WASSERSTEIN ASYMPTOTICS FOR BROWNIAN MOTION ON THE
FLAT TORUS AND BROWNIAN INTERLACEMENTS

MAURO MARIANI AND DARIO TREVISAN

ABSTRACT. We study the large time behavior of the optimal transportation cost towards
the uniform distribution, for the occupation measure of a stationary Brownian motion on
the flat torus in d dimensions, where the cost of transporting a unit of mass is given by
a power of the flat distance. We establish a global upper bound, in terms of the limit for
the analogue problem concerning the occupation measure of the Brownian interlacement
on R?. We conjecture that our bound is sharp and that our techniques may allow for
similar studies on a larger variety of problems, e.g. general diffusion processes on weighted
Riemannian manifolds.

1. INTRODUCTION

Given a stochastic process (X¢)i>0, its occupation measure up to a time 7" > 0 can be
defined as the (random) measure

T T
i = [ s i) = [ ixends (1.1)

If renormalized to be a probability measure, it is also known as the empirical measure of X.
From the simplest case of pure jump process associated to i.i.d. random variables (Y},)22,
, L.e., Xy =Yy, to that of diffusion processes on manifolds, the occupation measure has a
plethora of applications, ranging from non-parametric statistics, to Monte Carlo methods
and mean field theory.

Under natural assumptions on X, such as stationarity and ergodicity, limit theorems
can be established for the empirical measure, as the time horizon T increases, showing
convergence towards its invariant measure. It is then a relevant question in applications to
quantify such convergence, using a suitable metric between measures defined on the state
space of the process. A particularly compelling choice, assuming that the state spaces is
already equipped with a distance, e.g. if X takes values in a Riemannian manifold, is given
by the optimal transport (Wasserstein) cost of order p, for some p > 0. Also known as the
earth mover’s distances, the metric is defined as the minimum total cost of moving a source
mass distribution u towards the target distribution A, where the cost of transporting a unit
of mass is given by the p-th power of the distance in the underlying state space. Classically,
the case p = 1 was the preferred choice, also because of the celebrated Kantorovich dual
formulation, which represents the minimum cost as a maximum discrepancy between the
integrals with respect to p and A over all the 1-Lipschitz functions. In recent years, other
choices of p, particularly p = 2, have been the subject of intense investigation, see the
monographs [2, 39]. Also the “concave” case p < 1 yields interesting features, as studied
in [19, 32].

The problem of establishing rates of convergence for the Wasserstein cost of the oc-
cupation measure for pure jump process associated to i.i.d. random variables (Y,)5° is
strongly related to the so-called random assignment (or bipartite matching) problem, of
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combinatorial nature. Indeed, if instead of a single process one considers two (indepen-
dent) families of variables (Y,)2%,, (Z,)%,;. Then, for every T' = n one can study the

n=u*
assignment cost
n

; : P
min ) d(¥i, Zo(5) (1.2)

=1
where S, denotes the set of permutations over n elements. By Birkhoff’s theorem on
doubly stochastic matrices, it is well-known that the cost above equals the Wasserstein

cost of order p between the two occupation measures

fn =Y Ovi, A= 0z, (1.3)
=1 =1

From this point of view, it is natural to expand the techniques developed for the assign-
ment problem to the study of asymptotic rates of convergence for more general stochastic
processes, e.g. diffusions on Riemannian manifolds. Indeed, the literature on the random
assignment problem is vast and growing: stemming from the seminal works [18], it stimu-
lated powerful functional analytic techniques [37, 38] and combinatorial/geometrical ones
[1, 16, 10, 7]. A renewed interest due to powerful predictions by the statistical physics
community [14, 12, 35, 13, 8] lead recently to the development of novel methods [5, 30, 22,
23] that have found several applications [9, 3, 4, 21, 6, 20, 27, 24], even beyond the case
of i.i.d. points [29, 15] and also for other combinatorial optimization problems [11, 25].

In the case of continuous processes on manifolds, F.-Y. Wang and collaborators pio-
neered systematic exploitation of the PDE tools from [5, 30] to the exploration of as-
ymptotic rates for occupation measure [47, 42, 40, 43, 45, 44, 41]. Let us mention that
similar techniques have been also extended to non-Markov processes such as the fractional
Brownian motion [28, 31].

However, a known issue that afflicts the original PDE methods [5, 30] (but also in
some sense [22]) is that when the dimension of the underlying manifold grows (i.e., for
d > 3 in the random assignment problem and d > 5 for diffusion processes) the upper and
lower bounds resulting from a “global” application of the methods become less precise and
yield (conjectured) non-optimal constants, although they still match the correct rates. To
overcome this, in the setting of the assignment problem, it was first put forward in [23]
and later developed in [6, 25] the need for further “localize” the problem, using geometric
decompositions of Whitney-type.

1.1. Main results. Aim of this paper is to show for the first time that it is possible to
adapt these localization arguments in the setting of diffusion processes on Riemannian
manifolds, obtaining (conjectured) sharp results. We focus on the simplest of all cases,
namely that of Brownian motion on the flat torus, where the occupation measure con-
vergence towards the uniform (Lebesgue) distribution. It turns out that the limit of the
Wasserstein cost of the occupation measure on sufficiently small scales is related to the
limit of a suitably defined notion of occupation measure associated to the Brownian (con-
tinuous time) interlacement process on RY, as introduced in [36]. Such a connection is
quite natural, in view of similar results about scaling limits of the support of a Brownian
process in the torus (for an exposition in the discrete time case, see [17]). Intuitively, the
Brownian interlacement plays here the role of a Poisson point process in the case of i.i.d.
points.

Our first main result can be stated as follows. All the notation and basic notions
(including the Newtonian capacity Cap(€2) and normalized equilibrium measure for a set
Q C R?) will be precisely given in Section 2. We only anticipate that the notation W§(u)
denotes the Wasserstein cost of order p between the restriction of a measure p on €2 towards
the uniform measure on 2, with the same total mass p(€2).
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Theorem 1.1. Let d € {3,4} and p € (0,(d —2)/2), ord > 5 and p > 0. Then, there
exists a constant ¢(Z, d,p) € (0,00) such that the following holds. Let 2 C R? be a bounded
connected domain with C* boundary (or Q = Q be a cube) and let (B');>1 be independent

Brownian motions on RY, with initial law given by the normalized equilibrium measure on
Q. Then, it holds

lim E [WS (Zn: /000 (5Bgds>] /(n Cap(Q))lfp/(cLZ) = c(Z,d, p)|. (1.4)
1=1

n—oo

The notation Z in c(Z,d, p) stands for “interlacement”. Although strictly speaking in
the statement above there is no Brownian interlacement process, its existence is deduced
by showing first (Theorem 4.4) that a similar limit holds for the Brownian interlacement,
by exploiting its stronger self-similarity properties.

Our second main result links the c(Z, d, p) with the occupation measure of a stationary
Brownian motion on the flat torus T¢ = R?¢/Z¢.

Theorem 1.2. Let d € {3,4} and p € (0,(d —2)/2), ord > 5 and p > 0. Let (Bt)¢>0 be
a stationary Brownian motion on T%, i.e. with uniform initial law. Then,

T
limsup E {W{T’d </ 5Btdt>} JTPIA=2) < (T d, p). (1.5)
0

T—o00

with ¢ (Z,d,p) as in Theorem 1.1.

Although both our main results investigate the expected value of the Wasserstein cost
of order p, we are able to give a concentration result in Proposition 6.1 which can be used
to improve to a.s. convergence for a certain range of p’s. This could be relevant in view
of applications, e.g. in Monte Carlo methods, where one usually simulates a single sample
path instead of averaging over an independent family of paths.

1.2. Comments on the proof technique. As already mentioned, our results adapt, for
the first time in the study of occupation measures for diffusion processes, the combination
of geometric and analytic techniques developed for the assignment problem in the recent
works [23, 6, 25]. In particular, in order to establish Theorem 1.1, we actually prove
a rather general result, Theorem A.l, that applies to stationary random measures un-
der suitable concentration assumptions, and we believe could be of interest also in other
settings. However, since the proof is indeed a generalization of the arguments already
employed for the assignment problem, we defer it to Appendix A.

The main technical novelty instead, we believe, comes from its application to prove
Theorem 1.2. Indeed, we are able to argue that, as T increases, on a sufficiently small
scale, but larger than the critical scale T=Y(4=2) the “local” Wasserstein cost of order p
converges exactly (after a suitable renormalization) towards the same constant c(Z,d, p)
of the Brownian interlacement. This is the content of Proposition 5.1, which constitutes
the main step in the proof of Theorem 1.2. However, when transferring this exact limit
from the local problems to that on the whole T¢, we obtain only an inequality, due to the
sub-additivity properties of the transportation cost.

In the proof of Proposition 5.1, which is split into small steps for the reader’s conve-
nience, we employ several technical tools, not only from the random assignment problem
literature, but also from the random interlacement theory [36, 17]. In particular, we also
make use of quantitative mixing rates in the total variation distance for Brownian motion
on T?, in order to efficiently split a single trajectory into a large number of independent
ones, which will constitute an approximation of Brownian interlacements. However, it
turns out that we also need some fine asymptotics for the hitting distribution of a small
ball (in addition to the hitting probability). This is achieved in Proposition 3.7, via a
combination of the functional analytic methods for estimating the Wasserstein cost, with
classical potential-theoretic arguments.
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1.3. Further questions and conjectures. Our result raises some further natural ques-

tions:

(1)

Is the limsup actually a limit (and equals the right hand side) in (1.5)7 When
compared with the assignment problem, the situation looks very similar, for sharp
(conjectured) constants associated to upper and lower limits are known to exist, see
e.g. [7, 25], but in general it is not known whether they coincide. A few exceptions
are given by the case d = p = 2 [6], and the concave case d =1, 0 < p < 1/2 [24],
but the proofs rely on rather special properties of the assignment in such cases.
Does Theorem 1.2 extend to the case of more general diffusion processes? Let us
consider for example the setting of a weighted Riemannian manifolds (M, g, o),
where o is a (smooth, bounded from above and below) probability density with
respect to the Riemannian volume measure, and B denotes the diffusion generated
by the corresponding weighted Laplacian (so that the invariant measure is o).
Then, we conjecture that the right hand side in (1.5) should be multiplied by an
additional integral term:

T
hqujupE [W{;d ( /0 5Btdt)] JTP/0=2) < (T, d, p) /M fip/(d=2) (1.6)
where
f(z) = lim Capyy (B:(z)) (1.7)

230 Cappa(B=(0))

It would be already interesting to prove (or disprove) this conjecture in the case
of M = R? endowed with a Gaussian weight o, so that the Ornstein-Uhlenbeck
process is the resulting diffusion, and p is small enough, e.g. 0 < p < d — 2.

How should our results be modified in the cases d < 2, or d € {3,4} but p >
(d — 2)/2? Let us mention that, for a stationary Brownian motion on T it is
proved in [28] that, for any p > 1,

T.T77/2 if d < 3,

T
E [W{;d (/ 5Btdt>:| ~ L TYP/2 . (1og TP? if d = 4, (1.8)
0 T1-p/(d=2) if d > 5,

where the notation f(T") ~ ¢g(T') means that for every T (large enough), it holds
c 1 < f(T)/g(T) < cfor some constant ¢ € (0, 00). For the concave case 0 < p < 1,
we conjecture, by analogy with the assignment problem [9, 24], that

T
E [W]’?d (/ 5Btdt>} ~T-TP? ifd<2ord=3andp>1/2. (1.9)
0

In the remaining case d = 3, p = 1/2, we conjecture instead

E [W;f </0T 6Btdt>} ~/TlogT. (1.10)

In Proposition 6.1, we show that the random variable

T
w2, (/ 5Btdt> JT1P/(d=2) (1.11)
0

concentrates around its expectation if p is sufficiently small (in particular, if p <
(d—2)/2). It is natural to conjecture that such concentration holds for every p > 0
(if d > 5). Let us point out that a similar issue arises for the assignment problem,
where the corresponding concentration results are known to hold for 0 < p < d (if
d > 3) but one expects that it should be true for every p.
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1.4. Structure of the paper. In Section 2, we introduce all the relevant notation and
recall some basic facts, in particular concerning optimal transportation theory. In Section 3
we focus on Brownian motion on R% and the torus T¢, establishing, among various useful
bounds, Proposition 3.7 about small-ball hitting (probabilities and) hitting distributions.
Section 4 is devoted to the proof of Theorem 1.1 although, as already mentioned, most
of the general tools from the assignment problem literature are actually recalled and
elaborated in Appendix A and Appendix B. The main body of the article ends with
section Section 5, devoted to the proof of Theorem 1.2 and Section 6, focusing on the
concentration properties of the random Wasserstein transport cost and (non-sharp) lower
bounds.

Acknowledgements. D.T. thanks A. Chiarini for useful conversations on the theory of
random interlacements. M. Mariani acknowledges support by the 2023 Visiting Fellow
program of University of Pisa.

2. NOTATION AND BASIC FACTS

2.1. General notation. Given two real-valued functions f, g (e.g. of a real variable x),
we write f(x) < g(z) if there exists a strictly positive and finite constant ¢ (independent
of z) such that f(z) < cg(z) for every = (notice that we do not require f, g to be
positive) and f(x) 2 g(x) if g(x) < f(x). We also write f(x) ~ g(x) if f(z) < g(x) and
g(x) < f(x). The notation f(z) < g(x) means that lim, f(x)/g(x) = 0, for x — oo or
x — 0 (it will be clear from the context). Since we are going to use functions with several
parameters, such as exponents p, g or additional positive parameters €, J etc., we may
stress the dependence of the constant ¢ with respect to these parameters by adding them
as subscripts, e.g. fp(z) <p gp(x) means that the constant ¢ = ¢(p) may depend on p.
Despite this, we warn the reader that in order to keep the notation as light as possible,
we will not stress such dependence in many statements. Again, to keep the statements
simple, we do not always stress the fact that the various constants appearing are strictly
positive and finite.

Given a set S, we write #S for the number of its elements and xg for its indicator
function. In case S € A is an event on a probability space (2,.4,P), we use the notation
In = xa. For L > 0, we let Q;, = [~L/2,L/2)? for the cube of side length L and
Dr(y) = {z : |z —y| < L} C R? for the ball of radius L centred at y, where we denote by
|z| the Euclidean norm of a vector x € R%. We consider T? = R?/Z? endowed with the
flat distance

de(xay) = inf |fL'—y—Z’, (21)
z€Z4
and identify it (as a set) with @ = [~1/2,1/2]? C RY. We use the same notation
Dr(y) ={z : dpa(z,y) < L}, (2.2)

so that the ball D7,(0) on T? is naturally identified (as a set) with the ball in R

We use the notation |A| for the Lebesgue measure of a Borel set A C R? or A C T9,
d(-, A) for the distance function from A, diam(A) for its diameter, and [, f = [, f(z)dx
for the Lebesgue integral of a function f on A. Given a Borel measure x on R? or T?, we
write trans, p for its translation by z € R? i.e., trans, u(A) = u(A — z). In case of RY,
we write dil, p for the dilation by a factor p € (0, 00), i.e., dil, u(A) = p(A/p).

For a (sufficiently smooth) function ¢ on R? or T¢, we use the notation V¢ for its
gradient, V - ¢ for the divergence, A¢ for the Laplacian.

2.2. Occupation measures and hitting times. Given a continuous curve z = (z¢)¢>0
with values in R¢ or T¢, we write

T
i = [ i (2.3)
0
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for its occupation measure up to time 7' € [0, 00]. For a (compact) set K C R?, define its
first hitting time
Trx:=inf{t >0 12, € K}. (2.4)
When z is understood, we simply write 7, in particular we use often the notation u7, =
Pz We also write 0 = (65)s>0 for the shift operator acting on continuous curves as
057 = (T445)1>0 for every s > 0. We apply 6 also when s = s(z), i.e., 03T = (T¢y4())t>0-
This notation is particularly useful in order to define the first hitting time of a set K’ after
Tk, which is simply given by 7x + Tk’ 0 0,,.. We notice the identity, valid for any = and
K,
pg LK = 5 LK, (2.5)

with 7 = 7z (valid also for T' = oo with the convention that co — oo = 0).

2.3. Negative Sobolev norms. Given a bounded domain @ C R? (or Q C T%) with
Lipschitz boundary and p € (1,00), with Holder conjugate p’ = p/(p — 1), we write
| 1| zr () for the Lebesgue norm of f, and

Iflw-tog =  sup / 1o (2.6)

Vel Laa)<1/Q

for the negative Sobolev norm. Notice in particular that if || ||y -1.»(q) < 0o then [, f = 0.
In this case we may and will restrict the supremum to functions ¢ having also average
Zero.

Let us recall that we can bound the W =% norm by the LP norm via the following
Poincaré inequality.

