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SAMER DWEIK

ABSTRACT. In this paper, we consider the BV least gradient problem with Dirichlet condition
on a part I' C 9Q and Neumann boundary condition on its complementary part OQ\I'. We
will show that in the plane this problem is equivalent to an optimal transport problem with
import/export taxes on OQ\I'. Thanks to this equivalence, we will be able to show existence
and uniqueness of a solution to this mixed least gradient problem and, we will also prove some
Sobolev regularity on this solution. We note that these results generalize those in [7], where
we studied the pure Dirichlet version of this problem.

1. INTRODUCTION

The least gradient problem with Dirichlet condition consists in minimizing the total variation
of the vector measure Du among all BV functions « on an open domain Q C R? such that the
trace of u on the boundary is given by a function g € L'(99) (see, for instance, [2, 16, 18, 26]):

(1.1) inf{/ﬂ\Du| : we BV(Q), upg :g}.

The author of [15] proves existence of a solution to Problem (1.1) in the case where g is in
BV (09) and Q is strictly convex. While the authors of [27] showed by a counter-example that
Problem (1.1) may have no solutions as soon as g ¢ BV (02). In addition, a solution may
not exist if ) is not strictly convex. In [26], the authors prove existence and uniqueness of
a solution u to Problem (1.1) provided that g € C(9€2). On the other hand, the authors of
[23, 24, 6] have studied Problem (1.1) but in the case where €2 is just convex. More precisely,
they proved under some strong assumptions on the boundary datum g, that Problem (1.1)
reaches a minimum.

Now, we assume that g € BV (99Q) and d = 2. Then, in [9, 16], the authors prove that
Problem (1.1) is equivalent to the following minimal flow formulation:

(1.2) inf{/|v| v e M(Q,R?), V-ov=0 and v-n=f:=0,¢ on OQ},
Q

where J;g denotes the tangential derivative of g and the divergence condition V - v =
0 and v - n = f on 0 (where n := Rz 7 is the outward normal vector to 9Q and Rz
denotes the rotation with angle § around the origin) should be understood in the weak form
JgVo-dv= [,,odf, forall ¢ € C*(). More precisely, one can show that inf (1.1) = inf (1.2).
Moreover, if u is a solution for Problem (1.1) then v := Rz Du solves Problem (1.2). On the
other hand, if v is an optimal flow for Problem (1.2) such that |v| gives zero mass to the
boundary, then the function u such that v = Rg Du turns out to be a solution for Problem
(1.1). Tt is also well known (see, for instance, [25]) that Problem (1.2) is equivalent to the
following Monge-Kantorovich problem:

(1.3) min{/Q §|x—y|d’y e MT(Q xQ), () gy = ft and (ILy) gy = f_},
1
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where f* and f~ are the positive and negative parts of f. In addition, we note that Problem
(1.3) has a dual formulation, which is the following:

(1.4) sup{/wd(fJr —f7)rwe Lipl(Q)}.

Q
If v is an optimal transport plan for Problem (1.3) then the vector measure v, defined as
follows

1
(1.5) < vy, € >:/Q Q/0 E(1 =tz +ty) - (x —y)dtdy(z,y), forall & e C(Q,R?),

is a minimizer for Problem (1.2). We note also that vy = |v,| Vw, where w is a Kantorovich
potential (i.e. a maximizer of the dual problem (1.4)), since one can show that for any pair
(x,y) € spt(y), w is differentiable in the interior of the transport ray [z, y] and its gradient Vw
is given by the opposite unit direction of [z, y]. In particular, this means that transport rays
cannot intersect at an interior point. In addition, any minimizer v of Problem (1.2) is exactly
of this form v = v, for some optimal transport plan + (we refer the reader to [25] for detailed
proofs of these results). The measure oy := |v,| is called a transport density and it plays a
special role in the optimal transport theory, since it represents the amount of transport taking
place in each region of €. In other words, we have

1
(1.6) <Oy, p >= /ﬂ Q/ o((1 —t)z + ty)|z — y| dtdy(x,y), for all p € C(Q).
X 0

The properties of this transport density o, have been studied in several works. In [14, 25], the
authors proved that o is unique (which means that it does not depend on the choice of the
optimal transport plan ) and it is in L'(£2) as soon as f* or f~ is absolutely continuous with
respect to the Lebesgue measure. On the other hand, the authors of [3, 4, 5, 25] proved that the
transport density o belongs to LP(Q) as soon as f* and f~ are both in LP(Q), for all p € [1, o0].

On the other hand, the least gradient problem with Neumann boundary condition has been
considered in [22, 20]. In other words, the authors studied the following minimization problem:

(1.7) inf{/Q]Du\—/mz/zudHl : ueBV(Q)},

where ¢ € L>®(9€) with [, 1 = 0. More precisely, Problem (1.7) reaches a minimum (which
has to be clearly equal zero) as soon as the datum 1 is small enough, that is ||¢||x < 1 where
the norm || - ||, is equivalent to || - ||z (s0) and it is defined as follows:

||« := sup{fzggb;‘ tu € BV(Q)}.

To be more precise, if ||1)||« < 1 then u = 0 is the unique solution for Problem (1.7) while if
/Y]]« = 1, then there are infinitely many minimizers. If ||¢||. > 1, the minimal value will be
—o0 and so, a solution u does not exist. However, given a bounded function 1 on 0f2 then it
is not clear how to check whether the assumption [[¢]|x < 1 is well satisfied or not! We see
that

1]l < All2hl|oo

where A is the best constant of the Sobolev trace embedding BV (Q) < L'(99) for functions
with vanishing mean value over ). But again, this constant A is unknown.
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In this paper, we are mainly concerned in studying the least gradient problem with Dirichlet
condition imposed on an open connected arc I' C 9€2 and Neumann boundary condition on its
complementary part OQ\I':

(1.8) inf {/ |Du| — YudH' : uwe BV(Q), ur = g},
Q HO\T

where 9 is a bounded function on 9Q\I', g € BV (T') and wp = g is in the sense that there is an
L' extension § of g to OQ such that ujpn = g- Notice that if u is a solution for Problem (1.8),
then u solves the following 1—Laplacian PDE with mixed Dirichlet and Neumann boundary
conditions (see [19]):

V- [BL]=0 in Q,

[Dul
U=4g on I,
“g—“ul-n:¢ on OOQ\I.

On the other hand, we note that the relaxed version of Problem (1.8) is given by the following
(see [18]):

(1.9) inf{/Q|Du|+/F|u—g|—/m\rwud’}-[l : ueBV(Q)}.

However, it is not easy to show existence of a solution to (1.9) since for an arbitrary bounded
function ¢ on OQ\I', the functional may not be lower semicontinuous and so, a solution may
not exist. Yet, Problem (1.8) has been already studied in [7] but in the particular case when
1 = 0. But, we note that it is not immediate to extend the results of [7] to the case of a
general bounded function . Inspired by [7, 16], we will show that Problem (1.8) is equivalent
to the following minimal flow formulation:

(1.10)

inf{/]v|+/ pdx: ve MQ,R?), x € MOQ\T'), V-v=0,v-n=f+x on 89},
Q oD

where f = 0;g and ¢ is a Lipschitz function on 9Q\I" such that ¢ = 9;¢. On the other hand,
we will also show that Problem (1.10) is equivalent to the following import/export optimal
transport problem:

in xr — — : +of
(L.11) f{ | el + /qusd[(nm#ﬂ /m\rd’d“ny)#ﬂ Y NIt f >},

X<

where

H(f, f7):= {7 EMTOQAXxQ): (I)gy = fr+xt, Myey=f+x, xt e M+(8Q\F)}.

