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Abstract. In this paper we introduce the notion of parabolic α-Riesz flow, for α ∈ (0, d),
extending the notion of s-fractional heat flows to negative values of the parameter s = −α

2
.

Then, we determine the limit behaviour of these gradient flows as α→ 0+ and α→ d−.
To this end we provide a preliminary Γ-convergence expansion for the Riesz interaction en-

ergy functionals. Then we apply abstract stability results for uniformly λ-convex functionals
which guarantee that Γ-convergence commutes with the gradient flow structure.
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Introduction

Fractional versions of local operators attracted much attention in the last decades. For s ∈
(0, 1) the so-called s-fractional Laplacians and s-fractional perimeters represent natural and
interesting nonlocal counterparts of the classical Laplacian operator and Euclidean perimeter.
It is also well known [17, 26] that for negative values of the parameter s, and specifically for
s = −α

2 with α ∈ (0, d) (d being the dimension of the ambient space) , the α-Riesz potentials
represent the natural continuation of the one-parameter family of s-fractional Laplacians (as
well as of s-fractional perimeters and curvatures [7]) for negative values of s.

Much analysis has been devoted to studying the limit cases of s-fractional perimeters and
Laplacians as s → 0+ and s → 1− ; remarkably, as s → 1− one recovers the local canonical
objects, while the limit s → 0+ is somehow more degenerate. The analogous analysis for
Riesz type operators seems to be less investigated, with recent results only for what concerns
geometric flows [7]. This paper gives a further contribution in this direction, introducing the
notion of parabolic α-Riesz flows and studying the limit cases as α→ 0+ and α→ d−.

We will now revisit the literature concerning the limit analysis of s-fractional operators as
s→ 0+ (referring the interested reader to [1, 3, 4, 5, 9, 10, 18, 24, 19] for the case s→ 1−).

In [20] the authors show that, as s → 0+ , the squared s-fractional Gagliardo seminorms
multiplied by s pointwise converge to (a multiple of) the squared L2 norm. A Γ-convergence
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expansion (as s → 0+) with respect to the L2 topology has been derived in [9]. The first
term of such an expansion is, according with [20], the squared L2 norm divided by s , whereas
the next order term can be understood as a kind of 0-fractional Gagliardo seminorm. The
first variation of the zero-order Γ-limit is trivial, while the first variation of the first order
Γ-limit gives an interesting elliptic operator, referred to as 0-fractional Laplacian, which is
a slight variant of the logarithmic Laplacian introduced in [8]. Still in [9], the minimizing
movements approach was used as a bridge between the Γ-convergence analysis and the stability
of the corresponding fractional parabolic flows: After scaling the time by s , the s-fractional
parabolic flows converge, as s→ 0+ , to the degenerate parabolic flow of the squared L2 norm
(with respect to the L2 metric, itself); this is nothing but a trivial ODE corresponding to
the exponential decay of the initial datum. If, instead of scaling in time, we renormalize the
parabolic flow by subtracting the forcing leading term (corresponding to the first variation of
the squared L2 norm, scaled by s), we end up with a much more interesting dynamics: the
heat flow governed by the 0-fractional Laplacian, namely, the parabolic flow of the first order
Γ-limit of the s-fractional Gagliardo seminorms.

A first task of this paper is to provide a similar analysis as s→ 0−. As already explained, for
negative values of s the analogue of fractional Laplacians is given by α-Riesz potentials [17, 26],
with α = −2s . The first step in our analysis is to formalize such an analogy introducing, for
negative values of s, explicit counterparts of s-fractional Gagliardo seminorms, Laplacians,
and the corresponding parabolic flows, referred to as parabolic α-Riesz flows. Such a track
has already been pursued in the geometric framework [7]; there, suitable notions of α-Riesz
perimeters, curvatures and geometric flows have been introduced and analyzed as α → 0+,
leading to the geometric flow of the 0-fractional perimeter introduced in [13]. (In fact, such
a flow also coincides with the limit as s→ 0+ of the s-fractional mean curvature flows [7].)

As in [9, 7], our approach is purely variational, in the sense that our stability analysis relies
on the gradient flow structure of the parabolic α-Riesz flows. We consider an open bounded
set Ω ⊂ Rd and, for every α ∈ (0, d) , we define the α-Riesz functionals J α on L2(Ω) as

(0.1) J α(u) := −
∫

Ω

∫
Ω

u(x)u(y)

|x− y|d−α
dy dx .

We stress that the first variation of J α gives back the opposite of the α-Riesz potentials
(−∆)−

α
2 [26, 17]. In terms of a more genuine variational viewpoint, J α can be understood as

a continuous version of the XY energy functional with long-range interactions and real-valued
spin variable. Oversimplifying, in classical XY scalar systems the spin variable u takes values
±1, and, for nearest neighbor interactions, the energy can be seen as a discrete perimeter of
the phase {u = 1} , as well as a discrete Dirichlet energy for functions defined on a lattice and
taking only two values. Clearly, long-range variants of the XY model are naturally related
with nonlocal perimeters; specifically, with fractional type perimeters, when the interaction
kernel is non-integrable, and with Riesz type perimeters, when the kernel is locally integrable
as in (0.1). Although such analogies are part of the motivations for our study, here we will not
push further considerations within such a statistical mechanics framework; in fact, we focus
our analysis on real-valued functions, adopting tools and terminology of fractional seminorms
and operators.

Now we describe in detail our results, starting from the asymptotic behavior of J α as
α → 0+ . In Theorem 2.1 we prove that the functionals −αJ α Γ-converge as α → 0+ to a
multiple of ‖ · ‖2L2(Ω) with respect to the weak L2 topology. Some considerations about the

signs of the energy functionals are in order: the functionals −J α penalize more and more, as
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α → 0+ , functions with large L2 norm, which, instead, are favored by the functionals J α .
Indeed, also after the natural scaling, the functionals αJ α would Γ-converge to the relaxation
(with respect to the weak L2 topology) of −‖ · ‖2L2(Ω), which is constantly equal to −∞ (see

Remark 2.2). On the other hand, renormalizing the (otherwise asymptotically ill-posed)

family of functionals J α , by setting Ĵ α(u) := J α(u) + dωd
α ‖u‖

2
L2(Ω) , it turns out that the

energies Ĵ α penalize oscillations. In fact, in Theorem 2.3 we prove that the Γ-limit of Ĵ α (as
α→ 0+), with respect to the strong L2 topology, is a nonlocal coercive Dirichlet type energy

functional Ĵ 0 , which is nothing but the Γ-limit derived in [9] for the renormalized s-fractional
Gagliardo seminorms (as s → 0+). Similarly to what observed above, here there is only one
option in choosing the signs in order to deal with coercive functionals: reversing all the signs,

one would end up with a kind of relaxation of −Ĵ 0 , which would give back once again −∞
(Remark 2.5). Similar considerations can be done in the setting of nonlocal geometric flows,
but, trying to draw such a parallelism, a relevant difference emerges: in the geometrical
context u is a characteristic function, so that oscillations relaxing the energy to −∞ are
automatically prevented. A relevant consequence is that, contrarily to the case discussed
above, in the geometric setting, the right sign is the negative one, since the functionals αJ α
computed on characteristic functions, together with their limit, provide a true perimeter,
whose first variation is a nonlocal curvature satisfying natural comparison principles [7]. These
different paths of geometrical and linear framework rejoin when looking at the next order,
where we fix the negative sign for the α-fractional Laplacians.

