SOME ASPECTS OF ANISOTROPIC CURVATURE FLOW OF PLANAR
PARTITIONS
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ABSTRACT. We consider the geometric evolution of a network in the plane, flowing by
anisotropic curvature. We discuss local existence of a classical solution in the presence of
several smooth anisotropies. Next, we discuss some aspects of the polycrystalline case.

1. INTRODUCTION

Many processes in material sciences such as phase transformation, crystal growth, domain
growth, grain growth, ion beam and chemical etching, etc. can be modelled as a geometric
interface motion in which surface tension acts as a principal driving force (see e.g. [8, 16,
18, 20, 21, 27, 32, 34, 42, 45, 49] and references therein). An interface (or surface boundary)
in the plane is a curve bounding different regions (phases) and moving in a nonequilibrium
state [23, 24, 31, 43].

In some simplified cases the motion of this curve does not depend on the physical situation in
the various phases', and is described by geometric equations relating, for instance, the normal
velocity of the interface to its curvature. The anisotropic curvature flow in two dimensions of
a network X is the formal gradient flow of the energy functional

05(8) = /E¢0(yz)om1,

where Y. is a set of curves delimitating the various phases, and typically having triple junctions,
Vs, is a unit normal vector field to ¥ and the energy density ¢° : R? — [0, 4+-00), sometimes
called surface tension (or, generally, anisotropy), is defined on S! and its one-homogeneous
extension on R? is a norm. An interesting case is when ¢° is crystalline, i.e., its unit ball
Byo is a (centrally symmetric) polygon. In such a case, one expects the phases to be mostly
polygonal regions, which evolve under a sort of nonlocal curvature flow?. More realistic is the
case in which various anisotropies are involved in the energy, i.e., ¢7; is an anisotropy weighting
the part of the network ¥ dividing phase ¢ from phase j. When all ¢f; are crystalline, this is
a model for polycrystalline materials [25, 26].

The aim of this paper is to discuss some aspects of the evolution of the network > under
anisotropic curvature flow; for simplicity we do not include mobilities. We quickly review some
known results when ¢° is Euclidean, and discuss some aspects of the flow in the anisotropic
and polycrystalline cases, starting from the definition of what we mean by normal velocity.
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We will give some detail on the short time existence of a strong solution when ¢7; are smooth
and uniformly convex. The variational nature of the flow will be emphasized.

Nothing will be specified in this paper for weak solutions to the flow: for this argument we
refer the reader to [11, 12, 36, 50].

G.B. is very grateful to Errico Presutti for having shared his deep knowledge on some
aspects of mathematical physics and, above all, for his generosity.

Acknowledgements. Sh. Kholmatov acknowledges support from the Austrian Science
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2. NOTATION

We denote by - the Euclidean scalar product and by | - | the Euclidean norm in R2. Given
a,b € R? a ® b stands for the 2 x 2-matrix with entries (@ ® b);; = a;b;. The symbol H!
stands for the 1-dimensional Hausdorff measure in R2. We denote by a' the counterclockwise
90°-rotation of a nonzero vector a € R?, i.e.,

a=(a1,a3) = at = (—ag,aq).

The (topological) boundary of a set E C R? is denoted by 0.
We identify both tangent and cotangent spaces at a point of R? with (a copy of) R2.

2.1. Anisotropies. We denote by ¢ : R? — [0, +00) an anisotropy, i.e., a convex function
such that

G(AE) = [NB(€),  ¢(&) > clél, AeR, EeR?

for some ¢ > 0. We let
By:={¢eR?: ¢(¢) <1}.
The dual of ¢ is defined as
°(£) = max -, e R?,
FEO= pax  Eon
which turns out to be an anisotropy. Our convention is that ¢ measures 1-vector fields and
¢° measures 1-covectors fields (one-forms); so the domain of ¢ (resp. ¢°) is the tangent (resp.
cotangent) space at a point of R?2. We do not use different symbols for the domain of ¢ and
¢°. Notice that ¢°° = ¢. By is sometimes called Wulff shape, and Bge Frank diagram.
We say that ¢ is elliptic if ¢ € C?(R?\ {0}) and

Vip()r-T>E>0

for all 7, € S! with 7- v = 0%. One checks that if ¢ is elliptic then ¢° is also elliptic. It is
well-known [19, Chapter 1] that ¢ € C*(R?\ {0}) if and only if ¢° is strictly convex®. We say
¢ is crystalline if By is a convex polygon. It can be readily checked that ¢ is crystalline if
and only if so is ¢°.

In this paper we assume that an anisotropy and its dual are either both elliptic or both
crystalline. Even though some notions that we are going to introduce hold also in other cases
(for instance when ¢ is smooth but not strictly convex5), and despite of their interest, we
shall not consider them here.

31f () := p(cos 0, sin 0), this inequality becomes 3 + ¢ > ¢.
4A function f: R™ = R is strictly convez if for any z,y € R" and a € (0,1) one has f(az + (1 — a)y) <
af(z)+ (1 —a)f(y).

We are not aware of any local existence result of network evolutions in these cases.
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2.2. Curves. A curve in R? is the image of a continuous function o € C°([0, 1];R?). In this
survey we consider only embedded curves, i.e., with no self-intersections except the endpoints.
If 0(0) = (1), the curve is called closed. When o is C! (resp. Lipschitz) and |o’| > 0 in [0, 1]
(resp. a.e. in [0, 1]), the map o is called a regular parametrization of ¥ := ¢ ([0, 1]). A curve is
called C*+e for some k > 0 and « € [0, 1], if it admits a regular C¥*®-parametrization. The
tangent line to ¥ at its point ¢ is denoted by T,%. The (Euclidean) unit tangent vector to X
at ¢ is denoted by 7x(g) and the unit normal vector is vs(q) = 7=(q)*. Namely, if ¢ = o(z),
then

B O
e I A

Definition 2.1. Given ¢ € 9% and a nonzero vector z € R? \ T, (in case T, ¥ exists) we
write

2"(q) (2.1)
to denote the 90°-rotation of z pointing out of the curve.

Sometimes we consider sets 3 for which there exists Ry > 0 such that XN Dpg is a Lipschitz
(resp. C**®) curve with boundary and ¥\ Dg is a straight half-line for any disc Dg with
R > Ry. With a slight abuse of notation, such sets ¥ will be still called a Lipschitz (resp.
C*+®) curve with boundary. In this case ¥ has only one boundary point.

2.3. Tangential divergence of a vector field. The tangential divergence of a vector field
g € CY(R?;R?) over an embedded Lipschitz curve ¥ is defined as

divsg(q) = Va(@)s(q) - 72(q), H'-ae. g€ .
When the curve is C', this equality holds at every point of X.

Remark 2.2. When we will define Cahn-Hoffman vector fields, we consider the tangential
divergence of a Lipschitz vector field Ny defined only along a Lipschitz curve X. In this case,
we extend Ny to a tubular neighborhood of ¥ constant along the vector Ng(q) for ¢ € X,
ie., if z € R? and 2z = ¢ + ANy(g) for a unique ¢ € ¥ and sufficiently small |A|, then we set

Ng(z) = Ng(q).

The tangential divergence can also be introduced using parametrizations. More precisely,
if o € Lip([0, 1];R?) is a regular parametrization of ¥ and g : ¥ — R? is a Lipschitz vector
field along ¥, i.e., g o o € Lip([0, 1]; R?), then

lgoo]'(z) - o'(x)

divs g(q) = TWE q=o(z) (2.2)

at points of differentiability. One can readily check that the tangential divergence is indepen-
dent of the parametrization.

2.4. Lipschitz/smooth partitions and associated networks. Given a finite family {£;}
of open subsets (the phases) of R? with Lipschitz boundary such that | J; E; = R? and E;NE; =
() for i # j, we say {E;} is a (finite) Lipschitz (resp. C¥+2) partition of R? if ¥;; := 0F; NOE;
(if not empty or discrete, see Figure 1(a)) is a finite union of Lipschitz (resp. C*+%) curves
with boundary. Each E; is called a phase and each X;; (if not discrete) is called an interface.
Given a natural number m > 3, we call a point ¢ an m-tuple junction of {E;} is there exist
(exactly) m-phases containing ¢ in their boundary.
In what follows we consider only Lipschitz partitions of R? for which:

° > = U” ¥i;j (which we call a network) is connected,
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QOB XO—0—O .

(a) (b) ()

FIGURE 1. Lipschitz (Figures (a) and (b)) and non Lipschitz (Figure (c)) partitions.
Note that in (a) 15 = 0F; N OFEs consists of four points and Y3 = 0F3 N JFg is
empty. In (b) X;5 is a disjoint union of two Lipschitz curves and two points and in
(c) the unbounded phase F; cannot be written (locally) as a subgraph of a Lipschitz
function.

e cither only one phase is unbounded or ¥ consists of finitely many half-lines out of
some discs (this case will be considered only in the crystalline case).
In particular, we do not prescribe Dirichlet boundary conditions for networks; moreover, in
the evolutions we will admit only triple junctions. For notational simplicity, the curves of
OFE; N OF; in the network 3 will be often denoted by X, using one index only.
Note that the Lipschitzianity of E; imply that our Lipschitz partitions do not include
Brakke’s spoon® type networks (in this case the unbounded phase is not a Lipschitz set, see
Figure 1 (c)).

2.5. Anisotropic energy of a network. Let {E;}" ; be a Lipschitz partition of R2. Let
® := {¢;;} be a collection of anisotropies in R? such that each ¢;j is associated to X;;. Notice
that ¢;; = ¢j; and ¥;; = Xj;. The ®-length of X := U 2;j in an open set U C R? is defined

as
lo( / 0 (vs,, )dH". 2.3
= > | olm, (2:3)

1<i<j<n
By assumption, each ¥;; is either empty, or a finite set of points or a Lipschitz curve with
boundary and therefore, £(X;U) < +oo for any bounded open set U. We also set

l5(%) = L (T; R?)
provided that 3 is bounded.

Remark 2.3. We assume

i+ Ok = Pk (2.4)
which is important since the invalidity of (2.4) yields local instabilities. Indeed, in this
situation, a creation of a very thin new phase along the interfaces with large surface tensions

would decrease the length. In the proof of Theorem 3.9 we do not use (2.4) because of our
assumptions on the shape of admissible networks (we do not allow creation of new phases).

3. EVOLUTION OF NETWORKS WITH ELLIPTIC ANISOTROPIES

In this section we assume that all anisotropies are elliptic.