Lemma 2.1. Let Q be a bounded domain with Lipschitz boundary and let f : Q@ — R such
that [o, f =0. Then, for every p > 1,

1
I fllw-1p@) S 122 fll e () (2.7)
Moreover, the implicit constant is invariant by dilations of §2.

2.4. Total variation distance. Given two random variables X, Y taking values in a
measurable space (F,E) (possibly defined on different spaces) with laws Py, Py, their
total variation distance is

dTv(]Px,]Py) = sup ]P)(X S A) —P (Y € A) S [0, 1] (28)
Aeg
Recall that, for any f: E — R measurable and bounded, it holds
E[f(X)] - E[f(V)] < sup|[(z)[ drv (X, Y). (2.9)
xe

We use the following well-known contraction property for the total variation distance: if
N is a Markov kernel from E to a measurable space (F,F), then

dTv(NﬁP)(,NﬁPy) < dTv(Px,[Py), (2.10)

where NyPx denotes the (push-forward) probability given by N;Px(A) = E[N(X, A)] for
AeF.

In particular, we will use the following data-processing inequality (for the total variation
distance): (U,V,W) are random variables that form a Markov chain

U—-V->W (2.11)

(possibly taking values in different measurable spaces (£, £), (F, F), (G, G) with transition
kernels Np_, g, Nrp_,¢ and V is any random variable taking values in F', then

drv (Pwvwy, Neog @ Py @ Npog) < dpy(V, V), (2.12)
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where Np_,g ® Py, ® Np_,¢ is a notation for the probability measure corresponding to a
Markov chain
U—-V->W (2.13)

with U having the kernel~N rF— g as conditional law given f/, and W having kernel Np_, &
as conditional law given V.

2.5. Optimal transport. Given p > 0, a Borel subset Q C R? (or Q C T%) and two
positive Borel measures p, A with p(2) = A(Q) € (0,00) and finite p-th moments, the
optimal transportation (or Wasserstein) cost of order p between p and A is defined as the
quantity

WP A) = i d Pd 2.14
BN = min [ dydr(a) (2.14)

where d denotes the Euclidean distance in case @ C R?, and the flat distance in the case
Q C T¢ The set C(u,)) is the set of couplings between u and A i.e., positive Borel
measures on 2 x  such that the first and second marginals are respectively u and A.
Moreover, if p(Q) = A(Q) = 0, we define W§(p, A) = 0, while if p(Q) # A(), we let
WA(1, \) = oo.

Let us collect some basic facts related to the Wasserstein cost. Proofs of the simpler
ones can be found in any of the standard references on the subject [2, 39, 33].

Let us notice that if, Q C T¢ and diam(Q) < 1/2, the Wasserstein cost can be equiva-
lently computed on T? or on R?, by identify Q with a subset of [0, 1]¢.

For every constant a > 0,

W (ap, aX) = aWg(p, N), (2.15)

which always allows to reduce to the case of probability measures p(2) = A(©2) = 1. For
r > 1, by Hélder inequality,

— r r 1/r
WE (1, ) < ()7 (WE (1, 1) (2.16)
If 1(9) = A(9),
WA (1, A) < diam(Q)7(€), (2.17)
which can be slightly improved to
W8 (1, A) < diam(2)dry (1, A). (2.18)

Notice also the lower bound
WEGs ) < | d,supp(0)Pdi(a). (2.19)
Q

For p > 1, the quantity (W§(x, M)Y/P is a distance, while for p € (0,1), W (1, A) is
already a distance, hence enjoying the triangle inequality. We will also use the following
sub-additivity inequality

Wi ([ nedota), [ ruota)) < [ WG ot (220)

where (E, £, 0) is a measure space and (u;).cr, (A\:).cr are measurable families. Notice
that, for the right hand side to be finite, it is necessary that p,(Q2) = \,(Q2) for o-a.e.
zel.

To keep the notation simple, given a Borel subset  C €, we write

WE(11, A) = Wh(pL QAL 0), (2.21)

which also coincides with WS(XQM, XaA). Moreover, if a measure is absolutely continuous
with respect to Lebesgue measure, we only write its density. For example,

W (i, p(2)/1921) (2.22)
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denotes the transportation cost between L {2 to the uniform measure on € with total
mass ©(£2). To further simplify the notation, in this special case of transporting towards
the uniform measure, we write

W () = W (1, 1(2)/12) (2.23)

Let us recall some lemmas from [25]. The first one is a “geometric” sub-additivity
result, which follows straightforwardly combining the triangle inequality, (2.20) and the
elementary inequality, for p > 0, there exists ¢ = ¢(p) such that

(@a+bP < (1+e)a? + ﬁb” VYa,b >0 and € € (0, 1). (2.24)
g

Lemma 2.2. Let (E,&,0) be a measure space, let @ C R? (or Q C T¢) and (0,).cr be a
measurable collection of Borel subsets of Q2. Let u, A be measures on §2 such that

/ xa.do(z) =1, p+ A-a.e. (2.25)
E

Then, for every p > 0, there exists ¢ = c(p) such that, for every e € [0, 1),
0 Q.
w2 (u,’;EQ;A> < (1+5)/ 174 (u ’;EQ ;>\> do(z)
C p(82) 1(82)
+ g(p_l)Jr WQ (/E )\(QZ)XdeU(Z)A7 )\(m)\> :

Letting in particular A be the Lebesgue measure, we have, for p > 0,

Who < (o) [ Wh o)+ S ([ A hedota) . )

The second lemma relies on a PDE argument and applies to sufficiently nice domains.

(2.26)

Lemma 2.3. Assume that Q CR? (or Q C T¢) is bounded, connected and with Lipschitz
boundary. If p and A are measures on Q with () = A\(QQ), absolutely continuous with
respect to the Lebesgue measure and infg A > 0, then, for every p > 1,

1
p < - _ p
Wa( ) S s = Ay - (2.28)

In the lemma above, infg A is the infimum of the density of A with respect to Lebesgue
measure.
Combining the above result with Lemma 2.1, we obtain that, for p > 1,

P/
infg AP

where the implicit constant depends is invariant with respect to dilations of €.

Wp(,uv )‘) H:u - )‘Hip(ﬂ) ’ (229)

Remark 2.4. In fact, Lemma 2.3 holds as well in case of compact smooth connected
Riemannian manifolds, see [4]. In particular, given the unit sphere Q = 9D; C R? and
letting A = ép, be the uniform (probability) distribution on the sphere (the notation will
be clarified below), it holds

WEp (1,Ep,) < sup {/aD oip: [ o=, /aD Vol < 1}. (2.30)
1 1 1

A simple scaling argument shows also that, for £ > 0,

Wé’De(u,éDé)ﬂpsup{ o/ 0)dp(a / 6=0, AD |V<z>p’s1}. (2.31)

8D,

where €p, denotes the uniform probability distribution on 9.D,.
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Let us notice that, by (2.20), it always holds
%3 ()\ oA /L) <WZ ()\, X) +WE () = WE ()\, X) . (2.32)

It is natural to ask whether under suitable smoothness assumptions on x one can improve
this bound. The following result is a special case of [25, Proposition 2.9] for the case where
© and A have constant densities.

Proposition 2.5. Let Q C R? be a bounded Lipschitz domain, X be any finite measure on
Q and h > 0. Then, for every p > d/(d — 1), it holds

wh ()\ + |Qh|) < diam(Q)PA(Q) <’\(hm>p/d, (2.33)

where the implicit constant depends on € only, but is invariant by rescaling of €.

The condition p > d/(d — 1) appears in (2.5) because of an application of the Sobolev
embedding in Q. If p < d/(d — 1) one can deduce suitable modifications of (2.33), as
discussed in [25, Remark 2.10]. However, we may dispense of these cases by a simple
application of (2.16): if 0 < p < d/(d — 1) and r is chosen sufficiently large so that
pr>d/(d—1), then

A(Q)\P4 AQ)\ /e (2.34)
< diam(Q)PA(2) (h) + diam(Q)Ph <h> |

It is also natural to ask whether (2.20) can be reversed. Indeed, given two measures ,
A, and setting
A©)
U= ————— 2.35
W@ + ) (239

then applying the triangle inequality, (2.24), (2.20) and (2.17) easily yield
W) < L+ OWE (L=t M)+ o Wh (L=t )

< (L+e)Wh(u+X) + ﬁdiam(mm(ﬁ). (239

Combining this derivation with Proposition 2.5 leads to the following bounds.

Lemma 2.6. Let Q C R be a bounded Lipschitz domain, let p > d/(d—1) and € € (0,1).
Then there exists ¢ = ¢(2,d,p, ) such that the following holds. If i and X are measures
on €1, then

p/d
WE(+ ) < (14 &)Wh(u) + ¢ diam(Q)PA(Q) <2§g§> : (2.37)
and
A(Q) \7¢
W) < (1+cd)(14e)Wh(u+ ) 4 cdiam(Q)PA(Q) (W> (2.38)
provided that § satisfies
M)/ Q) <d<1/e (2.39)

Moreover, the constant ¢ and is invariant by rescaling of ).

Proof. The first inequality is straightforward from the triangle inequality and (2.24),
WE(n+A) < (1+ WA+ A, w(Q)/12] + A) + e, WAR(Q)/1Q] + ), (2.40)
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and an application of Proposition 2.5. Let us focus on the second one. Without loss of
generality, we can assume that ¢ > 2, hence § < 1/2. Write

()
u = M(Q)+)\(Q)<5' (2.41)
By the triangle inequality and (2.24), we have, for ¢ = ¢(p, €),
WE() < (L+ WAL —w)(u+ X))+ WE (1, (L= w)(u+ ). (242)
Since
WH((L = u)(p+ ) = (1= w)Wh(p +A) < W+ ), (2.43)

we focus on the second term. By (2.20) and repeated applications of the triangle inequality
and (2.24) with ¢ = 1/2, we find

W (1 (1= w)(p 4+ X)) < WE((1 = 20)p, (1 — 26)p) + W (2041, (26 — u)p 4 (1 — w)A)
< W (201, (20 —w)p+ (1 = u)A)
S W (201, (20 — w)p(Q)/1Q] + (1 —u)A)
+ WE((26 — w)p(Q) /|9 + (1 — u)A, (26 — w)p + (1 — u)A)
S WE (200) + Wi (20 — u)p(Q)/|Q] 4 (1 = u)A)
+ W§ (20 —u)p),

(2.44)
where the implicit constants depend on p only. By Proposition 2.5, we obtain
26 — u)u(9) _ AQ)(1 —u) \P/4
wh <(~|—)\ < diam(Q)PA(Q) [ ————=
o\ wl N @5 - wu@)
) \ 7o (2.45)
A(Q
< d p 2
< diam(Q)PA(2) (5M(Q)> .

where the implicit constants depend here also on € (but are invariant with respect to
rescaling). Collecting all the terms, for some constant ¢ = ¢(Q,d, p, €)

\Q p/d
Wh(k) < (1+e)Wh(p+ N) + edW () + ediam(Q)PA() ((m(m))> : (2.46)
Subtracting both sides the term cdW{, (1) yields the thesis, by estimating 1/(1 — &) <
1+ 2¢6 provided that d¢ is sufficiently small, which can be easily achieved by choosing a
final constant ¢ in the thesis that is sufficiently large. O

Remark 2.7. If 0 < p < d/(d—1), we cannot apply directly Proposition 2.5, but we may
rather use (2.34), by choosing r sufficiently large such tha pr > d/(d — 1). This leads to

modified bounds, respectively by adding the additional terms
diam(Q)?u(Q ()
@@ (S

in the right hand sides.

)\(Q) 1/r+p/d
) (247)

and  diam(Q)P(6u(Q)) (

3. BROWNIAN MOTION

3.1. Brownian motion on R?. Throughout this section, we let d > 3. Given = € R¢
write P, for the law of a d-dimensional Brownian motion (B;);>0 staring at x, i.e., such
that the law of By = x. Similarly, write E, for the expectation with respect to P,. We
extend such notations for a probability measure v on R?, writing

Pl,:/Rd Pydv(z), E,,:/Rd By dv(z). (3.1)
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The Brownian motion process (B;)¢>0 is Markov with generator %A, and transition density

x—yl? 1
pe(z,y) = exp <_| Qty‘ ) G (3.2)

The associated Green function is
[ee]
g(x,y) = / pe (z,y) dt =
0

for a suitable constant ¢ = ¢(d) € (0,00). It is elementary to check that for every p > 0,
given a Brownian motion (B;);>o starting at 0, its rescaled process B” := (pB/,2)i>0 has
the same law of (B;);>0. This e.g. yields the following identity in law between occupation
measures:

C
S 3.3
|z — y|d-2 (3:3)

Bl 4 B
pg = dil, /2 (3.4)
For a compact K C R? with Lipschitz boundary, denote with ey its equilibrium mea-
sure, which is defined as the Borel measure p concentrated on K such that its Newtonian
potential

w(e) = [ alw)duty). (35

is identically 1 for every z € K, where g is Green’s function (3.3) It is well-known [34] that
such a measure exists and is unique, also for sets X with less regular boundaries (but it
requires the notion of regular points). Its total mass ex (R?) is called the capacity Cap(K)
of K. We write éx = Cap(K) lex for its normalization to a probability measure, which
we call the normalized equilibrium measure. With this notation, we have the following
result.

Proposition 3.1. Let K C R%. Then, Cap(uK) = u?=? Cap(K) for every u > 0, and

Ee [u2()] = |K]. (3.6)
Let K C K C R%, Then,
Pey (T <00,Br, € A) = Pe . (By € A). (3.7)
In particular,
Pso (17 < o00) = Cap(K)/ Cap(K). (3.8)

We will use throughout that in case of balls K = Dy, K = Dy, with ¢ < L, the nor-
malized equilibrium measures are the uniform probability distributions on the respective
boundaries. Moreover, given any x € 0Dy, one can prove that

Py(mp, < 00) = (£/L)* 2. (3.9)

We end this section collecting some elementary upper and lower bounds on the occu-
pation measures.

Lemma 3.2. Let d > 3. For every bounded Borel set A C R and = € Rd, 1t holds

B o 2 |4l
For every q > 1,
E, [ (A)1] <, diam(A)*. (3.11)

Proof. Without loss of generality, we can assume that A is closed. Consider first the case
¢ = 1. Assume first that d(z, A) = 0. Then, A C {]y| < diam(A)}, hence

9] d diam(A) ,.d—1
/0 P,(B, € A)dt = /A a%dy < /0 %dr = diam(A)2. (3.12)
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If instead d(x, A) > 0, write

0-,B
Hop = g (3.13)

and use that 6,, B is a Brownian motion (by the strong Markov property) with initial law
v, concentrated on A (actually, on 0A). Hence,

/ E, uoo )] dv(y) < diam(A)2. (3.14)
To obtain the estimate

|A]

E, [n5(A)] S dz, AT (3.15)

simply bound from above the green function g(z,y) < d(z, A)>~? for y € A.
For the general case, it is sufficient to assume that ¢ € N. Arguing by induction, write

E, [uB(A)1] = / Py(By; € AVi)dtidts ... dt, (3.16)
(0,00)1
and let Sy := {(t;){_, € (0,00)7 : t; < ... <t4}. Then,
/ P(By, € AVi)dtidty...dt; = q!/ P,(B;, € AYi). (3.17)
[0,00) Sq

Using the Markov property, we have

/ P$(Btz cA \V/’L) = / / dthy(th S A|th_1 = y) Px(Bt, cA V’L)
Sq Sqg—1 tg—1

< diam(A)? / P.(By, € A Yi). O
Sq—1

We can also easily estimate from below the time spent in D; before exiting Dy, i.e., the
variable ,uch (Dy) for a Brownian motion starting at « € D;.
L

Lemma 3.3. If d > 3, there exists ¢ = ¢(d) such that, if min{L, T} > c it holds

i B >1/ec. )
nf By [uf, (D)) 21/ (3.18)

Proof. Notice first that, for every x € Dy,

5 oo C(d) 3/2 pd—1
B o)) = [ Rmeepyi= [ oz [ ez @)
0 Dy X 1 r

where the first lower bound follows by intersecting D1 with a suitable cone with vertex at
x. Using the strong Markov property (3.9) and (3.11), we also find that

0, . B
E, [MOODL (Dl)] < sup By, [uE(D1)] =0 (3.20)
ye 1

as L — oo, and convergence is uniform with respect to = € D;. Moreover, denoting with
7 a standard Gaussian variable on R?, by (3.10), we have

B, W8P (D)] = E |,y 7y [W2(D1)]]
(3.21)

<E [min {1, d(z +VTZ, Dl)HH -0

as T — 00, and convergence is uniform with respect to x € D;. Thus, we trivially bound

from above

o [MZZ”D%Bwl)] <5 [0y 4 B [P o0] 0. e
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By difference,

GTDC rTB

B [18 (D) = B [200)] = B [0 (00 21 (323)
if L and T are both sufficiently large. O

Remark 3.4. A simple scaling argument, yields that, if 0 < £ < L < oo, T > 0 are such
that min {L/¢,T/¢*} > ¢, then
'fE[B D]>£2. 24
int B, [uf,, (DO)] = e (3.21)

3.2. Brownian motion on T¢. The above notions have their counterparts on Riemann-
ian manifolds or even more generally on certain classes of metric measure spaces. We focus
here on the flat torus T¢, where the transition density is given by

x—y—z? 1
pe(z,y) = Z exp (_‘ ?;t | ) Lk (3.25)

ze74

We write P, E, as in the case of R?. The (uniform) Lebesgue measure on T¢ is the
invariant measure for the Brownian motion, and we say that (B;):>0 is stationary if By
has uniform law. For every p > 1, there exists ¢ = ¢(p, d) such that
B, [(dga(z, By))Y] < C(tA1)P/2, for t > 0. (3.26)
Moreover, the ultra-contractivity inequality holds: for every ¢ > 0,
sup By [f(B)] St [ f. (3.27)
zeTd Td

for every non-negative Borel f : T? — [0, 00]. We also have, for some ¢ = ¢(d) > 0,

sup dpy (pi(z,-),1) e for all t > 0, (3.28)
x€Td
where with a slight abuse of notation write densities with respect to Lebesgue measure on
T? instead of measures. This implies, by (2.10) that for a Brownian motion (B;);>o on T¢
with any initial law,

dry (]P’(Both),}P’BO ® 1) <e  forallt>0. (3.29)
The validity of (3.28) can be seen in many ways, e.g. by using the identity
R D (3.30)
2€74

and estimating, for ¢ > 1 (the case t < 1 is trivial, since dpy < 1 anyway)
o0
sup drv (pi(z,-),1) < E e—ctlz? 5/ pd=1,=ctr? 1.
zeTe 224\ {0} 1 (3'31)
o0
< t_d/2/ ul e gy < ¢,
~Y \/Z ~

A kind of counterpart of Lemma 3.2 is the following.

