ENERGY SCALING LAWS FOR MICROSTRUCTURES: FROM HELIMAGNETS TO
MARTENSITES
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ABSTRACT. We consider scalar-valued variational models for pattern formation in helimagnetic compounds and
in shape memory alloys. Precisely, we consider a non-convex multi-well bulk energy term on the unit square,
which favors four gradients (f«, +3), regularized by a singular perturbation in terms of the total variation of
the second derivative. We derive scaling laws for the minimal energy in the case of incompatible affine boundary
conditions in terms of the singular perturbation parameter as well as the ratio /8 and the incompatibility of the
boundary condition. We discuss how well-studied models for martensitic microstructures in shape-memory alloys
arise as a limiting case, and relations between the different models in terms of scaling laws. In particular, we show
that scaling regimes arise in which an interpolation between the rather different branching-type constructions
in the spirit of |29] and [23], respectively, occurs. A particular technical difficulty in the lower bounds arises
from the fact that the energy scalings involve various logarithmic terms that we capture in matching upper and
lower scaling bounds.

1. INTRODUCTION

We explore relations between certain scalar-valued variational models for microstructures in shape-memory
alloys and in helimagnetic compounds, respectively. In these models, the formation of microstructures is induced
by a lack of convexity. More precisely, the energy functionals favor functions whose gradients lie in discrete
sets consisting of two (for martensites) or four (for helimagnets) vectors, respectively. To introduce a length
scale to the problem, these non-convex terms are typically complemented by a higher-order regularization
term which is interpreted as a surface energy term and in particular penalizes changes between regions of
preferred gradients (see e.g. [2]). There are only very few special cases in which minimizers for the resulting
variational problems are known (see [24] and the references given there), or qualitative properties of them are
proven (see [12,[14] and the references given there). Therefore, starting with the work by Kohn and Miiller on
martensitic microstructures (see [28l29] and also below for a more detailed description), it has often proven useful
to understand the scaling behaviour of the minimal energy in terms of the problem parameters in order to explain
pattern formation in materials. More precisely, such results often indicate that in certain parameter regimes,
optimal configurations are rather uniform while in other regimes, complex branching patterns are predicted.
Similar results have been obtained for a variety of models for very different phenomena, including among many
others, various models for the classes of materials considered here, that is, martensitic microstructures (see
e.g. |34, [5Ll6L 115} 25,(27,28],/29,(311|32,33},/34] and the references therein) and microstructures in micromagnetics
(see e.g. [7/8/95/19}20}23},26}/30},35] and the references therein).

1.1. The model and related results. Throughout the text, we consider a generic square domain (0, 1)2.
Pattern formation in helimagnets is often described in terms of (discrete) frustrated spin systems (see e.g. [21]).
We continue here a study of two-dimensional J; — J3—type models on a square lattices. It has been found
(see [10,/11,22]) that zooming into the helimagnetic/ferromagentic transition point and simultaneously taking
the continuum limit as the lattice spacing vanishes, such discrete models from statistical mechanics (if properly
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rescaled) converge in the sense of I'—convergence to singularly perturbed continuum functionals. More precisely,
the latter are closely related to functionals of the form

(1.1) J(u) == /(0 . dist®(Vu, Po.g) dz + o | D*u | (Q),

see |10L|11},/22] for precise results and [23] for a discussion of the simplifications we make here. In , Q CR?
denotes the domain occupied by the magnetic body, and the set of preferred gradients P, s C R? contains
four vectors. The latter can be seen as order parameters and correspond to chiralities of the discrete spin
fields. More precisely, it has been found that in the parameter regime we consider here, optimal spin field
configurations correspond to helical spins field, where the spin vectors rotate between nearest neighbors by a
fixed angle (clockwise or counterclockwise) horizontally and by a fixed angle vertically. The preferred gradients
Po,p = {(£a,xB)} with «, § > 0 correspond to appropriately rescaled versions of these optimal rotation angles,
horizontally («) and vertically (5). The actual angles are determined by the parameters of the J; — Js—model
(see |10,[11]). We note that in [10,23] the case & = 8 = 1 has been considered. The more general case considered
here corresponds to the additional freedom in the discrete spin systems that the ratio between nearest neighbor
and next to nearest neighbor interactions may be different (details will be discussed in [22]).

