MONGE SOLUTIONS FOR DISCONTINUOUS HAMILTON-JACOBI EQUATIONS
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ABSTRACT. In this paper we study Monge solutions to stationary Hamilton—Jacobi equations associated
to discontinuous Hamiltonians in the framework of Carnot groups. After showing the equivalence between
Monge and viscosity solutions in the continuous setting, we prove existence and uniqueness for the
Dirichlet problem, together with a comparison principle and a stability result.

1. INTRODUCTION

The study of Hamilton—Jacobi equations plays an important role in modern analysis, and its applications
are related to many research areas, e.g. control theory and mathematical physics. The interested reader
can find complete surveys of this topic in the monographs [33, 4, 16]. The prototypical stationary
Hamilton—-Jacobi equation is the so-called eikonal equation, that is

(1.1) [Vul| = f(z)

on (2, where () is a domain in R™ and f is a continuous function. The study of this kind of equations
is typically carried out in the setting of viscosity solutions (cf. [22, 21]). Thanks to the effort of many
authors (cf. [22, 33, 20, 6, 9, 10, 5, 24] and references therein), problem (1.1) has been generalized by
considering first-order differential equations of the general form

H(z,u,Vu) =0

on €2, together with their evolutionary counterparts. Here H, the so called Hamiltonian, is a continuous
function which usually satisfies suitable convexity and coercivity properties. A further step has been
made by taking into account the case in which the Hamiltonian is not assumed to be continuous (cf.
[32, 38, 41, 15, 14]). In all these papers the authors had to adapt the definition of viscosity solutions
taking into account the new measurable setting. In particular, in [38] the authors introduced the notion
of Monge solution to the eikonal-type equation

H(Vu) = n(z)

on €2, where H is convex and continuous and n is lower semicontinuous. The importance of this notion,
which is shown by the authors to be equivalent to the viscosity one when n is continuous, is motivated by
the fact that the classical Hopf-Laz formula (cf. [33]) does not provide in general a viscosity solution if
n is only lower semicontinuous. On the other hand, the setting of Monge solutions is shown to be the
right one to establish existence, uniqueness, comparison and stability results. The results in [38] have
been later generalized in [14], where the authors extended the notion of Monge solution to discontinuous
Hamilton—Jacobi equations of the form
H(z,Vu) =0

on ). Here H is only assumed to be Borel measurable, together with some mild assumptions in the
gradient variable. In particular, a crucial hypothesis in [14] consists in requiring that there exists a positive
constant § > 0 such that

(1.2) H(z,p) <0 = [p|<B

for any = € Q and any p € R™. This condition, which can be seen as a weak coercivity requirement, turns
out to be fundamental even in the classical viscosity approach. However, as it is well known (cf. e.g. [42]),
there are many interesting situations in which (1.2) fails. As a significant instance, one can consider the
eikonal-type equation

(1.3) |Vu - C(x)T| =1
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on 2 C R3, where C(z) is a 2 x 3 matrix whose rows encodes the coefficients of the vector fields

Xl‘qzaixl-l-.’EQ% and X2|q:8im—$1%,
where we denoted points ¢ € R® by ¢ = (x1,2,t). Being the kernel of C(z)7 non-trivial, it is easy to
notice that the Hamiltonian associated to (1.3) does not satisfy (1.2). A standard approach to overcome
this difficulty consists in changing the underlying geometry of the ambient space. Indeed, X; and X5 make
up a particular example of generating vector fields associated to a Carnot-Carathéodory structure, that is
the sub-Riemannian Heisenberg group H! (cf. [17, 31] for an exhaustive survey of the topic). Therefore
(1.3) can be rephrased by considering the corresponding sub-Riemannian equation

(1.4) | Xu| =1

on €2, where Xu denotes the so-called horizontal gradient associated to the vector fields X7 and Xo (cf.
Section 2.3). The sub-Riemannian eikonal equation (1.4) has been studied in the viscosity setting in [25]
in general Carnot—Carathéodory spaces, whereas more general equations has been considered for instance
in [35, 43, 12, 42, 18, 11, 7]. In the broad generality of metric spaces the notion of viscosity solution
for the Hamilton—Jacobi equation has been studied by [30, 1]. In [28] the authors introduced a different
notion of metric viscosity solution for continuous Hamiltonians H (z,u, |Vu|) based on the local metric
slope |Vu|, that is a generalized notion of the gradient norm of u in metric spaces, and they showed
several comparison and existence results. Moreover, in [34] the authors studied the eikonal equation (1.1)
in complete and rectifiably connected metric spaces, providing the equivalence between their notion of
viscosity solutions and Monge solutions when the right hand side f is continuous with respect to the
metric distance. To the best of our knowledge, in a general metric space a notion of metric gradient is not
available, and only the local metric slope |Vu| can be considered (cf. [2]). Accordingly, the last entry
of the metric Hamiltonian is a scalar and not a vector. However in Carnot—Carathéodory spaces, that
are examples of length metric spaces, the notion of horizontal gradient Xwu is well-known and general
stationary discontinuous Hamiltonians H (z, Xu) can be considered.

In the present paper, inspired by [14], we study sub-Riemannian Hamilton—Jacobi equations of the form

(1.5) H(z,Xu)=0

on (), where here and in the following 2 denotes a subdomain of a Carnot group G of rank m, Xu is
the horizontal gradient associated to G and the Hamiltonian H : 2 x R™ — R satisfies the following
structural assumptions (H):
(Hy) H:Q xR™ — R is Borel measurable;
(Hz) The set
Z(z):={peR™ : H(z,p) <0}
is closed, convex and 0Z(z) = {p € R™ : H(z,p) = 0} for any = € ;
(H3) There exist o > 1 such that
B1(0) C Z(x) C By(0)
for any x € Q, where B,(0) is Euclidean ball of radius o centered at the origin in R".
Before describing our approach, let us make more precise some of the sub-Riemannian notions that we
just introduced. We recall that G is a Carnot group of step k and rank m if it is a connected and simply

connected Lie group whose Lie algebra g admits a stratification of step k, i.e. there exist linear subspaces
g1,...,0% of g such that

(1.6) 9=019 ... Ok, [01,8] =811, o # {0}, [g1,0:] = {0},

where [g1, g;] is the subspace of g generated by the commutators [X,Y] = XY — Y X with X € g; and
Y € g;. We denote by k the step of G, by m := dim(g;) its rank and by n := dim(g) its dimension. We
say that a basis X = (X4,...,X,,) of g is adapted to the stratification whether

(Xh;_1415---,Xp,) is a basis of g; for any j =1,...,k,

where hg :=0 and h; := >_7_; dim(g;). Since the exponential map associated to a Carnot group is a global
diffeomorphism (cf. [13]), here and in the following we identify G with R", with group law inherited by G
by means of the Campbell-Baker—Hausdorff formula (cf. [13]). In the following, we refer to Xi,..., X,,
as generating horizontal vector fields. Moreover, we recall that an absolutely continuous v: [a,b] — G is
said to be horizontal if there exists a(t) = (a1(t),. .., am(t)) € L>®((a,b),R™) such that

(1.7) () = Y ailt) Xl (1)
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for a.e. t € (a,b). The structural assumptions (H) allows us to associate a suitable norm to the Hamiltonian
H. More precisely, inspired by [14], we define o* : Q@ x R™ — [0, 00) by

(1.8) o*(z,p) =sup{{(—&,p) : £€Z(x)}

for any € 2 and any p € R™. It is easy to observe that o* is a sub-Finsler norm defined on the horizontal
bundle HS), that is the subbundle of T2 of the horizontal vector fields. Accordingly, we exploit o* to

induce a distance d,« on {2, whose Euclidean counterpart is known in literature as optical length function,
by

(1.9)  dy+(x,y) = inf {/0 o*(y(t),4(t)) dt : ~:[0,1] — §, « is horizontal, v(0) = z, v(1) = y}

for each z,y € Q. Chow’s connectivity theorem (cf. [31]) implies that d,+ is well defined. Again inspired
by [38, 14], we are ready to state the main definition of this paper.