Lemma 3.5. Let d > 1 and let B a stationary Brownian motion on T¢. Then, for every
Borel A C T¢, it holds
E [uf(A)] = |AT, for T >0, (3.32)
and, for every q > 1, there exists ¢ = c(d, q) such that, for every T > 1,
1/ .
E[|uf(a) - AT " < clape T, (3.33)

and 1/¢* == min{1,1/p + 1/d}.
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Proof. The first statement is straightforward, since

T T
E [12(4)] = / P(B, € A)dt / Aldt = |AIT. (3.34)
0 0
To prove (3.33), since L4(IP) norms are increasing with respect to ¢, we may assume that
qg>d/(d—1),sothat min{1,1/q+ 1/d} = 1/q + 1/d. Without loss of generality, we can

also assume that A is closed. Given a smooth function g on T¢, with Jrag =0, let f
denote the solution to the elliptic equation

1
ZAf =g, on T, (3.35)
By standard regularity theory, also f is smooth, hence It0’s formula applies yielding
1 (T T
Joank =5 [ ArBds = f(Br) - 1) - [ ViBoB. (330
0 0

Taking the L4(IP) norm, we obtain by the triangle inequality and Burkholder-Davis-Gundy
inequality that

H / gdu?
Li(P)

< 1B oy + 1 (Bl oo H / V /(BB

La(P)

S B L \/ / V£ (By)d (3.37)

Lr(P)

< acnsy + VT IV oy -

By considering a sequence of smooth functions (gy,), with de gn = 0 for every n > 1 and
such that g, — xa — |A| in L9(T9) but also [ gnduf — pr(A) — T|A| P-as., then by
Calderon-Zygmund theory, we have that the induced solutions f,, converge in the Sobolev
space W24(T%) to the solution f to lAf = x4 — |A|, and

IV2 £l pagray S Ixa = 1Al aeray S 1AM, (3.38)

By the Sobolev embedding on T¢, we obtain
1AW o ray + IV Fll Lo(ray S |AJMe, (3.39)
which leads to the thesis. O

3.3. Hitting probabilities. In this section, we consider a stationary Brownian motion
B on T and we estimate the hitting probability

P(o < 1p, < p) (3.40)
as well as the conditional hitting law v,, defined as

Vp(A) :==P(Br,, € A0 <7p, < p), (3.41)

for ¢ — 0 and p — oo in the regime p < £*>7¢, and 0 < o < p. These assumptions will
entail that the event has a small probability, and that v, , is very close to the uniform
distribution on 9Dy (i.e., the normalized equilibrium measure ép, for Dy C Rd).

The problem of estimating the hitting probabilities of small sets much studied on man-
ifolds, but we are not aware of bounds for the hitting law, hence we review and expand
some results from [26, 17]. Consider a Brownian motion (By;)i>0 on M = R? or T and
transition density p(t, x,y).
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Given a compact K C M with smooth boundary, write pxe(t,z,y) for the transition
density of the Brownian motion killed upon hitting K. Recall that pgec is symmetric, i.e.,
pre(t,z,y) = pre(t,y,x) for every z, y € M. In particular, on T? this yields the identity

/d pre(t,z,y)de = /dec(t,y,w)dx = Py(tx > 1). (3.42)
T T
Given a bounded Borel function on 0K, we are interested in estimating the function
(t,x) = ®(t, %) := By [¢(Brg ) fo<ri<ty] (3.43)
which is a solution to the equation
9®=1A®  in (0,00) x K,
u(0,2) =0 for x € K¢, (3.44)
u(t,z) = ¢(x) for (0,00) x OK.
Moreover, one has the representation

X®(t,x) = - d(y)Onprce(t, z,y)o(dy), (3.45)

where o denotes the surface measure on K and n the inward normal. Combining these
facts, the following representation theorem holds (see also [26, Lemma 3.1}).

Lemma 3.6. Let K C K' C M have smooth boundaries and let x be (sufficiently smooth)
and such that

x=¢ ondK, and Ox=0 ondK'. (3.46)
Then, for everyt >0, x € K¢,
K\K K\K

Assume that M = T? and that B is a stationary Brownian motion. Then, integrating
(3.47) over = € T¢ and using (3.42) yields

OE [¢(Bri ) I{o<ryc<t}] =/

Py (ric > ) Ax(y)dy — / P (i > )x(y)dy. (3.48)
K\K

K\K
Further integration with respect to ¢ € (o, p| leads to the identity
P
B (6B lirercen] = [ [ Pl > 05wy
o JENK (3.49)
+ [ Ro < e < on)iy
K\K
which we crucially use to establish the following result.

Proposition 3.7. Let d > 3, 0 < v < d— 2 and for assume that 0 < o < p, with p ~ =7
as £ — 0. Given a stationary Brownian motion B on T?, it holds

P(o < 7p,(B) < p) — (p — o )42 Cap(Dl)‘ < (p— o) pl?4=2) log 4| 4 £2. (3.50)
Moreover,
Wh, (Vs e0,) S - (0t Nlog €] + 2/(p ~ ) (3:51)

where €p, denote the uniform probability measure on 0Dy, and the implicit constants
depend on d, vy and the implicit constant in the condition p ~ £~ only.
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Proof. We start from (3.49) in the case K = Dy, K’ = Dyy. Recall that we identify
Dy C T¢ with a subset of [~1/2,1/2)%, and similarly y € T¢ with y € [~1/2,1/2)4. We
further define
Dy= | Dy(z) CR? (3.52)
z€Z4
and write Py for the law of a Brownian motion on R? starting at y. With this notation,
we notice that
Py(TDg > t) = ﬁ’y(’fbZ > t) = py(TDg > t) — Py(TDz >, TD\Dy < t). (3.53)

Therefore,

[Py(7p, > 1) = Pylrp, > )| < Pylrp,p, 1), (3.54)

Our next aim is to bound from above the probability in the right hand side above. By
the exponential maximal inequality for martingales, it holds, for every M > 0 and ¢ > 0,

P, ( sup |Bs —y| > \/tM> Sexp (—M?/2). (3.55)
0<s<t
Therefore, we focus on bounding from above the probability

Py (TDZ\DZ =t Sup |Bs —y| < \/tM> : (3.56)

By the triangle inequality, in the event above it must hold that 7p,) < oo for some
z € 74\ {0}, such that

2] < 3¢+ VM. (3.57)

Notice that, as £ — 0, we have that the right hand side is < 1 e.g. if tM < 1/2. In such a
case the event has null probability. In any case, we define

k:=[30+ VtM]|, (3.58)
then, the probability is bounded from above by

5\ 24
Z Py(Tp,(z) <) < <) ﬁ{zEZd:k—1<|z|§k}

k
, 2 (7
0<|2|<k k=1 (3.59)
Eo/p\ 2d
< v ]{,‘d_l < ed—ZEQ < gd Ed_2tM
k=1
We find therefore the estimate
sup | Py(ri > t) — Py(ric > t)( < exp (—M/2) + L2 + ¢4 (3.60)
yED2,\Dy
Letting M = —2log(¢4=2p) ~ |log |, we obtain
sup | Py(ric > t) — Py(ric > t)’ < (42p| log €] + ¢4, (3.61)
y€D2\Dy

Using this bound in (3.49) for o < ¢ < p, we obtain

E [‘ZS(BTDZ)I{KTD[(B)S/J}] - /a p /DM\DZ Py(rp, > )Ax(y)dy

S o2 log ] (- o) [
D2\D,

\Ax(y)!der/D w Ix(y)| dy.
T 362)
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We are now in a position to establish (3.50). We set ¢(x) = 1 for every x € 9D, and

we let x be any smooth cut-off function v on Dy such that v =1 on 9D; and v = 9yv =0
on dD,, and letting x(x) = v(x/¢). We obtain that |x(y)| < 1, |[Ax| < £72, so that

/ Ix(y)|dy < ¢, / |Ax(y)|dy < 42, (3.63)
DQZ\DZ Doy\Dy

so the second line in (3.62) is bounded from above:

p(p—0o)ti=? [log | / |Ax(y)|dy+ / IX(y)| dy < plp—0)0* =2 [log £|+£7 (3.64)
DQZ\DZ D2Z\D£

For the first line, we use the scaling properties of Brownian motion on R? so that

P _ P ~
/ / Py(tp, > t)Ax(y)dydt = / / Py o(tp, > t/0%) Ax(y)dydt
0 JDy\D, 0 J Dy \D,
p .
— ¢ / / Pu(rp, > t/2)Ax(E)dzdt  (3.65)
0 JDy\D;

1
:pﬁd_Q/O /D . P.(tp, > sp/0?)Av(z)dzds.
2 1

As ¢ — 0, we have by dominated convergence that

1
/ / P,(1p, > sp/l*)Av(z)dz — P, (1p, = o00)Av(z)dz. (3.66)
0 JDy\Dq D2\Dy
Finally, using Green’s identity and the properties of v and P,(7p, = co) we obtain that
/ P,(tp, = 00)Av(z)dz = OnP.(Tp, = 00)dz = Cap(Dy). (3.67)
Do\D; oDy

The convergence above can be made quantitative e.g. by a classical result by Port [34,
Theorem 2.3] (see also [26] for similar bounds on manifolds):

P.(t < Tp, < o0) ST AL (3.68)

as t — oo, uniformly on z € Dy \ D;. As a consequence, we obtain

1
/ / P.(1p, > sp/l?)Av(z)dzds —/ P.(1p, = 00)Av(z)dz
0 JDy\D; D2\D1

< /1(3p/€2)1d/2 A 1ds/ |Av(z)|dz

0 Do\Dy
2 Iz
S = |Av(z)[dz S —.
P JDy\Dy P

(3.69)

If 0 = 0, this concludes the proof of (3.50). Otherwise, we argue similarly and obtain

<0 (3.70)

/ / P,(tp, > t)Ax(y)dydt — a¢?~% Cap(D;)
0 /D3 \Dy

and by difference (3.50).
Next, we address the proof of (3.51). In view (3.50) and using Remark 2.4, it is sufficient
to consider ¢ € HY' (D) with

¢do =0, and |V¢|p/ do <1, (3.71)
8D1 aDl
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and establish the inequality

E [0(Br /Ol fgcr, <] < (02) llogt] + ¢ (3.72)

(where the implicit constant does not depend on ¢). To this aim, we choose a variant of
the function x in (3.62) by letting again x(x) = v(z/¢), where in this case v (defined on
Dy) enjoys the following properties:

v=¢ ondD;, v=0,v=0 ondD, and / lv| + |Av| S 1. (3.73)
D2\Dy

Granted that such a function indeed exists, we obtain that the argument goes exactly in
the same way starting from (3.62) as in the previous case, in particular the second line in
(3.62) is bounded from above as in (3.64) and we are finally lead to (3.67). In this case,
however, integrating by parts we conclude that

/ P.(tp, = 00)Av(2)dz = (2)0nPy(Tp, = 00)dz
DDy oD (3.74)
= Cap(Dy) ¢(z)dz = 0.
0D,
Thus, we only need to show that a v satisfying (3.73) exists. We build it in the following
way: first, we consider an extension of ¢ in Dy by letting

d(x) = p(/|z)) (3.75)
This extension has zero average || Da\Dy é = 0 and satisfies
[ wers [ el as < (3.76)
D2\D1 aD;y
by integrating in radial coordinates. In particular, by Poincaré inequality on Ds \ D1,
/ b <1 (3.77)
D2\D;

Next, we solve the problem

{Au =div(V¢) in Dy\ D, (3.78)

u=0 on 0D U 3Dy

obtaining a function u with zero average |’ DDy U= 0 and (by global Calderon-Zygmund
theory) such that

/ Vul?' < / VP < 1. (3.79)
Dg\Dl

We can then extend u to a Sobolev function identically null on D;. Therefore, by Poincaré
inequality for functions on Ds that are null on D1, we obtain

/ lu| < / |Vu| < 1. (3.80)
D2\D1

v=(¢—um, (3.81)
where n(z) = n(|z|) € [0,1] is a cut-off function with (1) = 1, n(2) = 7'(2) = 0. Clearly
v=¢on dDy, v=030,v=0o0n dDy and

/ yv\g/ 13l + u] < 1. (3.82)
D2\D1 D2\Dy

We finally define the function
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Finally, using that A¢ = Au (in distributional sense), we obtain that

Av=nA(¢ —u) + (¢ —u)An+ 2V (¢ — u)Vn

- - (3.83)
= (¢ —u)An+2V(p —u)Vn,
which eventually leads to
/ A < 1, (3.84)
Dy\D;
hence the thesis is settled. O

Next, we recall the following simple bound for exit times (for Brownian motion on T¢
or equivalently on R%)

Lemma 3.8. Letd > 1 and 0 < ¢ < L/2 < 1/2. Then, there exists ¢ = c(d) > 0 such that

Sél[})) P, (TDE (B)>1t) < et/ L? (3.85)
z€Dy

Proof. A simple union bound yields that the probability in dimension d is estimated from
above (a sum) of the similar probabilities in dimension d = 1. But then this is a well-known
consequence of the gambler’s ruin problem. [l

We end this section with estimates for iterated hitting times of D,. Precisely, given
0 < ¢ < L < 1/2 and a Brownian motion B on T%, we define Tgl = 7p,B, and iteratively

Tk,L = inf {t 2 7']9_175 : Bt S DE} (3 86)
Tht1,6 = inf{tZTlﬁL : BtEDZ}. )

With this notation, we have the following result.

Corollary 3.9. Let 0 <vyp, <1 and 0 <, < yr(d —2) and set for £ € (0,1/2), p~£77,
L ~ 0C . Given a stationary Brownian motion B on T<, it holds, for every k > 1,

P(ree < p) Sk (p07HF, as € — 0. (3.87)

Proof. With the notation of the previous proof, we first argue that, if o ~ £~7 for some
0 <75 <, then

sup P,(tp,B <o) < pti2. (3.88)
yedDy, ]

Indeed, for every o > 0,

P, ( sup |Bs—y| > \/aa\log0|> < o2, (3.89)

0<s<o

If By =y € 0Dy, in the event
{TDZ <o, sgp\Bs —y| < Vao \logal} , (3.90)
s<o

by the triangle inequality, it must hold that 7p,(,) < oo for some 2z € 74, such that

|z| <L+ L+ /ao|logol. (3.91)
We define

j:=l+ L+ +/acllogaol|], (3.92)
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then, the probability of the event (3.90) is bounded from above by

J .\ 2—d
> Pulmpyz) < 00) S Py(py0) < 00) + ) (‘;) ﬂ{z €z’ j-1<ef < j}
j=1

|2|<j
1\ 24 k L\ 24 -
S <€> + <€> kd*l 5 €d72(L27d + k2)
k=1

<2 <L27d + ao |log a\) .
(3.93)
We find therefore the estimate

sup Py(tg >1t) S o2y pd2 <L2_d + ao |log 0|) < 42 (L2_d + o |log 0|) (3.94)
yEBDL

provided that we chose « sufficiently large. Having settled (3.88), we argue by induction
upon k, the case k = 1 being already settled in Proposition 3.7. We write, for k£ > 1, the
inequality

P(ry < p) < P(rf — T]z_l <o, 18 < p)+P(rf — Tf_l > 0,78 < p). (3.95)
for some o = 77 with 0 < 7, < ~,. For the first term, we apply (3.88) and argue that

P(rf i S ourth < p) <P — b <ourb <))

SB[l P (-7 <o) 7))

<P(r;"' < p) sup Py(1¢(B) < 0)]
Y L

5 (p€d72)k71£d72 (LQfd s |10g0_‘> < (p£d72)k:

(3.96)

provided that v, < 7, and using also the condition v, < (d — 2)yr. For the second term
in the right hand side of (3.95), we write

P (T,ﬁc — ks gk < p) <P (T;—l < p, D061, ,B < p) . (3.97)
L
We introduce the variables
U= (Bt/\q—f_l)tz()? V= (BTJZ_1, BTf_l—‘rO') and W = (BT]L“_l—i-a—l—t)tZO’ (398)

which define a Markov chain by the strong Markov property. By (2.12) and (3.28), we
deduce that

Py~ < p. D051, B) = P(; 7 < p,1p, B < p)| S e < (ot (3.99)

+

where B is a stationary Brownian motion on T¢, independent from B, and we used the
fact that ¢ = £77 and v, > 0. By induction and Proposition 3.7,

P(ry ™ < p,7p,B < p) = P(7; 7" < p)P(7p, B < p) ~ (pt* ). (3.100)
This settles the thesis (3.87). O

4. BROWNIAN INTERLACEMENT OCCUPATION MEASURE

Given an (intensity) parameter u > 0 and a compact K C R? we introduce the fol-
lowing random measure on the Borel subsets of K: we consider independent ((Bf)1>0)324
Brownian motions, all with initial law €x and a further independent Poisson random
variable N, with mean u Cap(K), and let

N
T,K =Y u LK, (4.1)
=1
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i.e., for A C K Borel,

N . N s
TuLK(A) =Y pul(A) = Z/O It pieaydt. (4.2)
i=1 i=1
Notice that, by (3.6), it holds
E[Z,L K(K)] = u|K]|. (4.3)
4.1. Basic facts. The restriction notation “L K” is justified by the following result.

