ON THE GLOBAL BIFURCATION DIAGRAM OF THE EQUATION
—Au = p|z**e* IN DIMENSION TWO

DANIELE BARTOLUCCI, ALEKS JEVNIKAR, RUIJUN WU

ABSTRACT. The aim of this note is to present the first qualitative global bifurcation
diagram of the equation —Au = pu|z|**e¢*. To this end, we introduce the notion of
domains of first/second kind for singular mean field equations and base our approach on
a suitable spectral analysis. In particular, we treat also non-radial solutions and non-
symmetric domains and show that the shape of the branch of solutions still resembles
the well-known one of the model regular radial case on the disk. Some work is devoted
also to the asymptotic profile for y — —oo.
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1. INTRODUCTION

Let © C R? be a smooth bounded simply connected domain. We consider, for a > 0
and p € R, the equation

—Av = plz[**e’  in Q
with Dirichlet boundary conditions, or, more in general
—Av = ph(z)e’  in Q

L,
(L) v=>0 on 01,

with a singular weight
n
h(z) = exp —47rZaijj () |,
j=1

where {p1,...,p,} CQ, a; >0 and G), p € Q, is the Green function

—AGy(r) =9, inQ
Gp(x) =0 on 0f.
In particular, we have
h>0in Q\{p1,...,pn}, h(x)= |z — p;]** near p;.
The Gelfand equation and its mean field formulation have attracted a lot of

attention due to their relevance in geometry and mathematical physics and there are by
now many available results in the literature; we refer the interested readers for example
to the introduction of [4] and the references quoted therein. However, at least to our

2020 Mathematics Subject classification: 35B45, 35J60, 35J99.
The research of the first author is partially supported by the MIUR Excellence Department Project
MatMod@TOV awarded to the Department of Mathematics, University of Rome Tor Vergata.
1



2 D. BARTOLUCCI, A. JEVNIKAR, R. WU

knowledge, with the unique exception of the well-known case where () is a disk with a
singularity sitting in its center (see for example [3]), there are no results about the global
bifurcation diagram of . The aim of this note is to fill this gap by obtaining a neat
qualitative description of the shape of the Rabinowitz continuum emanating from the
trivial solution with p = 0, see [13], for a class of general domains, even in a non-radial
setting. In particular, the bifurcation diagram presents a bending point after which the
first eigenvalue of the linearized equation for is negative and it is thus difficult to
catch any monotonicity property of its solutions.

The approach is based on a suitable spectral analysis related to the singular mean field
equation

h(z)e ¥
Aty —

2 Jo h(x)err da’
Py =0, on 09,

in

(MPy)

for A € R, in the spirit of [I, B]. It is well-known that, due to the Moser-Trudinger
inequality, for any A < 87 the equation (M P,)) admits a solution, which is unique for
2 simply connected [5], see also Remark [1.5] Let us also point out that if some a; <
0, then the existence/uniqueness threshold is not 87 anymore; since we do not have a
full understanding of this case we postpone its study to a future work. Finally, the
critical /super critical case A > 8 is subtler and existence/uniqueness is not granted in
general.

Following the pioneering work about the regular case [§], we introduce the following
notion for our singular setting. We first collect the set of singularities p; of orders «; in

the formal sum
n
a=) o
j=1

and denote by (€2, &) the domain with that set of singularities.

Definition 1.1. (2, &) is said to be a domain of first kind if for A = 8m, (M Py|) admits
no solution and of second kind otherwise.

Remark 1.2. The existence/non existence problem for X = 8w has been discussed in
details in [6]. For example, consider a symmetric domain Q with a singularity py sitting
in its center. Then, (M Ps,) has a solution for any a; > 0. On the contrary, take a disk
with a singularity not centered at the origin. Then, there ezxist a— < ay such that (M Psg,)
admits a solution for any a; > a4 and no solution for any oy < a_. The authors also
show that for general domains with multiple singularities, under suitable assumptions,
for small aj the solvability of (M Ps.) is equivalent to the solvability of the corresponding
reqular problem, for which we refer to [2 [T, [10].

