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ABSTRACT. A suitable notion of weak solution to infinite-dimensional rate-independent systems,
called Inertial Balanced Viscosity (IBV) solution, is introduced. The key feature of such notion
is that the energy dissipated at jump discontinuities takes both into account inertial and viscous
effects. Under a general set of assumptions it is shown that IBV solutions arise as vanishing
inertia and viscosity limits of second order dynamic evolutions as well as of the corresponding
time-incremental approximations. Relevant examples coming from applications, such as Allen-
Cahn type evolutions and Kelvin-Voigt models in linearized elasticity, are considered.
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1. INTRODUCTION

This paper is devoted to the asymptotic analysis, as the parameter € tends to 0, of the
solutions to the abstract second order Cauchy problem

{EQMUE(t) + eVaE(t) + 07 R (t)) + 0V E(t,uf(t)) 20, in U*, forae. t€[0,T],

1.1
u®(0) =ug e D, u°(0)=ujeV. (1)

Above, £: [0,T] x U — [0,+00] is a time-dependent energy functional with proper domain
DCU,R: Z— [0,400) is a positively one-homogeneous (hence rate-independent) dissipation
potential, V: V — V* is a linear operator, usually modelling viscosity, and M: U* — U* is an
inertial tensor; the symbol 0% instead denotes the (Frechét) subdifferential with respect to the
topology of X € {U, Z}. It is common to assume that U, V, Z are Banach spaces satisfying the
embedding

U—V—Z

The Reader may have in mind the prototypical situation U = HZ(Q), V = L?(Q) and Z = L(Q2),
and the concrete nonlinear differential inclusion

i (1) + 207 (1) + Sign(i (1)) — A (1) + W (1) 3 S, in (0,T) x

Here, Sign denotes the multivalued signum operator, f is a forcing term, while W is a possibly
nonconvex nonlinear function, typically a double-well potential.

The interest in the limit behaviour of has a twofold motivation. On one side
provides an abstract framework for a broad class of mechanical models driven by Newton’s
law of dynamics, see for instance [3, Section 1.2], [I8, Chapter 5], [27] and references therein.
The limit as € — 0 corresponds to the so-called slow loading regime. On the other side, this
asymptotic analysis allows one to recover a (mechanically motivated) notion of weak solution to
the rate-independent doubly nonlinear differential inclusion

O?R(u(t)) + 0VE(t,u(t)) 20, inU*, fora.e. te|0,T], (1.2)
U(O) =ug €D, ’
which has been the object of an intensive study in the last decades.

In this latter context, several notions of weak solutions have been developed to cope with
possible lack of differentiability or even continuity of the evolutions induced by a nonconvex
driving energy £. A first concept was given by the seminal notion of energetic solution [19, 20],
which recasted as a coupling of a global stability condition and an energy-dissipation bal-
ance. This notion however excludes evolutions of local minimizers, which are instead physically
reasonable, and so it turns out to be not suitable to capture the correct energetic behaviour at
jumps. To overcome this issue, Balanced Viscosity (BV) solutions were introduced later on in
[14, [15], [16], coupling a local stability condition with an energy-dissipation balance with a viscous
transition cost accounting for the energy dissipated at jumps. Remarkably, these solutions arise
as a vanishing viscosity limit of a first order singular perturbation of , namely system
with M = 0, i.e. when inertia is neglected. We also mention [17) 23] for recent developments of
this analysis.
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However, based on mechanics principles, it would be desirable to have a notion of solution
to where the role of the vanishing inertia is also taken into account. In this sense, a
natural attempt to recover a proper notion is considering the dynamic problem in the limit
€ = 0. When the parameter ¢ is fixed, the well-posedeness of system has attracted some
attention in recent times (see [3], or [27] for a related investigation in the context of multi-rate
systems). Its asymptotic analysis instead has been so far limited to some case studies with
convex potential energy £ [0, 6], 1), 12], 24 28], while a general perspective has been pursued
only for a related abstract model with quadratic potential energy (but with additional multi-rate
structure), see [I3] and [I8, Section 5.1.2.2]; the nonconvex case has been finally investigated
only in a finite-dimensional setting [10, 25].

The purpose of the present paper is to extend the above mentioned results to an infinite-
dimensional abstract setting complying with relevant applications. In doing so we have to face
some major difficulties.

e A crucial point, both for achieving compactness of dynamic solutions and for the char-
acterization of the dissipation cost emerging at jumps, is an a priori bound on the total
variation of the limit function. Now, in infinite dimension, this one (which stems out of
the rate-independent dissipation cost R) is provided in a weaker topology than the en-
ergy domain U, namely in the topology of the space Z which is usually also non reflexive
(a typical choice is Z = L'(€2)). Therefore both tasks require a fine understanding of
the different topological settings coming into play.

e A further problem is that one usually is forced to take into account driving energy func-
tionals & which are only weakly lower semicontinuous and possibly nonsmooth. Hence
the convergence of all the terms appearing in the local stability condition as well as in the
energy-dissipation balance may require additional care in comparison to the simplified
finite-dimensional setting where all the involved topologies are equivalent.

Handling with these (and other) issues results in a general set of assumptions ensuring the
convergence of the solutions to to a weak solution to which we are able to completely
characterize from an energetic point of view. The limit evolution we recover is an Inertial
Balanced Viscosity (IBV) solution in the sense introduced in [25], namely it complies with the
local stability condition

I?R(0) + dVE(t,u(t)) 3 0, at continuity points of u,

and the viscoinertial energy-dissipation balance

E(t,ut (1)) + Vr(uco; s, t) + Z MYV (s u™(r),ut (1) = E(s,u” (s)) +/ & (r,u(r)) dr,

reJunls,t]

for all times 0 < s <t < T. Above, Vg (uco; S, t) is the R-variation of the continuous part of u
in the time-interval [s, ¢], while ¢V is a suitable viscoinertial cost concentrated at discontinuity
times J, of the evolution u. This dissipation, which is typical of the nonconvex setting, is
reminiscent of both inertial and viscous effects and is rigorously defined in Section A crucial
difference from the vanishing-viscosity setting, which thus distinguishes between IBV and BV
solutions, is that the presence of the inertial term gives rise to a rate-dependent transition cost
defined on an infinite time-horizon.

The assumptions on the potential energy £ we consider are listed in Section and they can
be divided into two groups.

e Assumptions |(E1){(E5)| are crucial to establish compactness of the dynamic evolutions.
Observe that |(Eb)| encompasses a wide class of nonconvex energies although they are
required to fulfil a mild notion of nonconvexity, namely A-convexity, which is a customary
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feature in this kind of problems. On the one hand this clearly introduces a restriction on
the focus of our analysis; on the other hand this is a fair assumption met by a large class
of significant problems. Relevant examples are discussed in Section [5, Among them we
find evolutions driven by Allen-Cahn type energies or Kelvin-Voigt models in linearized
elasticity.

In the special case of a convex driving energy, conditions |[(E1)H(E4)| alone are enough
to completely characterize the limit evolution as an energetic solution to and indeed
as a classic one if the energy is even uniformly convex. Thus, in a convex framework no
inertial nor viscous effects survive in the slow-loading limit procedure.

e The second group of assumptions |(E6)H(E10)| (which are still satisfied by the afore-
mentioned applications) is needed in the nonconvex setting for the task of characterizing
jump discontinuities as optimal transitions for the viscoinertial dissipation cost. This be-
haviour can be heuristically seen blowing up the time-scale around discontinuity points.

In turn, this calls for finer a priori estimates on the solutions which we recover as a
consequence of additional “continuity-type” properties of the energy and its subdifferen-
tial. Again, this results in a fair and general set of assumptions. Some care is only to
be devoted to the stronger compactness requirement that, as we highlight in the
concrete applications of Section [5] is usually the outcome of elliptic regularity.

Although most of the focus is on nonconvex energy functionals, since in this framework IBV
solutions come actually into play (see Theorem [4.12]), we stress that our results are also new
in the convex setting (Theorems |4.13| |4.14), where they provide a mechanical validation of
energetic solutions.

Finally, in the last part of the paper we investigate the compliance of the notion of IBV solu-
tions with discrete approximation schemes, which can be also useful for computational purposes.
Via a Minimizing Movements approach, we namely consider the discrete-in-time approximation
(see (4.28)) of the second order problem and we perform a simultaneous limit in the time-
step 7 and in the inertial-viscous parameter ¢ in the regime 7/ — 0. Under this assumption we
retrieve analogous results as for the continuous-in-time approximation. Indeed in Theorem [4.15
we show that the standard interpolants converge in general to an IBV solution to the rate-
independent system , which actually turns out to be an energetic or even a classic one if
the potential energy is convex (or uniformly convex), as stated in Theorems and

1.1. Plan of the paper. The paper is structured as follows. After recalling some preliminary
material in Section [2| we fix the functional framework and the set of assumptions we consider in
Section [3] Section [4is devoted to the rigorous definition of IBV solutions and to the statement
of our main results. Several examples and applications included in our abstract analysis are
depicted in Section [5] The technical content of the paper is confined in Sections [6] and [7}, where
we prove convergence to an IBV solution of the dynamic evolutions and of the corresponding
Minimizing Movements approximation , respectively.

At the end of the paper we attach two appendices containing auxiliary material. In Appen-
dixwe consistly discuss the existence theory for the dynamic problem (1.1]) in the case V = U,
as our setting slightly differs from the existing literature [3]. Appendix |B|instead collects useful
chain-rule formulas in a nonsmooth setting.

2. NOTATION AND PRELIMINARIES

For any normed space (X, ||-||x) we denote by (X*, ||-||x+) its topological dual and by (z*, z) x
the duality product between z* € X™* and x € X. If H is a Hilbert space, we still use the symbol
(h1, ha) g for the scalar product between hy and hg, but we write |h|g for the norm of h € H.

Strong and weak convergence in X are denoted with arrows X, and i, respectively. For R > 0,
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we denote by By (z) the open ball in X of radius R centered at z € X, and by E; (x) its strong

. =X
closure. If a ball is centered at « = 0, we use the shortcuts By and Bjy.
Given two normed spaces X, Y, we write X — Y whenever X is continuously embedded in Y.

If the embedding is dense we use the symbol ‘i>, while by << we mean a compact embedding.
We use standard notations for Lebesgue, Sobolev and Bochner spaces. By B([a,b]; X) we
mean the set of everywhere defined measurable functions f: [a,b] — X which are bounded in
X, while we denote by Cy([a, b]; X) the subset of B([a,b]; X) composed by functions which are
continuous with respect to the weak topology of X. Furthermore, we denote by AC([a,b]; X)
the set of absolutely continuous functions f from [a,b] to X, namely satisfying the inequality

/St o(r)dr

for some nonnegative function ¢ € L!(a,b). We refer to [4, Appendix 2] for more details on
these functional spaces.

Given a subset A C X, we denote with y4: X — [0, +o0] its characteristic function , defined
as

1F(8) = fs)llx <

, forall s,t € [a,b],

0, ifxe A,
xa(z) ==

+oo, ifx ¢ A
The indicator function 14 of the subset A is instead defined as

1, ifzeAd
1 = 9 )
Al@) {0, ifx ¢ A.

2.1. Fréchet and convex subdifferentials. We briefly recall some basic definitions in convex
analysis (see for instance [26]). Here, X is a generic normed space. Given a function ®: X —
(—o00, +00], its Fréchet subdifferential 0X®: X = X* at a point = € X is defined as

X d(z) = {C € X*: liminf Oy) = P(x) = Gy = @) > 0} ,

T v — llx

with the convention that X ®(x) = () whenever ®(x) = +o00, namely if 2 ¢ dom® := {® < +-o0}.
Note that 3X®(z) is a closed convex subset of X*.

If ® is convex, then the Fréchet subdifferential coincides with the convex subdifferential,
namely

O5®(x) ={CeX*: B(y) > ®(x)+ ¢,y — x)x, foreveryyc X}.
An analogous result, which we need for our scopes, holds true under the following notion of

A-convexity:

Lemma 2.1. Let X be a Banach space and let H be a Hilbert space such that X — H. Let
®: X — (—o0,+00] and assume that for some A > 0 the map X >z — ®(x) + %|:L‘|12q is conver.
Then it holds

OXd(x) = 0X0)(x), for everyz € X,
where we set ®)(y) == O(y) + 3|y — z|%.

In particular we have

Ce0¥a(r) > Bly) > Ba) +(Cy—)x — Sly—aly. foreweryye X (21)
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Proof. We may adapt the argument of [2, Remark 2.4.4] to our case once we note that

2
lim Y=
sl —2lx

being X — H. O

We also recall a sum rule for convex subdifferentials, whose proof can be found in [21l Theo-
rem 7.1].

Lemma 2.2. Let X be a normed space, and let &,V : X — (—o00,400] be convex functions. If
any of the following holds:
i) ® is finite and continuous at some T € dom® N domV¥;
ii) X is a Banach space, ® and ¥ are lower semicontinuous and RT(dom® — domW) is a
subspace of X;
then
X (@ +U)(z) = 0% d(2) + X W(z), for all x € dom® N domV .

We finally introduce the Fenchel conjugate of the (proper) function ®: X — (—o0,+00],
namely the convex, lower semicontinuous function

O*: X* — (—o0,+00]|, defined as  P*(() := sup{(¢,y)x — ®(y)}.
yeX

If ® is convex, the very definition yields that for every ( € X* and x € X the Fenchel conjugate
®* satisfies
O*(¢) + ®(x) > (¢,z)x, with equality if and only if ¢ € 0¥ (). (2.2)

2.2. Functions of bounded R-variation. We recall here a suitable generalization of functions
of bounded variation useful to deal with potentials R: X — [0, +00) satisfying condition
in Section [3] condition which will be assumed throughout the whole paper.

We say that a function f : [a,b] — X is a function of bounded R-variation in [a,b], and we
write f € BVg([a,b]; X), if its R-variation

Vr(f;a,b) = sup{ZR(f(tk) —fltk—1))ra=tog<ty < - <tp_1 <tp= b} ,

k=1
is finite. In the classical case R(-) = || - |x we write Vx(f;a,b) for the usual variation.
Notice that, by virtue of (3.4), we have f € BVg([a,b]; X) if and only if f € BV ([a,b]; X) in
the classical sense. In particular, if X is a Banach space, any f € BVg([a,b]; X) is regulated,
that is, it admits left and right strong limits at every ¢ € [a, b]:

f+(t> = Sligi f(s), and  f7(t):= Sligli f(s), inX,

with the convention f~(a) := f(a) and f*(b) := f(b). Moreover, its pointwise jump set J; C
[a, b] is at most countable. For future purposes, we also introduce the essential jump set
o= {te s fH) £ (0} (2.3)
It is also well known (see for instance [22]) that any f € BVgz([a,b]; X) can be uniquely
decomposed as

f = foot f1, (2.4)

with fe, being a continuous function from [a, b] to X, and f; a purely jump function. Moreover,
if we set v(t) := Vg(f;a,t), there also holds

VR (feo;a,t) = veo(t), and  Vgr(fr;a,t) =wvs(t), for all t € [a, b]. (2.5)
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3. ABSTRACT SETTING

We list below the main assumptions we will use throughout the paper. Several situations
covered by this set of assumptions are depicted in Section

3.1. Functional framework. Let U be a reflexive and separable Banach space. Let V, W be
Hilbert spaces and let Z be a Banach space such that

UAvaEwhz and U w. (3.1)
In particular, also V, W and Z are separable. Moreover, up to identify W with W*, we have
vbvawdz
|
ze S by Loy

The above chain of inclusions yields that all the involved duality products coincide whenever
they are meaningful, for instance

(nyuyy = (n,u)z, forallne Z*, u e U,

(w,v)y = (w,v)w, forallwe W=W*" veV.
3.2. Mass and viscosity operators. In the dynamic problem the inertial term is de-
scribed by a linear operator M: U* — U*, which represents a mass distribution, such that

M is an automorphism of U*, and the restriction M, : W — W is continuous,
symmetric and positive-definite.

This assumption implies that |w(y := v/ (Mw, w)w defines an equivalent norm on W.
The presence of viscosity is also modeled by the linear operator V: V' — V*  which we require
to satisfy

(3.2)

V is continuous, symmetric and positive-definite. (3.3)

As before, by setting |v|y := \/(Vv,v)y we define an equivalent norm on V.
We finally observe that (3.3]) yields that the viscous operator V admits the inverse V=1: V* —
V', which is still a linear, continuous, symmetric and positive-definite operator.

3.3. Rate-independent dissipation. Rate-independent effects are included by considering a
rate-independent dissipation potential R: Z — [0,+00). We make the following assumption:

(R1) the function R is convex, positively homogeneous of degree one and there exist two
positive constants ps > p1 > 0 for which

p1llzllz < R(z) < p2l|z]|z, for every z € Z. (3.4)
Assumption implies subadditivity, namely
R(z1 + 22) < R(z1) + R(z2), for every 21,22 € Z,
whence we infer that R is Lipschitz continuous on Z, indeed
|R(z1) — R(z2)| < max{R(z1 — 22), R(z2 — 21)} < pallz1 — 22]|z, for every z1,20 € Z.

In particular, this fact together with the convexity of R implies the weak lower semicontinuity
of R on Z.

Furthermore, since R is positively one-homogeneous, for every z € Z its subdifferential
0?R(z) can be characterized by

O?R(z) = {n € 9?R(0) : (n,2)z = R(z)} C ?R(0). (3.5)
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By (3.4)) we also notice that there holds
z Bz
0°R(0) C B, . (3.6)

It is also well-known that 9?R(0) coincides with the proper domain of the Fenchel conjugate
R* of R, indeed it actually holds

R*(n) = Xozr)(n),  forallne Z~. (3.7)

Due to one-homogeneity, the (convex) subdifferential of R is invariant with respect to the
underlying topology, as stated in the next proposition.

Proposition 3.1. Assume (3.1). Then for any functional R: Z — [0, +00) satisfying|(R1)| the
following identities hold:

I?’R(u) = 0YR(u), foralucU, I?’R(v) =0V R(w), forallveV. (3.8)

Proof. We only prove the first assertion, the other one being analogous. Let n € 9%R(u) for
some u € U. Then, for all y € U we have

R(y) > R(u) + (n,y —u)z = R(u) + (n,y — wu,

whence n € 0YR(u). Thus, 07 R(u) C OV R(u).

To prove the reverse inclusion, let n € OYR(u) for some u € U. We first show that 7 can be
extended to an element of Z*. Indeed, since R is one-homogeneous, from the very definition of
subdifferential we have R(y) > (n,y)y for every y € U, whence by we get |[(n, y)u| < p2||yllz
for every y € U. Since U is dense in Z, we obtain that n belongs to Z*.