We consider the case of incompatible affine Dirichlet boundary conditions, i.e.,

(1.2) u(0,y) = (1 - 20)8y
with a parameter 6 € (0,1/2) that measures the incompatibility between the rigid field on the boundary and
the preferred gradients inside the sample: If § = 0, the boundary condition is compatible with the preferred
gradients in 2 and the minimal energy vanishes, but the larger 6 € (0,1/2) gets, the more incompatible are the
boundary conditions, and we expect a larger minimal energy.

Let us briefly explain the relation to variational problems from the literature: The case @ = 8 = 1 has been
studied in |23]. The main result there is a scaling law for the minimal energy which takes the form

(1.3) min J(u) ~ min {92, o (| fé; + 1) } .

Here and in the following, we use the notation G ~ H for functions G, H depending on the problem parameters,
to indicate that there are constants ¢,C' > 0 such that for all admissible choices of the problem parameters
there holds cH < G < CH. The first scaling in is achieved by an affine function, while the second scaling
corresponds to a branching-type construction, which (up to an interpolation layer close to the interface {x = 0})
uses only the preferred gradients in P, g.

On the other hand, if we set & = 0 and 8 = 1, then the functional given in reduces to a variant of the
Kohn-Miiller model for martensitic microstructures. It is well-known that the scaling law for the minimal energy
in this case reads (see e.g. [13,/36])

min J(u) ~ min {92, 02/392/3} .

Again, the first regime corresponds to an affine function, while minimizers in the second regime are expected to
show almost self-similar behaviour (see [12,[14] for rigorous results for a simplified model). However, in contrast
to the situation above, (almost) minimizers in this regime only satisfy (up to an interpolation layer) dru € {£3}
but not dyu € {£a}.

1.2. Main results. We shall prove scaling laws for the minimal energies under the boundary conditions
. As discussed above, this can be seen as generalizations of results on Kohn-Miiller-type models (see
e.g. [13/18/29,/36]) and of the analysis in [23]. In particular, we show how this ”transition” from two-gradient
models to four-gradient models takes place in terms of ”interpolating” scaling regimes of the minimal energy.
A particular technical difficulty in the analysis lies in the fact that the scaling law contains various logarithmic
terms that we capture precisely in the upper and lower bounds.

We restrict ourselves to a generic domain (0,1)? to keep notation simple, but we expect that more general
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rectangles can be treated along the lines of |23 Section 4.4]. We treat the cases & < 8 and « >  separately
in Sections [2] and [3] respectively. As the absolute values a and § can be adjusted by the rescaling chosen for
the spin model (see [10,/22]), we set the larger of the two values to one and call the smaller one vy € (0, 1], see
Remarks [2] und [3] for details. Our main results concern the complete characterization of the scaling laws of
the minimal energies, which we will outline in the sequel. We treat the cases of small preferred y- und small
preferred z-derivatives separately.

1.2.1. The case of small y-derivative. For o > 0, 8 € (0,1/2], and v € (0, 1] we set
Ag = {ue W"((0,1)%) : Vue BV((0,1)?), u(0,y) = (1 —20)vy}.

We note that any function in Ay - has a continuous representative up to the boundary (see e.g. [17, Lemma 9]).
In the following, we always refer to this representative without further mentioning. We consider the functional
Eq 0 : Aoy — [0,00) defined by

Eqqyo(u) := /(0 b dist*(Vu, K,) dz + o | D*u | ()

where

K = {(£1,£7)}

While for v — 1, we end up with the four-gradient problem studied in [23], we shall also exploit the above-
mentioned relation to two-gradient problems for martensitic microstructure formation. Precisely, we make use
of the following relation.

Remark 1. For u € Ay, consider v(z,y) := “(z’:)ﬂ. Then

By ou) < / Oy — 1% + min {|8pu — 1, 102u +11}? dady + 7| Dul((0,1)%)
(0,1)2

=2 </ 1010[2 + min {90 — 1], [Byv + 1]} dxdy+07‘1|D2vl((O’1)2)> '
(0,1)2

In this way, the upper bound for the Kohn-Miiller-type functional (see (|1.4)) immediately yield bounds for our
problem which in some parameter regimes turn out to be sharp, in others not. This will be explored more
specifically in the proof of Proposition [2.1