In particular, the class of first kind domains contains also non-symmetric configurations
(Q, ) for which a branch of non-radial solutions exists.
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The idea is to parametrize the bifurcation diagram of (L,) by using the (Dirichlet)
energy of the unique, for A < 8, solution ¢, of (M P,)), that is

E\=E(y) = %/wawx.

It turns out that the function A — FEy = E(\) enjoys some nice properties as we show in
the next result.

Theorem 1.3. Let (Q,x) be a domain of first kind. The function E: (—o0,81) —
(0, +00) is strictly increasing and bijective, see Figure . In particular,

lim E(\) =0, lim E()\) = +oo.

A——00 A—8m—

0 81

FIGURE 1. The energy of the solutions.

We evaluate the sign of the derivative of E) by introducing a suitable spectral theory
and by looking in particular at the Fourier modes of the linearized operator of .
The asymptotic for A — 87~ is a simple consequence of the choice of the domain (€2, ).
On the other hand, some work is needed to prove the asymptotic for A\ — —oo. Its regular
counterpart was treated in [3] based on the existence theory of free energy functionals in
[9]; however, due to the singular weight we need to attack the problem with a different
strategy by using an approximation argument jointly with suitable test functions.

Now, for a solution (A, ,) of (M Py)), we have that

A

1.1 A
( ) 25 fQ he s d[L"

uy = Ay
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is a solution of (L,)). Our aim is then to parametrize the bifurcation diagram by the
energy expressed in terms of pu, that is, for u, A # 0,

1 1
En= E(v,) ::§[)|V¢A\2dx - ﬁ/gmmdx
1 1

- —Av,)v, dz
e (fQ he”udy)z /Q( u) Iz

_ 1 1 / hevn
2u fQ heve dy Jq fQ hevw dy
For = 0 the unique solution is given by vy = 0 and the energy is just
1 Jo Jo h@)G(w,y)h(y) de dy

2 (thdx)2

where G(x,y) is the usual Green function with Dirichlet boundary conditions. Letting I"
be the branch of solutions (y,v,) crossing the origin (0,0), we have the following result.

Eo

E(vo)

Y

Theorem 1.4. Let (Q, o) be a domain of first kind and let T be as above. There exists a
global parametrization

(ME?UME> € F> E(PJE) =Fe (O7+OO)7
such that we have, see Figures|3, [}
(1) (Asymptotics): pug — —oo for E — 07 and pug — 07 for E — +oc.

(2) (Monotonicity): there exists E, such that ug is strictly increasing for E < E, and
strictly decreasing for £ > E,.

I

F1GURE 2. The shape of the bifurcation diagram.

Remark 1.5. Let us point out that we are considering ) simply connected to ensure
uniqueness of the solution for A < 8w, see [5]. However, under suitable assumptions on
the weight function in the spirit of [1], it is straightforward to check that uniqueness still
hold on multiply connected domains and thus Theorem [1.4) covers this case as well.
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This seems to be the first qualitative result about the global bifurcation diagram of
. Observe that the shape of the branch of solutions resembles the well-known one of
the model regular radial case on the disk, see for example [I4], even for non-symmetric
configurations (2, a).

By exploiting Theorem [1.3] jointly with some further spectral analysis it is possible in
particular to catch the monotonic behavior of the quantities describing the diagram. We

finally point out that we study the linearization of an essentially constrained problem
(M Py)) and we thus cannot rely on standard techniques based on the simpleness of the
first eigenvalue, positivity of the first eigenfunction or on the maximum principle.

The paper is organized as follows. In section [2] we collect some useful results and
introduce the spectral setting, in section |3| we study the energy of the solutions and in
section [4] we finally describe the bifurcation diagram.