Definition 1.1 (Monge solution). Let © C G be an open and connected subset of G. If u € C(€2), we say
that u is a Monge solution (resp. subsolution,supersolution) to (3.1) in Q if

(1.10) lim inf ) = w@o) + do+ (20, 2)
- ) da (2o, 7)

=0 (resp. >,<)

for any xo € Q, where dg is the standard Carnot-Carathéodory distance on Q (cf. Section 2).

The aim of this paper is to investigate the main aspects of this definition in the sub-Rimannian setting,
recovering the Euclidian results achieved in [14]. A first step consists in relating this notion to the classical
sub-Riemannian notion of viscosity solution. To this aim, after describing some properties of the optical
length function (1.9) (cf. Section 3) and of viscosity solutions in Carnot groups (cf. Section 4), we will
show that the theory of Monge solutions embeds the theory of viscosity solutions, proving the equivalence
of these two notion as soon as the Hamiltonian is continuous.

Theorem 1.2. Let Q C G be a domain. Let H be a continuous Hamiltonian satisfying (H). Then
u € C(Q) is a Monge subsolution (resp. supersolution) to (1.5) if and only if it is a viscosity subsolution
(resp. supersolution) to (1.5).

In order to prove Theorem 1.2, we will first need to recover a suitable Hopf-Lax formula for the Dirichlet
problem associated to (1.5). Anyway, it is interesting to observe that the solution of this particular issue
let our sub-Riemannian approach differs from the Euclidean one. Indeed, in the classical theory of Monge
solutions (cf. [38, 14]) the optical length function is defined on the whole Q. This possibility relies on the
fact that every two points in © can be joined by an Euclidean Lipschitz curve as soon as the boundary of
Q is locally Lipschitz. Unfortunately this property is no longer true in our setting, since it is not always
the case that two points on 02 can be connected by a horizontal curve. A useful consequence of the
Euclidean approach is that the optical length function is a geodesic distance, which is no longer true in our
case. To solve this problem we will often need to localize our arguments to suitable neighborhoods. The
key point in which one would like to exploit the fact that the optical length function is defined up to the
boundary is the validity of the classical Hopf-Lax formula. To be more precise, assume that g € C'(92)
satisfies the compatibility condition

g(ﬂ]‘) - g(y) < da* (J?, y)
for any x,y € Q. Then (cf. [14, Theorem 5.3]) the function w defined by

w(z) = yiergfﬂ{do* (z,y) +9(y)}

is a Monge solution to (1.5) and coincides with g on 9€2. Since our optical length function is defined only
on €, this formula would become meaningless. To overcome this difficulty, we propose a possible solution
by suitably extending our original Hamiltonian. To this aim, we let

(1.11) Ko(H,Q):={K : Q¢ xR™ — R : Q € Qp is a domain, K satisfies (H), K = H on Q x R™}.
For any fixed K € Ko(H, ), we consider the associated metric o} and optical length function dos. -
Since now Q € Qo, dyy_ is defined on the whole Q. Moreover, we will show (cf. Proposition 5.2) that

the definition of Monge solution on €2 is invariant by replacing H with any K € Ko(H, ). These facts
motivate the following result.

Theorem 1.3 (Hopf-Lax formula). Let Q C G be a domain and let H satisfy (H). Let g € C(9%2) be
such that there exists K € Ko(Q2) for which

(1.12) 9(x) — g(y) < doy. (2,9)
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for any x,y € 0Q. Let us define

(113) w(e) = inf {do; (.3) + 9(0)}

Then w € Lip(Q,dq) N C(Q) and w is a Monge solution to the Dirichlet problem
H(z,Xw)=0 inQ
w=g¢g on .

After proving Theorem 1.3, we move on the study of the Hamilton—Jacobi equation in the discontinuous
setting. First, we show the validity of the following comparison principle for Monge solutions.

Theorem 1.4 (Comparison Principle). Let H be an Hamiltonian satisfying (H), let u € C(€2) be a Monge
subsolution of (3.1) and v € C() be a Monge supersolution of (3.1). If u < v on 9Q, then u < v in Q.

Notice that, combining Theorem 1.3 and Theorem 1.4, we guarantee existence and uniqueness for the
Dirichlet problem associated to (1.5) under the compatibility condition (1.12). Finally, inspired by [14],
we show that the notion of Monge solution is stable under suitable notions of convergence for sequences of
Hamiltonians and Monge solutions.

Theorem 1.5 (Stability). Let (H,)nen and Hoo satisfy (H) with a uniform choice of a. For any n € N,
let up, € C(Q) be a Monge solution to

H,(x, Xun(z)) =0
on §. Assume that dgx — do+_ locally uniformly on Q x 2, where, for any n € N, dy+ is the optical length
Junction associated to H, and d,«_ s the optical length function associated to Hy,. Assume that there
exists uoo € C'() such that u, — us locally uniformly on Q. Then uy, is a Monge solution to

Hoo(z, Xuoo(2)) =0
on €.

The paper is organized as follows. In Section 2 we recall some basic facts and properties about Carnot
groups. In Section 3 we study some properties of the induced metric o* and the optical length function
dg+. Section 4 is devoted to a short survey about viscosity solutions in Carnot groups. In Section 5 we
introduce the Hopf-Lax formula (1.13) and we prove Theorem 1.3. In Section 6 we show the equivalence
between Monge and viscosity solutions, proving Theorem 1.2. Finally, Section 7 is devoted to the proof of
Theorem 1.4 and Theorem 1.5.

Acknowledgements. The authors would like to thank Andrea Pinamonti for suggesting them the study
of this problem, and Eugenio Vecchi for useful discussions about these topics.

2. PRELIMINARIES

2.1. Carnot groups. Here and in the following, we fix a Carnot group G = (R",-) of step k, rank m and
dimension n > m, where - is the group law. Moreover, we fix an adapted basis X1, ..., X,, that coincides
with the canonical basis of R™ at the origin, and we denote points y € G by

y= W, ...,y"),

where y() = (Yn;_1+1>---,Yn,) for each j =1,... k, and where we recall that the usual identification
between G an its Lie algebra is given by

k hj
)= o (z > yx>
j=10=h; 1+1
Moreover, if d is a distance, we denote by B, (z,d) the d-metric ball of radius r > 0 centered at = € G.
For any A > 0 and any x € G, we define the left translation 7, : G — G and the intrinsic dilation
or:G— G by
To(2) =z 2 and Ixr(y) == ()\y(l), Ny )\ky(k))

for any y,z € G. Both 7, and J, are smooth diffeomorphisms, and §, is a Lie group isomorphism.
The subbundle of the tangent bundle T'G that is spanned by the vector fields X1, ..., X, is called the
horizontal bundle HG, with fibers given by

H,G =span {Xi(z),...,Xm(z)}.

As costumary, being the horizontal bundle trivial, we identify each fiber H,G with R™, considering an
horizontal vector field 77" | a;(x)X;|, as the vector-valued function = — (ai(x),...,am(z)). In this
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way, a sub-Riemannian structure can be defined on G considering a scalar product (,-), that makes
{X1,...,X,,} orthonormal at each point x € G. Moreover, we denote by |- |, the norm induced by (-, -},
namely |v|, := /(v,v), for every v € H,G. Notice that, with the above identification between H,G and
R™, (-,-); coincides with Euclidean scalar product (-,-) on R™. Finally, we denote by 7 : G — HG the
smooth section defined by

m(y) =Yy X;()
=1
for any y € G.