In [10], the authors have studied the transport problem from a diffuse measure f+ € M™(Q)
to the boundary 9€2. More generally, the import/export transport problem from/to 02 has
been already considered in [11, 17]. Here, we study the mass transportation problem between
two masses f* and f~ on I' C 9Q (which do not have a priori the same total mass) with the
possibility of transporting some mass from/to the arc 9Q\I', paying the transport cost |z — y|
for each unit of mass that moves from a point = to another one y plus an import tax ¢(x)
for each unit of mass that enters at the point x € 9Q\I' and —¢(y) for each unit of mass
that comes out from a point y € IQ\I'. This means that we can use IQ\I' as an infinite
reserve/repository, we can take as much mass as we wish from 9Q\I' or send back as much
mass as we want provided we pay the import/export taxes.



4 S. DWEIK

Thanks to the equivalence between Problems (1.8), (1.10) & (1.11), we will show existence
and uniqueness of a solution u to Problem (1.8) and, we will also study its WP regularity.
In the particular case 1) = 0, we have already proved in [7] existence of a solution u for this
problem (1.8) provided that I' is strictly convex and g € BV (I'). Moreover, the solution w is
unique as soon as g € C(I"). In addition, there are several Sobolev estimates on this solution
u, under some geometric assumptions on 0f). In this paper, we extend these results to some
class of bounded functions . To the best of our knowledge, all these results of existence,
uniqueness, and WP regularity (with ¢ # 0) are completely new, in the sense that in the
literature there are no results concerning at least the existence of a solution to the mixed least
gradient problem (1.8). As a last interesting point, we mention that most of the proofs in the
general case 1) # 0 are not a mere translation of those given in [7] where ¢ = 0.

This paper is organized as follows. In Section 2, we will prove existence and uniqueness
of a solution u to another (equivalent) version of Problem (1.8) (see Problem (2.1) below)
by showing equivalence with the import/export transport problem from/to 9Q\I'. In Section
3, we will study the Sobolev regularity of this solution by studying the summablity of the
transport density in the import/export transport problem. Finally, Section 4 summarizes
the applications of these results to the least gradient problem with Dirichlet and Neumann
boundary conditions (1.8).

2. ON THE EXISTENCE AND UNIQUENESS OF A SOLUTION TO THE MIXED LEAST GRADIENT
PROBLEM

Throughout the paper, Q C R? is assumed to be an open bounded contractible set with
Lipschitz boundary and I' is an open connected subset of 02. Let g be a BV function on I'
and ¢* be two continuous functions on Q\I'. Then, we consider the following problem:
(2.1)

inf{/ ]Du|+/ ¢" d[&ru]Jr—/ ¢~ d[0-u]” : u € BV(Q), upq € BV(09Q), up = g},
Q AT AO\T

where 0;u denotes the tangential derivative of the trace of u (so, d-u is a measure on 9f2 since
we assume that ujgq € BV (99Q), which is of course not satisfied by any function u € BV (Q)
but here it is an additional constraint on w), [0,u]" and [0;u]™ are the positive and negative
parts of 0-u. The aim of this section is to prove existence and uniqueness of a solution u to
this problem (2.1). The idea is similar to the one used in [7]. We prove some equivalence
between Problem (2.1) and an optimal transport problem. More precisely, we will show that
Problem (2.1) is equivalent to the following minimal flow formulation:

(2.2)

~inf {/]vH—/ ¢+dx+—/ ¢ dxy” :V.o=0,v-n=f+x on 89},
veEM(QR2), xeM@ND) | Ja HO\T BO\T

where f = 0,9, M(Q,R?) is the set of vector measures over Q and, M(9Q\T') is the set of
measures on JQ\I'. On the other hand, we show that Problem (2.2) is also equivalent to the
following optimal transport problem with import/export taxes on 9Q\I' (we note that in [7],
OO\TI" was assumed to be a “free” Dirichlet region which is equivalent to say that ¢* = 0,
while here we have to pay some taxes ¢ in order to import/export masses from/to OQ\I'):

(2.3 inf{ | sl [ NG LSTOR / N LSRR H<f+,f->}.

QxS
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We recall that in [17, 11, 12] the authors have already studied this import/export transport
problem but in the case where the import/export region is the whole boundary 99 and f=*
are two densities in the interior of Q. In the sequel, we will analyse Problem (2.3) in details.
More precisely, we will decompose Problem (2.3) into three classical transport problems: a
transport problem from I' to I', an export transport problem with tax ¢~ from I' to 9Q\I"
and, an import transport problem with tax ¢ from OQ\T to T.

First of all, we need to assume that the pair (¢*, ¢ ™) satisfies the following condition:

(2.4) ¢ (y) — ¢ (z) < |z —vy|, forall z,ye dQ\T.

In fact, this is a natural assumption on (¢, ¢ ™) since it means that we do not need to transport
mass from OQ\I" onto OQ\I'. Thanks to this condition, one can show existence of a solution
to Problem (2.3).

Proposition 2.1. Under the condition (2.4), Problem (2.3) has an optimal transport plan ~y.
In addition, we either have v(OQ\I' x OQ\I') = 0 or ¢ (y) — ¢*(z) = |z — y|, for y—a.e.
(z,y) € OO\ x IQ\T'. In particular, there is always an optimal transport plan ~ such that
YOO\ x 9OQ\T") = 0.

Proof. First, we note that the proof of this proposition is quite similar to the one in [11,
Proposition 2.1] but we introduce it here just for the sake of completeness. Let (vx)x be a
minimizing sequence in Problem (2.3). We define 7% := 7i - Lign\rxao\r)e- It is easy to check
that 4, € II(f*, f~). Moreover, we have

[ de—ulint [ ot - [ o dim)pm)
ax0 OO\ OO\

_  — uld + 1 - ~
(2.5) —Ar m%+ém¢wmmm Am¢wmmm

X
+/ Iz — | + 6" (&) — 6~ ())dn.
AN XIQ\D

Thanks to (2.4), we infer that () is also a minimizing sequence in Problem (2.3). Since
Ve € TI(fT, f7) and Y, (OQ\I x 9Q\I') = 0, then

@ 0) < F7(0) + (D)
Hence, up to a subsequence, 7, — 7, for some v € I(fT, f7). In fact, (I) 27 = fT + x;
and (IIy)xvr = f~ + x;, where XZIE € MT(OQ\I'). And, we see that x;f — x* where
Xt € MT(OQ\I). Then, (I)xy = f+ + x* and (II))4y = f~ + x~. This yields that v
minimizes Problem (2.3) since

/ lx—yld%/ gHdyt — / oy — / Iw—yldw/ ordx - / odx.
ax0 BO\T BO\T ax0 AO\T BO\T

Finally, the second statement follows directly from (2.5), the fact that 7 := v - 1;0\rxa0\1)e
is always admissible in (2.3) and, the optimality of v. [

Let v be an optimal transport plan in Problem (2.3) with v(OQ\I' x 9Q\I') = 0. Let
xt and x~ be the two nonnegative measures on IQ\I' such that (II;)xy = f* + xT and
(Ily)xy = f~ + x~. It is clear that v also minimizes

min{/g ﬁ\x—y\d'y c ()gy = f"+x" and (Hy)#'YZf_+X_}-
X
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Set
(I, T) = yrxr, YT 00\D) = yrxcaavrs YOO\, T) = y00\rxrs
and

v = (IL) 4 (D, 0\D)], v~ = (IL,) 4 [(9\D, )]

Then, we consider the following problems:

@0 win{ [ Jeoyldys (@ = £ vt and (Mg = - v
(2.7)
win{ [ Jo-ylar= [ 6maM)p s (e =vt and spl(in)pn] 0w,
axQ B\
(2.8)
min { / |z —yldy +/ ¢ d(M;)py : spt[(Iy)gy] C OO\ and (IL,)gy = I/}.
axQ A\

Similarly to [7, Proposition 3.3], it is not difficult to prove that the transport plans ~(I',T"),
(T, 00\I') & ~v(0Q\I',T') minimize Problems (2.6), (2.7) & (2.8) respectively (this follows
directly from the linearity of the functional and the fact that v = ~(I',T) + (T, 0Q\TI") +
Y(OQ\L,T)). In order to characterize these two optimal transport plans ~(I',0Q\I') and
Y(OQ\L,T), we define the following multivalued map T+ (notice that T+ is the classical
projection map onto N\ as soon as ¢& = 0):

T*(z) = argmin{|z — y| £ 6T (y) : y € INNT}, for every z € R2.