Now, let z € Z and y,, € U be such that y, 2, ». We then have
_ g S T _ _ _
R(z)= lm Rlys) 2 lim (R(u)+{nyn —wv) = lim (R(u)+ (1,40 —u)z)
= R(’U,) + <n’Z - u>Z7
which gives € R (u). This concludes the proof. O

3.4. Potential energy. Both the dynamic and the rate-independent systems and
are driven by the time-dependent potential energy £: [0,T] x U — [0, +o0], with proper domain
dom & = [0,7] x D, for some nonempty set D C U. We assume that £ possesses the following
properties:
(E1) (Weak Lower Semicontinuity) for every ¢ € [0, 7] the function £(¢,-) is weakly lower
semicontinuous in U;

(E2) (Power control) for every u € D the function &(-,u) is absolutely continuous in [0, 77,
and there holds

|0:E(t,u)] < b(t)(E(t,u) +1), forae. te[0,T] and for every u € D,

where b € L1(0,T) is nonnegative;

(E3) (Coercivity) the function £(0,-) has bounded sublevels;

(E4) (Power continuity) for all M > 0 there exist vy; € L'(0,7) and a modulus of
continuity wps: [0,400) — [0,+00) such that for almost every ¢ € [0,7] and for all
ur,uz € {€(0,-) < M} there holds

|0:E(t,ur) — OE(t, u2)| < yar(t)war(Jur — uolw);

(E5) (A-convexity) there exists A > 0 such that for every ¢ € [0,7] the map U > u —
E(t,u) + 3|ul? is convex.
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Remark 3.2. By employing Gronwall inequality, assumption [(E2)| ensures that

E(t,u)+1< el /s o) dT|(5(s,u) +1), for every s,t € [0,T]. (3.9)

By using [(E1), the above inequality easily implies that £ is weakly lower semicontinuous in the
product space [0, 7] x U. Moreover, by combining (3.9) with |(E3), there follows that sublevels
of £(t,-) are bounded uniformly with respect to t € [0, 7.

In the case of nonconvex energies (namely, when the parameter A in [(E5)| is necessarily
positive) we will need to add the following less standard assumptions:

(E6) (Subgradient control) for all C1 > 0 there exists Co > 0 such that for every (¢,u) €
[0,T] x D there holds

Elt,u) <Cr = sup  [|€[lu- < Co;
eV E(tu)
(E7) (Continuity) for every ¢ € [0, 7] the restriction of £(¢,-) to D is strongly continuous in
U, namely
Up S u, with un,u € D = E(t,uy) — E(t,u); (3.10)

(E8) (Improved convergence) for every t € [0, 7] it holds

ungu and E(t,up) — E(t,u), with u,,u € D = ungu,

namely weak convergence of elements in D together with convergence of energies imply
strong convergence;
(E9) (Time-continuity of subdifferential) for all M > 0 there exists a modulus of conti-
nuity wpy: [0, +00) — [0, +00) such that
IVE(t,u) COVE(s,u) + B2 (jt—s)» for every s,t € [0,T]and u € EJI\]/[;

War

(E10) (Improved coercivity) for all C' > 0 the set

eU: &(0, i
{u (0, ) T ecouliin . €]

z* S C} )
is precompact in Z*.

Remark 3.3. If [(E2)[ and [(E9)| are in force, then the validity of [((E10)| can be extended in a
uniform way to all times ¢ € [0,7]. Indeed, it can be proved that for all C' > 0 there exists

D > 0 such that

U {u eU: E(t,u)+  min €Il z+ < C’}Q{u eU: 0,u)+ min €]

U U A D}'
t€[0.7] £edve(tu)Nz £edve(0,u)nz

4. INERTIAL BALANCED VISCOSITY SOLUTIONS

We begin this section by introducing the notion of solution to the dynamic problem
we intend to consider. It is based on a suitable energy equality in the spirit of De Giorgi’s
energy-dissipation principle (see also [3], [18, Section 5|, [25] and [27]), in which the key idea
consists in keeping together all the dissipative effects, modelled by means of the viscous and the
rate-independent potentials.

To this aim, we thus introduce the functional R.: V' — [0, +00) defined as

Ro(v) = g\v|%y+7z(v). (4.1)
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By using (3.7)), it is well known (see for instance [16], Section 2.3]) that its Fenchel conjugate R
can be explicitely computed:

1
RE(C) = —dlstv (G OPR(0)) = 5 Egnz% I —nl3-, for eV (4.2)

Notice that R} is continuous in V* and convex.
Moreover, by Lemma and (3.8) one can write

OV R.(v) =eVu+d?R(v), forallveV, (4.3)
so that the dynamic differential inclusion can be equivalently rewritten as
e2Mi (t) 4+ 0V R (4 (t)) + OVE(t,u(t)) 0, in U*, for ae. t€[0,T].

By using ([2.2)), it is thus natural to expect at least at a formal level (assuming everything is
regular and smooth), that solutions to should satisfy in any subinterval interval [s, t] C [0, T]
an energy balance of the form

/ R (i (1)) + RE(—2 Mt (r) — €(0) dr = / (-2 (r) = €€(r), @)y dr
=~ SO + S — (D) + s, (s /at (7)) dr,

where £°(t) is an element of OV E (¢, uf(t)).
Previous considerations lead to the following definition.

Definition 4.1 (Dissipative dynamic solutions). Given initial data uy € D, uj € V, we
say that a function u®: [0,T] — D is a dissipative dynamic solution to if the following
conditions are satisfied:
o uf € Cu([0,T);U) N W20, T; V)N CL0, T); W)nW?22(0,T;U*), and
5(71‘6()) € Loo(ovT);
e u*(0) = ug and u°(0) = uj;
e for almost every t € [0,T] there holds

2MiS (t) + eV (t) + 1 (t) + &5(t) = 0, in U™, (4.4)

for some (measurable) n°(t) € 0 R(u(t)) and £°(t) € AVE(t, us(t));
o there exists a set N C (0,T] of null measure such that for all t € [0,T] \ N the energy-
dissipation balance

522\1'4 ®)|j + Et,ue / Re(u(r)) + RE(—*Miif (r) — £(r)) dr

2
ZZ\uﬂgAI—i—E(O,uS)—F/O HE(r,u(r))dr,

holds true.

If the energy-dissipation balance (4.5)) is actually satisfied for all t € [0,T], we call u® an exact
dissipative dynamic solution.

Remark 4 2. By using equation (4.4) together with ( and , the energy-dissipation
balance (4.5)) implies the validity of the following (mtegral) chain- rule formula for every s,t €
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[0, 7]\ N with s < t:

t 62 62
/ (€®Mii® (r) + & (r), @ (r))v dr :Eme(t)h%/u +E(t,us (1) — 5I1f(5)|§m —&(s,u(s))
. (4.6)

. / t OE (7, (r)) dr.

Remark 4.3. Since u® € Cy([0,7];U) and 4° € Cy([0,T]; W), by weak lower semicontinuity
the energy-dissipation balance (4.5)) yields the inequality

R
—|ac(t )| + E(t,uf Re( )+ Ri(— QM[LE(T) —&(r))dr
27 / (4.7)

2
S%W()|M+€su /Bt r,us(r))dr,
for all t € [0,7] and for all s € [0,7]\ N with s <¢.

Existence of dissipative dynamic solutions to has been proved in [3| Theorem 2.4] in a
more general functional framework than , but requiring slightly stronger assumptions on
the potential energy €. To the best of our knowledge, existence of such solutions is not known
just under our assumptions. Nevertheless, in the case V = U, even existence of exact dissipative
dynamic solutions can be proved assuming solely conditions a key role is played by the
validity of a suitable chain-rule formula (see Lemma[B.3). For self-containedness we present the
proof in Appendix |A] and we refer again to [3, Theorem 2.4] or to [27, Theorem 5.6] for similar
results. We however point out that the situation V' = U still includes interesting applications,
such as Kelvin-Voigt models in Vlscoelastlclty see Sectlon )

We finally observe that, exploiting |[(E2) [.] and ., a standard application of Gronwall’s
Lemma to the energy- dlss1pat10n inequality (see [10, Proposition 3.3] for more details)
yields the following uniform bounds.

Proposition 4.4. Assume (3.1), (3.2) and (3.3)). Let the rate-independent dissipation potential
R satisfy|(R1)| and let the potential energy & satisfy|(E1)R(E3)| Let u® be a dissipative dynamic
solution to (L.1)) with initial data uy € D, uj € V, and assume that euj is uniformly bounded

in W and E(0,u§) is uniformly bounded. Then there exists a constant C > 0, independent of ,
such that

(i) sup E(t,uc(t)) < C;

te[0,7 B
(it) sup [lu*(t)[|v < C;
t€[0,T]
(iii) sup el|uf(t)jy < C;
te[0,7

(iv) /0 () 1z dr < T

T
(v) 5/ ()2 dr < C.
0
If in addition |(E6)| is in force, then there also holds

(vi) esssup [|€5(t)]|u- < C.
tel0,T

4.1. Viscous contact potential and viscoinertial cost. In the asymptotic analysis of the
dynamic problem (|1.1]) as e — 0 a pivotal role is played by the so-called viscous contact potential



12 F. RIVA, G. SCILLA AND F. SOLOMBRINO

py: V x V* — [0, +00), introduced in [14} [I5] [16] and defined as
py(v, Q) = QEE(RE(U) +RZ(C)), for (v,{) e V x V*. (4.8)
By using formulas and , an easy computation yields the explicit expression
pv(v,¢) = R(v) + |v|y disty-1(¢;07R(0)),  for all (v,) € V x V*. (4.9)

We collect here the main properties of the viscous contact potential py, whose proofs are a direct
consequence of the explicit formula (4.9)). For more details we refer to [16].

Proposition 4.5. Assume (3.3) and|(R1), Then the viscous contact potential py defined in
(4.8) fulfils the following properties:

(a) for all { € V* the map py(-,() is convex and positively one-homogeneous;
(b) for allv € V the map py(v,-) is convex;

(c) py(v,¢) > max {R(v), (C,v)y} for all (v,{) € V x V*;

(d) py(v(-),¢(")) € L*(a,b) whenever v € L?(a,b; V) and ¢ € L*(a,b; V*);

(e) py(v,¢) < Cloly (14 [C|ly+) for all (v,) € V x V*.

Besides the viscous contact potential, which describes the residual viscous effects, in order to
measure the rate-dependent inertial effects surviving in the limit ¢ — 0 we need to introduce
a suitable viscoinertial cost. Differently from the finite-dimensional setting studied in [25],
where this concept has been proposed (Definition 3.5 therein), in the current infinite-dimensional
setting some care is needed for a proper definition.

Here we discuss how to rigorously formulate this notion. For the sake of brevity, for all a < b
we define the set

G(a,b) := {v: [a,b] = D v € Cy([a,b; U) N WE2(a,b; V) N CL([a, b]; W) 0 W22(a, b; U™),

and £(0,0() € Bla, b))}
(4.10)

namely the set of functions possessing the same regularity than dissipative dynamic solutions
to (L.1). Now, for all ¢ € [0, 77, for all u;,us € U and for all a, 5 > 0 we set

cj(t;u1, ug) = inf {/ py(0(r), =Mi(r) = &(r))dr: o >0, (v,§) € ADG(t; ul,u2;o)} ,
0
(4.11)
where the set of admissible functions is given by
ADG(t;ur,ug; 0) = {(v,f) € G(0,0) x L*(0,0;U") : conditions (4.13]) below are satisﬁed}.
(4.12)

The constants C and C appearing in the conditions below, characterizing the set of admissible
functions, are the ones introduced in Propositions [4.4] and

o [llzar <20 0 (4.132)
o £(r) € VE(t, v(r)) + Ff* for almost every r € [0, o]; (4.13b)
e 0(0) € By (w1), v(0) € By (uz), and (0), o(0) € By; (4.13¢)

o Mis + & € L*(0,0; V*), and there holds

| w5() + €00, 5001w dr < 5100 + £t 0(0)) = SO~ E(¢.0(0) +2(C v O
(4.13d)
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Here, with a little abuse of notation, in the case & = 0 or 8 = 0 we mean Eg((x) = {z}.

Remark 4.6. Observe that in the case V = U we can equivalently rewrite (4.10)) in the simpler
form

G(a,b) = {v: la,b] = D :v € Wh2(a,b; U) N W>2(a,b; U*), and £(0,v(-)) € B([a,b])}.
(4.14)
Moreover, if is in force, condition £(0,v(-)) € B([a,b]) in (4.14) can be dropped: indeed,
since W2(a,b;U) C O([a,b];U), in this case the map r ~— £(0,v(r)) is continuous, and hence
bounded, in [a, b].

Assuming [[ED[(E2)J(E5)| and [(E6), we can also rewrite (£.12)) as
ADg(t;ur,uz; 0) = {(U,f) € G(0,0) x L*°(0,0;U™) : conditions (4.13a)-(4.13c]) are Satisﬁed}.

Condition (4.13d)) is indeed automatically satisfied by using Lemma in the Appendix
To see this, pick any (v,§) € G(0,0) x L>®(0,0;U*) satisfying (4.13a) and (4.13b)), and let

& € dYE(t,v()) such that || — §tll oo (0,0:2+) < @ be given by (4.13b). Then, by using (B.1)
there holds

L/?va>+awxuwnnv=1/7Mww>+&um@wnydw+/vgw>—@@»@@»zdr
0 0 0

< 510+ £t v(0)) = 31O = E(t,0(0) + 1€ = &lw(0rze) | otz
0

< %\@(U)yg,ﬂ +E(t (o)) — %\0(0)@[ — &(t,0(0)) + 2(C v F)a

We now possess all the ingredients in order to introduce the notion of viscoinertial cost which
will govern the jump transient of Inertial Balanced Viscosity solutions (see Definition below).

Definition 4.7 (Viscoinertial cost). For any t € [0,T], ui,up € U, the viscoinertial cost

related to M, V, R and £ is defined by
M,V a . (o}

c 7 (tur,ug) == sup cglt;ur,u2) = lim  c3(t; ug,us), 4.15

( )= Sup bl )= (iS00 ) (4.15)

where cg(t;ul,UQ) has been introduced in (4.11)).

We point out that the equality in , namely the fact that the cost can be computed as
a limit, follows since the functions o — cg(t; ui,uz) and 5 — cg(t; u1,u2) are nonincreasing in
0, +00).

It will also be useful to introduce the following more precise version of the viscoinertial cost,
in which the boundary data of the admissible functions are attained:

cgﬂ’v(t; u, ug) = sup cq (t; w1, uz) = lim cg (¢; ur, uz). (4.16)
Note that by monotonicity for all ¢ € [0,7] and uy,us € U there holds
MVt uy,u9) < cg/ﬂ’v(t;ul,uQ). (4.17)

We conclude this section by showing a crucial property possessed by the viscoinertial cost,
namely that it always provides an upper bound for the energy gap between two points u1,us € D.

Proposition 4.8. Assume (3.3), ((R1)| and let|(E7)| be in force. Then for allt € [0,T] and for

all ui,us € D there holds
Et,u) — E(t,ug) < MV (Hur, ug).
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Proof. Fix t € [0, T] and without loss of generality let ™V (¢;u1, us) < +00, so that in particular
cg(t; ug, u2) < +oo for all a, f > 0 as well. Let us fix §, > 0, and by continuity let 8 > 0 be
such that

IE(t, u;) — E(t,x)| < g, for all x € Eg(ul) NnD, lyl3 < g, for all y € E‘g. (4.18)
By definition , let us now choose o > 0 and (v, &) € ADg(t; u1,ug;0) such that
[ oo ~Mi) - 601 dr < i) + 5. (4.19)
Then, using and , and exploiting and (c) in Propositionwe obtain
E(t,w) — E(t,uz) < L[6(0) s + E(1,0(0)) — 1[(0) Ry — £(1,0(0) + 3
< /:(-Mi}(r) —£(r), o))y dr +2(C v C)a +

< /OU o (6(r), ~Mi(r) — () dr + 2(C v P+ 3

< Gt ur, ug) + 2(C' v 5)04 +6 < MVt u, ug) +2(C Vv 5’)04 + 9.
We thus conclude by sending § — 0 and o« — 0. g
4.2. Definition of IBV solutions. Once the viscoinertial cost has been introduced, we are
now in a position to define the core notion of this paper, namely the concept of Inertial Balanced

Viscosity solution to the rate-independent system (1.2]). In order to make the definition more
clear, we first state the following lemma.

Lemma 4.9. Assume (3.1)), let the rate-independent dissipation potential R satisfy [(R1)| and
let the potential energy € satisfy|(E5)|. Then for (t,u) € [0,T] x D the following two conditions
are equivalent:

(@) 0?R(0) + dYVE(t, 1) > 0, namely there exists & € OVE(t,u) satisfying —& € O R(0);
(b) E(t,u) < E(t,x) + R(x — 1) + 5lz — |}, for allz € U.

Proof. By definition of convex subdifferential, condition (b) is equivalent to
A
00" (&t ) +R(-—w) + 5| —ulfy ) (a).
By using Lemmas and the right-hand side of the above line can be rewritten as

o (&t ) + gy ) (@) + 7 (R(- - w)) (@)
=9VE(t,u) + OYR(0) = YV E(t, u) + OZR(0),
where we exploited in the last equality. Hence we conclude. O
Definition 4.10 (IBV solutions). Given an initial datum ug € D, we say that a function

u: [0,T] — D is an Inertial Balanced Viscosity (IBV) solution to the rate-independent system
(1.2) if the following conditions are satisfied:

e we B(0,T};U) 1 BV(0,T}; 2);
e u(0) = up;
e the local stability condition
I?R(0) + 9VE(t,u(t)) >0, for every t € [0,T]\ Ju, (4.20)

holds true at each continuity point of u;
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e the viscoinertial energy-dissipation balance

t
Et,u™(t) + Vr(tco; 5,1) + Z MYV u=(r),ut (1) = E(s,u” (s)) +/ OE(r,u(r))dr,
reJen[s,t] s
(4.21)
holds true for all0 < s <t < T, where uc, s the continuous part of u (in the topology of
Z ) introduced in , Jy is the essential jump set defined in and the viscoinertial

cost AV (r;u=(r),ut(r)) has been defined in ([E.15).
If the wviscoinertial energy-dissipation balance (4.21)) is satisfied with cgﬂ’v(r;u*(r),uﬂr)), de-
fined in ([&.16)), in place of MV (r;u=(r),ut(r)), we call u a precise IBV solution to the rate-
independent system ((1.2)).

Remark 4.11. We observe that the above definition is well posed in our framework (3.1)).
Indeed, being w in BV ([0,T7; Z), for all ¢ € [0, 7] there exist the strong limits in Z

u(s) —— ut(t). (4.22a)

Moreover, since u also belongs to B([0,T];U), the same limits hold true in the weak topology
of U as well (see also Lemma [A.2)), namely

u(s) —2— uE (). (4.22b)
s—tt
We now show that u*(t) necessarily are in the proper domain D of the energy £(t,-) for all
t € [0,T]. First notice that assumption (3.1) yields

u(s) AN u®(t), and u(s) v, ui(t). (4.22c)
s—tt s—tE
Then, by means of Lemma the local stability condition (4.20]) is equivalent to the global
A-stability

E(t,u(t)) <E(t,z)+ Rz —u(t)) + g|x —u(t)};, forallz €U and for all t € [0,T]\ J,.