2. PRELIMINARIES AND NOTATIONS

Here we introduce the spectral theory and list some of its properties. Given A € R
and ¢ € H}(Q), we write

he?
- fQ he* dx”

Then ) (¢)dx is a probability measure on 2, and we can decompose a Sobolev func-
tion u € H'(Q) into the average part and oscillation part:

u=(u) +[u , where  (u) = /ng,\ dz, [u] =u—(u) .

ox(¥)

Then we know that the Poincaré constant

Cp(A,Q) = inf {M

20 o (@) (), =0}

is positive.

For a fixed a € (0,1) consider the operator
F:Rx Cp(Q) = C%(Q),  F\ ) =—Ap —o\(¥).
The linearization of F' with respect to the 1 variable is
Lowyn = Dy F (A )n = —An — Xox[n] .

It defines an elliptic operator which is also formally self-adjoint on the subspace of L?(Q)
functions of vanishing mean ({¢), = 0), see [I] for further details. At this point we set up
a suitable spectral theory which will turn out to be natural for our problem.

Definition 2.1. o € R is an eigenvalue of the operator Ly ) if there exists a non-trivial
¢ € H}(Q) such that

Loagy® = oox[9], -
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The definition differs from the standard one by requiring zero (weighted) average eigen-
functions in the above right-hand side. However, it is possible to check that one can built
on it a spectral theory with the usual properties and we refer to [I] for further comments
in this respect.

The linearized operator can be used to analyze the set of solutions, as the following
lemma indicates:

Lemma 2.2. Let \y € R and ¥, be a solution of (MPy,). If 0 is not an eigenvalue
of L(xg ), then

(1) Lroswny) = Co™() — C*(Q) is an isomorphism.
(ii) There exists an open neighborhood % = I x B C R x C2*(Q) of (Ao, 1hx,) such
that the set of solutions of (M P)) in % forms an analytic curve

I — B, A — @ZJ)\
which passes through (Ao, ¥y,)-

Proof. The proof follows standard arguments based on Fredholm alternative and implicit
function theorem and we refer to [I] for details. O

Let (X, 45) be a solution of (MP)). To see whether Ly, is invertible or not, we
consider

Vo|?dr — A 2 d
o1(\¥y) = inf Jo|VéI* dz ; Jo [9]) o I.
SeHL\(0) [ 0F onda

We have the following crucial observation
Lemma 2.3. For any A < 81 we have ay(\,1y) > 0.

Proof. Consider the standard eigenvalue

Vol?dr — A 2 d
(A, ) = inf Jo VoI du Ja (9] ondx
PEH(2)\{0} fQ »? oy dx

for which we know that 71 (A, ¢,) > 0 for any A < 8, see [5]. The thesis then follows just
by observing that

o1(A,¥n) = (A, ¢hn) > 0.
L]

Hence for any solution (A, ), the linearization operator Ly y,) has no zero eigenvalue,
hence is invertible, and the solutions 1, have analytic dependence on A.
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3. THE ENERGY OF SOLUTIONS
The aim of this section is to study the energy along the branch of solutions (X, 1,),
1
E/\ = 5/ ‘VwA‘de,
Q

showing its monotonicity and describing its asymptotics. Observe that the energy is
nothing but the py-average of the solution ), (up to a constant 1/2):

— %/Q|V@/J,\|2dx = %/Q(_A%)Qﬁ)\ dr = %/ﬂ@ﬂﬁ/\ dz = % <¢/\>A'

We divide the proof of Theorem in the next subsections.

3.1. Monotonicity of the energy. We start by showing the monotonic property; we
have to exploit here the modified spectral theory introduced in the previous section. Let

pu— %
T])\ - 8)\ Y
which satisfies the equation
(3.1) Lovsym = —An = Aoa[m], = ox - [¥], -

Observe that
dE dEy 5
525 LIVl de = [ (~An)in s

and using (3.1)) we get
dE
(32) = [ ndet [ o, e
Q Q

At this stage, we need to use the (weighted) eigenfunctions {¢;} of L ,) as an orthonor-
mal basis for L?(gy dz):

Lovunds = o503 [05]. AWLWL@MZM, b; € HY(Q).