2.2. Sub-Riemannian distances. We recall that a horizontal curve v : [a,b] — G is called sub-unit
whenever the vector-valued function a as in (1.7) satisfies ||aljc < 1. In the following, for any domain
Q C G, we denote by H(2) the set

H(Q) :={y:[0,T] — Q : ~ is sub-unit, 7" > 0}.
and we define the Carnot—Carathéodory distance on €2 by
do(z,y) =inf {La(y): v: [0,T] — Q, v € H(Q), v(0) = z, v(T) =y},

where .
La(y) = / 5(0))

and by () we mean as usual the coordinates of §(t) with respect to X1|y )., Xmly ). Let us notice
(cf. [36]) that an absolutely continuous curve is horizontal if and only if it is do-Lipschitz. We recall that
when Q = G then dg is a geodesic distance, while dg is not geodesic in general. The following crucial
result is a consequence of [37, Proposition 1.1].

Theorem 2.1. Let G be a Carnot group of step k, and let Q2 C G be open and connected. Then the
following properties hold.

(i) (92,dgq) is a Carnot-Carathéodory space.
(ii) For any domain Q € Q there exists a positive constant Cg such that

Cq'lr —yl < da(x,y) < Cole—yl*  for any z,y € Q.

The rich algebraic structure of G allows to define the well known Gauge—Koranyi distance on G (cf.
[13]). To this aim, consider the function

1
(1) (k) - ()2 "
1™,y = D 95
j=1

for any y € G. This is an homogeneous norm (cf. [13]) on G, which induces the homogeneous distance

(2.1) do(y,2) =y~ - 2|
for any y,z € G. It is well known (cf. [37]) that dy and dg are equivalent distances on G. Moreover, if
Q C G is any domain, then clearly dg < dg. Thanks to Theorem 2.1, the following holds.

Proposition 2.2. Let G be a Carnot group of step k, and let Q2 C G be open and connected. Then dg,
dg and dy, are locally equivalent on ).

To prove Proposition 2.2, we need the following result.

Lemma 2.3. Let G be a Carnot group of step k, and let 0 C G be open and connected. Then, for any
xo € Q, there exists r > 0 such that, for any x,y € B,(xo,dg), any optimal curve for dg(x,y) lies in .

Proof. Assume by contradiction that there exists xg € Q and sequences (zp)n, (Yn)n, (vn)n such that
dg(xo,zp), dg(xo, yn) < %, Y ¢ [0,Ty] — G is sub-unit and is optimal for dg(zp,yr), and there exists
0 < tp, < Ty such that z, = y,(tn) € 0. Up to a subsequence, there exists R > 0 such that
(@n)n, (Yn)n € Br(xo,dg) € Q. Set

D = inf{dg(z,w) : z € 90, w € 0Bgr(xo,d)}.
Since Br(zg,dg) € 2, then D > 0. On one hand
de(zh, yn) < dg(zo, 7h) + de(wo, yn) — 0
as h — 0o0. On the other hand, in view of the choice of v,

d@(xh,yh) = d@(xh,zh) + d@(ymzh) >2D > 0.
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A contradiction then follows. O

Proof of Proposition 2.2. In view of the previous considerations, we are left to show that for any domain
Q € Q there exists Kg > 0 such that dg > Kgdg. Assume by contradiction that there exists a domain
Q2 € Q and two sequences (zp,)n, (Yn)n C Q2 such that

1
dg(zn, yn) < Edﬂ(xhayh)

for any h € N. Let D be the Euclidean diameter of Q. Since Q is bounded, then D < co. Thanks to
Theorem 2.1, we have that

C~
sup do(z,y) < =2 sup |z — y|* <
r,yeﬁ m,yefz

1 1

d , < —d , < -
c(Th, Yn) h a(Th,yn) < h h
This implies that dg(zp,yn) — 0. Therefore, up to a subsequence, we can assume that x,y, — xo for
some zg € §2. Choose r as in Lemma 2.3, and assume up to a subsequence that (p)n, (yn)rn € Br(2o0,dg).

Then Lemma 2.3 implies that
dg(zh, yn) = do(n, yn),
a contradiction. O

1

2.3. Calculus on Carnot groups. Given u € L .

Xu by

(Q), we define its distributional horizontal gradient

Xu(p) := —/QUZXjapjdx
j=1

for any ¢ € C°(92). This notion allows to define in the obvious way the classical functional spaces
Wy (), W)I(TEC(Q) and C%(Q). More specifically, we say that u € Wy™(Q) if u € L®(Q) and
Xu e L*®(Q,R™), and that u € C% () if u is continuous and Xu is continuous. The space W;(TEC(Q) is
defined accordingly. If d is a distance, we define the space

Lip(Q,d) :== ¢ u € C(2) : there exists C > 0 such that sup Ju(@) = u(w)| <C,.
styeq  d(@,y)
The space Lipy,. (€2, d) is defined in the obvious way. It is well known (cf. [29]) that
Wi Toe(6) = Libioc(2, do).
We conclude this section recalling the following differentiability result due to Pansu (cf. [39]).

Theorem 2.4. Let Q C G be an open set. Let u € W;(TEC(Q) Then u is Pansu-differentiable at almost
every xg € 2, that is
o ule) — u(ro) — (Xu(eo), wlzg” -2)

—0
e da(xg,x)

for almost every xg € Q.

2.4. Subgradient in Carnot groups. In this section we recall some properties of the so-called (X, N)-
subgradient of a function u € W;(TCO)C(Q), introduced in [40] as a generalization of the classical Clarke’s
subdifferential (cf. [19]) and defined by
Ox nu(z) == %{ lim Xu(yn) : yn = 2, yn ¢ N and lim Xu(yy,) exists}
n— 00 n— oo

for any = € €2, where N C (2 is any Lebesgue negligible set containing the non-Lebesgue points of Xu and
¢o denotes the closure of the convex hull. In the sequel we will need the following result, which can be
found as [40, Proposition 2.5].

Proposition 2.5. Let u € W;ic(ﬂ) and let v € AC([-p, 8], Q) be a horizontal curve as in (1.7). The
function t — u(y(t)) belongs to WH>°(=p, 8), and there exists a function g € L>=((—f, 3),R™) such that
AW _ (g0, a0t

for a.e. t € (=8,5). Moreover
g(t) € ox,nu(~(t))
for a.e. t € (=5, 5).
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3. SOME PROPERTIES OF 0* AND dg~
Here and in the following we will be focused on Hamilton—Jacobi equations as in (1.5), that is
(3.1) H(z,Xu)=0

on , where ( is a subdomain of G and H satisfies the structural assumptions (H). Since the notion of
Monge solution heavily depends on the properties of the associated optical length function, and hence
on the properties of o*, let us make some preliminary considerations on these objects. First, notice that
condition (Hs) is equivalent to the estimate

1
(3.2) — || < 0" (z,v) < alv], for every (z,v) € HG.

@

Moreover the following simple result, which is the sub-Riemannian analogous of [14, Lemma 4.2}, will
be useful to state the equivalence between Monge and viscosity solutions in the continuous setting. We
refer to [26] for an account of sub-Finsler metrics.

Lemma 3.1. ¢* : HQ) — R is a sub-Finsler convex metric. Moreover, for any v € R™, the following
hold.

(i) If H is upper semicontinuous on HSQ, then o*(-,v) is lower semicontinuous on .

(ii) If H is lower semicontinuous on HSY, then o*(-,v) is upper semicontinuous on Q.

Regarding the optical length function, an easy computation shows that

(33) do+ (v,y) = inf {/0 o (y(t),¥())dt : v :[0,T] — Q, v € H(Q), 7(0) =2 ,%(T) = y}

for any x,y € Q. The quantity (3.3) is well-defined, both because the map ¢t — o*(y(t),¥(t)) is Borel
measurable on the horizontal bundle, and because, as already mentioned, every two points in € can be
connected by a horizontal curve. However, d,« can presents some pathological behaviour without some
semicontinuity assumptions (see [26, Example 5.5]). Let us discuss some properties of d,+ which will be
useful in the sequel.

Lemma 3.2. The following properties hold.

(1) dy+ is a non-symmetric distance on §Q.
(#1) dy« is equivalent to dg on Q, i.e.

" do(2,9) < dp-(2,3) < 0 dalz,y)
for any x,y € Q.
(4i1) dy« is do-Lipschitz on Q x Q, that is
|do (2,y) = do+ (2, w)| < alda(z, 2) + da(y, w))
for any x,y, z,w € Q.

