ON THE FORMATION OF MICROSTRUCTURE FOR SINGULARLY PERTURBED
PROBLEMS WITH 2,3 OR 4 PREFERRED GRADIENTS

JANUSZ GINSTER

ABSTRACT. In this manuscript, singularly perturbed energies with 2, 3 or 4 preferred gradients subject to
incompatible Dirichlet boundary conditions are studied. This extends results on models for martensitic mi-
crostructures in shape-memory alloys (N = 2), a continuum approximation for the J; — J3-model for discrete
spin systems (N = 4), and models for crystalline surfaces with N different facets (general N). On a unit square,
scaling laws are proven with respect to two parameters, one measuring the transition cost between different
preferred gradients, the other measuring the incompatibility of the set of preferred gradients and the boundary
conditions. By a change of coordinates, the latter can also be understood as as an incompatibility of a variable
domain with a fixed set of preferred gradients. Moreover, it is shown how simple building blocks and covering
arguments lead to upper bounds on the energy and solutions to the differential inclusion problem on general
Lipschitz-domains.

1. INTRODUCTION

We consider a singularly perturbed energy for 2,3 or 4 preferred gradients and study the formation of
microstructure for incompatible boundary conditions in terms of scaling laws for the minimal energy. More
precisely, we consider the energy

(1.1) By n(u) :/ dist(Vu, K., ) dz + 0| D%ul((0,1)?),
(0,1)2

where o > 0, N € {2, 3,4} and the set of preferred gradients is defined by K, n = {e”‘””% :k=0,...,N — 1}

for v € (—m, w]. Our main result concerns a scaling law for the minimal energy subject to incompatible boundary
conditions with respect to o and ~.

Proving scaling laws for the minimal energy has been proven useful to explain the formation of patterns in
a variety of problems in which the energy is non-quasiconvex and identifying the minimizers by analytical or
numerical methods is not possible, c.f. [34]. Often the formation of patterns is related to the competition of a
part of the energy that favors rather uniform structures and a non-quasiconvex part of the energy that favors
oscillations on fine scales. Constructions of good competitors for the upper bound often involve branching
construction that refine in a self-similar manner. A non-exhaustive list of references where this technique
has been successfully applied includes (2,6, 7,10, 16,17, 20, 25, 32, 37, 44] for martensitic microstructure, [36,
38] for compliance minimization, [12, 13, 26,27, 28, 33, 40, 41, 46] for micromagnetism, [11, 14, 24] for type-I-
superconductors, [3,4,5,19] for compressed thin elastic films, [23,25] for dislocation patterns and [30,31] for
helimagnets.

Energies of the form (1.1) appear in different contexts. For N = 2 and v = 7/2 the energy (1.1) reads as

/ |01u|? + min{|0y + 1|, |Oau — 1]}? dx + | D*u|((0,1)?),
(0,1)?
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which is a variant of the energy studied by Kohn and Miiller in [35] for pattern formation in shape-memory
alloys, see also [17,49]. In particular, in [49] it is shown that
(1.2) min  FE, /29(u) Nmin{1702/3}.
1(0,-)=0 e

Here, the term of order 1 corresponds to very uniform configurations such as u = 0, whereas the bound of order
02/3 can be shown by a self-similarly refining branching construction.

For N =4 and v = 7/4 the energy (1.1) is a variant of the energy that appears in certain parameter regimes
(after appropriate rescaling) as the continuum approximation of the discrete J; — Js-model

Foalp) = —a > (i) - o(4) + > (i) - o(5)
i, €€Z2N(0,1)2:]i—j|=¢ i,j€€Z2N(0,1)2:]i—j|=2¢
associated to a spin field ¢ : €Z2 N (0,1)% — S*, see [15,30] for the heuristic argument and [29] for a rigorous
derivation via I'-convergence. A corresponding scaling law is studied in [30] which reads as
(1.3) min FE, /44 ~min{l,o(|logo|+1)}.
u(0,)=0 "7

Again, the term of order 1 is associated to rather uniform structures such as u = 0, whereas the bound
o(|logo| + 1) corresponds again to a self-similarly refining branching construction. However, the scales of the
construction are very different from the one for N = 2. In particular, in contrast to N = 2, for N = 4 it is
possible to construct branching configurations such that (up to an interpolation region of order o) Vu € K, /4 .

For general N the energy functional (1.1) is very closely related to the (small slope approximation of the)
free energy of a faceted crystalline surface in R? with N different facets parameterized by z = u(z, y)

2
F,lu] = /W(Vu) + %|Au|2 dxdy,

where W has N distinct minima in S*, see, for example, [48] and the references therein. Typically, replacing the
term o|D?u|((0,1)?) by o2 f(o,l)g |D?u|? dedy does no qualitatively change corresponding scaling law results,
see [49] and [45]. Hence, up to replacing the Laplacian by a full Hessian it is to be expected that the scaling
law results presented in this paper are also valid for F, above (c.f. also the discussion in [30]). A study of the
dynamics of Fy, coarsening rates and simulations can, for example, be found in [47,48].

For general v € (—m, x|, the energy (1.1) can by a simple change of variables alternatively be written as

/ dist(Vu, Koo n)? + 0| D?ul(Q,),
Q

Yo~
where Q.,—~ evolves from (0,1)? by a counterclockwise rotation with angle 7o — . Hence, our studies can
be understood as a generalization of the scaling laws (1.2) and (1.3) (cf. [35,49] and [30]) either to different
domains or to a different set of preferred gradients.
Our main result is the following scaling law

{min{ sin(7)[2, | sin(y) [ + 0,023 sin(7)[}  if N =2,

min EU, N (u) ~ . . log .
u(0,)=0 "7 min {| sin(y)|%, o (%)} if N =3,4,
where the range of v is by symmetry considerations restricted to the interval around 0 such that |sin(y)| <

|sin(y 4+ 225)|, 0 < k < N — 1. The first term |sin(v)|? corresponds for all N to a uniform structure, i.e.,

u(x,y) = x. The second term for N = 2 still corresponds to a rather uniform structure, where the function u
behaves as u(x,y) = x close to © = 0 and has one transition to u(x,y) = — cos(vy)x — sin(y)y shortly after, see
Figure 1. For the last term, branching structures play a role. The corresponding upper bounds can be proven
using variants of the self-similar constructions for v = n/2 (N = 2) and v = 7/4 (N = 4), for a sketch see
Figure 3 for N = 2 and Figure 6, 8 and 7 for N = 3,4. Similarly to before, there are significant differences
between the constructions for N = 2 and N = 3,4, mainly stemming from the fact that for NV > 2 it is possible
to construct self-similarly refining competitors such that (up to a small interpolation region) Vu € K, n. For
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N = 2, this is not possible as Vu € K, y implies that u is constant in direction e +i7/2  This is also reflected
in the different scaling laws for N = 2 and N = 3,4. It is to be expected that a similar behavior a for N = 3,4
is also true for N > 4. It would then be interesting to understand the scaling behavior with respect to the
number of preferred gradients N.

Additionally, for N = 3,4 we discuss how upper bounds can be constructed using simple building blocks and
covering arguments. More precisely, the structures of K, n allow us to construct functions u : T'— R (where
T is a (rotated) square if N = 4 or a particular triangle for N = 3) such that v = 0 on 0T, Vu € K, n a.e.
and |D?u|(T) < C (see Figure 9), c.f. also [8,9,18,22,39,42,43] and the references therein for constructions
in the significantly more complicated vectorial setting. Then simple covering arguments allow us to construct
upper bounds on more general domains and give rise to solutions of the differential inclusion v = 0 on 92 and
Vu € K, n. Similarly to [43] (c.f. also [30]), by interpolation inequalities regularity of these solutions can be
established in certain fractional Sobolev spaces.

In the following, we will fix notation and state the precise model under consideration. In Section 3 we will
present our main results and discuss the organization of the proofs.

2. NOTATION AND SETTING OF THE PROBLEM

We will write C or ¢ for generic constants that may change from line to line but do not depend on the problem
parameters. We write log to denote the natural logarithm. We write A ~ B for A, B € R if there exists a
universal constant C' > 0 such that %A < B < CA. For the ease of notation, we always identify vectors with
their transposes. Moreover, we will identify C with R? and denote by e; and e, the two canonical basis vectors
for R2.

For a measurable set B C R™ with n = 1,2, we use the notation | B | or £"(B) to denote its n-dimensional
Lebesgue measure. In addition, for B C R? we write conv(B) C R? for its convex hull and int(B) for its interior.
For v € [-m, 7] and N € {2,3,4} we set

Koy = {em % 0<i< N1} CR2
The set of admissible functions is defined as
A= {ueW"?((0,1)%) : Vue BV((0,1)?), u(0,-) =0}
For o >0, N € {2,3,4} and 7 € [—m, w| we consider the functional E, , n : A — [0,00) by

By (1) = / dist(Vu, K., ) dz + o | D?u | (Q).
(0,1)2

The expression |D?u|(£2) in the second term of the functional E, ., y denotes the total variation of the vector
measure D?u. By symmetry considerations it will be enough to consider the angles v € [—m/2,7/2] such
that |e” - e5| = |sin(y)| is minimal within the set K, y i.e., v € I'y, where I'y = [-7/2,7/2] for N = 2,
'y =[-7/6,7/6] for N =3, and I'y = [-7/4,7/4] for N = 4.

Note that u € A in particular implies that v € W11((0,1)?) and Vu € BV. Hence, u has a continuous
representative on the closed square [0, 1], see e.g. [23, Lemma 9]. We will always identify such functions with
their continuous representatives.

