ↪→ L2∗−ε(Ω). This is the aim of the present paper.

For what concerns the Euclidean counterpart of such an investigation, several results have been
obtained, mostly via fine estimates and a standard regularity elliptic approach of the special class
of solutions of the equation (1.5) being maximizers for the related Sobolev embedding.

On the contrary, for what concerns the Heisenberg panorama the scene is basically empty in
view of the many difficulties naturally arising in such a framework. Indeed, the non-commutative
group structure precludes the free generalization of several tools such as symmetric decreasing
rearrangements, ODEs techniques as well as regularity approximations. Nevertheless, some fun-
damental results available in the Euclidean framework where successfully extended in Hn: the
Bahri and Coron conjecture in [4] in the aforementioned paper [13], as well as the non-existence
criteria on several relevant class of proper subset of Hn in [25,34].

Very recently, it has been proven in [41] that, up to subsequences, optimal functions uε for the
subcritical Sobolev embedding (1.4) do concentrate horizontal energy at one point ξo ∈ Ω, even
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without prescribing any regularity assumptions nor special geometric features on the domain Ω,
in clear accordance with their Euclidean counterpart in [2,16,38,39]; see also the recent results in
the nonlocal settings in [45].

Theorem 1.1 (Theorem 1.2 in [41]). Let Ω ⊊ Hn be a bounded domain, let M(Ω) denote the
family of positive Radon measures on Ω, and let Uε ∈ D̊1,2

X (Ω) be a maximizer for S∗
ε , normalized

by ˆ
Ω

|∇XUε(ξ)|2 dξ = 1.

Then, for every sequence εk → 0+, up to subsequences, there exists ξo ∈ Ω such that

Uεk
⇀ 0 in L2∗

(Ω),

and
|∇XUεk

|2 dξ ∗
⇀ δξo in M(Ω).

Now, a natural question arises: can we localize the blow up; i. e., is the concentration point ξo
related to some extent to the geometry of the domain Ω ?
For classical elliptic equations with critical growth nonlinearities, Atkinson and Peletier, via ODEs
methods, proved in [3] that the blow up (as ε ↘ 0) of solutions to the critical equation

(1.6)


−∆u = u

n+2
n−2 −ε in Ω

u > 0 in Ω ,

u = 0 in ∂Ω ,

in the case when Ω ⊂ R3 does coincide with the unit ball, satisfy

lim
ε→0+

εu2
ε(0) = 32

π
and lim

ε→0+

uε(x)√
ε

= 1
4

√
π

2

(
1

|x|
− 1
)
.

Subsequently, by relying on purely variational techniques, Brezis and Peletier in [8] extended such
results to the case of spherical domains. In particular, it has been showed that subcritical solutions
concentrate at one special point of the domain. Moreover, the authors also conjectured that an
analogous result should hold for non spherical domains and for higher dimensions as well. This
conjecture was later proved to be true, independently, in the case of smooth domains by Han [28]
and Rey [46] by showing that the solutions of (1.6), with maximal Sobolev energy, concentrate
energy at one point which can be localized via the Green’s function associated with the underlying
domain.

The involved proofs strongly rely as well as on various available techniques in the Euclidean
framework such as, e. g., moving planes method, Kelvin transform, etc..., also on the availability
of various boundary regularity results for standard elliptic equations. This last feature is in clear
contrast with the complexity faced in the present paper. As well known, even if the domain Ω is
smooth, the situation is dramatically different because of the possible presence of characteristic
points on the boundary ∂Ω. At such points the vector fields forming the principal part of the
relevant operator ∆X become tangent to the boundary. Hence, near those characteristic points
– as firstly discovered by Jerison [30] – even harmonic functionscan encounter a sudden loss of
regularity. Indeed, Jerison built an explicit solution in the domain

{
ξ = (z, t) ∈ Hn : t > −M |z|2

}
,

for a suitably choice fo M > 0, vanishing on the boundary and having at most Hölder regularity
near its isolated characteristic point 0. Also, one did not want to work in the restricted class of
domains not having characteristic points; that is, by still including interesting sets as e. g. the
torus obtained by revolting the sphere S2n around the t-axis [1], but unfortunately excluding an
extremely wide class of regular domains which play a pervasive role in several relevant problems
in the Heisenberg group, as e. g. the level sets of the Jerison and Lee extremal functions (2.7) and
those of the Folland fundamental solution; i. e., the Korányi balls. Nevertheless, some important
results have been obtained for maximizing sequence of S∗

ε in non-characteristic domain. Indeed,
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in [36], the authors are able to construct a concentrating sequence of solutions for certain non-
degenerate critical point of the regular part of the Green function of Ω. We also refer to the
references in the aforementioned paper.

The purpose of the present paper is to go further Theorem 1.1 and to determine the quantitative
asymptotics of its concentration. The canonical model is the Korányi ball

BR(0) :=
{
ξ = (x, t) ∈ Hn :

(
|x|4 + t2

) 1
4 < R

}
.

This is the natural counterpart of the Euclidean ball: it is defined by the homogeneous norm
associated with the fundamental solution |ξ|H :=

(
|x|4 + t2

) 1
4 , it is invariant under the unitary

symmetries in the horizontal variables and under the reflection (z, t) 7→ (z,−t). In this setting,
both the Green and Robin function are explicit

GBR(0)(ξ; 0) := 1
CQ

(
1

|ξ|Q−2
H

− 1
RQ−2

)
=: K(ξ) − RBR(0)(0) ,

where CQ is the dimensional constant in the Folland fundamental solution K(ξ) = C−1
Q |ξ|2−Q

H .

In order to state our main results, we introduce some further notation.

Definition 1.1. Let Uε be a nonnegative maximizer in (1.4), so that ∥∇XUε∥L2(Ω) = 1. Then,
we call scalar normalized maximiser the function

(1.7) uε := (S∗
ε )− 1

2∗−ε−2Uε.

From (1.7), it follows that uε solves the Dirichlet problem

(1.8)
{

−∆Xuε = u
Q+2
Q−2 −ε
ε in Ω ,

uε = 0 on ∂Ω.

Moreover,

(S∗
ε )− 2

2∗−ε−2 =
ˆ

Ω
|∇Xuε|2 dξ =

ˆ
Ω
u2∗−ε
ε dξ.(1.9)

We shall use that

(1.10) S∗
ε → S∗ as ε → 0+ ,

as can be proved by a simple application of Hölder’s Inequality; see, e. g., [41, Proposition 2.3]. In
particular,

(1.11) (S∗)− Q−2
2 = lim

ε→0+

ˆ
Ω
u2∗−ε
ε dξ = lim

ε→0+

ˆ
Ω

|∇Xuε|2 dξ.

For the scalar-normalized sequence in (1.7), the concentration statement reads, along the se-
lected subsequence,

(1.12) |∇Xuε|2 dξ ∗
⇀ (S∗)− Q−2

2 δξo in M(Ω).

Let U denote the normalized Jerison–Lee extremal satisfying

−∆XU = U2∗−1 in Hn, U(0) = max
Hn

U = 1,

and set

c̄n :=
ˆ
Hn

U2∗−1 dξ.

The main result of the paper is the following explicit Atkinsons–Brezis–Peletier type asymptotic
formula in the centered Korányi ball.
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Theorem 1.2. Let uε be a family of scalar-normalized maximizers in BR(0). Assume that uε is
centered-symmetric, i. e.

uε(Az, t) = uε(z, t) ∀A ∈ U(n), uε(z,−t) = uε(z, t),
and that there exist δ ∈ (0, R), C > 0, and εo > 0 such that
(1.13) sup

ξ∈BR(0)\BR−δ(0)
uε(ξ) ≤ C ∀ε ∈ (0, εo).

Then the following assertions hold true:
(i) uε concentrates at the center of the ball, i. e.

|∇Xuε|2 dξ ∗
⇀ (S∗)− Q−2

2 δ0.

(ii) One has
(1.14) lim

ε→0+
ε∥uε∥2

L∞(BR(0)) = c1(n)RBR(0)(0),

where
c1(n) := 2∗c̄2

n

(S∗)− Q−2
2
.

(iii) For every ξ ∈ BR(0) \ {0},

(1.15) lim
ε→0+

uε(ξ)√
ε

= c2(n)
(
R

Q−2
2

|ξ|Q−2
H

− 1
R

Q−2
2

)
,

where

c2(n) :=

√
(S∗)− Q−2

2

2∗CQ
.

Remark 1.1. The constant in (1.14) depends on the scalar normalization chosen for the maxi-
mizing sequence. If one works instead with the variational normalizationˆ

Ω
|∇XUε|2 dξ = 1,

then the same statement holds after applying the scalar change from Uε to the solution uε of (1.8).

Remark 1.2. As in [28], the argument applies more generally to positive solutions of (1.8) whose
Sobolev quotient is asymptotically sharp. One may also consider other subcritical perturbations
of the critical CR Yamabe equation, for instance families of the form

−∆Xuε = λu2∗−1
ε + εuε,

where the loss of compactness again appears as ε → 0. We do not pursue this direction here, in
order to focus on the optimal functions for the subcritical Folland-Stein-Sobolev embeddings.

A key ingredient in the proof of Theorem 1.2 is a sharp asymptotic control of the scalar-
normalized maximizing sequence by the Jerison-Lee extremals, which is our second main result.
This estimate is global and is independent of the explicit Green-function computation in the ball.

Theorem 1.3. Let Ω ⊊ Hn be a bounded smooth domain. Let uε ∈ D̊1,2
X (Ω) be the scalar-

normalized maximizer solving (1.8). Assume there exist δ > 0, C0 > 0, and εo > 0 such that
sup

{ξ∈Ω: distR2n+1 (ξ,∂Ω)<δ}
uε(ξ) ≤ C0 ∀ε ∈ (0, εo).

Set
Mε := ∥uε∥L∞(Ω), uε(ηε) = Mε and ρε := M

− 2∗−ε−2
2

ε .

Then, when ε → 0, up to subsequences, there exists a point ξo ∈ Ω such that

|∇Xuε|2 dξ ∗
⇀ (S∗)− Q−2

2 δξo in M(Ω),
and the following assertions hold true:
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(i) Mε → +∞;
(ii) ηε → ξo;

(iii) Letting U be the normalized Jerison-Lee extremal{
−∆XU = U2∗−1 in Hn,
U(0) = max

Hn
U = 1,

and defining
vε(ζ) := M−1

ε uε
(
ηε ◦ δρε

(ζ)
)
, ζ ∈ Ωηε,ρε

,

where
Ωηε,ρε

:= δρ−1
ε

(
η−1
ε ◦ Ω

)
,

it holds that vε → U locally uniformly in Hn and locally in D̊1,2
X (Hn).

Furthermore, there exists a constant C = C(n,Ω, δ, C0) > 0, independent of ε, such that

(1.16) uε(ξ) ≤ CMε U
(
δ 1

ρε

(
η−1
ε ◦ ξ

))
for every ξ ∈ Ω.

The estimate above is the Heisenberg analogue of the global bubble control used by Han in
the Euclidean proof [28]. Here the argument has to account for the non-commutative translations
and for the fact that the Jerison-Lee extremals cannot be reduced, after arbitrary translations and
dilations, to functions of the Korányi gauge alone. The proof combines the concentration theorem
recalled above, the intrinsic scaling of the sub-Laplacian, a sharp-quotient argument based on the
Brezis–Lieb lemma, the H-Kelvin transform, and boundary estimates adapted to the characteristic
geometry of the Korányi ball.

1.1. Related open problems and further developments. Starting from the results proved
in the present paper, several questions naturally arise.

• One may investigate fractional counterparts of the present asymptotics, replacing the
first-order Folland-Stein norm in (1.1) by a fractional norm of order s ∈ (0, 1) and the
critical exponent by 2∗

s = 2Q/(Q − 2s). In this direction we mention [26], the nonlinear
tail estimates in [37], related results in [40], and the extension/scattering approach to
conformally invariant fractional powers of the sub-Laplacian in [21].