6A union of an embedded closed curve and a half-line starting from a point of the curve.
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3.1. First variation of length. The following result was established in [15, Theorem 3.4].

Proposition 3.1. Let ¥ C R? be an embedded C? curve with boundary 0¥ = {p,q} and
let o : [0,1] — R? be a regular parametrization of ¥ with o(0) = po and o(1) = p. Let
B € C%([0,1];R?) and for sufficiently small |s| with s € R, let o + s parametrize the curve
Y. Then

dly(3s)

ds

= /2/3 -vsy divs Ny dH! + B(1) - [Np(p1)]?* + B(0) - [Ny (po)]?>,

S
where
Ny(q) :=Ve°(vs(q)), g€,
and Ngz is defined in (2.1).
The number
mg(q) = dive Ny (q), qE X,
in the integral is called the ¢-curvature” of the curve ¥ at ¢ and the vector field Ny is
sometimes called the Cahn-Hoffman vector field on . Moreover, the vector n%N(b is called
the ¢-vector curvature. When no confusion arises, we write x¢ in place of Ii%.
From Proposition 3.1 we get

Corollary 3.2. Let ¥ := {%;} , be a network consisting of embedded C*-curves with bound-
ary and ® = {¢;}, be elliptic anisotropies such that ¢; is associated to ;. Let Q be a
m-tuple junction, say the intersection point of curves 1,...,%y. Let o; : [0,1] — R? be a
regular C?-parametrization of ; such that o;(1) = Q and let B, ..., Bm € C?([0,1];R?) be
such that 5;(0) = 0 and $;(1) = Bj(1) = Q and for s € R with sufficiently small |s| let ¥ be
the curve parametrized by o; + sp; and set ¥y :=J,~1 X5. Then

dla (%) = - ) b 1 S 19)3%
el R S EREEE R DE ATl (.1)
The balance condition .
> [Ny, (@)% =0 (3.2)
i=1

is sometimes called Herring condition [10, 26, 32, 49]. By the definition (2.1) of 29% this
equality is rewritten also as

Y N (@) =0. (3.3)
i=1
Condition (3.2) requires some compatibility between anisotropies ¢; :
Ezample 3.3. Let n = 3, ¢1 = ¢p2 = |- | and ¢35 = 1/3] - |, and let @ be a triple junction of

C?-curves X1, X5 and ¥3. Then

Nl(Q) = VZ1(Q)a NQ(Q) = VE2(Q) and N3(Q) = 31/23(@)'

Thus, |N1| = |N2| =1 and |N3| = 3, which implies the sum N;(Q) + Na(Q) + N3(Q) can not
be zero. In particular, condition (3.3) is not related to the triangle inequality (2.4).

"In higher dimensions the anisotropic tangential divergence of a vector field N : ¥ — R"™ over a Lipschitz
manifold ¥ is defined as

divs o g = Tr((Id — e ® V¢)V/g\)7
where vy = vs/¢°(vs) and ng € 09°(vy), and g is the constant extension of g along ng [13, Definition 4.1].
By [13, Lemma 4.4] divs, ¢ Ny coincides with divs N.



6 G. BELLETTINI AND SH. KHOLMATOV

3.2. Anisotropic curvature of a curve. Let ¥ be an embedded C?-curve regularly
parametrized by o € C2([0, 1];R?). Let us express £° by means of o. Note that
J_

No(g) = Vo (£2y), q=olx) €%,
and hence, by (2.2) at ¢ = o(x) we have
bl — 2 10 0/(q)L) a/(q)] ) U’(q)> o (q)-0’ ()*
w(@) = ([0 () i) - o)~ (3-4)
Now recalling the definition of 75, and vy, as well as the definition of the Euclidean curvature
k of a curve, the last equality is rewritten on ¥ as

k? = (V2<Z>O(VE)TE . 7’2) K

This observation will be used frequently.

3.3. Existence of a smooth flow. In this section we only consider bounded networks as-
sociated to an at least C2-partition of R? and all anisotropies are at least C3.

Definition 3.4. Given a network X° := {E?}?zl and associated elliptic anisotropies® ® :=
{¢;}]—1, we say that a family X(t) := {¥;(¢)}, t € [0,T) of networks is a ®-curvature flow
starting from X9 if ¥(0) = X° and there exists an n-tuple u := {u]} _, € [CH2((0,T) x
[0, 1]; R%)]* N [C([0,T) x [0,1];R?)]™ such that
(a) each w/(t), t > 0, is a regular parametrization of Y7 (t);
(b)
w) - - gb?(uj)(v2¢§(uj)7j . Tj)K, on (0,7) x (0,1), (3.5)
where 17 = vy and 7= T} ' ' '
(c) each X(t) contains only triple junctions and if the curves 37!(t), 372(¢) and X73(t)
intersect at a triple junction q(t), then

ZV%Z (Vi(q(t))) =0 forallte (0,T).

Any such flow X(+) is called a smooth geometric anisotropic curvature flow of the network
%0,

Condition (b) says that each curve in the network moves with normal velocity equal to
its anisotropic curvature, whereas condition (c) expresses the Herring condition at triple
junctions. Note that we are not assuming a priori that X0 satisfies Herring condition (3.3).
Even though in what follows we consider only initial networks satisfying (3.3), we would like
to mention that there are results in the Euclidean case (see e.g. [37]) that prove short time
existence from an initial network not satisfying (3.3); this instantaneous regularization is an
interesting result.

Equation (3.5) expresses only the normal component of the velocity of ¥(¢); the presence of
triple junctions forces (see e.g. [35, 40, 41]) X(¢) to have also a tangential velocity. Following
[35, Definition 2.4] and choosing the tangential component of the velocity as

Ni= 70 = 60N (V)T )
n (3.5), we can introduce:

8For simplicity, we write ¢, and X in places of ¢;; and ¥;;.
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Definition 3.5 (Special geometric flow). A special geometric anisotropic curvature flow
is defined by the equation

uf = 6507) (V2507 - 7)) 5. (3.6)

Remark 3.6 (Reduction to a special flow). Repeating the arguments of [35,
Lemma 4.1] (see also [40]) we can prove that using (orientation preserving) diffeomor-
phisms/reparametrizations every smooth geometric flow can be reduced to a special geometric
flow. This observation implies that given X0 (satisfying condition (3.3)), to prove the short-
time existence of a smooth geometric flow we only need to establish short-time existence of a
special geometric flow starting from 0.

Let us consider a special geometric flow u(¢) and the evolution of some triple junction

q(t) :== ult (t,y1) = u’? (t,y2) = u’3 (t,y3)

for some (y1,92,y3) € {0,1}3 and for all ¢ € (0,1). Since all v/ € C12((0,T) x [0, 1]; R?), we
have

au(t) = uf (t.y1) = uf (t.y2) = uf (t.y3). (3.7)
Thus, inserting (3.4) in (3.6) at ¢(t) we get

: iy U (L Y) PN B NV ()
(V) (V28 (V)T - 78) 2 — $0(17) (V229 rd - 77) =222 3.8
AT ) et s = (T o) R 69
for all i, 7 € {j1, j2,73}. If X(*) is smooth up to ¢t = 0, the second order compatibility condition
(3.8) should be satisfied by the initial network X.°. Later in this section we show that if %°
satisfies conditions (3.3) and (3.8), then there exist 7" > 0 and a special geometric anisotropic
curvature flow {(t)}+ejo 77 starting from %°.

3.4. Role of the Herring condition. Let X(¢) be a smooth geometric flow starting from
a bounded network X°. We claim that condition (3.3) implies that the anisotropic length
l$(X(t)) is non-increasing in ¢t > 0. Indeed, without loss of generality, we may assume that
Y(t) is special (see Remark 3.6). Hence, using the definition of {¢, integration by parts, (3.7)
and (3.5) we get

d Lo (u
gﬂp Z/ ‘u ’3 ‘v%ﬁ] uJ

where J(t) is the set of all triple junctions,

Zw (7 (q(t))),

q(t) = w (t,y1) = w(t,y2) = w(t,s)
(ji and y; are different for different ¢). Hence, condition (3.3) implies that

d

O

i.e. the map t — fg(X(t)) is non-increasing.
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3.5. Existence and uniqueness of special flows. In this section we prove the short-time
existence and uniqueness of a smooth anisotropic curvature flow starting from a given network
»0 satisfying conditions (3.3) and (3.8) at triple junctions. For simplicity, we consider only
theta-shaped networks, i.e. bounded C?-networks consisting of only three embedded curves
meeting at two triple junctions.

The main result of the section reads as follows.

Theorem 3.7 (Local existence and uniqueness). Let X° be a C?*T< theta-shaped network
satisfying at both triple junctions

3
D V() =0
=1

and admitting a parametrization satisfying the second order compatibility condition (3.8).
Then there exists a unique smooth geometric flow starting from 0.

As observed in Remark 3.6, concerning existence we just need to prove the existence of a
special flow. Then uniqueness follows from uniqueness of the special flow.

We postpone the proof after several auxiliary results. Before going further, we recall some
notions related to parabolic Holder spaces. For a function v : [0,7] x [0,1] — R and a € (0, 1]

we let
lu(t,z) —v(t y)|

[V]az = sup = ,
tel0,T), z,y€[0,1], z 2y |33 - y|
—o(t
e wp 2o
s,t€[0,T], st, 2€[0,1] s — 1

For a € (0,1] and k € Ny := NU {0} we denote by CHT&JHO‘([OA, T] x [0,1]) the space of all
functions v : [0, T] x [0,1] — R whose continuous derivatives d{0%v exist for all 4, € Ny with
2i + j < k and satisfy

= sup  |9jodu(t, )|
2i4j=0 t€[0,T], z€[0,1]

+ > [0ivaa+ D [0i040]srazsis , < +00.
2i+j=k k+a—2i—j<2 2

HUHC“T”‘JCJra([o,T]X[O,l])

The C“5* %+ norm of a vector valued map is the sum of the norms of its components. We
also adopt the following conventions:

e whenever it is clear from the context, we set

bto kta kta

on 1= C7E R ([0, 7] % [0, 1]; R?)
and

ol e 3= 10l

e for functions v depending only on one variable (space or time), we set

[0.7]x[0,1]:R2)’
i & kta k+a
CFH = P[0, 1R and  Cp? i=C 2 ([0, T RY)
and

[ollita = [olosreqo e and lollege o= Nl ege o oo
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By

xpe
we denote the set of n-tuples o := (c!,...,0") € [C*T]" such that | J_, 0*([0, 1]) is a network
with only triple junctions. Similarly, we denote by

ko, T
Xn7a7
1 n HTQ’]H_O‘ n

the set of all n-tuples o := (d',...,0") € [C; |" such that o(t) =

(oL(t,"),...,0™(t,-)) € X for any t € [0,T).
We start with a general result related to the existence of special smooth geometric flows.
Assumption 3.8.
(A) © := (6;,09,03) are positively one-homogeneous C3T*functions in R? \ {0} for some
€ (0,1},
(B) B := (B4, B2, 33) are even C**°-functions defined in a tubular neighborhood of the
unit circle S! such that

0<m§misqﬂi( )<maxﬁl( )< —, i=1,2,3,
ve

1
vest m
for some m € (0, 1],

(C) F o= (f17f27f3) € (C%)?)