Lemma 4.1. Let u >0, K C K C R%. Then,

(Z,LK)LK, and I,LK (4.4)
have the same law.
Proof. We have, by (2.5),
~ N i ~ N 9 . (B* ~
Tl KUK =S pB LR =3 Iy e P LK. (4.5)
i=1 i=1

where we write for brevity 7¢ = Tgi. Each variable It i, has Bernoulli law with param-

eter Cap(K)/ Cap(K) by Proposition 3.1 and are all independent, hence the summation
is the same (in law) as performed over a Poisson variable N with mean u Cap(K). More-
over, by the strong Markov property, conditionally upon {Ti < oo}, the process 6,:(B?) is
a Brownian motion with initial law €z, and are all independent. Thus,

N _ N
0_;(BY) = ~ B~
S Tpicoy s PR and TE =3B LK (4.6)
i=1 i=1
have the same law. U
In view of the result above, we may “glue” together all the measures Z% L K, and define a
random Borel measure Z,, on R?. Such a measure plays the role of a Poisson point process

with intensity v in our setting. Notice that, by (4.3) and the fact that A — E[Z,(A)] is a
measure, it follows that E[Z,(A)] = u|A| for every A C R? Borel.

Lemma 4.2. For every u > 0, p > 0 and x € R?, the following identities in law hold:
trans, Z, = Z,, and dil,Z, = p *T, a2 (4.7)
In particular,

dil,—1/(a-2) ) = u? @72, (4.8)

Proof. The first identity follows by translation invariance of the equilibrium measure, i.e.,
the fact that trans, éx = é,4x for every compact K C R In particular, Cap(K) =
Cap(x + K). Moreover, if B = (By);>0 is a Brownian motion with initial law ég, the
process x + B = (x + By); is a Brownian motion with initial law é,4x. Thus,

N N
trans, (Z, L K) = Z trans, pZ = Z psrB (4.9)
i=1 i=1

which clearly has the law of Z,, L(x + K).
For the second identity, we notice first that

o = dil, éx, and Cap(pK) = p®~2 Cap(K). (4.10)
so that a Poisson variable N with mean

uCap(K) = % Cap(pK). (4.11)
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Moreover, if B = (B;)¢>0 is a Brownian motion with initial law éx, the process B =
(pBy/p2)>0 has the same law of a Brownian motion with initial law dil, éx. Therefore,

dily(Z, LK) = dil, Y pl =" /0 Sppedt = p* ) /0 5PBZ/pz dt (4.12)
=1 =1 =1

has the same law as p?Z, /pL PK. O

In the next lemma, we consider the concentration properties for Z; (A) (the general case
follows from (4.8)).

Lemma 4.3. Let d > 3. For every q > 1, there ezists C = C(d,q) < oo such that, if
diam(A) > 1,

IZ1(A) — E[Z,(A)] || < C diam(A)@¢+2)/2, (4.13)

Proof. Let K be a ball of radius diam(A) such that A C K. Then, 7;(K) = Zf\;l pZ (A)
is the sum of a Poisson number (with mean v = Cap(K) < diam(A)42) of i.i.d. variables,
each with finite moments of all orders. By (?7?), it follows that Z; (A) has finite moments
of all orders, and

172 (K) = E [T (Al Sq (diam(4) 2/ 4 diam(4)(2)/2) diam(4)?
< diam(A)@+2)/2, O

4.2. Limit results. We are now in a position to establish the convergence as © — oo of
E [Wa(Z,)]. The arguments are a modification of those originally devised for the random
matching problem in [7, 23, 6, 25] and employ only basic invariance properties of Z,.
Thus, we provide a complete derivation in Appendix A in a more abstract setting and
here specialize to the interlacement occupation measure.

Theorem 4.4. Let d € {3,4} and p € (0,(d —2)/2), ord > 5 and p > 0. Then, there
exists a constant c(Z,d,p) € (0,00) such that, for every bounded connected domain 2 with

C? boundary (or = Q a cube) it holds
lim E [W§(Z.,)] Jut P42 = (T, d, p)|Q). (4.14)

Proof. If we apply Theorem A.1 with v = Z;, which satisfies the conditions i) (translation
invariance), ii) (integrability) and iii) (concentration) with o = 2, we obtain
: D l-p/d _

T}L)IIC}OE [(WE(dil,-1/aZ1)] /1 c(Z,d,p)|9, (4.15)
for some constant c(Z,d,p) € [0,00). Setting n = n(u) = u¥(?=2) so that n=1/4
u~14=2) ‘hence dil, 1,0 7y = u* (42T, by (4.8), we obtain (4.14). The fact that c(Z, d, p)
is strictly positive will follow as a consequence of Theorem 1.2 and Remark 6.2. 0

We then obtain Theorem 1.1, which is nothing but a de-Poissonized version of (4.14),
where the number of Brownian motions is deterministic. Since this type of arguments are
by now standard, and here we follow closely [23, 25], we prefer to obtain it as a consequence
of a more general result, see Proposition B.1 in Appendix B.

We end instead this section by showing how the limit behaves if we assume that the
Brownian motions do not start exactly with the equilibrium measure. We restrict ourselves
to the case of a ball, although we conjecture that similar bounds should hold true for
general domains.

In the next lemma, write M for the o-algebra on C([0, 00); R?)®™ generated by the map

((@)iz0)izr = ((J2F])e=0)i1, (4.16)
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Lemma 4.5. Let d > 1 and v, ¥ be probability measures on OD;y. Let, (1) be M-
measurable functions with values in [0,00]. Let B = (BY)"_; be independent Brownian
motions, with an initial law v and B = (Bi)?zl be independent Brownian motions with
initial law 0. If p > 0, then there exists ¢ = c(p) < oo such that, for every e € [0,1),

i=1 =1

C N pi _
+t o B [z; ME(B)(Dl)] Wp, (v, 7).

E

(4.17)

Moreover, in the second line one can also replace B with B.

Proof. Consider an optimal transport plan between v and 7, and assume for simplicity
that it is induced by a map ¥ : 0D — 9D. We use ¥ to induce a coupling between a
Brownian motion B with initial law v and a Brownian motion B with initial law 7 in the
following way. We let U = U(By) € R**¢ be the orthogonal transformation which acts as
a rotation, on the plane spanned by { By, ¥(By)}, mapping By into V(By) (if By = ¥(By)
we simply let U be the identity). We then define

B, =UBy, fort>0, (4.18)

which is a Brownian motion, with By = U (By), so that its initial law is ép. Moreover,
since (|B|)e>0 = (|Bt|)t>0, we have, for every T' > 0,

U2 LD = p2LD, (4.19)
In addition, we have 78 = 75 and pB (D) = ,u?(D) and because each process (|Bt|)t>0
is independent of By (for |By| = 1) we have that (TB,,u,fB(D)) and |By — ¥(By)| are
independent random variables. Since
(Bt - Bt‘ < | I —U||B| = |Bo — ¥(By)|, for every ¢ >0 such that B, € D, (4.20)
we conclude that, for every T' > 0,

Wh (uf, uZ) < uf(D) 1By — w(Bo)P, (4.21)

having used the coupling induced by U. We apply this construction to each B’ and notice
that 7; = 7; and the variables

(', B (D)), and  (|Bf - (B, (4.22)

are independent. Using this independence, (2.20) and (4.21), we thus obtain
Wh, (Z e Zui’)] <E | uZ(D)|By — w(B))
i=1 i=1 Li=1

S ul (D) | By - w(BY)[”
=1

E

<E|E

(7@',@1'(1)))?:1”

=E ZuTii(D)] Wh (v,7).
- (4.23)

The thesis then follows from the triangle inequality and an application of (2.24). O
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5. OCCUPATION MEASURE FOR THE BROWNIAN MOTION ON THE TORUS

In this section, we study the asymptotics for the occupation measure of a Brownian
motion on T¢ and establish Theorem 1.2. Most of the argument is in fact contained in
the following “local” result, showing that by focusing only the cost ng for a small ball
Dy, with ¢ =T~ for y smaller (but sufficiently close) to 1/(d — 2), the constant c¢(Z, d, p)
associated to the Brownian interlacement of the previous section will appear in a suitably
renormalized limit.

Proposition 5.1. Let d € {3,4} and p € (0,(d —2)/2), ord > 5 and p > 0. Let (B:)t>0
be a stationary Brownian motion on T%. There exists ¥ = ¥(d,p) € (0,1/(d — 2)) such
that the following holds. For every v € (3,1/(d —2)), letting ¢ = T~7, it holds

. » (B 1—p/(d—2) _
Jim E {WDZ (MT)} / (T P ’Dg‘) = o(Z.d, p). (5.1)
with ¢ (Z,d,p) as in Theorem 1.1.

Proof. The strategy is to couple the given Brownian motion on T¢ with a family of inde-
pendent Brownian motions on R, with common initial law sufficiently close to é D,, and
use Theorem 1.1. Of course the crux of the argument is to take into account the several
error terms due to this approximation. We split the proof into several steps.

Step 1 (Time splitting). We introduce two additional parameters 7,, 75, such that

0<7 <7, <7(d-2) (5.2)

and to be specified below: infact, we are going to collect several constraints and only check
at the final step that they can be all satisfied. To guide the intuition, we may think of ~,
and 7, to be very close to 0. We define the quantities

T
n:= T, o:=T%, p:==——o0. (5.3)
n
Notice that, by our choices of the parameters, it holds
l<o<p<P? and T=n(p+o0). (5.4)
For i =0,...,n — 1, we consider the intervals
Li=li(p+o0)ilp+o)+p), Ji=lilp+0o)+p (i+1)(p+0)), (5.5)
and decompose
— S/ 0B 0 B
HT = Z (/ 5Btdt +/ (SBtdt) = Z (Mpl(er") + MO_’L(ﬂJrU)JrP ) (56)
i=0 i Ji i=0

All the processes appearing in the expression above are stationary Brownian motions
on the torus, hence have the same law as B (but they are not independent). Therefore,
by (3.32), we have

n—1

0; pu B
Z Lo (p+0)+p (Dg)
=0

diam(Dy)’E < nortd < (Tl_%"'%) TP

(5.7)
< Tlfp/(d72)£d7
provided that the following condition is satisfied:
Yo=Y >p(1/(d=2)—7). (5.8)
Starting from (5.7), we easily deduce that

e g, )] -2 w2, (0t

< T'P/d=2)pd, (5.9)




WASSERSTEIN ASYMPTOTICS FOR BROWNIAN MOTION ON THE TORUS AND INTERLACEMENTDRS

Indeed, by (2.20) and (2.17), we obtain that

n—1
0; B
cloot] s, (Ste) | croenn i
i=0
Similarly, by (2.36), for every € > 0,
n—1
E (Wp, (Z ui“”‘”B)] — (L4 [Wh, (uB)] <. T/, (5.00)
i=0
so letting T' — oo and then € — 0, we see that (5.9) holds. Hence, the thesis follows if we
prove that
n
Jim E [Wﬁé (Z uﬁ?Z) /(T2 92|Dy|) = (T, d,p), (5.12)
i=1
where we write, for brevity,
B' = (B(i—l)(p+a)+t)te[0,p}- (5-13)

Step 2 (Breaking dependence). The processes (B?)P_, are stationary Brownian motions on
T?, but of course they are not independent. In this step we argue that in (5.22) is actually
possible to replace the processes them with n independent (and stationary) Brownian
motions (B%)"_, on T?. This will follow from the bound

n—1 ) n )
Wh, <Z ﬂ?) W, <Z ﬂfl>
1=0 i=1

which in turn is proved by repeated applications of (2.12) and (3.29). Precisely, consider
the following non-negative function of n continuous curves ((zy):c(0,5))ie; On T:

E ~E < TP/4=2)|p,|, (5.14)

(Y, o F ((a),) = W, (Z uf) . (5.15)
i=1
By (2.17), |
sup F ((z")izy) < npt?. (5.16)

(mi)?:l

Then, (5.14) follows from the inequality
‘E [F ((Bi)yzl)} —E[F((B)))] ‘ < ne~nptP < T1P/(@=Dpd, (5.17)

where ¢ > 0 is as in (3.29), and the second bound easily follows since v, > 0.
To obtain (5.17), we use telescopic summation on the following set of inequalities, valid
fork=1,...,n—1,

)E [F (Bl, .. Bl B ..B"—’f“)} —E [F(Bl, ...,B* B, ..B"—’f)} ‘ < e TnplP.

For each k, the above inequality is an application of (2.12), with the variables (519
U=(B',...,B"'B"Y), V=(B)B}), W=(B..,B"""). (5.19)
Notice that they define a Markov chain because, conditionally upon
V = (B},y, B}) = (By, Byio), (5.20)
U and V are independent. By (3.29), we estimate
dry (P(BP,B,H_U), Ll ® L‘%d) Se . (5.21)

Thus, using (2.12), we can turn U (and in particular B') and W = (B?,..., B*~Ft1)
independent, and let the initial distribution of B? be uniform on T¢, effectively replacing
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the joint law of W with that of (Bl, e B”*k), with an error in total variation distance
that is < e~ “?. Because of (6.23), we see that (5.18) follows.
Step 8 (Series of visits). Our aim is to prove

n
. 74 BZ
P E [Ww (Z M )
1=

where (Bi)?:1 are independent and stationary Brownian motions on T<. In this step, we

/ (T2, = (T, d.p), (5.22)

decompose each measure ,ufl into a series of contributions due to the sequence of “visits”
to Dy. We introduce an additional parameter

0<vL <7 (5.23)

and set L = T77t. For each « = 1,...,n, we introduce the sequence of hitting times
letting 77 , = 7p,B", and iteratively

T,iJJ = inf {t > T,i_m : Bf € DE} (5.24)
T]i+17€ = inf{tZT,gL : B} € Dy} . '

Notice that between the times T]iyz and Tf; I B can be identified with a Brownian motion
on R, We write

K':=inf {k : T]i’g > p} (5.25)
so that
. Ki-1 Tt Ap
i k,L
pl iD= > / Spids, (5.26)
k=1 Tk

hence we have the series representation

STul D =3\, (5.27)
i=1 k=1

where each term is defined as follows:

Ti’ Ap
- /_“ Spsds (5.28)
N

1€Sy Tk

and Sy = {i : K; > k}. In the next steps, we prove that the main contribution in the
sum above comes from the term A'. Actually, we further analyze by splitting also the
contribution of A! into two parts: we let S C S; denote the (random) subset of i €
{1,...,n} such that the event

A={0<1],<p} (5.29)
holds, and set Sy = 51\ Sp. We write \y = Ao + A1, with
‘ri,L/\p _ ‘ri’L/\p
=3 /,1 Spids, A= Z/_l 5p5:ds. (5.30)
i€So ? T e €S YT

In the following steps, our aim is to prove that

E [ng (Z ui?")] ~E[wp, (W)]

=1

< T'7P/d=2)pd, (5.31)

Step 4 (pper and lower bounds for visiting times). We notice first that, by Proposition 3.7,
PO <7i,<p/2) 2 pt* 2. (5.32)
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By identifying B! = 97{' ZBi up to the time 7pe = T, =T ¢, wWith a Brownian motion on

R?, and using the strong Markov property and Remark 3.4, it holds

PATY L i
B | Lai / Iip,epyds| 2 E [I{0<T{' Z<p/2}M?p/2)/\TD¢L- (De)| Z pt@=2 - 22 (5.33)
T e ’
Summation upon i = 1,...,n leads to the lower bound
E [Xl(Dg)} > nptd > T (5.34)