• It would be natural to ask to what extent the Green-profile asymptotics proved here in the
centered Korányi ball persist under different geometric assumptions on the domain, still
allowing characteristic boundary points. A possible framework is that of non-tangentially
accessible domains satisfying an intrinsic outer ball condition, as introduced in [10] for the
Dirichlet problem with summable boundary data.

• The behavior of concentration points in non-smooth domains remains a delicate issue. In
the Euclidean framework, Flucher, Garroni and Müller [15] constructed a non-smooth do-
main whose Robin function attains its infimum at the boundary, and Pistoia and Rey [44]
showed that concentration can occur at the boundary in such a domain. Understanding
whether analogous phenomena can occur in the Heisenberg group would require control-
ling the interaction between boundary singularities, characteristic points, and the Green
function; see also [49].

• Other possible developments include critical energies beyond the pure Sobolev quotient,
problems involving the second critical exponent as in [14, 43], and analogues of the third
Brezis-Peletier conjecture [8]. The latter was recently solved in the Euclidean setting
in [22], but its Heisenberg counterpart appears to require new tools because both the
critical geometry and the boundary regularity theory are substantially more involved.

The estimates and techniques developed here are intended to provide a basis for these further
questions on the loss of compactness in critical Folland-Stein-Sobolev embeddings and in related
CR Yamabe-type equations.
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1.2. Organization of the paper. In Section 2 we fix the notation and recall the analytic and
geometric tools used throughout the paper: the structure of the Heisenberg group, the Folland fun-
damental solution, characteristic boundary points, intrinsic Hölder spaces, the Pohozaev identity,
and the Jerison-Lee extremals. In Section 3 we prove the sharp asymptotic control of subcriti-
cal maximizers by Jerison-Lee bubbles, culminating in Theorem 1.3. In Section 4 we prove the
centered Korányi-ball asymptotics of Theorem 1.2, combining the Green-function identity, the
boundary estimates near the characteristic set, and the anisotropic Pohozaev identity.

Acknowledgements. The authors are supported by INdAM projects “Problemi non locali: teoria
cinetica e non uniforme ellitticità” – CUP E53C22001930001, and “Local vs Nonlocal: mixed type
operators and nonuniform ellipticity” – CUP D91B21005370003. The first author is also supported
by PRIN 2022 Project “Geometric Evolution Problems and Shape Optimization (GEPSO)” –
CUP D53D23005820006, and by PRIN 2022 PNRR “Magnetic skyrmions, skyrmionic bubbles
and domain walls for spintronic applications” – CUP D53D23018980001, PNRR Italia Domani,
financed by EU via NextGenerationEU.

The results in this paper have been announced in the preliminary research report [42].

2. Preliminaries

In this section we fix the notation and recall the basic tools used throughout the paper such
as the the structure of the Heisenberg group, the relevant function spaces and some boundary
Schauder-type estimates and integral identities.

2.1. The Heisenberg group. Throughout the paper we denote points in R2n+1 by ξ := (x, t) =
(x1, . . . , x2n, t) ∈ R2n × R. Equivalently, we often write z := (z1, . . . , zn) with zj := xj + ixn+j ,
so that Hn is identified with Cn × R. The Heisenberg group Hn is the analytic, simply connected
(2n+ 1)-dimensional Lie group whose Lie algebra g admits the stratification

g = V 1 ⊕ V 2, [V 1, V 1] = V 2, [V 1, V 2] = {0}.
A basis of left-invariant vector fields spanning the first layer V 1 is given by

Xj := ∂xj + 2xn+j∂t, Xn+j := ∂xn+j − 2xj∂t, 1 ≤ j ≤ n.

Moreover, since the only non-trivial commutators are
[Xj , Xn+j ] := XjXn+j −Xn+jXj = −4∂t, 1 ≤ j ≤ n,

a basis for the second layer V 2 is given by T := ∂t, so that the stratification of the Lie algebra g
becomes

g = span{X1, . . . , X2n} ⊕ span{T}.
The Heisenberg group Hn can be identified with the triple (R2n+1, ◦, {δλ}λ>0), where ◦ is the

polynomial group multiplication law

(x, t) ◦ (y, s) :=
(
x1 + y1, . . . , x2n + y2n, t+ s+ 2

n∑
j=1

(xn+jyj − xjyn+j)
)
,

for every (x, t), (y, s) ∈ Hn. With this convention the inverse of a point ξ = (x, t) is ξ−1 = (−x,−t)
and the group identity is given by 0 := (0, 0).

The group of anisotropic dilations {δλ}λ>0 is
(2.1) ξ 7→ δλ(ξ) := (λx, λ2t), λ > 0.
Given ξ′ ∈ Hn, the left translation by ξ′ is denoted by
(2.2) τξ′(ξ) := ξ′ ◦ ξ, ξ ∈ Hn.

As customary, we denote with Q := dimV 1 + 2 dimV 2 = 2n + 2 the homogeneous dimension
associated with the dilations (2.1).

We denote by ∇X := (X1, . . . , X2n) the horizontal (or intrinsic) gradient in Hn, while we
indicate by ∇ := (∂x1 , . . . , ∂x2n , ∂t) the standard Euclidean gradient. The Kohn sub-Laplacian ∆X
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is the second order operator left-invariant with respect to the translations in (2.2) and homogeneous
of degree 2 with respect to the dilations in (2.1)

∆X :=
2n∑
j=1

X2
j .

It is well known, see, e. g. [17], that ∆X admits a fundamental solution K ∈ C∞(Hn \ {0}) ∩
L1

loc(Hn), K(ξ) → 0 when ξ tends to infinity, such that ∆XK = −δ0 in the distributional sense,
i. e. ˆ

Hn

K(ξ)∆Xϕ(ξ) dξ = −ϕ(0) ∀ϕ ∈ C∞
0 (Hn).

Definition 2.1. We call Gauge norm on Hn a homogeneous symmetric norm d smooth out of the
origin and such that

∆X(d(ξ)2−Q) = 0 ∀ξ ̸= 0.

We use the standard gauge on Hn also known as Korányi gauge

|ξ|H :=
(
|x|4 + t2

)1/4
, ∀ξ = (x, t) ∈ Hn.

In this way, we have that

(2.3) K(ξ) = C−1
Q |ξ|2−Q

H = 1
CQ
(
|x|4 + t2

)(Q−2)/4 , ξ ̸= 0,

where CQ > 0 is an explicit dimensional constant. We define the fundamental solution with pole
at η as K(η−1 ◦ ξ) = C−1

Q |η−1 ◦ ξ|2−Q
H .

As customary, we will denote with Br(η) the gauge ball centered at η ∈ Hn and with radius r > 0
given by Br(η) := {ξ ∈ Hn : |η−1 ◦ ξ|H < r}.

2.2. Smooth domains, characteristic points, and intrinsic Hölder spaces. We say that
a domain Ω ⊊ Hn is of class C∞ if for every ξ ∈ ∂Ω there exist a neighborhood Uξ of ξ and a
function Φξ ∈ C∞(Uξ) such that

Uξ ∩ Ω = {η ∈ Uξ : Φξ(η) < 0} ,
Uξ ∩ ∂Ω = {η ∈ Uξ : Φξ(η) = 0},

and
∇Φξ ̸= 0 on Uξ ∩ ∂Ω.

A boundary point ξ ∈ ∂Ω is called characteristic if ∇XΦξ(ξ) = 0 and we denote with Σ(Ω) the
set of all characteristic points of Ω, i. e.

Σ(Ω) := {ξ ∈ ∂Ω : ∇XΦξ(ξ) = 0}.

We recall the definition of intrinsic Hölder spaces.

Definition 2.2. Let β ∈ (0, 1) and Ω ⊆ Hn. A function u : Ω → R belongs to C0,β(Ω) if

[u]C0,β(Ω) := sup
ξ,η∈Ω
ξ ̸=η

|u(ξ) − u(η)|
|η−1 ◦ ξ|βH

< ∞.

The space C0,β(Ω) is a Banach space once endowed with the norm

∥u∥C0,β(Ω) := ∥u∥L∞(Ω) + [u]C0,β(Ω).

For k ∈ N, we use the standard non-isotropic convention: if Z = Xi1 · · ·Xiℓ is an ordered
differential monomial in the vector fields X1, . . . , X2n, we assign to Z the homogeneous order

ord(Z) := ℓ.

We say that u ∈ Ck,β(Ω) if all derivatives Zu with ord(Z) ≤ k exist and are continuous in Ω, and
all derivatives Zu with ord(Z) = k belong to C0,β(Ω).
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We shall also use intrinsic Hölder spaces on non-characteristic portions of the boundary. Let ξ, η ∈
∂Ω we define the induced distance d̂ on ∂Ω as

d̂(ξ, η) := |η−1 ◦ ξ|H.

For r > 0, we write
B̂r(ξ) := Br(ξ) ∩ ∂Ω.

For β ∈ (0, 1), we say that a continuous function u : ∂Ω → R belongs to C0,β(∂Ω) if

[u]C0,β(∂Ω) := sup
ξ,η∈∂Ω
ξ ̸=η

|u(ξ) − u(η)|
d̂(ξ, η)β

< ∞ ,

and we endow C0,β(∂Ω) with the following norm,

∥u∥C0,β(∂Ω) := sup
ξ∈∂Ω

|u(ξ)| + [u]C0,β(∂Ω).

We now recall the boundary spaces Γk,β introduced by Jerison in [30]. Let ξ ∈ ∂Ω be a
non-characteristic point. Then the horizontal outward unit normal

nH∂Ω := ∇XΦξ

|∇XΦξ|
,

is well defined near ξ. Therefore, on a sufficiently small non-characteristic neighborhood Uξ of ξ,
we can describe ∂Ω ∩ Uξ by intrinsic coordinates ζ̂ = (ζ1, . . . , ζ2n) ∈ ∂Ω ∩ Uξ obtained from the
inverse of the exponential map associated with the adapted boundary frame; see [30, Section 3].
For a multi-index J = (j1, . . . , j2n), set

deg(J) := j1 + · · · + j2n−1 + 2j2n,

and
ζ̂J := ζj1

1 · · · ζj2n

2n .

A polynomial of intrinsic degree at most k in the boundary coordinates is a polynomial of the
form

P (ζ̂) =
∑

deg(J)≤k

aJ ζ̂
J ,

for some constant aJ . If η is represented by the coordinates ζ̂, we write Pξ(η) := P (ζ̂).

Definition 2.3. Let β ∈ (0, 1), k ∈ N ∪ {0} and let Br(η0) ⊂ Hn be a ball such that ∂Ω ∩Br(η0)
is non-characteristic. A bounded function u belongs to Γk,β(∂Ω ∩ Br(η0)) if there exists C > 0
such that, for every ξ ∈ ∂Ω ∩ Br(η0), there exists a polynomial Pξ of intrinsic degree at most k
satisfying

(2.4) |u(η) − Pξ(η)| ≤ Cd̂(η, ξ)k+β

for every η ∈ ∂Ω ∩Br(η0). Then

∥u∥Γk,β(∂Ω∩Br(η0)) := sup
ξ∈∂Ω∩Br(η0)

|u(ξ)| + [u]Γk,β(∂Ω∩Br(η0)),

where [u]Γk,β is the least admissible constant C, together with the supremum of the coefficients of
the polynomials Pξ appearing in (2.4).

These classes are the non-isotropic Hölder classes (see, e. g., [19]) introduced by Jerison in [30,
Section 4].

Remark 2.1. The same notation on Ω ∩Br(η0) will refer to the corresponding boundary non-
isotropic Hölder class combined with the usual interior Folland-Stein Hölder control away from
the boundary.