For an open set B C R? and u € W1?(B) with Vu € BV (B), we use the notation E, ., y(u; B) for the energy
on B, i.e.,

Esyn(u;B) = / dist*(Vu, K, y) dx + o|D?u|(B).
B
In addition for z € (0,1), I € (0,1) and u € A

Esqyn(ui{z} x I) = /Idist2(Vu(x, y), Ky n) dy + 0|0 Vu(z, -)|(I).



4 JANUSZ GINSTER

Note that since Vu € BV ((0,1)?) this formula makes sense for almost every = € (0,1) in the sense of slicing of
BV -functions, see [1]. Similarly, we write for y € (0,1) and u € A

Esyn(u I x{y}) = /Idist2(Vu(:c,y),K%N) dx + o Vu(-,y)|(I).

Eventually, we define for B C (0,1)? open with Lipschitz boundary the set
Ao(B) :={ue W"*(B): Vue BV(B), u=0ondB}.
3. MAIN RESULT
Our main result is the following scaling law for the minimal energy.
Theorem 3.1. There exists constants C, ¢ > 0 such that for all ¢ > 0 and v € I'yy it holds:
(1) If N =2 then
cmin {02/3| sin(y)| 4+ o, 0 + [sin(y)[?, | sin(’y)|2} < umeiﬂEa"y’N(u)

<Cmin {o*/3|sin(7)| + 7,0 + [sin(3)[*, | sin(+) 2} .
(2) If N =3 or N =4 then

1
cmin {0 (|0z‘¥‘)|| + 1) , |sin(’y)|2} < miﬂEgmN(u)
ue

[og sin(y
. | logo | ) . 2}
<Cminqo| ————+1],]|sin .
o (gl 1) 150

The proof of the theorem is split into different sections. Bounds that are valid for all N € {2,3,4} are
collected in Secion 4. Specific upper and lower bounds for N = 2 are proven in Section 5. The lower bound for
N = 3,4 can be found in Proposition 6.3 in Section 6. The corresponding upper bound is shown in Proposition
6.4 in Section 6.

Below, we identify the different regimes that appear in the bounds in Theorem 3.1.
Remark 1. (1) We note that it holds for v € T'y
e if o > |sin(y)|? then
min {02 |sin(3)| + o, + [sin(y)[*, [ sin(1)|* } = |sin(y) %
o if [sin(y)|® < o < |sin(y)|? then
S0+ sin()f) < o <min {o%3|sin(3)| + 0,0 + [sin(x)[?, | sin(3) P}
<o + |sin(7)[%;

o if o < |sin(y)[® then

1
5 (@ sin(3)| + ) < 0*/3|sin(y)| <min {0 sin(7)] + o, + [ sin(3) ", sin(7) [}

<o*/?|sin(y)| + 0.
Hence, we find that
| sin(y)|? if o > |sin(7)
min {023 [sin(3)| + 0,0 + [sin(3)[*, [ sin(1)]*} ~ { o if [sin(y)> > o > [sin(y) P,
|sin(y)|o?/3 if |sin(v)]®> > o.

2,

(2) For N = 3,4 and v € T'y it holds
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e if o > |sin(y)|? then

sin)? = min o (BT 1) s

e if o < |sin(y)|? then

g | |logo/lsin)P | __|sin(y)l*
[log|sin(y)[[ 7 [|log[sin()|[ T o |log[sin(7)]|
. . 2 . 2
i@/l [sin(" _ 5 lsin)] ’
o | log|sin(r/4)| | clog2

since the mapping ¢ — m is increasing for ¢ € (0,1). Hence, it follows
1 | logo | 1 []sin(y)[? |sin(y)> 4 . )
o180 ) <2 (ERF ) L IEWE 2
100<|10g|sin(7)||+ <so( ) <+ po < [sin(y)|

and consequently,

. | logo | ) . 2} 1 ( | logo | >
min<o | ———— + 1] ,|sin(y > —0|l—+—7"7"7—~-+1]).
{7 (et 1) 190} > 157 (g

In particular, we have

min {a <|IOW|)II + 1) : |Sin(7)|2} ~ {Lskn(7)1L10| if o > |sin(y)[?,

Additionally, we also consider for N = 3,4 the minimization problem subject to u = 0 on 8(0,1)2. In this
situation the scaling laws for N = 3 or N = 4 differ due to different incompatibilities of K, nx with respect to
the full boundary of (0, 1)2.

Theorem 3.2. There exists constants C, ¢ > 0 such that it holds for all v € T'y

i |log o] )} . . { < |log o >}
cmingl,o | —————+1 < min Esr4(u) <Cmin<l,o| —————— +1 .
{ (| log [sin(7)] | weAstibaysy Bora(®) Mog [ sin(+)] |
Moreover, it holds for all v € I'g

cmin{l,o (|logo|+1)} < mgl Es~3(u) < Cmin{l,o(|logo|+1)}.
u€ Ao

Upper bounds can be shown by means of optimal coverings with suitable building blocks. The same arguments
lead to upper bounds and solutions to the differential inclusion problem on general Lipschitz domains.

Proposition 3.3. Let N = 3,4 and Q C R? a Lipschitz domain. Then the following hold:
(1) There exists a constant Cq > 0 such that

in B, Q) < 1 1).
LA AN (159) < Cao (|logo| +1)

(2) There exists u € Wy (Q) such that Vu € BVio.(; K, n) and Vu € W59 for all 0 < s < 1, g € (0, 00)
satisfying % > s.

The proofs are discussed in Section 7.
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4. PRELIMINARIES

We first show the energy bounds that are true for all N € {2,3,4}. The argument in the lower bound are
closely related to the ones in [30, Lemma 5] (c.f. also [31]).

Proposition 4.1. There exists ¢4 > 0 such that for all v € Ty, N € {2,3,4}, it holds
camin|sin(7)[?, 0} < min By, (u) < [sin(7)]
Proof. Step 1: Upper bound. Consider u : (0,1)? — R defined by u(z,y) = cos(y)z. Then
Egpyn(u1) < [cos(y)er — e[? = [sin(y)[*.
Step 2: Lower bounds. Let u € A. Without loss of generality, we may assume that it holds Ey, n(u) <

4 min{|sin(7)|?, 0} (otherwise there is nothing to show). By a standard slicing and Fubini-type argument, we
find Z,y1,y2 € (0,1) such that yo — y1 > 1/2,

1
/ dist(Vu(s,yi),K%N)2 ds + o0 Vul((0,1) x {y;}), < 4E; v ()
0
1
and / dist(Vu(z, 1), Kyn )2 dt + 0|0Vl ({7} x (0,1)) < Eyy x(u).
0

In particular, there exists ¢ € (0,1) and ¢ € K, y such that [Vu(t,y;) —¢| < %Ts' sin(7y)|. Additionally, it holds

101 Vul((0,1) x {y1}), 101 Vu|((0,1) x {y2}),]8:Vu|({z} x (0,1)) < 2E,  n(u) < 5. Consequently, it holds for
almost all s € (0,1)

—

7 1
[sin(y)|+ = < — <

\Vu(s,yl) _5‘7‘VU(Say2)_€|a|vu(ivs) §| < 12 \/*

=

\F

Since the distance between different points in K., y is at least v/2, it follows for almost all s € (0,1) that

[Vu(s,y1) — &| = dist(Vu(s, y1), Kyn),
‘V’U,(S,yg) - €| = dlbt( ( ) Y2 ) )a
and |Vu(z, s) — &| = dist(Vu(z, s), K )

Then we estimate using u(0,-) =0

z

[u(Z,y2) — u(Z,y1)| < /0 |O1u(s, y2) — &1| + [O1u(s, y1) — &i] ds

1
< / dist(Vau(s, ya), Koy ) + dist(Vau(s, 1), Ky v ) ds
0

1/2 1/2

< </1dist(Vu(s,y2),K%N)2d3> + </01dist(Vu(s,yl),K%N)st)

0

<A\ Eqqn(u).
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[sin(7)[/(1 + cos(v))

FIGURE 1. Sketch of the construction with an energy of order |sin(v)|? 4+ o for v < 0.

On the other hand,

/ " Opu(z, ) — €2 + £2 ds

Y1

‘u(ja y2) - u(jaylﬂ =

v

1 1
gl = [ dis(Tu(a. o). K, ) ds
1/2

1
> %|sin(’y)| - (/0 dist(Vu(z, s), K, n)? ds>
> LJsin(y)] = —|sin(+)| > +|sin(y)|
=5 Y \/4_8 Y =2 4 Y

where we used the definition of I'y for the second inequality. Consequently, we find

2

1 . 1 . .
Frv(@) 2 g5 lsin(1)[? 2 <o min{o, | sin(3) P}

5. THE 2-GRADIENT PROBLEM

In this section we prove the scaling law for N = 2 claimed in Theorem 3.1. The additional upper in the
regime o < |sin(v)|® is proven using a variant of the celebrated Kohn-Miiller branching construction developed
in [35], c.f. also [21,49]. The lower bound uses a variant of the argument from [17], c.f. also [21,49].

Proof of Theorem 3.1 for N = 2. Step 1: Upper bounds.
First assume v € [—7/2,0] (v € (0,7/2] can be treated analogously) and consider the function u : § — R
defined by (see also Fig. 1)



8 JANUSZ GINSTER

—sin(y)

FIGURE 2. Left: Sketch of the building block for the branching construction on S, for N = 2.
Right: Sketch of the gradient of the function uy used to moderate between the sawtooth
functions (in vertical direction) achieved by the branching construction and the boundary
condition u = 0 on the line conv{(— cos(7),sin(v)), (0,0)}. This construction is used if 0 <
v < 7/4 is relatively small. The red and green regions indicate that the y-derivative is £1,
respectively.

where v = (—sin(y), 1 + cos(y)). Then

Eoya(u) < £2 ({(2,9) € (0,1 : (2,9) -0 < 0}) [er — ¢ + 204" ({(,9) € (0,1) : (w,9) - v = 0})
< O(|sin() + o).