On the other side, again by Corollary 3.9 and the strong Markov property, but using
Lemma 3.2, it holds for every ¢ > 1, the upper bound

p/\TliL e
E |1 T d < ppd=2 . g2 5.35
Ai [ {BseD,} 43 ~ P . (5.35)

i
kL

By Rosenthal inequality, it follows that, for every g > 1,

E HS\l(D€> —-E [Xl(Dg)} ’q] <. pld? . g2y (npéd—Q _ 64)(1/2
S (e,

(5.36)

having used that 7042 — oco. Such concentration bound yields that, for some constant
¢ = c(d) > 0, the event

Gy = {il(Dg) > cTed} (5.37)
has large probability. Precisely,

(ng—Q)q/2£2q

o d—2\—q/2 —
W—(Tﬁ )< T,

P(GS) < P (:\1(Dg) _E P\l(Dg):| < c’T£d> <,

for every a > 0, provided that we choose ¢ sufficiently large. (>:3%)
We argue similarly that, for every k > 2 and any ¢ € (0, 1) the event
G, = {Ak(Dg) < Tzdé} (5.39)
has large probability: for every « > 0, it holds
P(GY) Skoa T (5.40)

Indeed, by Corollary 3.9, the strong Markov property and Lemma 3.2 it holds, for every
q=1,

E

PAT 1, I

I I d Sk (ptd=2)k . g% 5.41

tiesy) | (Beepyds | | Sk (pt )" £ (5.41)
it

By Rosenthal inequality for positive variables,

q

p/\T;é,L
EM(De)) =E | [ > / Itp.ep,yds
i€Sy,  The (5.42)

<k n(pﬁd_2)k . £2q + (n(pfd_Q)k . €2)q 5 Tﬁd_Q(pfd_Q)k_IKQq,

~

having used that
n(pld=2)F < T2 (pr?2)1 <« 1 (5.43)

provided that we impose the condition

1—=~(d—2)—[(d—2)y -7, <0. (5.44)
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Hence,

Ted—Z (pfd_2)k_1£2q
(ng—Q)qZQq
provided that ¢ chosen is large enough (here we use that p < ¢2~%). Notice that if ¢ is
chosen if (5.53) holds for some k, then it also holds for h > k (but the implicit constant

may degenerate).
We also argue that, for any § € (0,1) the event

P(G) Sk = (T2 (ppd=2)k=1 < 77, (5.45)

Go = {/\O(Dg) < T€d5} (5.46)
has large probability: for every a > 0, it holds
P(GG) Soa T (5.47)

Indeed, by stationarity and Lemma 3.2 it holds, for every ¢ > 1,

oA ' d . 2
E I{T{ 15:0} / I{BSEDz}d‘S S AR 9, (548)
’ 0

By Rosenthal inequality for positive variables,
q

p/\‘riL
E[M(D)Y =E Z/ Iip.cp,yds
1€Sp 0 (549)

<t 214 (ne zz)q < nte,
having used

T
nt? ~ ;zd =T < (5.50)

which holds true if we assume that
1—7,—dy<0. (5.51)
By Markov inequality,

Tp~ted?a  Tp~1pd
P(GG) < = ST .52
provided that ¢ chosen is large enough.
The (possible) dependence upon k£ in the bounds (5.42) and (5.52) is taken into account
as follows. Set

He =14 Mu(Dg) TS 3, (5.53)
h>k
and apply Corollary 3.9, for every ¢ > 1,
q

p/\T}iz,L .
E || Iiesy Y / Ipeppds | | SP(riy < p)p? Sk (p2Ep% (5.54)
h>k Y Thye

having bounded from above the total mass by p. By Rosenthal inequality for positive
variables,
q

E {000 ] | S (o) gt 4 (n(pe=2)F - p)" S T2 (pe?2) 1. (5.55)
h>k
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Hence, by Markov inequality and simply choosing ¢ = 1,

Tpd—2 pgde kflp o
(ng ) — (pgd 2)k lp/£2

< T—kl(d=2)=7p]+vd <T@

P(HE) Sk.s

(5.56)

for every a > 0, provided that we now pick k£ = k(«) sufficiently large (recall that by
assumption y(d — 2) > v,).
Step 5 (Removal of bad event). In this step we argue that it is sufficient to show (5.31)
where expectations are restricted to the event
k-1
A=Gi N G075 N ﬂ Gkﬁ N Hjﬁ’(;, (5.57)
k=2

for a suitable choice of k. Indeed, since we can always bound the transportation costs by
TP, the expectation over the event A¢ will contribute by a quantity not larger than

P(A) - TP < T ~P/(d=2)pd (5.58)

provided that
IP)(AC) < T—p/(d—Q)Ed—P — T—P/(d—2)—7(d_p), (559)

which can be achieved via the union bound and the inequalities (5.37), (5.52) and (5.53)
obtained in the previous step. Precisely, if we fix some a@ < —p/(d —2) — v(d — p), then
any k such that (5.53) holds will be a possible choice. Then, for each k < k, we can apply
(5.53).

Step 6 (Proof of (5.31) on A). If A holds, then we are in a position to apply Lemma 2.6
on =Dy, p= A and

k-1

A=Xo+ ) Mt | Do (5.60)
k=2 h>k

To keep the exposition simple, let us argue in the case p > d/(d—1) (the case p < d/(d—1)

is discussed in a separate step below). Taking expectation, we see that to obtain (5.31) it

sufficient to show, with v = Ay, v = A\ for k € {2, ok — 1}, and v = thk Ah,

E [IAV(Dz) (%)p/d] < "E [IAI/(Dg) <V(D£)>p/d

_ _ < T'P/d=2)pd (5 61
5)\1(Dg) 56T€d/k ( )

having used that p(Dy) = A (Dy) > ¢TI0 on A. If v = \;, with k > 2, then by (5.42) with
g =1+ p/d, we have

T_p/dE |:>\k(D€)1+p/d} S Tl—p/dgd(pgd—Q)k—lgmz/d < Tl—p/(d—2)£d (562)

provided that we impose the condition

(k = Dv(d = 2) =] + 2yp/d > 2p/(d(d — 2)). (5.63)

Notice that since the square bracket is positive, it is sufficient to ensure it holds for k£ = 2.
If instead v = Ao, by (5.49) again with ¢ = 1 4 p/d, we have

T_p/dE [)\O(DK)H-p/d} < Tl—p/dp—1€d€2+2p/d < Tl—p/(d—2)€d (5.64)

provided that the additional inequality holds:
—Yp + 27+ 2yp/d > 2p/(d(d — 2)). (5.65)
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Finally, if v =75 An, by (5.55) with ¢ =1+ p/d, we have
1+p/d
Tlfp/dE Z )\h(DE) g Tede(p£d72)fcflpl+p/d < Tlfp/(de)gd (566)
h>k

provided that we impose

(k= 1)(7(d = 2) = 7,) = 27 = (1 +p/d) > p/(d - 2), (5.67)

which can be satisfied by choosing k sufficiently large. This settles the validity of (5.31).
Step 7 (Adjusting for longer first visits). Our next aim is to replace the measure A\, where
the first visit is interrupted at time p, with the measure

%

Ti,L -
3 / Spids = 3 + v, (5.68)
i€S YTl

where we let

”:Z/ " Spuds. (5.69)

ieS VPATL L

W, (Z / U 5Bgad8>
T1,e

€S

This is achieved by proving

E [W]’;e (Xl)] _E < T1P/(d=2)gd (5.70)

again as a consequence of Lemma 2.6. We first argue that, for every ¢ > 1,

Tli,L 1
Lyi /  IBiepyds
p/\Tf’L

Indeed, let us introduce a parameter 0 < p < p and split the event into two alternatives:

A={0<r,<p={0<r,<ptu{p<ri,<p} (5.72)

E < L2 log¢|¢%=2 . ¢%. (5.71)

In the case the first alternative holds, then it must be Ti L= Tli ¢ > p— p in order to have
a non null contribution. Hence, by using Proposition 3.7 and the strong Markov property,
writing B = 971- ZBZ we bound from above

i q
T1,L
I i ~ / IBiED dS) ]
{0< 1,Z§p} ( p/\TiL { s l}
< (pt R | T /TDEI B ds '
= fropoo-s} fy Mo}

</OTDCL I{BgeDz}d‘S) 21

E

s (5.73)

S (PP (s > p— ) PR

~

- p—p
Sq Péd ?exp <_CL2> 0,

having used Lemma 3.8 and (3.11) in the last line. If instead the second alternative holds
in (5.72), bound similarly but using only that its probability is small, again by Lemma 3.8:

Tf,L q 4 TDE q
Itocri <5} /th{sgem}ds <(p—p) E[(/O I{Bgem}dsﬂ (5.74)

So (p— P2 0.

E
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Recalling that L = T, letting p = p — éL?log(1/L) for a large enough constant ¢ yields
(5.71). Rosenthal inequality for positive variables yields

E[v(D) < nL?|log £|¢42 . (24 <nL2\ 1ogeyed—1)q52q < Tp~LL2|log £]04=2 . 424, (5.75)

having used

nL?|log (042 ~ Tp~ L%~ 2| 1og /| < 1 (5.76)
provided that the following condition holds:
1—7 =2y, —(d—2)y <0. (5.77)

Starting from (5.75), we now argue similarly as in the previous steps. Given § € (0,1), we
introduce the event

Gi=Gg= {Z/(Dg) < 5T£d} , (5.78)
and argue by Markov inequality that
~ Tp~'L2%|log¢|¢d—2 . 42
¢) <
P (Gf) %5 (Te2y1 . 20

for every a > 0, provided that g is chosen large enough. Using this fact, we may reduce
the proof of (5.70) where the expectations are performed on the event

A=G NGy (5.80)

LT, (5.79)

with G as in (5.37). After applying Lemma 2.6, everything is once again reduced to prove
that

TP/ [V(DZ)HW} < TVP/d=2)pd, (5.81)
which is seen to be a consequence of (5.75) with ¢ = 1 + p/d, provided that

—%Yp + 2yL + 2yp/d > 2p/(d(d — 2)). (5.82)
Step 8 (Application of Lemma 4.5) Having settled (5.70), the thesis is reduced to prove

that
hrn E [Wge (Z/ 5Bzd5>
W,

€S

(Tl—p/<d—2)| De|) = ¢(Z,d, p). (5.83)

Let us define B* := 97{ ZB , so that we can rewrite it as

(Sl )

i€S

lim E

T—oo

/ (T2 D)) = (. d,p). (5.84)

We condition upon the event {S = s} for a subset s C {1,...,n}, i.e., the event A; holds
if and only if ¢ € s. By Proposition 3.7, the conditional hlttmg law v, of Bz = Bo

is quantitatively close to the uniform distribution on dD,. Moreover, each Bl is stlll a
Brownian motion on T¢ and independence among the B’s is preserved. Furthermore,
since we are considering B* up to DS B, we can safely lift each of them to a Brownian
motion on R%, without changing the optimal transport cost on Dj.

Applying (3.11) with ¢ = 1, we easily obtain that

E|Y ul, BAD@] S plt=2 S T (5.85)
€S

Thus,

[Zumc pi(De ] Wh, (v, ép,) S T - 7(pt=?)| log €| < T P/=20¢7 - (5.86)
€S
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provided that we impose
1w+ [(d=2) =] >p/(d-2). (5.87)

By applying Lemma 4.5, it follows that we can replace each Biin (5.84) with a Brownian
motion B¢ with initial law é D, i.€., uniform on 0Dy, and the summation is now performed
over a random set S, independent of the processes (BZ)?:1

Step 9 (Time enlargement up to co). In order to apply Theorem 1.1, we need to enlarge
the time integration from Tli)c to oo. This is achieved along the same lines as before, i.e.

by isolating a good event and applying Lemma 2.6 to prove

)] = ()
€S

€S
{Z Hre B (Dy) > cTEd} (5.89)

€S
arguing as in (5.38) (it is actually simpler here because S is now independent of the B’s,

hence there is no need of the strong Markov property), we obtain that for a suitable
¢ =c(d) > 0 it holds

< TV P/d=2)pd, (5.88)

Indeed, if we let

P(GS) Sa T (5.90)
for every a > 0. Moreover, arguing as in the proof of (5.42), we obtain that, for ¢ > 1,

Orpe Bi q ¢ d—2 / d—2\ ¢
( fioo (De)> ] Snoptt=? <L> 029+ (n-pﬁd‘2~ <L) ) (%
ics

d—2
< T2 <£> . (%4

E

L
(5.91)
provided that
/ d—2
T2, <L> <1, (5.92)
which holds true if we impose the condition
Yd—=2)+(d—=2)(ve—r) > 1. (5.93)

By Markov inequality, we see that letting

{Z [hoo v DZ ) < 5T£d} (5.94)

1€S

it holds o

Ted=2. (£)777 . p%
(ng—2)q€2d

for every a > 0, provided that ¢ is chosen sufficiently large. Repeating the by now usual

argument, we reduce first ourselves to the proof of (5.88) where expectations are performed

on A = G1 NGy, and then applying Lemma 2.6 we see that, in order to conclude it is

sufficient to show

P(G5) S <T@ (5.95)

6, . Bi 1+p/d
T—P/E (Z fioo b DZ) < TP/ d=2)pd, (5.96)
€S

This easily follows from (5.91), provided that the condition
2yp/d+ (d—2)(y =) > 2p/(d(d - 2)) (5.97)
holds true.
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Step 10 (Application of Theorem 1.1). Thanks to (5.88), the thesis is reduced to prove

that
W, (z m)

i€S

Iim E

T—o00

/T P42 Dy| = ¢(Z, d, p), (5.98)

where (B%)%°, are independent Brownian motions on RY, with common initial law ép,.
Recalling also the definition of S (which is now independent of the Brownian motions),
we can introduce the function

f(m) =E

W, <i ufi)] 7 (5.99)
i=1

where (B%)22, are independent Brownian motions on R? with common initial law ép,, so
that a straightforward rescaling gives

wh, (Z “i) ‘ﬁS = m] = ("2 f(m). (5.100)

€S

E

By Theorem 1.1, we have

. m
A f(m)/ (Cap(Dl)
Moreover, §S has binomial law with parameters n = n(T") — oo, p = p(T') — 0 satisfying
np = T¢32(Cap(Dy) + o(1)). (5.102)
By Remark B.2, it follows that

1-p/(d-2)
> = o(Z,d,p)|D| (5.101)

o E E [ﬂS] 1-p/(d—2) p
Jim 176/ (s ) — (T.d.p)|Dil. (5.103)
However, we also see that
. o L E [£9] 1-p/(d-2)
lim 71-P/(d=2)pd=2=p /(2 =1 104
700 ¢ / Cap(Dy) ’ (5.104)

hence (5.96) holds.

Step 11 (Choice of the parameters). In order to complete the proof, we need to recall the
multiple conditions imposed on 7, 7,, 7, and «7, and check that they can be all satisfied.
Let us report them here for clarity: we have (5.2) and (5.23), which read

0<7% <7 <7v(d-2) and 0<~yL<7. (5.105)
Then, we have (5.8)
Yo=Y >p(1/(d=2) =), (5.106)
and the similar conditions (5.44), (5.51), (5.77)
1=~(d—2)—[(d—2)y =] <0,
1—7,—dy<0, (5.107)
1=, =2y, —(d—2)y <0.

Next, we have (5.63), which must be satisfied for k¥ = 2 (for larger values of k it will
automatically follow):

[v(d = 2) =] +2vyp/d > 2p/(d(d — 2)). (5.108)
Similar conditions are (5.65), (5.82) and (5.97):
—Yp + 271 + 29p/d > 2p/(d(d - 2))
—Yp + 2vL + 2vp/d > 2p/(d(d — 2)) (5.109)
2yp/d+ (d —2)(y — ) > 2p/(d(d — 2)).
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Finally, we have (5.87) and (5.93)

W+ d=2) =] >p/(d=2), A(d=2)+(d-2)(y—)>1L (5.110)

It is now an elementary exercise to check that all these conditions can be satisfied by
choosing v sufficiently close (but smaller than) 1/(d — 2), 0 < 7, < 7, sufficiently small,
and -, sufficiently close to 7. This concludes the proof in the case p > d/(d — 1). In the
following step we remark how to modify the argument in the case p < d/(d — 1).