Proof. The proof of (i) follows as in [26, Lemma 5.7]. (i) is an easy consequence of estimate (3.2). Let
us show (i4¢). To this aim, fix x,y, z, w € Q. Being d,» a distance and thanks to point (i¢), we have that

do+ (2,y) — do+ (2,w) = do+ (2, y) — do+ (2,Y) + do (2, y) — do+ (2, W)
K dor (2,2) + dor (W, y)
< afda(z, ) + da(y, w))
and
do+(z,w) — do+ (2,y) = dg+ (2, w) — do= (T, w) + do+ (T, W) — do= (7, )
K do+ (2,2) + dox (y, w)
< a(dg(z, 2) + da(y, w)).
(Il

Therefore (2, dy+) is a non-symmetric metric space. The definition of d,« trivially implies that it is a
length space. However, we already know that it is not geodesic in general, since, for instance, (€2, dg) may
not be geodesic. Nevertheless, exploiting standard arguments of analysis in metric spaces (cf. [3]) it can
be shown that (2, dy+) is locally geodesic in the following sense.
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Proposition 3.3. For any xo € Q) there exists r > 0 such that for any x,y € B,(xo,dq) there exists
v € H(Y) such that v :[0,T] — Q, v(0) =z, v(T) =y and
do+ (JZ, y) = Lo+ (P)/)a

where ’
L) = [ o 6(0),3(0) dr
0
We first need the following technical lemma.

Lemma 3.4. For any xo € , and for any R > 0 such that Bg(xo,dq) € Q, there exists 0 < r < R and
g > 0 such that, for any z,y € B,(xg,dq) and for any 0 < € < &, every horizontal curve v : [0,T] — Q
such that v(0) =z, v(T) =y and
do+(2,y) 2 Lo+ (7) — €
lies in Br(zo,dq).
Proof. Assume by contradiction that there exists zo € Q, R > 0 with Bgr(zo,dq) € Q and sequences
(zn)n, (yn)n and (75,)p such that do« (20, 1), do (0, yn) < £, Y © [0, Tp] — Q is sub-unit, 4 (0) = zy,
Yr(Th) = yn and .
dn’* (Iha yh) = L(T* (’Yh) - Ev
and moreover there exists 0 < t;, < T}, such that zj, := v, (t,) satisfies dg(zo, 25) = R. Up to a subsequence,
(@n)n, (yn)n € Bz (o, dgo) € €. Set
D :=inf{do(z,w) : 2z € Bz (zo,dq), w € 0Bg(xo,da)} > 0.
On one hand
do(zn, yn) < do(wn, o) + da(zo,yn) — 0
as h — o0o. On the other hand, in view of the choice of the curves vy,

1
do(zh, yn) = ada*(xhayh)

1 1 1

2 —dg«(zp, —do+(2n,Yn) — 7—
o do (@n, 2n) + —do (20, yn) = 5~
1 1 1

> —do(zn,zn) + —da(znyn) = 5=
D

o

for h big enough. A contradiction then follows. O

Proof of Proposition 3.3. Let g € Q and R > 0 be such that Br(zg,dq) € Q. Then let r > 0 be as in
Lemma 3.4. Let z,y € B,(xo,dq) and let (4)n be a sequence of horizontal curves such that v(0) = =z,

7(1) =y and

1
(3.4) Lo () < do- (2,9) +

In view of Lemma 3.4, we can assume that v4([0,T3]) € Bgr(xo,dq) C Q for any h € N. Notice that (3.4)
and (H3) implies that (vp,)p, is equicontinuous on (Bg(xo, dg), ds+). Since the latter is a compact metric
space, Ascoli-Arzeld’s Theorem implies the existence of a horizontal curve « : [0, 1] — € such that ()
converges uniformly to . Since d,« is lower semicontinuous with respect to the uniform convergence of
curves, (3.4) allows to conclude. O

Proposition 3.5. Assume that H is upper semicontinuous on HS). Then it holds that

(zyz - 6(€,m)) > 0" (z,¢€)

d
liminf <
t—0+ t

for any x € Q, £ € R™ and n € R"™™.

Proof. Let us fix x € 2, £ € R™ and n € R®"™™. Since H is upper semicontinuous on H, then o*(-,§)
is lower semicontinuous on §2 by Lemma 3.1. This is equivalent to say that, for any € > 0 and for any
€ e 8™ there exists r = r(x,e,é) such that U*(y,«f) > U*(a?,g) — ¢ for any y € B,(z,dq). Recalling
that o* is Lipschitz in the second entry and exploiting a standard compactness argument, we infer that
for any € > 0 there exists r = r(x,¢) > 0 such that

(3.5) o*(y,€) > o*(x,8) — ¢
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for any y € B,(x,dq) and any €€ 8™ 1 Let us choose a sequence of sub-unit curves vy, : [0,t] — Q in
such a way that v,(0) = z, Y (tn) = z - &, (&, 1) and

. th
lim inf J2 (B 0HEM) gy ][ o™ (v (t), A (t)) dt.
0

t—0+ t h—o0

Since lim;_,¢+ 2 - §:(£,n) = x, and in view of Lemma 3.4, the sequence of curves can be choosen in such a
way that v, ([0, ts]) C Br(x,dq) for any h € N. Therefore, exploiting (3.5), we infer that

th th
lim inf ][ o™ (Y (£), 4n(t)) dt > lim inf ][ o™ (x,4p(t)) dt — €.
0 0

h—o0 h—o0

For any h € N, set v, = (71,... 77,71,7,71”71, ...»7r). We recall that in the previous equations 7 is

the m-tuple of the components of 4; along the generating vector fields. In other words, we mean
An(t) = (a},(t), ..., a(t)), where 45 (t) = 37| a, (8) X (va(t)). Tt is then easy to see that ) = aj, for any
j=1,...,m. Therefore, by the convexity properties of 0* and Jensen’s inequality, we get that

th th
lim inf o (z,%(t)) dt — e > liminf o* (ac, ][ An(t) dt) —e=0"(z,§) —e.
0

h—o00 0 h—o0

The thesis follows letting € go to 0. O

4. VISCOSITY SOLUTIONS FOR CONTINUOUS HAMILTON-JACOBI EQUATIONS

When the Hamiltonian H is continuous, the study of (3.1) can be carried out in the setting of sub-
Riemannian viscosity solutions. To introduce this notion, we recall that the first order superjet of u € C(Q)
at a point xg €  is defined by

O;Eu(xo) ={veR" : u(r) <ulxg) + (v,ﬂ(xal -x)) 4+ o(da(xo,))},
while the first order subjet of u at xq is defined by
Oxu(zo) ={v e R™ : u(z) > u(xg) + (v,w(xal -x)) 4 o(dg(xo,))}.

It is easy to see that % u(xo) and Oy u(xo) are closed and convex, and that they may be empty in general.
Moreover, in view of Proposition 2.2, in the previous definition do can be equivalently replaced by dy or
dg. In the Euclidean setting (cf. [21]) the notion of viscosity solution can be equivalently given exploiting
either jets or suitable test function (cf. [22, 20]). Following this path (cf. [35, 43]) we say that a function
u € C(Q) is a jet subsolution to (3.1) in Q if

H(z,v) <0
for every zo € Q and every v € 9% u(zo). Similarly, u is a jet supersolution to (3.1) in Q if
H(xg,v) 20

for every zy € 2 and every v € Oy u(xo). Finally, u is a jet solution to (3.1) if it is both a jet subsolution
and a jet supersolution. On the other hand, we say that u is a viscosity subsolution to (3.1) if

H(zg, X9p(x0)) <0
for any z¢ € Q and for any 1 € C%(Q2) such that
u(wo) — ¥(z0) = u(x) — Y(x)
for any « in a neighborhood of zy. We say that u is a viscosity supersolution to (3.1) if
H (20, Xt)(x0)) 2 0
for any z¢ €  and for any 1 € C%(Q2) such that
u(zo) — ¥(z0) < u(z) — Y(2),

for any x in a neighborhood of xg. Again, we say that u is a wviscosity solution to (3.1) if it is both
a viscosity subsolution and a viscosity supersolution. The next proposition shows that even in this
sub-Riemannian setting these two definitions are equivalent. The following proof is inspired by [35].