In this framework, we introduce the parabolic α-Riesz flows as the L2 gradient flows of
the functionals J α , scaled or renormalized according with the Γ-convergence analysis. As
mentioned above, the first variation of the functional −J α (for α ∈ (0, d)) is already known in

the literature [26, 17] under the name of α-Riesz potential (−∆)−
α
2 . Therefore, the fractional

parabolic flows considered here are nothing but fractional heat flows governed by s-fractional
Laplacians for negative values of the fractional parameter s ∈ (−d

2 , 0).
As one may expect from the static asymptotic analysis, scaling the time by α , the α-

parabolic flows governed by the operator (−∆)−
α
2 converge (Theorem 4.2) as α → 0+, to

a degenerate ODE describing the exponential decay of the initial datum, namely, to the
gradient flow of the (up to a prefactor) Γ-limit ‖·‖2L2(Ω); this result agrees with the analysis of

s-fractional heat flows as s→ 0+ done in [9]. In analogy with the geometric case of fractional
curvature flows [7] and following the discussions on the signs done above, one could wonder

what happens reversing all the signs. In fact, the parabolic flows governed by −α(−∆)−
α
2

is actually well defined; however, as explained in Remark 4.3, our variational methods based
on Γ-convergence do not provide its convergence (as α → 0+) to the parabolic flow ut = 2u.
The latter describes the exponential growth of the initial datum, and is consistent with the
corresponding geometric flows, where balls tend to expand (instead of shrinking) faster and
faster as α→ 0+.

Following the first order Γ-convergence analysis, the gradient flow of the functional Ĵ α
is a parabolic flow governed by −(−∆)−

α
2 plus the forcing leading linear term (diverging as

α→ 0+). This flow converges (Theorem 4.4), as α→ 0+, to the gradient flow of Ĵ 0 , namely,
to the parabolic flow governed by the 0-fractional Laplacian. Again, this result agrees with
the analogous analysis done for s→ 0+ in [9]. In fact, the proofs of the stability results above
are obtained as an application of the abstract approach developed in [9]; loosely speaking, the
latter consists in showing that uniform λ-convexity and λ-positivity on an Hilbert setting is a
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sufficient condition to guarantee that Γ-convergence of the underlying functionals commutes
with the gradient flow structure. We refer to Subsection 4.2 for a short recap on such an
abstract setting.

The same approach, namely, first analyzing the asymptotic behavior of the functionals
J α as α → d− and then using the abstract result in [9] to derive the convergence of the
corresponding parabolic flows, allows to study also the limit as α → d− for the parabolic
α-Riesz flows. In such a case, the analysis is simpler. Indeed, the interaction kernel in (0.1)
converges to 1 (strongly in L1

loc(Rd)), whence, for every u ∈ L2(Ω) , we deduce that J α(u)

converges (as α → d−) to J d(u) := −
( ∫

Ω u
)2

. Actually, in Theorem 3.1, we prove that

J αn(un) → J d(u) for every αn → d− and for every un ⇀ u in L2(Ω) , which provides in
particular the Γ-convergence of the functionals ±J α to ±J d . As a consequence, in Theorem
4.5 we prove that the α-parabolic flows governed by the operator ±(−∆)−

α
2 converge (The-

orem 4.2) , as α → d−, to a degenerate ODE describing now the exponential growth/decay

of the average of the initial datum, namely, to the gradient flow of the Γ-limit ∓
( ∫

Ω u
)2

.

Moreover, for every un ⇀ u in L2(Ω) and for every αn → d−, the renormalized functionals

J̃ αn(un) := J αn (un)−J d(un)
d−αn converge to the Riesz energy functional with logarithmic kernel

J̃ d(u) := −
∫

Ω

∫
Ω
u(x)u(y) log

1

|x− y|
dy dx .

In particular, as α→ d− , the functionals ±J̃ α Γ-converge to the functional ±J̃ d with respect
to the weak L2 convergence (see Theorem 3.4). Finally, Theorem 4.6 establishes that the

gradient flows of ±J̃ α converge, as α → d−, to the parabolic flow governed by the operator

±(−∆)−
d
2 , namely, by the first variation of ±J̃ d.

Summarizing, we have introduced the parabolic α-Riesz flows, i.e., the flows governed by
the α-Riesz potential (−∆)−

α
2 , for α ∈ (0, d), and we have analyzed their convergence as

α → 0+ and α → d− . Along the way, we have focused on the interesting class of integral
functionals

(0.2) −
∫

Ω

∫
Ω

u(x)u(y)

|x− y|p
dy dx ,

representing, for p ∈ (0, d), natural extensions of Gagliardo-type energies. In particular,
through rigorous renormalization procedures, we have given a meaning to the critical case
p = d. It may be of some interest to extend our methods to p ≥ d, adopting suitable
renormalization procedures; in this direction, a popular method is the so-called core radius
approach, already used in [12] in the geometric framework. The general case p ∈ R, accounting
also for negative values of p, could deserve further investigations. Ultimately, our analysis in-
vites to a methodical comparison between the one-parameter family (0.2) of generalized Riesz
functionals/potentials and the (generalized) Gagliardo seminorms/fractional Laplacians.

Acknoledgments: LDL and MM are members of the Gruppo Nazionale per l’Analisi
Matematica, la Probabilità e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta
Matematica (INdAM). The authors have been partially funded by the ERC-STG Grant n.
759229 HiCoS “Higher Co-dimension Singularities: Minimal Surfaces and the Thin Obstacle
Problem”.
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1. Description of the problem

Let d ∈ N and let Ω ⊂ Rd be a bounded and open set with Lipschitz continuous boundary.
For every α ∈ (0, d) , we define the functional J α : L2(Ω)→ (−∞,+∞) as

(1.1) J α(u) := −
∫

Ω

∫
Ω

u(x)u(y)

|x− y|d−α
dy dx .