Here 0; = 0;(A,4,). This is possible since the measure g, dz only vanishes at a discrete
set of points. Note that ¢y = const is the trivial eigenfunction, which is not considered
here since we need ¢; € Hj ().

In terms of this basis, we can write

= Zaj (9], Iml, = ij 31,

Testing (3.1)) against [¢;] , we see that
O'jbj = ay, VJ Z 1.
Then, thanks to the orthonormal assumption on this basis, (3.2]) implies

dE
d_/\A = /Q)\Q)\ (], - ¥ada +/QQ)\ [a], - Uade = Z()\ajbj +aj) = Z(/\ +a;)o;07.

j>1 j>1
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We have seen o; > o1 > 0. Meanwhile o; + A > Cp(A,2) > 0 is always positive. Note
that [1y] # 0 and hence [n)], # 0, by (3.1)). Therefore
dFE)
dA
i.e. ) is a strictly increasing function of A, for A\ € (—o0, 87), as claimed.

> 0,

3.2. Asymptotics of the energy. We next discuss the asymptotic behavior of the en-
ergy; in particular, since it is monotone, it has limits as A — —oo and as A — 87~. We
now consider the two cases separately.

Lemma 3.1. [t holds lim FE) = +o0.

A—8m—

Proof. Argue by contradiction: if not, then
lim E)\ = FE < oco.

A—8m—

Standard regularity theory implies that ||1,||c2.« are uniformly bounded, hence by Ascoli-
Arzela, there is a limit ¢ € C3*(Q) solving (M Py) with A\ = 87, contradicting the choice

of the domain, which is assumed to be of first kind. O

We now consider the case A — —o0. As already pointed out in the introduction we can
not follow the argument in [3] due to presence of the singular weight. We thus propose an
ad hoc argument based on approximation and test functions. The approximation process
is needed since we rely on the existence theory for free energy functionals (see for example
[T1]) which would require h to be strictly positive. Let us fix some notation.

Consider the space of probability densities

P(Q) = {pELl(QHPZOa.e., /dele}.

Given p € P(Q), its energy is

£p) = / p(2)(G % p) () d,

where G * p is the convolution with p:

(G p)w) = [ Gla.pplo)dy
If we denote ¢, = G * p, then ¢, is the unique solution of

_A(Pp =P n Qa
©p, =0, on 0f)

and the energy of the density p is actually the Dirichlet energy of ¢,

1 1 1
Ble) =5 [ IVeide = [ (~Ag)epde =3 [ oG xp)do=£Go)
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The entropy of p € P(Q) is given by

S(p) = —/Q(plogp) dz.

We now prove the following.

Proposition 3.2. For any € > 0 there exists A € R and a solution ¥y of (MP,)) with
energy E(¢)) < e. In particular,

A——00

Proof. We take h,, a sequence of approximating, smooth, positive weights such that h,, —
h in C*(2), for some v € (0,1). Fix a A < 0 and consider the functional F) ,: P(2) — R,

Fan(p) = /Q/)(x) log p(x) dr — % /

p()(G  p) () da — / p(2)log () da.
Q Q

Observe that for A < 0 the functional F), is strictly convex and it is well known that
there exists a unique minimizer obtained by the following variational principle:

Fan(pan) = min{Fx.(p) | p € P(Q)},

see for example [11], where a more general case is considered.
The critical point py , of F), satisfies the equation

log pan = loghy, + AG * prp, +¢c— 1,

where c is the Lagrange multiplier from the constraint [, p = 1, see [I1] for details.
In terms of ¥y ,, == G * p ,, we have

h eAwA,n
Yan = Pan fQ h,e M dz

Yan =0 on Of).

in O
(3.3) e

Note that [ px, = 1, so that ([I2]) for any p < 2,
Q

||7v/})\,n||W1vP < C(Qap)‘

In particular, we can assume that, up to a subsequence, v, ,, converges weakly in I/VO1 P(Q)
and strongly in L4(Q) for any ¢ < oo, to a limit function ¢ « € VVO1 P(Q2). As another
consequence, up to a subsequence again,

/wA,nhndx%/w,\,oohdx.
Q Q

Since A < 0, by maximum principle, v, ,, is non-negative, so is ¥ .