It turns out that the scaling law for the minimal energy E, s shows a transition between the scaling
behaviour of the Kohn-Miiller-type two-gradient energies and the ones derived in [23] for the four preferred
gradients (+1,+1). Precisely, compared to the setting of [23], besides uniform phases and branching-type
structures involving all four preferred gradients, also a Kohn-Miiller type branching construction is relevant for
the scaling behaviour of the minimal energy. We note that in the Kohn-Miiller model there are only two preferred
gradients, and the construction uses (up to a boundary layer) only the preferred values for the y—derivative.
However, in contrast to the branching-type construction using four gradients, the refinement is done in an
anisotropic way so that the xz-derivatives become very large (and therefore get far away from the preferred
value) after only a few refinement steps. Our main result is the following scaling law of the minimal energy.

Theorem 1.1. There are constants ¢, C' > 0 such that for all § € (0,1/2], all v € (0,1], and all o > 0, there
holds

: 202 _2/3_4/3p2/3 |log o : : 292 _2/3_4/392/3 |log o]
cmin § y*6%, o*/°y*/°0 ,a<+1 <minE,; 9 < Cmin y°0°, 0/°7y>20%° 0 | ——F5—+1]) ¢.
{ |log(v26)] Ay 7 [log(720)]

Proof. The upper bound is proven in Proposition the lower bound in Proposition |2.2 (I
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Remark 2. The case of arbitrary preferred gradients (+a,+8) with 0 < 8 < «a can be reduced to the
setting considered here by rescaling. Precisely, for a function u € Ay g/, the function u, := au satisfies
ua(0,y) = a(l — 20)y, and

/ dist? (Vug,Pag) dedy +o ’D2ua| ((0,1)?) = aQEG/a,g/a’g(u).
(0,1)2

1.2.2. The case of small z-derivative. For o > 0, 6 € (0,1/2], and ~ € (0,1] we also consider on
By := {u € W"2((0,1)?) : Vu e BV((0,1)%), u(0,y) = (1 —20)y}

the functional
Foryo(u) = / dist*(Vu, M) dx + o | D*u | ()
(0,1)2

where
M, = {(£7,£1)}.

Also in this case, we consider for any function in By always its continuous representative (see e.g. |17, Lemma
9]). Again, for v — 1, the problem turns into the four-gradient problem studied in [23], while for v — 0, this
problem turns into a Kohn-Miiller-type model. Our main result is the following scaling law for the minimal
energy.

0 0
+ 1)} < r%ian;y,e < Cpmin {02, o2/362/3, z <‘log 0—3
) Y Y

Theorem 1.2. There are constants ¢;, C; > 0, i = 1,2,3 such that for all § € (0,1/2], all v € (0,1], and all
o > 0, the following statements hold:
T 1) } .
(2) If0 < 42/2 < 6/8 < 7 then
6% o0

(1) 0 <y < 6/8 then
0 0
c1 min {02,02/392/3, 7 <‘10g03
0 Y
camin$ 02, o —l———(‘lo g‘—1—1) < min F, < Cymini 6%, o —&-9—30—9(‘10 i‘—i—l)
2 , O 777 g02 =B, o,v,0 =~ L2 , 07 'Y?'Y g02 .

(3) If 0 < 8/8 < +%/2 then
0° |log o7?/6°| 2 0° |log oy?/6°|
c3min$ 6%, 0y + —, 0y <+1 <minF,,9 <C3ming 0,07+ —, 0y 5> +1]) .
{ gl [log~2/6)] By 7 B! |log 72/6)]
Proof. The upper bounds follow from Corollary the lower bounds from Proposition O

Remark 3. By rescaling, one can obtain similar results also for the case of general preferred gradients of the
form (+o, £4) with 0 < a < 8. For a function u € By consider ug := fu. Then ug(0,y) = 8(1 — 260)y and

/ distz(Vuﬁ, Pop)dzdy+o |D2u5| ((0,1)?) = ﬂQFg/ﬁ’gya/ﬁ(u).
Let us briefly discuss how the above mentioned relations to the well-known scaling laws are reflected in this

result.

Remark 4. Suppose that o > 0 and 6 € (0,1/2] are fixed.