Proposition 4.1. Let Q C G be open. Assume that H is continuous. Then u € C(Q) is a jet subsolution
(resp. supersolution) to (3.1) if and only if it is a viscosity subsolution (resp. supersolution) to (3.1).
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Proof. We prove only the half of the claim concerning subsolutions, being the other half analogous. The
fact that a jet subsolution is a viscosity subsolution follows from [18, Proposition 3.2]. On the contrary,
assume that u is a viscosity subsolution to (3.1), let 2o € Q and p € 9Fu(zo). Let dy be as in (2.1). It
is well known that y — dg(x0,y) is smooth outside o and its horizontal gradient is bounded near z.
Therefore

(4.1) u(z) < u(zo) + (p,m(zg ' - 2)) + o(dg(zo, 7))
Let R > 0 be such that Br(zo,dy) € (2, and define g : (0, R] — R by

max{0,u(x) — u(xg) — (p, T zol -z
e s mRl0u) —ulen) = (e )}
2€B,(x0,dg) dg(x(hx)
Then g is nondecreasing and, by the choice of p, lim,_g(r) = 0, Hence there exists g € C([0, R])
such that § is nondecreasing, §(0) = 0 and § > g. Let G(r) := [; g(r)dr. Then G € C'([0, R[) and
G(0) = G'(0) = 0. Moreover, for any 0 <r < £, it holds that

(4.2) G(2r) > / TQ(T)dT >rg(r) = rg(r).

Let us define p(z) = u(zo) + (p, m(zy " - 7)) + G(2dg(x,20)). Then ¢ € Cx (Bx (wo,dy)), ulwo) = ¢(zo)
and X ¢(zg) = p. Finally, notice that (4.2) and the definition of g imply that u(z) < ¢(z) on Bg (w0, dg).
Therefore, being u a viscosity subsolution, we conclude that

H(zo,p) = H (w0, Xp(0)) <O0.
O

Moreover, when H enjoys some mild convexity properties in its second entry, a locally Lipschitz
functions is a viscosity subsolution if and only if it satisfies (3.1) pointwise almost everywhere.

Proposition 4.2. Let 2 be an open subset of G. Assume that H is continuous and that Z(x) is convex
for any x € Q. Letu € W)l(cfgc(ﬁ) Then the following conditions are equivalent.

(1) u is a viscosity subsolution to (3.1).
(#1) w is a jet subsolution to (3.1).
(#91) H(x, Xu(x)) <0 for almost every x € Q.

Proof. The implication (i) <= (ii) follows from Proposition 4.1. Moreover, (#it) = (i) follows from
[18, Theorem 3.7]. Finally, we prove (it) = (#i¢). Let x € Q be such that v is Pansu-differentiable at .
Then clearly Xu(z) € 05 u(z), and so H(z, Xu(z)) < 0. O

To conclude this section, we point out that the sub-Riemannian Hamilton—Jacobi equation (3.1) can
be viewed as an Euclidean equation in the following sense. Let C'(z) denote the m x n matrix whose
rows correspond to the coefficients of the generating vector fields of g; at z. We define the auxiliary
Hamiltonian H : Q x R* — R by

(4.3) f[(x, v) = H(z,v- C(x)T)

for any (z,v) € Q x R™. Tt is easy to see that HeC (@ x R™) when H is continuous. With the next result,
we show that sub-Riemannian viscosity solutions to (3.1) coincides with Euclidean viscosity solutions to
the Hamilton—Jacobi equation associated to (4.3).

Proposition 4.3. Let Q be an open subset of G. Let H be as in (4.3). Then u € C(Q) is a viscosity
solution to

(4.4) H(z,Xu)=0
if and only if u is a viscosity solution to
(4.5) H(z,Vu) = 0.

Proof. Since C*(Q2) C C%(9), then a viscosity solution to (4.4) is a viscosity solution to (4.5). To prove
the converse implication we only show that viscosity subsolutions to (4.5) are viscosity subsolutions to
(4.4), being the other part of the proof analogous. Therefore, assume that w is a viscosity subsolution to
(4.5), let 2o € Q and let ¢ € C% () be such that u(zg) = p(zo) and ¢(x) > u(z) for any x € Ba,(z0,dy),
for some 7 > 0 small enough to ensure that Ba,(zg,dy) € Q. Thanks to [18, Proposition 2.4] (cf. also
[27, Proposition 1.20]), there exists a sequence (¢p,), C C*(£2) converging to ¢ in Ck (Ba,(z¢,dy)). For
any h € N, let 25 be a maximum point for u — ¢, in B,(x9,dy). We claim that z, — zo as h = +o00.
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Otherwise, we can assume that, up to a subsequence, x;, — 1 for some 1 # xo such that x1 € B, (o, dg).
Recalling that w(zp) — @n(xn) = u(zg) — @r(xo) for any h € N, and since x;, — x1 and ¢, — ¢ uniformly
on Bs,(x0,dg), we pass to the limit and we infer that u(z1) — ¢(x1) > u(zo) — ¢(z9) = 0. Therefore
o(x1) < u(x1), a contradiction. By our choice of z, and thanks to (4.5), we get that

H(Q?h, X‘Ph(l‘h)) = H(Ih, V‘Ph(xh)) < 0.
Therefore, since H is continuous, x;, — x and X — X¢ uniformly on Ba, (¢, dy), passing to the limit
in the previous inequality we conclude that

H(xo,XgD(l’o)) g 0

Hence w is a viscosity subsolution to (4.4). O

5. A SUB-RIEMANNIAN HOPF-LAX FORMULA FOR THE DIRICHLET PROBLEM

As already mentioned, the properties of Monge subsolutions and supersolutions strictly depend on
those enjoyed by the optical length function d,«. Moreover, as it happens in the viscosity setting, dg can
be equivalently replaced by dy or dg. Now we explain how to replace d,~ with suitable extensions as
already explained in the introduction. Set

KH,Q):={K:QyxR™ — R : QCQpisadomain, K satisfies (H), K = H on Q x R™}.

Notice that Ko(H, Q) C K(H,Q), where Ko(H, ) is defined by (1.11). For a fixed K € K, we can consider
the associated o} and d,; . We want to show that the notion of Monge solution is independent of the
choice of K € IC. To this aim, we prove the following preliminary result.

Lemma 5.1. For any K € K, for any xo € Q and for any R > 0 such that Br(xo,dq) C Q there exists
r >0 and € > 0 such that, for any x € B,(xo,dgq) and for any 0 < e < &, any curve v : [0,T] — Qg such
that v is sub-unit, v(0) = zo, Y(T) = = and

dcr;{ (1'(),$) 2 La} (’7) — €
lies in Br(xo,dq).

Proof. Assume by contradiction that there exists K : Qg x R™ — R such that K € IC, ¢ € 2, R > 0 with
Bpg(xo) C Q and sequences (zp)n and (v4)n € H(Qo), with v : [0, Th] — Qo, 72(0) = zo, Ya(Th) = zn
and )

dos (20, 2n) 2 Loy (20, xn) — 7
such that z;, — xo and for any h there exists 0 < t;, < T}, such that z, := y(tn) € 0Br(xo,dq). Since K

satisfies (H) on €, it follows that
dos. (xo,zp) < adq, (o, zn) < ada(zg,zp) — 0

as h — 0o. On the other hand, in view of the choice of 7, and Proposition 2.2, there exists C' > 0 such
that

1
do+ (w0, 2n) = do+ (T0, 21) + do+ (21, Tn) — 7
1 1
> —d ; iy
a Q0 ('TO Zh) h
1 1
> —d ) - =
o (7o, 2n) n
C 1
> —dq(zo,2n) — +
—da(zo,2n) — 5
> CR
2ce
for any h big enough. A contradiction then follows. O

Proposition 5.2. Let K : Qg x R™ — R be such that K € K. A function u € C(2) is a Monge solution
(resp. subsolution, supersolution) to (3.1) in Q if and only if
w(x) —u(zg) + dox (0, T
(5.1) lim ing A7) = 4(20) T oy (20, 7)
T—T0 da, (xo, )

=0 (resp. 2,<)

for any xy € Q.
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Proof. Tt suffices to observe that, thanks to Lemma 5.1 and the definition of IC(Q), for any zy € Q there
exists r > 0 such that

do+ (20, %) = doz (20, )

for any x € B,.(xg) and for any K € K(Q). O

Thanks to the results of Section 3, we are in position to prove Theorem 1.3. The proof of this result is
inspired by [14].