The first variation formula (3.1) for length shows that for the anisotropic curvature flow
we need to choose

0;(1) = ¢Z~O(Tl) and  f;(1) = Qﬁ?(TL)VQ(Z)ZQ(TL)T -7 and f;=0.

Notice that in Assumption 3.8 (A) we are not assuming 6; to be even.
Theorem 3.9. Let k > 2, a € (0,1] and let o € Xf’a satisfy the compatibility conditions
Ul(y) =o’(y) = o°(y),
Z Vo, ( 23(). ) =0 3.9
oLwl) ~ (3.9)
x(y) Ugcac y a'ac:c(y) P
B( ) i =8 (3Y) ij=1,23,

o (v) kW) lot(y)|?’

whenever y =0 ory = 1. Let F be such that
fit,y) = F(ty)  whenever (t,y) € [0,T] x {0,1}.

Then there exist T > 0 and a unique flow u(t) = (ul(t,-),u%(t,-),u(t,")) € Xf”’a’T of
networks such that

u(0,7) = o(x) for z €]0,1],
1(t y) = u(t,y) = u?(t,y) fortec[0,T) andy € {0,1},
Z Vo, <|uz ty;|> =0, fort €[0,T] and y € {0,1}, (3.10)
Bl<u1|>|ull2+f in [0,7] x [0,1] and i = 1,2, 3.

To prove the theorem we follow the arguments of [35, Section 3]. Namely, we linearize the
problem near the initial and boundary data, then using the results of Solonnikov [44] we solve
the linear problem, and finally, using careful Holder estimates we reduce the problem to a



10 G. BELLETTINI AND SH. KHOLMATOV

Banach fixed point argument. Note that in [35] the authors consider just one anisotropy and
networks having a single triple junction together with a Dirichlet boundary condition.
We divide the proof into several steps.

3.5.1. Main functional spaces. For T >0, k > 2, o € (0,1] and M > 0 let

Al g e < M 0(0.) = 07()}

T

i kto pio

for j = 1,2,3. Note that if M is large, then XJ];/[T is non-empty.

Lemma 3.10. Foro € Xf’o‘ assume that

min [07(2)] =8 >0, j=1,2,3.
z€[0,1]

Then for any v € XJJ\?T one has

min | lva(t, 2)| > 0/2

t€[0,7], 2€[0,1
provided that
o
T<—. 3.11
< (3.11)
Proof. Since
t
vz (t, 2) = v(0, 2) +/ vz (S, 2)ds,
0
by the Holder estimate of v € X]{/[T we have
t 4]
o0(t.2)] 2 [02(0,2)] = [ Juua(s.2)lds = 5 - Mt = 3,
0
whenever t < T < ﬁ O
From now on we assume (3.11) and we set
3 .
Rur =[] Xr (3.12)
j=1

This will be our main functional space.

3.5.2. Linearized problem. Given u = (u1,u2,u3) € Rm,r, we look for v = (u1,ug,u3) €
kta k+a
2 b

[C’T ]3 solving the linear system of PDE’s

{ ul — ozju?m = FJ,

uw?(0,2) = o/ (x), (3.13)

where 7 =1,2,3,

=J
T

Q5 = 92 7 Fﬂ:f + W_aj Uzzs

o3|
with the linearized boundary conditions

ul(t,y) = wi(t,y) = u’(t,y), (3.14)
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- ul (t,y) oi(y) \ . et | [ty | _
;( '(|ax<y )m+ [wﬂ'(w(yn) k) } o2 ()] ) = Balty) (3:15)
for (t,y) € [0,7] x {0,1}, where

Z { [ ‘<|Uz z ) Iffil(y)\ a 9](@%3) |ag;(1t,y)\] @} (t,y)

Jj=1

. (2w . @] g.(Eaty) \ | [yt 1 i (t. )1+ b
<[V <|J<y>\) |o;<y>|}|ax<y>\ [V (|f<ty>|) mzc(t,y)\]m;(t,yn [t y)

In the linearization (3.15) of condition (3.3) we used the positive one-homogeneity and con-
tinuous differentiability of 6;, hence,

6,(a) = V8;(a) -a, a R\ {0},

which implies
Voi(a) = (VOi(a) - a)a+ (VO;(a) - at)at = 0;(a) a+ (VO;(a) -a*)at, acSh.

3.5.3. Solvability of the linear problem. To check solvability we need to check that the linear
system is compatible with boundary and initial data [44].

We use the Fourier symbols p = 0; and & = 0,. The linear operator corresponding to the
linear system (3.13) has the 6 x 6-matrix

(p—a1&H)1 O o
£($,p,£) = O (p_a2§2)1 O ’
O O (p— a3z 1

where a; := a;(x), &,p € C and

10
i-(y §). o

In particular, for i =+/—1 and £,p € C

(b o)

3
L(z,p,i€) := det L(z,p, i) = [ [ (0 + 2;¢%)?
7j=1

and the matrix

L(z,p,i€) := L(x, p,i€) L(x, p,i€) ™

reads as
L(x,p,i€) =
(p+ a28?)(p + a3&?) I o O
o (p+ 1) (p+ 3?1 o
(0] O (p+ 1) (p+ €)1
Since -
Bj(oz/loz))

aj = >mm1n{ 1 :j:1,2,3,a:€[(),1]}>0,

ol |2 |o% (@)

the system (3.13) is parabolic, here m is given by Assumption 3.8 (B).
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Following [35], fix p € C\ {0} with R(p) > 0. Then the polynomial L(z,p,ir), 7 € C,
has six roots with positive imaginary part and six roots with negative imaginary part. More
precisely, setting p = [p|el% with |(,| < /2 and

lp| i(z4+%

T;_ ::Tj_(x7p): %6(2+2), (316)
pl (3%

TP =T (fL‘,p): !6(2—’—2)7

we may write

Let

Now we turn to define the matrix associated to the boundary conditions (3.14)-(3.15). It is
given as

I -I O
B(yag): o I -1 5 y:0717 &'EC,
Q Q Q3

where

Q; :=bj <g 2)+bj2 <2 _0€>, J=1,2,3,

with all the coefficients evaluated at y = 0 and y = 1, and

S B 1, B O ) W A )
i : \a;<y>|93<|o;<y>\)’ bje : Wﬂ<|a;<y>|> k()2 (3.17)

Consider the matrix

~

Aly, p,ir) := By, ir)L(y, p,it) =
(p+am®)(p+ast®) I —(p+ar7?)(p+ azr?) 1 o)
o (p+aam®)(p+ast™)I  —(p+a7?)(p+ am?)1
(P+aer?)(p+as®) Qi (p+arm®)(p+asm) Q2 (p+ o) (p+027%) Qs
By definition, the complementary condition holds [44] if the rows of this matrix are linearly

independent modulo P whenever p # 0 with ®(p) > 0. Thus, we need to check if w € RS
(considered as a 1 x 6-matrix) is such that

w 'A(y7p? 17—) = (0707())07070) mod P+7

then w = 0. This equation yields six linear equations. For instance, for the first column of A
we have

(p + 0427'2)(]0 + a3T2) (w1 + ib1wsT + ib12w67) =0 mod PT.
Then by the definition of P* we have

w1 + ib11wsT + ibowgT =0 mod (7 — 7—1+)’

or equivalently,
w1 +ib11w57'1+ —l—ib12w67'1+ =0.
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Treating similarly the remaining columns we get

(w1 + by 7;" ws + by we = 0,
wg — 15127'14_ Wy + 15117‘?_ wg = 0,
—wy + w3 + b1 7y ws + bty we = 0,
—wg + wyg — ib227'2+ Wy + ib217'2+ wg = 0,
—ws + ibng;_ ws + ibgg’i‘;— wg = 0,

—Wy4 — 15327';_ ws + ib317‘;— we = 0.
The determinant of this system is computed as

1 0 0 0 by ibiary

0 1 0 0 —ibppr ibp7y

. —1 0 1 0 ibyyr iboory
A= det 0 —1 0 1 —ibQQT; il)21’7'2+
0 0 -1 0 ibg7ry ibgory

0 0 0 -1 —ibgery ibgi7y
- (b117'1+ + b21T2+ + 1)317';)2 - (b127’1+ + 5227'2—’_ + 1)327';_)2.
Now recalling the definitions of b;; in (3.17) and of 7'j+ in (3.16) we get

3

A :p[ie (|oaéa )FJFP[ZWJ'(@%) ' i‘ﬂi;r 70
i=1 i=1

Thus, w = 0.

Now we check the complementary conditions for the initial datum. Let C be the 6 x 6-
identity matrix. Note that at t = 0 we have Cu = 0. We need to check that the rows of the
matrix

R I O O
O 0 »pa

are linearly independent modulo L(x,p,0) = p%, which is obvious.
In view of (3.9) the linear problem satisfies the compatibility condition of order 0, and
therefore by the theory of linear parabolic systems [44], there exists a unique solution u €

[C’ e ’2+a] of (3.13)-(3.15) satisfying
3 . .
Znuﬂn s < Co| 0 (1Fdl g+ lollonne) +1Bul e |- (318)
j=1 j=1 T Cr

where Cy > 0 does not depend on T.