With this notation we recall the boundary Schauder-type estimate that will be used below. For
further Schauder estimates at the boundary in Lie groups we refer to [6, 12].
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Theorem 2.1 (Theorem 1.1 in [5]). Let Ω ⊂ Hn be a bounded domain of class C1,β for some β ∈
(0, 1), and let Br(η0) be such that ∂Ω ∩Br(η0) is contained in a non-characteristic portion of ∂Ω.
Let u ∈ H1

X(Ω ∩Br(η0)) ∩ C(Ω ∩Br(η0)) be a weak solution of

(2.5)
{

−∆Xu = f in Ω ∩Br(η0),
u = 0 on ∂Ω ∩Br(η0),

with f ∈ L∞(Ω ∩Br(η0)).
Then, u ∈ Γ1,β(Ω ∩B r

2
(η0)), and we have the apriori estimate

∥∇Xu∥L∞(Ω∩B r
2

(η0)) + rβ [∇Xu]C0,β(Ω∩B r
2

(η0)) ≤ C

r

(
∥u∥L∞(Ω∩Br(η0)) + r2∥f∥L∞(Ω∩Br(η0))

)
,

where C depends only on n, β and on ∂Ω.

Remark 2.2. In particular, Theorem 2.1 gives Hölder control of the horizontal gradient on non-
characteristic boundary portions. In the proof of the centered Korányi-ball asymptotics this
estimate will be applied away from the characteristic set, while the behavior near the characteristic
points of the Korányi ball will be treated separately through the estimates recalled in Lemma 4.2.

2.3. The Pohozaev identity. We denote by D the infinitesimal generator of the one-parameter
group of non-isotropic dilations (2.1), namely

(2.6) D :=
2n∑
j=1

xj∂xj
+ 2t∂t.

The following Pohozaev identity is one of the key tools in the paper.

Lemma 2.1 (Pohozaev identity; see [25, 27]). Let Ω be a bounded C1-domain and let u ∈ C2(Ω)
solve

−∆Xu = f(u) in Ω,

where f ∈ C(R) and f(0) = 0. Set

F (s) :=
ˆ s

0
f(τ) dτ.

Then, ˆ
Ω

(
2QF (u) − (Q− 2)uf(u)

)
dξ

= 2
2n∑
j=1

ˆ
∂Ω

DuXju ⟨Xj , n∂Ω⟩ dHQ−2 −
ˆ
∂Ω

|∇Xu|2⟨D, n∂Ω⟩ dHQ−2

+2
ˆ
∂Ω
F (u)⟨D, n∂Ω⟩ dHQ−2 + (Q− 2)

2n∑
j=1

ˆ
∂Ω
uXju ⟨Xj , n∂Ω⟩ dHQ−2 ,

where n∂Ω denotes the Euclidean exterior unit normal to ∂Ω and dHQ−2 denotes the Euclidean
surface measure on ∂Ω.

Remark 2.3. The identity above is first justified for smooth solutions and smooth domains. In the
applications below, it will be applied through the standard approximation procedure allowed by
the boundary regularity estimates available away from the characteristic set and by the additional
control near the characteristic set.

2.4. Jerison-Lee extremals. We conclude this preliminary section by recalling the explicit ex-
pression for the extremals in the sharp Folland-Stein-Sobolev inequality. The following result is
due to Jerison and Lee [33].
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Theorem 2.2 (Corollary C in [33]). Let 2∗ = 2Q/(Q− 2). Let UJL be given by

(2.7) UJL(ξ) = c0
(
(1 + |z|2)2 + t2

)− Q−2
4 ξ = (z, t) ∈ Hn,

where the constant c0 > 0 is chosen according to the normalization

−∆XUJL = U2∗−1
JL in Hn.

Then, for every λ > 0 and every ξo ∈ Hn, the function

(2.8) UJL,λ,ξo(ξ) := λ− Q−2
2 UJL

(
δλ−1(ξ−1

o ◦ ξ)
)

is also a positive solution of

−∆XUJL,λ,ξo = U2∗−1
JL,λ,ξo

in Hn,

and realizes equality in the sharp Folland-Stein-Sobolev inequality (1.1); namely,

∥UJL,λ,ξo∥2∗

L2∗ (Hn) = S∗∥∇XUJL,λ,ξo∥2∗

L2(Hn).

Moreover, up to the invariances of the equation, all positive solutions of

−∆XV = V 2∗−1 in Hn

realizing equality are of this form. Consequently, all positive extremals for the homogeneous in-
equality (1.1) are precisely the positive multiples of the functions in the family (2.8).

Remark 2.4. The explicit profile in (2.7) is not, by itself, the normalization selected by the
blow-up procedure. In the proof of Theorem 1.3, the rescaled functions satisfy

vε(0) = max vε = 1.

Therefore the limiting Jerison-Lee extremal is the unique member of the family (2.8), centered at
the identity, whose maximum is equal to one. More precisely, we fix once and for all

(2.9) U := UJL,λ∗,0, λ∗ := UJL(0)
2

Q−2 .

Then

−∆XU = U2∗−1 in Hn and U(0) = max
Hn

U = 1.

Throughout the paper the constant appearing in the Green profile is defined by

(2.10) c̄n :=
ˆ
Hn

U2∗−1 dξ,

with this blow-up normalization. With this convention, in the Green-profile limit proved below in
the centered Korányi ball, one has

∥uε∥L∞(BR(0))uε → c̄nGBR(0)(·; 0)

locally uniformly in BR(0) \ {0}, after the concentration point has been identified with the center.
Thus c̄n is attached to the normalized extremal selected by vε(0) = 1, not to an arbitrary algebraic
representative of the Jerison-Lee family.

3. Asymptotic control via the Jerison-Lee extremals

3.1. Regularity properties for subelliptic equations. We collect two local estimates for weak
solutions of subelliptic equations in Hn beginning with a local gain of integrability. In the two
statements below the estimates are local in arbitrary balls whose centers do not need to belong
to Ω, since we adopt the convention that functions in D̊1,2

X (Ω) are extended by zero outside Ω
whenever Sobolev inequalities are applied on balls intersecting the boundary.
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Lemma 3.1. Let Ω ⊊ Hn be a domain, let 2 < po ≤ p ≤ 2∗ and let u ∈ D̊1,2
X (Ω) be a nonnegative

weak solution of

(3.1) −∆Xu = a(ξ)up−1 in Ω,

where a ∈ L∞(Ω). Then, for every 1 < q ≤ 2∗ − 1, there exist constants υo > 0 and ro > 0,
depending only on n, po, q, and ∥a∥L∞(Ω), with the following property: if η ∈ Hn, 0 < r ≤ ro, and

(3.2)
(ˆ

Ω∩B2r(η)
up dξ

) 1
p

≤ υo,

then

(3.3)
(ˆ

Ω∩Br(η)
u

(q+1)2∗
2 dξ

) 2
2∗(q+1)

≤ C

r
2

q+1

(ˆ
Ω∩B2r(η)

uq+1 dξ
) 1

q+1

,

where C > 0 depends only on n and q.

Proof. Let us assume Ω ∩ B2r(η) ̸= ∅, otherwise there is nothing to prove. Let ψ ∈ C∞
0 (B2r(η))

be such that 0 ≤ ψ ≤ 1, ψ ≡ 1 in Br(η) and |∇Xψ| ≤ C/r, with C > 0 universal; see, e. g., [11,
Lemma 3.6] for the existence of such a cut-off function. For any k ∈ N let us define uk := min{u, k}.
Since u ∈ D̊1,2

X (Ω), the function ψ2uuq−1
k is an admissible test function in (3.1) so that

ˆ
Ω

⟨∇Xu,∇X(ψ2uuq−1
k )⟩ dξ =

ˆ
Ω
a(ξ)ψ2upuq−1

k dξ.

On the other hand, by weak chain rule we have thatˆ
Ω

⟨∇Xu,∇X(ψ2uuq−1
k )⟩ dξ = 2

ˆ
Ω∩{u<k}

ψuq⟨∇Xu,∇Xψ⟩ dξ + q

ˆ
Ω∩{u<k}

ψ2uq−1|∇Xu|2 dξ

+kq−1
ˆ

Ω∩{u≥k}

(
2ψu⟨∇Xu,∇Xψ⟩ + ψ2|∇Xu|2

)
dξ

≥ q

2

ˆ
Ω∩{u<k}

ψ2uq−1|∇Xu|2 dξ + kq−1

2

ˆ
Ω∩{u≥k}

ψ2|∇Xu|2 dξ

−Cq
ˆ

Ω
u2uq−1

k |∇Xψ|2 dξ.

Then, it follows that

(3.4)
ˆ

Ω∩{u<k}
ψ2uq−1|∇Xu|2 dξ + kq−1

ˆ
Ω∩{u≥k}

ψ2|∇Xu|2 dξ

≤ Cq

ˆ
Ω

|a(ξ)|ψ2upuq−1
k dξ + Cq

ˆ
Ω
u2uq−1

k |∇Xψ|2 dξ.

Set now wk := ψu
q−1

2
k u and note that since

|∇Xwk|2 ≤ Cqu
q+1|∇Xψ|2 + Cqψ

2uq−1|∇Xu|2 on Ω ∩ {u < k}

and |∇Xwk|2 ≤ Cqk
q−1u2|∇Xψ|2 + Cqk

q−1ψ2|∇Xu|2 on Ω ∩ {u ≥ k} ,

using (3.4) and the Folland-Stein-Sobolev inequality (1.1), we get

(S∗)− 2
2∗

(ˆ
Ω∩B2r(η)

w2∗

k dξ
) 2

2∗

≤ Cq

ˆ
Ω∩B2r(η)

|a(ξ)|ψ2upuq−1
k dξ

+Cq
ˆ

Ω∩B2r(η)
u2uq−1

k |∇Xψ|2 dξ.(3.5)
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For the first term on the right-hand side, Hölder’s Inequality givesˆ
Ω∩B2r(η)

|a(ξ)|ψ2upuq−1
k dξ ≤ ∥a∥L∞(Ω)

ˆ
Ω∩B2r(η)

(
ψu

q−1
2

k u
)2
up−2 dξ

≤ ∥a∥L∞(Ω)

(ˆ
Ω∩B2r(η)

w2∗

k dξ
) 2

2∗

×

(ˆ
Ω∩B2r(η)

u
Q(p−2)

2 dξ
) 2

Q

.

Since p ≤ 2∗, one has Q(p− 2)/2 ≤ p.
Hence, by Hölder’s Inequality we get(ˆ

Ω∩B2r(η)
u

Q(p−2)
2 dξ

) 2
Q

≤

(ˆ
Ω∩B2r(η)

up dξ
) p−2

p

|Ω ∩B2r(η)|
2
Q − p−2

p .

Choosing υo and ro sufficiently small, with constants depending only on n, po, q, and ∥a∥L∞(Ω),
we can absorb the corresponding term in the left-hand side of (3.5). Therefore, by passing to the
limit as k → +∞, we get(ˆ

Ω∩Br(η)
u

(q+1)2∗
2 dξ

) 2
2∗

≤ Cr−2
ˆ

Ω∩B2r(η)
uq+1 dξ.

Taking the (q + 1)-root on both sides gives (3.3). □

We shall also use the following local boundedness estimate. It is a standard Moser iteration
estimate for subelliptic equations with potential in L

q
2 , q > Q.

Lemma 3.2. Let Ω ⊊ Hn be a domain and let u ∈ D̊1,2
X (Ω) be a nonnegative weak solution of

(3.6) −∆Xu = h(ξ)u in Ω.
Then, for every η ∈ Hn and every r > 0 such that h ∈ L

q
2 (Ω ∩B2r(η)), for some q > Q, it holds

(3.7) sup
Ω∩Br(η)

u ≤ C

(
1

|B2r(η)|

ˆ
Ω∩B2r(η)

u2∗
dξ
) 1

2∗

,

where C depends only on n, q, and on

r2− 2Q
q ∥h∥

L
q
2 (Ω∩B2r(η))

.

In particular, if r is bounded from above and ∥h∥
L

q
2 (Ω)

is bounded, then C is uniform.