For the second inequality, note that |e; — e?|? = |1 — cos(y)|? + | sin(7)|? < C|y|* + |sin()]? < C|sin(y)|?.
Moreover, note that £2 ({(z,y) € (0,1)?: (z,y) - v < 0}) < %(S’QY‘) < |sin(y)].

By Remark 1 and the upper bound in Proposition 4.1, it remains to show that there exists u : (0,1)2 — R such
that B, ,2(u) < C|sin(v)[e?? if o < |sin(y)|>. In the following, we will assume 0 < v < Z (v < 0 can be
treated similarly). We first present a modified version of the self-similar Kohn-Miiller branching construction,

see [21,35,49], on the domain (see Figure 3 for a sketch)

s =em{ (i) () 0)- (0) -

i.e., we will construct a function v : S, — R such that v = 0 on the line conv { <_SICI(1)(S§3)> , (8 } and
gl

Eqr/2,2(u; Sy) < C| sin(y)|o?/3. We will need two slightly different constructions for 0 < v < T and
respectively, see Figure 3. As in the original construction, we fix for the proof some 6 € (%l, %)

Step 1a: Branching on S, for v € (0,7/4]:
Consider the building block for the branching construction w, : (6,1) x R — R defined for (z,y) € (0,1) x
(0,sin(y)) as (see Figure 3)
y if 0 <y < SO 4 gin(y) 20
. z—0 sin(7y) ¢ sin(y) . z—0
-y + Sln(’)/) 2(1-0) ‘|s‘ ( 2)7 if : 4(’Y) + Sln('y??é(l(—_)e) <y<
y+sin(y)gigy — T if TP <y < S —sin(y)
. . 3sin(y)
—y + sin(y) if =25

upy(2,y) =

X

—sin(y) 555 <y < sin(y).

and extended sin(v)-periodically in y. Note that u(6,y) = 2u(1,2y) and u(-,0) = u(-,sin(y)) = 0.
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o . . 0 —cos(7) 0 . e
Additionally, define the function ug : conv { <0> , ( sin(y > (sm( )> } =: A, — R as (see Figure 2)

y+sin(y) if y > sin(y) — ;égé?,z) (2 + cos(7)).

)
sin(1) : sin(y)
(z.) = {C%( yrty  ify< smify) Seosty) (€ T+ €08(7)),

Now, let K, M € N be fixed. Then we define the function uk : S, — R as follows (see Figure 2):
(1) Let 0 <m < M — 1. Then define for (z,y) € (1 — ¥ cos(v),1) x (msll\;(v), (mHJ)jlnh))

1
uk (z,y) = Mubb(laMy)'
(2) Let 0<k<K,0<m<M—1, ae{o 1}* and

m /cos ., cos
(v,y) € <9k+1 — cos(y Z a2k 9 — —cos Z a2 " A;’Y))

k . .
/SIH m . _ . S1 _ . s1n
(Sm " Z“’“’Tk T[ sin(y) + Y a2k ]\(47) w2 z\(;))'

k'=1 k'=1

Then define

1 ’ S
uK(x7y) = M2_kubb <9—k (l‘—f— %COS(’Y) + Z aer—k Cojbwm> ,ZkMy> .

(3) Let 0< k< K,0<m<M-—1,ac{0,1}*¥ and
k

<x,y>€(9’“*l—§$cos<v>—Zaw-k’m(”—2-’“-1‘308%'““ 7 oslr) — 3 a2 )>

M M
k=1 k=1

M
. k .
o sin(y _p_psin(y) m . _p sin(y ok sin(7y
( sin(vy) + k? 1 2" + 2 i sin(vy) + k?_l a2 >

Then define ux constant in z-direction as
1
K(I7 y) = MQikubb(aa 2kMy)

(4) Let a € {0,1}X+1 0 <m < M — 1 and

K+1 cos( ) m K+1 cos(7)
(x,y) € (—cos Z ap 27k LoRFL i cos(v) — Z —k 2 >

k'=1 k'=1

R sin(y & sin(y sin(7y)
K’ K’ —K-1
X sm k? 1 a2~ sm )+ k? ] B2 + 2 .

Then define ux constant in z-direction as
1
K(xa y) = M2_Kubb(9a QKMy)
(5) Let £ € {0,...,28+1M — 1} and
14 —cos(7) L+1  [(—cos(y) 14 —cos(7) 1 0
) < conv{ sty (Camey’ ) 3evnsg (i) )37 (o)) * 27 (st}
Then we define

1 ko 1 14 .
x(z,y) = M2 E=Lug <2K+1M (x + MCOS(7)> 25 (y ~ SRHI] sm(v))) .
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F1GURE 3. Sketch of the Kohn-Miiller type branching constructions. Top: Sketch of the regions
appearing in the definition of ugx in (1) (brown), (2) (blue), (3) (beige), (4) (pink), and (5)
(orange) on the domain S,. In the regions (1) and (3) the function is constant in z-direction.
Middle: Sketch for small v. The interpolation between the boundary values and the branching
construction uses an extension to region (4) which is constant in x and the function uy as a
building block in region (5). The regions with doux = 1 is colored in red, the region with
Ooug = —1 is colored in green. Bottom: Sketch for large ~. In region (4) a linear interpolation
in z to ug = 0 is used. Then ug is the extended by 0 into region (5). The regions with
Ooug = 1 is colored in red, the region with dyux = —1 is colored in green.
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ug (-, sin(y)) = 0 and ug (—t cos(y), tsin(y)) = 0 for all t € (0,1).

0) =
Moreover, we estimate using that cos(y) > ¢ ( /4) > 0, d1u = 0 a.e. in regions (1), (3) and (4), and drug €

{£1} a.e.
(5.1) / (Oru)? + min{|dsux — 1], Do + 1]}2 dady
s,
< =1 9\~ o) 2 Lk 2
7;:0W(4 ) ./ (Orupy(z,y))” dedy + 2 Aw(awa(%y)) dxdy
<C 1 sin(y)? + i2_K_1 sin(y)?
- M?2 M
and
(5.2) |D?ugc|(S,) < |0202urc|(Sy) + 2|0201ur|(S,)| + |0101uk |(S-)

Eventually, choose M =

[o

K+1 K+1
<C (Z M2R6% + K +1+sin(y)K + Y 27767* sin(y))

k=0 k=0

<C(M+K+2 50 %sin(y))
< C (M + K +2%sin(v)) .

“1/35in(y)] < 207 '/3sin(y) and K such that K = [log(U “nh))] < 27 Psiny)

log(2) log(2)

(recall that o < sin(7y)?). It then follows from (5.1) and (5.2)

By joa(usc: S5) :/ (Oruxe)? + min{|dsusc — 1], [duxc + 1)) dady + 0| D?urc|(S,)

S,

<C (02/3 sin(y) + 0'/32 K sin(7)? + 0 K + 02 sin(’y))

<Co?/3sin(y).

Step 1b: Branching on Sy for v € (nw/4,7/2]:
Next, consider § < < 7. Again, fix K, M € N. In the regions (1), (2), (3) we define the function ur : S, — R
as before. Precisely (see Figure 2),

(1) Let 0 < m < M — 1. Then define for (z,y) € (1 — 2 cos(y), 1) x (Z=520) (milsin())

M

1
K(x7y) = Mubb(la My)

(2) Let 0< k< K,0<m<M—1,ac{0,1}* and

m /cos / COS
(v,y) € (9’”1 — cos(y Z a2k 9 — —Cos Z a2 " ]\?I))

X ( sm

Then define

K(I7y)

k'=1 k'=1

k . .
Z a2 sin(y %sin(v) n Z a2 s1r]1\(47) " 2_;g81r]1\(;)> .

k'=1 k'=1

k
1 /7
= Ly, <9k ( S Ay)) ,my) |

k'=1



12 JANUSZ GINSTER

(3) Let 0< k< K,0<m<M-—1,ac {0,1}¥ and

k

- m eos() o kacos(y) et e
(z,y) € (9 i cos(y) — Z g2 W 2 7,0 cos Z ag2 %

k'=1

k=1 k=1
Then define

1
UK(':Ea y) = MQikubb(ea QkMy)

However, in this case we simply use linear interpolation in x to a vertical interface in region (4) and then extend
ug by 0 in region (5). Precisely:

(4) Let a € {0,1}5+1 0 <m < M — 1 and

& cos(7y m P cos()
(z,y) € (— cos(y Z a2k HK'H cos(vy) — Z ap 27" i >

M M
k'=1 k'=1
R sin(y) m pEa rsin(y sin(7y)
K s Z K’ —K-1
(sm + E a2~ M + a2~ +2 Vi )
k=1 k'=1
Then define
pas cos(y)\ 1
=g K1 + Y a2 — 27Ky (0,25 My).
ug (z,y) (m — cos(y pa 1ak i Vi upp (6, Y)

(5) Let £ € {0,...,2K+1M — 1} and

) o { sty (i) (i) awvear (o)) + awiear (snt) |-
Then we define

ug (2,y) = 0.
We only compute the energy contributions from the regions (4) and (5). The contribution in (4) for the term
o|D?ug| can be estimated by a term of the form Co(M256K + 1), whereas the other term can be estimated

by C((40)~% M =2 sin(v)3 + 6% sin(v)) since the building block wuyy, is bounded by sin(v). Additionally, in region
(5) we obtain an energy less than Q*Kﬁ. Hence, we find

/ (Orux)? + min{|Bougc — 1], [daure + 1]} dady + o] D2usc|(S.)
S.