3.5.4. Self-map property. Now taking a larger M > 1 and a smaller T if necessary, we show
that for any u € Ry the unique solution u of (3.13)-(3.15) also belongs to R 7.
To this aim we estimate ||F5HC%,Q and ||Bg|| 14o in (3.18). By the definition of Iy we
T C
have '

5;‘(

Eil
loz]?

e < il .-

@

J j IBJ
IFl 5.0 < 1] g0 +C
T

bR
cVT
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14
Since B; € C?*2 out of the origin and |u| > §/2 for all u € Ry (Lemma 3.10), by Lemma

ince f3;
5.2
( 551 J|>>
‘0— ’2 Cj%’o‘
for some Cy > 0 depending only on 6, ||7|lco, ||V ]|oc and ||[V257]|s. Since @/ (0, -)

the fundamental theorem of calculus and the choice of Ry we have
% ~ od] .0 < MT
T

< 3CoM2i — o g

=07, by

a0 < M we get

and therefore, taking into account also HumH
T
IE2] o < 1] g+ BCICOMT,
T

02“

Similarly,
[Ball 14e < CsM*T

for some constant C5 depending only on ||0;ls [|[V0jllcs V20500, |V30;]lcc and &

Inserting these estimates in (3.18) we get

3
[l 5o e < C0 D[] .0 107 esa] + Co(3C1Ca + C)M*

T i=1
Hence, if we choose
3
M =1+200 3 [I17] g+l lezsa
i=1
then
lull 2o 0y < M
T
provided
T < M+1 ‘
- 200(30102 + 03)M4

3.5.5. Contraction property. Given 4,9 € Ry, let u = S and v = S € Ry be the
corresponding solutions to (3.13)-(3.15). Choosing 7" smaller if necessary let us show that

1
I =Bl 250 o

|Sa — S| 2+a2+a_2 2

Let w = u — v. Then w solves the linear system

w? — Qjwhy = FJ — FI,
wj(oa ) =0,
coupled with the boundary conditions
w'(t,0) = w?(t,0) = w?(t,0),
) wi (L,y) g (22w | et @)]* | ittt
; ( (i5) s + [v i(15) - s ] o2 1) )

= Bﬂ( 73/) - Bﬁ(tv y)7
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for y = 0,1. As we checked above, this linear system satisfies the compatibility and comple-
mentary conditions, and thus it admits a unique solution, satisfying

] v < Co (17 = Foll .0+ 18a - Bol e |

Therefore, repeating the same arguments above we find

HWHC?;,M < CyT||u — UHCT%;,QW
where Cj depends only on 0, M, §; and 6;. Now possibly reducing 7" > 0 if necessary we
deduce the required contraction property.

3.5.6. Proof of Theorem 3.9. Finally, using the Banach fixed point theorem we conclude that
there exists a unique u € Rz solving system (3.10).

3.6. Evolution of networks in the Euclidean setting. Starting from the work [17], a vast
literature is dedicated to the curvature-driven flow of networks (see e.g. [33, 38, 39, 40, 41]
and references therein). In this section we shortly describe known results related to evolution
of networks in the Euclidean setting; we refer to the recent survey [40] for more details.

In the Euclidean setting, the condition (3.3) at the triple junctions reduces to a 120°-
condition between normals. The existence and regularity of a flow with Dirichlet boundary
conditions has been established, for instance, in [17, 41]. Here one needs to assume the
120°-condition at all triple junctions of the initial network.

The behaviour of such a smooth flow near the maximal time, as in the curvature evolution
of closed curves, is obtained using integral estimates for the curvature. Namely,

Theorem 3.11. Let {¥;},c(o,1) be the smooth geometric flow in the mazimal time interval
[0,T), starting from an (admissible) network X in a bounded convex open set Q0 with Dirichlet
boundary conditions on 0. Then:

e cither the lower limit of the length of at least one curve in X; converges to 0 ast /T,

e or

lim sup/ k2 dx = +oo.
t T Jx,

Moreover, if the lengths of all curves in X; are uniformly bounded away from zero ast /T,
then there exists C' > 0 such that

C
2
K dx > or allt <T. 3.19
/Et — (3.19)

Note that under the uniform lower bound on the length, (3.19) implies
!/
max k> > ¢

)3 VT —t

where €’ depends also on the lengths of the curves, which is slightly weaker than in the blow
up case of closed curves {%}te[oj), which reads as

forall t < T, (3.20)

maxﬁQEL forall t < T.
Yt T—t
However, the latter estimate for networks is not known even for simple triods (three smooth
curves with a single triple junction).
The next question is the blow-up behaviour of the rescaled networks near the maximal
time. As in the closed curves setting, one can establish Huisken’s monotonicity formula for
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networks [33, 40] and then, using parabolic rescaling, one approaches some limiting network
ast ' T. A complete classification of these limiting networks is a hard problem, because
they could be not regular; for example, we may loose the 120° condition (collapse of two
triple junctions), two curves of the network may collapse (higher-multiplicity), or even some
phase may collapse to a point or segment. Of course, one of the possibilities are self-shrinking
networks; for their classification we refer to [5, 6, 22, 40].

3.7. Long time behaviour of the anisotropic flow. We recall from [35] that, as in the
Euclidean curvature flow of networks, at the maximal time in a triod with Dirichlet boundary
conditions either some of the curves disappear or the curvature of some curve blows up and
also near the maximal time the L?-norm of the curvature satisfies (3.20) provided that the
length of the curves is uniformly bounded away from zero.

However, to our knowledge, not much is known on theta-shaped networks near the maximal
existence time even in the case of a single noneuclidean anisotropy: in this case we cannot
straightforwardly repeat/adapt the arguments of [35] because (as in the isotropic case) we
could have not only singularities related to the blow-up of the curvature or disappearance of
a curve, but also collapse of triple points or region disappearance. Moreover, the problem of
existence of homothetically shrinking theta-shaped networks seems open in the anisotropic
case. Recall that in the isotropic case such a homothetic network does not exist [4].

4. CRYSTALLINE CURVATURE FLOW OF NETWORKS

The classical definition of curvature in the smooth case breaks down if we lack the smooth-
ness of the anisotropy, for instance in with crystalline case. As in the two-phase case
(7,9, 14, 28, 29, 30, 45, 46, 47, 48], the crystalline curvature becomes nonlocal and its definition
requires a special class of networks, admitting a Cahn-Hoffman vector field.

In this section we extend the definition of smooth anisotropic curvature flow to the poly-
crystalline case, generalizing [10]. Unless otherwise stated, in what follows we only consider
even crystalline anisotropies.

For simplicity, we assume that any curve we consider is polygonal, consisting of finitely
many (at least one) segments and at most one half-line, having fixed its unit normal (via
parametrization).

Definition 4.1.

(a) Distance vector between two parallel lines and segments/half-lines. Let L;
and Lo be two parallel lines. A vector H is called a distance vector of Lo from Ly if
|H| = dist(L1, Le) and xg + H € Lo for any zp € L. In other words, Ly = L1 + H.
Similarly, given two parallel segments/half-lines S and T a vector H is a distance
vector of S from T if H is the distance vector of the line containing 7" from that of S.
We write
H(S,T)
to denote the distance vector of a segment/half-line S from a segment/half-line 7'
(b) Parallel networks. Let ¥ = [J;; ¥; be a polygonal network such that each curve ¥;
consists of m; > 0 segments S},...,S% (in the increasing order of parametrization’
of ¥;) and I; € {0, 1} half-lines L;, m; +1; > 1. We say that a network ¥ is a parallel
to X provided that:
— it consists of n embedded curves i, ..., %,;

9.e. each S; starts from the point where S;,l ends.
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— for each i the curve ¥; consists of m; segments S, ..., S’fm (in the same order as
in ¥;) and I; half-lines L;;
— for each i € {1,...,n} the segments Sji- and S’ji- are parallel for all j and L; and
L; lie on the same line;
— if ¢ is a junction of 3;,,...,%;, for some k > 3, then ;,,...,%; form a junction
in the same order as {¥;, }.
(c) Distance between parallel networks. Let ¥ and ¥ be parallel networks. We set

d(%,5) := max |H(S}, 5))|.
Zh]

Yo = Lo

Y3=S{UL
2 =Ly P

FIGURE 2. Non-parallel networks satisfying the first three assumptions of Definition 4.1(b).

Remark 4.2.

(a) If vg = vy, then H(S,T) = —H(T,S).

(b) Two parallel networks have the same structure and only the length of segments and/or
endpoints of half-lines may differ. The condition on junctions in Definition 4.1 prevents
the situations drawn in Figure 2.

(c) Given a network ¥ and a sequence {¥(k)} of networks parallel to ¥ the following
assertions are equivalent:
(1) d(S, S(k)) - 0;
(2) each segment S]’(k) of ¥(k) converges to the corresponding segment S; of ¥ in

the Kuratowski sense;
(3) Hl(sz.(k)) — HI(SJZ») for all 4 and j.

Given parallel networks ¥ and ¥, the distance vectors of the segments of ¥ from those of
> are uniquely defined.

Proposition 4.3. Let ® = {¢;};.; be crystalline anisotropies, ¥ and ) be two parallel
polygonal networks and let J and J be two corresponding segments of 3 and Y. Let us write
hr = H(T,T) - vp,

where T (resp. T) is a segment/half-line in ¥ (resp. X).

(a) Let J do not end at a triple junction and let S, S" be segments/half-lines of ¥ which
end at the endpoints of J. Then

H(T) = H'(J) + alhy| + blhs| + c|hgn],

where a, b, c are real numbers depending only on the angles between S’, S and S, S".
(b) Let J = [AB] and B be a triple junction of J and two other segments/half-lines S’
and S".
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(bl) Let a segment/half-line T of ¥ end at A. Then
HL(T) = HY(JT) + ahp + bhy + chg + dhgn, (4.1)

where a, b, c,d are real numbers, a depends only on the angle between vy and vg,
and b, c,d depend only on the angles between J, S’, S”.
(b2) Let A be another triple junction of J and segments/half-lines T' and T". Then

Hl(j) = HI(J) + ahgr + bhpr + chy + dhg + ehgr, (4.2)

where a,b,c,d,e are constants depending only on the angles between T',T",J, and

J, S, 8",

Proof. (a) In view of the signs of hg/, h; and hg» we have eight possible configurations for
the relative location of J and J (Figure 3).

(a) hgryhy,hgr 20 ) hy hgr >0> hg (¢) hy hg > 0> hgn d) hg/,hgn >0>hy
(€) hgn >0>hy hg ) hy>0>hg, hgn (9) hsr >0>hy hgn (h) 0> hy, hgr,hgn

MMMM

FIGURE 3. Eight possible (schematic) configurations of J and J.