(1) If vy — 0 for 6 > 0 fixed, we are in case (1) and we recover the well-known scaling law for Kohn-Miiller

type models (see ([1.4)).
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(2) Consider now the case v — 1. Note that then we are necessarily in case (3) since for (2) there holds
v?/2 < 6/8 < 1/16. If we are in case (3) then we have

log 0 /6 1
minFyrg ~ mind 00+ 600 (R8T e oy ee, o (1089
By 7 | log 0] | log 0]

) log o
~ 92 | 1
mm{ ’U<|10g9|7L )}

which is the scaling law from |23, Theorem 1] (see ([1.3))).

Throughout the text, we denote by ¢ and C generic constants that may change from expression to expression
and do not depend on the problem parameters. For B C R? open and u € W12(B) with Vu € BV (B), we use
the notation E, - ¢(u; B) and F,  ¢(u; B) for the energy on B, i.e.,

Eg,yeu B

m\

dist®(Vu, K,) dz + o|D?u|(B) and F, ., (u; B) := / dist?(Vu, M, dz + | D?u|(B).
B
In addition for z € (0,1) and I C (0, 1), we write for u € Ag
Es~o(u{z} xI) = /dist2(Vu(x,y), K,)dy + |01 Vu(z, )|(I).
I

Note that since Vu € BV ((0,1)?) this formula makes sense for almost every = € (0,1) in the sense of slicing of
BV -functions, see [1]. Similarly, we write for y € (0,1) and u € Ag ,

Egqo(us I x {y}) := /diSt2(VU($7y),’Cv)dx+ 102V (-, y)|(I).
I
We use analogous notation for F; .

2. PROOF OF THEOREM [L.1]

2.1. Upper bound. We start with the proof of the upper bound in Theorem Before we present the
precise constructions, let us start with a brief heuristic explanation. Essentially, the boundary conditions can
be met in two ways, namely the y-derivative being approximately (1 — 26)~ and fast oscillations close to =0
between y-derivatives +v and —y with volume fraction 1 — 6 and @, respectively. The first case is penalized
by the first term in E, 9, whereas the second case introduces a certain energy through the second term of
Es 0. If 0 > 0 is large, uniform structures should be energetically favorable. For small o > 0, we present two
constructions in which oscillations in the y-derivative refine in a self-similar way towards = 0. If v > 0 is

rather small then the set K, = { < j:17> } U { <;i/> } is the disjoint union of two rather far apart sets of two

preferred gradients with a small distance. Hence, it is energetically favorable to use only two of the four vectors
in K, i.e. we restrict ourselves to the setting of only two preferred gradients. By a simple change of variables,
in this scenario the construction from [29] can be invoked. The second construction uses all four preferred
gradients and isotropically rescaled building blocks, cf. Figure [2| and [23]. Assuming that Vu € K., we find
that |u(z,y) — (1 —20)yy| < x. It then follows, again assuming that Vu € K., that the number of jumps of the
y-derivative is of order 0%. The presented construction realizes this as the number of jumps of the y-derivatives
grows from approximately (672)~% to approximately (6v2) ¢! between z; ~ 0v(0+?)" and x;1 ~ 0~v(0~2)"+L.
Moreover, |920u|((wi11,2;) x (0,1)) = v(z; — xi11)(07?) "% ~ 1 which balances the energy contributions from
|0101u| per refinement step. The lower bound indicates that this is necessary.
Precisely, we have the following result.

Proposition 2.1. There is a constant C' > 0 such that for all 6 € (0,1/2], all v € (0, 1] and all o > 0, there is
a function u € Ay ~ with

i | log o
Eyro(u) < C min {7292 o2/3 4/392/3 < +1 .
o | log(20)|
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I

~ o1/3y=1/3g=2/3

F1GURE 1. Sketch of the Kohn-Miiller-type branching construction. The areas of dou = 1 and
O2u = —1 are colored in green and red, respectively. The parameter o can be chosen in the
interval (1/4,1/2).

Proof. The first two scaling regimes arise from the scaling regimes of the Kohn-Miiller-type models (see Remark
with constructions along the lines of [13}18}29,36]).