Proof. By the invariance of the equation, we let Ωr := δ 1
r
(η−1 ◦ Ω) and hr(ξ) := r2h(η ◦ δr(ξ)) so

that ur(ξ) := u(η ◦δr(ξ)) solves −∆Xur = hr(ξ)ur in Ωr. Thus, it is enough to prove the estimate
for r = 1 and η = 0, with Ω replaced by the rescaled domain Ωr and h replaced by hr. Moreover,
let us assume that Ω ∩B2(0) ̸= ∅.

Let 1 ≤ σ < ρ ≤ 2, and choose ψ ∈ C∞
0 (Bρ(0)) such that 0 ≤ ψ ≤ 1, ψ ≡ 1 in Bσ(0)

and |∇Xψ| ≤ C/(ρ−σ). For θ > 2, we test (3.6) with ψ2uuθ−2
k where, as before, uk := min{u, k}.

As in the proof of Lemma 3.1, via Young’s Inequality and the Folland-Stein-Sobolev inequality
for wk := ψu

(θ−2)/2
k u we obtain

(3.8) ∥wk∥2
L2∗ (Ω) ≤ Cθ2

(ˆ
Ω

|h|ψ2uθ−2
k u2 dξ +

ˆ
Ω
u2uθ−2

k |∇Xψ|2 dξ
)
.

By Hölder’s Inequality, ˆ
Ω

|h|ψ2uθ−2
k u2 dξ ≤ ∥h∥

L
q
2 (Ω∩Bρ)

∥wk∥2
L

2q
q−2 (Ω)

.

Since q > Q, we have that 2q/(q − 2) ∈ (2, 2∗).
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Therefore, by interpolation between L2 and L2∗ , for every δ > 0,

∥wk∥2
L

2q
q−2 (Ω)

≤ δ∥wk∥2
L2∗ (Ω) + Cδ− Q

q−Q ∥wk∥2
L2(Ω).

Choosing δ := 1/(2Cθ2(1 + ∥h∥
L

q
2 (Ω∩B2)

)), we absorb the L2∗ -norm of wk on the left-hand side
of (3.8) and after passing to the limit as k → +∞, we obtain

(3.9) ∥u∥Lθχ(Ω∩Bσ) ≤

Cθα(1 + ∥h∥α
L

q
2 (Ω∩B2)

)
(ρ− σ)2

 1
θ

∥u∥Lθ(Ω∩Bρ),

where χ := 2∗

2 = Q
Q−2 > 1, and α > 0 depends only on q and Q.

We now proceed with a standard Moser’s Iteration scheme in order to obtain the desired L∞-
estimate. For this, for any j ∈ N consider θj := 2∗χj and ρj := 1 + 2−j , so that iterating (3.9)
with θ = θj , σ = ρj+1, and ρ = ρj , via the convergence of the series

∞∑
j=0

1
θj
< ∞ and

∞∑
j=0

j

θj
< ∞,

yields
sup

Ω∩B1

u ≤ C∥u∥L2∗ (Ω∩B2).

After scaling back to a general ball B2r(η), this gives (3.7). □

3.2. H-Kelvin transform. We briefly recall the H-Kelvin transform, which will be used in the
proof of Theorem 1.3.

Definition 3.1. For every ξ = (z, t) ∈ Hn \ {0}, we define the H-inversion by
κH : Hn \ {0} −→ Hn \ {0},

κH(z, t) :=
(

− z

|z|2 − it
,− t

|z|4 + t2

)
.

Given a function u : Hn → R, its H-Kelvin transform is the function u♯ defined by

u♯(ξ) := |ξ|−(Q−2)
H u

(
κH(ξ)

)
ξ ∈ Hn \ {0}.

With this convention one has

(3.10) κH(κH(ξ)) = ξ and |κH(ξ)|H = |ξ|−1
H ∀ξ ̸= 0.

Remark 3.1. We shall denote with Ω♯ the image of a generic domain Ω under the H-inversion. In
the case when Ω is a neighborhood of ∞, i.e. when there exists BR(0) such that (Hn\BR(0)) ⊊ Ω,
then Ω♯ is a punctured neighborhood of the origin 0, i.e. Ω♯ = A\{0} for some open set A containing
the group identity.

We shall use the following standard properties of the Kelvin transform.

Proposition 3.1 (Theorem 2.3.5 and Lemma 2.3.6 in [29]). The following properties hold:
(i) Let Ω♯ be the image of Ω with respect to the H-inversion. Then, the Kelvin transform is an

isometry between D̊1,2
X (Ω) and D̊1,2

X (Ω♯). Moreover, for every measurable set E ⊂ Ω,

(3.11)
ˆ
κH(E\{0})

|u♯(ξ)|2
∗

dξ =
ˆ
E

|u(ξ)|2
∗

dξ,

whenever one of the two integrals is finite.
(ii) For p > 0, let u be a solution of{

−∆Xu = up in Ω
u ∈ D̊1,2

X (Ω), u ≥ 0.
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Then, its H-Kelvin transform u♯ satisfies{
−∆Xu

♯(ξ) = |ξ|p(Q−2)−(Q+2)
H

(
u♯(ξ)

)p in Ω♯,
u♯ ∈ D̊1,2

X (Ω♯), u♯ ≥ 0.

In particular, when p = 2∗−1, the critical equation is invariant under the H-Kelvin transform

Remark 3.2. For the subcritical exponent p = 2∗ − ε− 1, the transformed equation becomes

−∆Xu
♯(ξ) = |ξ|−ε(Q−2)

H
(
u♯(ξ)

)2∗−ε−1
.

This weight is locally bounded away from the origin and is the only change with respect to
the critical case. This observation will be used below when applying local estimates to Kelvin-
transformed functions.

3.3. Convergence of the blow-up. We prove here the convergence of the blow-up of the sub-
critical maximizer uε. This is done by combining asymptotic sharpness of the critical quotient
with the Brezis–Lieb lemma.

Lemma 3.3. Let uε be the scalar-normalized maximizers solving{
−∆Xuε = u2∗−ε−1

ε in Ω,
uε = 0 on ∂Ω.

Let Mε := ∥uε∥L∞(Ω), and let ηε ∈ Ω be such that uε(ηε) = Mε. Set ρε := M
−(2∗−ε−2)/2
ε , and

define
vε(ζ) := M−1

ε uε(ηε ◦ δρε(ζ)), ζ ∈ Ωηε,ρε := δ 1
ρε

(η−1
ε ◦ Ω)

Assume that, up to subsequences, the following assumptions do hold:
(i) 1 ≤ Mε

ε ≤ C, for some C > 1 independent of ε;
(ii) vε → U locally uniformly in Hn and locally in D̊1,2

X (Hn), where U is the blow-up normalized
Jerison-Lee extremal fixed in (2.9).

Then, after extending vε by zero outside Ωηε,ρε , one has

(3.12) vε → U in L2∗
(Hn) ,

and

(3.13) lim
R→+∞

lim sup
ε→0

ˆ
Ωηε,ρε \BR(0)

v2∗

ε dζ = 0.

Proof. We extend vε by zero outside Ωηε,ρε . By the change of variables defining vε, one has

(3.14) ∥∇Xvε∥2
L2(Hn) = M

− ε(Q−2)
2

ε ∥∇Xuε∥2
L2(Ω).

By the scalar normalization of the maximizers, equivalently by the definition of (S∗)− Q−2
2 in (1.11),

the right-hand side is bounded uniformly in ε. Hence, using also the bound in (i) gives
sup
ε>0

∥∇Xvε∥L2(Hn) < +∞.

Thus the zero extensions of vε are bounded in D̊1,2
X (Hn).

We next record the asymptotic sharpness of the critical quotient. For every nonzero w ∈
D̊1,2
X (Hn), set

Q(w) :=

ˆ
Hn

|w|2
∗

dξ(ˆ
Hn

|∇Xw|2 dξ
)2∗/2 .

Since the critical quotient is invariant under multiplication by positive constants, left translations,
and anisotropic dilations,

Q(vε) = Q(uε).
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Let
Eε :=

ˆ
Ω

|∇Xuε|2 dξ =
ˆ

Ω
u2∗−ε
ε dξ.

By Hölder’s inequality, ˆ
Ω
u2∗

ε dξ ≥ |Ω|1− 2∗
2∗−εE

2∗
2∗−ε
ε .

Therefore
Q(uε) ≥ |Ω|1− 2∗

2∗−εE
2∗

2∗−ε
− 2∗

2
ε → S∗,

where (1.11) has been used. Since Q(uε) ≤ S∗, we obtain

(3.15) lim
ε→0+

Q(vε) = S∗.

Set
rε := vε − U.

Since {vε} is bounded in D̊1,2
X (Hn) and vε → U locally uniformly, after passing to a subsequence

we have
vε ⇀ U in D̊1,2

X (Hn), vε → U a.e. in Hn.
Hence

(3.16) ∥∇Xvε∥2
L2(Hn) = ∥∇XU∥2

L2(Hn) + ∥∇Xrε∥2
L2(Hn) + oε(1).

By the Brezis–Lieb lemma,

(3.17) ∥vε∥2∗

L2∗ (Hn) = ∥U∥2∗

L2∗ (Hn) + ∥rε∥2∗

L2∗ (Hn) + oε(1).

Set
A0 := ∥∇XU∥2

L2(Hn) > 0, Bε := ∥∇Xrε∥2
L2(Hn).

Since U realizes equality in (1.1),

∥U∥2∗

L2∗ (Hn) = S∗A
2∗/2
0 ,

whereas (1.1) gives
∥rε∥2∗

L2∗ (Hn) ≤ S∗B2∗/2
ε .

If, along a further subsequence, Bε → B ≥ 0, then (3.15), (3.16), and (3.17) yield

1 ≤ A
2∗/2
0 +B2∗/2

(A0 +B)2∗/2 ≤ 1.

Since 2∗/2 > 1 and A0 > 0, the quotient in the middle is strictly smaller than 1 whenever B > 0.
Thus B = 0. Since this holds for every convergent subsequence of {Bε},

∥∇X(vε − U)∥L2(Hn) → 0.

The Sobolev inequality then gives (3.12).
It remains to prove the tail estimate. Since U ∈ L2∗(Hn), for every δ > 0 there exists Rδ > 0

such that ˆ
Hn\BRδ

(0)
U2∗

dζ < δ.

Using (3.12) we get

lim sup
ε→0

ˆ
Ωηε,ρε \BRδ

(0)
v2∗

ε dζ ≤ C lim sup
ε→0

ˆ
Hn

|vε − U |2
∗

dζ + C

ˆ
Hn\BRδ

(0)
U2∗

dζ

≤ Cδ.

Letting δ → 0 gives (3.13). □
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3.4. Proof of Theorem 1.3. Let uε be the scalar-normalized maximizer introduced in (1.8);
namely,

(3.18)
{

−∆Xuε = u2∗−ε−1
ε in Ω,

uε = 0 on ∂Ω

and

(3.19)
ˆ

Ω
u2∗−ε
ε dξ = (S∗)− Q−2

2 + oε(1) as ε ↘ 0,

where oε(1) denotes a quantity that goes to 0 when ε ↘ 0.
Moreover, let us assume there exist δ > 0, C0 > 0, and εo > 0 such that

(3.20) sup
{ξ∈Ω: distR2n+1 (ξ,∂Ω)<δ}

uε(ξ) ≤ C0 ∀ε ∈ (0, εo).

We divide the proof into several steps.

Step 1 The maximum of uε diverges; i. e.,
(3.21) Mε := ∥uε∥L∞(Ω) → +∞ as ε ↘ 0.
Assume by contradiction that, along a sequence εk ↘ 0, the functions uεk

are uniformly bounded
in L∞(Ω). Testing (3.18) with uεk

and using (3.19), we getˆ
Ω

|∇Xuεk
|2 dξ =

ˆ
Ω
u2∗−εk
εk

dξ = (S∗)− Q−2
2 + oεk

(1).

Hence {uεk
}k∈N is bounded in D̊1,2

X (Ω). Up to a subsequence,

uεk
⇀ u weakly in D̊1,2

X (Ω),
and, by [25, Theorem 3.2],

uεk
→ u a. e. in Ω and strongly in Lq(Ω) for every 1 ≤ q < 2∗.