For simplicity, let us compute the length of .J in case (g) of Figure 3, i.e., hgr > 0 > hy, hgn
see Figure 4. Clearly,

HI(J) = H'(J) = H ([AE])| + H'(IGB)).

S/ c

hgn s

~ - hy

!
!
!
<
Q/
—
/
/,

FIGURE 4. Computing the length of segment J not ending at a triple junction.

Let us denote the angles of > at A and B by 6, and 6s; obviously, these two angles are
uniquely determined by vg/, v; and vy, vgr, respectively. As both the angles ZCAD and

/DAE are equal to ) — 7/2,
H'([AE)) = H'([AD)) + #'([DE))

= ptan(f —1/2) =

her
in 61
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Since
Ay _ ANFB) _ HY(GB) 5
1 — — = — =
HU(BB) = —— ek = o8 and LGBF =f6y—m/2=a+p,
we find
_ hJ _ hS//
sina cos(fy — /2 — )

or equivalently,
hj(sin 02 cot o — cos f2) = hgn.
This implies

HY([GB]) = —hjcota = — {ls” — hjcot bs.
sin 69
Thus,
HUT) = H'(T) = —5 1 hj(cot ) — cot By) — -5
sin 6y d ! 2/ Sinfy

_(b1) As in case (a) we can consider all possible relative configurations of (S',.J,S") and
(57, J,S5") (more than 27 cases). For simplicity, let us assume that we are as in Figure 5 and
let

21 :=|hgl = HX([BD]), @2 :=|hs| = H'(BF)), 3= |hs| = H'((BE)).

FIGURE 5. Computing the length of the segment ending at a triple junction B (case
(bl) of Proposition 4.3).

We just need to compute H!([BD]). Since v = 01 — 7/2, we have

1P _ g1 1 S r3 _ r3
H([BD]) =H ([DG]) + H ([GB]) = x; tany + cosy s, x1 cot fy.

Analogous computations can be done near A and A. Now observing that x; = hy, 2 = —hg
and x3 = —hgr, we deduce (4.1). Applying (b1l) at each triple point we conclude (4.2). O

4.1. Cahn-Hoffman vector fields associated to a Lipschitz curve. Let ¥ be an em-
bedded Lipschitz curve and let ¢ be an anisotropy. We denote by Lip¢(Z;R2) the set of all
vector fields N € Lip(X;R?) such that

p(N)=1 and N vg=¢°(vs) H'-ae onX. (4.3)

Any such vector N is called a Cahn-Hoffman vector field. Note that (4.3) is equivalent to
saying N € 0¢°(vs) H'-a.e. on X, where 9¢° is the subdifferential of ¢°. We recall that not
every Lipschitz curve admits a Cahn-Hoffman vector field. However, when it exists, we call
the curve ¢-regular.
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4.2. ®-regular networks. Let ¥ C R? be a network consisting of polygonal Lipschitz
curves'? {;}7 | and let ® = {¢;}"_; be a set of anisotropies with ¢; associated to ¥;. We de-
note by Lipg(3;R?) the space of all vector fields N : ¥ — R? such that N, € Lip,, (3i; R?).
We set

NE = {N € Lipg (Z;R?) : Z(Nmiv(q))az"f =0 at the m-tuple point q}, (4.4)
=1

where N&Zj is defined in (2.1) and ¢ is endpoint of (exactly) m curves ¥;,. Any element of
N is called a Cahn-Hoffman vector field associated to ¥ and any network admitting at least
one Cahn-Hoffman vector field is called a ®-reqular network.
The condition on junctions in (4.4) is called balance condition'®.
In what follows we are mainly concerned with networks with triple junctions, and hence,
in the balance condition only three vectors appear. Given three anisotropies ¢1, g2, ¢3, let us
call any triplet (X1, X2, X3) such that X; € 0By, and

X1+ Xo+X3=0

admissible. We anticipate here that, unlike the elliptic case, the admissible triplets at a triple
junction coud be even uncountably many (see Lemma 4.13 below).

FIGURE 6. An admissible triplet for three hexagonal anisotropies ¢1, ¢2, 3. The
boundaries of hexagons By, and By, cross the boundary segments of By, at their
midpoints. Therefore, if X € S is not the midpoint, then there are no Y € 9B, and
Z € 0By, such that X +Y + 2 = 0.

In the case of different anisotropies, showing N> # () is not trivial (see Figure 6).

Remark 4.4. Let ® = (¢1,...,¢,) be crystalline anisotropies and let ¥ = (J; X; be a ®-
regular polygonal network.

e If S = [AB] is a segment of ¥; and N € N'®, then N(A) — N(B) is parallel to the
tangent vector 7g to S. Moreover, N(A) and N(B) belong to the same edge of the
Whulff shape By,, whose tangent is parallel to 7. In particular, if S does not end at
an m > 3-tuple junction, then any Cahn-Hoffman vector field N is uniquely defined

10As in the smooth case, we write S5 and ¢y, in places of Yij and ¢@g;.
H\Which is a version of Herring condition.
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Y=N1UXUE3U%y

ZQ 1

FIGURE 7. A possible definition of Cahn-Hoffman vector field using only its values
at the vertices and at triple junctions in the case of a single anisotropy. Note that the
Cahn-Hoffman vector is uniquely defined at the vertices of ;.

at the endpoints A and B of S and hence, it can be extended along S in a Lipschitz
way keeping (4.3) valid.

e If 3 contains a half-line L with endpoint at A, then N can be defined along L con-
stantly equal to N(A). Similarly, if ¥ contains a “curved” part'? C' [10], then N can
be taken constant along C.

4.3. Crystalline curvature of a ¢-regular network. The following result is an improve-
ment of [15, Theorem 4.8] and can be shown along the same lines.

Theorem 4.5. Let ® = (¢1,...,¢y) be crystalline anisotropies associated to a network ¥ =
(X1,...,2). If ¥ is ®-regular, then the minimum problem

min {Zn: /E [diveN]? ¢2(v) dH' : N ¢ NE} (4.5)
=1 i

admits a unique solution'® Npip.
Recall that in [15, Theorem 4.8] the authors assume that all ¢; are equal.

Definition 4.6. Let ¥ be a ®-regular network. We define the ®-curvature x® of ¥ as

k® = divy; Npin a.e. on 2.

Sometimes we denote the ®-curvature by Iﬁ% if we want to emphasize its dependence on X..
We recall that in the two-phase case the structure of Ny, over a planar Lipschitz ¢-regular

curve ¥ giving the curvature is known. Namely, if the curve is polygonal, then the values of

Npin are uniquely defined as the linear interpolation of its values at the vertices. Moreover,

if 3 is not polygonal, then Ny, is constant on curved parts.

Remark 4.7. Unlike the smooth case, the crystalline curvature of a network is nonlocal. Still:

(a) If a network ¥ contains a segment S = [AB] not ending at an m > 3-tuple junction,
then Ny is uniquely defined at A and B and linear along S, and hence

[} _ len(B) - len(A)
H(S)

-T7g on S, (4.6)

125 part which is not parallel to some of the sides of the corresponding Wulff shape.
13which identifies the direction along which the length functional (2.3) decreases “most quickly”.
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where 7g is the tangent to the segment S.

(b) If ¥ contains a half-line L, then k¥ = 0 on L. Similarly, if ¥ contains a “curved” part
C, then Nyjn must be constant along C' and hence, k® =0on C.

(c) As we mentioned in Remark 4.4, a Cahn-Hoffman vector field N can be defined only
by its values at the triple junctions and at the vertices of segments of ¥ (see Figure
7). Then the minimizer of (4.5) can be searched only among all possible values of N
at the triple junctions.

(d) k? is constant on each segment S and half-line L of ¥, and we denote their curvatures
by x®(S) and x®(L) = 0, respectively.

These observations imply the following properties of a ®-regular network.
Lemma 4.8. Let ® = (¢1,...,¢n) be crystalline anisotropies and let ¥ = |J;_, X; be a
®-regular polygonal network. Then:

(a) any network X' parallel to 3 is ®-regular;
(b) letqi, ..., qm be the multiple junctions of 3, i.e., for each q there exist ny > 3 polygonal

. ln/
curves containing q; at their boundaries. Let S;*,..., S, with nj < ny be all segments
ending at q, (hence g belongs to ny — n) half-lines of ¥), where S} C ;. Then (4.5)
is equivalent to the minimum problem

m [(N(B}') = N(A))) - 75,12
_ A (4.7)

where S’ = [A B/];

(c) let {3(k)} be a sequence of networks parallel to X2 (so that by (a) each (k) is ®-
reqular) such that d(X(k),%¥) — 0. Let Nmin and Npin(k) be the solutions of (4.5)
applied with ¥ and (k). Then

uniformly in x € Sg, and
R (51 (k) = £2(S])  as k= +oo, (4.9)

where S;(k‘) and S;: are corresponding parallel segments of ¥(k) and 3, and z(S,T,-) :
T — S is the linear bijection of T' onto S, preserving the orientation.

€ N™ be the solution of (4.5) and let us define N % as follows: at vertices
and then we linearly interpolate

Proof. (a) Let N>

of ¥ and also at multiple junctions we define N* = NZ.
them along segments/half-lines. Then such vector field belongs to N'™>.

(b) Since all segments not ending at multiple junctions admit a unique minimizing Cahn-
Hoffman field, the minimum problem is reduced to only segments ending at multiple junctions.
Since x® is constant along all segments and x® = 0 on half-lines, the minimum problem (4.5)
is equivalent to (4.7).

(c) Assertion (4.8) follows from the definition of Cahn-Hoffman at the vertices of a network,
the definition of parallel networks and assertion (3) in Remark 4.2(c). Similarly, 4.9 follows

from (4.8), (4.7) and assertion (3) in Remark 4.2(c). O
Remark 4.9.
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(a) The sum in (4.7) is a function of N(X) - 7g, where X is the endpoint of the segment
S at the junction. Since N(X) varies in a compact subset of 0By, the problem (4.5)
is the minimization of a quadratic function of finitely many variables z := N(X) - 75
(depending on the number of junctions and their multiplicity) and subject to the
balance condition in (4.4). In particular, the unique minimizing field can be found
depending only on anisotropies, the location and length of segments ending at the
junctions.

(b) If ¥ and ¥ are parallel ®-regular networks having only triple junctions, then Proposi-
tion 4.3 and Lemma 4.8 allow to rewrite the minimum problem (4.7) depending only
on the distance vectors from the segments/half-lines of 3.