Now, we introduce the following:

Definition 2.1. Assume that T' C 9. Then, we say that OQ\I' is visible from the arc T' if
for every x € T and y € OQ\I' such that |x,y[NOQ\T = 0, we have |z, y[C Q.

In the sequel, we will say that the assumption (H) holds if and only if we have the following
statement:

(H) I' is strictly convex

and
Q) is convex or the convex hull of T is contained in Q, 9Q\T is visible from T,
and ¢ are A — Lip with A < 1.

Lemma 2.2. Assume that (H) holds. Then, we have |, y[C Q for all y € T*(x). Moreover,
there is a countable set D C T such that Ti is single valued on T\ D*.

Proof. Let D C T be the set of points  such that T~ (z) is not a singleton. For every x € D,
let us denote by Ti(x) and Th(x) two different elements of T~ (z). Let A, be the interior
of the region delimited by [z, Ti(x)], [z, Ta(z)] and OQ\I'. First, we claim that A, C Q with
L2(A,) > 0, where £? denotes the Lebesgue measure on R?. If 2 is convex then we clearly have
A, C Qand £2(A;) > 0 since T is an open strictly convex arc of 9. Now, assume that 9Q\I'
is visible from I and ¢~ is A — Lip with A < 1. Assume there is a point z € [z, T} (z)[NOQ\T.
Then, we have

[z = Th(z)] — ¢~ (T1(2)) < [z = 2| = ¢7 (2).
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Hence,
|z =Ti(x)] < ¢~ (Th(z)) — ¢~ (2),

which is a contradiction since ¢~ is A—Lip with A\ < 1. This implies that [z, 71 (z) [N OQ\" = 0.
Since OOQ\I" is visible from I', then one has |z, Ti(z)[C ©Q (and, ]z, Te(x)[C ). This yields
again that A, € Q and £2(A;) > 0.

On the other hand, we claim that these sets {A,},ep are disjoint. For this aim, we just
need to show that T(z) = {Ti(x)}, for every z €]z, Ti(z)[ and = € T'. Assume that Q is
convex. For all y € 9Q\TI", one has

[z=T1(2)|=¢™ (T1(z)) = [z—T1(z)|—|z—2]-¢" (T1(z)) < [z—y|-|r—2[-¢"(y) <|z—yl-¢~ (y),
where the last inequality comes from the fact that =, z and y are not aligned. Now, assume
that ¢~ is A—Lip with A < 1. If z, 2z and y are aligned, then we clearly have

|z —Ti(z)| = ¢~ (T1(2)) < |z —y| — ¢ ().
But, this implies again that

|2 = Ti(x)] — ¢~ (Ta(2)) < |z =yl — o~ ().
Assume that z, 2/ € T and A, N A, # 0. Then, there is a point z €]z, Th(z)[N]a’, Ty (2)].
But, T(z) = {Ti(z)} = {T1(«')}, which is a contradiction since A, N A, # (. Hence, the
second claim is also proved. Consequently, the set D is at most countable. [

On the other hand, it is clear that the graph of T is closed (thanks to the continuity of
$T) and so, T+ admits a Borel selector function which will be denoted by T*. Now, we are
ready to give a characterization of v(I',0Q\I') and v(0Q\I',T"). More precisely, we have the
following:

Proposition 2.3. The transport plans (Id, T~ )uv"™ and (T, Id)yv~ minimize Problems
(2.7) & (2.8), respectively. Moreover, for ~(I,00\I')— a.e. (x,y), y € T (z) and, for
Y(OD, D)= a.e. (2,9), = € TT(y). In addition, if (H) holds and f* are atomless (i.e.
fE({z}) =0, for all x € T), then v(T,00\T') = (Id, T~)gv" and v(OQ\I',T") = (T+, Id) 4v~.

Proof. Let us prove that for y(I', 0Q\I')— a.e. (z,y), y € T~ (z) (in the same way, we prove
that for v(OQ\I',T')— a.e. (z,y), z € T"(y)). For this aim, assume that this is not the case.
Then, we get

/ -y dpy(T, 9\T)] / 6~ d[(T1,) 4 (T, ONT)] = / (7=~ 6~ ()] Ay (T, BT
axQ O\

QxQ

> [ lle =77 @) - o7 (@) diy (. 0000

QxN

— [ ey T )t = [ 6 Al )l 1))
ax0 OONT

But, this is a contradiction since v(I', 0Q\I') minimizes Problem (2.9) and (Id,T~)xv™ is

admissible in (2.9). This shows at the same time that (Id,T~)xr™ is a minimizer in (2.9).

Now, assume that f* is atomless. Then by Lemma 2.2, for ~(T',0Q\I')— a.e. (z,y), we have

y € T~ (z) = {T~(2)} and so, y(T,0Q\I') = (Id, T")yv*. O

In particular, under the assumption that f* are atomless, we see that ~(I ,OO\I') and
~(OQ\I',T') minimize the following Kantorovich problems, respectively:

‘ . _ o+ ot
(2.9) mm{/gxg [z —yldy : (Lg)gy=v" and (IIy)gy=T,v }
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and
(2.10) min{/Q ﬁ|:U—y|d’y : (Hx)#vagyf and (II,)xy = V}.
X

On the other hand, the key point in the proof of existence of a solution to Problem (2.3) is to
show that there are no transport rays gliding on the boundary. More precisely, we have the
following:

Proposition 2.4. Assume that (H) holds. Then, for y—a.e. (x,y), we have |z,y[C Q. In
particular, the transport density o, associated with v (see (1.6)) is well defined and, it gives
zero mass to O (i.e. 0,[0Q] =0).

Proof. Thanks to (H), it is clear that |x,y[C Q for v(I',T")—a.e. (z,y). From Lemma 2.2,
we also have |z,y[C Q for (T, 0Q\I") (resp. v(9Q\I',T"))—a.e. (z,y). Hence, |x,y[C Q for
v—a.e. (x,y). Recalling (1.6), this implies that o, is well defined and, we have

0,09 = / HY(O0 N [z, y]) dy(z,y) =0. O
002 x 00

It is also possible to show that there is at least one special optimal transport plan v such
that the corresponding transport density o, is well defined and has zero mass on 9€2, without
assuming that the convex hull of I' is contained in € but we need instead to reinforce the
assumptions on ¢T. In the sequel, we will say that the assumption (H') holds if we have the
following statement:

(H') T is strictly convex, 9Q\I is visible from I' and, ¢* = ¢~ is 1 — Lip on 9Q\T.

Proposition 2.5. Assume that (H') holds. Then, there is an optimal transport plan ~ for
Problem (2.3) such that for y—a.e. (x,y), we have |x,y[C Q. In particular, o,[0] = 0.

Proof. Set E := {(z,y) € ' xT" :]z,y[C Q}. Let v be an optimal transport plan in (2.3) with
(Iz)gy = fT+x" and (II) xy = f~ +x . Then, we define v* := (T, F)|E+P; V(T T) ge] +
Py [y(L,T)ge] + (L, 0O\D) 4+ y(9Q\T',I'), where the maps Pt and P~ are defined on E° as
follows:

P*(z,y) = (z,9') such that 3 €]z, y[NIQ\T and |z, y'[C
and

P~ (z,y) = («',y) such that 2’ €]z,y[NONQ\T and |2’,y[C Q.