By using (4.22)) and recalling the weak lower semicontinuity of £, we now deduce
o E(t,ut(t) <E(t,2) + Rz —ut(t)) + 3l —ut(t)|} for all z € U and for all ¢ € [0, 7],
o E(t,u=(t) < E(t,x) + Rz —u™ (1)) + 3lo — u(t)[% for all x € U and for all t € (0,77,
which, recalling that ug € D, yield u*(t) € D for all t € [0,T] as well.

4.3. Statement of the main results. We now collect the main results of the paper, regarding
the asymptotic behaviour of dissipative dynamic solutions to as € — 0. The first theorem
deals with the more general case of nonconvex potential energy &£: in this setting, jumps of
the limit evolution are expected, and moreover both viscous and inertial effects are needed
for their description. For this reason, IBV solutions to naturally come into play. If the
energy & is convex, Theorem [4.13] instead states that only rate-independent effects survive in
the asymptotic analysis, thus the more classical notion of (essential) energetic solution [19] 20]
is enough to capture all the features of the limit evolution. Finally, in the particular case of
uniformly convex potential energy depicted in Theorem the limit function turns out to
be (absolutely) continuous, and hence classic solutions to the rate-independent system are
obtained.
The proof of the theorems below will be given in Section [6]
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Theorem 4.12 (Nonconvex case A > 0). Assume (3.1)). Let the mass and viscosity operators
M and V satisfy (3.2) and (3.3). Let the rate-independent dissipation potential R satisfy|(R1)
and let the potential energy £ satisfy |(E1)H(E10)| for a positive parameter X in |(E5)]

Let u® be a dissipative dynamic solution to ([L.1)) with initial data ug € D, uj € V in the sense
of Definition[{.1, and assume that

\4 U
euj] — 0, and ug — Up, for some ug € D.
e—0 e—0

Then there exists an Inertial Balanced Viscosity (IBV) solution u: [0,T] — D to the rate-
independent system (1.2]) in the sense of Definition such that, up to subsequences, there
hold:

o ut(t) SUAN u(t), foralltel0,T];
e—0
o u(t) LO> u(t), for almost everyt € [0,T];
E—r
o cuf(t) Lo> 0, for almost every t € [0,T].
E—
Moreover, if we assume D = U =V, then the function u is actually a precise IBV solution
to (1.2).

Theorem 4.13 (Convex case A =0). Assume (3.1)). Let the mass and viscosity operators M
and V satisfy (3.2)) and (3.3). Let the rate-independent dissipation potential R satisfy|[(R1)| and
let the potential energy € satisfy|(E1){(ED), with A =0 in|(E5)|

Let u® be a dissipative dynamic solution to (1.1 with initial data uf € D, uj € V in the sense
of Definition[{.1], and assume that

1% U
euj] — 0, ug —— Ug, and E(0,uy) — £(0,up),
e—0 e—0

for some ug satisfying the (global) stability condition
E(0,up) < &(0,x) + R(x —up), forallxeU. (4.23)
Then there exists a function u: [0,T] — D satisfying u € B([0,T];U) N BV([0,T]; Z) such
that, up to subsequences, there hold:
o ut(t) SN u(t), forallte0,T];
e—0
o cUf(t) —V—O—> 0, for almost every t € [0,T).
E—r

The limit function u is an essential energetic solution to the rate-independent system (1.2)),
namely u(0) = wug and it fulfils the following global stability condition and rate-independent
energy-dissipation balance

{E(t,u(t)) <&(t,z) + Rz —u(t)), forallz €U and for allt € [0,T]\ Jy, (4.24)

E(t,ut (b)) + VE(u;s,t) = E(s,u(s)) + f; HE(r,u(r))dr, forall0 <s<t<T,
where the essential R-variation V3 is defined as
Vi (u;s,t) := Vg (uco; 5, ) + Z R(u™(r) —u™(r)).
reJgn[s,t]

Theorem 4.14 (Uniformly convex case). Assume (3.1). Let the mass and viscosity operators

M and V satisfy (3.2) and (3.3). Let the rate-independent dissipation potential R satisfy|(R1)
and let the potential energy £ satisfy [EDH(EAD)], with [(E5)| replaced with the following uniform

convexity condition:
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(E5’) there exists p > 0 such that for allt € [0,T], 6 € (0,1), u1,ug € U one has
E(t,0ur + (1 — Oug)) < OE(t,ur) + (1 — 0)E(t,uz) — g@(l —0)|Jur — us|/%,

for some Banach space X with U — X.

Let u® be a dissipative dynamic solution to (L.1)) with initial data uf € D, uj € V in the sense
of Definition[{.1, and assume that

W U
euj — 0, ug —— Ug, and  E(0,uy) — £(0,up),
e—0 e—0

for some ug satisfying the (global) stability condition (4.23]).
Then Theorem [{.15 applies, and the limit function u in addition belongs to C([0,T]; X), and

so also to Cyw([0,T);U). Moreover u is an energetic solution of the rate-independent system

(L.2), namely for all t € [0,T)] there holds
E(t,u(t)) < E(t,z) + R(x —u(t)), foralxzeU ;
E(t,ut)) + Vr(u;0,t) = E(0,u0) + [ HE(r,u(r)) dr.

If in addition the following stronger version of [(E4)|is in force:

(E4’) for all M > 0 there exist ypr € LY(0,T) such that for almost every t € [0,T] and for all
ur,uz € {€(0,-) < M} there holds

|0:E(t,u1) — OrE(t, ug)| < s (t)[lur — uzllx, (4.26)

then u actually belongs to AC([0,T]; X).
If finally one also has X — Z and X is reflexive, then u satisfies the rate-independent system
(1.2) in the classical sense, namely

{QZR(u(t)) +0YE(t,u(t)) 20, inU*, forae tel0,T],

(4.25)

4.27
u(0) = up. (4.27)
4.4. Time-incremental minimization scheme. In this section we instead collect our results
concerning the convergence of the Minimizing Movements scheme associated to (1.1]) to an IBV
solution. We start by fixing some notation and by introducing the scheme we want to analyze.
Let 7 € (0,1) be a fixed time step such that % € N. We consider the corresponding induced
partition II, := {t*}; of the time-interval [0, 7], defined by t* := k7 where k = 0,1,...,T/7.
For future use we also define t~! := —7 and we set K, := {1,...,T/7} and K2 := K, U {0}.
Given uj € D and uj € V, we construct a recursive sequence {u?s}ke]@_ by solving the
following iterated minimum problem:

uﬁ’e € arg min ]:T7E(tk7u,u]j;1,uf;2), for k € K, (4.284a)
uclU
with initial conditions
ugya = ug, u;; = ug — TUj, (4.28b)

where the functional is defined as
2 w— uk-l
Fre(th,u, ulﬁgl, uﬁ?) = ﬁw - 2u§;1 + uﬁj\ﬁﬂ +7R. <TTE> + E(tF, ),

and R. has been introduced in . We observe that the existence of a minimum in
easily follows from the direct method, since u nyg(tk,u,u’j’gl,u’ﬁj) is coercive and lower
semicontinuous with respect to the weak topology of U. Furthermore, if 7/¢ is small enough,
the minimum is unique by strict convexity of the functional Frc(t*, -, ufZ! uF72) (if (E5)| is in
force).
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By defining
k T,E T,E
of =15 T for ke KV, (4.29)

we notice that the Euler Lagrange equation solved by Ulﬁ,g reads as

k k—1
vi.—w

M- TE L YR (W )+ VEWR WF )30, inU*, forallkek,, (4.30)

7— ? ?

namely there exist n¥_ € 0?R(vF_) and ¢F_ € OVE(t*, uk ) such that
oF k-1

M- L eVoF 4k ek =0, inU* forallkek,. (4.31)

7— b b k)

We now introduce the standard (piecewiese constant, piecewise affine and piecewise quadratic)
interpolants of ufﬁ:

Ure(t) == Uf,w fort € (tkil,tk], ke Kk?; (4.32a)

u, (t) =k, fort € [t"=1¢%), ke KO;  (4.32b)

Ure(t) = Uﬁ,s(t —t" ) + ulﬁgl, for t € (t*= 1%, ke K2; (4.32¢)

Ure(t) = ul — %ui + / t Urc(r) dr, for t € [0, T7, (4.32d)
) ok 0_ k-1

where U, (t) := %(t — P 4okt forte (ML, keK.  (4.32)

Our interest lies in the asymptotic behaviour of such interpolants as (7,&) — (0, 0) in the regime
lim _ =0. (4.33)
(1,2)—(0,0) €
For the general result in the nonconvex case, we will need the following technical Lipschitz
continuity-type assumption for 9V E:
(E11) (Continuity of subdifferential) for all M > 0 there esists Cy > 0 such that for any
t € 10,7 and uy,ug € E% N D there holds

7U*
8U5(t,u1) - aUg(t7u2) + By llus—uallu-

The convergence to an IBV solution will be in general recovered in the special case D =U =V,
as stated in Theorem This requirement, as well as is still consistent with most of
the examples we will present in Section

Instead, the convergence results in the convex case (Theorems and will hold in the
general setting D C U C V. Furthermore, as in the continuous-in-time framework, because of

convexity only the first group of assumptions |(E1)| will be needed.
The proof of the theorems below will be given in Section [7]

Theorem 4.15 (Nonconvex case A > 0). Assume (3.1). Let the mass and viscosity operators
M and V satisfy (3.2) and (3.3). Let the rate-independent dissipation potential R satisfy|(R1)

and let the potential energy £ satisfy (E11)| for a positive parameter X in [(E5). Assume
D=U=V.

Let Ur e, Ur e, Ure, Uy, . be the interpolants (4.32)) of the Minimizing Movements scheme (4.28)
with initial data uy € U, uj € U for a sequence (1,e) — (0,0) satisfying (4.33)), and assume that

U U
eu; — 0, and ug — ug-
e—0 e—0
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Then there exists a precise IBV solution u: [0,T] — U to the rate-independent system (1.2))
such that, up to subsequences, there hold:

o Ure (1) Tre(t), Ure (), o () ——— u(t),  for all t € [0,T);

(1,6)—(0,0)
® Ur (1), Ure(t), Ure(t), u, . (2) v u(t),  for almost every t € [0,T];
’ (1,6)—(0,0)
. gﬁm(t),sﬁm(t) - v 0, for almost every t € [0,T].
(1,6)—(0,0)

Theorem 4.16 (Convex case \ = 0). Assume (3.1). Let the mass and viscosity operators M

and V satisfy (3.2) and (3.3)). Let the rate-independent dissipation potential R satisfy|(R1)| and

let the potential energy € satisfy [[EDY(E5S), with A = 0 in[(E5)|
Let Ur e, Ur e, Ure, U, . be the interpolants (4.32)) of the Minimizing Movements scheme (4.28)

with initial data uy € D, uj € V for a sequence (1,¢) — (0,0) satisfying (4.33)), and assume
that

W U
eu; — 0, ug —— Uo, and E(0,uq) — £(0,up),
e—0 e—0

for some uqg satisfying the (global) stability condition (4.23]).
Then there exists an essential energetic solution u: [0,7] — D to the rate-independent system
(11.2)) satisfying v € B([0,T);U) N BV ([0, T]; Z) and such that, up to subsequences, there hold:

~ U ~ w
Lt t), It e (0,T], d (0 0);
® Ure(t) ()= (0.0) u(t), fora (0,7], and  ur.(0) m u(0)
o Ure (1), Tire(t), 1, (1) ——— u(t), for all t € [0,T];
’ (1,6)—(0,0)
o e, (t), el o (t) Vv 0, for almost every t € [0,T].
(1,£)—(0,0)

If in addition euj is uniformly bounded in V', then there also holds

Ur(0) u(0).

(1,e)—(0,0)

Theorem 4.17 (Uniformly convex case). Assume (3.1). Let the mass and viscosity operators
M and V satisfy and . Let the rate-independent dissipation potential R satisfy
and let the potential energy & satisfy [(EL)H(E4)| and |[(E5).

Let Ur e, Ur e, Ure, Uy, . be the interpolants of the Minimizing Movements scheme (4.28]
with initial data vy € D, uj € V for a sequence (1,¢) — (0,0) satisfying , and assume
that

W U
eu; — 0, ug —— Uo, and E(0,uq) — £(0,up),
e—0 e—0

for some ug satisfying the (global) stability condition ([4.23).

Then Theorem [{.16) applies, and the limit function u in addition belongs to C([0,T]; X), and
is an energetic solution of the rate-independent system .

If in addition is in force then u actually belongs to AC([0,T]; X). If finally one also has
X — Z and X is reflexive, then u is a classic solution to the rate-independent system (|1.2]).

5. EXAMPLES AND APPLICATIONS

In this section we present some examples which can be included in our abstract analysis.
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5.1. Scalar case. We consider the differential inclusions of Allen-Cahn type
i (t) + eus(t) + Sign(ac(t)) — Aus(t) + IW(us(t)) 2 f(t), in (0,T)xQ, (5.1a)
e2ii (t) — e AU (1) 4 Sign (i (1)) — Aus(t) + OW(us(t)) 3 f(t), in (0,7) x Q, (5.1b)

complemented with homogeneous Dirichlet boundary conditions and initial data.
By Sign we mean the multivalued operator

1, if v >0,
Sign(v) := ¢ —1, if v <0,
[-1,1], ifv=0.

Here, Q is a bounded open subset of R?, with d > 2 (obviously the one-dimensional case can
be treated in a simpler way), while the nonlinearity W: R — [0, +o¢] is lower semicontinuous
and A-convex and the forcing term f belongs to AC([0,T]; L*(Q)).

To model (5.1a) and (5.1b)) we choose

2 .
e vomi), v= B e Bl oy g, s pg),
H}(Q), in case (5.1D)

. Me_c. W:{v, in case (5.1a) (5.2)

—Av, in case (5.10) ’
:/ ()| de
Q

It is immediate to check (3.1)), (3.2)), (3.3) and |(R1)l Furthermore note that Z* = L>°(1Q).
Finally, we introduce the potential energy

E(tu) = /QG\WF +W(u) — f(t)u> dz +Co, ifue€D:={ue H}(Q): W(u)e L'(Q)},

400, otherwise,

where Cy > 0 is a suitable constant so that £(¢,u) is nonnegative (such Cj exists since W is
nonnegative and the leading term of £ is quadratic).

We now check conditions |(E1)H(E5)

e Condition directly follows by the weak lower semicontinuity of the norm together
with Fatou’s Lemma

e We observe that 9:&( = — [, f(t)uda for almost every ¢ € [0,7] and for all u € D,
and thus there holds

|OE(t,u)] < 1 ()] 2oy lul2() < CLFE)| L2 (E(tu) + 1),

where in the last inequality we employed the quadratic growth (in the gradient of u) of

E(t,-). This gives |(E
e As for we notlce that £(0,u) < C implies [Vul?, ) < C+[f(0)|12(q) lulr2(q), and

50 [[ul| 71 () < €' by Poincaré inequality.

e We actually prove the validity of m with X = W = L?(2). Indeed for almost every
t € [0,7] and for all uj,us € D one has

|0 (t,ur) — QE (t, un)| = [(f(t),u1 — u2) p2()| < 1 (#)] 2@ lur — 2l r2(q)-
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e For what concerns since W is A-convex and & (t,-) is quadratic in Vu, for 9 € [0, 1]
and u1,uy € HE(Q) it follows

5(t,19u1 + (1 — 19)1@) < ﬁg(t,ul) + (1 — UQ)S(t,UQ)

v 3 2 2
+5(1=9) [Alm — u2|f2q) — [V(u1 - u2)|L2(Q)} (5.3)
A—Cp 2
<Ot wn) + (1= D)E(t ) + L0 = D)y — usfage
where we employed Poincaré inequality with constant Cp. We thus have the following

cases:
(j) if A := X — C% < 0, then the energy actually satisfies with X = L%(Q);
(j7) if A= A — C% = 0, then the energy is convex;
(jgg) if A= A — C% > 0, then the energy is non convex.

If (j) holds, for both systems (5.1a)) and we can apply Theorem in its stronger
form (since [(E4’)| and [(E5")| are in force with X = W = L?(Q)), namely the limit equation
is satisfied in the classical sense. In the same way, we can also apply Theorem

If (jj) holds, then the driving energy £(¢,-) is convex and we can apply Theorems and
for both systems (/5.1al) and (5.1b)).

In the nonconvex case (jjj) we also need to check conditions [(E6){(E10)| in order to apply
Theorem To this aim we strenghten the assumptions requiring €2 € C* and a more regular
forcing term

f e AC(]0,T]; L= (£2)), (5.4)

and considering an everywhere finite A-convex function W: R — [0, 4+00), which thus is locally
Lipschitz, whose derivative satisfies the following growth condition for almost every x € R:

W (2)] < C(1+ ||7Y)  for some ¢ € (1, %) N (1, %j%;] (5.5)
where we convene that % = % = +oo for d = 2. Observe that the above condition implies
W(x)| < C(1+ |z|?), forall zeR, (5.6)

and notice that
2g—1) < 2%, q<2%, jf1>d, (5.7)
where 2% = dQsz denotes the Sobolev exponent. In particular, by Sobolev Embedding one

has W(u) € LY(Q) for all u € H}(2), and so under these stronger assumptions there holds
D=U=H\Q).

Remark 5.1. The standard double-well potential W(z) = (1 — 22)? fulfils (5.5)) for d = 2 and
d=3.

Let us now check conditions |(E6)H(E10)|

e for all (¢t,u) € [0,T] x H3(Q), under the current assumptions one has
0"E(t,u) = —Au+ 0" W(u) - f(1),
with
YW (u) = {Ee L2(Q) : £(z) € OW(u(x)) for ace. x € Q}
Hence, by using , and Sobolev Embedding, for all 5 € 0YW(u) one deduces
| = Au+ &= fO)lla-1(0) < CUVulizo) + lullfyio) + 1FO)l2@ +1),
and so follows by means of and (see also Remark [3.2).
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e condition namely strong continuity of £(t,-) in Hg (), directly follows from ([.6)
and (5.7) by an application of Dominated Convergence Theorem.

HL(Q
e To show |[(E8)| pick a sequence uy, @), u such that £(t,u,) — £(t,u). Then it holds

lim </ |Vun|2d:c+/W(un)dx> = /|Vu|2dx+/W

Since both terms are weakly lower semicontinuous, it easily follows that separately

1 1
/ |Vun|2dxﬁ/ |Vul>dz, and /W(un)dx%/W(u)dx,
2 Jo 2 Ja Q 0

Hg ()
whence u,, —— .

e Assumption m is a byproduct of (5.4)), since for all s,t € [0,T] and u € Hj(f2) one
has

AVE(t,u) = —Au+YW(u) — f(t) = dYE(s,u) + f(s) — f(1),
and

t
1£6) = FO)lmioy < €| [ty ).
e Finally, we show the validity of Let {un }nen C Hg () be such that

E(0,uy) <C, and || = Aup + & — f(0)|lpe) < C for some &, € dW(u,).  (5.8)
We need to show that, up to subsequences, u,, converges in Z* = L*°(Q2). By (5.8]), we
know that |[up|| 1) < C and

0
— Auy, = _gn + f(0) +gn, in H(Q), (5.9)
with ||gn|[z() < C. Since by Sobolev Embedding ||un||pr) < C for all r € [1,2%),
by using (5.5 and (5.7)) we deduce that |]£~n||qur1 @ < C, and so the right-hand side of

(5.9) is uniformly bounded in Lq%l(Q)
By Calderén-Zygmund elliptic regularity theory, for all r € (¢ — 1,2*) we thus obtain

Up € WZ’qTTl(Q), with ||unH o <C.

for some nonnegative ¢ € L1(0,T).