(c) Recall that by our convention, no half-line of ¥ ends at a multiple junction.

4.4. Polycrystalline curvature flow. In this section we define polycrystalline curvature
flow of networks, generalizing [10]. For simplicity, we only consider networks without “curved”
parts and with only triple junctions.

Definition 4.10 (Admissible network). Given crystalline anisotropies ® := (¢1,. .., ¢n),
let us call a network ¥ := J_; X; admissible if

e X is ®-regular;
e any multiple junction of ¥ is a triple junction;

e cach ¥; consists of m; > 1 segments Si,..., Sk (counted in the increasing order of
parametrization of ;) and at most one half-line L;; let I; € {0,1} be the number of
half-lines.

FIGURE 8. Evolution of a network with a single anisotropy.

Definition 4.11 (Polycrystalline curvature flow of networks). Let ® := (¢1,...,¢p)
be crystalline anisotropies and let X0 := Ui, E? be an admissible network such that each E?
consists of m; > 1 segments S(l)’i, cey S% and I; € {0,1} half-lines LY. Let T > 0. We call a
family 3(t) := ;i Zi(¢), t € [0,T), of admissible networks a polycrystalline curvature flow
starting from X% in [0, T) provided ¥(0) = X9 and:
(a) X(t) is parallel to X0, i.e.,
— each X;(t) consists of m; segments Si(t),...,S;, (t) and [; half-lines L;(t);
— each S}(t) is parallel to Sj(-)’i and L;(t) and L? lie on the same line;
(b) if
H(t) == H(Sj(t), S5")
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is the distance vector of the segment Sji»(t) from S;-)’i, then sz € Cl((O,T);RI/;) N
CO([O,T);RI/JZ:) and

d . . . .

@Hj(t) = —¢f(v§)m¢(5§(t})yj? on (0,7),
Hi(0) = 0,

where V]i- is the normal to S;-)’i.

(see Figure 8).

Parallelness of the flow X(¢) to X° is important feature of the model: later this will be
used in the proof the short-time existence of polycrystalline curvature flow of networks (see
Theorem 4.18).

Remark 4.12. The segment S;- (t) moves in the direction of 1/]“: if and only if K(I’(S;-(t)) < 0.

4.5. Computation of crystalline curvature. In this section we compute the curvature of
some networks in the case of a single crystalline anisotropy, see also [10].
Recall that a triplet of vectors X, Y, Z € 0By satisfying

X+Y+2=0
is called admissible (see Section 4.2).
A
X
S
|-t S A L
- '::::'..
N S\
B, =P By = by

FIGURE 9. Admissible triplets for square and hexagonal Wulff-shapes. Note that Py
admits infinitely many pairs (Y, Z) with X +Y + Z = 0. However, P; admits a unique
pair for all X.

Lemma 4.13 ([10, Lemma 2.16]). Let ¢ be any even (not necessarily crystalline) anisotropy
in R? and let X € 0Bgy. Then there exist two distinct vectors Y,Z € 0By such that (X,Y,Z)
is admissible. Moreover, if either By is strictly convex or any segment S C OBy parallel to
X satisfies |S| < |X|, then the pair Y,Z is unique (up to a permutation). Finally, if 0By
contains a segment S satisfying |S| > |X|, then there exist infinitely many unordered pairs
Y, Z € 0By of disctinct vectors such that (X,Y, Z) is admissible (see Figure 9).

Let ¢ be a crystalline anisotropy such that By is a regular polygon with n > 6-vertices
(note that n is even) and assume ¢; = ¢ for all ¢ = 1,...,n. Let us study how admissible
triplets look like when one of the vectors X,Y, Z is fixed. By Lemma 4.13 for any X (resp.
Y or Z) there exists (up to a permutation) a unique ¥ = Y (X) and Z = Z(X) (resp. X(Y)
and Z(Y), X(Z) and Y (Z)) such that (X,Y, Z) is admissible. In view of the symmetry of
Bg, we can explicitly compute the ranging regions for all admissible triplets (see Figure 10).
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% Wy X(Va) X(Ws) X (Vs) X(W’vz)

FI1GURE 10. Wulff shapes By = Pi2 (n = 6m), By = Pia (n = 6m—4) and By = Py
(n = 6m — 2) and relative regions of ranging for admissible triplets (filled regions).
We observe that the sum of the lengths of three admissible segments in P4 and Pig
is the sidelength of the polygon. Moreover, if any of X, Y, Z belongs to the boundary
of its admissible region, then at least one of them falls on a vertex of B.

To this aim, let us introduce the following numbers:

%” n = 6m, I 1
O, ={2Z1+1) n=6m—-4, 6= E=-—— 4.10
o (1+ 7{‘) n=6m -4, 2(1 —cosb,)’ ¢ 2cos 6, (4.10)
F(1—5) n=6m-—2,
0 n = 6m, l n = 6m,
qy = —C0 n =6m — 4, and g =14 ¢c(l—0) n=6m—4, (4.11)
l—¢(l—0) n=6m-—2, l+¢ n=6m-—2,
and the segments
0,1 =6
0,5 = 4 1] e om (4.12)
[0,l —0] mn=6m—4,6m—2.

where [ is the sidelength of Byg. Then letting
ZL‘:|V1—X|, y:“/?_YL Z:|W3_Z’ (413)

(see Figure 10), we have
y=cr+q, and z=—-cr+gq, (4.14)

and in particular, knowing just one among z, ¥ and z we can find the remaining two.

4.5.1. Crystalline curvature of triods. Let 31, 39, Y3 be three polygonal curves each consisting
of one segment S; and one half-line L;, with a single common vertex, and let ¥ be the
corresponding network.

We want to compute its crystalline curvature in case By is a regular octagon (n = 8) of
sidelength [ = 1. We parametrize it in such a way that the 90°-clockwise rotation of its
external unit normal coincide with the tangent to the boundary of By. Then the quantities
above are computed as

3 1 1 V2 -1

Os =", d=1-—r, o=-=, g=-
T NV R 2

[a,b]:[1—12,12].

1
q,z:§

and
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Note that if z,y, z are as in (4.13), then by (4.14)

T 2 — T 1
YTV V22 (19

so that

11 1 1
x € [1—%,\ﬁ} = yE [O,l—ﬁ} and z € [0,1—\ﬁ}.
These three segments divide each side of By into three segments and using Figure 10 the
values of admissible triplets (X, Y, Z) are (up to a rotation of 22.5°) as follows: For simplicity,

Vi X v

Y=Y U U

FIGURE 11. A triod and regions for admissible triplets.

assume that our triod is as in Figure 11. In this case any Cahn-Hoffman field N is identically
equal to V4 on L1, Wy on Lo and V3 on L3. According to the figure, in the admissible triplets
(X,Y,Z), X must be taken from the “middle” region, or equivalently, x € [1 — %, %]
Let us write a 1T b to denote parallel vectors a and b with the same direction. Observing
(‘/I_X) TT TSy ﬁ (_TB¢(X)) and (WQ_Y) TT TSy TT TB¢(Y) and (‘/3_Z) TT TSs TT (_TB¢(Z))5
from the definition (4.13) of z,y, z we get

(S) Vl—X r _ X
VUHIS) T HI(S)
Wy =Y 1—y

S =

W) =35 T i)
Ws— 2 1-

KP(S3) =1 = —airg

HI(Ss) T T HI(S,)
where in the last two equalities 1 represents the sidelength of By, and
k(L) =0, i=1,23.
Since ¢°(vs,) = ¢°(vs,) = ¢°(vsy) := ¢, the functional in (4.5) is rewritten as

/[legN] ¢°(vy) d’;‘-[1 / ¢°(vs,) )] dH?

(1-y? ([1-2)
HU(S2)  H(S3)

¢°[H1<sl> *

Inserting the representations (4.15) of y and z we get

¢1 / [divy N]?¢°(vs) dH' = az? + Bz + 7, (4.16)
o Jx
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where
1 1 1

HI(S) T IHI(S) T 2H(Ss)
_ 1 V2+1
V2HL(S5)  V2HN(S,)
3+2V2 1
o= 1 + T .
AHI(S2)  4HI(S3)
Then the minimum problem (4.5) reduces to finding
min  [az? + Bz + 7]
xe[lf%,%}
and the minimizer x,,;, satisfies

o =

B

11— — < 2mn

1
NG G

V21 1 1 V2 V2
H(S) ~ VaHI(S5) ~ HI(S2) " HI(S1) | H(Ss)’

if and only if

27

(4.17)

(4.18)

Remark 4.14. Condition (4.17) implies that the vector field Ny, associated to the network
Y given in Figure 11 at the triple junction belongs to the interior of the admissible region for
triplets (X,Y, Z). Thus, any slight modification of ¥, keeping it ®-admissible, preserves this
“interiorness” condition. We anticipate here that this condition will be used later in the proof

of short-times existence of the flow.

4.5.2. Crystalline curvature of theta-shaped networks. In this subsection we assume that By
is a regular hexagon (n = 6) of sidelength [ = 1; let ¥ be a union of two convex hexagons
with sides parallel to those of By and sharing a common side as in Figure 12. In this case the

Z=21UEZU23

‘/1 Xl Wl

FIGURE 12.  Admissible regions for triplets in the hexagon and an admissible
©-shaped network. Curves ¥; are parametrized from P to @ and 0By is also

parametrized clockwise.

quantities in (4.10), (4.11) and (4.12) become: [a,b] = [0, 1],
2 1

96:?> 5257 E:L quO, QZzl
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and

y=z, z=1—u. (4.19)
Let ¥; and X3 be the broken lines consisting of five segments S;; and X3 := S21 be a segment
(see Figure 12). Note that at both triple junctions we have the 120°-equal angles condition.
As we observed above, the crystalline curvatures of S1s, S13, S14 and S3s, S33, S34 are uniquely

defined and equal to
1

@ . )
Kk (Si) ===, =13, =2,3,4.
Let (z1,y1,21) and (x2,y2, 22) be defined as in (4.13) at P and @, i.e.,
ri=Vi-Xi|, vi=zi, zm=1-z, i=12,

where we used (4.19) in the definitions of y; and z;. Then

£*(S15) = 7?1(;1‘22) TS5 = %7
H©(535) = m *TS35 = —%7

H¢(S):M.T _Xe-h o XNV I
T HI(Se1) T H(Sey) T HI(Sy) T HI(Sa1)

Since all ¢°(vs,;) are equal, denoting their common value by ¢, we get

1o ) 1
o [ Npeean =Y s
o Jx% i€{1,3},7€{2,3,4} Y
24 vs vt % (w1 —w)?