1. Uniform configuration. The first scaling, 7202, corresponds to a wuniform test function wu;(z,y) =
(1 — 20)yy + x, which has energy F(u;) = 426>

2. Kohn-Miiller-type branching. The second energy scaling, 02/34*/362/3 can be achieved by a Kohn-
Miiller type branching construction, which involves only two of the four preferred gradients, see Fig. A
similar construction is also given in detail in Proposition (b) below, cf. also the upper bound constructions
in [16136]. Precisely, it is shown in [36] that there is a constant C' > 0 such that for all ¢ € (0,00) and all
6 € (0,1/2] with e < 62, there is a function v :=v. ¢ : (0,1)? — R with v(0,y) = 0 for all y € (0,1) such that

/ (91v)? + min {(azu +1-0)?, (Do — 9)2} dzdy + | D?0|((0,1)2) < C=2/36%/3.
Suppose now o < 762 (otherwise 7262 < ¢2/34*/362/3 and the second energy scaling is not relevant). We then
set € := oy~ < 62, and define uy : (0,1)2 — R by
up(w,y) == (2v(z, y) + (1 - 20)y) + .
This yields ua € Ag,, and by (|1.4)

Eqqo(uz) < / ] |01us — 12 + min{|Oyus — 7|, |Ooug + ¥|}? dzdy + 0| D?us|((0,1)?)
(0,1)

= 2 (/ 4101v]* + 4min{|Oav — 0], |0v + 1 — ]}? dzdy+2cr*le2v|((O,1)2)>
(0,1)2
< 40’}/282/392/3 _ 400_2/3,74/392/3.

3. Four-gradient branching. We now turn to the third and last scaling regime, o (% + 1). We may

assume that o < 4*0? (otherwise o > 02/34*/362/3 and the last energy scaling is not relevant). Here, we use a
branching-type construction (see Fig. , which is a variant of the construction that has been introduced in [23]
for the special case v = 1. We introduce some auxiliary notation and set

111 1 0
m = ’70 ’V'—YZ-‘-‘ s (S = %7 and n .= \‘6J s
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where |2] :=max{¢ € N: /¢ <z} and [2] :=min{¢ € N: ¢ > x}. Then

0

11 1 J
m<’72-‘+17 7<5§729§77 n =1, and =
g 9+PW 2
72

> — > 2.
=5 =

s|3

i 2

Step 1: Construction of the building block.
The building block is sketched in Fig. [2| left panel. We define V : [y62,70] x R — R? as the function which is
1-periodic in y-direction and satisfies the following;:

(i) If (z,y) € [v0%,70] x [1 = 16,1 — (I —1)d) for 1 <1 < n then

(1,—y) ifz <0 —-5y(1-6)(n—L+1)and
y>1—(0—1)6— 05,

Viz,y) =< (1,7) if y<min{l — (£ —1)§ — 05,1 —16 —y(x — 40 —v5(1 — 0)(n — ¢))} and
<0 —6y(1—-0)(n—10),
(=1,—7) else.

(i) If (x,y) € [y0?,70] x [1 — (n + 1)d,1 — nd) then

(1,—v) ify>max{l—(n+0)51—0+~"1(z—~0)},
Viz,y) =4 (1,7) ify<1l—(n+0)and z <270 — (n+ 6)74,
(—1,7v) else.

(iii) If (x,y) € [v?20,70] x [1 — £5,1 — (£ — 1)) for n + 1 < £ < m then

(1,—y) ify>max{l -0+ (1—-6)5,1— (L -1+ Yz —-2v0+ (n+0)v5§+ (£ —n —2)076)},
Viz,y) =< (1,7) ify<1—4064+(1—6)0 and x <270 — (n+ 0)v0 — (£ — n — 3)769,
(=1,7) else,

It can be seen that V is curl-free as it is piecewise constant and v || (V= — V1) on its jump set Jy, where v
is the measure-theoretic normal to Ji-. Consequently, V is a gradient field on (726,~v6) x R, and additionally,
V(z,y) € K for almost all (x,y), and

| DV [ ((7°6,70) x (0,1)) < C(6y(1 = y)ym +1) < C.
We will use in the next step that for the second component V5 of V', we have
(2.2) Va(0y,y) = Va(6%y, 5y) for all y € R.

Additionally, consider the function Vig : (0,70(1 — 6)) x R — R? which is 1-periodic in the y-component and
for (z,y) € (0,76(1 — 6)) x (0,1) defined as (see Fig.

(_17 _’7) if Y Z 1- ﬁxa
Voa(z,y) = { (=1,7) ify <35
(L,v(1—20)) else.