~

1 1
<C<+2 KM+9K>+CU(M+K+2K)

1 1
<O +27K— M + 2K
_C<M2+ M+o( + ))

Then choose M = (Jﬁl/gw and K = 10%02(721)/3 < 2%

(2 It follows that

Eqr/22(uk; Sy) = / (Orun)? + min{|Oeun — 1|, |Oun + 1|}? dody + o|D*un|(S,)

.
< Co?/3 < 0o*Psin(y),
since m/4 <~y < w/2.
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eivHin/2

FI1GURE 4. Sketch of the construction of the test function w in Step 1lc. The purple area extends
T, and is a rotated version of S,. In this region, we use a rotated version of the branching
constructions from Step la and 1b in the proof of the upper bound of Theorem 3.1 for N = 2,
Step 1 in the proof of Proposition 6.4 (N = 4) and Step 2 in the proof of Proposition 6.4
(N =3).

Step 1c: Branching on (0,1)2:
Define the set
T, ={(z,y) € (0,1)*: (z,y — 1) - " < 0}.
Let w : S, — R be the function from step la or 1b according to the case v € (w/4,7/2] or v € (0,7/4],
respectively. Note that w(z,sin(y)) = 0 for all x € (— cos(v),1). Then we define (see Figure 4)

’U/({E7y): elﬁy(xay_l) lf (av,y) ¢T’yy

w(R’)’(‘T7y71)) if (l',y) ET’W

where R, is the rotation by the angle 7/2 —~. Using step 1, we obtain that
Egno(u) < Eg r22(w; Sy) +40 < C| sin(v)|0?/® + 40 < C|sin(y)|o?/3,

where we used that o'/3 < |sin(7)|.

Step 2: Lower bound:
Let v € A and assume for simplicity —7/2 < v < 0. Again, note that for o > |sin(y)|® the lower bound
was already shown in Proposition 4.1, c.f. Remark 1. Hence, we assume that o < |sin(y)[3. Now, let ¢ :=
1o1/3|sin(v)| 7t < 1/4, € := €7 and £+ == €+™/2. Then find a € (¢, 1) such that (see Figure 5)

Egn2 (4 (0,120 {(0,y) + 7€ 1y € (a—t,a),r € (0,1)}) < 4t By o(u).
Let us write S := (0,1)2N {(0,y) +réL 1y € (a—t,a),r € (0,1)}. Now, we write for € (0,1/2)
Ly ={a+r& +s6:s€(0,sin(y)[t)} C 8.

| 3
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SL

F1GURE 5. Sketch of the choices made in the proof of the lower bound in Theorem 3.1 for
N =2.

Then find by a slicing and Fubini-type argument r € (0,1/2) such that
(5.3) / dist(Veu, K, )2 dH! + 010V ul(Ly) < 2By 2(u: S) < (8) By o(u).
L,

Now one of the following options holds true:

(1) dist(Vu, Ky n) = |Vu — | almost everywhere on L,,
) dist(Vu, K, n) = |[Vu + £| almost everywhere on L,
) 10eVu|(Ly) > 1/4,

) dist(Vu, K, n) > 1/4 almost everywhere on L,..

o

If (3) or (4) hold true, we obtain from (5.3)

2
3
(4

(5.4) min{c /4, |sin(y)[t/16} < 8tE, ~.2(u).
Let us now assume that (1) holds true (case (2) can be treated similarly). By the triangle inequality we obtain
Lo SR 2 .
1(| sin(v[t)” = i (Ly)” < min lu—=¢&- (2,y) = cllerw,) + llullzaz,)-
On the other hand, we estimate using Poincaré’s inequality
min [lu(z,y) — € (2,9) = clrrz,) < (sin()OI0%u(z, y) = U,
< (Isin(0)[6)* 2| Vul(@, y) = &l 2,y < VB(| sin()[6)* /2 By 2(u)/?
and
lull gz, < 18erullracs) < (Isin(y)[6)2 ] dist(Va, Ky w225y < 2(Isin(y)[6)/ 262 By 0 ()2,

Consequently, we obtain

. . .
Eoy,2(w) > g5 min|sin(~)], |sin(y)[*#*}.
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Together with (5.4) this yields

1
Fo () 2 o min{ot™!, [sin(y)], | sin(7) 1 o*/3]sin()|,

= 2048
since | sin(y)| > | sin(y)|? > | sin(y)|o?/3. O

6. THE 3- AND 4-GRADIENT PROBLEM

6.1. The lower bound. We split the proof of the lower bound into different steps depending on the size of
|'sin(y)|. The general strategy is similar to the one used in [30], c.f. also [31].

We start with proving the lower bound for all relatively large (in absolute value) angles v € T'y. Here, the
term |log |sin(7y)|| in the denominator of the lower bound will not play a role as it is uniformly bounded.

Proposition 6.1. Let N = 3,4 and 9 € I'y with 9 > 0. Then there exists a constant cg > 0 such that for
all v € T'g with |y| > 79 it holds

min E, 4 n(u) > cg min{o(|logo| +1),1}.

ucA
Proof. Let u € A. We fix ap = min{sin(~p),cos(w/4),1/16} and ¢; = ;g"ﬁ < 1. We assume that E, , n(u) <

([logo| 4+ 1),1}. Otherwise there is nothing to show
Let 0 < s < c;. Then find an interval I C (0,1) of length 2 such that

8s
E,n(u;(0,1) xI) < EEUMN(U)

1
and /dist(Vu(s,t),K%N)th—&—o|82Vu(s,~)|(I) < ? (/ dist(Vu(s, 1), K., ) dt + o/0:Vu(s, ) (0, 1)).
I 1 0

Then one of the following three conditions has to hold on I:

(1) 102Vu(s, )|(I) = §

- 4’
) 3¢ € K, n such that [Vu(s,t) — & <  for almost all ¢ € I,

(2
(3) [, dist(Vu(s,t), Ky n)?dt > |1].
If (1) or (3) is true, we obtain

/Idist(Vu(s, t), K, n)?dt + 0|02Vu(s,-)|(I) > min{o /4, |I|/16}.

Lastly, we assume that (2) is true. By the triangle inequality, we observe (recall that |§3] > sin(vg) by definition
of FN)

[0 7o) . .
I|I| < Tcﬂelﬂg 12y — C”Ll(I) < lu(s, ')HLl(I) + Tcﬂelﬂf{l u(s,y) — &2y — CHLl(I)-

Let us first assume that <2|7]* < [Ju(s,)||r1(r). We estimate

S
%m? < /|u(s,t)| dt < / /dist(Vu(s,t),K%N)dtds + 5|1
I o JI
< Epyn(u; (0,1) x T)Y26M21V2 4 g)1).
By the definition of ¢; it follows s < §¢|I|. Consequently, we obtain

1/2
Qo 2 1/2 1/2( )
1" < E, I 1],
L1 < By ()21 (22)
which in turn yields
1/2

1
|I| < Eyqyn(u) < %min{l,a(“oga\ + 1)},

80}/2 - 128
ie., s < S min{l,o(|logo|+1)}.
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On the other hand, if S¢|I|* < minceg [|u(s,y) — &2y — ¢|L1(1) We estimate using Poincaré’s and Hélder’s
inequality

TP < min llu(s,y) = Sy — el

< U] |02uls, y) — &l

1/2
< |12 (/ dist(Vu(s,y),K%Nfdy) :

Here, we used that (2) implies that [Vu(s,t) — &| = dist(Vu(s,t), K, n) for a.e. t € I. It follows that

2
X011 < /dist(Vu(s,y),K%Nfdy.
64 ;

Combining the cases (1), (2) and (3) we obtain for all § min{1,o(|logo|+1)} <s< ¢

1
8|I] (/ dist(Vu(s,y), Ky.n)? dy + 0|92Vu(s, )|(0, 1)) > /dist(Vu(s, y), Ky n)? dy + 0|02 Vu(s, ) |(I)
0 I
>
mln{4 64| |}
Consequently, we find

c1 1
By (u) > / (/ dist(Vu(s,y), Ky n)* dy + 0102 Vu(s, )| (0, 1>) ds
< 0

& min{1,0(] logo|+1)}

cy 2
(6.1) 2/ min {010 Qg } ds
L min{1,0(|logo|+1)} 325’ 512

Let us first assume o < o0y for some fixed 0 < o9 < 1. In addition, note that 5‘% > ‘;‘23 ‘;12[; for all s > 6210
Consequently, (6.1) implies that

a? (@ c10
Epv(u) 250 / 97 s
K 32 C—la(|10ga|+1) 32s
L
1024
>claolog(2)

— 2048

o (|loga| +log(2) —log(|log o] + 1))

o (|log o] +1)

if o is small enough.
On the other hand, assume o > og. Then we it follows from (6 1)

c1
. (00 0
E, > 70 A min{ 20, %0
() —/Cl/gmm{sz 512} min{z2, 535

120 c; a2 log(2)

€1
Hence, setting cp = min{ ——55;& } the assertion follows.

O

Next, we prove the lower bound for all small (in absolute value) angles and small . The proof is similar to
the proof of [30, Lemma 6], see also [31].