To see that 1)~ is a solution of the mean field equation, we need to estimate the
right-hand side of (3.3). The numerator is easily estimated since Ay, < 0 and h, — h
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in C'*. For the denominator, we have

h, d
0 0 ([P | 1

h,, dz
Z”hnHLl exXp ()\/1/1)\7,,1—)
Q ||hn||L1

A
— Al exp (mfgw,\mhdx)

as n. — 00, where the Jensen inequality is applied to the second line. The limit is non-zero,
hence we get a uniform lower bound for the denominators in the right-hand side of ,
hence also a uniform upper bound of the whole right-hand side. Then by bootstrap
argument we see that the sequence 1, converges in C** for any « sufficiently small.
Therefore, the function ¢, « satisfies the equation (M P,)):

heAw)\,oo
Ay = e
(28 Jo heMPre da
Yroo =0 on Of).

in €,

Since A < 0 this equation admits only one solution so 1) »c = ¥». Uniqueness here can
be deduced by observing that in fact via a dual formulation v, is a solution of (M P,) if and

only if it is a critical point of the convex (for A < 0) functional § [ |[V¢|*— 1 log | [ he’\w)
Q Q
on H}(Q).

At last it remains to show that 1 can assume very low energy levels, for which we will
use a comparison argument. By the strong convergence in C?, we know that

E(y) = nlgglo E(rn).

Recalling the notation introduced right after Lemma [3.1] it is then sufficient to estimate
the energy of 1, ,:

1 -1 1 1
E(w)\,n) - g(pA,n) - 5 / p/\,nG * Pan dz = TFA,n(pA,n) - Xg(p)\,n> - X / Prn 10g hn dz.
Q Q
By the Jensen inequality we know that the entropy is non-positive,

S(p)\7n) S 0.

For the linear part we have

/ panloghy, dz <log(l + ||hl/co) / pandr = log(1 + ||h||co).
Q Q

Thus, recalling also A < 0,

1 1
E(pan) < W-F(p)\,n> + Wlog(l + [[Af]co).
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On the other hand, it is known that there exist probability measures with arbitrarily small
energy. For example one can consider p; = |Cs| "' ¢, where Cs := {z € Q | dist(z, dQ) < &}
denotes the inner d-collar of the boundary. It is well-known that

E(ps) = 0
for 6 — 0. Therefore,

1 1 1 1
— - - - 1 .

For a fixed small §, sending A — —oo, we see that £(p,,) can be arbitrarily small, as
claimed. ]

This completes the proof of Theorem and we get a picture for the solutions in
the (A, E)-plane as in Figure [1]

4. THE BIFURCATION DIAGRAM

In this section we provide the proof of Theorem analyzing the branch of solutions
of

(LE)

—Av = phe’  in Q
v=20 on 0.

Since A — FE is a monotone bijection, and p = pu, is explicit, we first consider the graph
of
E = pam).
Note that
dp dp dA du,\ 1

dE  dMdE ~ d) db}'

Since dE* > 0, we need to analyze the sign of d“*

4.1. The sign of Jyu. From ([1.1)) it follows that

o () = (i) = T (10 [ o2
dh dA \ [ heMrde ) dA \ [ hemdx) [, henr da R\

For later convenience we denote

o= = 2
AT N
Then
d 1
(4.1) M (1= (2),)-

dA fQ hevx dx
We thus study the sign of
gA) =1—=X(z)) .

A



12 D. BARTOLUCCI, A. JEVNIKAR, R. WU

We follow here the ideas from [3].