Now, by choosing r close enough to 2* such that 112%1 > d (such r always exists due to
(5.7)), by Sobolev Embedding we then obtain u, € C%*(Q) with [unllco.a < C for
some « € (0,1). We finally conclude by applying Ascoli-Arzeld Theorem.

Summing up, if (jjj) above holds, then we can apply Theorem under the additional
assumptlons and . In case , one obtains an IBV solution in the limit; in case
, since there holds D =U =V, the limit function is a precise IBV solution.

Finally, in order to apply also Theorem we are only left to check the validity of
To this aim, we need to additionally require that WW € C'(R) satisfies

4
W' (z)-W'(y)| < C(A+]|z|"+|y|")|z—y]|, for all z,y € R, for some finite r € <0, T-3
(5.10)
Notice that there holds p
% <9, (5.11)

Remark 5.2. One can directly check that the standard double-well potential W(z) = (1—22)2
fulfils (5.10) with » = 2, which lies in the admissible range for d = 2 and d = 3.
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Since in this case OVE(t,u) = {—Au+ W'(u) — f(t)} for all (t,u) € [0,T] x H}(Q), in view
of the standard inequality
| = A(ur —u2) |10y < llur = uallgr(),  for ui,uz € Ho(Q),
we just need to check
WV (ur) = W (u2) | -1() < Cumrllur — wall gy, for ui,up € H(Q) with [|uil| g1 () < M.

We prove the above inequality in the case d > 2, being the case d = 2 simpler. By means of
(5.10)), exploiting (5.11]), and by using Holder inequality and Sobolev embedding, for an arbitrary
¢ € H}(Q) we can estimate

|W' (u1) = W (u2), ) gy | < C/Q lur — w2 (1 + |ua|" + [uz]")[p| dz
2
<C <||U1 — w2l gy llell @) + Z/Q lug — UQHSDHUJT)
=1

2
<c (nul — wallmyoy lelmagey + llur = wall o oy Il o ey 3 ||u1-||zm/2(m>
i=1

< OM"|lur — uall gy @llellmy )

and we conclude.

5.1.1. p-Laplacian. We slightly modify previous problem by considering the p-Laplacian instead
of the standard Laplacian in (5.1)). We still are in the framework described in (5.2]), with the
only change given by the choice

U=WyP(Q), withp>d,
and we observe that in this regime
Wol’p(Q) — C%%(Q), for some a € (0,1). (5.12)

The potential energy now takes the form

1 .
£t u) = /Q<p|Vu!p+W(u)—f(t)u> de +Cy, ifueD:= {u e WHP(Q) : W(u) € Ll(Q)},
00, otherwise,

where f and W are as in the first part of Section [5.1

The validity of [[E1){(E4")| can be checked as in Section while in the three cases appearing
in condition M now one has to choose A = . Indeed, the p-integrability with respect to Vu
in the energy £ does not allow for a quadratic reminder term in the inequality . Thus, if
W is convex we can apply Theorems and while if it is uniformly convex we can also
apply Theorems and

If W is not convex, as before, we need to require and W to be everywhere finite. However,
since p > d, due to there is no need to assume the growth condition . Conditions
[(E6)H(E9)| now follow arguing exactly as in Section while [(E10)|is automatically satisfied by
(5.12) together with Ascoli-Arzeld Theorem. Thus, Theorem can be applied.

Remark 5.3. The regime p € (1,d], p # 2, is subtler and requires some care. Firstly, we observe

d
that in case (5.1b)) we need to require p > 2 in order to have U = Wol’p(Q) — H(Q) =V, while
in case (5.1a) we need p > 2% in order to have U = WP () s L2(Q) = W,
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Furthermore, a suitable growth condition on W has to be imposed for the validity of |(E1) -
m If, for instance, W € C1(R) and for all z € R satisfies

W (2)] < C(1+ |z|?"!)  for some g € [1,p*] N (1’ 1+ %)’

then [[EDH(E9)| can be checked as before, with the usual caveats for [[E4’) and [(E5’)} As regards
(E10), which we recall has to be checked only if W is not convex, one may argue similarly as
before by applying the regularity theory for the p-Laplace equation (see [§]).

5.2. Vectorial case. We may also consider the vectorial situation, presenting an application in
Kelvin-Voigt viscoelasticity. Let @ C R? be a bounded open set with Lipschitz boundary, and
let p§) be a subset of 9 with positive H? -measure. Setting In € := 9N \ Op§?, we consider
the system

E2Mii (1) + vDir(a (1)) — div(eDe(as (1)) + Ce(us () +OW e (1)) 3 f(£), in (0,T) x €,

W (1) = 45 (t) = 0, in (0,7) x 9pQ,
(eDe(@ (1)) + Ce(us(t)))ng = 0, in (0,7) x N,
(5.13)

where e(u) stands for the symmetric gradient V“%V“T, while Dir represents the higher dimen-
sional counterpart of Sign, namely

—, ifv=#£0,
Dir(v) := { [v| 7
Bl, ifv=0.

In (5.13), M is a symmetric and positive-definite d x d matrix, v > 0 is a positive num-
ber modelling a friction coefficient, while C,D : Q — R¥*@xdxd are fourth order tensors both
satisfying the following usual assumptions in linearized elasticity (below T = C or T = D):

e T is uniformly continuous in €2;
’JI‘;EAGRddeorallmGQandAeRdXd

() Sym
T(x)A = T(x)Asym for all z € Q and A € Réxd.
’JI‘(a:)A B=T(x)B: Aforall z € Q and A, B € R,

T(x)A : A > cp|Asym|? for some cp > 0 and for all z € Q and A € R¥*4,

The nonlinearity W: R? — [0, +-0c] is assumed to be lower semicontinuous and A-convex and
the forcing term f belongs to AC([0, T; L?(£; R%)).

If d = 2, system may model the dynamic evolution of a thin bidimensional viscoelastic
material anchored on 0pf) which slips over a flat rigid substrate under the effect of the time-
dependent volume force f(¢), and the contact between the material and the substrate produces
Coulomb friction with friction coefficient v.

In this framework we choose

o U=V={uecH(Q;RY: u=0H"tae indpQ}, W=L*%uRY, Z=LY %R,
o M¢ = Mg, Vv = —div(De(v)),

e R(z)= VHZHLl(Q;Rd) )

and

/Q <;Ce(u) ce(u) + W(u) — f(t) - u> dz + Cy, ifueD,

+00, otherwise,

with D = {u e U: W(u) € L'(Q)}.

E(t,u) =
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As before, conditions (3.1)), (3.2), and [(R1)| are immediately satisfied, while (3.3)), [((E1)H(E4’)|

and are verified arguing as in the scalar case by using Korn—Poincaré inequality in place of
Poincaré inequality (the three cases (j), (jj) and (jjj) are now distinguished by A := A— ccK?,
where Kp denotes the Korn—Poincaré constant).

In cases (j) and (jj) we can apply Theorems [4.14] (and [4.17) and [.13] (and [4.16]), re-
spectively, for system . In case (jjj) we also assume 02 € C? and dpf) smooth, f €
AC([0,T); L= (9 R?)) and we require W € CH(R?) to be nonnegative, A-convex and to satisfy
for all z € R? the following inequality:

[VW(z)| < C(1+ |27 "), for some q € (1, %2). (5.14)

The validity of [(E6)H(E9)| now follows as in the scalar case, while the validity of requires
the stronger assu compared to , which also ensures D = U. Indeed, unlike
the scalar framework, the regularity theory for weak solutions to vectorial systems (see [0,
Theorem 7.2]) only enhances the regularity of the gradient, and not of second order derivatives.
Thus, arguing as in Section the regularity result [9, Theorem 7.2] yields w,, € whaT (Q;RY)
with H“””WL?H(Q;W) < Cforall r € (2(g — 1),2"). Since ¢ < %5, we now can pick r € [1,2*)
such that ﬁ > d, and then we conclude by using again Sobolev Embedding.

Thus, in case (jjj), Theorem can be applied (in its stronger form D = U = V) for the
vectorial system under the stronger assumption (5.14)).

Finally, if in addition we assume

0, ——
"d—2
then |(E11)| can be checked as in the scalar case so that Theorem may be applied as well.

4
IVW(2)=VW(y)| < C(A+|z|["+|y|")|z—yl|, for all z,y € RY, for some finite r € < ] ,

6. VANISHING INERTIA AND VISCOSITY LIMIT OF THE CONTINUOUS DYNAMIC PROBLEM

This section is devoted to the proof of Theorems [£.12] and If not stated otherwise,
from now on we assume , as well as and (3.3 for the operators M and V, hypothesis
for the dissipation potential R and hypotheses IElI- for the energy &.

For any € > 0, let u® be a dissipative dynamic solution to with initial data ug € D,
uj € V. In Section we provide a compactness result for the family {u®}.~¢ by means of a
suitable version of Helly’s Selection Theorem, exploiting the uniform bounds of Proposition [4.4]
Section deals with the passage to the limit of equation towards the local stability
condition as ¢ — 0. We will actually employ the equivalent global A-stability condition
described in Lemma In Section we then pass to the limit the energy-dissipation balance
, showing the validity of a limit energy balance in which the jump costs are described by
means of an atomic measure p. We finally characterize such measure in Section separating
the different cases of nonconvex, convex, and uniformly convex potential energy £, and thus
obtaining the results stated in Section

6.1. Compactness. We begin by stating and proving a suitable version of Helly’s Selection
Theorem, which is compatible with the uniform bounds obtained in Proposition [4.4

d
Lemma 6.1. Let XY be Banach spaces such that X — Y and X 1is reflexive and separable.
Then, given a sequence of functions fpn: [a,b] — X such that for a positive constant C > 0
independent of n it holds

sp [ful®)lx <C. and  Ve(faza,b) < C.
t€la,b]



26 F. RIVA, G. SCILLA AND F. SOLOMBRINO

there exist a function f € B([a,b]; X) N BV ([a,b];Y) and a subsequence (not relabelled) such
that

fn(t) SEESEN f(t),  for everyt € [a,b. (6.1)

n—-4o00

Proof. Since the dual space X* is separable, there exists a countable subset S of Y* dense in
X*. Without loss of generality we may assume that S is a vector space over Q. For all ¢ € S
we now define

Fl(t) == (q, fn(t))x = (q, fu(t))y-
It is immediate to check that

[FAO] < llallx- /@) x < Cllallx-,
Ve(F; a,0) <|lqlly=Vy (fn; a,b) < Cllglly-

By using the classical Helly’s Selection Theorem together with a diagonal argument we may
extract a subsequence such that for every ¢ € S there holds
Fi(t) —— F(t), for every t € [a,b].
n—-+0o

It is now easy to show that, for a fixed ¢ € [a, b], the map S > ¢ — FI(t) is linear (over Q) and
satisfies |F(t)| < C||q||x+. By density of S in X*, it can thus be extended to the whole X* as
a linear and continuous functional. Since X is reflexive, then there exists an element f(¢) € X
such that F9(t) = (q, f(t))x for all ¢ € X*.

Let us now prove (6.1)). Fix ¢ € X* and for § > 0 let g5 € S such that ||¢ — ¢s||x= < J. Then
one has

limsup [(q, fu(t))x — (¢, f(t))x| < limsup (¢ — g5, fu(t) — F(t))x + (g5, fu(t) — f(£))x]

n—-4o0o n—-+o0o
< timsup (Jlg = asllx (1fa(llx + £ @) 1x) + FE2 () = F(0)) < 6(C + £ (1)),

and by the arbitrariness of § one concludes.
The fact that f belongs to B([a,b]; X) N BV ([a,b];Y) is now a byproduct of (6.1]) due to the

weak lower semicontinuity of the norm and of the total variation. O

By applying Lemma with X = U and Y = Z, and exploiting (ii), (iv), and (v) of
Proposition [£.4], we now deduce the following compactness result.

Proposition 6.2. Assume cuj is uniformly bounded in W and £(0,u) is uniformly bounded.
Then there exists a function u: [0,T] — D such that u € B([0,T];U)NBV([0,T]; Z) and there
exists a subsequence €; — 0 such that:

(a) wsi(t) —— u(t), for every t € [0,T];
J—+0o0
(b) 5u (t) L 0, for almost every t € [0,T].
J—r+oo

Remark 6.3. Notice that assumption (3.1]) implies that (a) also holds as a weak limit in V' and
as a strong limit in W and Z. Analogously, (b) holds as a strong limit in W and Z.

Since the limit function u belongs to B([0,T]; U)NBV([0,T]; Z), by arguing as in Remark
we infer the existence of the right and left limits u®(t) for all ¢ € [0, 7] in the sense of (4.22).
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6.2. Limit passage in the stability condition. Next proposition shows how equation (|4.4)
is related to an integral form of the global A-stability condition perturbed by a factor /e.

Proposition 6.4. Assume cuj is uniformly bounded in W and £(0,uy) is uniformly bounded.
Then for any g: [0,T] — U of the form

N
g(t) = Z Uil(siyti)(t) + ﬂl[O,T]\Uf"Zl(si,ti)(t)v (6-2)
i=1

where N € N, u;,u € U and (si,t;) are disjoint open intervals contained in [0,T), there exists a
positive costant Cy > 0 such that the following inequality holds true for every 0 < s <t <T':

[ etrarear < [ (0900 + Rigtr) = wf () + Sl9(r) — w0) ) dr 4 /e (63

Proof. Without loss of generality we may assume u, u; € D, otherwise the inequality is trivial.
By testing equation (4.4)) with u®(t) — g(t) € U and exploiting (2.1]) since 7°(¢) € R (0) and
€ (t) € aYE(t,uf(t)), for almost every t € [0,T] we obtain

0 > *(Mis(¢), u*(t) — g(8))v + e(Vis (), u*(t) — g(t))v — R(g(t) — u°(t))

+Eu (1) = E(L9(t) - %lg(t) —u (1)

By integrating the above inequality in [s,t] we thus infer
t t by 5
[ ety ar < [ (gt + Rigt) = w0) + Jlo(r) — ()l ) dr

+ &2 +e

/ (Mi® (r), u"(r) — g(r))u dr / (Vas(r), w(r) — g(r))v dr
=:]¢ =:1I¢

We conclude if we show that I + IT¢ < C/e.
We start estimating the second term by means of (i7) and (v) in Proposition

IIF < Cs/ [ (r) v (lu” () [lo + [lg(r)ler) dr

1
t 2
< Celt + gl { [ @R ) <G

As regards I¢, we first rewrite it exploiting the explicit form of ¢ and integrating by parts in
time:

IF=¢*

t N
/ (M (r), u(r) — a)y dr — Z/ (M (r), u; — a)y dr
s i=1"9%i

2

= ?|(Ma(t),u (t) — u)yw — (Ma(s),u(s) — w)w —/ (M (r), o (r))w dr




28 F. RIVA, G. SCILLA AND F. SOLOMBRINO

By using (i) and (4i7) in Proposition the first term (and analogously the second one) can
now be bounded by

Ol () (lw v + lallv) < Ce(l+ gl o)) = Coe-

In the same way we also bound the last term. We finally notice that the third term can be
estimated by exploiting (v) in Proposition E Indeed we have

/<Mu<> “(r)w dr

and so we conclude. O

< Ce? / [uf ()3 dr < Ce,

By sending € — 0 in , in Proposition [6.6| we obtain the validity of the global A-stability
for the limit function u. In particular, Lemma yields that u satisfies .

To obtain also the full energy convergence ([6.6)) below, we will employ the following approxi-
mation result in Bochner spaces. We refer to [4, Lemma AOQ] for a proof.

Lemma 6.5. Let X be a Banach space, and let F C X be a closed subset. Let f € L'(a,b; X) be
such that f(t) € F for almost every t € (a,b). Then for all 6 > 0 there exists a simple function
g: (a,b) = X of the form

sz siti) () + ZL (g U (51,00 (B):

where N € N, z;,z € F and (s;, Z) are disjoint open intervals contained in (a,b), such that
1f = gllzr@px) <6

Proposition 6.6. Assume cuj is uniformly bounded in W and £(0,u) is uniformly bounded.
Then the limit function u obtained in Proposition satisfies the global A-stability

(AGS) E(t,u(t)) < E(t,z) + R(x —u(t)) + 5|z — u(®)[}, for allz € U and for a.e. t € [0, T).
In particular the same holds true for the right and left limits u*(t):
(AGSY) E(t,ut(t)) < E(t,x) + Rz —ut(t)) + 3|z —ut ()|} for allz € U and for all t € [0,T);
AGS™) E(t,u™(t)) < E(t,x) + Rz —u™ (1) + 5l —u (t)[3 for allz € U and for all t € (0,T).

Hence, one can write
A
E(t,u(t)) < &(t, x)+7€(x—u(t))+§\x—u(t)\%v, for all z € U and for allt € [0,T)\ Ju. (6.4)

Moreover it holds

liminf E(t,u (t)) = E(t,u(t)), for a.e. t €[0,T]. (6.5)

J—+o0o

Finally, assuming in addition |(E7), up to possibly extracting a further subsequence there holds

hIll E(t,u(t)) = E(t,u(t), forae tel0,T]. (6.6)
j—
In particular, if also 1s in force, one has
Wi (t) —L— u(t),  for a.e. t €[0,T]. (6.7)
Jj—+oo

Proof. Without loss of generality let us fix z € D. By choosing ¢(t) = x in Proposition
from (/6.3]) we obtain

/Eru dr</t (E(T,az)+R(x—u5(r))+%|x—u€(r)|12/v) dr + Cy/e.
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By exploiting weak lower semicontinuity of £ together with Fatou’s Lemma on the left-hand
side, and using Lebesgue Dominated Convergence Theorem on the right-hand side (we recall
that from (3.1]) we infer strong convergence of u% (t) in W) we deduce

t t
/ Elryu(r))dr < / ljlglﬁgjfé'(r ui(r))dr < / (5(7’, z)+ Rz —u(r)) + %]w - u(r)\%,v) dr.
S S S (6.8)
From the arbitrariness of s and t, the above inequality yields the validity of (AGS) for all
t € [0,7)\ Jy such that ¢ is a Lebesgue point of the map r — £(r,u(r)), and thus for almost
every t € [0,T]. The validity of (AGS*) and now directly follows.
By arguing in the same way, also yields for all € U and almost every t € [0, 7]

E(t,u(t)) <lminf E(t,u(t)) < E(t,z) + R(x —u(t)) + %|x —u(t)|}.

j—+oo

By choosing = u(t) one obtains (6.5)).