First, it is not difficult to check that v* € TI(f*, f~). Moreover, thanks to the fact that
¢t = ¢~ is 1 — Lip, we have the following:

/Q el /8 GEICAMER /8 N Carey

= [ o=yl dn@. D [l |+ =y 467 @)= @ AR D [ fo—gldr(T,00\D)
E Ec Q

X

T / e~ yldy(ON\L,T) + / ot dxt — / b dx
axQ O\ AO\D

< [lo=sldb @D+ [ o=/l =yl + =y PAb@ D+ [ o=yl dr(r00D)

Qx

+ / | dy(@D,T) + / o+ dy* — / b dx
axa AO\T AO\T
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< /ﬂ o=+ /a ¢ )]~ /a NELICAN

Yet, we recall that + is an optimal transport plan in Problem (2.3) and so, v* is also a
minimizer. By definition, we have that |z,y[C Q, for v*—a.e. (z,y). But, this yields that
O* [GQ] = 0. O

*

Thanks to Propositions 2.4 & 2.5, one can always find a “good” optimal transport plan
v such that |z,y[C Q, for y—a.e. (x,y) (so, o is well defined and 0,0 = 0), provided
that one of the assumptions (H) or (H’) is well satisfied. Now, we are ready to prove some
equivalence between Problems (2.2) & (2.3).

Proposition 2.6. Assume that (H) or (H') holds. Let v be a “good” optimal transport plan
n (2.3) with (1) gy = [T+ x" and (Ily) gy = f~ + x~. Then, we have the following:

(1) The minimal values of (2.2) & (2.3) coincide, i.e. min (2.2) = min (2.3).
(2) Let v, be the vector measure in (1.5). Then, (v, x) solves Problem (2.2) and |vy|[0Q] = 0.

(3) If (v,x) is a minimizer for Problem (2.2), then there is an optimal transport plan v in
(2.3) such that vy is well defined and v = vy with (Ily)zy = fH+xT and () gy = f~+x".

Proof. We will show statements (1) & (2) simultaneously. Since 7 is a “good” optimal transport
plan, then the vector measure v, (see (1.5)) is well defined. Moreover, (v, x) is admissible in
(2.2) since, for all ¢ € C1(Q), we have

1
< vy, Vi >= /ng/ Vo((l -tz +ty) - (z —y)dtdy(z,y) = /QXQ[@(HJ) —p(y)] dy(z,y)

- / pdl(fF +xH) — (F~+xO)]
o0

Moreover, we have

/|vw|+/ ¢+dx+—/ ¢—dx—:ay<ﬂ>+/ ¢+dx+—/ o dx
Q 8O\l A\ 80\ 9O\

(2.11) :/ ]:c—y|d7+/ ¢+dx+—/ ¢~ dx~ = min (2.3).
axQ AO\T OO\

But, we claim that
min (2.2) > min (2.3).

Similarly to [11, Proposition 2.2], one can show that Problem (2.3) has a dual formulation
which is the following;:

(2.12) sup{ [ o= e elin@, o <6 on aﬂ\r}

If gp is a smooth admissible function in Problem (2.12) and (v, x) is admissible in Problem
(2.2), then we have

/!v\> /Vw dv——/ wd[f+x]:—/s0df—/ sodx++/ edx~
o0 r OO\ OO\
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—/cpdf—/ ¢+dx++/ o~ dy .
r AO\T AO\T

min (2.2) > sup (2.12) = min (2.3).
Recalling (2.11), we infer that min (2.2) = min (2.3) and (v, x) solves Problem (2.2). Now, let
us prove statement (3). Let (v, x) be a minimizer in (2.2). In particular, we see that v solves

Hence,

(2.13) min{/\v| cveM(QR?),V-v=0 and v-n=f+x on 89}.
Q

In order to show that there is an optimal transport plan 7 such that v = v, with (II;)xy =
ST+ xT and (Iy)xy = f~ + x~, the idea will be to adapt the proofs of [25, Theorem 4.13]
or [10, Proposition 2.4]. First of all, we need to introduce some objects that generalize both
o and vy. Let C be the set of absolutely continuous curves w : [0,1] — Q. We call traffic
plan any positive measure @ on C such that (e)xQ = f¥ 4+ xT and (e1)2Q = f~ + x ™,
where eg(w) := w(0) and e;(w) = w(1). Following [10, 25], we define the traffic intensity
ig € MT(Q) and the traffic flow vg € M(Q,R?) as follows:

<iQ,p >= // "(t)|dt dQ(w), for all ¢ € C(Q),
and
<vg,& >=— // E(w '(t)dt dQ(w), for all &€ C(Q,R?).

It is easy to see that |vg| <ig, V-vg =0 and vg-n = f+ x. Moreover, by [10, Lemma 2.2],
if v € M(Q, ]Ri) is such that V-v =0 and v-n = f + x, then there is a traffic plan @ such
that |[v —vg|(2) + ig(2) = |v|(2). Since v minimizes (2.13), then we have

/wz/\vms/i@
Q Q Q

Hence, v = vg and |v| = ig. Thanks to the fact that the pair (v,x) minimizes (2.2) and
(Iz)#[(e0, 1) @) = f + xT and (I1y)4[(eo, e1)4Q) = f~ + x~, one has
min (2.2)

_ /lel +/8Q\F ptdx" — /m\F o dy = /QZQ +/BQ\F ptdxt — /aQ\r ¢~ dx
://1 |w’(t)|dtdQ(w)+/m\F¢+dx+—/m\rdfdx_

> [0 —wijagu)+ [ st [ gma
— [ _lo—slditenen)sQ) + / 6T ML) llene) Q) — [ 67 A l(e0,e1) Q)
axQ O\ OO\D
> min (2.3).

Yet, statement (1) implies that the above inequalities are actually equalities. In particular,
@ must be concentrated on line segments and the transport plan vy := (eg, €1)#Q minimizes
(2.3). Consequently, we have v = vg = v,. O

On the other hand, one can also show some equivalence between Problems (2.1) & (2.2).
More precisely, we have the following:
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Proposition 2.7. Assume that g € BV(I') and let f be the tangential derivative of g (i.e.
f=0:g). Then, we have the following statements:

(1) The minimal values of (2.1) & (2.2) coincide, i.e. min (2.1) = min (2.2).

(2) Let u be a solution for Problem (2.1) with ujpq = g. Set v := Rz Du and X := [0-gljp0\r-
Then, (v, x) solves Problem (2.2).

(8) Moreover, if (v,x) is a minimizer in Problem (2.2) with |v|[0Q)] = 0 then there exists
a BV function u such that v = RgDu and, u turns out to be a solution for Problem (2.1).

Proof. First, we prove statement (1). For every h € BV (9Q\I'), we denote by g, a BV
extension of g to d€ such that g, = h on OQ\I'. Then, we have

inf{ / | D +/ " d[Oru]t —/ ¢~ d[0ru]” : u € BV(2), ujpq € BV(0Q), ujr = g}
Q OO\D OO\

= inf inf Du|:u € BV(Q), ujpq = g +/ *d[0,g +—/ ~d[0,g }
it {we{ [ ou @, g =i f+ [ ot [ o)

But, by [13, Theorem 3.4] and the fact that  is assumed to be contractible and g, € BV (99),
we have the following equality:

inf {/ |Du| : u € BV(Q), ujpq = §h}
Q

:inf{/|v|:v€M(Q,R2), V-v=0 and v-n=f, on OQ},
Q

where fj, := 0,4y, Yet, it is clear that f, = f + x, for some x € M(OQ\T'). Then, we get the
following:

inf (2.1) = inf ){inf{/|v| cv€M(QLR?), V-v=0 and v-n=f+x on 8(2}
)

XEM(OQ\T
+ / ¢t dyt —/ o dx_} = inf (2.2).
AO\T OO\

Now, we prove statement (2). Let u be a minimizer in (2.1) with ujgq = §. First, let us check
that the pair (v,x), where v = RzDu and x = [0;g]jpo\r, is admissible in (2.2). For all

¢ € C1(Q), we have
/R_rrVgo'Du:/ [R_rrV<,0~n]ud’H1:/ u@T@dﬂlz/ wd[0rul.
o o ° 09 09
Yet, 0;u = f + x. Then, we get
/ V- dv= / ed[f +x], forall p € CY(Q).
Q o0

Moreover, we have

Let+ | T / NEOLIeE [ 1pal+ | N / L ol

= min (2.1) = min (2.2).
Then, (v, x) solves Problem (2.2). It remains to prove statement (3). Let (v, x) be a solution
to Problem (2.2) with |v|[02] = 0. Let us extend v by 0 outside €. Set v. = v * p, where
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pe is a sequence of mollifiers. First, it is clear that V - v. = 0. Let u. be a smooth function
such that Vu, = R,% ve. Up to adding a constant, one can assume that fQ ue = 0 and then,

/]uE]d:USC/\Vug|d:E§C/|v|dx.
Q Q Q

el < (€ +1) /Q .