Step 12 (The case p < d/(d —1)). In this case, we cannot apply directly Lemma 2.6
but following Remark 2.7 we need also to preliminarily fix an additional parameter r =
r(p,d) > 1 such that pr > d/(d — 1), and take into account that all the applications of
Lemma 2.6 will have the additional terms (2.47). For brevity, we do not perform explicitly
all the computations but show e.g. what becomes of the first application of Lemma 2.6 in
Step 6. The bound (5.61) must now be complemented with

(PE [JAXI(Df)1—1/7"—10/%(17@)1/”?@ < Tip/(d=2)pd, (5.111)

with v = Ao, v = A for k =2,...,k — 1, and v = Y 7% ; \. For simplicity, let us focus
on the case v = . If 1/r 4+ p/d < 1, then by Hélder inequality and (5.42) with ¢ = 1 we
obtain

~ ~ 1-1/r—p/d
"E [IAAI(Dg)1—1/T—P/dxk(Dg)1/r+P/d} < (" [Al(Dg)} ’

5 gp(ng)l—l/r—p/d(ng(pgd—Q)k—l)l/r—i-p/d

E [\ (D)) /774

— Epng(pgde)(kfl)(l/rer/d) < Tlfp/(d72)€d,
(5.112)

provided that we impose

o+ [v(d —2) —,)(k = 1)(1/r +p/d) > p/(d - 2), (5.113)

which can be safely added to all the conditions found so far, again by choosing ~ sufficiently
close (but smaller) to 1/(d — 2) (recall that k£ > 2). In the case 1/r + p/d > 1, we use the

fact that on A we have \;(D;) > T¢¢, hence using (5.42) with ¢ = 1/r 4+ p/d,
(PR [Ta X1 (Dg) =Y/ r=2ld ) ()V/r+/d| < go(ppdyl=1/r=p/dR |\, (Q)1/r+p/d
< TPl L/ =2 (ppd=2yk= 121 /r+p/d)
— TUp/dgd(ppd=2Y1=1/r (ppd=2)k—12p/d

< Tlfp/(d72)£d7
(5.114)

provided that we impose the condition
29p/d — (1= 1/r)1 —y(d = 2)) + (k= 1)[y(d —2) =] > 2p/(d(d - 2)).  (5.115)

Since r is fixed and k > 2 we see that this holds, again provided that we choose ~ sufficiently
close (but smaller) to 1/(d — 2). O

We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Write for brevity ur = u? . Given 4 as in Proposition 5.1, we
choose v € (3,1/(d — 2)), set £ = T~7 and consider the Borel family of sets (Dy(z)),cra,
which satisfies

dz
S 5.116
/Td XDu() D ( )
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By Lemma 2.2 with £ = T? and o(dz) = |Dg|_1dz, we obtain

dz pr (De(z)) dz
P P
Watm) < 1+9) [ W, o) 5+ 55w ( [, Hp  eno)
(5.117)
If p > 1, we apply (2.29) to the second term, obtaining
Dy(2)) dz - pr(De(2)) dz g
Wp</MT( T ,STlp/ Ni——T .
“\Jre D PODy v 1D PO )
(5.118)
By convexity, we bound from above
pr(De(2)) dz ? ‘ / <,UT(D£<2)) ) dz ?
A I B e e M) PO |
’ /Td | De| Dl )’Dz\ Lp(T%) Td 1Dy Dl )’DN Lp(T4)
pr(De(2)) ) P dz
< — 1 ) XDz 2
/Td ( | Dyl PO Loray 1D
< / prDe(2) _ ol o
~ Jra| D
1D [ lnn(Di) - TID(| P dz
T
(5.119)

After taking expectation, consider first the case p > 1. By Lemma 3.5, we obtain that,
forT > 1,

B (w2 ([ 00 5 ) | ST DD i
Td

Dol PP Dy (5.120)

< pl=p/2p=(p+d—pd)*

In order to ensure that this term gives an infinitesimal contribution in the limit, we need

to further require that
p 1 1
— - — 121
TS prd—dp)t (2 d—2>’ (121

but it is simple to check that the right hand side is larger than 1/(d — 2).
To cover the case p € (0,1], and in particular that of d € {3,4}, and p < (d — 2)/2, we
use (2.18), which yields (5.120) with p = 1. Hence,

Dy(2)) dz o /(de
E W </ pr( . < TY2 « TLop/(d-2), 5.122
W ([ i oy e

Thus, we only need to focus on the first term in the right hand side of (5.117). By
stationarity, the law of pp L Dy(z) does not depend on z € T¢, hence

dz | » dz 1 »
& [ o Wiz (1) |Dé|] - /T B[W,o) (ur)] 1o = 1P B [Wh, Gur)] - (5:125)
Thus, the thesis follows by Proposition 5.1. O

6. A CONCENTRATION RESULT

In this final section, we establish some concentration properties for the optimal transport
cost associated to the occupation measure of a stationary Brownian motion on T¢.

Proposition 6.1. Let B be a stationary Brownian motion on T, d > 3. Then, for every

p >0 such that p < (d—2)/2 if d € {3,4} or

d—2 1+2p/d
2 1+p/d’

p< ifd>5, (6.1)
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it holds P-a.s.
Jim (W2, () — E [WE,(up)] | /T 7/ <. (6.2)

Notice that (6.1) is satisfied if p < (d — 2)/2.

Proof. The strategy is to argue as in Step 1 and Step 2 in the proof of Proposition 5.1, but
on the whole T?, and then apply a standard concentration argument in the independent
case.

Step 1 (Time splitting). We introduce two parameters 7,, 75, such that

0<7 <7, <1 (6.3)
to be further specified below, and set
T
n:= T, o¢:=T%, p:===—o0. (6.4)
n
and decompose
n—1 0 B n—1 0 B
pr = Zupz(fﬂro) + Zuaz(fﬂra)ﬂ? — ﬂT + >\T (65)
i=0 i=0
We trivially have
fr(TY) =np~T and Mp(T?) = no ~ T+ (6.6)
Thus,
(T4 / fip (T = T < 1 (6.7)

and we are in a position to apply Lemma 2.6 with any given § provided that T is sufficiently
large. Assuming for simplicity that p > d/(d — 1) (to cover the case p < d/(d — 1) one has
to argue as in Step 12 of the proof of Proposition 5.1) we find, for € € (0, 1),

~Wra(ir) + (14 &)™ Wg, (pr) Se T 000/ p1oe/l22), 0 (6.8)
provided that we impose
P d
— Ve > —— - —. 6.9
L R (6.9)
Using instead (2.36), we obtain, for every ¢, ¢ sufficiently small, for some ¢ = ¢(¢, p,d),
W’ﬁd (i) — (1 + ¢6)(1 + €)W§d (ur) Sse T (p=70)(4p/d) o pl=p/(d=2) (6.10)

again if we impose (6.9). Summing (6.8) with the expected value of (6.10) yields
— W2, (fir) +E [Wg, (Ar)]
+ (1 +) Wiy (nr) — (1+ ed) (1 + €)E Wra(fir)] < TP/,
which can be rewritten after some manipulations as

(W2, (1) — E[Wra(fir)]) Se (W2, (i) + cdE [W2, (ir)]) " + E [Wra(fir)] + R({), |
6.12

(6.11)

where R(T) < T'~P/(4=2)  Using Theorem 1.2 (actually in a weaker form)
E [W2,(ur)] < THP/42), (6.13)

hence, letting first 7 — oo and then § — 0 and finally ¢ — 0, we obtain that P-a.s. it
holds,

limsup (WE, (pr) — E [Wra(pr)]) /T 77/ 472

T—o00

< limsup (W2, (jir) — B [Wa(ar))) /77472, (614)

T—o00
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Arguing similarly, but summing the expectation of (6.8) with (6.10) yields, after some

manipulations and using (6.13), that

lim sup (E [WTd (,uT)] — qulzd(MT)) /Tl—p/(d—z)

T—o00

(6.15)
< limsup (E [WTd (fir) — W{,’d (ﬂT)])+ /Tl_p/(d_g),
T—o00

hence, the thesis will follow if we prove that

Jim W2, (i) — E W2, (jir)]| /T2 = 0. (6.16)
Step 2 (Breaking dependence). We write
pr = Zufla (6.17)
i=1

where B = 0(i—1)(p+o) B are stationary (but not independent) Brownian motions on T¢.

Our aim is to argue that we can replace the processes B with independent (and stationary)
Brownian motions B'. Before we do so, we argue that we can work on a stronger version
of (6.16), namely that for every ¢ > 2,

WP, (fir) — E [WEy(ir)] ||, S p/2T1 2/ =212 (6.18)

La ~

which easily implies (6.16) via Borel-Cantelli lemma, provided that we impose

Yo <1—p/(d—2). (6.19)
The interesting feature of (6.18) is that it can be equivalently restated in terms of an
independent copy B of B:

W2, (jir) — WEi(r)||,, S p*/2TH#/ (=22 (6.20)
with the notation
ir =Y b, (6.21)
i=1

and Bl = H(i—l)(p-i-O')B'
We then consider the following non-negative function of 2n continuous curves (z,z) =
(#%,7")"_, defined on the interval [0, p] taking values on T%:

n n q
) = w2 (S ) - (S (622
i=1 i=1
By (2.17), we have
sup F' (z,z) <T1. (6.23)
(&,2)
By 2n iterated applications of (2.12), we obtain
®n < —COo
drv P(B"Bi)?:l’ (PBSE[O,/J] ® PBSG[O,/}]) ~ e ’ (6'24)

This yields in particular that we can replace the (dependent) Brownian motions B and B
in the expectation of F', with 2n stationary and independent Brownian motions, with an
error term that is bounded from above by T9ne™° <« T—%, for every a > 0.

Step 3 (Concentration via Poincaré inequality). We now are left with the task of showing

hat
H r ( =1 MPZ> . T ( =1 Mpz)
= i=

< pl/2pli-p/(d-2)/2. (6.25)

La
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where the Brownian motions (B)"_; are now independent, and stationary, with values in
T, Representing each B = Z' + B*, with Z' independent and uniform variables on T¢
and B’ the projection on T? of a (independent) standard Brownian motion on R?, we can

write
n
Wz, (Z ﬁ) =6 (2, (B (6.26)
i=1
where
. . " A
G((2")ier, (#)i1) = Wi ( T ) - (6.27)
i=1
The concentration bound (6.25) follows from the Poincaré inequality on the space (T¢)" x
(Co([0, p],R%))", endowed with a suitable product of uniform measure on T¢ and Wiener

measure on Cy([0, p], R?). Indeed, since W,ﬁd (+) is expressed as minimization problems, a
simple approximation argument (e.g. by discretizing the paths z*) yields that

(=i, (@)iey = G2y, (i) (6.28)

is Sobolev (in the sense of Gaussian-Malliavin calculus with respect to the variables #’s),
with (squared) modulus of the gradient estimated by

VG @) S (4 0) [ dla)0Vindedy), (629)

where 7* denote an optimal transport plan. Since we are already assuming p > d/(d—1) >
1, it follows that, for every ¢ > 2,

n N\ 92
E[|va(zhm,, (BYL)|'] s 1+ ) E (W{r’d (Z u)) . (830)
i=1

Using the same argument as in the previous step, we can estimate
q/2

n q/2 n
E (W{;d <Z Iy )) SnT"%e ™ +E | | WP, (Z u/) : (6.31)
i=1 =1

Finally, by (2.16) with » = ¢/2 and (6.13), with exponent pq/2,

n q/2 n
Bi 2-1 qp/2 Bi
£ W1Zr)d (Z Fp ) N TR WTd (Z Fp )

i=1 i=1

< Tall—p/(d—2)}/2 (6.32)

By Poincaré inequality, we conclude that (6.25) holds.
Step 4 (Conclusion). To conclude, we need to choose 0 < 7, < 7, < 1 such that both
(6.9) and (6.19) holds true:

b

Yo — Yo > mm, and ’}/p< 1_p/(d_2) (633)
Since 7, can be arbitrarily small, these conditions can be satisfied provided that (6.1)
holds. U

Remark 6.2 (lower bounds). In the proof of Theorem 1.1 we did not prove directly that
c(Z,p,d) is strictly positive, since this can be seen as a consequence of Theorem 1.2 and
the fact that

liminf E [W2, (uF)] /77472 > 0. (6.34)

T—o00
If p > 1, this is an immediate consequence of (1.8). For 0 < p < 1, one can argue as
follows. We start as in Step 1 of the above proof with parameters v,, v,, such that

0<7 <7, <1 (6.35)
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to be further specified, and set again

T
n:=|T""], o:=T%, p:=——o. (6.36)
n
Decomposing
n—1 0 B n—1 0 B
pr = § :Mpz(ﬂ-‘ra) + § luoz(/)-‘rrf)-‘rp = 'aT 4 AT (637)
i=0 i=0

from (2.36) with ¢ — 0, we have for some constant ¢ = ¢(p), that
Wia (n1) = Wy (uf) — eIt (6.38)
Assuming that
Yo — Yo >p/(d—2), (6.39)
it is then sufficient to argue that

liminfE

T—o0

JTi7P/(d=2) 5 ¢, (6.40)

W, (Z u?)
=1

As in Step 2 of the above proof, we can use n applications of 2.12 to move to the case
where the B"’s are independent (and stationary) Brownian motions (this part uses that
7o > 0). Hence, by (2.19), we have

p Bt ) . .
2|2 (S8 )| 2o [ 2] iyt ]

>TE [ min min de(07B§)p]
2:177nt6[07p]

(6.41)

having used stationarity in the last line. By the layer-cake formula and independence,
E[ min  min de(O,Bz)p} Z/ P(min dra(0, By)P > s) ds
0

i=1,..,n t€[0,p] te[0,p]
T-p/(d=2) . ; n
D 1/pB >p) ds
0 S

(6.42)
Using Proposition 3.7, we obtain that there exists a constant ¢ > 0 such that, for each
i=1,...,n, s <T P42 it holds
B CTs(d_z)/p
P (7, misp) 21— eps @00 =1 - S0 (6.43)
having also used that

ps\ T/ < prt = T « 1, (6.44)

Using this bound, we find

e ropld=2) @2/p\"
‘ T
T/ P(TD 1/sz >p>”dszT/ <1_08) dsle—p/(d—Q)’
0 s 0 n

(6.45)
hence the thesis.
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APPENDIX A. WASSERSTEIN ASYMPTOTICS FOR STATIONARY MEASURES
In this appendix, we consider a random Borel measure v on R? satisfying the following
conditions:

i) (stationarity) For every 2 € RY, it holds trans, v = v.
ii) (integrability) For every bounded Borel A C R%, v(A) is integrable.
iii) (concentration) There exists o € [0,d) such that, for every g > 1, there exists
C = O(v,q,a) < oo such that, for every Borel A C R? with diam(A) > 1,

[0(4) — E[p(A)] [lg < C diam(4) )2 (A1)

Notice that, by stationarity and integrability, the function A — E [v(A)] is a translation
invariant (o-finite) measure hence for some constant A € [0, c0) it holds

E[v(A)] = MA. (A.2)

Without loss of generality, we assume in what follows that A = 1, so that E [v(A)] = |A4]
(if A = 0 the statements become trivial). With this notation, we have the following result.

Theorem A.l. Let v be a random measure on R satisfying the conditions i), i), iii)
above. Let p > 0 be such that

r:=d—a—2min{p, 1} > 0. (A.3)

Let Q C R? be a bounded connected domain with C? boundary (or Q = Q a cube). Then,
it holds

limsup E [Wh(dil,-1/a v)] /n'7P/4 = ¢, |9, (A.4)

n—o0

where ¢, ;, € [0,00) depends on v and p only.

We split the proof in the next subsections, where we recall and slightly generalized ideas
and tools from [7, 23, 6, 25].

A.1. The case of a cube. In this section, we focus on the following result.