Proof of Theorem 1.3. Let K : Qg x R™ — R be as in the statement. Fix x,2z € Q and, for any h € N,
let y5 € OQ be such that w(z) > dos (2,yn) + g(yn) — 7. Then

1 1 1 1
w(r) —w(z) < dos (T, yn) — doz (2,Yn) + 7 <dor (z,2) + 7 <dor(z,2) + 7 < adg(z,z) + 7
Letting h — oo, and since w(z) — w(x) can be estimated similarly, we conclude that w € Lip(Q,dq). Fix
x € 9Q. Then, by definition of w, it follows that w(z) < g(z). On the other hand, if y € 99, (1.12)
implies that

dos (2,y) + 9(y) = g(z),

and so, taking the infimum over 92, we conclude that w(z) > g(x). Therefore w = g on 9. Let now
z € 00 and let (zp)n C Q be such that x;, — x as h — co. Then

w(zp) — w(z) < dos, (zh,z) + g(x) — g9(x) < adq, (zh, x)
and there exists (yp)n C 99 such that

1 1 1
w(z) —w(zp) < 9(x) — 9(yn) — doy (T, yn) + 7 < doy (T,yn) — doy (T, yn) + 7 < dor (z,m0) + 7
Hence we conclude that w € C(Q). Let us show that w is a Monge subsolution. To this aim, let zg € £
and let (xp)n, C Q be such that xp — xg as h — oco. For any h € N, by definition of w, there exists
yn € 02 such that

g " -

w(zp) = doy (xn,yn) + 9(yn) — i

Therefore we infer that

w(an) = w(zo) + dog (w0,31) _ dog (20,1) + 9(yn) — w(ao)

=

1 1
h™ R

(e (e

Letting h — o0, being the sequence (z},);, arbitrary and recalling Proposition 5.2, we infer that w is a
Monge subsolution. Conversely, let xg € {2 and assume without loss of generality that B 1 (20, dg) C Q for
any h € N,. Fix such an h and choose y;, € 9 such that

1

ﬁ.

Moreover, for any h, let v, : [0,7,] — Qo be a sub-unit curve with the property that ~,(0) = o,
Y (Th) = yn and

w(zo) 2 dos (20, Yn) + 9(yn) —

T . 1
d@@w@?/ T (1), 3(0) dt — .
0

Pick ¢ € (0,Th) such that y(tn) € 0B1 (w0, dg) and set xy, := y(tp). Then clearly z;, — 2o as h — oo
and therefore, by definition of w and the choice of (vp,)p, we infer that

1 2
w(wy) — w(wo) + dox (w0, Tn) < doy, (Th, yn) — dos (w0, Yn) + doz, (T0, Th) 72 S e
Noticing that ||z5" - zp|| = + for some C' > 0, we conclude that
w(xp) — w(xg) + do (zo, TH 2
lim inf &) <_°1) i (¥0, Tn) <liminf = = 0,
h—so0 on th h—so0

and so w is a Monge supersolution. O
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6. MONGE AND VISCOSITY SOLUTIONS

In this section we show that, as in the Euclidean setting (cf. [38, 14]), when H is continuous the notions
of Monge and viscosity solution coincide. We begin to prove that Monge solutions are viscosity solutions.

Proposition 6.1. Let H be continuous. If u € C(Q) is a Monge subsolution (resp. supersolution) to
(3.1), then w is a viscosity subsolution (resp. supersolution) to (3.1).

Proof. Let u be a Monge supersolution to (3.1), fix o € Q and p € O u(zo). Then it follows that

— * -1, *
0 > tim inf A2 = 400) ¥ do- (@0,2)  yy (0 7(g_2)) + o (20, 7)
=30 g™ - 2| =30 llzg ™ - ||
Let (z1,)n be a minimizing sequence for the right hand side. Let us set t; := |lzg* - zp|| and &, :=
iﬂ(ﬂ?al -zp). In this way, t, — 0% when h — co. For any h € N, let i, € R"™™ be such that

5; (x5 - xn) = (&nmn)-

Y

By construction, (6. (zg' - xp))n is bounded. Then there exists £ € R™ and n € R*™™ such that, up to a
h

subsequence, (&x,1n) — (£,m) as h — oo. Then, by Proposition 3.5 and the choice of (z),, we infer that

-1
lim inf <p77T([L‘0 1'_)1> + do’* (330,1') > + dU* (Jfo,l'h))
220 [zg " - z| th

B oo do (T0, T - ¢, (EnsMn))
= (p,€) + liminf .

- .. da* (-’IJO; Zo ath (57 77))

= <pa €> + U*(Io,f).

Therefore we conclude that (=&, p) > 0*(xo,€). If it was the case that H(xo,p) < 0, then p is an interior
point of Z(xp). But then (=&, p) < o*(zg,&), since ¢ — (—¢,q) is a linear and non-constant, and so
it achieves its maximum on 0Z(x¢). A contradiction then follows. Assume now that u is a Monge
subsolution to (3.1), let 2o € Q and p € dFfu(xp). Assume by contradiction that H(xo,p) > 0. Hence,
by Hahn-Banach Theorem, there exists £ € S™~! such that (—¢, p) > 0*(x,€). For any h € N\ {0}, let
Zp = 2o - 0, (€,0), where (t,)n C (0,1) goes to 0 as h — oo. Then z, — xy as h — oo, and moreover

xgl -z, = (tr&,0). Therefore, being u a Monge subsolution, it follows that

() — u(zg) + do+ (20, )

= liminf ((p7 &n
h— 00

0 < liminf Y

T 0 (Bl
< liminf (p,m(zy " - 2)) + do+ (20, 2)
R [
< hmlnf <p5 ’/T('Io_l : xh)> + do‘* (‘TO; zh)
= Th—oo [

do+ (zo, 0 - 64, (€,
= (p,€) + lim inf (2o, 20 - 8¢, (€, 0))

h—o0 th
Let us set v : [0,1] — Q by ~(t) := zg - 6:(&,0). Notice that 4(¢) = £, and so « is sub-unit. Moreover

~v(0) = xo and y(¢t,) = xp. Hence, since the continuity of H implies the continuity of o* (-, &), we infer that

d *(1'075170 : 515;1(570)) < liminf ]éth U*(’}/(t),f) dt = U*(dfo,ﬁ)-

lim inf =2
h— o0 th h—o0

Therefore we conclude that (—¢&,p) < o*(xo, &), a contradiction.

In order to prove the converse implication, we need some preliminary results.
Proposition 6.2. Let H be continuous. Let u € C(§2) and assume that u is a viscosity subsolution to
(3.1). Then u € Wi (9).
Proof. Let z9 €  and p € d%u(xg) with p # 0. Then H(z,p) < 0, which implies that p € Z(xo).
Therefore it holds that |p| < « by (Hs). Hence u is a viscosity subsolution to
(6.1) | Xu| < a
on . Thanks to Proposition 4.3 and [42, Proposition 2.1], we conclude that u € I/V)l(’Oo (). O

Jloc
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Proposition 6.3. Assume that H is continuous. If u is a viscosity subsolution to (3.1) in Q, then

(6.2) u(z) —u(y) < dor(2,y)
for any x,y € Q.