Therefore, dominated convergence and (3.19) giveˆ
Ω
u2∗

dξ = (S∗)− Q−2
2 > 0,

so that u ̸≡ 0. Moreover, by weak lower semicontinuity,ˆ
Ω

|∇Xu|2 dξ ≤ lim inf
k→+∞

ˆ
Ω

|∇Xuεk
|2 dξ = (S∗)− Q−2

2 .

Hence

Q(u) =

ˆ
Ω
u2∗

dξ(ˆ
Ω

|∇Xu|2 dξ
)2∗/2 ≥ (S∗)− Q−2

2

(S∗)− Q
2

= S∗.

By the sharp Sobolev inequality, Q(u) ≤ S∗. Therefore Q(u) = S∗, and u is a nontrivial maximizer
for the critical problem (1.3) on the bounded domain Ω, contradicting the non-attainment of the
critical Sobolev constant. Hence (3.21) follows.

Let ηε ∈ Ω be such that
(3.22) uε(ηε) = Mε.

Set

ρε := M
− 2∗−ε−2

2
ε ,(3.23)

Ωηε,ρε
:= δρ−1

ε

(
η−1
ε ◦ Ω

)
,(3.24)

vε(ζ) := M−1
ε uε

(
ηε ◦ δρε

(ζ)
)
, ζ ∈ Ωηε,ρε

.(3.25)
Moreover, the change of variables

ξ = ηε ◦ δρε(ζ)



18 G. PALATUCCI AND M. PICCININI

together with (3.14) gives

(3.26)
ˆ

Ωηε,ρε

|∇Xvε|2 dζ = M
− Q−2

2 ε
ε

ˆ
Ω
u2∗−ε
ε dξ.

Then

(3.27)
{

−∆Xvε = v2∗−ε−1
ε in Ωηε,ρε

,

vε(0) = 1, 0 ≤ vε ≤ 1.

Since Mε → +∞, in light of (3.20) it follows that, for ε ∈ (0, εo),

(3.28) distR2n+1(ηε, ∂Ω) ≥ δ.

Since ρε → 0, up to a subsequence,

(3.29) ηε → ξ̄ ∈ {ξ ∈ Ω : distR2n+1(ξ, ∂Ω) ≥ δ}, distR2n+1(ηε, ∂Ω)
ρε

→ +∞.

Thus Ωηε,ρε
exhausts the whole Heisenberg group in the sense of compact subsets.

Since 0 ≤ vε ≤ 1, local regularity estimates for subelliptic equations imply that {vε} is locally
equicontinuous on every compact subset of Hn. Moreover, since Mε ≥ 1 by (3.21), (3.26) and
that uε is a scalar-normalized maximizer, we get that vε has uniformly bounded Sobolev energy.
Therefore, after extending vε by zero outside Ωηε,ρε , up to a subsequence,

(3.30)
vε → v∞ locally uniformly in Hn ,

and vε ⇀ v∞ in D̊1,2
X (Hn) ,

where

(3.31) v∞(0) = 1, 0 ≤ v∞ ≤ 1.

Step 2 The quantity Mε
ε is uniformly bounded, i. e.

(3.32) 1 ≤ Mε
ε ≤ C.

The lower bound is trivial and follows from (3.21). Let us prove the upper bound. Passing to
the limit in (3.27), via (3.30), we first obtain that v∞ is a weak solution to

−∆Xv∞ = v2∗−1
∞ in Hn.

In particular v∞ ̸≡ 0.
Fix σ > 0 such that

(3.33)
ˆ
Bσ(0)

v2∗

∞ dζ > 0.

Since Ωηε,ρε
exhausts Hn, Bσ(0) is contained in Ωηε,ρε

for ε small enough, and by (3.30) we get

lim
ε→0

ˆ
Bσ(0)

v2∗−ε
ε dζ =

ˆ
Bσ(0)

v2∗

∞ dζ > 0.

On the other hand, by (3.14) and (3.23) we haveˆ
Bσ(0)

v2∗−ε
ε dζ ≤ M

− Q−2
2 ε

ε

ˆ
Ω
u2∗−ε
ε dξ.

which, combined with (3.19) and (3.33) gives the upper bound in (3.32) ε > 0 sufficiently small.

Step 3 The maximum points converge to the concentration point; i. e.

(3.34) ηε → ξo.

By Theorem 1.1, applied before the scalar normalization and then rescaled as in (1.12), up to
a subsequence there exists ξo ∈ Ω such that

(3.35) |∇Xuε|2 dξ ∗
⇀ (S∗)− Q−2

2 δξo in M(Ω).
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We are left to show that ξ̄ = ξo with ξ̄ given in (3.29). For this, let us fix R > 0 be such thatˆ
BR(0)

|∇Xv∞|2 dζ > 0.

Such an R exists because v∞(0) = 1 and v∞ ∈ D̊1,2
X (Hn). Indeed, ifˆ

BR(0)
|∇Xv∞|2 dζ = 0

for every R > 0, then ∇Xv∞ = 0 almost everywhere in Hn, so v∞ is constant. This contra-
dicts v∞(0) = 1 and v∞ ∈ L2∗(Hn).

By lower semicontinuity, (3.14) and (3.30) we get

0 <
ˆ
BR(0)

|∇Xv∞|2 dζ ≤ lim inf
ε→0

ˆ
BR(0)

|∇Xvε|2 dζ

and
ˆ
BR(0)

|∇Xvε|2 dζ = M
− ε(Q−2)

2
ε

ˆ
BRρε (ηε)

|∇Xuε|2 dξ.

which gives

lim inf
ε→0

ˆ
BRρε (ηε)

|∇Xuε|2 dξ > 0.

Up to a standard regularization via cutoff, the preceding local energy lower bound, together
with (3.21), (3.23), and (3.29), shows that the limiting concentration measure assigns positive
mass to every neighborhood of ξ̄. Hence (3.35) forces ξ̄ = ξo, which gives (3.34).

Step 4 The rescaled functions converge to the normalized Jerison-Lee extremal U given in (2.9).
Since v∞ has finite horizontal energy by lower semicontinuity and (3.30) we getˆ

Hn

|∇Xv∞|2 dζ < +∞.

Since v∞ ̸≡ 0 and v∞ ≥ 0, the strong maximum principle gives

v∞ > 0 in Hn.

Moreover v∞ has finite horizontal energy. Testing the limiting equation with v∞, up to a
standard regularization via cutoff, givesˆ

Hn

|∇Xv∞|2 dζ =
ˆ
Hn

v2∗

∞ dζ.

Set
A :=

ˆ
Hn

|∇Xv∞|2 dζ.

Since v∞ ̸≡ 0, the Sobolev inequality gives

A ≤ S∗A2∗/2,

and hence A ≥ (S∗)− Q−2
2 . On the other hand, by lower semicontinuity and (3.26),

A ≤ lim inf
ε→0

ˆ
Ωηε,ρε

|∇Xvε|2 dζ ≤ lim sup
ε→0

ˆ
Ω
u2∗−ε
ε dξ = (S∗)− Q−2

2 ,

because M− (Q−2)ε
2

ε ≤ 1. Therefore A = (S∗)− Q−2
2 and equality holds in the sharp Folland–Stein

inequality. By Theorem 2.2, v∞ belongs to the Jerison–Lee family. Finally, by (3.31),

v∞(0) = max
Hn

v∞ = 1.

By (2.9), this gives
v∞ = U.
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We show that the convergence is actually locally strong in D̊1,2
X . Let Br(0) ⋐ Hn and choose

ψ ∈ C∞
0 (Hn) such that ψ ≡ 1 on Br(0); see, e. g., [11, Lemma 3.6] for the existence of such a

cut-off function. Since Ωηε,ρε
exhausts Hn, we have supp(ψ) ⋐ Ωηε,ρε

for ε small enough. Set

wε := vε − U.

Subtracting the equations solved by vε and U and testing with ψ2wε, we obtain

(3.36)
ˆ
Hn

ψ2|∇Xwε|2 dζ =
ˆ
Hn

ψ2(v2∗−ε−1
ε − U2∗−1)wε dζ − 2

ˆ
Hn

ψwε⟨∇Xwε,∇Xψ⟩ dζ.

By Cauchy’s Inequality,∣∣∣∣2 ˆ
Hn

ψwε⟨∇Xwε,∇Xψ⟩ dζ
∣∣∣∣ ≤ 1

2

ˆ
Hn

ψ2|∇Xwε|2 dζ + 2∥∇Xψ∥2
L∞(Hn)

ˆ
supp(ψ)

w2
ε dζ.

Therefore, from (3.36),ˆ
Br(0)

|∇Xwε|2 dζ ≤ 2
ˆ
Hn

ψ2
∣∣∣v2∗−ε−1
ε − U2∗−1

∣∣∣ |wε| dζ + 4∥∇Xψ∥2
L∞(Hn)

ˆ
supp(ψ)

w2
ε dζ.

Since vε → U uniformly on supp(ψ) and 0 ≤ vε ≤ 1, the right-hand side tends to zero. Henceˆ
Br(0)

|∇X(vε − U)|2 dζ → 0.

Thus, Lemma 3.3 we can upgrade (3.30) to

vε → U locally uniformly in Hn ,(3.37)

vε → U locally in D̊1,2
X (Hn) ,(3.38)

vε → U in L2∗
(Hn) ,(3.39)

and lim
R→+∞

lim sup
ε→0

ˆ
Ωηε,ρε \BR(0)

v2∗

ε dζ = 0.(3.40)

Step 5 Kelvin transform estimate and global bubble bound.
We now prove the global pointwise estimate

(3.41) vε(ζ) ≤ CU(ζ) for every ζ ∈ Ωηε,ρε
,

with C = C(n,Ω, δ, C0) > 0 being independent of ε. Once (3.41) is established, the estimate (1.16)
follows immediately from the definition (3.25) of vε.

Let v♯ε be the Kelvin transform of vε, and let

Ω♯ηε,ρε
:= κH(Ωηε,ρε

\ {0}).

Since Ω is bounded and ηε → ξo ∈ Ω, there exists a constant CΩ > 0, independent of ε, such that

(3.42) Ωηε,ρε ⊂ BRε(0) and Rε := CΩ

ρε
,

which yields that

(3.43) Ω♯ηε,ρε
⊂ Hn \BR−1

ε
(0).

By Proposition 3.1 (ii) and Remark 3.2 give that v♯ε satisfies

(3.44) −∆Xv
♯
ε(ζ) = |ζ|−ε(Q−2)

H
(
v♯ε(ζ)

)2∗−ε−1 in Ω♯ηε,ρε
.

Since 0 ≤ vε ≤ 1, we obtain the following

(3.45) 0 ≤ v♯ε(ζ) ≤ |ζ|2−Q
H ;

i. e., v♯ε is uniformly bounded away from the origin.
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Hence it is enough first to prove a uniform bound for v♯ε in a fixed neighborhood of the origin.
We shall show that there exist r♯ > 0 and C > 0, independent of ε, such that
(3.46) sup

Ω♯
ηε,ρε ∩Br♯

(0)
v♯ε ≤ C.

Set
aε(ζ) := |ζ|−ε(Q−2)

H .

By (3.43), for every ζ ∈ Ω♯ηε,ρε
one has

|ζ|H ≥ R−1
ε .

Therefore
aε(ζ) ≤ Rε(Q−2)

ε ≤ Cρ−ε(Q−2)
ε ≤ C(Mε

ε )2.

The bound (3.32) gives
(3.47) ∥aε∥L∞(Ω♯

ηε,ρε ) ≤ C.

Next we control the critical mass of v♯ε near the origin. By Proposition 3.1-(i) and by (3.40),
for every r > 0,

(3.48)
ˆ

Ω♯
ηε,ρε ∩B2r(0)

(v♯ε)2∗
dζ =

ˆ
Ωηε,ρε \B 1

2r
(0)
v2∗

ε dζ.

Fix po ∈ (2, 2∗) and take εo ≡ εo(n) > 0 so small that
po ≤ 2∗ − ε ≤ 2∗ for every 0 < ε < εo.