- -

+ + .
HY(S11)  HY(S15)  HY(S31)  H(Sss) H(S21)
Recalling that y; = z; and z; = 1 — x;, we rewrite the last equality as

1 .
% / [divs N]?¢°(vs) dH' = ay12? + 20102129 4 Qo3 + 20021 + 20075 + ag,
oJX

where
S SR
U IS H(S2) | H(S3)
I S
Q99 = ,
27 HI(Sys) " HI(Sa1) | HY(S3s)
1 1 1
Qg = ———-— = —— vy — ——
PRI M THIGSh) T T H(Ss)
1
w= Z H(Si5)
i€{1,3},j€{1,2,3,4,5}
Thus the minimum problem (4.5) reduces to find
min [041133% + 2192129 + 042237% + 200121 + 200029 + 040] , (4.20)
(z1,22)€[0,1]2
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whose unique solution is

min . Q1202 — Q201 min . Q12001 — Q1102
xl o —2’ x2 D —2’
Q110022 — Ay Q110022 — Ay
which satisfies (z", 25") € (0,1)2, i.e., the values of Ny, at both triple junctions belong to
the interior of the admissible regions for triplets (dark regions in Figure 12).

Remark 4.15. The minimum problems (4.16) and (4.20) show that, in the case of a single
even crystalline anisotropy, if 3 is an admissible network with n-triple junctions, then the
minimum problem (4.5) is reduced to the minimum problem

min  P(x1,...,2y),
T1,...,TnE[a,b]

where
P(zy,...,2p) = Z Q%5+ Z ;T + Qg
1<i<j<n 1<i<n

is a quadratic polynomial of n-variables and coefficients {c;, a; } depending only on 1/H!(Sy),
where S are segments of % which end at a triple junction and ay; > 0. In other words,
the crystalline curvature of a network must “see” all triple junctions. This non-locality of
crystalline curvature flow makes the problem hard, but at the same time remarkable. Note
that if the minimum (z1, ..., z,) of P belongs to (a, b)™, then the same holds for all sufficiently

small admissible perturbations of . Moreover, the minimum is uniquely determined only by
the numbers 1/H!(S}).

4.6. Stable admissible networks. Figure 10 and [10, Definition 2.10] encourage the fol-
lowing definition.

Definition 4.16. Given crystalline anisotropies ® := (¢1,...,¢,), a polygonal admissible
network ¥ = [JI' | ¥; is called stable provided:

e if () is a triple junction of curves ¥;,, ¥;, and ¥;,, then there exists e > 0 for which
for any X € 0By, with [X — Npin|s, (Q)| < € there exist Y € 9By, and Z € By,
such that

Y — ]Vmin|2¢2 (@ +1Z - ]Vmin|2¢3 Q) <e and X+Y +Z=0;

° min‘zij (@) is not a vertex of B¢ij.

In other words, a network is stable if and only if the minimal Cahn-Hoffman vector field
at every triple junction lies in the interior of the corresponding admissible regions of triplets.
For instance, for the Wulff shapes depicted in Figure 6 any network satisfying Ny, = X at a
triple junction is not stable. As we have seen in the case of a single anisotropy ¢, whose Wulff
shape is a regular polygon, any admissible 3 is stable if and only if at each triple junction
Nmin is not a vertex of By (see Figure 10). In particular, the theta-shaped network in Figure
12 and the triod in Figure 11 (provided (4.18) holds) are stable.

Remark 4.17. For any admissible ¥ := [J;_; 3; let
52 = min |NI§1H‘EZ_ (Q) - ‘ZV|EZ (Q)‘a (421)

where the minimum is taken over all triple junctions ) and all Cahn-Hoffman vector fields
N € N* such that at least one lei(Q) belongs to the boundary of the admissible region or
to a vertex of By,. Then ¥ is stable if and only if d5; > 0. Therefore, in view of Lemma 4.8,
as we have observed above in the octagon and hexagon examples, a slight (still admissible)
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2(t)

Sy (t)

\ S (t) r

1(t) S3()

E3(t)

FIGURE 13. Appearance of a ®-zero curvature curve in an unstable network. Notice
that in this situation Sy has zero crystalline curvature, but S; and S5 have non-zero
crystalline curvature, therefore, in the evolution they move, whereas Sy does not move.
Thus, to continue the motion, the network creates a “curved” part, which does not
fall within our simplified definition of polycrystalline curvature flow.

perturbation of a stable network is again stable. An interesting phenomena may occur in the
unstable (i.e. in the not stable) case: in this case a slight perturbation of the network either
becomes stable or a new zero ®-curvature curve/segment may start to grow from the triple
junction. A discussion on such phenomena can be found in [10] for a single anisotropy.

Theorem 4.18 (Local existence and uniqueness). Let ® := {¢;}3_, be crystalline anisotropies
and X0 := U?ZIE? be a stable polygonal network having a single triple junction, where each E?
consists of a single segment S; and a half-line L;, oriented starting from the triple junction.
Then there exist T > 0 and a unique polycrystalline curvature flow {E(t)}te[O,T] of admissible

stable networks starting from 0.

Proof. Let S; (resp. L;), i = 1,2, 3, be the segments (resp. half-lines) forming a triple junction,
oriented from the triple junction, and let 6; be the angle between S; and Sy, @ # j # k # 1,
so that

cos; = TS; * TSys 01+ 02 + 03 = 2m. (4.22)
Let us denote by «; € (0,7) the angle between S; and L; at their junction.

Step 1. Given p > 0, let G, be the collection of all admissible networks ¥ parallel to %°
such that d(X, X°) < p. Let us show that there exists pg > 0 depending only on X° such that
any network ¥ € G, is stable.

For p > 0 and ¥ € G,, let 55 > 0 be given by (4.21). Since ¥ is stable, we have dy0 > 0.
Assume that there exists a sequence {(k)} of unstable networks parallel to ¥° such that
d(X(k), %% < 1/k for any k > 1. Then for i = 1,2, 3, by (4.8)

S(k) 0
Nmin 1S4 (k) (C(Sl(k)a Si7 x)) — Nmin|Si (.T)
uniformly in x € S;, where ((S;(k),S;,-) : S; — Si(k) is a linear bijection of S; to the
corresponding parallel segment S;(k) C (k). Thus, 0 = dx;) > dx0/2 > 0 for all large k, a
contradiction. -

Step 2. Let T1, Ty, T3 (vesp. T1,T2,T3) be segments, forming a triple junction and oriented

from the triple junction, such that T;||T; for i = 1,2,3. If

hi == H(T;,T;) - vy, i=1,2,3,

then
hisinwy + ho sinwsy + hgsinws = 0, (4.23)
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where w; is the angle between T and Ty, @ # j # k # ¢.
Assume that we are as in the situation of Figure 14, i.e., hg3 > 0 > hy, ho and let z; = |h;]
fori=1,2,3.

FIGURE 14. Expressing x3 with z; and x».

Then
H([AC) = —2 = 13

sin(m —wy)  sinw;y

On the other hand, since
#'([AC)) =H'([AB]) + H'([DE]) + H'([EF])

T9 1 9 1 x9 sin(wy + ws)

tanw; sinws tanws  sinws sin wq sin ws

and wi + wo + w3 = 27, we have

T3 T T9 SIN Wy

sin wq sinws  sinwj sinws

and (4.23) follows. The proof in the other cases is similar.
Step 3. Let hi, ha, hs be real numbers such that |h;| < po and

3
> hisin; =0. (4.24)
=1

Then there exists a unique X € G,, such that

hi = H;(S;, SY) - veo, 1=1,2,3.
Indeed, using h; and he we can construct a unique network ¥ parallel to ¥° and h; =
H;(S;,SY) - vgo for i =1,2. Let Y := H(S;,SY) - vgo. By Step 2 we know

hi1sinfq + ho sin 6y + hé sinf3 = 0.

Then (4.24) implies hg = hf and hence, ¥ € G, .
Step 4. Let us study some properties of the minimizing Cahn-Hoffman vector field N, :=
NZ of ¥ € G,
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By Remark 4.7 N, is uniquely defined at the endpoints of each L;, and coincide with N? :=
NZ Thus, we only need to care at the triple junction of Si,Se,S3. Writing S; := [AgA;]

min’
and using Lemma 4.8 (b) we find that N, minimizes the functional

Z¢ (o 1N (40 = Mg (o) 7|y e

where ¢; is the anlsotropy, correspondlng to X;. Since A; is the endpoint of the half-line L;,
as we observed above N(4;) = N,(4;) = N?(AY), where we set S? := [AJAY]. Thus, recalling
Vs, = Vgo and Tg, = Tgo, We get

5 62(vgo) )
-3 Sarey =l (4.25)
where
ai := [N, ‘SO(AO) |SO(A0)] -7g0 = KT (SPH' ()
and
T = [N|SZ(AO) |SO(A0)] 'TS?‘

By the choice of pg and the stability of ¥, we may consider only those N € N> such that
N|S (Ap) and N? * 15 (A9) lie in the same side of the Wulff shape Bd,ki, parallel to 740, and

therefore
N, (Ao) = ‘SO(AO) + 2Tg0.
Now by the balance condition at Ay we get

3
Z x;Tgo = 0,
i=1
or equivalently, by (4.22)
r; = —xjcosly —xpcosl;, 1#£jFkFI

These equalities immediately imply
rr T2 X3

sinf; sinfy  sinfs’
Therefore, we have only one independent variable, i.e., as in the case of a single crystalline
anisotropy, knowing only one value of N‘ 5, we uniquely determine the admissible triplet.

Letting

sin 6y sin 63
and z3 =1
sin 61 sin@;’

we can rewrite Fx(N) in (4.25) as a quadratic function of z; :

T9 = X1 (4.26)

Fs(N) = apr} + a1w1 + ag := f(a1),
where
2 ¢7(vso) sin® 6;

1
a2_sin291; HIS)

3 .
2 o P/ 0 HI(S,?) S11 01

o] = —
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I/So

Since .7-"2 has a unique minimizer N = N, and X is stable, f has a unique minimizer
7} = —g.=. Thus, uniquely defining 23 and 23 using the relations (4.26), we get
Nys, (o) = N7 4o (AG) + 2 7p.
Therefore, by the definition of the crystalline curvature,
KJCD(S') — [N*‘Sz’ (AZ) B N*|Si (AO)] ' TS? _ HI(S'?)K’(I)(SZO) - xf (4 27)
! HL(S;) HL(S;) ‘ )

By uniqueness, N, = N if ¥ = X°, and thus, in this case we should have x; = 0. Then by
the explicit expression of z] we get

Z 3( VSO S9)sin6; = 0. (4.28)

Note that this condition on curvatures is analogous to the smooth case (3.8).