Proposition 6.2. Let N = 3,4. There exists 7/4 > 79 > 0, K € N and a constant ¢p > 0 such that for all
v € Ty with |y| <70 and o < |sin()|¥ it holds

. |log o )
min F, 4 nv(u) > cpo <,—|—1 .
ued 7 (u) |log | sin(¥)]|
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Proof. Step 1: Preliminaries. Fix K = 32. Moreover, let 7o > 0 be such that & sin(y)*/* < WM for all
k> K. Let u € A. Let k > K and assume that o € (|sin(7)|*, |sin(y)|*~!). Then % +1<k+1<2k.
Hence, it suffices to prove that E, , n(u) > cko for a universal constant ¢ > 0. In particular, we may assume

that E, , n(u) < ko.

Next, note that by the choice of 7 it follows for all |y| < 7o that [sin(y)| < 1 which implies 1|sin(v)|* —
31sin(y)[*! > &[sin(y)|*. Then find for i < [k/4] a point z; € (3|sin(v)|", 3|sin(y)[?) such that Vu(x;,-) €
BV ((0,1); R?) and

oy (s} x (0.1) < [sin)|~Eaoe (s (sl sl )  0,1))

Claim: For all ¢ < |k/4] there exists a constant ¢ > 0 such that it holds

| $in()[ By, (w, {2} X (0,1)) + Eg v (05 (41, 27) X (0,1)) 2 co.
Before we prove the claim, we briefly show that it implies the desired lower bound. Indeed, we have
Lk/4J

3.
LENOEEDS Brvyov (1 Gl S sin ) % (0,1)) 4 By (s, 2) x (0,1)
Lk/4J c
> = Z |sin(Y) " Eq v (u, {2z} % (0,1)) + Eyqy n(u; (241, 2:) % (0,1)) > 1—6k0.

Hence, it only remains to show the claim.

Step 2: Estimates on vertical slices. Let t = 120|sin(y)|*. Then find y € (0,1) with (y,y +t) C (0,1) such
that

Eoyn(u; (0,1) x (y,y + 1)) < 48tEq . N (u),

Eg~yn(u; (@41, 15) X (y,y + 1)) <4A8tE, 4 N (w; (Tig1,x5) x (0,1))

Eoqy n(ui{zi} X (y,y +1)) < 48tEqq v (us {z;} x (0,1))
and E, o v(u;{zit1} X (y,y + 1)) <48tE, 4 n(w; {zip1} x (0,1)).
Then one of the following holds in (y,y +t) (recall that the minimal distance between two points in K, y is
V2)

(1) [02Vu(@s, )|(y,y +1) > §
(2) 3¢ € K, n such that dist(Vu(x;,-), Ky n) < 3|Vu(z;, ) — £

’

Suppose first that (1) holds. Then

o . g
7 S B (widai} x (y,y +1)) < 48t Eg iy v (u; {zi} X (0,1)) = 48 - 120 sin(y)|" Eo , v (u; {2} x (0,1))

and thus the claim follows in this case.

For the rest of the proof we will now assume that (2) holds. First, recall that by the definition of I'y we have
|€2] > | sin(y)|. By the triangle inequality we obtain

1

1161t < (@i s +1/2) —ulwi, s) = &t/2l| g yser2) + @i s +/2) = u(@i )Lyt

Hence, it holds one of the following:

(a) gléalt® < llulwi, s +/2) — u(wi, 5) — &2t/2] L1 (yyt/2)
(b) gléalt? < llulwi, s +1/2) — u(wi, 8)|L1(y.ye/2)-
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Let us first assume that (a) holds. We estimate

(6.2)

y+t/2
/ u(zi, s +1t/2) —ula;, s) — &t/2ds
y

y+t/2  ps+t/2
< / / |Oou (i, r) — &2 drds
y s
1/2

y+t/2 y+t
< t1/2/ (/ |Oau(z;, 1) — & d7"> ds
y y

< V94882 By v (u; {i} x (0,1))/2

1 1
< —#lsin(y)| < el

For the third estimate we used that by the choice of z; and ~p it holds E, , v (u; {z;} x (0,1)) < |sin(y)| ko <
k| sin(y)[*~72|sin(y)]* < 5535/ sin(7)|?. Next, observe that it holds by (2) and Poincaré’s inequality for

a=3% fyy+t/2 u(zwi, s +t/2) — u(x;, s) — &at/2ds
(6.3) u(i, s +t/2) = u(xi, s) — Eat/2 = all L1y yte/2) < HO2u(ws, s +1/2) — Ooulws, 5)|| L1 (y,y+/2)

< t|0yulwi, s) — &l Lryy+o)

< 3t3/2EU,'y,N(u; {xl} X (yv Y+ t))1/2

< V9482 E, . n(us {x;} x (0,1))1/2.
Consequently, since |[u(z; +t/2,5) — u(zi, s) — E2t/2||11(yy41/2) = §]€2]t? it follows from (6.2) and (6.3) that

4 4

2
1 t . i
19204 Br s} x 0.0) 2 (Fledl? ~ lol/2) 2 ol > Solsin() 2 ocfsin()| o,

— 256

which yields the claim if (2) and (a) hold.
Hence, from now on we will assume that (b) holds i.e., [u(z;, s) — w(wi, s + t/2)|| 11 (yytt/2) = §[2]t? .

Step 3: An estimate for horizontal difference quotients. First, observe that it holds for all s € (y,y + t/2)
|w(zs, s +1/2) — u(w, 8)| <|alt/2 + 32 Ep v (us {3} x (0,1))1/?
<[alt/2 4382 (|sin(3)["'ko) " < [,

where we used that |sin(v)|"ko < |sin()[F 77k < g sin(v)]? < %1| 2|%. Next, define

4= { € oy +) By (s (0,1) x {53) < 2B (s (0,1) (y,y+t>>}
Then L£1(4;) > %t. For s € A; we estimate
i1, ) < @i + 2103 Boy v (u; (0, 1) x {s})2

172 {80 /2
< Ti+1 + 5014/-1 <tEa','y,N(u; (07 1) X (ya Yy + t)))

<@ +V80-48- a;b/rzll?g,n,,]\f(u)l/2
< 2w

|§2|t

< L lsin(y)|t
S qoismlt = 45
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For the fourth inequality we used that we have ko < k|sin(y )|k_1_(i+1)|sin( N < g | sin(y) T <

Tego%i+1. Next, find for s € (y,y +t) a value § € A; such that |s — 5| < g-t. Then we obtain

[u(@it1, 8)| <|u(@itr, s) — u(@it1, 5)] + [u(@isr, 5)|
1
<[&a|s — 5| +3|s — 8" Eg v (us {miga} X (y,y +1))/% + 1062t

(6.4) *|€2|t

—20

where we used similarly to above that it holds Eq . n(u; {zit1} X (y,y +t)) < 545/ sin(y)[*t. In particular, we
obtain for almost all s € (y,y + t/2) that

|w(zi, ) — u(zs, s +t/2) — u(wiy1, s) + u(wit1, s +t/2)]
<|u(x;, s) —u(zi, s +t/2)| + |u(xitr, 8)| + |u(ziv1, s +t/2)]
(6.5) <2l .

On the other hand, it holds by (b) and (6.4) that

(@, s) — ul@i, s +1/2) = w(@it1, 8) + w(@it1, s +/2)|[ L1y y+1/2)
>lu(zi, s) — u(xi, s + t/Q)HLl(y,ert/z) — |lu(@ita, 5)|\L1(y,y+t/2) — lu(zit1,s + t/2)‘|L1(y7y+t/2)

1 1
_§|52|t2 - %\52”2
1
60 >l

We define
1
S = {s € (y,y+1t/2): 1—6\§2|t < u(xg, 8) — u(xg, s +/2) — w(Tit1,s) + u(xir1, s +t/2)| < 2|§2|t} .
Combining (6.5) and (6.6) yields

1 2 t 1 1 1 1 2 1
Liglt < (2 - £18)) gglalt + £1S)2ale < ol + 218 e

which 1mphes L£1(S) > &. Next, note that z; — z;11 < 3|sin(y)|’. Hence, for a subset (y,y -+ t/2) of size at
least &7 it holds

w(xzi, ) —w(xit1,8)  w(xg,s+1t/2) —u(xiyr,s+t/2)
T — Tig1 T — Tig '

Tt follows for a subset of (y,y + t) whose measure is at least & that

i) Zulinnt) g 5y,
Ti — Tit1 -

(6.7)

Step 4: Lower bound for Eq . n(u; (2i41,2;) X (0,1). Let us now fix such an s € (y,y + t) for which (6.7)
holds. Moreover, let us assume that |01 Vu(:,s)|(zit1,2;) < 1/10. By (2) it follows that |Vu(z,s) — & <
6 dist(Vu(z,s), Ky n) for a.e. @ € (z;41,2;). Recalling that z; — ;41 > 3|sin(y)|" — 3[sin(y)[**! > &|sin(y)|’
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it follows that

/ 1 dist(Vu(z, s), K, n)? dx

Tit1
1 Ti
Z% N |01u(z, s) — &1 ds
i+1
1 Ti ?
> 0 —&1d
T E—— </xi+1 wu(z, s) — & s)
1 u(xy, 8) — w(it1, S) 2
_36 (sz xH_l) ( Ty — Ti+1 61
X 25
> M ’L+2 > :
=336 SO = 557550

Consequently, we obtain

T4

y+i
48tEy o n(u; (zit1,x;) x (0,1)) > / / dist(Vu(z, s), K%N)2 dx + ol Vu(-, s)[(@ig1, i)
y xT

it1
t . 25 1
> —oming ———, — ¢,
64 { 32-36° 10 }
which shows the claim if (2) and (b) hold. This finishes the proof of the claim. O

Eventually, we can now prove the lower bound stated in Theorem 3.1 for N = 3,4.