Hence, up to a subsequence, (uc). converges weakly* in BV () to some function u. And, we
have Du = R_xz v. Moreover, ue — u strictly in BV since [vs[ — |v|. Thanks to the continuity
of the trace map with respect to the strict convergence in BV, we get that

we have

Then, we get

/Vg&- [Rz Duj —hm/R Vu - Vgodx:hm [RzVu, - n)odH? —hm Orue o dH*
Q e=0 oo ° 09

= — lim e Orp dH! = —/ uwdrpdH! = / @ d[0,u], for all p € CH(Q).
£=0./50 19) 19)

Yet, v = Rz Du, V-v =0 and v-n = f+ x. This implies that Oru = f 4 x. Hence, up to

adding a constant, one can assume that ujp = g. In addition, u solves Problem (2.1) since

[ 1pal+ | NOECTS / RIS L+ | N / TS

= min (2.2) = min (2.1).
U

Consequently, we get equivalence between Problems (2.1), (2.2) & (2.3). Finally, we are in
a position to prove existence of a solution for Problem (2.1). To be more precise, we have the
following existence result (always under the assumption that (2.4) is well satisfied):

Theorem 2.8. Assume that (H) or (H') holds. Then, there exists a function u € BV (Q)
which attains the infimum in Problem (2.1).

Proof. Let v be a “good” optimal transport plan in (2.3) with (Il;)xy = f* + x* and
(ITy)xy = f~+x~. Thanks to Proposition 2.6, we know that (v, x) solves Problem (2.2) and
vy |[09Q] = 0,[0€] = 0 (recall Propositions 2.4 & 2.5). Hence, by Proposition 2.7, we infer that
there is a BV function u such that v, = RgDu and, this u is in fact a solution to Problem
(2.1). O

Now, we study the uniqueness of the solution w in (2.1). For this aim, we need to restrict
our assumption (2.4). Let us assume that there exists A < 1 such that

(2.14) ¢ (y) — ot (z) < Mx —y|, forall z,yec Q\I.

Under the assumption (2.14), one can prove uniqueness of the optimal transport plan in (2.3).
Then, we have the following:

Proposition 2.9. Assume that (H) or (H') holds and, f* and f~ are atomless. Then, there
is a unique “good” optimal transport plan ~y in Problem (2.3). In addition, Problem (2.2) has
a unique minimaizer.
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Proof. Let v be an optimal transport plan in (2.3). Thanks to Proposition 2.1, it is easy to
see that the condition (2.14) yields that v(9Q\I' x 9Q\I') = 0. Let us decompose again -~y
into y(I', ') := yjpxr, YT, 0Q\D) := yjrxao\r and y(OQ\T,T') := yp0\rxr- Moreover, we set
vt = (IL) £ [y(T,00\I")] and v~ = (II,) 2 [v(OQ\L', T)]. First of all, one can show that there are
two sets AT C I' such that AT are two countable union of connected arcs and v+ = f* .y 4+.
This follows from the fact that 0 < v+ < f* while the set of points which are transported at
the same time to I' and OQ\I" is at most countable; we refer the reader to [7, Lemma 3.8] for
more details. In order to show uniqueness of the optimal transport plan -y, we proceed as in
[7, Proposition 3.9] and so, it is sufficient to show that these three parts of  are all induced
by maps. Indeed, the functional in (2.3) is linear in v and the constraint II(f*, f~) is convex.
This means that if ; and 72 minimize (2.3) then % is aslo a minimizer in (2.3); but this
yields to a contradiction as soon as we prove that the three corresponding parts of any optimal
transport plan v are induced by maps. From Proposition 2.3 and the fact that f* and f~
are atomless, we know that v(T',0Q\I') = (Id, T~ )xv" and v(OQ\I,T) = (T, Id)gv~. It
remains to show that v(I',T") is also induced by a map. Let D C I" be the set of points that
belong to two different transport rays. For every z € D, let us denote by R two different
transport rays from z to I'. Let A, C € be the region delimited by R}, R, and I'. Since
transport rays cannot intersect at an interior point, then we see that these sets {A;}, must
be disjoint with £2(A;) > 0. This implies that the set D is at most countable. Hence, thanks
again to the fact that f* is atomless, we get that fT(D) = 0. In other words, for f*—a.e.
x € I', there is a unique transport ray R, starting at  and intersecting I' at exactly one point
(recall that I' is strictly convex). But, this means that v(I',T") is also induced by a map. The
second statement follows immediately from Proposition 2.6. [

Finally, we are ready to state our result on the uniqueness of the solution w in Problem
(2.1). Hence, we conclude this section by the following (we always assume that (2.14) is well
satisfied):

Theorem 2.10. Assume that (H) or (H') holds. Then, the solution u of Problem (2.1) is
unique provided that g € C(T).

Proof. Let u be a minimizer in (2.1). Thanks to Proposition 2.7, we know that the pair (v, x),
where v = Rz Du and X = [0-u]jpo\r, is a minimizer in Problem (2.2). On the other hand,
since g € C(I') then f = 0;g is atomless. But so, by Proposition 2.9, (v, x) is the unique
minimizer in (2.2). This implies that the solution u of Problem (2.1) is also unique. [

3. SOBOLEV REGULARITY ON THE SOLUTION OF THE MIXED LEAST GRADIENT PROBLEM

In this section, we study the WP regularity of the solution u in Problem (2.1). Thanks to
Proposition 2.7, this is equivalent to study the LP summability of the optimal flow v in (2.2)
or equivalently, the LP summability of the transport density o in Problem (2.3) (i.e. between
fT 4+ xT and f~ + x~, where x* represent the import/export masses on OQ\I'). We recall
that studying the LP summability of o between two singular measures (i.e. if f* ¢ LP(Q)) is
a delicate question! However, the authors of [9] proved that the transport density o, between
two measures f* on 0, is in LP(Q) as soon as f* € LP(99) with p < 2 and Q is uniformly
convex. Moreover, they introduced a counter-example to the LP summability of o for p > 2.
Yet, they also showed some LP estimates on o for p > 2 provided that f* are smooth
enough. Anyway, in Problem (2.3), the measures x* and x~ are unknown and so, it is not
clear whether xy* € LP(OQ\I') or not. Before proving our LP estimates on o, we need to
introduce the following:



14 S. DWEIK

Definition 3.1. We say that I' C 0Q is uniformly convex if there exists R < oo such that,

for every x € T' and every unit vector n in the exterior normal cone to 1 at x, we have
I' C B(z,R) with z=x — Rn.