Proposition A.2. Let v be a random measure on R? satisfying the conditions i), ii), iii)
above. Let p > 0 be such that

r:=d—a—2min{p,1} >0 (A.5)
Then, the following limit exists:
1
lgr;o EE [WgL (V)} =cyyp € [0,00). (A.6)
Moreover, there ezists C' > 0 (depending on v and p only) such that for L > 1,
1 P C
o < 4B (W5, ()] + . (A7)

Proof. By standard sub-additivity (Fekete-type) arguments, e.g. [25, Lemma 2.12], it is
sufficient to prove that there exists a constant C' > 0 such that for every L > C and
m e N,

1

’QmL’

Starting from the cube @Q,,, we construct a sequence of finer and finer partitions of
Qmr by rectangles of moderate aspect ratios and side-length given by integer multiples of
L. To simplify the notation, we define

(R) =B | W) (A9

E[ng(y)} T QLl [WP (v )]+LCT. (A.8)

2
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We rely upon iterated applications of the following inequality: let R of moderate aspect
ratio, let R be an admissible partition R into rectangles of moderate aspect ratios and
side-lengths given by integer multiples of L. For every € € [0, 1), we have

IR; C 1

R)<{l+e Z ]R\ oD R[22’ (A.10)
with C' = C(p) € (0,00) and
= d—a—2p ?f0<p<1, (A11)
p(d—a—2) ifp>1.
Indeed, defining = |) = 18 it holds
E[x] =E[x] = 1 (A.12)
Using (2.20), we get
|| A ¢ 1 vop .
< <1+5)§i: w7 B+ o E | g W ;mmﬂm (A.13)

We then estimate the last term in the right hand side. In the case 0 < p < 1, we use
(2.18), obtaining

W (S kiran ) 5 'R'p/d/Zrn Al
T i XR;» ~ i R;
k| 2 A Jn2
< |Rpa (m A1+ b -l )

(A.14)

y (A.1), we have
oo {B ln — B[] | e (B s - E el [} 5 175", (A15)

which eventually yields (A.10).
If p > 1, we argue first by Markov inequalit and, (A.1) that for every n > 1,

p < < ;) <P (m —El)| > ;) S IW(R) — E[(R)] 2RI = [RI"e=d/GD_ (A 16)

Choosing n sufficiently large and using (2.17), i.e

@Wp (Z IiiXRi,li> < |R|P/ 4k, (A.17)

we may reduce ourselves to the event {x > 1}. Under this condition, by (2.28), we have

R R|p/d/
_ . < R p
\R[WR (; mlxzzi,/-f) SR RZZ-: ki — K[PXR,
(A.18)
S |RP/ (!n K] IP + Z ki — E [ri] ) .
y (A.1), we have
max {E [|x — E [] |P] ,E[|ri — E [ki] |7] (A.19)

which eventually yields (A.10).
Starting from the cube @Q,,1, we next construct a sequence of finer and finer partitions
of Q. inductively as follows. We let Ry = {Qmr}. To define Ry, let R € Ry. Up
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to translation we may assume that R = Hle[o, m;L) for some m; € N. We then split
each interval [0, m; L) into [0, [ 5* | L)U[| 5t] L, m;L). It is readily seen that this induces an
admissible partition of R. Let us point out that when m; = 1 for some 4, the corresponding
interval [0, 5% |L) is empty. This procedure stops after a finite number of steps K once
Ri = {Qr + 2,z € [0,m —1]%}. Tt is also readily seen that 261 < m < 2K and that for
every k € [0, K] and every R € Ry, we have |R| ~ (2K-FL)4,

If 0 < p < 1, we prove by a downward induction that, for every k € [0, K] and every
R e Ry,

K
f(R) < f(Qu)+CL 2 27 K=/, (A.20)
ji=k
This is clearly true for k = K. Assume that it holds true for k + 1. Let R € Ry. If
0 <p <1, we apply (A.10) with € = 0, obtaining

fRY< Y Bl gy yo L

RiERk_._l,RiCR |R| |R|q/(2d)

K
|Ri| —r/2 (K—j _ _(K—
< CL r/ 9 (K—j)r/2 CL 7‘/22 (K—k)r/2
< X R Qo+ > +
RiERk+1,RiCR j=k+1
K
= f(Qr)+CL™/? Z o—(K=j)r/2.
j=k
(A.21)
Applying (A.20) with k = 0, hence R = Q,,,1, yields (A.8).
In the case p > 1, we prove a slightly more involved inequality: there exists a constant
A < oo (depending on p only) such that, for R € Ry,

K
F(R) < F(QL) + AL+ f(Qu))L™2 Y 2 K=z, (A.22)

=k
if e = (2K-*FL)7"/2 <« 1, we get
R; C 1
m<are Y Bilpgy

v s
Ri€Rir1, RiCR 2] P77 R 2

. K
" s (@ A+ r@uILE Y 2 W) 4 oEEer)
j=k+1

< f(Qr) + A1+ f(Qr)) L%

K C K
x| S artmirrz yom—wr2 [ C 4 pog ST g (k=i
j=k+1 A j=k+1

(A.23)
If L is large enough, then (Zj’(:k—s—l 2 (K=a)r/2)[=7/2 < % Finally, choosing A > 2C yields
(A.22).
Applying (A.22) to R = @,z and using that ijo 277/2 < 0, we get
1
f(mL) < f(L) +C(1+f(L))L1' (A.24)

2

Since f(L) < LP, writing that every L > C may be written as L = mL’ for some m € N
and L' € [C,C + 1], we conclude that f(L) is bounded and thus (A.8) follows also in this
case. g
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Remark A.3. We point out that as a consequence of the above result, we have
E [Wg(u)} <1Q|,  for every cube Q C R% (A.25)

A.2. Whitney decomposition. We recall some result on decomposition of domains.
The first one is [6, Lemma 5.1].

Lemma A.4. Let Q C R? be a bounded domain with Lipschitz boundary and let Q = {Q;};
be a Whitney partition of Q. Then, for every § > 0 sufficiently small, letting Qs = {Q; :
diam(Q;) > 0}, there exists a finite family Rs = {Q;}; of disjoint open sets such that:

(1) ()5, = Qs URs is a partition of Q,

(2) || ~ diam(Qx)? for every k=1,... K,

(3) if Qx € Qs, then diam(Qy) ~ d(x,Q°) for every x € Qy,

(4) if Qi € Rs, then diam(Q) ~ 0 and d(z,Q°) < 0, for every x € Q.

Here all the implicit constants depend only on the initial partition Q (and not on ).

We next collect some useful bounds related to the above construction, generalizing [25,
Lemma 2.2]. Define, for v € R, 6 € (0,1/2), the function

1 if v >0,
r,(8) == { |logd| ify=0, (A.26)
o7 if v <0,
and notice that
ry(8) ~ Y 270 (A.27)
£<|log, ¢|

Then, we have the following result.

Lemma A.5. Let Q C R be a bounded domain with Lipschitz boundary and let Q = {Q;};
be a Whitney partition of Q). Then, letting (Qk)ff:l = Qs UR;s as in Lemma A.4, one has
that |Rs| < 6% and,

(1) for every a € R, it holds

K

> diam(Q)* < rat1-a(6), (A.28)
k=1

(2) for every a <0, k=1,...,K, and x € Qy, it holds

: AN d-1
Zdiam(Qj)a min {1, (W) } S (| log(0)] + |log(diam(Q2))]) 6%, (A.29)
j Y

In the above inequalities the implicit constants depend upon O, d and « only.

Proof. Since the boundary of €2 is Lipschitz, it follows from the properties of the partition
that, for every x € Q and r > s > 0,

#{k : Qi C B(x,r),diam(Q) € [s,25)} < (r/s) L, (A.30)

with the implicit constant depending on Q only. It follows that |R;s| < 6!~ and, for every
¢ < |log, 6|, the number of cubes Q, € Q5 with diam(€y,) € [27¢,271) is estimated by
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2ld=1) Therefore, for a € R,

Zdlam Q) < Z diam(€2)” Z diam(€)”

k=1 QreQs QLERs
3 ﬂ{Qk € Qs : diam(Qy) € [24,2*f+1)}2*m+|735\-5a (A.31)
£<]|log, 4|
< Z E(a—i—l —d) +5a+1 d <ra+1 d(é)
£<|log, 4

having used that the in the summation ¢ is also bounded from below in the summation
(e.g. by —|log, diam(Q2)|). We thus obtain (A.28).

In order to prove (A.34) and (A.35) we further notice that, given €y, Q; and x € §y,
we have that, for some constant C' = C(Q),

Q; C B(xz,Cmax{d(z, Q;),diam(Qy)}). (A.32)

Indeed, if Q; € Rs, then diam(Q;) < 6 < diam(€Qy), hence (A.32) holds. If instead
Q; € Qs, then we can find y € Q; with |z — y| < 2d(z,$;), so that, by the triangle
inequality,

d(y, Q°) < |z —y| +d(z,Q°) < max {d(x,Q;),diam(Q)} (A.33)
and by property (3) in Lemma A .4 we obtain that diam(€;) < max {d(z,;), diam ()},
yielding again the desired inclusion.

We now prove (A.29). We claim that it follows from the following inequalities, valid for
any v € N:

> diam(€2;)® < 277D diam ()T g 41-a(0), (A.34)
J:d(z,Q;)<277 diam(Qy)
and
diam(§2; B
Z CI(:L’Q()d)l S |y + log (diam(€2)) [rg41-a(6). (A.35)
j:d(2,95)>2=7 diam(Q4) ’

Indeed, we can split the summation and use (A.34) and (A.35) to get
diam(€;)\ %
Z diam(£2;)*min { 1, m
d (l‘, QJ)

S Z diam(€;) +
J:d(z,Q;)<277 diam(Qy) j:d(z,Q;)>277 diam(Qy,)

< 2779 diam(Qp) " rag1-a(0) + |y + log (diam(Q)) ra(0).

Choosing v so that 277 < § < 2771 yields (A.29).

Hence, we prove (A.34) and (A.35). Let ¢ < |log,d| be such that diam(Qy) €
[27%,274+1). Combining (A.32) and (A.30), we see that, for every £ < |log, d|, there
are at most 2= =7d=1) sets Q) such that d(z,Q;) < 277 diam(Q) and diam(Q;) €
[27¢,2741). Therefore,

diam(Q;)? 1+ (A.36)
Z d(a:, Qj)d_l

> diam(Q))* < Y 27feptiIldD)
J:d(z,2;)<2~7 diam(Q,) €<|1og26|
52 (v+2i)( Z 9- L(a+1—d) (A.37)
€<|log25|

< 277D diam () rag1—a(6).



WASSERSTEIN ASYMPTOTICS FOR BROWNIAN MOTION ON THE TORUS AND INTERLACEMENES

This proves (A.34). To prove (A.35), we split dyadically,

diam(92;)8 1 .
2 d(mﬂ(j)jd)—l S 2 G > diam(€2;)"

jd(z,Q;)>2-7 diam(Q) L<l+y jrd(z,Qj)e[2—¢,2-6+1)
o (A.38)
Y S @)
<l Q,CB(z,02-)

Let us also notice that, if Q; C B(x, C27%), then necessarily § < diam(;) < 27¢ (since
diam(Q;)? ~ |Q;]). Thus for ¢ with 27¢ ~ 27¢,

Y diam(@) S Y 2*“%{ng3($,0sz):diam(ﬂj)e[r",zwﬂ)}
Q,;CB(z,027%) ¢ <u<|log; 9|
(A.30)
<Y 2w g OW ) _gta) Y geuiia)
¢'<u<[log, o ¢ <u<]log, |
S 271 gy a(0)
(A.39)

using again that ¢’ is bounded from below by a constant depending on Q only. Plugging
this bound in (A.38), we conclude that

diam(Q;)? _ —o(d—
D e DELL I
jrd(z,Q;)>2-7 diam(Qg) 7 (< b+ (A.40)
< (v + |log (diam(€2)) ) 741-a(9)-
This concludes the proof of (A.35). O

As in [25] in the next result we rely on gradient bounds for the Green kernel (G(z,y))zyen
of the Laplacian with Neumann boundary conditions:

VaGla,y)| S o —yl'™?,  for every z, y € ©, (A1)

where the implicit constant depends uniquely on §2. This condition is satisfied for instance
if Q is C? or convex, see e.g. [46]. Notice that since it is a local condition it also holds for
Q\Q with Q a C? open set with d(9Q,d9) > 0. We have the following bound (see [25,
Lemma 2.6)).

Lemma A.6. Let Q C R? be a bounded domain with Lipschitz boundary such that (A.41)

holds and for & > 0 sufficiently small, consider a partition (Qk)szl = Qs URs as in

Lemma A.4. For any (bg)ry CR, >0 andp > 1,

> bixa, —b
[

with b =), bp|Qu|/|Q| and the implicit constant depends only on p, d and Q (not on &
nor (bg)k-)-

Proof. We set

< [1og 83"~ - max {\bk] diam () } , (A.42)
W=1p(Q)

||
Ik = Xxa, — (A.43)

S
and let ¢ denote the solution to the equation A¢y = fi, with null Neumann boundary
conditions on 2 and use as competitor £ = Zszl b,V in the definition of the W—1»
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norm. We get

P
Z brxey, — b Z bkfk > bV
W-1.p(Q) wW-1r(Q ) Qg
» P
< <m]?x { |bg| diam () }) /Q (Zk: diam () |v¢k|> .

(A.44)

To bound the last term, we use the integral representation in terms of the Green’s function,
o= [ Gt (A.45)

to obtain that, for every x € €2,

Ve (2)| < min {diam(Qk), 'Q’f’dl} < diam () min {1, <diam(9’f)>d_l} .

d(xan) - d(iL’,Qk)
(A.46)
Indeed, by (A.41),
Vo) 5 [ a1 [ e < [ L
| | | | {ly|<diam(Q)} |y’ (A47)
< diam(€y).
Moreover, for = ¢ Qy, we get directly from (A.41),
||
< —. A4
For any £k =1,..., K and z € (), we then estimate
(A.46) K diam () 471
Zdlam Vo) S Y diam(Q) P min{ 1, diam(<2;)
: d(IL‘, QJ)
j=1 (A.49)
(A.29)
< (|log 8] + |log diam(€2)]) 617,
To conclude, we go back with the integration and bound from above:
L
/ Zdlam BVl | = Z/ (llog 8|” + |log diam(€;,)|P) 61 =P
k=1"%
K (A.50)
< <log 5P + Zdiam(Qk)d [log diam(Qk)\p) §0=Bwp
k=1
< |log g[P 677,
by estimating z%|log(z)[P < 29-1/2 and using (A.28) with o = d — 1/2.. O

We have now all the preliminaries to address the proof of Theorem A.1.

A.3. Upper bound. In this section, under the assumptions of Theorem A.1, we establish
the inequality
limsup n = TP/IE [WE(1)] < cuplQ- (A.51)

n—oo
Recall that we assume without loss of generality that E [v(A)] = |A|. Write also v, =
dil, _1/a v, i.e., v, (A) = v(n'/?A), hence

E [vn(A)] = nlAl, (A.52)
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and, by (A.1),
[V (A) = E [ (A)] ||y Sq diam(n'/44)@ /2 = %58 diam(A)@H)/2, (A.53)
provided that diam(n'/?A4) > 1, a condition that surely holds if n is sufficiently large and
Vs < é (A.54)

This leads to the concentration inequality
(A —B/2 wears diam(A)(@d+a+8)/2\ 7
P( v, ( ) 1) > (nl/d dl&Hl(A)) > Sq (n 2‘?/3 1am( ) , (A55)

n|A Al
for every ¢ > 1 and 8 > 0. Moreover, (A.25) becomes

22|IE [Wg(yn)} < pl=p/d, (A.56)
We begin by fixing a Whitney decomposition Q = (Q;); of 2. and a positive parameter
~vs > 0, to be further specified below. By Lemma A.4 with § = n™7, if n is large enough,
we have a finite Borel partition of Q = |J, Q;, whose elements are collected into the two
disjoint sets Qs, Rs.
By (2.20), we write

wi (Z IiiXQi>] , (A.57)

having defined k; = v,(€2;)/(n|€2]). For each Q; € Rs we use the the trivial bound (2.17),

E[Wh ()] < (14D E [ng (un)} + ng(pcwﬂ«:

E [ngi (Vn)} < diam(;)PE [ ()] < 6P+n, (A.58)
so that their contribution is
> B |WE (v)] 50116 = 51 < e/, (A.59)
0, ERs

provided that

P <Pl e, S A.
<«<n P e, 75>(p—|—1)d (A.60)
If Q; € Qs, then Q; is a cube, hence we have by (A.56) that
B (W, (vn)| < [l 714, (A.61)

where the constant does not depend on €2;. Using this domination and Proposition A.2,
we deduce that

lim sup n~ 1 P/4 E E [W&_ (I/n)] <cup E 1] = cup|€Y. (A.62)
QiGQ(;(,,L) €9

Therefore, in order to conclude, it is sufficient to focus on the remaining term in right-hand
side of (A.57) and argue that

E [W£ (Z K‘,Z'XQZ.>] < n7P/, (A.63)

provided that ~ys is suitably chosen. Writing also £ = 1,(2)/(n|€?|), we introduce an
auxiliary parameter 3 satisfying
0<f<d—a (A.64)
and the event
A= {|/<; — 1] < (/4 diam(Q))—ﬁ/Q} NN {W — 1] < (a1 diam(Qi))_5/2} . (A.65)

7
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whose probability is bounded from above, via union bound and an application of (A.55)
(recalling also that [;] ~ diam(£2;)%):

P(A°) <, nla—d+p)a/(2d) <1 + Z diam(Qi)(a_d+B)Q/2> <4 nloe—d+B)a/(2d) (A.66)

provided that ¢ is chosen sufficiently large.By (2.17), Holder inequality and (A.55),

E [Wg (Z H,Z'XQZ.> I 4e

7

~ ~

<SE[slac] SE[R2]2P(A9)Y2 SPA)Y? < n?/d (A67)

provided that ¢ is sufficiently large. Therefore, we are reduced to bound W§ (3°; kixq,)
on the event A. If n is large enough, on A it holds x > 1/2, hence by Lemma 2.3 we obtain

W (Z HiXm) S (ki — p)xe;
Then, by the identity

D (ki r)xa, =Y (ki—1) (XQZ- - ||Sg;”> ; (A.69)

i i
still on the event A we apply Lemma A.6 with (by)r = (k; — 1); and 8/2 instead of 3, so
that

(A.68)

W—1p(Q)

sup [r; — 1| diam(Q;)P/2 < n=P/(2d), (A.70)
obtaining
P
P
Z(Hi — K)XQ, S (]log J] 51*6/271*’5/(2“{)) . (A.71)
i w=br(Q)
We choose 75 so that
| log 8|61 52 =8/2d) « p=1/d (A.72)
which is ensured if 0 .
-1 ]
(B/2 —1)ys < 8/ T e, % < 7 (A.73)

which is a condition we already found in (A.54). Recalling also that 5 must satisfy (A.60)
we see that indeed indeed one can always choose such a 5. This concludes the proof of
(A.63), hence we settled (A.51).