We first show that the functionals J α are well defined and actually finite in L2(Ω). Let
kα : Rd → [0,+∞) be the function defined by

(1.2) kα(z) :=
1

|z|d−α
.

Then, kα ∈ L1
loc(Rd) . Moreover, for every R > 0 we set

(1.3) kαR := χBR(0)k
α ;

it is immediate to check that

(1.4) ‖kαR‖L1(Rd) =
dωd
α
Rα .

Now, for any u ∈ L2(Ω) and for every R > diam(Ω), we have

(1.5) J α(u) = −〈ũ, ũ ∗ kα〉L2(Rd) = −〈ũ, ũ ∗ kαR〉L2(Rd) ,

where, here and throughout the paper, ũ ∈ L2(Rd) is defined by ũ = u in Ω and ũ = 0 in
Rd \ Ω .

Therefore, by (1.5) and (1.4), using Hölder and convolution’s Young inequalities, we obtain
that for every u ∈ L2(Ω)

(1.6) |J α(u)| ≤ ‖kαR‖L1(Rd)‖ũ‖2L2(Rd) ≤
dωd
α
Rα‖u‖2L2(Ω) ,

which shows that J α takes values in (−∞,+∞) .
We highlight that for any α ∈ (0, d) the Fourier transform F [kα] of kα is given by

(1.7) F [kα](ξ) = 2απ
d
2

Γ(α2 )

Γ(d−α2 )
kd−α(ξ) ,

where Γ is the Euler Gamma function, defined by Γ(β) :=
∫ +∞

0 tβ−1e−t dt , for β > 0 . Indeed,

let ϕ : Rd → R belong to the Schwarz class. Then, setting β := d− α , by the very definition
of Euler Gamma function and by Fubini Theorem, we have that

(1.8)

∫
Rd
ϕ(x)kα(x) dx =

1

Γ(β2 )

∫ +∞

0
dt t

β
2
−1

∫
Rd

dxϕ(x)e−t|x|
2
.

Moreover, since

F [e−t|·|
2
](ξ) :=

∫
Rd
e−t|x|

2
e−ix·ξ dx = π

d
2
e−
|ξ|2
4t

t
d
2

,

by Parseval identity we obtain∫
Rd
ϕ(x)e−t|x|

2
dx =

π
d
2

(2π)d

∫
Rd

F [ϕ](ξ)
e−
|ξ|2
4t

t
d
2

dξ ,
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which, plugged into (1.8), yields∫
Rd
ϕ(x)kα(x) dx =

π
d
2

(2π)d
1

Γ(β2 )

∫ +∞

0
dt t

β−d
2
−1

∫
Rd

F [ϕ](ξ)e−
|ξ|2
4t dξ

=
π
d
2

(2π)d
2α

Γ
(
α
2

)
Γ(d−α2 )

∫
Rd
F [ϕ](ξ)kd−α(ξ) dξ ,

where we have used first the change of variable t = s|ξ|2 and then u = 1
4s to get∫ +∞

0
t
β−d

2
−1e−

|ξ|2
4t dt = |ξ|−α

∫ +∞

0
s
β−d

2
−1e−

1
4s ds

= |ξ|−α2d−β
∫ +∞

0
u
d−β

2
−1e−u du

= |ξ|−α2αΓ
(α

2

)
.

Therefore, (1.7) holds true and hence the kernels kα are positive definite, i.e.,

(1.9) 〈v, v ∗ kα〉L2(Rd) ≥ 0 for any v ∈ L2(Rd) ,

which, by (1.5), yields

(1.10) J α(u) ≤ 0 for any u ∈ L2(Ω) .

Moreover, by (1.5), using the symmetry of kαR, for any u, v ∈ L2(Ω) we have that

(1.11)
|J α(u)− J α(v)| =

∣∣∣〈u− v, (u+ v) ∗ kαR〉L2(Rd)

∣∣∣
≤dωd

α
Rα
(
‖u‖L2(Ω) + ‖v‖L2(Ω)

)
‖u− v‖L2(Ω) ,

whence we deduce the continuity of J α with respect to the strong convergence in L2(Ω) .
Now, for every α ∈ (0, d) and for every u ∈ L2(Ω) we set

(1.12) Ĵ α(u) := J α(u) +
dωd
α
‖u‖2L2(Ω) .

Let D1 := {(x, y) ∈ Rd × Rd : |x − y| ≤ 1} ; for every α ∈ [0, d) we define the functionals
Gα1 : L2(Ω)→ [0,+∞] and J α1 : L2(Ω)→ R as

Gα1 (u) :=
1

2

∫∫
D1

|ũ(x)− ũ(y)|2

|x− y|d−α
dy dx , J α1 (u) := −

∫∫
(Ω×Ω)\D1

u(x)u(y)

|x− y|d−α
dy dx .

We highlight that for every α ∈ (0, d) and for every u ∈ L2(Ω) it holds

(1.13) Ĵ α(u) = Gα1 (u) + J α1 (u) ,

Notice that, by Hölder inequality, for every α ∈ [0, d) and for every u ∈ L2(Ω)

(1.14) |J α1 (u)| ≤
∫∫

Ω×Ω
|u(x)u(y)|dy dx ≤ ‖u‖2L1(Ω) ≤ |Ω|‖u‖

2
L2(Ω) ,

and hence J α1 is finite on L2(Ω) also for α = 0 . In full analogy with (1.13) we can define the

functional Ĵ α also for α = 0 by setting

(1.15) Ĵ 0(u) := G0
1(u) + J 0

1 (u) ,
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for every u ∈ L2(Ω) . In view of (1.14), the functional Ĵ 0 : L2(Ω) → (−∞,+∞] is well

defined. Notice that Ĵ 0 in (1.15) coincides with the functional F̂ 0 defined in [9, formula
(1.9)].

Remark 1.1. In view of its very definition (1.12) and of (1.11), the functionals Ĵ α with
α ∈ (0, d) are continuous with respect to the strong convergence in L2(Ω) . Moreover, for
every α ∈ [0, d) and for all u, v ∈ L2(Ω) we have

(1.16)
|J α1 (u)− J α1 (v)| ≤(‖u‖L1(Ω) + ‖v‖L1(Ω))‖u− v‖L1(Ω)

≤|Ω|(‖u‖L2(Ω) + ‖v‖L2(Ω))‖u− v‖L2(Ω) .

which shows, in particular, that the functionals Ĵ 0 are lower semicontinuous with respect to
the strong convergence in L2(Ω) .