In the sequel, we will always assume that (H) or (H') holds, f* are at least in L'(T") (so,
f* are atomless) and (2.14) is well satisfied. Hence, by Proposition 2.9, we know that the
optimal transport plan v in (2.3) is unique. Let us decompose again ~ into three parts:
~(,T), v(T,0Q\I') and v(0Q\I',T"). In addition, let o(I',T"), o(I",0Q\I') and o(9Q\I',T") be
the transport densities associated with y(I",T"), v(I", 0Q\I') and v(0Q\I',T'"), respectively. If o
is the transport density associated with -, then it is clear that ¢ = o(I',T") + o(I', 0Q\I") +
o(OOQ\I',I"). Thanks to [9], we have the following:

Proposition 3.1. Assume that T' is uniformly convex. Then, the transport density o(I',T)
belongs to LP(Q) provided that f+ € LP(T) with p < 2 or f* € CO%*(T') with 0 < o < 1 and
p = 2 (with p = oo for a = 1). Moreover, o(I',0Q\I') (resp. o(0Q\I',T)) is in LP(S2)
as soon as ft € LP(T) (resp. f~ € LP(T')) and p < 2. In particular, o € LP(Q) as soon as
freLP(l') and p < 2.

Proof. First, we recall that o(T',T") is the transport density between f™ — v+ = f*. x4+ and
f~—v" = f~ - x4 (where AT C T are two countable union of connected arcs). Hence,
thanks to [9, Proposition 3.3], o(T,T') belongs to LP(f2) provided that f* € LP(T') and p < 2.
Moreover, by [9, Proposition 3.5 & Remark 5.10], one can show that ¢(I',T") is in LP(2) for
p > 2assoon as f* € COYT) with a = 1— 123' On the other hand, o(I", 0Q\I') is the transport

density between v+ and T, v*. So, again by [9, Proposition 3.2 & Remark 5.10], o(I", 0Q\I')
belongs to LP(2) as soon as f+ € LP(T) and p < 2. Similarly, we have o(0Q\I',T) € LP(Q)
provided that f~ € LP(T') and p< 2. O

Now, we will try to extend our LP estimates on the transport density ¢ to the case p > 2.
Recalling Proposition 3.1, we just need to study the L summability of o(I', 0OQ\I") (it will be
the same for o(9Q\I',T')). We recall that o (T, 9Q\T') is the transport density between vt and
T;;VJF. In the sequel, we will denote by I'* C T' the set of points « such that TF(x) is not an
endpoint of OQ\I'. Then, we have the following:

Proposition 3.2. Assume that spt(vT) C T't, 9O\ is CY1, ¢t is A—Lip with A < 1
and, ¢t € CHL(OO\T). Hence, the transport density o(I',0Q\T) is in LP(Q) provided that
vt e LP(T), for all p € [1,c0].

Proof. First of all, we mention that the proof of this proposition is similar to the one in [7,
Proposition 4.7]. Recalling the definition of the transport density (1.6), we have by Proposition
2.3 that

1
<o(l,00\I'), p >= /F/O (1 =tz +tT (2))|x — T (x)|dtdvT(z), for all ¢ € C(Q).

Fix xo € spt(vT). Let Ty C I't be an arc around zg. Let a(s) := (s,a(s)), s € [—¢,¢], be a
parametrization of the image of I'g by T~ and, 5(s) := (51(s), 82(s)) be a parametrization of
Ty such that «(0) = &/(0) =0 and T~ (8(s)) = a(s), for every s € [—¢,¢]. Now, let A be the
set of all the transport rays [3(s), &(s)], s € [—¢,¢]. For all y € A, we see that there exists a
unique pair (s,t) € [—¢,¢]| x [0,1] such that

y=((1=1)p1(s) + ts, (1 —t)Ba2(s) + ta(s)).
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For all ¢ € C(A), we have

o(I, OQ\D),  >i= / / 1—1)B1(s)+ts, (1— 1) Ba(5) +ta(s)) 1(s) |3'(s)| v (B(s)) dt ds,

where
I(s):=|B(s) —a(s)|, Vse€l—¢ce]
Hence,
(T, OO\T), o >= /Q ) Iﬁ’f(>! Vt)*(ﬁ(s)) dy, forall € C(A),
where

J(s,t) == | det[D(s ) (51, y2)]| = (Bi(s) — s, Ba(s) — a(s)) - [(1 =) (—Ba(s), Bi(s)) +H(—/(s),1)].
Then,

[(s) |B'(s)| v (B(s))
L, 00\D)[y] =
o(I,00\D)ly] ji
Now, we claim that there is a uniform constant C' (which does not depend on ¢) such that
)| < ¢, Thanks to [8, Lemma 2.1], we have

J(s,t)
B =00 .
B —at ~ e @ )= /1= Bt (@(5))? nl@ls)),

where n(a(s)) is the unit exterior normal vector to OQ\I" at &(s) and 7(&(s)) := R_xz [n(a(s))]
is the unit tangent vector to IQ\I" at &(s). Hence, it is easy to see that we have the following
inequality:

(3.2) (B1(s) — s, B2(s) — a(s)) - (—« > /1 — A2 dist(spt(v 1), 9Q\I).

, for a.e. y € A.

(3.1)

Let ((r) := (B1(r), B2(r)), 7 € [—0, 6], be a smooth parametrization of I'y such that \B/| =1
and ﬁNll > 0. For every s € [—¢,¢], let r(s) € [0, 6] be such that T (3(r(s))) = a(s). Thanks
to the fact that (H) or (H’) holds, it is not difficult to see that there is a uniform geometric
constant ¢ > 0 such that

(3-3) (B1(s) — 5, Ba(s) — a(s)) - (=Ba(r(s)), B1(r(s))) = e

Assume that T as well as its image by T~ and ¢™ are smooth. Then, we claim that the map
s+ r(s) is Lipschitz. Hence, combining (3.2) & (3.3), we infer that

J(s,t) > c[(1 —t)r'(s) +t].

Consequently,

(3.4) ‘ﬁls("’t))‘ < 0_1% < 2¢~ max{r'(s), 1}.

On the other hand, thanks to [11, Proposition 2.2], it is well known that the dual problem of
(2.9) is the following:

(3.5) sup{/wdl/+ :w € Lip;(Q), w=¢" on 8Q\F}.
r
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We recall that v = (Id, T~ )xv™ is the unique optimal transport plan in (2.9). Moreover, the
Kantorovich potential w in (3.5) is clearly given by the following:
w(z) = min{|z — y| + ¢*(y) : y € OO}, for every z € T.

Now, we see that

(3.6) (B(r(s)) —a(s)) - Rz[Dw(a(s))] =0, for all s € [—¢,e].

Thanks to [8, Proposition 2.2, Lemma 2.1 & Lemma 2.3], w is C? on 9Q\I' and, we have the
following:

Duw(é(s)) = Dw(a(0)) + D*w(a(0))(a(s) — a(0)) + o(|a(s) — a(0)))

Duw(a(0) —<T¢+ 0)),/1 - 86+ (a(0 )

Let us denote by k the curvature on 9Q\I'. Then, by [8, Proposition 2.2], we also have the

and

following;:
D?w(&(0))
_ K(&(O)) 1- 0,67 (@(0))’ 0,6+ (@(0)y/1 - 0,0t (a
1 0,04(@(0)? |—o,.6+(a (0)y/1-dr6+(@ T¢+< (0))”
where

— /1= 0:6+(6(0))28(a(0)) — 92,6F(G(0)) + Bud™ (@(0))(a(0)).
Hence, one has

(&
Du(a(s)) = ) e [ [1 - 9rg* (a(0)) s
V1= 00+ @(0)?] 1 0ot @on” |- L6 (@(0)y/1 - 00+ (a(0))* s

99" (a(0)) — K(a(0))s + o(s) ]

+o(s)

: {Vl = 0:6*(a(0))” + =S80, 6+(8(0)s + ofs) |
By (3.6), we get

[s — Bi(r(s))] I:\/l — 87(25-&-(&(0))2 + K(a(0)

)
V1 - 8,6+ (@(0))?
+ [Balr(s)) — a(s)] [arqﬁ*(&(o» - K(&(O))s} +ofs) = 0.