Let υo > 0 and ro > 0 be the constants in Lemma 3.1, corresponding to this choice of po, to
q = 2∗ − 1, and to the uniform bound in (3.47). Set

ϑo := min{1, υ2∗

o },
and choose δo ∈ (0, 1] so small that

2δpo/2∗

o ≤ ϑo.

By (3.40) and (3.48), we can choose 0 < r ≤ ro, independent of ε, such that, for every sufficiently
small ε < εo, ˆ

Ω♯
ηε,ρε ∩B2r(0)

(v♯ε)2∗
dζ ≤ δo.

Moreover, decreasing εo if necessary, we may also assume that
|Ω♯ηε,ρε

∩B2r(0)|ε/2∗
≤ 2 for every 0 < ε < εo.

Therefore, by Hölder’s inequality,ˆ
Ω♯

ηε,ρε ∩B2r(0)
(v♯ε)2∗−ε dζ ≤ ϑo .

Since ϑo ≤ υ2∗−ε
o , this gives

(3.49)
(ˆ

Ω♯
ηε,ρε ∩B2r(0)

(v♯ε)2∗−ε dζ
) 1

2∗−ε

≤ υo.

Applying Lemma 3.1 to (3.44), and using (3.49) and (3.47), we obtain
(3.50) ∥v♯ε∥

L
(2∗)2

2 (Ω♯
ηε,ρε ∩Br(0))

≤ C.

Now fix q0 > Q such that

(3.51) q0

2 (2∗ − 2) < (2∗)2

2 .

For ε small enough, we then have

(3.52) q0

2 (2∗ − ε− 2) ≤ (2∗)2

2 .
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Define
hε(ζ) := |ζ|−ε(Q−2)

H
(
v♯ε(ζ)

)2∗−ε−2
.

By (3.47), (3.52), (3.50), and the fact that Ω♯ηε,ρε
∩Br(0) has uniformly bounded measure, we get

(3.53) ∥hε∥
L

q0
2 (Ω♯

ηε,ρε ∩Br(0))
≤ C.

Writing (3.44) as
−∆Xv

♯
ε = hεv

♯
ε,

Lemma 3.2, applied in Ω♯ηε,ρε
at scale r/2 with exponent q0 > Q, gives

sup
Ω♯

ηε,ρε ∩B r
2

(0)
v♯ε ≤ C

(
1

|Br(0)|

ˆ
Ω♯

ηε,ρε ∩Br(0)
(v♯ε)2∗

dζ
)1/2∗

≤ C.

Thus (3.46) holds with r♯ := r/2. On the other hand, by (3.45),

v♯ε(ζ) ≤ |ζ|2−Q
H ≤ r2−Q

♯ for every ζ ∈ Ω♯ηε,ρε
\Br♯

(0).
Consequently,
(3.54) ∥v♯ε∥L∞(Ω♯

ηε,ρε ) ≤ C.

We now return to vε. For ζ ̸= 0, the definition of the Kelvin transform gives
vε(ζ) = |ζ|2−Q

H v♯ε(κH(ζ)).
Hence, by (3.54),

(3.55) vε(ζ) ≤ C|ζ|2−Q
H for every ζ ∈ Ωηε,ρε

\ {0}.
Since U is positive and continuous, for every fixed R > 0 there exists cR > 0 such that

U(ζ) ≥ cR for |ζ|H ≤ R.

Moreover, by the explicit Jerison–Lee profile,
U(ζ) ≍ |ζ|2−Q

H as |ζ|H → +∞.

Combining this lower bound for U with (3.55) in the exterior region, and using 0 ≤ vε ≤ 1 in the
bounded region, we obtain

vε(ζ) ≤ CU(ζ) for every ζ ∈ Ωηε,ρε
.

This proves (3.41) and concludes the proof of Theorem 1.3. □

4. Proof of the asymptotic result in Theorem 1.2

4.1. Green integral identity. Before proving Theorem 1.2 we establish some integral identity
involving the Green and Robin function of a Korányi ball. For this, let us recall the usual surface
mean value formula for harmonic function. For this, let Ω ⊆ Hn and u ∈ C2(Ω) be harmonic in Ω,
i. e. ∆Xu = 0 in Ω. Then for any Bρ(ξ) ⊂ Ω it holds

(4.1) u(ξ) = Q− 2
CQρQ−1

ˆ
∂Bρ(ξ)

u(η) |∇X(|ξ−1 ◦ η|H|)|2

|∇(|ξ−1 ◦ η|H|)| dHQ−2 ,

where CQ > 0 is the same constant appearing in (2.3); see, e. g., [7, Theorem 5.5.4].
Moreover, we recall the explicit expression of the Green function with pole at the center of a

Korányi ball BR(η):

(4.2) GBR(η)(ξ; η) := K(η−1 ◦ ξ) − 1
CQRQ−2 .

Equivalently, writing
GBR(η)(ξ; η) = K(η−1 ◦ ξ) − RBR(η)(0),

with RBR(0)(0) be its regular part at the center.
The following lemma holds true.
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Lemma 4.1. For R > 0,

(4.3)
ˆ
∂BR(0)

|∇XGBR(0)(ξ; 0)|2⟨D, n∂BR(0)⟩ dHQ−2 = (Q− 2)RBR(0)(0).

Proof. For any ρ ∈ (0, R) we apply [27, Corollary 3.3] in Aρ,R := BR(0) \Bρ(0) to GBR(0)(ξ; 0) so
that

(4.4)
2

2n∑
j=1

ˆ
∂Aρ,R

DGBR(0)(ξ; 0)XjGBR(0)(ξ; 0)⟨Xj , n∂Aρ,R
⟩ dHQ−2

+ (Q− 2)
ˆ
Aρ,R

|∇XGBR(0)(ξ; 0)|2 dξ =
ˆ
∂Aρ,R

|∇XGBR(0)(ξ; 0)|2⟨D, n∂Aρ,R
⟩ dHQ−2 .

Since GBR(0)(·; 0) satisfies

∆XGBR(0)(·; 0) = 0 in Aρ,R and GBR(0)(·; 0) = 0 in ∂BR(0) ,

while n∂Aρ,R
= −n∂Bρ(0) on ∂Bρ(0), integrating by parts in the second integral gives

(4.5)
ˆ
Aρ,R

|∇XGBR(0)(ξ; 0)|2 dξ

= −
2n∑
j=1

ˆ
∂Bρ(0)

GBR(0)(ξ; 0)XjGBR(0)(ξ; 0)⟨Xj , n∂Bρ(0)⟩ dHQ−2.

Moreover, since on ∂BR(0) one has GBR(0)(·; 0) = 0, the Euclidean gradient of GBR(0)(·; 0) is
normal to ∂BR(0) and, for some scalar function g,

∇GBR(0)(ξ; 0) = g(ξ)n∂BR(0) on ∂BR(0).

Consequently,
2n∑
j=1

DGBR(0)(ξ; 0)XjGBR(0)(ξ; 0)⟨Xj , n∂BR(0)⟩ = |∇XGBR(0)(ξ; 0)|2⟨D, n∂BR(0)⟩ on ∂BR(0).

Combining this identity with (4.5) and (4.4) yields

(4.6)

ˆ
∂BR(0)

|∇XGBR(0)(ξ; 0)|2⟨D, n∂BR(0)⟩ dHQ−2

= (Q− 2)
2n∑
j=1

ˆ
∂Bρ(0)

(
XjGBR(0)(ξ; 0)

)
GBR(0)(ξ; 0)⟨Xj , n∂Bρ(0)⟩ dHQ−2

−
ˆ
∂Bρ(0)

|∇XGBR(0)(ξ; 0)|2⟨D, n∂Bρ(0)⟩ dHQ−2

+ 2
2n∑
j=1

ˆ
∂Bρ(0)

DGBR(0)(ξ; 0)XjGBR(0)(ξ; 0)⟨Xj , n∂Bρ(0)⟩ dHQ−2.

We estimate the right-hand side of (4.6) via (4.1). For this, let us note that by (4.1) (with u = 1)
we can write the first integral as follows

(Q− 2)
2n∑
j=1

ˆ
∂Bρ(0)

(
XjGBR(0)(ξ; 0)

)
GBR(0)(ξ; 0)⟨Xj , n∂Bρ(0)⟩ dHQ−2

= − 1
ϱQ−1

(
Q− 2
CQ

)2 ˆ
∂Bρ(0)

(
1

ρQ−2 − 1
RQ−2

)
|∇X(|ξ|H)|2

|∇(|ξ|H)| dHQ−2

= −Q− 2
CQ

(
1

ρQ−2 − 1
RQ−2

)
.
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where we have used that by (4.2) and weak chain-rule

(4.7) XjGBR(0)(ξ; 0) = XjK(ξ) = − Q− 2
CQρQ−1Xj(|ξ|H) ,

and that

(4.8) ⟨Xj , n∂Bρ(0)⟩ = Xj(|ξ|H)
|∇(|ξ|H)| .

Moreover, since on ∂Bρ(0)

|∇XK(ξ)|2 = (Q− 2)2

C2
Qρ

2Q−2 |∇X(|ξ|H)|2 and ⟨D, n∂Bρ(0)⟩ = ρ

|∇(|ξ|H)| ,

given that the gauge |ξ|H is 1-homogeneous, as before, via (4.1) (with u = 1), we have thatˆ
∂Bρ(0)

|∇XGBR(0)(ξ; 0)|2⟨D, n∂Bρ(0)⟩ dHQ−2 = Q− 2
CQρQ−2 .

Since the fundamental solution is homogeneous of degree 2 − Q, we have DGBR(0)(ξ; 0) =
(2 −Q)K(ξ). Thus, by (4.7), (4.8) and (4.1) (with u = 1) we get

2n∑
j=1

ˆ
∂Bρ(0)

DGBR(0)(ξ; 0)XjGBR(0)(ξ; 0)⟨Xj , n∂Bρ(0)⟩ dHQ−2

= 1
ϱ2Q−3

(
Q− 2
CQ

)2 ˆ
∂Bρ(0)

|∇X(|ξ|H)|2

|∇|ξ|H|
dHQ−2

= Q− 2
CQρQ−2

Combining all the above information yields (4.3). □

4.2. Regularity estimates. In this section we recall and prove some regularity estimates up to
the boundary for the horizontal gradient or along the vector fields D.

Lemma 4.2. Let uε ∈ D̊1,2
X (BR(0)) be a nonnegative weak solution to{

−∆Xuε = u2∗−1−ε
ε in BR(0),

uε = 0 in ∂BR(0).

Then, there exists ε0 ≡ ε0(Q) > 0 such that, for any ε ∈ (0, ε0), the following assertions hold true:
(i) Xjuε ∈ L∞(BR(0)), for every 1 ≤ j ≤ 2n;

(ii) Duε ∈ L∞(BR(0)).

Proof. The proof follows by the argument developed in [27] and [48]. See also, Lemma 2.16 and
Lemma 2.17 in [9] for a more recent application in the sub-critical case. □

Before proving the next Lemma we recall the notion of starlikeness with respect to the anisotropic
dilations in (2.1).

Definition 4.1. Let Ω be a C1-domain containing the group identity 0. We say that Ω is δλ-
starlike with respect to 0 along a subset K ⊆ ∂Ω if

⟨D, n∂Ω⟩(η) ≥ 0 for every η ∈ K.

We say that Ω is uniformly δλ-starlike with respect to 0 along K if there exists cΩ > 0 such that

⟨D, n∂Ω⟩(η) ≥ cΩ for every η ∈ K.

If ζ ∈ Ω, we say that Ω is δλ-starlike, respectively uniformly δλ-starlike, with respect to ζ along K if
the translated domain τζ−1(Ω) has the corresponding property with respect to the identity along τζ−1(K).
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Lemma 4.3. Let I1 ⋐ I2 be neighborhoods of Σ(BR(0)) = {(0,±R2)}. Fix qo > 1 and K0 > 0
and let

qε ∈ [qo, 2∗ − 1], aε ∈ [0, 1],
and

wε ∈ D̊1,2
X (BR(0))

be a nonnegative weak solution of{
−∆Xwε = aεw

qε
ε in BR(0),

wε = 0 on ∂BR(0).
Assume that
(4.9) sup

ε
∥wε∥L∞(BR(0)∩I2) ≤ K0.