Proof. Let z,y € Q. If x = y the thesis is trivial. If instead z # y, let v : [0,7] — Q be a sub-unit curve
such that v(0) = z and (T") = y for some T" > 0. Thanks to Proposition 6.2 and Proposition 4.2 we know
that u € W)l(?gc(ﬁ) and that

(6.3) H(z,Xu(z)) <0

for almost every z € . Let N be a Lebesgue negligible subset of ) containing all the non-Lebesgue
points of Xu and all the points where (6.3) does not hold. Then, in view of [40, Lemma 2.7], we infer
that H(z,p) < 0 for any z € Q and for any p € dx yu(z). Therefore, in particular,

(6.4) pE Z(z)
for any z € Q and for any p € dx yu(z). Hence, thanks to (6.4) and Proposition 2.5, we conclude that

/OT ) dt < /OT o™ (y(1), (1)) dt.

Since «y is arbitrary, the thesis follows.
O

Proposition 6.4. Let H be a continuous Hamiltonian satisfying (H). Let v € C() be a viscosity
subsolution to (3.1). Then u is a Monge subsolution to (3.1).

Proof. Let xo € Q. Hence, in view of (6.2), we infer that
u(x) — u(xg) + dox (zo, ) = 0
for any x € 2, from which the thesis easily follows. O
In order to prove that viscosity supersolutions are Monge supersolutions, we argue as in [38]. To

this aim, we combine Theorem 1.3 and Proposition 6.1 to show the solvability of the Dirichlet problem
associated to a continuous Hamiltonian in the setting of viscosity solutions.

Theorem 6.5. Let H be a continuous Hamiltonian satisfying (H), and let g € C(9) be such that (1.12)
holds. Then the function w defined by (1.13) is a viscosity solution to the Dirichlet problem
H(z,Xw)=0 inQ
w=g on Jf).

We need also the following sub-Riemannian comparison principle, whose proof is inspired by [8].

Proposition 6.6. Let Q2 be a bounded domain. Assume that H is continuous and satisfies (H). Assume
that uw € C(Q) N W;(?EC(Q) is a viscosity subsolution to (3.1) on Q and that v € C(Q) is a viscosity
supersolution to (3.1) on Q. If u < v on 09, then u < v on Q.

Proof. We can assume without loss of generality that u,v > 0. Let us fix § € (0,1) and set w := Ju.
Clearly w € C(Q2) N W)l(fgc(Q) and w < v on 0%2. If we prove that w < v on {2, then the thesis follows
letting § — 1.

Step 1. We first claim that for any Q € Q there exists 7 > 0 such that w is a viscosity subsolution to

H(z,Xw)+7n=0 on Q.
If it was not the case, then there exists Q € Q and sequences (z1,)n € Q, (pn)n € R™ such that
pn € O w(wy) and
1
H(xp,pn) + no 0
for any h € N,. Since by assumption Z(z;) C Ba(0) for any h € N, then we can assume up to a
subsequence that z;, — & € Q and p;, - p € R™. Being H continuous, we infer that H(Z,p) > 0. On

the other hand, notice that 22 € d%u(zy,) for any h € Ny, and so, being u a subsolution, we infer that
H (:ch, pg‘) < 0. Since H is continuous, we conclude that
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The last equation implies that & E Z(Z). But then, being Z (%) convex and since |p| < |p| , we conclude
that p is an interior point of Z ( ), and so H(Z,p) < 0, a contradiction.
Step 2. Let us define M := maxg(w — v), and assume by contradiction that M > 0. Let us define, for
any € € (0,1),
dy(, y)*"

pe(r,y) = w(z) —v(y) — QT~

Being . continuous on Q x €2, there exists (x.,y.) € Q x Q such that
M, :=maxp. = (108(1‘85 ye)~
QxQ

Step 3. We claim the following facts.
(1) M - M ase — 0.

(i) w(x )—v(ys)—>Mase—>0.

(iii) e (%%2 —0ase—0.

(iv) Let us set

(QT!)dg(azs,yg)%!*leg(xs,yE)

2

De =
Then (pe). is bounded.
(v) There exists Q) € Q such that z.,y. € Q for any ¢ small enough.

Indeed, since from the choice of (z,y.) it is easy to see that M < M, for any € € (0,1). Let us set
R := max{||w||co, ||v||co }- Then we have that

M < 2R — dg(l‘a)ys)%!
Since we assumed that M > 0, we infer that
dg (3757 ys)QT! < 2R.

22
This implies in particular that dy(z.,y.) — 0 as € — 0. This fact, together with the compactness of Q,
allows to assume up to a subsequence that there exists Z € Q such that
(6.5) lim dg(zc,z) = hm dg(ye,z) = 0.

e—0

Moreover, notice that M < M. implies that M < w(x:) — v(ye) for any € > 0. This last inequality,
together with (6.5), implies that

(6.6) M < liminf w(z:) — v(ye) < limsupw(z.) — v(y:) < M.
=0 e—0
This proves (ii). The fact that M < M., combined with (6.6), allows to conclude that
M <liminf M, < lim w(z:) —v(y:) = M.
e—0 e—0

This proves (¢) and (ii). To prove (v), it suffices to observe that
M = limw(z:) —v(ye) = w(z) — v(T),
e—0

and thus, recalling that M > 0 and that w < v on 99, (v) follows. Finally, we prove (iv). Indeed, notice
that, in view of the choice of x.,y., then

dg (xaa ys)%!

w(Ye) = v(Ye) = e (Yes Ye) < (e, ye) = w(xe) —v(ye) — 2

)

which implies that

d Te, Ye 2r!
% < ’LU(JUE) - w(ye) < Cdg(l'svys)a

where C' > 0 is the dy—Lipschitz constant of w on Q. Therefore

dg (xs7 y6)27‘!—1
o2
The proof is concluded noticing that z — Xdg(20,2) is bounded on Q \ {20} uniformly with respect to
zp € Q.
Step 4. Let us define

<C.

dg (CCE , y)2r!
52

dg(x7y€)2r!

and  @(a) 1= vly:) + =2

e(y) = w(we) —
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for any x,y € Q. These are smooth function on 2. Moreover, z. is a maximum point for x — w(z) — @2 ()
and y. is a maximum point for y — —v(y) + ¢l(y). Therefore, if > 0 is the constant coming from Step
1 and relative to §2 as in (v), then

H(‘Tsape) +n < H(y57p5)~
Being (p.). bounded, we can assume that p. — p as ¢ — 0. Therefore we conclude from the previous
inequality that
H(z,p) +n < H(Z,p),
a contradiction. a

Proposition 6.7. Let H be continuous. Let u € C() be a viscosity supersolution to (3.1). Then u is a
Monge supersolution to (3.1).

Proof. Let u be as in the statement. If by contradiction w is not a Monge supersolution to (3.1), there
exists zg € ), r > 0 and d > 0 such that

(6.7) u() - u(zo) + dye (20, 2) > Sy -

for any € B,(zo,dy). Notice that, without loss of generality, we can assume that u(zg) = 0. Set
Y(x) = —dg« (xo, x) + 0r. Notice that, as B, (zo,dy) € Q, then H € Ko(B,(zo,dy)). Moreover, notice that

¢($) - 1/)(Zl) = dU* (.’Eo, y) - dd" (.’Eo, x) < dU* (1’7 y)
for any x,y € 0B, (x¢,dy), and so (1.12) is satisfied by 1. Therefore we know from Theorem 6.5 that, if
we define w : By(zg,dy) — R as in (1.13) with Q = B,(z¢,dy) and g = 1, then w € C(B,(x¢,dy)) and
w solves in the viscosity sense the Dirichlet problem
H(z,Xw) =0 in B,(xo,dg)
w=1 on dB.(xo,dg).
Moreover, in view of (6.7), u > v on 0B,(zg,dy). Therefore, recalling that w € C(By(zo,dg)) N

W;(’VTSC(Br(a:O, dg)), we conclude from Proposition 6.6 that w(zo) < u(zrg) = 0, but this is impossible,
since w(zg) = or > 0. O

Proof of Theorem 1.2. It follows from Proposition 6.1, Proposition 6.4 and Proposition 6.7. (]

7. COMPARISON PRINCIPLE AND STABILITY

7.1. Comparison Principle. In this section we prove Theorem 1.4. This result, as customary, yields
uniqueness for the Dirichlet problem associated to (3.1). The proof of Theorem 1.4, strongly inspired by
[23], is based on the validity of the following two properties of Monge subsolutions.