We now prove , assuming in addition Due to (i) in Proposition and recalling
(3-9), we obtain that u(t) belongs to the closed set F := {£(0,-) < C} for all t € [0,T]. Now,
Lemma gives us a sequence of simple functions u,, : [Oi — F of the form such that

U (t) —U—> u(t) for almost every t € [0, T]. Proposition [6.4] yields

/ Elryut(r))dr < /OT (5(r, Un (1)) + Rup(r) —u(r)) + %|un(r) — ug(r)\%v> dr + Cpv/e.

By passing to the limit along the subsequence ¢, arguing similarly as before we deduce

T
/ E(r,u(r dr<hm1nf/ E(r,u dr<hmsup/ E(r,u(r))dr

VERGIES j—+oo

< [ (000l + R ) + ) — w0 ) .

By exploiting the fact that w, is valued in F', using again (3.9) and due to (3.10|) one can apply
Lebesgue Dominated Convergence Theorem to the right-hand side above sending n — +oo, thus
deducing

lim 5(7“ u (r)) dr —/ E(ryu(r (6.9)
Jj—+oo Jo

Since by weak lower semicontinuity there holds £(r,u(r)) < hm 1nf E(r,ufi(r)) everywhere in

0,7, equality (6.9) yields that E(-,u5()) converges to (-, ()) as j — +oo in the sense of

LY(0,T). As a byproduct we finally deduce , whence (6.7)) if also is in force, and we
conclude. (|

We conclude this section by stating and proving two useful lemmas regarding further proper-
ties of the right and left limits u*.

Lemma 6.7. Assume cuj is uniformly bounded in W and £(0,u) is uniformly bounded, and
let w be the limit function obtained in Proposition[6.2. Then there holds

lim_ Elru(r)) = E(t,ut (1)), for every t € [0,T].

r—t
r¢Jy
Proof. Fix t € [0,T]. By using (6.4) we know that

E(ryu(r)) < E(r,u® (1)) + Ru®(t) — u(r)) + %|ui(t) —u(r)|f, forallrec0,T]\ J,.
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Hence, by recalling (4.22a)) and (4.22b)), by semicontinuity we obtain
E(t,u*(t)) <lim inf E(ryu(r)) < limsup E(r, u(r))
r—t

v i
< lim (S(n W (1) + R(u*(t) — u(r)) + %Iui(w —u(r) %v> = E(t,u™ (1)),
=4y
and we conclude. O

Lemma 6.8. Assume in addition [[E9)| and [[E10)|. Assume cu§ is uniformly bounded in W and
E(0,ug) is uniformly bounded, and let u be the limit function obtained in Proposition . Then
for all t € (0,T) there hold

t(s) L ut (),  and  u(s) —Z— ut (D). (6.10)

s—tE s—tt

u

Proof. By weak lower semicontinuity of £, the bound (¢) in Proposition |4.4| together with (a) in

Proposition and (4.22b)) yields

sup E(t,ur(t)) < C.
te(0,7)

Furthermore, by exploiting (AGS*) and Lemma for all t € (0,T) we obtain

min . U . < o,
€OV E(tut ()N Hsz eazg(o) In]lz+ < p2

where in the last inequality we used (3.6]).
This means that the families {u™ () },c(0,7) and {u™(t)}s(0,r) are contained in the set

U {ue U: E(t,u) + min €]l z= <C’}

U *
o) €OV E(tu)NZ

which by Remark is precompact in Z*. We now conclude since the possible limit points are
indentified by means of (4.22¢) (recall W = W*). O

6.3. Limit passage in the energy-dissipation balance. We now focus on the asymptotic
behaviour of the energy-dissipation balance (4.5) (actually of the inequality (4.7)) as € — 0.

Proposition 6.9. Assume cuj is uniformly bounded in W and £(0,u) is uniformly bounded.
Then the limit function u obtained in Proposition satisfies the following inequalities:

Et,ut () + Vr(u;s+,t+) < E(s,ut( /8t rou(r))dr, forall0<s<t<T; (6.11a)

E(t,ut(t)) + Vr(u;s—,t4+) < E(s,u” /Gt rou(r))dr, forall0<s<t<T. (6.11b)

If in addition euj Lo 0 and £(0,uy) - E(0,up), then ) holds true also in s = 0.
E—

Proof. Let us fix t € [0,7] and pick s > ¢ such that ([4.7)), (6.5), and (b) in Proposition hold
true. By recalling that R.(v) + R:(() > R(v), from |mb we thus know

t 2
R (1)) dr < i (5) By + (s, 4™ /at ru
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Letting j — 400, by exploiting the weak lower semicontinuity of £ and of the R-variation, and

by using (6.5]), (b) in Proposition and assumption |(E4)| we obtain

E(t,u(t)) + Vr(us s, t) < E(s,u(s)) + /t OE(ryu(r))dr, for all t € [0,7T] and for a.e. s € [0,¢].
’ (6.12)

Observe that the choice s = 0 can be done if euj X—O> 0 and £(0, uj) — E(0,ug).
In order to prove ([6.11af) (and similarly ) we now consider sequences t, — tT, s — 5T

such that sy < tg, s, tx ¢ Ju, and (6.12) holds. By means of Lemma we now conclude by
letting k — +o0. g

As a simple corollary, we deduce the existence of a so-called defect measure filling the gap in
the inequalities ((6.11)).

Corollary 6.10. Assume cuj L{f 0 and £(0,u) p— E(0,up). Then there exists a positive
e—> E—

Radon measure p on [0,T] such that
¢
Et,ut () + u([s,t]) = E(s,u™(s)) —I—/ HE(ryu(r))dr, forall0<s<t<T. (6.13)

Proof. From ([6.11a)) it follows that the function f(t) := E(t,u™t(t)) — fg 0E(r,u(r))dr is non-
increasing on [0, 7], and so (see for instance [I]) there exists a positive Radon measure p such
that
@) +u([s,t) = f(s), foral0<s<t<T.
By using Lemma we deduce f*(t) = E(t,ut(t)) — fg OE(r,u(r))dr and we conclude. O
Next proposition is a crucial step towards the characterization of u as an IBV solution to the

rate-independent system (|1.2)). We indeed show that the diffuse part of the just obtained defect
measure p coincides with the R-variation of the continuous part of .

Proposition 6.11. In the nonconvex case X > 0 assume [(E9)| and |(E10). Assume euj i{f 0
e—

and £(0, uf) — E(0,uq), and let u be the limit function obtained in Proposition . Then for
e—
every 0 < s <t < T there holds

E(t,u™ (1)) + Vr(uco; 5,t) + Z p({r}) =E(s,u(s)) +/ 0E(r,u(r)) dr,

reJgn[s,t]

where uc, has been introduced in (2.4)), and J;, in (2.3).

Proof. We split p in the sum of its diffuse part pq and its atomic part us, and we first observe

that u charges exactly the essential jump set JS of u. Indeed, if ps({t}) > 0, then (6.13)) implies
that £(t,u™(t)) > E(t,ut(t)), hence t belongs to JS. On the other hand, by using (6.11b)) we

deduce that for ¢ € JS there holds py({t}) = E(t,u™(t)) — E(t,u™ () > R(u™(t) —u=(t)) > 0.
Thus, (6.13)) yields

Et,ut(t)) + pa([s,t]) + Z p({r}) = E(s,u™(s)) —|—/ 0E(r,u(r))dr,

reJen|s,t]

and we just need to prove that pq([s,t]) = Vg (uco; s, t) for all 0 < s <t < T to conclude.
We set v(t) := Vg(u;0,t) and we denote by v’ its distributional derivative, which is a positive
Radon measure by monotonicity. So there holds

v'([s,t]) = Vr(u,s—,t+), forall0<s<t<T.
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Moreover, recalling ([2.5)), one has
(Ul)d = (UCO)/u and (U/)J = (’U])/.

By using and (6.11b)), for every 0 < s <t < T we now obtain
t
p([s,t]) = E(s,u™(s)) = E(t,u™ (1)) +/ HE(r,u(r)) dr > Vr(u; s—,t+) = v'([s, 1]).

Since both u and v' are Radon measures, the above inequality can be extended to all Borel
subsets of [0,7]. This yields

pa(ls,t]) = p(ls, 8]\ Jg) = 0'([s, 8]\ Jp) = (V)al[s,t]\ T) = (v)a([s,t]) = (veo)'([s. 1])
= Veo(t) — Veo(8) = VR (Uco; 8, t).
In order to prove the other inequality we will show that

d(veo)’
dpq

>1, pg-a.e. in (0,7, (6.14)
where dg’TCZ)/ is the Radon-Nikodym derivative of the measure (ve,)" with respect to pg.
We start by observing that v' = (ve,)' + (vs)’. Furthermore, since (vy)’ is purely atomic while
1q is a diffuse measure, there must hold
d(vy) "(It—h,t+h
(UJ) (t): im (UJ) ([ U+ ])
dpa h=0t  pa([t = h,t+ h])
Moreover, from (6.13]), for all 0 < s <t < T we deduce

=0, for pug-a.e. te(0,7). (6.15)

t

pa([s,t]) < E(s,u=(s)) — E(t,u™(t)) +/ HE(r,u(r))dr

= E(s,u”(s)) — E(s,u™ (b)) + / (O (ryu(r)) — OE(ryu™ (t))) dr,

s

whence, by means of (AGS™) and we obtain

palls,?]) S R(u™(t) —u () + %!lﬁ(t) —u” ()l +/ Yo (rwe(lu(r) — u™ (t)lw) dr. (6.16)

We will now exploit the following three facts:
1) by definition of R-variation there holds

R(u™(t) —u™(s)) < Vr(uss—,t+) = v'([s,1]); (6.17)
2) if A > 0, Lemma ensures that u®(r) € Z* for r € (0,T), and so by using also (3.4)
and we have
[t () —u(s)liy = (uh(t) —u(s),u"(t) —u(s))z < ™ (t) — u(s)llz+llu™ () —u™ ()] 2
< ppu™ (1) = u (s)llz=R(u™ () — w(s)) < oy lu(t) — u” ()] 20" ([5,1]);
(6.18)
3) we claim that
' 1 t+h N
hli)rgl+ PRI RE) /t—h ve(rwa(Ju(r) —u™(t+ h)|w)dr =0, for pg-a.e. t € [0,T].

=:0p,(t)
(6.19)
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By plugging (6.17) and (6.18]) into (6.16)), for every 0 < s <t < T we thus have
t
pa(s.t]) < 1+ CXJu™(t) = u™(s)]|2+)0"([s.8]) + / ve(rwe(lu(r) —u*(t)lw) dr.
S
Let us now fix t € (0,7T) \ J, such that it satisfies (6.15)), (6.19) and there exists (K;TCZ),(IS).

Observe that the set of times ¢ which do not fulfil the above properties has null measure with
respect to pq. Finally we obtain:

d(veo)’ () = lim (Veo)' ([t — h,t + h)) — lim V'([t = h,t + h])
dug h—0+ pa([t — h,t+ h)) h—0+ pa([t — h,t + hl)
1 —In(?)

> lim ,
~ hoot 1+ CA|Jut(t+h) —u=(t — h)|| 2
where we also used (6.10)). Hence (6.14]) is proved, and we conclude up to show the validity of
(6.19]).

To this aim, we denote by uc, the Cantor part of uq, that is uq = j’é‘f LY+ jica, where £1
denotes the Lebesgue measure in [0,7]. By Besicovitch Theorem we know that for pg-almost
every t € [0, T] there holds either

m :U’Ca([t - hvt + h])
h—0t wa([t — h,t+ h))

> 0, (6.20a)

or

2h
the limit in (6.20a)) is 0 and lim < 400. (6.20b)

h—0+ pa([t —h,t+ h])
If (6.20a)) is in force, then

C t+h
li}ILn sup In(t) < hli}r(l)l+ (T Ay / . va(r)dr =0,  for pca-a.e. t satisfying ((6.20al),
—0 a — 1Y t—
(6.21)

where the limit is 0 since g, is singular with respect to £'. However, since we are considering
points with positive density %‘Lcda, the validity of (6.21) can be extended for pg-almost every ¢

satisfying (/6.20a]).
If instead (6.20b)) is in force, by Lebesgue Differentiation Theorem for almost every t satisfying

(6.20b]) we infer

2h 1 t+h
lim Ip(¢) = li — ~(r)we —ut(t+h)|w)dr=0, (6.22
Jim 1,0) = i = [ (e (ul) — (¢ D) dr = 0. (622
and since we are now considering points with null density % one obtains that actually (6.22)
holds for pq-almost every t satisfying (6.20b]), and the proof is complete. 0

6.4. Characterization of the defect measure at jump points. In this section we finally
conclude the proof of Theorems by providing an explicit description of the value p({t})
at (essential) jump points of u.

In the nonconvex situation A > 0 we show that this value coincides with the viscoinertial cost
introduced in , and thus we retrieve the notion of IBV solution to . The convex case
A = 0 is much simpler, and the jump value p({t}) turns out to be equal to the rate-independent
cost R(ut(t) —u(t)) as for (essential) energetic solutions. In the subcase of uniformly convex
energies we also obtain suitable time-regularity properties of u, characterizing it as a classic
solution to and hence proving Theorem m
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6.4.1. Nonconvex case A > 0. We begin by showing that the viscoinertial cost defined in (4.15)
provides a lower bound for the energy lost at jump points. Hence, recalling Proposition the
limit function w is an IBV solution.

Proposition 6.12. Assume also |(E6)H(E10), Assume euj Y50 and ug -U—0+ ug € D. Then

e—0
p({t}) > MVt u (), ut (1), forallt e JC. (6.23)
Proof. Let us fix t € J; and «a, 8 > 0. We will prove that
p({t}y) > ctu (1), u’ (1)), (6.24)

whence (6.23)) follows by the arbitrariness of o and f3.

By exploiting Proposition (4.22b)), and Lemma with the argument of [29, Propo-
sition 5.8] it is possible to construct two sequences t;r —tT, t; =t (tj_ =0if t =0), and to

possibly extract a further subsequence (not relabelled) e; — 0 such that
(1) tJ-r and t; belongs to [0, 7]\ N, where N is the set introduced in Definition

2) s 8 % u* (1)
—+o00

Jj—+oo

(2)
(3) &5 (£) —— 0;
(4) E(t7,u(t7)) T E(t,u™(t)).

By means of [(E2)| we also deduce that £(t, u® (ti)) ——— E(t,u*(t)), and so assumption |(ES)

j—+oo

yields strong convergence

(5) wes <ti> — o).

By using , and by definition of the viscous contact potential py we now obtain

p({t}) = 5(% u” (1)) — E(t,u™ (1))
2 th 2
— lim <5;yu€j ) RHEE u () + | 0l (ru (r))dr—%lffj D=t u™ (tb))

J—+o00 tj_
s e o _
= lim (Re,; (w7 (r)) + RZ, (—&; "M (1) — £(r))) dr
j—+oo Ji— J
¢t

> limsup [ py(a (r), —e;2Mii® (r) — €59 (r)) dr
Jj—+oo t;

Performing the change of variable r = ;7 + t; and defining

oj = . vi(T) =u (5T + ), §(T) =87 (e + ),
by (a) in Proposition [4.5| we thus deduce

w({t}) > hmsup/ py (0 (1), —Mo;(1) — &;(7)) dr
j——+oo
By (4.11]), we conclude the proof of ‘6.24) if we show that the pair (v;,&;) belongs to the set of
admissible functions ADG(t;u™(t), u™(t); 0;), defined in (4.12)), for j large enough.
To this aim, we first observe that v; is in G(0,0;), defined in (4.10]), since it inherits the
regularity properties of %/, and from the bound (i) in Proposition together with (3.9).
Moreover, &; belongs to L>(0,0;; U*) by (vi) in Proposition
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We start checking condition (4.13a)), which simply follows by using (iv) in Proposition
oj t; _
| 1simlzar = [ s @)zar < (6.25)
0 t
J
Then, by exploiting assumption for almost every 7 € [0, 0;] we deduce

. _ _ —7*
&(r) = €9 (e5m + 1) € VE(e5m + 157, 05(7) C OVE(,05(7)) + By (esra—a)

- 8U5(t’ U](T)) + EfM(tj—t;) - 8U€<t7vj(7—)> +§§ )
where the last inclusion holds for so large j that wy, (tj — t]_) < «. Hence condition (4.13b)) is
fulfilled.

We now observe that v;(0) = u®(t;), vj(o;) = u™ (t;r), 0;(0) = ejusi(t;) and v;(0;) =
€U (tj) Thus, condition (4.13c) is satisfied for j large enough due to properties (3) and (5)
above.

We finally note that Mo, + & is in L?(0,0;; V*) since by (4.4) we have siMifd + &5 €
L?(0,T;V*). Moreover, by using (4.6) we deduce

tT

/oaj (M (1) + &(7),0;(1))v dr = /t ’ (eFMLES (r) + €59 (r), 4% (r))y dr

e . | e | i |
= 5 la” ()R + €@ u (t) - ol (7)o — €7, u (t;) = - & (r,u (r))dr
i
1 . 2 1 . 2
= 510(05) | + €t v5(05)) = 5105(0) g — E(F,0;(0))
tr t tf
+ O (1, u® (tj)) dr + / QE (r,u (L)) dr — HE(r,u(r))dr.
t t; ts
=:R;
We thus prove the validity of the last condition (4.13d)) if we show that lim R; = 0. To this

Jj—+oo
aim, we estimate by means of |(E2)| (3.9) and (i) in Proposition obtaining (here we set
B = bllz101)):
T

J
|R;| < /
t
tt t;r

+ /tlj b(r)(E(r,u (r) + 1) dr < 2¢B(C + 1)/ b(r) dr,

b(r)eB(S(tj_, u(t;)) +1)dr

b(r)eB(S(tj,uaj (tj)) +1)dr + /

t
J
and so we conclude. O

Finally, in the case V = U, if we also assume that the proper domain D of the energy £(t, -)

coincides with the whole space U, then we can slightly improve the characterization of the cost
at jump points, showing that

p({8)) = (0,0t (1) = Y (um ().t (1), forall £ € T,

where C(;M’V is defined in (4.16]). This means that the competitors in the definition of the cost
attains the boundary values. Since by ([#.17) one has MV (t;u=(t),u* (1)) < cgﬂ’v(t; u” (t),u™ (1))
we only need to prove the reverse inequality in order to show that the limit function w is a precise
IBV solution.