Proposition 6.3. Let N = 3,4. Then there exists a constant ¢ > 0 such that for all v € I'y it holds

. o |log o
min E, 4 v(u Zcmln{ sin(y 2,0( ; +1 .
it Eoov () [sin(y) | log | sin(7)]]

Proof. Let us first assume that o > |sin(y)|?. By Proposition 4.1 it follows

{L%iﬁ E, . ~n(u) > camin{o, | sin(’y)\Q} = c4| sin(’y)|2.

Next, assume that o < |sin(y)|? and let 79 > 0 and K > 2 be as in Proposition 6.2. Then by Proposition 6.1
there exists cg > 0 such that for all v € I'y with || > o,

. . ) . |logo| , 9
Ey . n(u) > cgmin{o(|logo|+1),1} > cpmin{|log |sin(vo)||, 1 mln{a <,—|—1 , | sin(y .
() fo(llogol +1),1) {J1og] sin(30)] .1} g 1) sina)

For v € I'y with |y| < v and o < |sin(y)|¥ it holds by Proposition 6.2

| log o
E,n(u >cD0<,+1 .
() Mog[sin(7) |

Eventually, we notice that for |sin(y)[?> > o > |sin(y)|¥ it holds by Proposition 4.1

. . . ca |log o]
E, > 5 2 = 1]).
i o (1) > camin{o, sin()P) = 225 (e +

This concludes by Remark 1 the proof of the lower bound for ¢ = min {Kc—il, cpmin{1, | log | sin(yo)||}, cD}. d
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6.2. The upper bound. In this section we prove the upper bound stated in Theorem 3.1 for N = 3,4. By
Remark 1 it remains to consider the case o < |sin(7y)[>.

Proposition 6.4. Let N = 3,4. Then there exists C' > 0 such that for all ¢ > 0 and « € I'y it holds

: . . | log o |
min F, o n(u SCmm{sm'y 2,0’<.+1 )
1y By () O Tiog s
Proof. By Proposition 4.1 we find for o > |sin(y)|?

| . . ' |log o]
mlnEO_’ ’ u S CA sin(y 2 S CA mln{ sy 2,0 < + 1 .
min By, (1) < Calsin(7)| 07 Tog Tsin(1 |

> o. Additionally, we will only treat the case v > 0. As for

= { (C50) - (o) () ()

Again, we will first use a self-similar branching construction to define a function on S,. However, in this setting
the constructed competitor will have gradients in K/, y in a large part of the domain (c.f. the branching
constructions in [30]). Then - up to a rotation - we will use this function on the set {(x,y) € (0,1)%: (z,y —1)-
e’ <0} and glue it to a function with constant gradient e?” on the rest of (0,1)2.

Step 1: Branching Construction on S, for N =4 and v € (0,7/4) C T'4.

Hence, it remains to consider the case |sin(v)|?

N =2, we define the set

Step 1a : Building block for S.. Let m = [|sin(y)|~!] and define the set

B~ (P00 = L cos(r)sinGy)) x (B FsinGo), £ sinGy)).

m
k=1

Then there exists a function V4 : B§4) — R? such that (see Figure 6)
(2) VW (2,y) € Ky 4 for ae. (z,y) € B,
(b) [D2VW| < C(msin(y) +1) < C,
(¢) For the second component of V®* it holds ‘/2(4)(5125;’) — 5L cos(v),y) = V2(4)(1, my — (k — 1) sin(v)) for
all y € (ELsin(y), £ sin(v)),
(d) V@ is curl-free,
(e) V1(4) (x,y) = 0 for all (z,y) € OB, such that e; is tangent to 9B, at (x,y),
4, .
(f) It holds VQ( )(sm(’y)7 ) = —L(0sin(v)/2) T Lsin(y)/2,sin())-

Step 1b : Interpolation to boundary conditions. We define Vy : conv _.COS(’Y) , 0 o 0 — R? as
sin(y) 0 sin(7)
(c.f. Figure 2 on the right)

0 . . in

1 if y > sin(7) — 2 (x + cos(7))
Vo(z,y) = sin(7)

c051<w> if y < sin(y) — geay (@ + cos(7)).

Step 1c : Branching construction. For K € N we define the following function Vi : S, — R? as follows (see
Figure 7)
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sin(y)/m + sin(7)/2 cos(y)/m Isin(y)|/m + |sin(7)]/2
sin(7)

[sin(~)]

sin(y)/2 [sin(7)|/2

sin(y)/m | sin(y)|/m

sin(y)/(2m) sin(y)|/(2m)

sin(y)/m sin(y) | sin(y)|/m | sin(+)|

FI1GURE 6. Sketch for the construction of the building block for N = 4 and m = 8. The different
appearing gradients are color-coded. Left: A version of the construction of the building block
for a rectangle of height sin(y). It is immediate that |D?V®)| < C(sin(y)m + 1). Right:
Construction of the building block for S, N = 4 and m = 8. The essential difference to the
construction on the left is that after each branching of the construction an extra horizontal
gap of length cos(y)/m has to be bridged by horizontal interfaces creating an extra interface of
length cos(y)/m in horizontal direction and at most v/2sin(7) in diagonal direction. Hence, the
total surfaces created in the construction can be estimated up to a constant by |sin(y)|m + 1.

sin(7)

0 1

FIGURE 7. Sketch of the branching construction for N € {3,4}, K = 1 and m = 4. The

different regions of in the definition of Vk(N) are colored in brown (1), blue (2) (darkblue for
k =0, lightblue for k = 1), pink (3) and orange (4).

(1) For x € (sin(y),1), we define
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(2) Let 0 <k < K and [ € {0,...,m* — 1}. Then we define for

_ 1
(z,y) € ( 7" COS(7)> + B

— sin(vy)

the function V1(<4) as
l .
V(o) =V (o + Ly costo)nnt (= L sin) ).
(3) Let 1 € {0,...,m¥*! —1}. We define for

l l sin(y l ) I+1
(a0 € (= e o5~ ey 00s0) + iy ) ¢ (g sin(o), o sinGy)

the constant extension

1
Vi) =q )/ :
_1> if y < L5RA2 sin(y).
(4) Let 1 € {0,...,m&*! —1}. We define for
l l +1
) e — T fzos(’y)) , <K+ §OS(V)> 7 (m f:OS(v)) }
(.y) € conv {< rsin() )\ rsing) )\ singy)

the function VI((4) as

0
) ity > L2 Giny),

l l .
VA1) = Vo (o g o) = e sin)) ).

We observe that VI(;L) is curl-free as V1(<4) is curl-free and v || ((VI((4))_ - (V1(<4))+) on its jump set J,, ), where v
K

is the measure-theoretic normal to J; ), due to (c), (e) and (f). Let ux : S, — R be a corresponding primitive
K

with ux(0,0) = 0. It holds by construction that u(—tcos(y),tsin(y)) = 0 for all ¢ € (0,1) and u(¢,sin(y)) =0
for all t € (—cos(7),1) (c.f. (e)). Next, we estimate using (a), (b) and cos(y) > cos(w/4) > 0
3

/ dist (VuK,K,r/gA)z dx + 0|D2uK\(SW) <C [sin(%) + Co (K + |sin(y)| + 1)
s,

cos(y)mKE+1
< C(|sin(y)|* + oK) .

Choosing K = {%] yields the estimate

EO’,7\'/2,4(U’; S’)’) = /

1
dist (VuK,K,r/g,N)2 dr + o|D*uk|(S,) < Co <|ogo|)| + 1) :
Sy

| log sin(~y

Step 2: Branching construction on S, for N =3 and v € (0,7/6) C I's.
The construction for N = 3 is very similar to the one for N = 4 but needs a different building block.
Step 2a : Building block for S.. Let m = [|sin(y)|~!] and define the set

BYY) = 6 (2\5/1%(;) - % cos(7), 28%7)) X (k —Lin(y), & Sin(v)) :

m m
k=1

Then there exists a function V® : BSB) — R? such that (see Figure 8



24

sin(7)
sin(y k
é Y) GG+

sinﬁ('v) (1+ 5k _

m
(k _ 1) sin(y)
m

sin(y)
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cos(x)

sin(y) m—k cos(v)
Svi e (k= ERE

2V3 m

m

sin(y)
Vam T

sin(y)
sin(v) k
TG+ )

4 sin(v) 5k
) ) (1 Bk

4

m

)

()

3m

sin(v)

2sin(y)
V3

sin(y)

0s(+)
— (k- 1)l

(1+4)

G v
F1GURE 8. Sketch for the construction of the building block for N = 3 and m = 4. The different
appearing gradients are color-coded, the appearing diagonals have slope :I:%. Left: A version
of the construction of the building block for a rectangle of height sin(v). It is immediate that
|ID2V®)| < Csin(y)(m + 1). Right: Construction of the building block for S,, N = 3 and
m = 4. The essential difference to the construction on the left is that after each branching
of the construction an extra horizontal gap of length cos(y)/m has to be bridged by sawtooth
patterns. In each of those bridging steps the number of sawteeth can be chosen proportional

to the quotient %(7)/ (%(1 +3h_ 4y (- 1)Sin(A’)) < Clmrtaysmpy (In this way V)

m

stays <(1)> on the horizontal parts of the boundary of B§3)). The corresponding height of each of

2(m—

those vertical interfaces is Sin('y)ginljm. Hence, the total surfaces created in the construction

can be estimated by C(sin(y)m + 1).