0.6 @(0)s|

Therefore,

s — 0:6* (a(0)) 1(0) — 5,(0) r(s)] W 1 - 0,6* (al0))? +

K (a(0))
V1 - 0,6+(@(0)?

0-¢7(a(0))s
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V1= 206G 10) + F(00r() ~ a(s)| |06 @(0) ~ K@(0)s] + o(5) =0,

Then, we get

N 1= 0,6+(a(0))2(1 - K(a(0 K@) T¢+<&<0>>21<0>}3
\/1— 8, ¢+ (a(0
00,64 @(0) K <&<0>>$+K(
\/1— 0, ¢+ (&(0))?

- [B&(W 1~ 0-¢+(6(0))*F5(0)0-¢* (&(0)) + &<o>>6’2<o>s} r(s)

+o(s)
Hence, we have

s+ o(s).

o(s) = L= 09T (@0 — K(&(0)10)
BLO/1 — 8:67(8(0)% — F5(0)2: 6 (6(0))

By (3.3), we have
BL00/1 - 0,6+(a(0))~F(0)0,6* (a(0)) = ( 0r 6™ (@(0)), /1 - 9,6 (a )-(—B’2<o>,5’1<o>>
— Du(a(0)) - Rz [F/(0)] >

Recalling (3.4), we get that

) 20_1< 10,47 (a(0)" ~ K@O)U0) 1) <C
I(5.1) B1(0)y/1 - 0,07 (a(0))? = Fy(0) 8,6+ (&(0))
Therefore, we get
/ py+ s)P
(I, 0\D)|[2, / / o EAC S'ﬂ B 4145

£

(BN L i ) p
= [ [ () s @laas < o0 [ G861 = g,

Hence,

o (T, 0\D)| o) < CIIf Loy
O

Consequently, under the assumption that (H) or (H') holds and (2.14) is well satisfied, we
have the following:

Proposition 3.3. Assume that T is uniformly conver, spt(f*) c I't, 9Q\I' is CY1, ¢F are
A—Lip with A < 1 and, ¢ € CHYOQ\T). Then, the transport density o is in L?(Q) as soon
as f£ € L*(T') and, o € LP(Q) for p > 2 provided that f* € C%*(T') with p = {Z-. In
particular, o belongs to L=(Q) if f* are Lipschitz on T.

Proof. This follows immediately from Propositions 3.1 & 3.2. [

Finally, we conclude this section by the following Sobolev regularity on the solution u of
the mixed least gradient problem (2.1).
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Proposition 3.4. Assume that T is uniformly convex. Then, the solution u of Problem
(2.1) belongs to WHP(Q) as soon as g € WHP(T) with p < 2. In addition, assume that
spt([0-g]F) € TF, OO\T is CYY, ¢F are A—Lip with A < 1 and, ¢+ € CHL(OQ\I). Then,
u € WH2(Q) provided that g € WY2(T). Forp > 2, u € WHP(Q) as soon as g € C1(T) with
p= % And, u is Lipschitz as soon as g € CHY(T).

Proof. Thanks to Proposition 2.7, the pair (v := RgDu, X = [8771,]‘8(2\1“) is a solution to
Problem (2.2). Yet, by Proposition 2.6, |v| is nothing else than the transport density o in
Problem (2.3). Hence, Propositions 3.1 & 3.3 conclude the proof. [

4. APPLICATIONS TO THE LEAST GRADIENT PROBLEM WITH DIRICHLET AND NEUMANN
BOUNDARY CONDITIONS

In this section, we apply all the results of the previous sections to prove existence and
uniqueness of a solution u to Problem (1.8) and, to give WP estimates on this solution w.
First, we consider the following problem:

(4.1) inf {/ | Du| — YpudH! : ue BV(Q), ujpo € BV (0Q), ur = g}.
Q 9O\

This is exactly Problem (1.8) but with the additional constraint ujgq € BV(952). Let v :
[0, L] — OQ\I" be a unit parametrization of IQ\I" and ¢ € L>°(0Q\I'). Then, we introduce
the following constant:

(1 e(s)) ds|
v = { S Ty 0 S <L)

Hence, we have the following results:

Theorem 4.1. Assume that T is strictly convex, OQ\T is visible from T', g € BV(T') and, v
is a bounded function on OQ\I' with Ay, < 1. Then, Problem (4.1) reaches a minimum.

Proof. First of all, we define the Lipschitz function ¢ on OQ\I" such that 1) = 0;¢ as follows:

l
s(1(1)) = /O W(v(s))ds, for all 1 € [0, ).

Then, we see that Ay, < 1 implies that ¢ is a 1—Lip function on 0Q\I'. Indeed, we have the
following:

l2
¥(v(s))ds

51

[9(y()) — ¢(v(l2))| =

By integration by parts, we have

inf{/ | Dul —/ YudH' : ue BV(Q), upq € BV(0Q), ur = g}
Q A\

< Ayly(ln) — ()]

(4.2)

- inf{ [1Dult [ 6oman oL g((L)) u € BV(Q), uan € BV (OK), ur = g}.
Q 4O\

Thanks to Theorem 2.8, we see that Problem (4.2) has a solution u, which turns out to be

clearly a solution to Problem (4.1). O

In the following example, we will show that if the assumption that Ay, < 1 is not well
satisfied, then a solution to Problem (1.8) does not exist. More precisely, the minimal value
is not finite!
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Example 4.1.1. Let Q be the bounded domain with T := {(z1,22) : 22 + 23 = 1, 15 > 0},
OOI := [-1,1] x {0} and g = 0 on I'. Fiz ¢ > 0, then we set ¢ = (1 + €)X|j0,1]x{0}
and, let ¢ be such that v = 0;¢. It is clear that Ay = 1+ ¢c. For every n € N, we define
vp i=n < —1,0 > 'H|1[0,1]x{0}' Then, we see that vy, is admissible in Problem (2.2) since we
have

/vn Vi = n/ Vi(z)- < =1,0 > dH'(z) = n[p(0,0) — ¢(1,0)] = / et = xal,
Q 0,1]x{0} 09
for all ¢ € CY(Q), where x;} := nd,0) and X, =ndg). Moreover, we have the following:

Ll [ odhe =) = nlt +6(0.0) = 6(1,0)] = —=n > —cx.
Q O\
Then, inf (2.2) = —oo. Recalling Proposition 2.7, this also implies that inf (2.1) = —oco. In
particular, inf (1.8) = —oo and so, a solution u for Problem (1.8) does not exist!
On the other hand, we have the following uniqueness result:

Theorem 4.2. Assume that T' is strictly convexr, OQ\T is visible from T and, ¢ € L>®(0Q\I")
with Ay, < 1. Then, Problem (4.1) has a unique solution provided that g € BV (I') N C(T").

Proof. This follows immediately from Proposition 2.10. 0
In addition, we get the following Sobolev regularity on the solution w:

Proposition 4.3. Assume that T' is uniformly convex, OQ\I' is visible from T' and, ¢ €
L®(OO\T) with Ay, < 1. Then, the solution u of Problem (4.1) is in WHP(Q) as soon as
g € WYP(T) with p < 2. In addition, assume that spt([0,g]F) C TF, OQ\T" is C*! and, 9 is
Lipschitz. Then, u € WY2(Q) provided that g € WY2(T'). For p > 2, u € WP(Q) as soon as
g € CH(T) with o =1 — %. In particular, u is Lipschitz as soon as g € C1(T).