The following result will be used throughout the paper.

Lemma 1.2. Let k ∈ L2(Rd) with supp k ⊂ BR(0) for some R > 0 . Let moreover {vn}n∈N ⊂
L2(Rd) be such that supp vn ⊂ BR(0) and vn ⇀ v for some v ∈ L2(Rd) . Then, vn ∗k → v ∗k
(strongly) in L2(Rd) .

Proof. We set gn := vn − v , so that gn ⇀ 0 in L2(BR(0)) . For every x ∈ Rd , [gn ∗ k](x)→ 0
as n→ +∞ . Moreover, let h ∈ Rd ; by Young’s convolution inequality, we have

(1.17)
∥∥∥[gn ∗ k](·+ h)− [gn ∗ k](·)

∥∥∥
L2(Rd)

≤ ‖gn‖L2(Rd)‖k(·+ h)− k(·)‖L1(Rd) ;

since the right-hand side of (1.17) tends to 0 as h→ 0 , uniformly with respect to n , by the
Fréchet-Kolmogorov criterion we get the claim. �

2. Γ-convergence for the functionals J α and Ĵ α as α→ 0+

We start by studying the asymptotic behavior of the functionals −αJ α .

Theorem 2.1. Let {αn}n∈N ⊂ (0, d) be such that αn → 0+ as n→ +∞.

(i) (Γ-liminf inequality) For every u ∈ L2(Ω) and for every {un}n∈N ⊂ L2(Ω) with un ⇀ u
in L2(Ω), it holds

dωd‖u‖2L2(Ω) ≤ lim inf
n→+∞

−αnJ αn(un).

(ii) (Γ-limsup inequality) For every u ∈ L2(Ω)

lim
n→+∞

−αnJ αn(u) = dωd‖u‖2L2(Ω) .

Proof. For every n ∈ N we set k̄αn := αnk
αn with kα defined in (1.2) and, for every R >

diam(Ω) we set k̄αnR := k̄αnχBR(0) = αnk
αn
R .

Proof of (i). Since k̄αnR dz
∗
⇀ dωdδ0 we have that ũ ∗ k̄αnR → dωdũ (strongly) in L2(Ω) , and

hence

lim
n→+∞

〈ũ, (ũn − ũ) ∗ k̄αnR 〉L2(Rd) = lim
n→+∞

〈ũ ∗ k̄αnR , ũn − ũ〉L2(Rd) = 0 ,(2.1)

lim
n→+∞

〈ũn, ũ ∗ k̄αnR 〉L2(Rd) = dωd‖u‖2L2(Ω) .(2.2)
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Moreover, by (1.5), we have

(2.3)
−αnJ αn(un) =〈ũn − ũ, (ũn − ũ) ∗ k̄αn〉L2(Rd) + 〈ũ, (ũn − ũ) ∗ k̄αnR 〉L2(Rd)

+ 〈ũn, ũ ∗ k̄αnR 〉L2(Rd) ,

and hence, by (1.10), (2.1), and (2.2), we obtain

(2.4)

lim inf
n→+∞

−αnJ αn(un) ≥ lim inf
n→+∞

〈ũn − ũ, (ũn − ũ) ∗ k̄αn〉L2(Rd)

+ lim inf
n→+∞

〈ũ, (ũn − ũ) ∗ k̄αnR 〉L2(Rd) + lim inf
n→+∞

〈ũn, ũ ∗ k̄αnR 〉L2(Rd)

≥dωd‖u‖2L2(Ω) .

Proof of (ii). The claim follows directly by (2.2) and by the first equality in (1.5). �

Remark 2.2. Let {αn}n∈N ⊂ (0, d) with αn → 0+ as n → +∞ . By (2.1)-(2.3), for any
u ∈ L2(Ω) and for any sequence {un}n∈N ⊂ L2(Ω) with un → u (strongly) in L2(Ω) , we have
that

lim
n→+∞

αnJ αn(un) = −dωd‖u‖2L2(Ω) ,

which shows, in particular, that the Γ-limit of the functionals αJ α (as α→ 0+) with respect
to the strong convergence in L2(Ω) is the functional −dωd‖·‖2L2(Ω) . This fact implies that the

Γ-limit of αJ α (as α→ 0+) with respect to the weak convergence in L2(Ω) equals to −∞ .

In Theorem 2.3 below we show that the functional Ĵ α Γ-converges to the functional Ĵ 0 .
To this end, following [9, Remark 1.3], we introduce the space

H0
0 (Ω) := {u ∈ L2(Ω) : G0

1(u) < +∞} .

Such a functional space could be endowed with a 0-Gagliardo type norm defined as

‖u‖H0
0 (Ω) := ‖u‖L2(Ω) +

(
2G0

1(u)
) 1

2 .

Theorem 2.3. Let {αn}n∈N ⊂ (0, d) be such that αn → 0+ as n → +∞ . The following
Γ-convergence result holds true.

(i) (Compactness) Let {un}n∈N ⊂ L2(Ω) be such that

(2.5) Ĵ αn(un) + (|Ω|+m)‖un‖2L2(Ω) ≤M,

for some constants m,M > 0 independent of n . Then, up to a subsequence, un → u
strongly in L2(Ω) for some u ∈ H0

0 (Ω) .
(ii) (Γ-liminf inequality) For every u ∈ H0

0 (Ω) and for every {un}n∈N ⊂ L2(Ω) with
un → u in L2(Ω) , it holds

Ĵ 0(u) ≤ lim inf
n→+∞

Ĵ αn(un) .

(iii) (Γ-limsup inequality) For every u ∈ H0
0 (Ω) there exists {un}n∈N ⊂ L2(Ω) with un → u

in L2(Ω) such that

Ĵ 0(u) = lim
n→+∞

Ĵ αn(un) .

In order to prove (i) of Theorem 2.3 we adopt a strategy similar to that used in the proof
of [16, Theorem 1.1] . To this end we prove the following result.
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Lemma 2.4. Let {αn}n∈N ⊂ (0, d) be such that αn → 0+ as n → +∞ . Let moreover
{un}n∈N ⊂ L2(Ω) with

(2.6) ‖un‖L2(Ω) + Gαn1 (un) ≤ C ,

for some constant C > 0 (independent of n) . Then, up to a subsequence, un → u in L2(Ω)
for some u ∈ H0

0 (Ω) .

Proof. By (2.6), there exists u ∈ L2(Ω) such that, up to a (not-relabeled) subsequence, un ⇀ u
in L2(Ω) .