Then there exists C ≡ C(n,R, I1, I2, qo,K0) > 0, independent of ε, such that
(4.10) ∥∇Xwε∥L∞(BR(0)∩I1) ≤ C.

Proof. Choose fixed neighborhoods I1 ⋐ J1 ⋐ J2 ⋐ I2 of Σ(BR(0)). With the present normaliza-
tion, the Korányi ball is the gauge ball considered in [27, Theorem 5.3] and [48, Theorem 5.16].
In particular, it satisfies the A-condition (see the definition in Section 5 in [48]), the convexity
condition near its characteristic set, and is uniformly starlike there.

Since (4.9) yields
0 ≤ aεw

qε
ε ≤ max{Kqo

0 ,K2∗−1
0 } in BR(0) ∩ I2,

the boundary Hölder estimate under the A-condition, used in the proofs of [27, Theorem 4.5]
and [48, Theorem 5.6], gives numbers β ∈ (0, 1) and C > 0, independent of ε, such that
(4.11) wε(δλ(ξ)) ≤ C(1 − λ)β ,
for every ξ in a fixed neighborhood of the characteristic set on ∂BR(0) and every λ sufficiently
close to 1. Here, after decreasing β if necessary, we have also used the estimate between the group
distance and the dilation parameter proved in [27, Lemma 4.1].

We now repeat the barrier iteration in the proof of [27, Theorem 4.5]. Choose N ∈ N so large
that

α∗ := q−N
o ≤ β.

For k = 0, . . . , N , set
αε,k := min{qkεα∗, 1}.

We claim inductively that
(4.12) wε(δλ(ξ)) ≤ Ck(1 − λ)αε,k ,

where Ck is independent of ε. The case k = 0 follows from (4.11).
Assume (4.12) holds for some k < N . Since qε ∈ [qo, 2∗ − 1], there exists Ck > 0, independent

of ε, such that
aεw

qε
ε ≤ Ck(1 − λ)qεαε,k ≤ Ck(1 − λ)αε,k+1 .

Let
Ψα := (R4 − (|x|4 + t2))αe−|x|2/M ,

where M > 0 is fixed sufficiently large. The barrier computation in [27, Theorem 4.3], equivalently
in [48, Theorem 5.2], gives

−∆XΨα ≥ cΨα

in a fixed dilation collar ω of the characteristic set, together with
c1(1 − λ)α ≤ Ψα(δλ(ξ)) ≤ c2(1 − λ)α.

We choose ω so that
(i) BR(0) ∩ J2 ⊂ ω ⊂ BR(0) ∩ I2;

(ii) every point of ω belongs to one of the dilation trajectories used above;
(iii) ∂ω = Γ∂ ∪ Γa where Γ∂ ⊂ ∂BR(0) and Γa ⊂ BR(0) ∩ I2 are compact, Γ∂ contains a relative

neighborhood of Σ(BR(0)) in ∂BR(0), and Γa ∩ ∂BR(0) ⋐ ∂BR(0) \ Σ(BR(0)).
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Since
αε,k+1 ∈ [α∗, 1],

the constants in the barrier estimates can be chosen uniformly in ε and k. Moreover, since every
point of ω lies on one of the dilation trajectories considered above, there exists C ′

k > 0, independent
of ε, such that

aεw
qε
ε ≤ C ′

kΨαε,k+1 in ω.

We next verify the boundary comparison on Γa. Let Va ⋐ I2 be a fixed neighborhood of Γa ∩
∂BR(0) whose boundary part is non-characteristic. The uniform bounds for wε and aεwqε

ε , together
with Theorem 2.1, give

∥∇Xwε∥L∞(BR(0)∩Va) ≤ C,

where C is independent of ε.
Set

s(x, t) := R4 − (|x|4 + t2).
Since ∇Xs ̸= 0 on the fixed non-characteristic set Γa ∩ ∂BR(0), a finite covering by horizontal
coordinate neighborhoods and integration along horizontal vector fields transverse to ∂BR(0) give

wε(ζ) ≤ Cs(ζ) for every ζ ∈ BR(0) ∩ Va,

with C independent of ε. After decreasing Va, we may assume that 0 ≤ s ≤ 1 there. Hence, for
every α ∈ [α∗, 1],

wε(ζ) ≤ Cs(ζ) ≤ Cs(ζ)α ≤ CΨα(ζ) in BR(0) ∩ Va.

On the other hand, on Γa \ Va ⋐ BR(0) ∩ I2,
inf

ζ∈Γa\Va
α∈[α∗,1]

Ψα(ζ) > 0.

Using (4.9), we conclude that there exists Bk > 0, independent of ε, such that
BkΨαε,k+1 ≥ wε on Γa.

Choose Ak ≥ Bk, independent of ε, so large that
Akc ≥ C ′

k.

On Γ∂ both Ψαε,k+1 and wε vanish. Therefore
AkΨαε,k+1 − wε ≥ 0 on ∂ω,

and
−∆X

(
AkΨαε,k+1 − wε

)
≥ AkcΨαε,k+1 − aεw

qε
ε ≥ 0 in ω.

The weak maximum principle yields
wε ≤ AkΨαε,k+1 ≤ Ck+1(1 − λ)αε,k+1 in ω,

where Ck+1 is independent of ε. This proves the induction step. Since
qNε α∗ ≥ qNo α∗ = 1,

we obtain
(4.13) wε(ξ) ≤ C dX(ξ) in BR(0) ∩ J2,

where
dX(ξ) := inf

η∈∂BR(0)
|η−1 ◦ ξ|H.

Indeed, the dilation parameter 1 − λ is uniformly comparable with the Euclidean distance to the
boundary near the characteristic set, and the latter is bounded from above by a fixed multiple
of dX .

We now follow the decomposition argument in the proofs of [27, Theorem 4.6] and [48, Theo-
rem 5.10]. Let

χ ∈ C∞
0 (I2), 0 ≤ χ ≤ 1, χ ≡ 1 in J2,

and extend
Fε := χaεw

qε
ε 1BR(0)
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by zero to Hn. Define

vε(ξ) :=
ˆ
Hn

K(η−1 ◦ ξ)Fε(η) dη.

Then
−∆Xvε = Fε in Hn.

Since {Fε} is uniformly bounded by (4.9) and has support in a fixed compact set, the explicit
expression of K and the estimate

|∇XK(ζ)| ≤ C|ζ|1−Q
H

give

(4.14) ∥vε∥L∞(J2) + ∥∇Xvε∥L∞(J2) ≤ C,

where C is independent of ε.
Set

hε := wε − vε.

Since χ ≡ 1 in J2, one has
−∆Xhε = 0 in BR(0) ∩ J2.

Let ξ ∈ BR(0) ∩ J1 be sufficiently close to ∂BR(0). Choose

r = c dX(ξ),

with c > 0 sufficiently small that
B2r(ξ) ⋐ BR(0) ∩ J2.

The interior gradient estimate for the harmonic function hε − hε(ξ) gives

|∇Xhε(ξ)| ≤ C

r
sup

η∈B2r(ξ)
|hε(η) − hε(ξ)|.

By (4.13), for η ∈ B2r(ξ),
wε(η) + wε(ξ) ≤ Cr.

Moreover, (4.14) and the intrinsic Poincaré estimate give

|vε(η) − vε(ξ)| ≤ C|ξ−1 ◦ η|H ≤ Cr.

Consequently,
sup

η∈B2r(ξ)
|hε(η) − hε(ξ)| ≤ Cr,

and therefore
|∇Xhε(ξ)| ≤ C.

Together with (4.14), this yields
|∇Xwε(ξ)| ≤ C.

On the remaining compact portion of BR(0) ∩ I1, which is uniformly separated from ∂BR(0), the
same estimate follows directly from the interior estimates at a fixed scale. This proves (4.10). □

4.3. Pohozaev identity. We apply the results contained in the previous section to establish a
proper Pohozaev identity for uε.

Lemma 4.4. Let uε ∈ D̊1,2
X (BR(0)) be a nonnegative weak solution of{

−∆Xuε = u2∗−ε−1
ε in BR(0),

uε = 0 on ∂BR(0).

Assume that ∇Xuε,Duε ∈ L∞(BR(0)). Then

(4.15) ε(Q− 2)
2∗ − ε

ˆ
BR(0)

u2∗−ε
ε dξ =

ˆ
∂BR(0)\{(0,±R2)}

|∇Xuε|2⟨D, n∂BR(0)⟩ dHQ−2.
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Proof. We argue by exhaustion. For ri ↓ 0, remove from BR(0) two Euclidean neighborhoods of
radius ri centered at (0,±R2) and smooth the resulting corners inside annuli of width o(ri). This
gives smooth domains Bi ⊂ BR(0) with

Bi ↑ BR(0), ∂Bi = γ
(1)
i ∪ γ

(2)
i ,

where γ(1)
i ⊂ ∂BR(0) \ {(0,±R2)} increases to the non-characteristic boundary and

HQ−2(γ(2)
i ) → 0.

Interior hypoelliptic regularity on γ(2)
i , non-characteristic boundary regularity on γ(1)

i , and a stan-
dard regularization justify applying the Pohozaev identity on Bi.

Applying Lemma 2.1 to uε in Bi, with F (s) = s2∗−ε/(2∗ − ε), since uε = 0 on γ
(1)
i , gives

ε(Q− 2)
2∗ − ε

ˆ
Bi

u2∗−ε
ε dξ

= 2
2n∑
j=1

ˆ
∂Bi

DuεXjuε⟨Xj , n∂Bi⟩ dHQ−2 −
ˆ
∂Bi

|∇Xuε|2⟨D, n∂Bi⟩ dHQ−2

+ 2
2∗ − ε

ˆ
γ

(2)
i

u2∗−ε
ε ⟨D, n∂Bi

⟩ dHQ−2 + (Q− 2)
2n∑
j=1

ˆ
γ

(2)
i

uεXjuε⟨Xj , n∂Bi
⟩ dHQ−2.

Since uε = 0 on ∂BR(0), all tangential derivatives vanish on γ
(1)
i , and the Euclidean gradient

is normal to ∂BR(0). Thus, for some scalar function gε, we have ∇uε = gεn∂BR(0) on γ
(1)
i , which

gives

(4.16)
2n∑
j=1

DuεXjuε⟨Xj , n∂BR(0)⟩ = |∇Xuε|2⟨D, n∂BR(0)⟩ on γ
(1)
i

It follows that
ε(Q− 2)
2∗ − ε

ˆ
Bi

u2∗−ε
ε dξ

=
ˆ
γ

(1)
i

|∇Xuε|2⟨D, n∂BR(0)⟩ dHQ−2 + 2
2n∑
j=1

ˆ
γ

(2)
i

DuεXjuε⟨Xj , n∂Bi⟩ dHQ−2

−
ˆ
γ

(2)
i

|∇Xuε|2⟨D, n∂Bi
⟩ dHQ−2 + 2

2∗ − ε

ˆ
γ

(2)
i

u2∗−ε
ε ⟨D, n∂Bi

⟩ dHQ−2

+(Q− 2)
2n∑
j=1

ˆ
γ

(2)
i

uεXjuε⟨Xj , n∂Bi⟩ dHQ−2.

Since uε, ∇Xuε, and Duε are bounded for the fixed ε, while the Euclidean normals and D are
uniformly bounded on the exhausting boundaries, every integral over γ(2)

i tends to zero. On γ
(1)
i

the integrand is nonnegative because BR(0) is δλ-starlike; hence monotone convergence applies.
This proves (4.15).