Similarly, slightly perturbing ¥ and repeating the same arguments above we find that (4.28)
holds also with ¥ in place of X, i.e., any admissible stable network ¥, parallel to X9, satisfies
this curvature-balance condition. This condition will be important in the sequel.

Step 5. By Proposition 4.3 we can compute

HL(S;) = HL(SD) + gi(h1, ho, hs3)
for some positively one-homogeneous Lipschitz function g;. Inserting this in (4.27) we get
x®(S;) = k?(S?) + Gi(hy, ha, h3),

where G; is a Lipschitz function, satisfying G;(0,0,0) = 0.
Step 6. Given T > 0, let Sp be the space of all triplets h := (hq, ha, h3) of functions
hi € C([0,T1]) satisfying

hi(t)sin €y + ha(t)sinfy + hs(t)sinfz =0, i€ 0,77, (4.29)
and

hz((]) = 0, max thHoo S Po- (4.30)
Consider the map Fy, = (F}l, F?, F}?), where

A t
Fj () := 7 (vso) / (K*(SP) + Gl (3), ha(s), ha(s)) ) ds, ¢ € [0,T)
0
We claim that F}, has a fixed point in Sy provided that
Po
1 ma (116¢lloc 157 (6)| + 3Cp0) )

where ¢; > 0 is the Lipschitz constant of GG;. Indeed, note that Sp is convex and closed. Let
us show that Fj, € Sy for any h € Sp. Clearly, F}(0) = 0. By the definition of G,

|Gi(h1, h, ha)| < Li([ha] + |ha| + [hs]) < 3lipo.
Therefore, by the choice of T,
17 lloo < 168 1loo (|5 (S5)] + 3€ipo0)T < po.

T<
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Next we show
ZF,’L(t) sinf; =0 for any t € [0,T]. (4.31)
By assumptions (4.29)—(4.3(;):1and Step 3, for each s € [0,T] there exists a unique network
Y(s) € G, satisfying h;(s) = H;(Si(s),S?) - vgo. Then by Step 5 its curvature is given by
K2 (Si(s)) = K2 (S)) + Gi(ha(s), ha(s), hs(s)) (4.32)

and by Step 4, it satisfies the curvature-balance condition
3
D 67 (vs0)K (Si(s)) sin 6; = 0.
i=1
From this and (4.32) we deduce
3
> ST (SY) + +Cilhu(s), ha(s), ha(s))]sinb; = 0, s € [0,T],
i=1

and hence integrating this equality we obtain (4.31).
Next let us prove that the set {F}, }res, is compact in (C([0,77]))3. Indeed, by the choice
of T, this set is equibounded in (C([0,T]))3. Moreover, as we have seen above

1) oo < 182 (SP)] + 3Cipo.

Thus, {Fs}res; is also equicontinuous in (C[0, 7). Therefore, by the Arzela-Ascoli theorem,
it is compact. Now the Schauder fixed point theorem implies the existence of h € St such
that F, = h. A bootstrap argument shows that h € C*([0,7]) and hence, h’ = Fy e,

Bi() = 67(57) (K°(S0) + Gulha (1), ha(t), B (), 7 =1,2,3.

As we observed earlier, the right-hand side of this equality is the (multiple of the) crystalline
curvature of the unique network ¥(t) € G,, such that

Ez(t) = Hz(gz(t)7szo) ' VS?? te [O7T]'

In particular, by Step 1 each 3(¢) is stable. Since h;(0) = 0, we have ¥(0) = X, and therefore
{£(-)} is the crystalline curvature flow of stable networks starting from X (in the sense of
Definition 4.11).

Finally, let us show the uniqueness of the flow. Let {3(-)} and {3(-)} be two different flows
in [0, 7] starting from X°, and let h := (hq, ho, h3) and h := (hy, ha, h3) be the corresponding
signed distances. Since both solve the same ODE of Definition 4.11, we have

h=F, and TL:FE.
Thus, by the Lipschitzianity of G; we get
IA(t) = h(t)| < max £i]|¢¢ || o ||h — hl|ocT  for any ¢ € [0,T].
(2
Thus, by the choice of T, we get
0 < [|h—hlloo < max 6|7 |oo |2 - hllooT < | = Bl|oos

a contradiction. O
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5. APPENDIX
In this appendix we prove two lemmas used in the proof of Theorem 3.9.

Lemma 5.1 (Holder continuity of the composition). Let @ C R" be a bounded open
set, p € (0,1] and let G € C1P(Q). Then

[G(b1) = G(b2)ly < [VGlloolbr = ba]y + [VG], max{[ba]y, b2y H[b1 — ballS (5.1)
for any by, by € C*'([0,1];Q) with p' € (0, p], where [-], is the Holder seminorm.

Proof. First we assume that n = 1 and ) is a bounded interval of R. Then for any b1,b2 €
C?'([0,1];9) and 2,y € [0,1], = # y, we have

bi(z) ba(z)
G@@»—G@@»—G@@D+G@@D—A()G@ﬁ—é()d@ﬁ. (5.2)

Since
b 1
/ G/ (t)dt = (b— a)/ G (a+t(b — a))dt,
a 0
we can rewrite (5.2) as

G(bi(2)) = G(ba(z)) = G(bi(y)) + G(ba(y))

1
(b1 () b1 (1)) / (G 01(y) + 1o (@) = bi()]) — G (baly) + tba(w) — ba(y)])] b
1
+(01(@) = 00) = bala) + bafw) | G (o) + tbr ()~ Brw)D)r
Hence, using G’ € CP(Q) we get

|G(b1(x)) — G(ba(x)) — G(b1(y)) + G(b2(y))|
|z — gyl

1
<Pl IG, [ [0 =101 ) = baw)] + @) = b )]+ 1 = el |

Therefore,
[G(b1) = G(b2)]y < | Gl|oo[br — b2l + [G'], max{[b1]y, [bo] } b1 — b2l (5.3)

Now consider the case n > 1 and let b; = (bzl, ..., b"). Then by the triangle inequality we
have

[G(b1) — G(b2)]y <[G(b1,b] ..., b7) — G(bd, b ..., bD)]y + ...
+ [G(b3, ..., b5 — GBS, ... Dy B8],
By (5.3)
[G( ) Z17)_61( ) é)"')]p’

< IViGlloo[bh — b3ly + [ViGlp max{[bi],, b5l HBS — B35,
=1
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where the corresponding variables in place of - -+ in G(-+- ,b%,---) and G(--- ,bb,---) are the
same and V; f := %. Therefore,

[G(b1) — G(b2)ly < IVGlloo Y _[V5 = b3ly + [VGl, Y max{[b}],r, [B5] b5 — b2
=1 =1
and (5.1) follows. O

Lemma 5.2. Let ¢ be a C*t%-function defined in a tubular neighborhood of the unit circle
S' ¢ R? such that

1
0 <m < min ¢¥(v) < max ¥(v) < —
< min ()_V€SI¢()_m

for some m € (0,1]. For T > 0 and mi,ma > 0, let X7, m, be the subset of all v € Cg’a
such that

i t,x)| > d < e
te[og]l,lxne[o,u [o(t,2)] = m1 an HUHC?Q < mgy

Forv € X7.m, m, define

a(v) = ]v\_Qw( ! )

[o]
Then for any v',v" € X1 my ms

la(v") = a(v")]loe < L0 = 0" ]lc0,

[a(®) = " Naw < L]0 = 0" loo + [V = 0"]aa]. (5.4)
(a(v') = a1(v")]aj20 < L]0 =" lloo + " = 0"y (5.5)

and
la@ll o g < L (5.6)

where L depends (continuously) only on mi, ma, ||[¥]leo, |V¥|leo and || V21]|c-

In the proof of Theorem 3.9 we apply this lemma with functions whose space-derivative v,
belongs to X7.5/9 p and ¢ = ;.

Proof. Note that ¢ € R? +— |£|7", n € N, is Lipschitz continuous in {|¢| > m;}. Indeed,

- - 61—l = i et
167" = & ™| <o Dl et T
| | <lerer =
T )

BN ISTAISI
< nl§1 — &
~min{|&; |7, [§2|"} max{|&1], [€2]}

so that n
€™ = |&] ™" < —=7 161 — &l
mTer

Similarly, the map & — % is Lipschitz in {|¢] > m} :
SRS <|€1—§2\ n |1€1] — [&2] < 2[&1 — &

&1l &l T & |€1] - &l
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so that
&1

l&l |§2|‘ ~m ’El &l

Let
E = {mi <[§] < ma}
and let us estimate ||a|lc and [a], in E. Obviously,

||a||oo S qurl‘loo
and
a(€) = a(€")| <[1€'172 = 1172w (&) + 1" 12 [ () — ()]
2 oo 1 2 v [e @] ! 1
<Al g4 2V o g
1 1
2] ¢lloo + 20 Vlloo 1 n
= - & — ¢
so that

2[|9llco + 21V loo

la(v) = a(v")]l < [V = 0"l
mi
Moreover, since v is C**® in a tubular neighborhood of S', the function
Va(§) = €] [V (&/I€]) - €°]€° — 4lel &/ IgDE,
is Lipschitz, where £ = (&2,&1) € R2. Its Lipschitz constant does not exceed

5Vl + 21 V200 2 16H¢Hoo+1OHV¢Hoom A9l oo
my + 2+7m4 .

6
my ml

Ly =

Now by Lemma 5.1 applied with a, p =1 and p' = a and p' = a/2 we get

[a(v') = a(v")]ae < llallso[t” = v"]az + [ Vallo max{[v']a,z, [v"]ae V" — 0"l
and
[a(v') = a(v")]aj2: < llafloc[v” —v ]a/2,t
+|Valloo max{[v']a/2,t: [v"]a/2, 0" = 0" [loo,
and hence, estimates (5.4)-(5.5) follow with

L := max {||¢||oc/m1, L1}
The proof of (5.6) is similar. O
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