For every α ∈ [0, d) and for every 0 < δ < 1 , we define jαδ : Rd → (0,+∞) as

jαδ (z) :=
χAδ,1(0)(z)

|z|d−α
,

where we have set Ar,R(ξ) := BR(ξ) \ Br(ξ) for every 0 < r < R and for every ξ ∈ Rd .

Furthermore, for every α ∈ [0, d) and for every 0 < δ < 1 we set wαδ :=
jαδ

‖jαδ ‖L1(Rd)
.

Notice that

(2.7) ‖jαnδ ‖L1(Rd) = dωd
1− δαn
αn

and sup
n∈N
‖jαnδ ‖L2(Rd) ≤ sup

n∈N

ω
1
2
d

δd−αn
=
ω

1
2
d

δd
.

We observe that for every 0 < δ < 1

(2.8) jαnδ → j0
δ in Ck(Aδ,1(0)) for all k ∈ N and ‖jαnδ ‖L1(Rd) → dωd| log δ| = ‖j0

δ‖L1(Rd) ,

and, by Lemma 1.2,

(2.9) ‖w0
δ ∗ (un − u)‖L2(Rd) → 0 as n→ +∞.

In turn, by triangular and convolution’s Young inequalities, using (2.8) and (2.9), we get

(2.10) ‖wαnδ ∗ u
n − w0

δ ∗ u‖L2(Rd)

≤ ‖wαnδ − w
0
δ‖L1(Rd)‖un‖L2(Rd) + ‖w0

δ ∗ (un − u)‖L2(Rd) → 0 as n→ +∞ .

Now, following [16, Lemma 2.2], using Jensen’s inequality, we get

(2.11)

‖un − wαnδ ∗ u
n‖2L2(Rd) =

∫
Rd

dx

(∫
Rd

(un(x+ z)− un(x))wαnδ (z) dz

)2

≤
∫
Rd

dx

∫
Rd
|un(x+ z)− un(x)|2wαnδ (z) dz

≤ 2

‖jαnδ ‖L1(Rd)

Gαn1 (un) ≤ C

| log δ|
,

where in the last inequality we have used (2.6) and (2.8). Moreover, since w0
δ dz

∗
⇀ δ0 as

δ → 0 , we have that

(2.12) ‖w0
δ ∗ u− u‖L2(Rd) → 0 as δ → 0 .

Therefore, by triangular inequality, we obtain that, for every 0 < δ < 1 ,

‖un − u‖L2(Rd) ≤ ‖un − wαnδ ∗ u
n‖L2(Rd) + ‖wαnδ ∗ u

n − w0
δ ∗ u‖L2(Rd) + ‖w0

δ ∗ u− u‖L2(Rd) ,
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whence the strong convergence of un to u follows by and by (2.10), (2.11), and (2.12), sending
first n→ +∞ and then δ → 0 . Finally, by Fatou Lemma and by (2.6),

(2.13) G0
1(u) ≤ lim inf

n→+∞
Gαn1 (un) ≤ C ,

whence we deduce that u ∈ H0
0 (Ω) , thus concluding the proof of the lemma. �

Proof of Theorem 2.3. We start by proving compactness. By (2.5), (1.13) and (1.14), we have

M ≥ Gαn1 (un) +m‖un‖2L2(Ω) ,

which, in view of Lemma 2.4, yields (i). Moreover, in view of (1.13), the proof of (ii) follows
by (2.13) and by (1.16). Finally, the proof of (iii) follows by using standard density arguments
in Γ-convergence (see for instance the proof of [9, Theorem 1.4 (iii)]). �

Remark 2.5. Analogously to what already observed in Remark 2.2, one can easily prove

that the functionals −Ĵ α Γ-converge to −∞ (as α → 0+) with respect to the strong L2

convergence. For example, assume that 0 ∈ Ω and consider vn := n
d
2

log
1
4 n
χB 1

n
(0) . Then, one

can easily check that vn → 0 strongly in L2(Ω) . Moreover, for n large enough, Gα1 (vn) ≥
C 1−n−α

α
1

log
1
2 n

; since

lim
n→+∞

lim
α→0

1− n−α

α

1

log
1
2 n

= lim
n→+∞

log
1
2 n = +∞ ,

by a standard diagonal argument there exists a sequence {vα}α = {vn(α)} with ‖vα‖L2(Ω) → 0

and such that Gα1 (vα)→ +∞ (as α→ 0+). As a consequence, for every u ∈ L2(Ω) , u+vα → u
(strongly) in L2(Ω) and Gα1 (u + vα) → +∞ . Recalling (1.13) and recalling Remark 1.1, we

conclude that −Ĵ α(u+ vα)→ −∞ for every u ∈ L2(Ω) .

3. Γ-convergence for the functionals J α as α→ d−

We define the functional J d : L2(Ω)→ (−∞, 0] as J d(u) := −
( ∫

Ω u(x) dx
)2

.

Theorem 3.1. Let {αn}n∈N ⊂ (0, d) be such that αn → d− as n→ +∞ . For every u ∈ L2(Ω)
and for every {un}n∈N ⊂ L2(Ω) with un ⇀ u in L2(Ω) it holds

(3.1) lim
n→+∞

J αn(un) = J d(u) .

In particular, as α→ d− , the functionals ±J α Γ-converge to the functional ±J d with respect
to the weak L2 convergence in L2(Ω) .

Proof. We first notice that for any compact set K ⊂ Rd

(3.2) lim
n→+∞

‖kαn − 1‖L1(K) = 0 ,

where kαn is defined in (1.2) . By (1.5), we thus have that

(3.3) J αn(un) = −〈ũn, ũn ∗ (kαn − 1)〉L2(Rd) − 〈ũn, ũn ∗ 1〉L2(Rd) .

Now, taking R > diam(Ω) , by Young’s convolution inequality and by (3.2), we have

(3.4) lim sup
n→+∞

〈ũn, ũn ∗ (kαn − 1)〉L2(Rd) ≤ lim sup
n→+∞

‖un‖2L2(Ω)‖k
αn − 1‖L1(BR(0)) = 0 ,
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and, since un ⇀ u in L2(Ω) ,

(3.5) lim
n→+∞

〈ũn, ũn ∗ 1〉L2(Rd) = 〈ũ, ũ ∗ 1〉L2(Rd) = −J d(u) .