Step 1. We claim g(\) > 0 for A € (—o0,d) for some 6 > 0.
We first prove (z)) > 0. Indeed, the equation for z) is

—Azy = on + Aoaz — Aax ()

which is obtained from —Auy = pyhe*™ = Apy. Now, using z, = <Z>\>A + [Z)\]A, we get

[ 19 do = e, A (),
Hence
220, = / Vel de = / or[2]} d > (X Q) / o[22 do
which is positive since o7 > 0, for any A € (—oo, 87).

Now, by the definition of g we readily have g(A) > 0 for A € (—o00,0). Moreover,
g(0) =1 and since g(A) is continuous, g(A) > 0 for A > 0 small. This proves the claim.

Step 2. We prove now
lim g(\) = —oc.

A—8m—

— Oy

Indeed, recalling ny = 53

and using the correspondence uy = Ay, we get
zn = () = (M) = x + AP
and consequently

(2a), = (Un), + A (), = 2B\ + AE} — +o0,

as A — 87, where we have used

1

Ex=5 /Q oadr = (y),

E\ :/Q(—AU,\WA dor = /Q(—A¢A)77A do = /Q oxir A = (1), -

Step 3. We claim that g|s~) has only one zero.

Clearly, by Steps 1, 2 and since g(A) is continuous, there exists a A\, € (0,87) such
that g(A«) = 0. We now prove this is the only zero. The argument works as in [3] so we
omit the details and briefly sketch the main steps. Suppose with no loss of generality that
A« > 0 is the smallest zero. It suffices to show that g|(, sr) < 0. If not, then it is possible
to show that there would exist

x::sup{7>/\*]g

()\*77’) S O}
with g(\) = 0 and ¢/(\) > 0.
Now, we can put the equation for g(\) into the form

g(N) =a(Ng(A) +b(A)
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with b(A) = —A*(2}) and for some a()), see [3, Lemma 5.2]. Therefore,

~ ~ ~ ~ ~

0<g'(\) = a(A)g@w(A) =b(A) = =N\ (z}), .

On the other hand, we can use Proposition 5.1 (iii) in [3] to conclude that, since g(\) = 0,
then z5 > 0 in Q and <zi> 5 > 0, which yields to a contradiction.

This concludes the study of g(\) and we depict its graph in Figure [3|

9.

1

A

i87r

F1GurE 3. The function g(\).

By (4.1) we finally have what we were looking for:

>0, ifXe(—oo,\)
=0, if A=A\

<0, if Xe (A, 8n).

din
dA

4.2. The bifurcation diagram. Let F, = FE,, with A, as above. In the (E, p)-plane,
the solution is indicated by the curve

E— )\E = Urg = ILL(E),
for E € (0,400). We want to see the shape of this curve. Recall that 22 > 0, and
>0, ifle(—oo,\) <= Ec(0,E))

=0, ifAx=X\ ~— E=F,
<0, if A€ (A\,8n) < F € (E,,+).

Also, i(E) = 0 iff uypy = 0 iff A(E) = 0 iff £ = E;. Clearly E, > Ej because A, > 0.
Thus we know that the curve (F, u(E)) passes through the points

(E070)7 (E*7/'l’>\* = lu*)

dp(E) _ dpy 1
dF d\ %
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As for the asymptotics, we know from monotonicity that the following limits exist

lim p(E)= l = i E)= 1l = .
Jim p(E) = lm oy = g0, lim p(E) = Timpn = g0

Note that for any pu < 0, the equation (LP,)) has a unique solution. Therefore, 1y > 0
and pp = —oo. Finally, by the definition of u, in ((1.1)) and the properties of the one-point
blowup solutions as A — 87, we have u; = 0, see for example [0],

Combining the above facts, we see that the solution curve in the (E, p)-plane has the
shape depicted in Figure [l By a reflection with respect to the diagonal line we get
the desired solution curve in the (u, E)-plane, see Figure [2| This completes the proof of
Theorem [L.4]

!

I

F1GURE 4. The shape of the bifurcation diagram.
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