□

4.4. Proof of Theorem 1.2. Le us denote with U(n) the unitary group of Cn. A function
u : BR(0) → R is called centered-symmetric if

(4.17) u(Az, t) = u(z, t) for every A ∈ U(n),

and

(4.18) u(z,−t) = u(z, t).
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Let uε be a family of scalar-normalized maximizers solving{
−∆Xuε = u

Q+2
Q−2 −ε
ε in BR(0),

uε = 0 on ∂BR(0).

Assume that uε is centered-symmetric and satisfies (1.13). Since 0 < δ < R, compactness
of ∂BR(0) and continuity of the Korányi gauge yield δE > 0 such that

{ξ ∈ BR(0) : distR2n+1(ξ, ∂BR(0)) < δE} ⊂ BR(0) \BR−δ(0).

Hence Theorem 1.3 applies. We set

Mε := ∥uε∥L∞(BR(0)), uε(ηε) = Mε, ρε := M
− 2∗−ε−2

2
ε .

By Theorem 1.3, after passing to a subsequence,

|∇Xuε|2 dξ ∗
⇀ (S∗)− Q−2

2 δξo

for some ξo ∈ BR(0). Since each measure is invariant under all transformations in (4.17)–(4.18),
so is the limit. Hence ξo is fixed by all unitary rotations and by (z, t) 7→ (z,−t), which implies

(4.19) ξo = 0.

For the sake of readability, we divide the proof into several steps.

Step 1. The Green profile is selected.
Let vε be given in (3.25) and set

(4.20) θε := M
(Q−2)ε

2
ε .

By (3.32), up to subsequences, the sequence {θε} converges to θ ∈ [1, C∞].
We claim that

(4.21) Mεu
2∗−ε−1
ε dξ ∗

⇀ θ c̄n δ0 on M(BR(0)).

where
c̄n :=

ˆ
Hn

U2∗−1 dζ.

Indeed, let us fix ϕ ∈ C(BR(0)). Using the change of variables ξ := ηε◦δρε
(ζ) and letting Bηε,ρε

:=
δ 1

ρε
(η−1
ε ◦BR(0)) we get

(4.22)
ˆ
BR(0)

ϕ(ξ)
(
Mεu

2∗−ε−1
ε

)
dξ = θε

ˆ
Bηε,ρε

ϕ(ηε ◦ δρε
(ζ))vε(ζ)2∗−ε−1 dζ.

Fix α ∈
(
Q/(Q − 2), 2∗ − 1

)
and choose εo ≡ εo(Q,α) > 0 such that α < 2∗ − ε − 1 for

every ε ∈ (0, εo).
After extending vε by zero outside Bηε,ρε

, (3.41), since 0 ≤ vε ≤ 1, gives

v2∗−ε−1
ε ≤ CUα in Hn with Uα ∈ L1(Hn).

Moreover, since Bηε,ρε
exhausts Hn, (3.37), and

ϕ(ηε ◦ δρε
(ζ)) → ϕ(0),

dominated convergence in (4.22) gives
ˆ
BR(0)

ϕ(ξ)
(
Mεu

2∗−ε−1
ε

)
dξ → θ c̄n ϕ(0),

which proves (4.21).
Now, since the function wε := Mεuε solves

(4.23)
{

−∆Xwε = Mεu
2∗−ε−1
ε in BR(0),

wε = 0 on ∂BR(0),
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we use the Green representation formula. Let GBR(0)(ξ; η) denote the Dirichlet Green kernel
of −∆X in BR(0). We shall use the standard comparison estimate

0 ≤ GBR(0)(ξ; η) ≤ K(η−1 ◦ ξ), ξ, η ∈ BR(0), ξ ̸= η.

Then
wε(ξ) =

ˆ
BR(0)

GBR(0)(ξ; η)
(
Mεu

2∗−ε−1
ε

)
dη.

Let K ⋐ BR(0) \ {0} be compact, with K ∩ ∂BR(0) contained in a non-characteristic portion of
the boundary. Choose r ∈ (0, R/3) such that

K ∩B3r(0) = ∅,
and let χ ∈ C∞

0 (B2r(0)) satisfy 0 ≤ χ ≤ 1 and χ ≡ 1 on Br(0). Since{
η 7→ χ(η)GBR(0)(ξ; η) : ξ ∈ K

}
is compact in C(BR(0)), the weak convergence (4.21) gives

sup
ξ∈K

∣∣∣∣∣
ˆ
BR(0)

χ(η)GBR(0)(ξ; η)
(
Mεu

2∗−ε−1
ε

)
dη − θc̄nGBR(0)(ξ; 0)

∣∣∣∣∣ → 0.

On BR(0) \Br(0), since ηε → 0, for ε sufficiently small one has
|η−1
ε ◦ η|H ≥ cr > 0.

Thus (1.16), (3.32), and
ρQ−2
ε = M

−2+ (Q−2)ε
2

ε

give

(4.24) uε(η) ≤ Cr
Mε

.

Therefore

(4.25) Mεuε(η)2∗−ε−1 ≤ CrM
−(2∗−ε−2)
ε = CrM

ε
ε

M2∗−2
ε

≤ Cr

M2∗−2
ε

→ 0.

Using the comparison estimate for the Green kernel and the local integrability of K, we obtain

sup
ξ∈K

ˆ
BR(0)

(1 − χ(η))GBR(0)(ξ; η)
(
Mεu

2∗−ε−1
ε

)
dη → 0.

Consequently,
(4.26) Mεuε → θc̄nGBR(0)(·; 0) locally uniformly in BR(0) \ {0}
on compact sets whose boundary part is non-characteristic.

Let γ ⋐ ∂BR(0) \ {(0,±R2)} and choose a boundary neighborhood V of γ with 0 /∈ V . Set
zε := wε − θc̄nGBR(0)(·; 0).

Then zε = 0 on ∂BR(0) ∩ V ,
∥zε∥L∞(BR(0)∩V ) → 0,

and
−∆Xzε = Mεu

2∗−ε−1
ε → 0 in L∞(BR(0) ∩ V ).

Theorem 2.1, applied on a smaller boundary neighborhood, gives

(4.27) Mεuε → θc̄nGBR(0)(·; 0) in Γ1,β
loc (∂BR(0) \ {(0,±R2)}).

It remains to control the blow-up near the characteristic set. Let I1 ⋐ Iσ be fixed neighborhoods
of {(0,±R2)} such that 0 /∈ Iσ. By (4.24),

∥wε∥L∞(BR(0)∩Iσ) ≤ C.

Set
qε := 2∗ − ε− 1, aε := M−(2∗−ε−2)

ε = ρ2
ε.
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Since wε = Mεuε, equation (4.23) can be rewritten as{
−∆Xwε = aεw

qε
ε in BR(0),

wε = 0 on ∂BR(0).

By (3.21), for ε sufficiently small,
0 < aε ≤ 1.

Moreover, after decreasing εo if necessary, there exists qo > 1 such that
qo ≤ qε ≤ 2∗ − 1 for every 0 < ε < εo.

Applying Lemma 4.3 on I1 ⋐ Iσ, we obtain
(4.28) ∥∇Xwε∥L∞(BR(0)∩I1) ≤ Cσ,

where Cσ is independent of ε.

Step 2. Passing to the limit in the Pohozaev identity.
Applying Lemma 4.4, we multiply (4.15) by M2

ε obtaining

(4.29) ε(Q− 2)
2∗ − ε

M2
ε

ˆ
BR(0)

u2∗−ε
ε dξ =

ˆ
∂BR(0)\{(0,±R2)}

|∇X(Mεuε)|2⟨D, n∂BR(0)⟩ dHQ−2.

We pass to the limit in the boundary term. Write again wε := Mεuε, and let Iδ ⊂ I1 be a
decreasing family of relatively open neighborhoods of {(0,±R2)} such that

HQ−2(∂BR(0) ∩ Iδ) → 0 as δ → 0+.

For every fixed δ > 0, (4.27) gives
∇Xwε → θc̄n∇XGBR(0)(·; 0)

uniformly on ∂BR(0) \ Iδ. Hence

lim
ε→0+

ˆ
∂BR(0)\Iδ

|∇Xwε|2⟨D, n∂BR(0)⟩ dHQ−2

= θ2c̄2
n

ˆ
∂BR(0)\Iδ

|∇XGBR(0)(ξ; 0)|2⟨D, n∂BR(0)⟩ dHQ−2(ξ).

On the other hand, (4.28) and the boundedness of ⟨D, n∂BR(0)⟩ give

sup
ε

ˆ
∂BR(0)∩Iδ

|∇Xwε|2|⟨D, n∂BR(0)⟩| dHQ−2 ≤ C2
σHQ−2(∂BR(0) ∩ Iδ) → 0

as δ → 0+. The same estimate applies to the fixed function GBR(0)(·; 0). Therefore, first let-
ting ε → 0+ with δ fixed and then letting δ → 0+, we obtain

(4.30)
lim
ε→0+

ˆ
∂BR(0)\{(0,±R2)}

|∇Xwε|2⟨D, n∂BR(0)⟩ dHQ−2

= θ2c̄2
n

ˆ
∂BR(0)

|∇XGBR(0)(ξ; 0)|2⟨D, n∂BR(0)⟩ dHQ−2.

Combining (4.30) in (4.29) and letting ε → 0+ yields

(4.31) lim
ε→0

εM2
ε = 2∗θ2c̄2

n

(Q− 2)(S∗)− Q−2
2

ˆ
∂BR(0)

|∇XGBR(0)(ξ; 0)|2⟨D, n∂BR(0)⟩ dHQ−2.

In particular, (4.31) yields that εM2
ε is bounded when ε → 0+ along subsequences. Hence,

there exists C = C(BR(0), Q, θ) > 0 such that, as ε → 0+,

ε logMε ≤ ε

2 log C
ε

→ 0 ,

i. e., recalling (4.20) we have
θε = e

(Q−2)ε
2 logMε → 1.
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Thus θ = 1. Consequently, (4.26) and (4.31) become

(4.32)
Mεuε → c̄nGBR(0)(·; 0) locally uniformly in BR(0) \ {0},

lim
ε→0+

εM2
ε = 2∗c̄2

n

(Q− 2)(S∗)− Q−2
2

ˆ
∂BR(0)

|∇XGBR(0)(ξ; 0)|2⟨D, n∂BR(0)⟩ dHQ−2.

Therefore, combining (4.32) with Lemma 4.1 we obtain

lim
ε→0+

εM2
ε = 2∗c̄2

n

(S∗)− Q−2
2

1
CQRQ−2 .

Moreover, for every ξ ∈ BR(0) \ {0},

uε(ξ)√
ε

= Mεuε(ξ)√
εM2

ε

→

√
(S∗)− Q−2

2 RQ−2

2∗CQ

(
1

|ξ|Q−2
H

− 1
RQ−2

)
.

Since the preceding argument applies to every sequence εj → 0+ and every subsequence has a
further subsequence with the same limits, the limits above hold for the whole family as ε → 0+.
This concludes the proof. □
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nonlinear fractional equations in the Heisenberg group. J. Geom. Anal. 33 (2023), no. 3, Art. 77.

[38] G. Palatucci: Subcritical approximation of the Sobolev quotient and a related concentration result. Rend. Sem.
Mat. Univ. Padova 125 (2011), 1–14.

[39] G. Palatucci: p-Laplacian problems with critical Sobolev exponent. Asymptot. Anal. 73 (2011), no. 1-2, 37–52.

[40] G. Palatucci, M. Piccinini: Nonlocal Harnack inequalities in the Heisenberg group. Calc. Var. Partial Differ-
ential Equations 61 (2022), Art. 185.

[41] G. Palatucci, M. Piccinini, L. Temperini: Struwe’s Global Compactness and energy approximation of the
critical Sobolev embedding in the Heisenberg group. Adv. Calc. Var. 18 (2025), no. 3, 731–754.

[42] G. Palatucci, M. Piccinini, L. Temperini: Global Compactness, subcritical approximation of the Sobolev
quotient, and a related concentration result in the Heisenberg group. Trends in Mathematics, Birkhäuser,
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