By (3.3), (3.4) and (3.5), we obtain (3.1).
�

For every α ∈ (0, d) we define the functional J̃ α : L2(Ω)→ R as

J̃ α(u) :=
J α(u)− J d(u)

d− α
;

moreover, and for every u ∈ L2(Ω) we define

(3.6) J̃ d(u) := −
∫

Ω

∫
Ω
u(x)u(y)k̃d(|x− y|) dy dx ,

where we have set k̃d(z) := log 1
|z| . Notice that

(3.7) k̃d ∈ Lploc(R
d) for any p ∈ [1,+∞) ;

therefore, for every R > diam(Ω) , by Young’s convolution inequality, we get

(3.8) |J̃ d(u)| ≤ ‖k̃d‖L1(BR(0))‖u‖2L2(Ω) for every u ∈ L2(Ω) ,

which shows, in particular, that the functional J̃ d defined by (3.6) takes values in R .

Remark 3.2. Let k ∈ L1
loc(Rd) and let Jk be the functional defined on L2(Ω) by

Jk(u) :=

∫
Ω

∫
Ω
u(x)u(y)k(x− y) dy dx for every u ∈ L2(Ω) .

Let R ≥ diam(Ω) . Then, by Hölder and Young’s convolution inequalities,

|Jk(u)| ≤ ‖u‖2L2(Ω)‖k‖L1(BR(0)) .

Remark 3.3. Let {kn}n∈N ⊂ L1
loc(Rd) with supn∈N ‖kn‖L1(BR(0)) ≤ C , for some C > 0 and

R > diam(Ω) . Then, by Remark 3.2 the functionals Jkn are λ-positive, for any λ > 2C .
Therefore, for any sequence {un}n∈N ⊂ L2(Ω) with

sup
n∈N

Jkn(un) + λ‖un‖2L2(Ω) < +∞ ,

we have that, up to a subsequence, un ⇀ u in L2(Ω) , for some u ∈ L2(Ω) .
In particular, this applies to any sequence of functionals {J αn}n with αn → d− .

Theorem 3.4. Let {αn}n∈N ⊂ (0, d) be such that αn → d− as n→ +∞ .
For every u ∈ L2(Ω) and for every {un}n∈N ⊂ L2(Ω) with un ⇀ u in L2(Ω) it holds

(3.9) lim
n→+∞

J̃ αn(un) = J̃ d(u) .

In particular, as α→ d− , the functionals ±J α Γ-converge to the functional ±J d with respect
to the weak L2 convergence in L2(Ω) .
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Proof. For any n ∈ N we set k̃αn := kαn−1
d−αn , with kαn defined in (1.2). For any v ∈ L2(Ω) , it

holds

(3.10) J̃ αn(v) = −〈ṽ, ṽ ∗ k̃αn〉L2(Rd) , J̃ d(v) = −〈ṽ, ṽ ∗ k̃d〉L2(Rd) ,

and hence

(3.11) J̃ αn(v) = −〈ṽ, ṽ ∗ (k̃αn − k̃d)〉L2(Rd) + J̃ d(v)

Moreover, by Taylor expansion, for any z ∈ Rd \ {0} , we have

(3.12) k̃αn(z) = k̃d(z) + O
(

(d− αn) log2 1

|z|

)
,

with limt→0
O(t)
t ∈ R . Therefore, for any compact set K ⊂ Rd , it holds

(3.13) lim
n→+∞

‖k̃αn − k̃d‖Lp(K) = 0 for any p ∈ [1,+∞) .

Let R > diam(Ω) .
We start by proving (a). By Young’s convolution inequality and by (3.13), we have

(3.14) lim sup
n→+∞

〈ũn, ũn ∗ (k̃αn − k̃d)〉L2(Rd) ≤ lim sup
n→+∞

‖un‖2L2(Ω)‖k̃
αn − k̃d‖L1(BR(0)) = 0 ,

and, by Lemma 1.2,

(3.15) lim
n→+∞

J̃ d(un) = J̃ d(u) .

By (3.11), (3.14), and (3.15), we thus obtain

lim
n→+∞

J̃ αn(un) = J̃ d(u) ,

i.e., (3.9).
�

Remark 3.5. By Remark 3.3 and by (3.11), (3.13) and (3.8), it immediately follows that

any sequence {J̃ αn}n with αn → d− is uniformly λ-positive and hence weakly equi-coercive
in L2(Ω) (in the sense of Remark 3.3).

4. Convergence of the α-Riesz flows

4.1. The α-Riesz potential for α ∈ (0, d) and for α = 0 and α = d. For every α ∈ (0, d)
and for every v ∈ L2(Rd) the α-Riesz potential is formally defined by

(−∆)−
α
2 v(x) := 2

∫
Rd

v(y)

|x− y|d−α
dy , for a.e. x ∈ Rd .

Notice that such a definition coincides, up to multiplicative constants depending on α and d ,
with [26, formula (4), p. 117]. By [26, Theorem 1, p. 119] the above definition is well posed,
and there exists a constant C(d, α) such that

‖(−∆)−
α
2 v‖Lq(Rd) ≤ C(d, α)‖v‖L2(Rd) for all v ∈ L2(Rd) ,

where q = 2d
d−α . Since q ≥ 2, by Hölder inequality, we deduce that

(4.1) ‖(−∆)−
α
2 v‖L2(Ω) ≤ C(d, α,Ω)‖v‖L2(Rd);
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we also notice that, if v ∈ L2(Ω) with v ≡ 0 on Rd \ Ω, then (4.1) is an easy consequence of
convolution’s Young inequality. With a little abuse of notation, for every α ∈ (0, d) and for

every u ∈ L2(Ω) we set (−∆)−
α
2 u := (−∆)−

α
2 ũ .

One can easily check that the α-Riesz potential is nothing but the first variation of the
α-Riesz functionals −J α, i.e., for every u, ϕ ∈ L2(Ω) we have

(4.2) lim
t→0

J α(u+ tϕ)− J α(u)

t
= −〈(−∆)−

α
2 u, ϕ〉L2(Ω).

In analogy with [9, Subsection 4.1], for every ψ ∈ C∞c (Rd) we define the 0-fractional laplacian
of ψ as

(−∆)0ψ(x) :=

∫
B1

2ψ(x)− ψ(x+ z)− ψ(x− z)
|z|d

dz − 2

∫
Rd\B1

ψ(x+ z)

|z|d
dz , x ∈ Rd .

Furthermore, for every u ∈ H0
0 (Ω) we define 0-fractional laplacian of u by duality as

(4.3) 〈(−∆)0u, ϕ〉 := 〈u, (−∆)0ϕ̃〉L2(Ω) , for all ϕ ∈ C∞c (Ω) .

Clearly, the 0-fractional laplacian is the first variation of the functional Ĵ 0 , as shown in [9,
Proposition 3.2].