A.4. Lower bound. Under the assumptions of Theorem A.l1, we argue now that the
corresponding lower bound holds:
lim inf n~"P9E [WE (v,)] > cp|Q, (A.74)

n—oo

thus concluding the proof of Theorem A.l. The main idea dates back to [7, Theorem
24]. We fix a cube Q = Qp with L so large that Q C Qr—1. We set 2; = Q and, for
i=2,...,K let Q; be the connected components of Q\2 so that Q\Q = UiIiQQi. Notice
that, for every 4, either 9Q; is C? or is the union of AQ and a C? surface. In particular
each (); satisfies (A.41). By Proposition A.2 and (2.20) we obtain that

CuplQl = Tim ™ PR [Wh (1)

< (1+ &) liminf n " T/9E [W(1,)]

n—oo
= C
+(1+¢) Zlim supn” 1 TP/IR [Wg(un)} + —— limsupn?/E [Wg(m)} ,
—5 N0 ‘ eP-1T T Lo ’

(A.75)
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with k; = v, (£;)/(n|;]). Using (A.51) for i = 2,... K, we obtain
K

e _l4p/d
Cup|Qf < hnn_1>£fn /AR (W ()] + kzﬂcu,p

Q;| + lim sup n”/“E [WSZ(HZ)} . (A.76)

n— oo
Since Q] = |Q| — 32K, ||, inequality (A.74), hence the thesis, follows if we argue that
E [ng(m)] <n P (A.77)
We set k = 1,(Q)/(n|Q]). If p < 1, we use (2.18) to obtain
K
E [Wg;i(ﬁi)} <E [diam(Q)p 31l | — m]
i=1
K

SE[r =1+ ) Eflsi — 1] S /G <« p7p/d
i=1

(A.78)

by the assumption (A.3). If p > 1, we proceed along the lines as the proof of (A.63),
but here it is actually simpler since the partition is fixed (previously it depended upon n
through 6). First, we set kK = v,,(Q)/(n|Q]) and introduce the event

K

A= {|H — 1] < (n'/d diam(Q))’Bﬂ} nN {m — 1] < (nV/1 diam(Qi))’B/Q} . (A79)
i=1

for some 0 < f < d — . Arguing as in the proof of (A.67), we are easily reduced to prove

E [ng(m)IA} <n? (A.80)

If n is sufficiently large, we have k > 1/2 on A, hence by (2.29) we obtain
K
E[WE (50 1a] £ SB[l — 17 1a] £ 0779/, (A81)
i=1

which is < n~P/¢ using (A.3) in this case.

APPENDIX B. DE-POISSONIZATION

In this section we discuss a De-Poissonization argument in order to transfer limit results
from the case of the sum of a random number N of measures, and that of a deterministic
number E [N,] =~ A.

Proposition B.1. Let (1')2; be i.i.d. random Borel measures on  C RY such that
E [Wg(ul)] < 00, (B.1)

i (3]

Let Ny denote a (further) independent Poisson random variable with mean A. Then, for
every a € R,

and set

f(n):=E

liminf n® f(n) > liminf A*E [f(N))], (B.3)
n—00 A—r00
and
limsupn®f(n) < limsup A®E [f(Ny)]. (B.4)
n—00 A—00
In particular, the two limits
lim n“f(n) and limsup A®E[f(N))] (B.5)
n—oo A—r00

exist and coincide, whenever one is known to exist.
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Proof. Given 1 < m < n, the identity

n -1
o= () Ly (B9
i=1 Igﬁ{[lé.;.r;n} iel

in combination with (2.20) yields

1 = ! 1
s () -ma | (1) X X

IC{1,..,n} €l

tl=m (B.7)
-1
n 1 )
< —WE g
(), 2w ()
IC{1,...,n} i€l
tI=m
Taking expectation, we obtain that
(n) _ f(m)’ (B.8)
n m

since (%)™, have the same law of (u%);cy, if I contains m elements.
Given € > 0 and A > 0 introduce

A=A ={AM1-¢) <Ny < A1+¢)}, (B.9)
which Markov inequality satisfies, for every ¢ > 1, the inequality
E[Nalge] Sq A2 (B.10)
Using (2.20) and the trivial bound

(o) < w0, B
i=1 i=1
we find that

E[f(Na)lac] <E

N
Z W (1) Lae | = E[NaLae] E [W§ (u)]

Sq Aiqa

(B.12)

which is infinitesimal (even after multiplying by A®, if ¢ is sufficiently large). Thus, we
are reduced to bound W§ (vaz*l /f) on A, for which we use (B.8)

f(AA+e)]) _ f(N) _ f(A=¢)])
MiT9) = M S Da—e) (1)
Multiplying both sides by Ny we obtain (still on A) that
M-I+ DO+ AA=)

(A1 +e)]
Taking also expectation with respect to Ny, we obtain

A1 =) f(IMA +e)]) AL +2) (A —¢)])
I_)‘(1+5)J P(A) SE[f(NA)IA] < I_)\(l—E)J P(A). (B.15)

Multiplying both sides by A* and letting A\ — oo, we obtain that

: A AA =) f(IMA +))) - o
h)I\ILSip ito)] P(A) < h)r\n_)solip)\ E[f(Ny)] (B.16)

A1 —¢)]
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and

- AT =9 (ML)

1 fAYE[f(Ny)] <1 f . B.1
minf E[f(MV] < limin M1+e)] (B.17)
The thesis then follows by noticing that

limsupn®f(n) = limsup|A(1 4+ ¢)|*f(|N1+¢€)])

n—00 A—00
_ @49t AL =) (A +2)) (B.18)
=g s A1+ P(4)
and similarly
e ey (L) A AL =) f (M +E)])
lﬂgfn f(n) = liﬁh)\rgloof i t2)] P(A), (B.19)
and letting € — 0. O

Remark B.2. We notice that the argument above does not depend very much on the
fact that Ny has Poisson law, but rather than (B.10) holds. In particular, if we replace it
with a binomial variable N with parameters m = m(7T') — oo and p = p(T) — 0 such
that A := mp — 00, and we assume that

li_)m n®f(n) (B.20)
exists, then also the limit
T}im AE[f(N7)] (B.21)
—00

exists and coincides with the first limit.

REFERENCES

[1] M. Ajtai, J. Komlés, and G. Tusnddy. “On optimal matchings.” In: Combinatorica
4 (1984), pp. 259-264 (cit. on p. 2).

[2] L. Ambrosio, N. Gigli, and G. Savaré. Gradient flows in metric spaces and in the space
of probability measures. Second. Lectures in Mathematics ETH Ziirich. Birkh&user
Verlag, Basel, 2008, pp. x+334 (cit. on pp. 1, 7).

[3] L. Ambrosio and F. Glaudo. “Finer estimates on the 2-dimensional matching prob-
lem”. In: J. Ec. polytech. Math. 6 (2019), pp. 737765 (cit. on p. 2).

[4] L. Ambrosio, F. Glaudo, and D. Trevisan. “On the optimal map in the 2-dimensional
random matching problem”. In: Discrete Contin. Dyn. Syst. 39.12 (2019), pp. 7291—
7308 (cit. on pp. 2, 8).

[5] L. Ambrosio, F. Stra, and D. Trevisan. “A PDE approach to a 2-dimensional match-
ing problem”. In: Probab. Theory Relat. Fields 173.1-2 (2019), pp. 433-477 (cit. on
p. 2).

[6] L. Ambrosio, M. Goldman, and D. Trevisan. “On the quadratic random match-
ing problem in two-dimensional domains”. In: Electronic Journal of Probability 27
(2022), pp. 1-35 (cit. on pp. 2-4, 22, 40, 43).

[7] F. Barthe and C. Bordenave. “Combinatorial optimization over two random point
sets.” In: Séminaire de probabilités XLV. Cham: Springer, 2013, pp. 483-535 (cit. on
pp. 2, 4, 22, 40, 48).

[8] D. Benedetto and E. Caglioti. “Euclidean random matching in 2D for non-constant
densities”. In: Journal of Statistical Physics 181.3 (2020), pp. 854-869 (cit. on p. 2).

9] S. G. Bobkov and M. Ledoux. “Transport inequalities on Euclidean spaces for non-
Euclidean metrics”. In: Journal of Fourier Analysis and Applications 26.4 (2020),
p. 60 (cit. on pp. 2, 4).

[10] J. H. Boutet de Monvel and O. C. Martin. “Almost sure convergence of the minimum
bipartite matching functional in Euclidean space”. In: Combinatorica 22.4 (2002),
pp. 523-530 (cit. on p. 2).



52

[11]

[13]

[14]

23]

[24]

REFERENCES

R. Capelli, S. Caracciolo, A. Di Gioacchino, and E. M. Malatesta. “Exact value for
the average optimal cost of the bipartite traveling salesman and two-factor problems
in two dimensions”. In: Physical Review E 98.3 (2018), p. 030101 (cit. on p. 2).

S. Caracciolo, M. D’Achille, and G. Sicuro. “Anomalous scaling of the optimal cost in
the one-dimensional random assignment problem”. In: Journal of Statistical Physics
174.4 (2019), pp. 846-864 (cit. on p. 2).

S. Caracciolo, M. P. D’Achille, V. Erba, and A. Sportiello. “The Dyck bound in
the concave 1-dimensional random assignment model”. In: Journal of Physics A:
Mathematical and Theoretical 53.6 (2020), p. 064001 (cit. on p. 2).

S. Caracciolo and G. Sicuro. “Scaling hypothesis for the Euclidean bipartite matching
problem. II. Correlation functions”. In: Physical Review E 91.6 (2015), p. 062125 (cit.
on p. 2).

N. Clozeau and F. Mattesini. “Annealed quantitative estimates for the quadratic
2D-discrete random matching problem”. In: arXiv preprint arXiv:2303.00353 (2023)
(cit. on p. 2).

V. Dobrié¢ and J. E. Yukich. “Asymptotics for transportation cost in high dimen-
sions”. In: Journal of Theoretical Probability 8.1 (1995), pp. 97-118 (cit. on p. 2).
A. Drewitz, B. Rath, and A. Sapozhnikov. An introduction to random interlacements.
Springer, 2014 (cit. on pp. 2, 3, 14).

R. M. Dudley. “The speed of mean Glivenko-Cantelli convergence”. In: The Annals
of Mathematical Statistics 40.1 (1969), pp. 40-50 (cit. on p. 2).

W. Gangbo and R. J. McCann. “The geometry of optimal transportation”. In: Acta
Math. 177.2 (1996), pp. 113-161 (cit. on p. 1).

M. Goldman and M. Huesmann. “A fluctuation result for the displacement in the
optimal matching problem”. In: The Annals of Probability 50.4 (2022), pp. 1446—
1477 (cit. on p. 2).

M. Goldman, M. Huesmann, and F. Otto. “A large-scale regularity theory for the
Monge-Ampere equation with rough data and application to the optimal matching
problem”. In: arXiv preprint arXiv:1808.09250 (2018) (cit. on p. 2).

M. Goldman, M. Huesmann, and F. Otto. “Quantitative Linearization Results for the
Monge-Ampere Equation”. In: Communications on Pure and Applied Mathematics
74.12 (2021), pp. 2483-2560 (cit. on p. 2).

M. Goldman and D. Trevisan. “Convergence of asymptotic costs for random Eu-
clidean matching problems”. In: Probability and Mathematical Physics 2.2 (2021),
pp. 341-362 (cit. on pp. 2, 3, 22, 40).

M. Goldman and D. Trevisan. “On the concave one-dimensional random assignment
problem and Young integration theory”. In: arXiv preprint arXiv:2305.09234 (2023)
(cit. on pp. 2, 4).

M. Goldman and D. Trevisan. “Optimal transport methods for combinatorial opti-
mization over two random point sets”. In: arXiv preprint arXiv:2209.14615 (2022)
(cit. on pp. 2-4, 8, 9, 22, 40, 43, 45).

A. Grigor’yan and L. Saloff-Coste. “Hitting probabilities for Brownian motion on
Riemannian manifolds”. In: Journal de Mathématiques Pures et Appliqguées 81.2
(2002), pp. 115-142 (cit. on pp. 14, 15, 17).

M. Huesmann, F. Mattesini, and F. Otto. “There is no stationary cyclically monotone
Poisson matching in 2d”. In: arXiv preprint arXiv:2109.13590 (2021) (cit. on p. 2).
M. Huesmann, F. Mattesini, and D. Trevisan. “Wasserstein asymptotics for the em-
pirical measure of fractional Brownian motion on a flat torus”. In: Stochastic Pro-
cesses and their Applications 155 (2023), pp. 1-26 (cit. on pp. 2, 4).

J. Jalowy. “The Wasserstein distance to the Circular Law”. In: arXiv preprint
arXiv:2111.03595 (2021) (cit. on p. 2).



[41]

[42]

REFERENCES 53

M. Ledoux and J.-X. Zhu. “On optimal matching of Gaussian samples I1I”. In:
Probability and Mathematical Statistics 41 (2021) (cit. on p. 2).

H. Li and B. Wu. “Wasserstein Convergence for Empirical Measures of Subordinated
Fractional Brownian Motions on the Flat Torus”. In: arXiv preprint arXiv:2305.01228
(2023) (cit. on p. 2).

R. J. McCann. “Exact solutions to the transportation problem on the line”. In:
Proceedings of the Royal Society of London. Series A: Mathematical, Physical and
Engineering Sciences 455.1984 (1999), pp. 1341-1380 (cit. on p. 1).

G. Peyré, M. Cuturi, et al. “Computational Optimal Transport: With Applications
to Data Science”. In: Foundations and Trends®) in Machine Learning 11.5-6 (2019),
pp. 355-607 (cit. on p. 7).

S. Port. Brownian motion and classical potential theory. Elsevier, 2012 (cit. on pp. 11,
17).

G. Sicuro. The Fuclidean Matching Problem. en. Springer Theses. Springer Interna-
tional Publishing, 2017 (cit. on p. 2).

A.-S. Sznitman. “On scaling limits and Brownian interlacements”. In: Bulletin of the
Brazilian Mathematical Society, New Series 44 (2013), pp. 555592 (cit. on pp. 2,
M. Talagrand. “Matching random samples in many dimensions”. In: The Annals of
Applied Probability (1992), pp. 846-856 (cit. on p. 2).

M. Talagrand. Upper and lower bounds for stochastic processes. Vol. 60. Springer,
2014 (cit. on p. 2).

C. Villani. Optimal transport: old and new. Vol. 338. Grundlehren der Mathema-
tischen Wissenschaften. Springer-Verlag, Berlin, 2009, pp. xxii+973 (cit. on pp. 1,
7).

F.-Y. Wang. “Convergence in Wasserstein distance for empirical measures of Dirich-
let diffusion processes on manifolds”. In: Journal of the Furopean Mathematical So-
ciety (2022) (cit. on p. 2).

F.-Y. Wang. “Convergence in Wasserstein Distance for Empirical Measures of Non-
Symmetric Subordinated Diffusion Processes”. In: arXiv preprint arXiv:2501.08420
(2023) (cit. on p. 2).

F.-Y. Wang. “Convergence in Wasserstein distance for empirical measures of semi-
linear SPDEs”. In: The Annals of Applied Probability 33.1 (2023), pp. 70-84 (cit. on
p. 2).

F.-Y. Wang. “Precise limit in Wasserstein distance for conditional empirical measures
of Dirichlet diffusion processes”. In: Journal of Functional Analysis 280.11 (2021),
p. 108998 (cit. on p. 2).

F.-Y. Wang. “Wasserstein convergence rate for empirical measures on noncompact
manifolds”. In: Stochastic Processes and their Applications 144 (2022), pp. 271-287
(cit. on p. 2).

F.-Y. Wang and B. Wu. “Wasserstein Convergence for Empirical Measures of Subor-
dinated Diffusions on Riemannian Manifolds”. In: Potential Analysis (2022), pp. 1-
22 (cit. on p. 2).

F.-Y. Wang and L. Yan. “Gradient estimate on convex domains and applications”.
In: Proceedings of the American Mathematical Society 141.3 (2013), pp. 1067-1081
(cit. on p. 45).

F.-Y. Wang and J.-X. Zhu. “Limit theorems in Warsserstein distance for empiri-
cal measures of diffusion processes on Riemannian manifolds”. In: arXiv preprint
arXiv:1906.03422 (2019) (cit. on p. 2).



54

REFERENCES

M.M.: FacuLTy OF MATHEMATICS, HSE UNIVERSITY, 101000 Moscow, Russia

D.T.: DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI STUDI DI PIsA, 56125 Pisa, ITALY
Email address: dario.trevisan@unipi.it



	1. Introduction
	1.1. Main results
	1.2. Comments on the proof technique
	1.3. Further questions and conjectures
	1.4. Structure of the paper
	Acknowledgements

	2. Notation and Basic facts
	2.1. General notation
	2.2. Occupation measures and hitting times
	2.3. Negative Sobolev norms
	2.4. Total variation distance
	2.5. Optimal transport

	3. Brownian motion
	3.1. Brownian motion on Rd
	3.2. Brownian motion on Td
	3.3. Hitting probabilities

	4. Brownian interlacement occupation measure
	4.1. Basic facts
	4.2. Limit results

	5. Occupation measure for the Brownian motion on the torus
	6. A concentration result
	Appendix A. Wasserstein asymptotics for stationary measures
	A.1. The case of a cube
	A.2. Whitney decomposition
	A.3. Upper bound
	A.4. Lower bound

	Appendix B. De-Poissonization
	References