VO (z,y) € Kyjp3 for ae. (z,y) € B,(yg)7

|D*VE)| < C(m|sin(y)| +1) < C,

For the second component of V) it holds VQ(S)(
for all y € (% sin(7), % sin(v)),

V) is curl-free,

For the first component of V) it holds V1(3) (xz,y) = 0 for all (x,y) € 0B, such that e; is tangent to
0B, at (z,y),

(3) /2sin _
It holds V, (%7 ) = Lo sin(v)/3) — 3 L(sin(y)/3,sin(1)-

2 sin(y)
V3

2sin(y) _ k-1

V3m m

cos(y),y) = ‘/2( ,my—(k—1)sin(y))

Step 2b : Interpolation to boundary conditions. We define Va(B) : conv { <_ COS(’Y)) , (0) , (sin%y))} — R? as

sin(7y) .
cosl(v)> if y <sin(y) — 32)2::;((13 (z + cos(v))
VB (:TJ, y) =
0 . . sin
O ) if y > sin(y) — §cos(<1§ (z + cos(7)).
2

Step 2c¢ : Branching construction. For K € N we define the function VI({g) : S, — R? as follows (see Figure 7)
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(1) Let z € (25%7),1). Then we define

o
= ‘&

0

> i S0 4 (g - 250 <

else.

V& (z,y) =

—
~——0

(2) Let 0< k< K and [ € {0,...,mF -1

@) € (
the function Vl(f) as
l .
Vi (a9) = VO (ot Ly cos()m(y = L sin(a) )
(3) Let I € {0,...,m%&+1 —1}. We define for

l l 2sin(y) l ) I+1
(o) € (= e 0080~ e conto) + T ) e (e sinta), el sine) )

the function V1(<3) as

Then we define for

1
iy >16)!
mk By

sw\N =

cos(r), g siny) ) +

@ .
<_21> if y > e sin(y) + 5 (@ + ot cos(y) — \/ngn(;ll)
2

and y < L2203 sin(y) + = (2 + e cos(y) — S22
and z > — —kr cos(y) + f;(llu
(3) =3 141/3
VK (m,y) = _21 ify > +K4/rl Sln(fY) - T(m + K+1 COS(V))
2

and y < mK+1 sin(7y) — %(m + # cos(7))
and & < — —kr cos(y) + sin(y)

\/§mK+1 ’
<0> else.
1

(4) Let 1 € {0,...,m&*! —1}. We define for

L ! 141
eocem{( ). (). ()
(#:) { ( —= sin(7) % sin(y) % sin(v)
the function V[({?’) as

. l l .
V2 (a0) = VY (553 a4 cos(). "y i) ).

As in the case N = 4 we observe that V(S) is curl-free. Let u(g)

25

Sy — R be a corresponding primitive with

uld 1 (0,0) = 0. As for N = 4, it holds by construction that ux(—tcos(vy),tsin(y)) = 0 for all t € (0,1) and

UK (t sin(v)) = 0 for all t € (—cos(y),1). Next, we estimate smularly to before

2
/ dist (vugi), Kw/m) dz + o|D*u$?|(5,) < C— +Co (K +sin(y) + 1)
S.

~

<C (sin('y)K +0K).
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FIGURE 9. Sketch of the functions constructed in Lemma 7.0.1 for Q¢ (left), To(l) (middle) and
T? (right
0 ght).

Again, choosing K = {%—‘ yields the estimate

Eo,w/2,3(uK; S’Y) = /

2 I
dist (Vuld), Kjos) do+ 0| D2u|(S,) < Co (M N 1) .
S'Y

| log sin(7)]

Step 3: Branching construction on (0,1)? for N = 3,4. We define u : (0,1)? — R as (c.f. also Figure 4)

w(z,y) = e (z,y — 1) if e - (z,y —1) >0,
T e D (wy)) i e (i — 1) <O

where u(") is the function constructed in Step 1 and Step 2 for N = 3 or N = 4, respectively. Then we conclude
by Step lc and 2c, respectively, that

log o |log o
E, <E MY+ co<C __[loga] 1)|+Co<Co 20 4+1).
,'y,N(u) S 0’,71'/2,N(u ) + Co < g <| log Sln("y) ‘ + +Co < (e | IOg SIH("}/) ‘ +

7. AN UPPER BOUND BY COVERING AND SOLUTIONS TO THE DIFFERENTIAL INCLUSION

In this section, we discuss how upper bounds for the energy E,. n(-,§) for N = 3,4 and a bounded
Lipschitz-domain 2 C R? can be shown using a good covering of Q with specific building blocks that allow for
simple functions which only use the preferred gradients and satisfy zero boundary conditions. Iterating this
construction leads to solutions of the differential inclusion Vu € K, y and v = 0 on 9 whose regularity can
be controlled through interpolation. We start by constructing the building blocks.

Lemma 7.0.1. (1) Let @, = €"(—1/2,1/2)? be the unit cube centered at 0 and with two sides parallel to
e’. Then there exists a function u € WOI’OO(Q,Y) such that Vu € BV(Q.; K, 4) and |D?u|(Q,) < 4.

(2) Let TA§ ) = conv {6”7 et ety } and T»g ) = conv {—6”7 —e TS et } Then there exist

functions u(® € Wi (T4") such that Vu® € BV(TV, K, ) and [D2u(| = 3/3.

Proof. For a visualization of the constructions for v = 0, see Figure 9.



FORMATION OF MICROSTRUCTURE FOR 2, 3 OR 4 PREFERRED GRADIENTS 27

For (1), note that by a change of coordinates it is enough to construct a function for v = 0 and Qg =
(—1/2,1/2). Then define u : (—1/2,1/2)®> = R as
x—% yife >0, —z<y<uz,
1

1 .
—rx—35 ,ifz <0,z <y< —u,

u(e.y) =4 "

2 vlfyzou_yéxgi%
The claimed properties follow directly.

For (2) it suffices again to consider the case v = 0. Then we define

0 _1 _1
T+ 1 if (z,y) € conv NE \é),(_\%)},
2 2
(1) 1 V3 1 : 0 1 _%
WW(ay) = b —Fy+3 i@y e () (2]
2
1 V3 1 0 1 _%
—sr+ %y +5  if (x,y) € conv o) \o) | s
2
and
u(z) (.T, y) = _u(l)(_xvy)
All claimed properties can be immediately verified. O

Next, we discuss a way of covering Q C R? that will allow for simple construction of test functions using the
functions from the previous lemma.

Definition 7.1. Let @ C R, N = 3,4, v € (—m,7) and 6 € (0,1). We say that a sequence of families
Fr CP(Q) is a (N, 7, 0)-covering of Q2 if there exists C'n 9 > 0 such that the following properties are satisfied:

(1) the family Fx consists of pairwise disjoint sets;

(2) Fx C Fiyq for every K € N;

(3) (a) N =3:if SeFx thenS:a—i—)\Ty) C Q for some i = 1,2, a € R? and X > 0;

(b) If N =4: if S € Fg then S = a+ A\Q, C Q for some a € R? and A > 0;
(4) for every K € N it holds £*(Q\ Uger, 5) < Cn,00%;
(5) for every K € N'it holds »_,  \ger, A < Cnqy oK.

If a domain Q allows for a covering of the above type this leads to good competitors for the energy F, - n(+;2)
and solutions to the differential inclusion.
Proposition 7.1. Let @ C R? be open, N = 3,4. Let v € 'y and § € (0,1) such that € possesses a
(N, 7, 0)-cover.
(1) Then it holds

. |log o
E, Q) < CC 1),
W AN Q) S CCOnpyp o (1Og9| +

where C' > 0 is a universal constant independent from 6 and ~.
(2) Then there exists a function u € W™ (Q) such that Vu € K, n ae. and Vu € W=4(Q) for all
0<s<1,qe(0,00) such that % > s.

Proof. Let (Fk)k be a (N, 7, 0)-cover for Q. Let K € N. If N = 3 then define the function Ug) :(0,1)2 - R as
®) (1,4) {Au(i) (%) if (z,y) € a+AT§i) fori € {1,2}, a + )\T"Ei) € Fr,
U \T,Y) = .
0 if (2,9) € (0,1)2\ Uger, S,
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>

FIGURE 10. Sketch of the lattices £3) and £®) for v = 0.

where u( : T — R are the functions from Lemma 7.0.1 (2). If N = 4 then define the function !¢’ : (0,1)> - R
as

u(4)(x y) = {)\u (W) if (z,y) € a+ AQ for a + \Q4 € Fk,
K \UY) = .
0 if (Z’,y) € (071)2\US€.7:K Sa
where u : Q5 — R is the function from lemma 7.0.1 (1).
Then u(g) € Ay. Moreover, it holds by the properties of Fx and u (cf. Lemma 7.0.1) for N = 4 that

Eqgqn (i) < 2 (Q\ U s) +o > (AD%l(Qy) + 23K (9Q,)) < CCupnp (05 + oK) .
ScFx a+XQ EFK

Then choose K = [”}gg ZH € [‘Iigggll’ I‘igg ZI‘ + 1] which yields the desired upper bound. A similar calculation

shows the upper bound for N = 3. This shows (1). For (2) we note that as in [30, Proposition 12], we can use an

interpolation argument (c.f. also [43, Corollary 2.1]) to show that the sequence of functions u%v) as constructed

above has a limit ™ € W,"*(€) with the claimed properties. O

Next, we show that every Lipschitz domain allows for a (V,, %)—cover for N =3,4 and vy € (—m, ).

Lemma 7.1.1. Let N = 3,4, v € (—m,7) and Q C R? an open, bounded set with Lipschitz boundary. Then
there exists a (N,~, %)—cover of Q. Moreover, the constants Cy . 1/2 are uniformly bounded.