Proposition 7.1. Let u € C(2). Assume that u is a Monge subsolution to (3.1). Then u € W;(?EC(Q)

Proof. Assume that u € C(Q) is a Monge subsolution to (3.1). Then
i inf u(z) — u(xo_)1+ ado(xg, ) > lim inf u(z) — U($E)1+ dy+(z0,7)
T—0 ||$o x” T—x0 on . :I;H

for any zo € Q. Let K(x,§) := [{] — . Then o} (z,§) = a[¢| and do; (2,y) = ada(z,y). This implies

that u is a Monge subsolution to (6.1) on . Since K is continuous, then w is also a viscosity subsolution
to (6.1), in view of Proposition 6.1. The conclusion follows as in the proof of Proposition 6.2. ]

>0

Proposition 7.2. If u is a Monge subsolution to (3.1) in Q, then for any xo € Q there exists r > 0 such
that

w(@) —u(y) < do(z,y)
for any x,y € B.(xo,dq).

Proof. Let r > 0 be as in Proposition 3.3. Then in particular B,.(z¢,dq) € Q. Moreover, since u and
d,+ are continuous on B,.(zg,dq), it suffices to consider points in B,.(zo,dq). Let ,y € B.(xg,dq). If
x = y the thesis is trivial. If instead x # y, in view of Proposition 3.3 there exists a sub-unit curve
v : [0,7] — € such that ¥(0) = z, v(T) = y for some T" > 0 and ~ is optimal for d«(x,y). Set
f(t) = do+(20,7(t)) and g(t) := u(~y(¢)). Therefore Proposition 7.1 implies that both f,g € Wli’coo(O,T).
We infer that the derivative of f + g exists almost everywhere on (0,7"). To conclude, it suffices to show



MONGE SOLUTIONS FOR DISCONTINUOUS HAMILTON-JACOBI EQUATIONS IN CARNOT GROUPS 17

that it is non-negative. To this aim, recalling that « is a Monge subsolution to (3.1) and by the choice of
~, we observe that

d . glto+h)—g(to) + f(to +h) — f(to)
dt(f +9) t=to hlinng h
L ullte b)) — u(y(t) + do (w1 (Eo + ) — doe (0. 5(E0))  [(E0) " - 1(t0 + )|
h—07F (o)~ - v(to + R h
. u(y(to + h)) — u(y(to)) + do (Y(to), ¥(to + 1)) [lv(t) " - (to + A
> liminf T .
h=0% (o)~ - v (to + h)| h
=0
for almost every tg € (0,7). Finally, integrating %( f+g)in [0,T] we get the result. |

Lemma 7.3. Let H, K : Q x R™ — R satisfy (H), and assume that there exists § € (0,1) such

(7.1) Z(x) CéZy(x)

for any x € Q. Assume that u € C(Q) is a Monge subsolution to K(z,Xu) =0 and that v € C(Q) isa
Monge supersolution to H(x,Xv) =0. If u <v on 9, then u < v on €.

Proof. Assume by contradiction that there exists xo € € such that u(zo) > v(zo). Let us define H, K by

H(x,§) if (z,£) € @ x R™
€] — otherwise

ﬁ(.ﬁ,g) = {

and
K(z,8) if (z,£) € Q x R™

[ otherwise.

K(l’,f) = {

Then H € Ko(H, ) and K e Ko(K, Q). Notice that, since H, K are defined on the whole G x R™, then
do+ ,dy+ are geodesic distances (cf. [26]). Moreover, (7.1) and the definition of H, K imply that

(7.2) Z(w) € 625(x)
holds for any = € . We claim that there exists € > 0 such that
da;? (1‘, y)2

Jo(a,y) 1= ul@) = vly) - ——

achieves its maximum over Q2 x Q on Q2 x€2. If not, then for any h € N there exists (zp,yn) € (2xQ)\Q2xQ
which realizes the maximum for f%. Up to a subsequence, we can assume that x, — T and that y, — 7.
Moreover, we can assume without loss of generality that = € 9. Notice that

(7.3) 0 < fa(zo,x0) < u(wn) — v(yn) — hdgs (. yn)*.
Therefore hd(,;} (zh,yp) is bounded, an hence dg(zp,yr) — 0. This implies that Z = . Hence, noticing
that f1 (20, x0) does not depend on h, (7.3) implies that u(Z) > v(Z), which is impossible since Z € 9S).

Let then (Z,7) € Q x Q be a maximum point for f., and let v : [0,7] — G be a sub-unit curve such that
7(0) =&, y(T) = § and

and set )

H(E) = 2 (o, (2.5) + oy (1(0), ).
We claim that h(0) < 6. If & = ¢, the thesis is trivial. So assume & # . Notice that f.(Z,9) > fe(v(t),9)
for any ¢ small enough, and so

(@) — (1) 2 h(t) (Ao (7,5) — do, (1(2), 9)) > h(E)dos (7, 7(1))

for any ¢ small enough. Since u is a subsolution to K(z, Xu) = 0, we can apply Proposition 7.2 to infer
that

&
for any ¢ > 0 small enough. Moreover (7.2) implies that do (Z,v(t)) < Odge (Z,~(t)) for any t € [0, 7.
We conclude that

dos (2,7(1)) > h()dys (&,(8))
Y
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for any ¢t > 0 small enough, which yields the claim. Noticing that f.(Z,7) > f-(Z,y) for any y close
enough to g, we see that

o(@) = v(y) = [-(E9) — fo(55) + ~(do

- e\ i
1 N - .

< C(doy (3,9) + doy, (2,9))dor, (9, 9)
140 ~

< 5oy, (7:9)

for any y in a neighborhood of §, where the last inequality follows from h(0) < ¢ and from the local
uniform continuity of do+ (Z,). Therefore we can conclude that

_ i 1-6, 1-6
v(y) = (@) +doy, (§:y) 2 ——doy, (5,9) 2 ——da (5, y),

which is a contradiction since v is a supersolution to H(z, Xv) = 0. ]

Proof of Theorem 1.4. The proof, in view of Proposition 7.1, Proposition 7.2 and Lemma 7.3, follows
with the obvious modifications as in [23, Theorem 5.8]. O

7.2. Stability. Finally, following [14], we prove Theorem 1.5, which is the analogue of [14, Theorem 6.4].

Proof of Theorem 1.5. Fix xg € Q and let r > 0 be such that B, (zg,dq) € Q and Proposition 3.3 holds.
Then H,, € Ko(Hp, B (x9,dq)) for any n € N and Hy, € Ko(Heso, Br(zo,dq)). Moreover, in view of
Proposition 7.2, un(z) — un(y) < dyz, (z,y) for any n € N and for any z,y € 0B, (29, dq). Hence, in view
of Theorem 1.3, ’

Un, (l’) = yef)igf(wo){da;[" (Ia y) + un(y)}

for any « € B,(z¢,dq) and any n € N. By the local uniform convergence assumptions we infer that

00 = inf de , 0o
o) = _inl {do,_(0,0) + (1)
for any x € B,(x9,dq), and so we conclude thanks to Theorem 1.3. O

Remark 7.4. The convergence condition in the hypotheses of Theorem 1.5 is based on the optical length
functions rather than on the Hamiltonians. Arguing as in [14], one can easily find sufficient conditions on
the Hamiltonians in order to guarantee the local uniform convergence of the optical length functions.
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