Finally, for every v ∈ L2(Ω) we set

(−∆)−
d
2 v(x) := 2

∫
Ω
v(y) log

1

|x− y|
dy , x ∈ Rd ,

and we notice that (−∆)−
d
2 : L2(Ω)→ C(Rd) .

It is easy to see that (−∆)−
d
2 is the first variation of the functional −J̃ d defined in (3.6) ,

i.e., that for any u, ϕ ∈ L2(Ω)

lim
t→0

J̃ d(u+ tϕ)− J̃ d(u)

t
= −〈(−∆)−

d
2u, ϕ〉L2(Ω).

4.2. Abstract stability results for parabolic flows. It is well known that, under suitable
uniform convexity assumptions, Γ-convergence commutes with gradient flows. This fact, first
exploited in [6], has been generalized in many respects, such as for instance in metric spaces
[11, 2, 25]. For the specific framework of uniform λ-convex functionals we refer for instance to
[21, 22, 23, 9]. Here, we recall the stability result as appeared in [9, Theorem 3.8], that best
suits our purposes. We start by recalling the notion of λ-positive and λ-convex functions.
Let H be a Hilbert space and let λ > 0 . We say that a function F : H → (−∞,+∞] is
λ-convex if the function F(·) + λ

2 | · |
2
H is convex. Moreover, we say that F is λ-positive if

F(x) + λ
2 |x|

2
H ≥ 0 for every x ∈H .

Theorem 4.1. Let H be a Hilbert space. Let {Fn}n∈N with Fn : H → (−∞,+∞] for
every n ∈ N be a sequence of proper, strongly lower semicontinuous functions which are λ-
convex and λ-positive, for some λ > 0 independent of n . Let {xn0}n∈N ⊂ H be such that
supn∈NFn(xn0 ) < +∞ and xn0 → x∞0 for some x∞0 ∈ H . Assume that one of the following
statements is satisfied:

(a) The functions Fn Γ-converge to some proper function F∞ with respect to the weak H -
convergence. Moreover, the Γ-limsup inequality is satisfied with respect to the strong

H -convergence, i.e., for every y ∈ H there exists a sequence {yn}n∈N with yn
H→ y

such that Fn(yn)→ F∞(y) as n→ +∞ .
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(b) The functions Fn Γ-converge to some proper function F∞ with respect to the strong
H -convergence (as n→ +∞) and every sequence {yn}n∈N ⊂H with supn∈NFn(yn)+
λ
2 |y

n|2H < +∞ , admits a strongly convergent subsequence.

Let T > 0 . Then, F∞(x∞0 ) < +∞ and the unique solutions xn ∈ H1([0, T ]; H ) of the Cauchy
problem

(4.4)

{
ẋ(t) ∈ −∂Fn(x(t)) for a.e. t ∈ (0, T ) ,

x(0) = xn0

weakly converge, as n→ +∞ , in H1([0, T ]; H ) to the unique solution x∞ of the problem

(4.5)

{
ẋ(t) ∈ −∂F∞(x(t)) for a.e. t ∈ (0, T ) ,

x(0) = x∞0 .

Furthermore, if

(4.6) lim
n→+∞

Fn(xn0 ) = F∞(x∞0 ) ,

then, we have that

(4.7) xn → x∞ (strongly) in H1([0, T ]; H ) ,

(4.8) xn(t)
H→ x∞(t) and Fn(xn(t))→ F∞(x∞(t)) for every t ∈ [0, T ] .

4.3. Convergence of the α-parabolic flows as α → 0+. Here we state and prove the
convergence results for the parabolic flows corresponding to the (either scaled or renormalized)
α-Riesz functionals as α→ 0+ . These results follow by applying our Γ-convergence analysis
together with the stability result Theorem 4.1.

Theorem 4.2. Let {αn}n∈N ⊂ (0, d) be such that αn → 0+ as n → +∞ . Let u∞0 ∈ L2(Ω)
and {un0}n∈N ⊂ L2(Ω) be such that un0 → u∞0 in L2(Ω) . Let T > 0; then, for every n ∈ N
there exists a unique solution un ∈ H1([0, T ];L2(Ω)) of

(4.9)

{
ut(t) = −αn(−∆)−

αn
2 u(t) for a.e. t ∈ (0, T )

u(0) = un0 .

Moreover, un → u∞ in H1([0, T ];L2(Ω)) as n→ +∞ , where u∞ is the unique solution of

(4.10)

{
ut(t) = −2dωdu(t) for a.e. t ∈ (0, T ) ,

u(0) = u∞0 ,

and

‖un(t)−u∞(t)‖L2(Ω) → 0 and −αnJ αn(un(t))→ dωd‖u∞(t)‖2L2(Ω) for every t ∈ [0, T ] .

Proof. Recall that, by (1.6), the functionals −αnJ αn are finite on L2(Ω) and, by (1.10)
and Remark 3.2, they are also positive and convex. Furthermore, by (1.11), the functionals
−αnJ αn are continuous with respect to the strong convergence in L2(Ω) . Moreover, for every
u, ϕ ∈ L2(Ω) ,

(4.11) lim
t→0

dωd‖u+ tϕ‖2L2(Ω) − dωd‖u‖
2
L2(Ω)

t
= 2〈dωdu, ϕ〉L2(Ω) .
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Finally, by Remark 2.2, limn→+∞−αnJ αn(un0 ) = dωd‖u∞0 ‖2L2(Ω) . Hence, the conclusion

follows by applying Theorem 4.1 with H = L2(Ω) , Fn = −αnJ αn and F∞(·) = dωd‖·‖2L2(Ω) ,

once noticed that, in view of Theorem 2.1, assumption (a) is satisfied. �

Remark 4.3. For every n ∈ N let un be the unique solution to the Cauchy problem (4.9) and
let u be the solution to (4.10) with −2dωd replaced by 2dωd . Existence and uniqueness of
the solutions for the problems above are consequence of the classical gradient flow theory for
λ-convex functionals (see, for instance, [2, 21] or [9, Theorem 3.2]). It is a natural question if
un converge to u . In the geometric context of characteristic functions this is the case for the
corresponding curvature flows. In the present setting, unfortunately, Theorem 4.1 does not
apply. In fact, on the one hand, compactness can be achieved only in the weak L2 topology,
so that assumption (b) does not hold true. On the other hand, in view of Remark 2.2, the
Γ-limit of the functionals αJ α (as α→ 0+) is −dωd‖ · ‖2L2 only with respect to the strong L2

topology, so that neither assumption (a) is satisfied. More in general, it would be interesting
to detect natural assumptions weaker than (a) and (b) that guarantee convergence for similar
parabolic flows, when the Γ-convergence property holds true with respect to a topology that
is stronger than that for which equicoercivity can be provided.