36 F. RIVA, G. SCILLA AND F. SOLOMBRINO

Proposition 6.13. Assume D = U =V and conditions |(E6)H(E10), Assume cu§ .UT|+ 0 and
E—

ug SN ug. Then
e—0
p({t}) = e (tu (1), ut (1), for all t € J5.
Proof. Fix t € JS and o > 0. By (4.16)) we conclude if we prove that

p({t}) >t u (), u” (2)). (6.26)
In the proof of Proposition [6.12] we already showed that
(1)) > timsup / Py (85(7), —Mi; (1) — () dr, (6.27)
j—+oo

with (v;,&) € G(0,0;) x L>®(0,0;; U*) satisfying (6-25) and such that &; € 9VE(t, v;(-)) —I-Ef*

almost everywhere in [0, 0] for j large enough.
We now set ¢ := 0; + 2 and we consider v;: [0,0;] — U defined by

u” (t) + g(7)(v;(0) — u™ () + h(7)0;(0), if 7€ [0,1],
0j(71) := L vj(T — 1), ifre(l,0;+1),
ut(t) +9(0; — 7)(vj(05) —w' (1)) = h(Gj — T)bj(05), if 7€ [oj + 1,55,
where g(x) = 2%(3 — 2z) and h(z) = 2%(z — 1).
It is easy to see that ; belongs to W12(0,5;;U) N W2(0,5;;U*), which coincides with
G(0,0;) by Remark since D = U =V and is in force. Furthermore, by construction
there holds

5j(0) = u™(t), T(E;) =ut(t), ¥(0)=7u;(d;) =0,
whence (4.13c) is satisfied with g = 0.

For almost every 7 € [0, ;] we also set

E(r) = §(r—1), ifre(l,o;+1),

), if 7 €[0,1]U[o; + 1,5,],
where ;(7) is a measurable selection of 0V E(t, 5]( 7)), which is nonempty bym since D =U.
Recalling that v; € W12(0,5,;U) C C([0,5;]; by )| and [(E7)| we infer ; € L>°(0,5; U*);
moreover, by construction, we easily deduce the Vahdlty of 1) B

We now check condition (4.13a)), yielding by Remark that (vj,&;) belongs to the set

of admissible functions ADg(¢;u™(¢),u™(¢);5;) for j large enough. By using (6.25) and the
definition of v; we estimate

i . o 1, gj
/ 155z dr = / 65 (r)llz dr + / 15 ()l dr + / 1551z dr
0 0 0 oj+1

J

<0t (s =@l + N5 )l + s (o3) = (Dl + 15505 1z) ma 19/ +1A' @)

)

Since the term within brackets in the second line above vanishes as j — +o0o0, we infer the
validity of (4.13a)) for j large enough.
By (6.27) and (4.11)), we thus have

j—+o0 [0,1]U[o+1,55]

p({t}) = limsup ( OU%V(?j(T), ~Muj(r) — (7)) dr — / py(v;(7), =M (1) — (7)) dT)

J—+o00

zcg(t;u—(t),u+(t))—nmmf/[m]u[ +1~]pv(a'7j(7),—M5j(7)—5(7))017
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and we conclude the proof of (6.26] if we show that the second term vanishes.
To this aim we first claim that there exists C' > 0 such that
E(t,vj(1)) < C, forall Te€[0,1]U][o;+1,0;] and for all j € N. (6.28)

By using|(E6)| the claim implies that ||EJ | 2o ((0,)U(0;+1,5,);0+) 1s uniformly bounded with respect
to j € N. Now, by means of (e) in Proposition we deduce

1 . .. ~ 1 . .. ~
| et M50~ Gy < € [l (1+ ME ) + &)
0 0

U*) dr

1
<C [ (10s0) = Ol +185(0)l) [1+C (25(0) =0 Ol + [5,0)1) + [l 00] o
<C (|vj(0) —u(t 05 (0 — 0
> (|UJ( ) —u ()|U+|UJ( )|U) oo
and an analogous estimate holds true for the integral over (o; + 1,0;).

We are thus left to prove the claim (6.28]).

If (6.28) was false, then M; = o 1]%1[&)(“ B ]E(t,ﬁj(T)) would diverge to +o0o as j — +00.
T€[0, 0;+1,5;

Let 7; such that M; = £(t,v;(7;)); without loss of generality we may assume that 7; € [0, 1]
or 7j € [0 + 1,0;]. Suppose the second case is in force, the other one being analogous. Since

vj(0;) — Y% ut(t) and 0j(0;) —Y 50, it is easy to see that 0 (75) — Y% u*(t). Hence, by
J—r+oo J—r+oo J—r+0o0
(3.10f) there must hold
lim M; = lim &E(t,0,(r;)) = E(t,uT(t)) < 400,

Jj—+oo j—+oo
and we reach a contradiction. Thus (6.28]) must be true and we conclude. g

6.4.2. Convexr case A = 0. This short subsection deals with the case of a convex potential energy
E(t,-), concluding the proof of Theorem We stress that from now on the additional

assumptions |(E6)H(E10)| are not needed.
Proposition 6.14. Assume cuj LO 0, £(0,uf) — E(0,up) and assume that ug is globally
e— e—
stable, namely (4.23) is satisfied. Then there holds
p({t}) = R(u™(t) —u=(t)), for allt € JS.

Proof. We first observe that (4.23) yields that (AG\S™) holds for all ¢t € [0,7]. Since we are in
the convex case A = 0, this fact implies

p({t}) = Et,u™(t) — Et,ut (1)) < R(u™(t) —u™(t)), for all ¢t € J¢.
On the other hand, from we deduce
p({t}) = Et,u (1)) — E(t,u™(t) > Vr(u, t—,t+) > R(uT(t) —u™ (1)), for all t € J¢,

and so we conclude. O

6.4.3. Uniformly convex case. In the last part of this long section we conclude the proof of
Theorem {4.14, We will make use of the following lemma, whose proof can be found in [I0,
Lemma 5.5]. It shows that for a uniformly convex energy the global stability condition can be
enhanced.

Lemma 6.15. Assume (E5’)| and fix t € [0,T]. If u € U satisfies E(t,u) < E(t,x) + R(zx — u)
for all x € U, then it actually satisfies the stronger inequality

E(t,a) + ng —al|% <E(tx) + R(z —a), foralz el
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Proof of Theorem[{.14. In order to prove (4.25) we just need to show that u € C([0,T]; X).
Indeed, since U — X, this fact combined with v € B([0,T];U) implies u € Cy([0,T];U). In
particular, the embeddings (3.1) also ensure that u is in Cyw([0,77];V) N C([0,T];W). Since

Theorem applies under the current assumptions, the validity of (4.25)) now directly follows

from (4.24]).
In order to prove that u belongs to C([0,T]; X), let us fix ¢ € [0,7] and take s € [0,¢] such

that

o E(s,u(s)) < E&(s,x) + R(x —u(s)) for all z € U,
o E(t,u(t)) + Vr(u;s,t) < E(s,u(s)) + f; HE(ryu(r)) dr.

Notice that s = 0 satisfies the above two conditions; moreover, from (AGS) and (6.12)) the set
of times which do not fulfil both of them has measure zero.
By using Lemma [6.15| we thus obtain

g”u(t) —u(s)lx < E(s,u(t)) — E(s,uls)) + R(u(t) — uls))
< E(s,ult)) — E(t,u(t)) + E(t,u(t)) — E(s,uls)) + Vr(u; s, t)

< / (O (ryu(r)) — 0&(r,u(t))) dr
S/vdﬂ%ﬂwﬂ—MMwNTSC/vdﬂmr (6.29)

Hence, for every ¢ € [0,7] and almost every s < ¢ we know that

Hmw—ww&<c/vdww. (6.30)

Inequality can be easily extended to all times s < ¢ by continuity, and so we deduce that
u belongs to C(]0,T]; X).

We now show that, assuming the function w is absolutely continuous with values in X.
By arguing as in , by exploiting this time we obtain

t
lu(t) — u(s)|% < C/ vo(r)||u(t) —u(r)||xdr, forall0<s<t<T.
By using [10, Lemma 5.6] one then deduces
t
lu(t) —u(s)|lx < C/ Ya(r)dr, forall 0 <s<t<T,

namely u is in AC(]0,T7]; X).

Let us now assume X — Z, from which u belongs to AC([0,7]; Z), and X is reflexive. By
([#.25) and Lemma [4.9| we know that for all ¢ € [0, 7] there exists £(t) € OVE(t,u(t)) such that
—£(t) € 92R(0). We may now use Lemma by computing the time-derivative in the energy

balance in ([4.25)) (we recall that in the current regular setting one has Vg (u;0,t) = fot R(u(r))dr)
we obtain

R(u(t)) = (—&(t),u(t))z, for a.e. te0,T].

By means of (3.5)), the above equality ensures that —¢£(t) € 94R(u(t)) almost everywhere in
[0, 7], and so (4.27) is satisfied and we conclude. O
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7. DISCRETE MULTISCALE ANALYSIS

This section is devoted to the proof of Theorems [£.15] and Throughout the section
we will always assume that , , , [(R1)| and [[EDH(E5S)| are in force. The additional
assumptions used in order to prove each result will be specified when needed; in particular, the
identification D = U = V will be made at the very end (Proposition , since it is only needed
for the nonconvex case.

Let {uf }rexo, {vF Jrexo be the discrete evolution arising from the Minimizing Movements
scheme and from (4.29). As a first step we present the discrete energy-dissipation in-
equality they satisfy, as well as the uniform bounds that originate therefrom. The proof can
be carried out, with minor adaptations, along the lines of [25, Proposition 5.2] exploiting the

Euler-Lagrange equation (4.30)).

Proposition 7.1. For every m,n € K2 with m < n the following discrete energy-dissipation
inequality holds true:

2 n k k—1
€ 2 " Vre — U7
E\UQE\M +EM )+ DT (Rg(vfﬁ) +R: <52M”TT€ _ gﬁ))

k=m+1

g2 2 - a uk=! R ko2 -y
< SpmBreemam) + 3 [ ag a5 3wk,
k=m+1"1"" k=m-+1

where §]j75 has been introduced in (4.31)).

Furthermore, if euj is uniformly bounded in W, £(0,u§) is uniformly bounded and
T v
- < 7.2
e~ 2\ (72)

where v,c1 > 0 are such that | - |y > v|-|v and |- |y > c1| - lw, then there exists C > 0,
independent of € and T, such that

e n 2 * o Ure ~ Ve ~
E‘UT,&“M+ Ta +ZT +R —€ Mf_ér,a SC?

for every n € K2.
In particular, one has
(i") max € (th,ub,) < C;

(ii') ma [uk |l < C;

el

(i3d") maxelvk |y < C;

keK?
T/T
(@) S rllek 2 < G
k=1
T/t
) e ek R < @
k=1
If in addition 1s in force, then there also holds
(vi') max H€ o= < C;
kel
T/ okl 2 _
(vid’ ZT g2 Dt TE <.
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The next crucial lemma collects some estimates for the mismatch between the different in-
terpolants introduced in (4.32)). Before stating it we fix some additional notation which will be
used several times in the sequel. Recalling (4.31]), we set

&) =&, fort € (t*1 %, ke K,; (7.3a)

t)=nk_, for t € (571 t%], ke k., (7.3b)
7 (t) ==tk for t e (tF71, 4], ke KL, (7.3¢)

(
Tre(

)

Lemma 7.2. Assume that euj is uniformly bounded in W, £(0,uf) is uniformly bounded and
(7.2). Then there hold

sup ([[r,e(t) =, c(D)lu + [[dre(t) = Tre(®v) + sup |fire(t) —Ure(t)]v < 5 (7.4a)

t€[0,7] telrT)
500 ()~ O+ [872f0) = Oy + ) ~TrcOu) <OT (740
[Ure = wrcllpro,rz) + Ure = Trellporz) + Ure = Urellporz) < CT; (7.4c)
tre — wr clln2o,mvy + tre = Urellz2omv) + [Ure(t) = Urell L2z vy < C\%; (7.4d)
l|tr,e — UT,E||L2(T,T;V) < % (7.4e)

If in addition euj is uniformly bounded in V', then there also hold

~ ~ ~ ~ T ~ PY C
tz}(l)li} Ure(t)=tre(@)lv <O, |ure—trellz207v) < C%a [tre—trellL20,mv) < %

(7.4f)
Finally, if(E6)| is in force, then one has
- Y T
[tre = UrellL2orv) < C?- (7.4g)

Proof. We first recall that by (ii') and (i7i") of Proposition [7.1{ we have

k k T
]?é%}ETHUT,EHU <C and ’Iclé%)éT”UT,AW < Cg :

>

By a direct computation we now deduce

sup ([[tre(t) = e (8)|x + ire(t) = Ure(t)|x) < max7llof.|x for X € {U,W},
te[0,T] kekr

sup _||tire(t) — tre(t)[lr < 2 max 7]|of v,
te[r,T) kek-

SUP. [ e(t) — Thr.c () |w < 2 max 708 |y |
te[0,7) kelc?
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whence the validity of (7.4a)) and (7.4bf). As regards ((7.4c) we compute

T/t
||ET,€ - QT,aHLl(O,T;Z) = TZTHU;I?@HZa
k=1
T/t T/T
- _ T
e = Trcllro,r:2) = Zuvmuz/_ (= (r=t)dr =53 rlvrclz,
k=1
L & ekllz - 12
tUre — Urellpro,mz) < ZT @2r(r—t7") = (r—t"7)%)dr
el T tk—1
T/T k 1 th
k=129
—I-Z /tkl(r T)*dr
o ok
z
5> (Tu%uﬂ i)
T/t
<7 | rlusllz + > Tllkdlz |
k=1
and we conclude by (iv") in Proposition [7.1{ and (7.2]).
Estimate (7.4d|) can be proved similarly:
T T/T T/T
| e = ecte M ar =2l = Zmrvm\v,
T T/T
| ety = ete |Vdr—Z|vmrv/ -t R
T/T T/T
k
27-3|U7'5|V Z 3 7’,6|%/7
k=1
T T/T |
[ netr) — el ar < > trelt / )~ (r— ) ar
T tk
T/‘I' v ,1‘%/ tk
T, k-1 4
+Z 5.2 /tkl(r—t —7)%dr
k=2
T/t
< Z (k3 + i)
T/T o T/T

< 27—3“)7]?,5‘%/ - ZST“}T&‘V7
k=1

and we conclude by (v) in Proposition

41
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As for ([7.4€)), we have

T T/ ‘vk o ,kal‘%/ tk T/T -
- IS 2 re ~ Ure k-1 2 k k=12
T —Ur = —_— —_ — = —_ —_
[ i) et dr = 32 [ ot ar = 30 ek, < o
T ’ ’ T tk:—l 3 ’ )
=2 =2
T/t T/t
2 k 12 k—1,2 k 2 C
<3 T(vielv + i ) < 3 ZT|UT,E|V s
=2 =1

If in addition euf is uniformly bounded in V, then by similar computations

2 [ T/T -2
P ko2
g|€ui|v+ E eT|vi v | £C—.

9
k=1

T

i
[ ner)=ina o dr < ko + i) < =

Moreover,

and

fire(0) = (O)ly = Zluily < 02 < C,
~ ~ T 1
sup [iire () =ire(O)ly < sup 7 { [o].

2
t t t
vE(2-2) + v (1-2)
te(0,7] te(0,7] T T T

.
< Olrlotlly +rluflv) < € (14 2) < O

Finally,

2T

T k3 B T 1 T
[ )= dr = Tjot — il < 2 et i) < 0 (T4 G ) <

¢
3 € e’

This concludes the proof of ([7.4f]).
Assuming also |(E6), we finally have

T/t 3 2

T . . 2 T
[ Vire) = el ar = 3 5

k=1

k k—1
UT,E - UT,E

T

U*
by using (vii’) in Proposition So ([7.4g)) is proved and we conclude. O

Next lemma shows how the variation (and the L2-norm) of the piecewise quadratic interpolant
Ur can be controlled, up to vanishing terms, by the one of the piecewise affine interpolant u, .
This result will be crucial in Proposition 7.8

Lemma 7.3. Assume that euj is uniformly bounded in W, £(0,uf) is uniformly bounded and

(7.2). Then, for all0 < s <t <T one has

o ) .
/ R o(r)) dr < / R(iiro(r)) dr + O (7.6a)
wr(s) 7r(s)

7"7'(75) . 9 WT(t) . 9 s 9
/ | Jimsr)f ar < / | Nnslr ) dr e () (7.6b)

In particular there holds

O O o )
/ , el dr < / | Relirem)ar 07 (1+ Jire e ()3 (7.6¢)
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Proof. We start proving (7.6b). Let m,n € K2 be such that 7, (t) = t" and 7, (s) = t™, then

7 (t) n ‘vk |2 th Uk—l‘Q th
/ e dr= Y QV/ (r— =12 dp 4 1= V/ (r— "1 7)2qy
T k—1 T k—1
mr(s) JA— t t
n 1 tk
I I e [ e |
tk*l
k=m+1
n
k
Z |UT6‘V+|U | < Vres 751>V)
k=m+
k k— k
< > g(lvm\%ﬂrlvml%)é > TIUT,6|%+§IU?’,ZI%
k=m+1 k=m-+1

wr(t)

— / e (1) 2 dr + 7l e (e ()3

+(s)
As regards (7.6a)), by performing similar computations, only exploiting the subadditivity and
the positively one-homogeneity of R, one obtains

n

m(t) th ok k-1
/ Rltre(r)dr =3 / R(?(T—tkl)-lrm(T—(r—tkl))) dr

~(s) et 1 k—1 T
n T 7T7'(t) . T
< 3 rREE) + IREM) < / RGire(r) dr + Cleom |
k=m+1 7 2 7 7r(s) 7 e

and we conclude by exploiting (iii’) in Proposition Assertion ((7.6¢c|) is then a consequence

of (7.6a), (7.6b) and the definition (4.1)) of R.. O

7.1. Compactness. By using the uniform bounds listed in Proposition together with the
mismatch estimates of Lemma we are able to extract convergent subsequences from the

sequence of interpolants (4.32)).

Proposition 7.4. Assume that cuj is uniformly bounded in W, £(0,uf) is uniformly bounded
and (7.2). Then Gy e, Ure, u, . are uniformly bounded in B([0,T];U) N BV ([0,T]; Z). Moreover
Ure 15 bounded in B([7,T);U) N BV ([0,T); Z) uniformly in T,¢€.
In particular, for any sequence (1,e) — (0,0) such that 7/e — 0 there exists a subsequence
(15,€5) and there exists a function w: [0,T] — D such that w € B([0,T];U) N BV ([0,T]; Z) and
U

(a’/ uTJ 5]( ) uTJ@] (t)vﬂﬂ'j,{-:j (t) T U(t) fO’F every te [OvT];

) u
(a") Ur, e, (t) SN u(t), for everyt e (0,T], and ., (0) ., u(0);
j—+oo Jj—+oo
) €

v uTJ <5 (1), ejﬁTj,ej (t) m 0, for almost every t € [0,T];
)
() Vr(u;s,t) <liminf Rtz e;(r))dr,  forall0 <s<t<T.
Jotoo T (s)

If in addition euj is uniformly bounded in V', then there also holds
~ \%4
uTj,&j (0) m u 0)

Proof By (ii") in Proposition [7.1| we know that ., u, . are uniformly bounded in B([0,T]; U).
By (7.4a) we deduce the same for Ure, while we obtain that Ure is bounded in B([r,T];U)
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uniformly in 7,e. By (iv') in Proposition we also know that %, is bounded in BV ([0, T]; Z).
Hence, by (7.64) and (7.4b) we infer .. bounded in BV ([0,T]; Z) as well. As regards ur. and
let us pick any finite partition {s'} of [0,7]. Then there holds

’7'87
T/ T/7
_ ; _ i— k k—
Z HuT,ff(Sz) - uT,fi(SZ 1)HZ < Z Hur,a - Ur,aan = ZTHU’T&‘HZ < 07
i k=1 k=1
and an analogous estimate can be shown for u. .. So both of them are bounded in BV ([0, T]; Z )

Now, consider any two sequences € — 0 and 7 — 0 such that T — 0. By using Lemma
(together with a diagonal argument for u,.) we then deduce that, up to subsequences, (a') and
(@) hold true. Indeed all the sequences converge to the same function u due to (7.4b). The fact
that u is D-valued follows by weak lower semicontinuity of £ together with (i) in Proposition
The validity of the assertions about @, ¢, (0) easily follows recalling that

T

afjfj(o) u(] - 7”1 a"’jﬁj(o) 5]“1 .