Proof. This follows immediately from Proposition 3.4, using the fact that ¢ = 0;¢. O

Finally, it remains to show that Problems (1.8) & (4.1) are completely equivalent. We recall
that Problem (1.8) is given by

inf{/ | Du| — YudH' : uweBV(Q), uyr = g}.
Q HO\T
Let u € BV(Q) such that ujpg = g where g =g on I'. Let (§n)n C BV (09) be such that

gn=g on I'and §, — § in L'(0€). Thanks to [1], we may find a sequence (wy,), in BV (£2)
satisfying

- - N - 1
Wn|pQ = 9n — 9 and / |Dwn| < / \gn—g|+*-
Q o0 n

Now, set u, := u+ wy,. It is clear that u, € BV (Q) with u,, = g, on 9. So, u,, is admissible
in (4.1). Moreover, we have the following

] [ 1wl = [ 1pul
Q Q

/]Dun]—/ wund’Hl—>/ | Du| — YudH?!.
Q HO\T Q HO\T

5 ~ 1
S/!Dwn\g/ |Gn — 9] + —.
Q 0 n

Then, we have
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Hence, we get that

inf{/ | Du| — YudH! : ue BV(Q), U|F:g}
Q HO\T

< inf {/ | Du| — YudH! : ue BV(Q), upo € BV (09), ur = g}.
Q OO\

Yet, it is obvious that the other inequality also holds. Then, we infer that Problems (1.8) &
(4.1) have the same minimal values, i.e. inf (1.8) = inf (4.1). In particular, we get immediately
the following existence result:

Theorem 4.4. Under the assumptions of Theorem 4.1, Problem (1.8) admits a solution u.
Moreover, the trace of w is in BV (0%2).

In addition, we claim that if the assumptions of Theorem 4.2 hold and u solves Problem
(1.8), then we must have ujgq € BV (0€2). Thanks to Theorem 4.2, this will imply that the
solution u of Problem (1.8) is unique as soon as g € C(T"). The rest of the paper is dedicated
to proving this claim. Fix u a solution in (1.8). Let €’ be an open bounded domain containing

Q such that 9Q NIV = IO\T, g € BV (2'\Q) be a function with trace g on T and, @ be the
BV extension of u to ' with @ = g on Q'\Q. First, it is easy to see that

/\Dur</ D@a+o)— [ podi,
D

for any function v € BV (') such that spt(v) C Q\I'. For every s € R, we define the super-level
set Fs :={x € ' :a(x) > s}. Then, we claim that

(1.3 [ 1oxil < [ DG+l = [ woant,
o o T
for any function v € BV (Q') such that spt(v) C Q\I'. Yet, if (4.3) holds, then we clearly have
(4.4) Per(E,) — / Y dH! < Per(E) — / W dH!,
E,NOQ\T ENOQ\I

for all E C Q' such that EAE, C Q\I'. In particular, we have
(4.5) Per(Es) < Per(E),

for all E C @ such that FAE, C Q. Hence, if o is a connected component of the level set
OF; in Q, then by (4.5) « must be a segment [z, ys]. Now, assume that ys := y(I*) is an
interior point of OQ\I" (i.e. 0 < * < L). Let € > 0 be small enough such that B(ys,e) NT" = (.
Set zs 1= [zs,ys] N OB(ys,€). Recalling (4.4), it is not difficult to see that depending on the
monotonicity of g at the point x4, we either have

|zs — ys| + P(ys) < |zs — Y()| + ¢(v(1)), forall 0 <1< L,

or
|25 = ys| = &(ys) <[z =D = 6(7(1)), forall 0 <1< L.

Hence, we either have y; = T"(z) or ys = T (zs). Since u(ys) = g(zs), this implies
that ujgo\r € BV (OQ\I') with [0,u[(OQ\T') < [0rg[(I'). Finally, it remains to prove (4.3).
For this aim, the idea will be to follow the proof of [2, Theorem 1]. Fix r € R, then we
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define u; := max{a — r,0} and ug := min{a,r}. We see that u; + uz = @ and, we have
Jor |Dut] + [o [Dua| = [, |Da|. Hence, we get

[ipwi+ [ (pusl = [ pil < [ D@+l [ peant
Q/ Q/ Q/ Q OO\

§/ \D(u1+v)|+/ | Dug| — YodH!
o o AO\T

/ Du1|§/ ]D(ul—l—v)\—/ wvd'Hl,
o o O\

for any function v € BV (') such that spt(v) C Q\I'. In the same way, we see that we also

have
/Dqug/ |D(ug +v)| — YudH!.
9% 9% OO\

Hence, for s € R and £ > 0, we infer that the function u,. := 1 min{max{@ — s,0},¢} also

satisfies
/ ’Dus,z-:’ < / ’D(us,s‘i‘?})‘ — w?)d%l,
o o O\

for any function v € BV (') such that spt(v) C Q\I'. If £L2({z € Q' : 4(x) = s}) = 0, then it
is clear that us. — xpg, in L'(€'), when ¢ — 0. Moreover, we see that Use|po\r — XEs| 90\T
in L'(OQ\I'). If £2({x € ' : @(x) = s}) > 0, then there will be a sequence s, — s with
sn < s and L2({z € O : a(z) = sp}) = 0, for all n. Yet, it is easy to see that xp,, — Xz,
in LY(Q) and XEop ooar — XEsjoo\r D LY(OQ\T'), when n — oo. But, we also know that

and so,

Us, e = XE,, N LY(Q') and Usn | g\T > XEsn| 0\T in L'(0Q\I'), when ¢ — 0. Hence, by
a diagonal argument, we infer that there is a sequence of functions {u.} with u. — xpg, in
LY(Q), Ue| 9\I — XEs| oo\ 11 LY(0O\TI') and such that, for every e, we have

(4.6) /]Duelg/ |D(ue + v)| — YodH!,
9% 9% OO\T

for any function v € BV (') such that spt(v) C Q\I'. Now, in order to pass to the limit in
(4.6) and get (4.3), we will adapt the proof of [21, Theorem 3]. Let A be a set such that
OO\l C A, A C Q\I';, AN Q is open, spt(v) C A and, such that the following holds:

lim |ue — xE,| =0.
e=0 Joanqy

For each €, set v. := [xg, +v —uc|xa. It is clear that v. € BV (') and spt(v:) C Q\I'. Hence,
we have

(4.7) /|Du€|§/ |D(u5—|—v5)|—/ v dHY.
o o OO\T
Yet,

D(u. +v.)] = / ID(ue + [xe, + v — uelxa)l
Q Q

=/ \D(xEs+v>+/ \Dusw/ IXE. — tl
QO'NA ’\A OANQY

wved#:/ Y xp, dH! + YodH! — Yue dH.
AO\T AO\T AO\T

and

OO\
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Recalling (4.7), we get

(4.8) /|Dug|</ |D<xEs+v>|+/ |Du5|+/ |><Es—u5—/ ¥ xp, dH!
nA NA HANSY O\

- YvodH! + ue dHL.
AO\T AO\T

Consequently, we have
[l [ e o= [ veants [ sl [ b )dH
Q'NA Q'NA OO\I' OANY OO\

Hence,

liminf/ | Due| §/ |D(xE, +v)| —/ YudH!.
=0 Jona ANQY OO\

But, ue — xg, in L'(Q'). Then, by the lower semicontinuity of the total variation, we have
/ |Dxg,| < liminf/ |Du|.
wnA =0 Jana

/ \Dmrs/ Dlxs, +0) — | wodk.
Q'NA Q'NA 8Q\F

So, we get that

This concludes the proof of our claim (4.3). We finish this paper by recalling then the following
results:

Theorem 4.5. Under the assumptions of Theorem 4.2, the solution of Problem (1.8) is unique
provided that g € BV (I') N C(T).

Theorem 4.6. Assume that T is uniformly convex. Let u be the unique solution of Problem
(1.8). Then, we have

g€ WHP(T) = u e WHP(Q), for all p < 2.

In addition, assume that OQ\I' is OV, + is Lipschitz and, spt([0,g]F) C T'F, where T C T
is the set of points x such that TT(x) is an interior point of OQ\I'. Then, we have the
following statements:

g€ WH(T) = u e WH2(Q),
g - Cl’a(r) = uc Wl’%(g)v Va 6]07 1[7
g € CH(T) = u € Lip(Q).
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