Theorem 4.4. Let {αn}n∈N ⊂ (0, d) be such that αn → 0+ as n → +∞ . Let u∞0 ∈ L2(Ω)

and let {un0}n∈N ⊂ L2(Ω) be such that supn∈NĴ αn(un0 ) < +∞ and un0 → u∞0 in L2(Ω) . Let
T > 0; then, for every n ∈ N there exists a unique solution un ∈ H1([0, T ];L2(Ω)) of

(4.12)

ut(t) = −
[
− (−∆)−

αn
2 u(t) + 2

dωd
αn

u(t)
]

for a.e. t ∈ (0, T ) ,

u(0) = un0 .

Moreover, u∞0 ∈ H0
0 (Ω) and un ⇀ u∞ in H1([0, T ];L2(Ω)) as n → +∞ , where u∞ is the

unique solution of

(4.13)

{
ut(t) = −(−∆)0u(t) for a.e. t ∈ (0, T )

u(0) = u∞0 .

Furthermore, if

lim
n→+∞

Ĵ αn(un0 ) = Ĵ 0(u∞0 ) ,

then, un → u∞ (strongly) in H1([0, T ];L2(Ω)) and

‖un(t)− u∞(t)‖L2(Ω) → 0 and Ĵ αn(un(t))→ Ĵ 0(u∞(t)) for every t ∈ [0, T ] .

Proof. By (1.13) and (1.14), the functionals Ĵ αn are λ-convex and λ-positive for every λ >
2|Ω| . Moreover, by Remark 1.1, they are lower semicontinuous with respect to the strong

convergence in L2(Ω) . Now, by (4.2) and (4.11), using the very definition of Ĵ αn in (1.12),
we have that, for every u, ϕ ∈ L2(Ω)

lim
t→0

Ĵ αn(u+ tϕ)− Ĵ αn(u)

t
=
〈
− (−∆)−

αn
2 u+ 2

dωd
αn

u, ϕ
〉
L2(Ω)

.

Hence, the stability claim follows by applying Theorem 4.1 with H = L2(Ω) , Fn = Ĵ αn and

F∞ = Ĵ 0 , once noticed that, in view of Theorem 2.3, assumption (b) is satisfied. �
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4.4. Convergence of the α-parabolic flows as α → d−. Here we state and prove the
convergence results for the parabolic flows corresponding to the (either scaled or renormalized)
α-Riesz functionals as α→ d− . Such results follow by Theorem 4.1.

Theorem 4.5. Let {αn}n∈N ⊂ (0, d) be such that αn → d− as n → +∞ . Let u∞0 ∈ L2(Ω)
and {un0}n∈N ⊂ L2(Ω) be such that and un0 → u∞0 in L2(Ω) . Let T > 0 ; then, for every n ∈ N
there exists a unique solution un ∈ H1([0, T ];L2(Ω)) of

(4.14)

{
ut(t) = ±(−∆)−

αn
2 u(t) for a.e. t ∈ (0, T )

u(0) = un0 .

Moreover, un → u∞ in H1([0, T ];L2(Ω)) as n→ +∞ , where u∞ is the unique solution of

(4.15)

ut(t) = ±2

∫
Ω
u(t) dy for a.e. t ∈ (0, T ) ,

u(0) = u∞0 ,

and

‖un(t)− u∞(t)‖L2(Ω) → 0 and J αn(un(t))→ J d(u∞(t)) for every t ∈ [0, T ] .

Proof. By (1.6) the functionals ±J αn are finite on L2(Ω) and, by Remark 3.2, they are also λ-

positive and λ-convex for every λ > 2ωd
(
diam(Ω)

)d
. Furthermore, by (1.11), the functionals

J αn are continuous with respect to the strong convergence in L2(Ω) . Moreover, for every
u, ϕ ∈ L2(Ω) ,

(4.16) lim
t→0

J d(u+ tϕ)− J d(u)

t
= −

〈
2

∫
Ω
udy, ϕ

〉
L2(Ω)

.

Finally, by Theorem 3.1, we have that limn→+∞ J α(un0 ) = J∞(u∞0 ) . Hence, the conclusion
follow by applying Theorem 4.1 with Fn = ±J αn and F∞ = ±J d, once noticed that, in view
of Theorem 3.1(a), assumption (a) is satisfied. �

Theorem 4.6. Let {αn}n∈N ⊂ (0, d) be such that αn → d− as n → +∞ . Let u∞0 ∈ L2(Ω)
and let {un0}n∈N ⊂ L2(Ω) be such that un0 → u∞0 in L2(Ω) . Let T > 0 ; then, for every n ∈ N
there exists a unique solution un ∈ H1([0, T ];L2(Ω)) to

(4.17)

ut(t) = ± 1

d− αn

[
(−∆)−

αn
2 u(t)− 2

∫
Ω
u(t) dy

]
for a.e. t ∈ (0, T ) ,

u(0) = un0 .

Moreover, un → u∞ in H1([0, T ];L2(Ω)) as n → +∞ , where u∞ ∈ H1([0, T ];L2(Ω)) is the
unique solution to

(4.18)

{
ut(t) = ±(−∆)−

d
2u(t) for a.e. t ∈ (0, T )

u(0) = u∞0 ,

and

‖un(t)− u∞(t)‖L2(Ω) → 0 and J̃ αn(un(t))→ J̃ d(u∞(t)) for every t ∈ [0, T ] .

Proof. By (3.7), (3.13), and (3.11), using Remark 3.2, we have that the functionals ±J̃ d and

±J̃ αn are λ-convex and λ-positive for every λ > 4‖k̃d‖L1(Bdiam(Ω)(0)) . Moreover, by (1.11),

the functionals J̃ αn are continuous with respect to the strong convergence in L2(Ω) , and, by
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arguing as in (1.11) one can show that also the functional J̃ d is continuous with respect to the
strong convergence in L2(Ω) . Now, by (4.2) and (4.16), we have that, for every u, ϕ ∈ L2(Ω)

lim
t→0

J̃ αn(u+ tϕ)− J̃ αn(u)

t
=

1

d− αn

〈
− (−∆)−

αn
2 u+ 2

∫
Ω
u(t) dy, ϕ

〉
L2(Ω)

.

Finally, by Theorem 3.4, limn→+∞ J̃ αn(un0 ) = J̃ d(u∞0 ) . Hence, the conclusion follows by

applying Theorem 4.1 with Fn = ±J̃ αn and F∞ = ±J̃ d , once noticed that, in view of
Theorem 3.4, assumption (a) is satisfied. �
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