2¢g;
The validity of (') is a direct consequence of the inequalities

T/t

T
02 [ ) dr = - erlob i < Ce,
0

k=1

£ TZLATvEHLQ(T,T;V) + EWT,eHL?(o,T;V) < Cye,

where we used (v') in Proposition and (7.4€). As regards (¢/), we exploit the weak lower
semicontinuity of the R-variation so that we estimate

Vr(u;s,t) < lnninf/ R(w. ung] ))dr

Jj—+oo
7 (1) mri(s)
< liminf / R(uTj,Ej( r))dr —l—/ Rtz e, (r))dr | .
J—rtoo T (s) s

We now conclude since by (7ii’) in Proposition (7.1 we have

mr(s) —s Tj

€j T & jortoo

() e (s) .
/ﬂ R(aTjﬁj(r))drSC/] i, e, (P dr < C

7.2. Limit passage in the stability condition. We now show how the minimality property
of {u'ﬁﬁ}ke;@ leads in the limit to the local stability condition (4.20]). Next proposition is the
analogue of proposition in the discrete setting.

Proposition 7.5. Assume that cuj is uniformly bounded in W, £(0,uf) is uniformly bounded

and (7.2)). Then for any function gr: (—7,T] — U of the form

T/t
— Zgﬁl(tk_l,tk](t)’ U}Zth gf € U,
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there exists a constant Cr > 0, depending on | g- || g(jo,1):0ynBV (j0,11;W) Such that for all 0 < s <
t < T there holds

wr(t)
/ E(mr(r),Ure(r))dr
i (7.7)
() \
< [T (Eelr),0e0) + Rl r) = )+ lgn(r) ~Tre)ly ) dr + CoE
mr(s)

Proof. Without loss of generality, we may assume that g* € D for every k € K,. By testing
(4.31) by ulﬁys — g¥ € U and using (2.1)), for all k£ € K, we obtain

Tg(tka ’7’6) < Tg(tkagr) + TR(gT - U ) + T|g7' - u¢76|12/V

— eX(M(vr. — vt uf QT)> — (VUi upe — gy

T, e »Ure

By summing from k£ = m + 1 to n, where m-(s) =" and 7,(t) = t", we obtain

7 (t) mr (1) A

[ B e ar < [ er), ) 4 Rlgelr) ) + S lonr) e )
>0 (HMk, — bt b — g+ er(Vek b, - gh)v )|
k=m+1

+

We now estimate separately the terms within the absolute value by using (ii'), (¢i7') and (v') in

Proposition

We have
n n
0 er(Vok ub . —ghv| <COveE D Verlok v (luk o + [lgkllv)
k=m-+1 k=m+1
1 1
n 2 n 2
< CVe(l + llgrllBo.rivy) < > T) ( > €T!Uf,s|%/> < C(+ gl Bero,m0)) Ve
k=m-+1 k=m+1
As for the first term, we first note that
n
k k k k
Z 62<M(UT,E TEl) T,e - gr> |:<€M’Ufrav 7'5 -g7'> <€MUT €’ Ta —9r >

n

= % (rtvEML VB - (e gk - ) |

k=m+1

The first two terms within square brackets can be estimated as

[(eMvr e, ur e — 9w < Celop lw(lluzcllo + g lv) < CA+llgrllpome), @=nm,

while concerning the third one we have

n

Z <\/MUT € \[UT s

k=m+1

<C Y (VrElk w) (Vrelf w)

k=m+1

[N
SIS

T/T T/T

< C | reluiliy + ) relvr.liv Y Ty | <c
k=1
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Finally, we bound the last term as

n

n
Do (eMuit gt — g | < C Y okt wler — 9w < CVin (950, T),
k=m+1 k=m+1

and the proof is concluded. O

By sending (7,¢) — (0,0) in (7.7, as in Proposition we obtain the validity of the global
A-stability for the limit function u.

Proposition 7.6. Assume that cuf is uniformly bounded in W, £(0,ug) is uniformly bounded
for a sequence (1,€) — (0,0) such that 7/e — 0. Then the limit function w obtained in Proposi-

tion satisfies (AGS), (\GS¥) and (6.4).

Moreover it holds

lim inf (77, (1), Ur, ¢, (1)) = E(t, u(t)), for almost every t € [0,T. (7.8a)

j—+o0
Assuming in addition |(E7), up to a further subsequence, there holds
lim &(mr, (t),Ur ¢, (1)) = E(t, ult)), for almost every t € [0,T. (7.8b)

j—+oo
In particular, if also |(E8)| is in force, then

TUr; e, (t) L> u(t),  for almost every t € [0,T]. (7.9)
J—+o0o

Proof. Let x € D be fixed. By Fatou’s Lemma and exploiting (7.7) with g,(¢) = = we deduce
t Y _
[ et ar < timint | ()., ()
s mr; (s
J

7r (t) A
< lm [ L (£ 01,) 4 RO =iy (1) + 31— iy, (O ) dr + Co5

J=too T (s)

t A
= T r —u(r —x—ur%/v T
| (26a)+ R = ul) + o = u(r) iy )

where we used the strong convergence T, .. () Lf u(r) for all r € [0,7] and Lebesgue
j—+oo

Dominated Convergence Theorem. Arguing as in Proposition [6.6) we now obtain (AGS), (A\GS®),

[6-4) and (7-53).
Assume now By Lemmawe can find a sequence u,, : [0,7] — F :={£(0,-) < C} of

LY(0,T;U)
the form (6.2)) such that wu, u. We then define

—+00

T/T

ul(t) =3 tn ()L (1),
k=0

and we observe that there holds ||u], || g(jo,r);v) < C, since uy is F-valued . Furthermore, since

)

) )
Uy is a simple function, one has Viy (u;;0,7) < Viy(u,;0,T) and

uy (t) Lﬂ) un(t), for almost every t € [0,7].
T—
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By arguing as before we thus obtain

T T
/ E(ryu(r))dr < hmmf/ E(mr; (1), Trj e, (1)) dr < hmsup/ E(mr; (1), Tr) e;(r)) dr
0

VARGIES j—+oo

J—+o0

T
< lim [/ (5(71Tj(r),u:5 (r) + R(u:{ (1) = Trj e, (1)) + 5]1123 (1) = Ty e, (T)\%V> dr + C’n\/a}
0
T A )
— i (5(r, Un (1)) + Rup(r) —u(r)) + glun(r) —u(r) W) dr.
We then conclude as in the proof of Proposition [6.6 O

We finally point out that, once the proof of Proposition is achieved, one may immediately
deduce that the limit function u satisfies the conclusions of Lemmas [6.7 and [6.8] Indeed the
proof of these results makes only use of the global A-stability condition.

7.3. Limit passage in the discrete energy-dissipation inequality. The aim of this section
is performing the asymptotic analysis of the energy-dissipation inequality (7.1) as (7,e) — (0,0).

Proposition 7.7. Assume that cuj is uniformly bounded in W, £(0,uf) is uniformly bounded
for a sequence (1,¢) — (0,0) such that 7/e — 0. Then the limit function u obtained in Propo-

sition Efulﬁls (6.11) and (6.12). If in addition cuj LO> 0 and £(0,ug) p— E(0,up), then
E— E—
(6.11b)) holds true also for s =0 and (6.13) holds as well.

Moreover, assume that either X = 0 in [(E5) or [[E9)], [E10)| are in force. Then for every
0<s<t<T there holds

E(t,u ())+VR(uc075t + Z {7“}) / 8t ’I“ U (7.10)

reJgn[s,t]
for a certain positive Radon measure .

Proof. By arguing as in the proof of Proposition it is enough to prove (6.12)), namely

E(t,ut)) + Vr(u;s,t) < E(s,u( / HE(ryu(r))dr, for all t € [0,T] and for a.e. s € [0,¢],

with s = 0 admissible if cus —W—0+ 0 and (0, uf) — £(0,uo)-
e— e—

By ., rewritten in terms of the different interpolants, we have that for all ¢t € [0, 7] and
for all s € [0, ¢]\IL;, there holds

_ T ® €2 _
g(ﬂ'Tj (t), Urj,e; (t)) +/ R(“Tj,éj (r))dr < EJWT],EJ( )’I%/[[ + g(”Tj (S)7u7'j7€j (s))

T (s)

ors (1) P ,

+/ QHE(r ur, o (r))dr +5a/ |tr; e (r) | dr.
e () 7 2¢j “nrs)

J J
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By taking s € [0, ¢]\ UjeN HTj) such that ([7.8al) and (') in Proposition hold, by means of
() in Proposition [7.4] and (v") in Proposition [7.1] we deduce
E(t,u(t)) + Vr(u; s, )

E0)

.. e2 BN
< ljlin_igof (2”“‘@783‘ (5)‘1%41 + g(TrTj (S)vﬂTjﬁj (s)) +/7r (®)
T S
/ HE(ryu(r

where we exploited (E1)| (E2)} |(E4)and the fact that u. . (r) LjL) u(r) for every r € [0,T7.
j—4oo

Finally, for what concerns (|7.10)), we point out that the results stated in Proposition hold
true also in this setting, since their proof relies only on the properties of the limit function wu.
The proof is hence concluded. O

atg(? TEJ( ))d +C—= )
€5

7.4. Proof of Theorems and We are now in a position to conclude the
proof of the results stated in Section We begin with the simpler convex setting.

Proof of Theorem[{.16. Using Proposition and ((7.10) one is only left to show that
p({t}) = R(u™(t) —u=(t)), for all ¢t € J;.
This can be done by the very same arguments of Proposition [6.14] O

Proof of Theorem[{.17 By Proposition we know that holds. By Proposition we
know that the global A-stability is satisfied. Using these two properties, arguing exactly as in
the proof of Theorem [4.14] we first deduce that u belongs to C([0,T]; X). Hence, inserting this
information into @ we obtain that u is an energetic solution to . Eventually, assuming

(E47)[ we infer that u is a classic solution to (|1.2)) by repeating the arguments in the proof of
Theorem [4.14] O

In the nonconvex case, in view of Proposition [£.8] the only missing point for obtaining The-
orem is proving that the precise viscoinertial cost cgﬂ’v is a lower bound for the atomic
measure u provided by Proposition This requires in particular the assumptions D =U =V
and as stated in the proposition below.

Proposition 7.8. If A > 0 in|(E5), assume D = U =V together with |(E6){(E11)|. Suppose
furthermore that eu§ —U—0> 0 and uj —U—O> ug for some (1,e) — (0,0) such that 7/e — 0. Then
E— E—

p({t}) > e (tu (1), ut (), for all t € J5.
Proof. Fix t € J; and o > 0. We will prove that
p({t}) = e (tu™ (), u™ (1)

We start observing that, since V' = U and euj —U—0—> 0, by (7.4d) combined with (7.4f) we
E—
L%(0,T;U)

u, we infer
Jj—+oo

deduce |[tre — Urel 220,10 0. Since by (7.9) we have U,

-

(1,6)—=(0,0)

- L2(0,T;U . . .

Ur;e; ‘( ) u. Up to possibly extracting further subsequences we thus obtain
J—+o0

U, c;(8), Ury e, (5) SN u(s), for a.e. s €0,7T].
Jj—+oo
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By using ([7.4d]) we also deduce

Ur, e;(8), Uy .. (5) — Y s u(s), forae. sel0,T].
LA j—too

Moreover, from (b') in Proposition and ([7.8b]) we know that

Py - U
Ejlr; e, (s), ejuTj,gj(s) — 0,

- for a.e. s € [0,T7;
J—+o00

E(mr; (), Ur;e;(8)) i E(s,u(s)), fora.e. sel0,T].
j—+oo

We also recall that

u(r) SN ut(s), for every s € [0,T7;
r—ss*

E(ryu(r)) —— E(s,u™(s)), for every s € [0,T].
i

So, by [(E2)

we obtain E(s, u(r)) — E(s,u™(s)), which by [(E8)|implies
r—S
ré¢Jy

u(r) SN ut(s), for every s € [0,T].
r?g?i
T¢Iy

By arguing as in [30, Proposition 5.9], by a diagonal argument we can thus construct two
sequences t;r — ¢t

. , t; ——— 7 and extract further subsequences ¢, 7; such that
J—+o0 J—+oo

3 7.11
J—+oo ( a)
~ Py U
Ejliry e, (), €jlir; c; () m 0; (7.11Db)
E sy (), Ty, (1)) 2 E(Lu™ (). (7.11c)

Thus, we infer

p({t}) = E(t,u(t) — E(t,u™ (1))

2, g2 .
jgrfoo |:2]‘a7'j75j (t]_)lﬁ/ll + 8(71-7']‘ (tj_>7ﬂ7'j15j (t]_)) - Ej‘aﬁ',&j (tj_)‘l%/ll - S(WT]' (t;_)7ﬂ7'j75j (tj ))

. (E7) ) 7 (t1)
+/ n 8t5(r,uT,€_(r))dr+T])\/ n
() 73 6]2 s

g3

Observe that necessarily

)ty e, () dr|

()

7y (6) > mr (1),

; for j large enough,

(7.12)

otherwise the term within square brackets above is identically 0, and this leads to a contradiction
since p({t}) > 0 for t € JS. By using (7.1]), rewritten in terms of the different interpolants, we
obtain

7, (t1)
3\ . . _
M({t}) = lilﬁlligop /7T7—j ) <Ra] (ufj,aj (T)) + R'sj ( 531511“7'],5] (r) g'rj,sj (r))) dr,
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where Em has been introduced in ([7.3a). By ([7.6c|) we hence deduce

u({t}) > limsup / ) (Re liry,(r)) + RE, (=eIMiiir, o, (r) = €, ., (1) ) dr

jroo S (1)

. T (t;') N . _
> lim Sup/ PV (uijgj (r), feiMuTj,gj (r) =& e (r)) dr.
Jj—+oo T (t]_)
Since V' = U and euj L()) 0, by Proposition and Lemma both ﬂ%g]. and Uy, ., are
e—
uniformly bounded in B([0,7];U). Thus, by [(E11)| it holds that for all » € (0,T") there exists
&, e, (r) € OVE(my, (r),Ur, ¢, (r)) such that

‘Erj,ej- (r) = &re; (M)loe < Cumalin, e, (r) = Uy e, (7)|u-
‘We will then obtain
T (tj_) . .. ~
(1)) 2 timsu / L (fn e ) M () - G () a3
A

once we have proved that the difference

T (t;r ) S 5 = 5 53 ~

/ - [y (i 2, (1), =My, (1)=&, o (1)) = P (T e, (), =23 M, (1) —E, (1)) ]
T, t;

vanishes as j — +o00. Denoting the above integral by I;, by the explicit expression (4.9) of py

we note that

WT'(t-"r)
INI L . 3 =
|I]| S / |uTj,€j (T)|V dlStV_l (75?Mu7‘j,€j ('I") - gTj,Ej (T)7 aZR(O))

75 (t;
 disty (£, 1) — e (50RO
71'7]- (t;—) 7 (tj_)

<C 3 |’fl7'j7€j (T)|U|E‘rj,sj (r)_gTj,Ej (T)|U* dr<C 3 |a7'j,5j (r)|U|ﬂTj,5j (T)_aTj,Sj (T)|U dr

T (t; o (t;
< CHa’Fj,Ej HLQ(O,T;U)HETJ',EJ' - a7'3'76]' HLQ(O,T;U)'
Observing that by Lemma [7.2] we have

Hun,ajHH(o,T;U) < Humej- - UT]-,EJ-HLZ(O,T;U) + Hurj,stm(o,T;U) < ﬁ’

and

-
Ur. oo — T o o) < C—L
|| Tjy€j 737€]||L2(0,T,U) — \/€>j7
we deduce that || < CZ PR 0, and so ([7.13) is proved.
J g—+o0

‘We now set
L Tr; (tj_) - 7T7'j(tj_)
O'j = €j 9

which is strictly positive for j large enough by virtue of ((7.12]), and, correspondingly,

Uj(S) = aTj,Sj (5]'5 + 7 (t;)) ) 5]'(5) = gTj,Ej (5j5 + Ty (t;))v for s € [0, Jj] )
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so that by a change of variable one has
({e) = timsup [ py (35(0), M) — () ds.
J—+oo JO
We now observe that
e v; € W32(0,0;;U) C G(0,0;) by Remark
o & € L>(0,04;U*) since by we have ETJ.@ € L>®(0,T;U™);

e the bound
o 7r.,-.(tJF) 7T7—,(t.+) )
T 707 - JNg By T
/ 65(s)]1 2 ds = / 7 gy ()l 2 dr < / gy () 7 dr + 02
0 o (tj ) T (tj ) €j
<é+c<3e
€j 2

holds for j large enough, where in the last inequality we exploited ([7.6a));
e by using [(E9)| there holds

_ —Z*
&i(s) € 0VE(mr (55 + mry (1)), 05(5)) € OVE(L,v5(s)) + Baa(lt—rr, (e55+mr; (1))
g 7
C 9YE(t,0()) + Bag (i, (1 )Mit—rry (1)) € OV E(t05(5)) + Boy

for j large enough.

If we prove that

U — U
(0) —— u (¢ (o) —— u™(t 7.14
0j(0) — (1), viloy) — o wt(), (7.14a)
. . U
(0) . i(os s 0 7.14b
UJ( )71)](0-]) RN ’ ( )

then we conclude by arguing exactly as in the proof of Proposition [6.13

First we notice that 0;(0) = ejur, ¢, (77, (¢; ) and 0;(0;) = €5y, ¢, (77, (t;r)) Then, since by

construction there holds ﬁmaj (mr; (tji)) = Ur, (t]i), by (7.11b)) we deduce ([7.14b)). Second, we
observe that v;(0) = tr, ¢, (77, (t;)), vj(0;) = Uz, ¢, (77, (tj)), so, taking into account ([7.11a)), in
order to prove ([7.14a)) it is enough to show that

~ + ~ +
’u'f'jﬂfj (WTj(tj )) - uTj,Ej(tj )‘U m 0.