Proof. Consider the lattices £ = {llei’”‘i’r/2 + 1o tim/6 . 1y € Z} and LA = {11 4 1pe T2 1y 1y €
7}, see Figure 10. We define the families ]-'[(<N) inductively. Let

]:1(3) = {int(conv{i,j,k:}) v g ke L) [i—jl=|i—kl=1|j—k| =1 and int(conv{i,j, k}) C Q} )

FW {int(conv{h,i,j, k}) :hyiyj k€ LD [i—jl=|j— k| = |k —h| = |h—i| =1 and conv{h,i,j,k} C Q} .
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Assume that ]:[(?) and ]-'[(?) are already defined then define
F& = FP U {int(conv{i, j,k}) : i,5,k € 27KL3 i —jl = |i — k| = |j — k| = 27K,
int(conv{i, j,k}) C Q and int(conv{i,j,k})NT =0 for all T € ]:1(?)}
and
F& = FP U {int(conv{h, i, j, k) s hyij k€2 K [i—jl=|j —k| = [k —h| = |h —i| = 27K,

int(convi{h,i,7,k}) C Q and int(conv{i,j, k})N=0for all T € ]:I((?’)}

Then, by definition, these families only consist of scaled and translated versions of the triangles Ty) for N=3
and the rotated square @), for N = 4, respectively. It follows for (z,y) ¢ USE}_(N) S that (z,y) € By (09)
K

and therefore by the regularity of 92 that

(7.1) @\ | s=<c
seF)

This implies also that #]:I((Ajr)l \}'I(<N) < C2%. In particular,

K-1
(7:2) o a<orFRNV oY #FNN\NFY 2k < oK.
a+rserlV) k=1
Note that the constant C' > 0 in (7.1) and (7.2) can be chosen independently from ~. O

As a direct consequence of the Lemma 7.1.1 and Proposition 7.1 we find the following corollary.

Corollary 7.1.1. Let N = 3,4 and Q C R? be an open bounded set with Lipschitz boundary. Then the
following hold:

(1) There exists a constant C' > 0 (depending on ) such that

in E, ;) < 1 1).
o .8 (4;2) < Co ([logo| +1)

(2) There exists u € Wy ™ (Q) such that Vu € BVio. (2 Ky n) and Vu € W59 for all 0 < s < 1, g € (0, 00)
satisfying % > s.

Proof. The only property that does not follow directly from Lemma 7.1.1 and Proposition 7.1 is the fact that
it holds for the solution u € W,">°(2) of the differential inclusion constructed in Proposition 7.1 based on the
covering from Lemma 7.1.1 that Vu € BVj,.(2). However, in the proof of Lemma 7.1.1 it can be seen that
for all U CC Q there exists K € N such that U C (Jgcz, S. In particular, it follows from the associated
construction in the proof of Proposition 7.1 that [Vu|(U) < CCy . 1/2K i.e., Vu € BV, (). O

However, clearly the result above is not optimal in terms of the minimal scaling with respect to the angle
7. Next, we show that for N = 4 the unit square allows for a much better covering. Precisely, (0,1)? has a
(4,7, | sin()|)-cover with uniformly bounded constants.

Lemma 7.1.2. For every v € (—m/4,7/4) the square (0,1)? possesses a (4,7, |sin(y)|)-cover. Moreover, the
constant Cy | sin| can be uniformly bounded.
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FIGURE 11. Sketch of the covering of (0, 1)2 described in Lemma 7.1.2. Left: the set 77 (blue).
Middle: the set F; (lightblue). Right: the set F5 (red).

Proof. Let us assume that v > 0. For a visualization of the construction, see Figure 11. For ¢ € N, let

¥4
sin(y) cos(v) cos(v) sin(v) o
o5+ () THsm(7) cos () <1+Cos('y) Sin(v)) . Then define the families

A= [ H0L ) Y g e,
(

Ty =

7) + sin(y

)

@ _ (1= F(cos(y) +sin())) , o

no (1_( S(7>+Sln(fy))>+ er-éeN},
)

< 7%(}05( ) + sin(y )-F""ZQ’Y:KEN}’

Eventually, we set

Fi= Qﬂi)u (@) +cos(y)1+sin(~y)Q”>'

Note that F7 consists of pairwise disjoint sets. Then one computes

9 9 . 1 B 2sin(y) cos(y) sin(+)* cos(v)
£, 1) \le @=1 (cos(7y) + sin(y 42 T 1+ 2sin(7y) cos(7) 4(1 + 2sin(y) cos(v))?

2 2

_ 2 sin(7) cos(7)
(15 2sin(y) cos(7)?

< 2sin(y)

and

Z )\:— 42 ry = 1+4Sln( )COS(')/) SC
v cos(7y) + sin(y cos(7y) + sin(7)

This shows all the needed properties of F;. To construct Fr, we notice that (0,1)%\ UQE}-1 () can be written
as the disjoint union (J; oy T where T} is a rotated (by multiples of 7), dilated and translated version of the

triangle T = conv { (8) , <(1)) ,sin(7y) <Z?§((3)))} such that Y, . H'(0T;) < C, see Figure 11. In order to

construct the families Fx for K > 2 inductively, it is then enough to show that there exists a disjoint family F
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of dilated and translated versions of ), such that 7'\ {J, AQ eFaTt AR~ can be written as the disjoint union
of translated and dilated versions of T such that (see Figure 11)

> o A<land 2T\ ] a+AQ,) <sin(y)L(T).

a+AQEF a+AQEF

Then one can inductively define families F for T such that (cf. Figure 11)

Fk CFro1, Y, A<Kand L2(T\ ] a+2Qy) <sin(y)*L(D).
a+AQEFK a+AQ,€Fk

Eventually, the families Fx are simply given by F; together with the corresponding families Fi_1 for the
triangles T}.

sin(v)cos(w( cos(7) )f

Hence, it remains to show the existence of the family F. For £ € N, we define 7y = 572572005 | smTeosty)

¢
and &y = (m) . Then set (cf. Figure 11)

% (cos() + sin(y))
F= 7 . > ~ sin(y)? - sin + f[Q :leN.
{ <22(COS(7) + SIII(’Y)) + 7 cos(?fy)) + Zk:%) sin('y)—igzc))s(’y) 6k K

It follows that F is a pairwise disjoint family. Moreover, we compute (recall that cos(y) > cos(w/4) > 1/2)

) _sin()cos(y) <, sin(y)cos(y) (. sin(y)cos(y)
e yor- ()

N2 :
ocF 2 P ¢ )2 + 2sin(7y) cos(7)

< sin(y)L(T)

and

Z A= ifg = cos(y) < 1.
=0

a+AQLEF

O

Remark 2. Similarly, it can be shown that there are families Fx consisting of dilated and translated versions
of the building blocks Tasl) and T§2) satisfying (1) - (3) when (0, 1)? is replaced by, for example, To(l) or Téz).

Combining the previous result and Lemma 7.1.2 allows us to prove a scaling law for min,e 4,((0,1)2) Eo,,4(1),
Theorem 3.2.

Proof of Thm. 3.2. Step 1: Upper bounds. Clearly, u = 0 satisfies u € Ay and E, , n(u) = 1. The other upper
bounds follow directly from Corollary 7.1.1 for N = 3 and from Proposition 7.1 and Lemma 7.1.2 for N = 4.

Step 2: Lower bounds. Let us first consider N = 3. First, note that for v € I's with |y| > 7/12 the lower
bound follows from Proposition 6.1. On the other hand, for |y| < 7/12 the lower bound follows from a similar
argument and the fact that u(-,0) = 0 and for v € T's it holds for £ € K, 3 that |{1| > min{cos(), | cos(y +
27/3)|, | cos(y + 4w /3)|} > | cos(7m/12))| > 0.

Next, let N = 4. First we claim that

. L.
(7.3) Jnin E,~a(u) > 8 min{1,c}.
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Let u € Ay. We may assume that E,4(u) < tmin{l,o} (otherwise there is nothing to show). Now, find
z € (0,1) and g € (0,1) such that

1
(7.4) / dist(Vu(z,9), K,.4)* dz + 0|01 Vu(-,9)](0,1) < E, - .4(u)
0

1
and / dist(Vu(z,y), Ky.4)? dy + 0|02Vu(z,)|(0,1) < By~ 4(u).
0

As Vu € BV((0,1)%;R?) and v = 0 on (0, 1)?, we have in the sense of traces du(0,y) = 0 and dyu(z,0) = 0.
Using (7.4) we obtain the estimate |Vu(x,7)| < 3/6 = 1/2 for a.e. € (0,1). Hence, it follows that

1 1
1 < / dist(Vu(z, ), Ky n)? dz < By n(u).
0
This shows claim (7.3). Then the lower bound for o > 1 follows immediately. Next, fix K € N from Proposition
6.2 and notice that for 1 > o > |sin(v)|¥ it holds
|log o]
| log [sin(7)] |
Consequently it follows from estimate (7.3)
, 1. 1 . |log o]
E, > —min{l,0} > ——— Lo 1289 )L,
A2, Bral) 2 gminil o} 2 6(K +1) mm{ 7 <| log[sin()[ |

Eventually, we note that the lower bound for o < |sin(y)|¥ follows from Proposition 6.2. This finishes the proof
for N =4.

+1< K+ 1.

O

Remark 3. One can argue similarly to show that there exist C,c¢ > 0 such that for i = 1,2 and v € T's, c.f.
Remark 2,

) |log | >} . i) . { ( | log o )}
cmins l,o0| ———— +1 < min F, - 3(u; T <Cmin<l,o| —————+1 .
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