+
For this we note that, if ¢ := Tr; (t;c) for some k;ﬁ € Kr;, then there holds

+
£*i

~ + ~ + -
iy (g (5) = Ty (B0 < 7 [, [l e O
R R k-1 2

tJ + +
Urj,ej kE—1 Urj,e4 kF—1 k3 kj—1
=1 [ |22 =T = =) < Oni s o )

T/7;

_ . S
<o | lulf + Z ok 1] < C?J~ <? - 1) —0.
k=1 J

This concludes the proof. O



52 F. RIVA, G. SCILLA AND F. SOLOMBRINO

APPENDIX A. EXISTENCE OF EXACT DISSIPATIVE DYNAMIC SOLUTIONS IN THE CASE V =U
This first appendix is devoted to the proof of the following theorem.

Theorem A.l. Assume (3.1) with V. = U. Let the mass and viscosity operators M and V

satisfy (3.2)) and (3.3). Let the rate-independent dissipation potential R satisfy|(R1)| and let the

potential energy € satisfy|(E1)H(E6). Then for any ¢ > 0 and for any initial data uf € D, uj € U
there exists an exact dissipative dynamic solution u® to (L.1)) in the sense of Definition .

We will make use of the following well-known lemmas, whose proof can be found in [7, Ch.
XVIII, §5, Lemma 6] and [31], respectively.

Lemma A.2. Let X,Y be Banach spaces such that X — Y. If X is reflexive, then
L>0,T; X)NCw([0,T];Y) C Cw([0,T]; X).

Lemma A.3 (Aubin-Lions). Let X,Y,Z be Banach spaces such that X —— Y < Z. Then
(1) forp € [1,400) and q € [1,400] there holds

{ue LP(0,T;X): uwe LI0,T;Z)} —— LP(0,T;Y);
(2) for q € (1,+0oc] there holds
{ue L*0,T;X): we LY0,T; Z)} —— C([0,T];Y).

Let now Ur ¢, Ur e, Ure, ym,gﬂg,ﬁm be the interpolants of the discrete scheme defined
in , and . By the uniform bounds of Proposition recalling that we are
assuming V = U and that ¢ in this appendix is considered fixed, we know that

o E(mr(+),Ure) is uniformly bounded;
® Ure,Ure,u, . are uniformly bounded in B([0,7];U) N BV ([0,T]; Z);
U, is uniformly bounded in W12(0,T;U) N WLo°(0, T; W);
Uy is uniformly bounded in W?22(0, T; U*);
Eﬂg is uniformly bounded in L*(0,T;U*);
7, is uniformly bounded in L*°(0, T Z*).

By standard compactness arguments, together with Lemmas [6.1] and we deduce that, up

to a subsequence 7; — 0, there hold
U

® Urie(t), Urye(t), uy, () ———w(t), foralltel0,T],
J—r+oo
~ wh2(0,3U) . ~ Whee(0,T;W) +
o U, —— U and Uy ———u
iR . ) s . )
j—+o00 J—+00
- W22(0,T5U%)
® U o ——> U,
R .
J—r+oo
_ L>(0,T;U*) * _ L*>(0,T;2*)
o £ _—— T EE and 9
§rye i £, Tre ~oree

for some functions u® € W12(0,7;U) N WL (0, T; W) N W22(0,T; U*), £€¢ € L>(0,T;U*) and
n® € L*(0,T;Z*). By using Lemma we also deduce u® € Cy([0,T]; W), while by
we obtain that £(-,u®(-)) is bounded. In particular, u® is D-valued, hence the first request in
Definition (4] is satisfied.

Passing to the limit in , we now infer that u®, &% and 7® solve the Cauchy problem

(A1)

e2Miif (t) + eVaf(t) + n°(t) + £€5(t) =0, in U*, for a.e. t €[0,T],
u®(0) = ug, u°(0) = ujf.
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We conclude the proof of Theorem once we show that
n°(t) € O?R(uF(t)), and €°5(t) € VE(t,us(t)), for almost every t € [0,T]. (A.2)
Indeed, by using Lemma the above inclusions will yield (4.5)) as an equality for all ¢ € [0, T].
The proof of (A.2)) will rely on the following two lemmas.
Lemma A.4. For almost every t € [0,T] there holds
7w (t) t
X J
tim [ ) ) dr = [
j=+o0 Jo ! 0

Lemma A.5. For all 0 <a <b<T there holds

T, t)
lim sup/ / M, - uTJ yzdrdt < / / r),u(r))z dr dt.
Jj—+oo 1€

Proof of - We start proving that &E(t) € OUE(t us(t)) for a.e. t € [0,T].
Since .. .(r) € OVE(mr,(r), lr, (7)), by (2.I) we obtain that for all u € D there holds

iy A (A.3)
> / <8<W7j(r)vu7j,8<r)) + <g’7—j,5(r)7u - ﬂTj,E(r»U - §|u _uTj,E(T)‘IQ/V) dT’,

forall 0 <s<t<T.

By using Fatou’s Lemma, Lemma [A4] and Lebesgue Dominated Convergence Theorem on
the first, second and third term in the right-hand side of (A.3)), respectively, letting j — +oo
we deduce

/:% u)dr > /: (5(7“, (1) + (€ () — () — “€<’")'%V> o

for almost every 0 < s < t < T. By the arbitrariness of s,t and u € D we conclude that
() € OVE(t,uf(t)) for a.e. t € [0,T).

Let us now show that n°(t) € 9?R(u(t)) for a.e. ¢t € [0,T]. It is easy to see that n°(t) €
0?R(0) for a.e. t € [0,T], whence by it is enough to show that

R(GE() = (F (1), 45()) 7, for ae. t € [0,T], (A.4)

in order to conclude.
Since 7, .(r) € 7R (ur, (1)), for all 0 < a < b < T we obtain

b Trj ®) . b Trj () .
/ / R(Ur; e(r))drdt = / / (T7;,e(1); Ury e (1)) 7 dr dt.
a JO a JO

By weak lower-semicontinuity on the left-hand side, together with Lemma for the right-hand
side, letting 7 — +o00 we deduce

//R drdt<// r),u(r))z drdt.

Note that the opposite inequality is granted by the fact that 7°(r) € 9*R(0). Thus, by the
arbitrariness of a, b and by the continuity of the integrands we obtain

/ R4 (r))dr = / (n*(r),u(r))z dr, for every t € (0,77,

whence (A.4). The proof of (A.2)) is hence concluded. O
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Proof of Lemma[A.]] We shall prove separately

7T-,—j(t) _ t
imint [ (€ )., dr > [0 (A.5a)
7r7j(t) _ t
timsup [ () dr < [(E0) 0 (o (A.5b)
J—+oo JO 0

By ([2.1) we infer that
T (t) _ B
|7 ) e

T ®) — 5 ra € A 5 —_
> [T (800 0T, = G )0 (00) + )0 ) = 510E0) = T O )

Lo (0,T;U _ o .
LZOIUT) * ST W e pointwise and that 7, (t) > ¢, by using
j—+00 77 jsdoo J

Fatou’s Lemma on the first term of the right-hand side above, and Lebesgue Dominated Con-
vergence on the remaining terms, by letting j — 400 we deduce ({A.5a)).

The proof of (A.5b) is much more involved. We first test (4.31)) with 7, ., obtaining

Recalling that ETJ_ e

T (t) )
/0 U () () dr =—? /0 M, (), T, o (7)) dr

J

() ey (1)
e / (Vi o (1) T, o ()} dr— / () Ty () 7
0 0

Notice that T, % u® pointwise and %, . is bounded in B([0,T]; W); thus by Dominated
j—+oo

LY(0,T;2) L>®(0,T;2*)

% _ N\

Convergence Theorem there holds %, u®. Recalling that Ty e n°®, the

Jj—+o00
last term above converges to — fot(na(r), us(r))z dr.
As regards the second term, setting t" := 7. (t), we observe that

Jj—+oo

n

7r; (t)
J 2 _ _
—/0 (Vg (1), s, o (r))o dr = = (V(uf, c—ul D) uf, o < —
k=1 k=1

n
1 k=12
2 Tj,€ \%

1
k
’u’rj,a‘%/_§|u

1 2

1 1
B uy |y = §|u6|%/_§|u7j,5(t)‘%/'

1
= §|U6|%1—

By weak lower semicontinuity of the norm we hence deduce

. (t) t
. J 5N _ 3 3 .
imsup — [ (Vi (1), ()0 dr < S-S0 = — [ (Vi) ()
Jj—+o0 0 0
We now claim that
Trj () .. t

lim Mty (1), U, o(7))y dr = / (M@ (r), u(r))y dr, for a.e. t € [0,7]. (A.6)

J—+00 0 0
Once the claim is proved we conclude the proof of (A.5b) by collecting the just obtained con-
vergence results and using the equation (A.1)).

In order to show ([A.6]) we first recall that ;. is bounded in W12(0,T; U*) and in L?(0,T;U)
by ([7.4€) and (7.4f). We notice that it is also bounded in L*°(0,T"; W); indeed by definition one
has

ess sup i ()l < mas(feklw + [0 ) < C.
t€(0,7) kekr
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where we used (i7i') in Proposition

5 L20,T5W) . . .
By Lemma |A.3| we hence deduce ., %) 4°, which, by means of ([7.4g)), also yields
J—+00

BY L2(0,T5U™)
Upj e ————

i@l (A.7)

j—+o0

By using Young’s inequality, for all § > 0 we now have

/0 |t (1) — a ()| dr < 5/0 |t (1) — a ()| dr + 5/0 |t (1) — W ()| dr.

B L2(0,T;W) .
Hence, by letting first j — +oc and then 6 — 0, from (A.7) we finally obtain ., . '( N ) e,
Jj——4oo
and so, up to possibly extracting a further subsequence, one has
ﬁmg(t) v, s (t), for almost every t € [0,T]. (A.8)

j—+oo

By a summation by parts we now have
" ®) = ~ € , €
/ (Mt ¢ (r), try (1)) dr = (Mg, o (), r £ () w — (Mui, ug)w
0

() .
_/’ (Mitiy, (), i, < (1 — 7))
0

So, by means of (A.8)), for almost every ¢ € [0,T] we finally deduce

wr. (t) t
hI_P ’ <Mﬂ7.] E(r)?ﬂTj,E(r)>U dr = <M’[L€(t), ua(t)>W_<Mui7 u(€)>W_ / <M’LL6(T), ue(r»W dr
J—+00 0 0
t
= / (M (1), u®(r))y dr,
0
and the proof of (A.6]) is complete. O

Proof of Lemma[A.5 By testing (4.31]) with i.ZTj@, for every t € [0,T] we deduce

T (t) .
_A <ﬁTj,E(r)7uTj,€(T)>Zdr

J

) . e (1) . re(®)
:52/ <Ma7j,£(r),a7j7a(r)>Udr+/ : <§Tj7€(r),aTj75(r)>UdT—l—e/ " ()3 dr
0 0 0

(A.9)
Observe that, denoting t" := 7, (t), one has
) 2 - k k—1\ .k Lin 2 129
/ <Mu.,-j75(r), uTj75(T)>U dr = Z(M(vTj,s — Urje )7UTj,€>W 2 9 UrjelM — §|u1’M
0 k=1 (A.10)

1 - 1
= Sl (O — 5l B,
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and that by (2.1) there also holds

n

7 (t) _ s -~
/ Er (1), iy () dr = SR b — bl

0 k=1

> S e b ) — £ k) - Tk — b 2 (A11)
k=1
7r; (t) PO O
I J T J B
= E(mr; (1), T, (1)) — €(0, ug) /0 Q& (r,u,, (1)) dr — 23/0 [tir, o (r) [y

By plugging (A.10) and (A.11)) into (A.9)), integrating between a and b, after letting j — +o0

we obtain

lim inf — //T (M7, (7 uTJE( r))zdrdt

j—+o0
2/ <52 uf (b)|3— 5 |u1]M+S(t u(t)) —S(O,US)—/Ot 0:E(r, ue(r))dr—ka/ot\us(r)\%,dr) dt

/ / r),us(r))z drdt,

where in the last equality we exploited Lemma together with equation (A.1). Thus we
conclude. O

APPENDIX B. NONSMOOTH CHAIN-RULE FORMULAS

In this second appendix we collect some useful nonsmooth chain-rule formulas we employed
throughout the paper. Here we tacitly assume the validity of (3.1) and (3.2).

Lemma B.1. Assume V = U together with[[ED|[(E2)I(E5)| and[(E6). Then for allt € [0,T] and

for all v € WH2(a,b;U) N W22(a,b; U*) such that sup E£(0,v(r)) < +oo and OVE(t,v(r)) # 0
ré€la,b]

for almost every r € [a,b], the map r — L{0(r)[3; + E(t,v(r)) is absolutely continuous in [a,b].
Moreover, for every & € OVE(t,v(-)) almost everywhere in [a,b] there holds

% (;‘U(T)h%ﬂ + 5(75»”(7”))> = (Mo(r) + &(r), 0(r))u, for a.e. r € [a,b]. (B.1)

Proof. We first note that for any function v € W2 (a, b; U)NW?22(a, b; U*) it is well known that
$|o(-)[3; is absolutely continuous with

dr2 v(r)\M = (Mi(r), o(r))v, for a.e. r € [a,b)]. (B.2)

Let us now focus on &(t,v(-)). Since by assumption we have sup £(0,v(r)) < +oo, an appli-
re(a,b]

cation of (3.9)) yields that £(¢,v(+)) is bounded in [a, b] as well. Hence, by [(E6)| we obtain that

& is in L>®(a,b;U*). By (2.1) we thus obtain that for every r; € [a,b] and for almost every

r9 € [a,b] there holds

E(t,v(re)) — E(t,v(r))
< (&(r2),v(r2) —v(r))v + é|U(7“2) —o(r)liy

<€l oo (@ sy [0 (r2) — v(ﬁ)\U + CA(Jo(r2)|v + [o(r)|o)[v(r2) — v(r)lv (B.3)
< (€6l Lo a5y + CAllvll a0 [0(r2) — vr)o-
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Recalling that W12(a,b;U) C C([a, b]; U), the above inequality can be extended to all 75 € [a, b]
by lower semicontinuity of £(t,-), whence we deduce the absolutely continuity of £(t,v(-)) in
[a,b]. By exploiting again ([2.1]), for almost every r € [a,b] and for all h € R small we have

E(t,v(r+h)) = E(t,v(r)) = (&(r), v(r +h) —o(r))v — %Iv(r +h) = (). (B.4)

By dividing the above inequality by A > 0 and h < 0, and by sending h — 0 we conclude the

proof of (B.1)) by using also (B.2]). O

Lemma B.2. Assume[[EDH(ES)], [E4)| and|[(E5)| with A\ = 0. Let the Banach space X in be
reflexive and such that U < X — Z. Let u € AC([0,T]; X) be such that sup E(t,u(t)) < +oo,
t€[0,T]
and let us suppose that for almost every t € [0,T] there exists £(t) € OVE(t,u(t)) N Z* such that
esssup ||£()]| z+ < +oo.
te[0,T)
Then the map t — E(t,u(t)) is absolutely continuous in [0,T] and there holds

%E(t,u(t)) — 08t u(t)) + (€, ()5, for ace. t € [0,T]. (B.5)

Proof. We first observe that by conditions [(E2) and |(E3)| (see Remark we deduce that
sup |Ju(t)||y < +oo. Since u is (absolutely) continuous with values in X and U is embedded

te[0,7)
in X, this uniform bound implies that u also belongs to Cy ([0, T];U). Moreover, since X < Z,
from uw € AC(]0,T]; X) we infer u € AC(]0,T}]; Z).
By convexity of £(t, ), for almost every ¢ € [0,7] and for all s € [0,7] we also obtain
E(t,u(t)) — E(t,u(s)) < (E0)u(t) — u())z < 602+ [u(t) — u(s)]12 < Cllu(t) — u(s)]|2.
By weak lower semicontinuity of £ together with the continuity of u in Z we now deduce
E(t,u(t)) — E(t,u(s)) < C|lu(t) —u(s)|lz, foralls,tel0,T].
Hence, exploiting |(E2)[and (3.9)), for all s,¢ € [0, 7] there holds

E(t,u(t)) — E(s,ul(s)) = E(t,u(t)) — E(t,u(s)) + E(t,u(s)) — E(s,u(s))

/ b(r)eB (£(5,u(s)) + 1) dr

/:b(r)dr>,

where we set B := ||b|1(o,r)- Thus, the map t — E(t,u(t)) belongs to AC([0,T7).
In order to prove (B.5) we exploit again convexity, obtaining for almost every ¢ € [0,7] and
for all A € R small enough the following inequality:

E(t+ h,u(t+ h)) — E(t, u(t))

< Clluft) = uls)llz +

(B.6)

sc@wn—mwu+

t+h
Z/tJr OE(r,u(t+ h))dr + (&(t),u(t+h) —u(t))z (B.7)

t+h t+h
:/t NHE(ryu(t)) dr + (£(t),u(t + h) —u(t))z + /t (O&(ryu(t + h)) — OE(r,u(t))) dr.

By dividing the above inequality by h > 0 and h < 0, and by sending h — 0 we conclude by
exploiting ([4.26)) and the fact that u is absolutely continuous with values in the reflexive Banach
space X. O



58 F. RIVA, G. SCILLA AND F. SOLOMBRINO

Lemma B.3. Assume V = U together with [ED(E2)(E4)[(E5S)| and [[(E6). Let the function

u € Wh2(a,b;U) N W22(a,b; U*) be such that sup &(t,u(t)) < +oo and let € € AVE(-,u(-))
t€[0,T]

almost everywhere in [0, T].
Then the map t — %\u(tﬂfw + E(t,u(t)) is absolutely continuous in [0,T] and there holds

d

62
e <2Iu(t)|?w +5(t,u(t)>> = (2Mii(t) + €(t), (t))u + HE(t,ult)), for ae. t € [0,T]. (B.8)

Proof. As observed in Lemma under these assumptions the map %|u()]§/ﬂ is absolutely
continuous with

de
dt 2
By arguing as in (B.3) and we deduce that for all s,¢ € [0,7] we have

a(t)|fy = (°Mii(t), u(t))y,  for ae. t € [0,T].

)

E(t ult)) = E(s,uls)) < ([[€llLoe 0,10y + CMllull oo,y lu(t) = uls)lo +C

t
/ b(r)dr
S
whence also the map t — E(t,u(t)) is absolutely continuous.
In order to prove (B.8)), we argue as in (B.4) and obtaining for almost every ¢ € [0, 7]

and for all A small

E(t+ hyu(t+ h)) — E(t,u(t))
t+h t+h
> /t HE(ryu(t))dr + (€(t),u(t+ h) —u(t))y + /t (OE(ryu(t + h)) — 0 E(r,u(t))) dr

— g|u(t +h) —u(t)|}.

By dividing the above inequality by A > 0 and h < 0, and by sending h — 0 we conclude by
exploiting |(E4)l which implies the the third term in the last line vanishes. 0
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