Again, we note that also Vjq is curl-free and |D?V,4|((0,0~(1 — 6)) x (0,1)) < C.

Step 2: Branching construction.
The branching-type construction is sketched in Fig. [2] right panel.
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5 &
0 0 1%
((1 *129)7)
1-90 1-6
— M M
~0(1 —0) ~0(1 —0) ~0(1 —6)

FIGURE 2. Left: Sketch of the building block. Middle: Sketch of the function V4. Right:
Sketch of the branching construction for small y-derivatives.

We now set Vy : (0,1)? — R? for fixed N € N as

(1,—) ifx>~01=% and y > 1 -0,
(1,7) 1f:c>791 5andy<1—9,
Vn(z,y) = S V(6 F 1z 4 222 5=FF1y) if 2 € [§*y01=2, 65 ~1901=2) for some 1 < k < N,
Voa(6~N(z — 6N H1901=8), 67 Ny)  if w € (VT4 g,éN’yO%),
(1, (1 - 26)y) if 2 € (0,6NH1y91=9).

We note that Vi is curl-free as v || (Vy — V) on Jy,, where v is the measure theoretic normal to Jy,, see

also (2.2). Moreover, Vy(z,y) € K, for almost all (z,y) € (%61\], 1) x (0,1), and
(2.3) | DV | ((0,1)?) < CN +2y < CON.
Let uy (M(?N 1) x (0,1) — R be a corresponding primitive, i.e., Vuy = Vy, such that un(0,0) = 0.

Step 8: Estimate for the energy.
We have

(2.4) / dist(Vuy, K,)? dedy < 4720270 5N < C( )N
(0,1)?

Moreover, by (2.3
(2.5) | D?u | ((0,1)*) < CN.

Now fix
log o
log( 260)
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Combining ([2.4) and ([2.5)), we obtain
logo |log o]
E < 2o\ N < 14+ ———— | = ——+1].
mnslun) < C(70)7 + ColN < Co < " log(’y29)> co (Ilog(w29)| "
(]

2.2. Lower bound. We now turn to the proof of the lower bound in Theorem [1.1] Precisely, we show the
following result.

Proposition 2.2. There is a constant ¢ > 0 such that for all § € (0,1/2], all v € (0,1], and all o > 0, there
holds

) . |log |
min E, ¢ > cmln{ 202, g2/344392/3 & ( +1 .
Gy T ! ! [og(720)]

Proof. The proof is structured in a similar way as the proof of |23, Theorem 1] and is split in several parts that
we prove as separate lemmas below. We briefly outline the main steps and how they yield the claimed lower
bound.

First, in Lemma we prove a (weaker) lower bound without the logarithmic term in the third regime, i.e.,

min By, > cmin{y?0%,0*/*74/26*/%, .
0,y

This concludes the proof of the lower bound in the first two regimes, in particular if & > 4*6? (since in this
case, 7/302/30%/3 < o, and the last regime is not relevant).
Let us now consider the remaining case o < v402.

o If (v20)%* < 0 < (720)? then |log o|/|log(720)| ~ 1, and the lower bound is also concluded by Lemma
2.2.7] described above.

o If 0 < (v%0)3* and oy < %0 with some fixed constant a € (0,1), we have |log(v260)| ~ 1 (recall that
always y20 < 1/2), and we prove in Lemma below that

min E, - g > co(|logo| + 1),
Ag -
which concludes the proof of the lower bound in this case.

e Finally, consider the case o < (726)3* and 720 < oy with some fixed constant o € (0,1). Then there
exists some k > 32 such that v40%(y20)k*! < o < 4%02(720)*, and we prove in Lemma below that

. | log o] ( |log o )
minFEs 9 >cko>cor—52>c0 | —F5 +1
Ao | log(20)| | log(20)]

where in the last estimate we used that o < (v26)2. This concludes the proof of the lower bound in this
parameter regime.

O
We first prove a weaker lower bound without the logarithmic term.
Lemma 2.2.1. There exists ¢ > 0 such that for all u € Ay there holds
By o(u) > cmin{y262, 0%/3~4/362/3 5},
Proof. Assume that there exists u € Ag , such that E, ,g(u) < 55> min{y?6?,0'/273/2¢,0}. We define

1 if 4202 = min{y2602, 02/344/302/3 51,
N =84 g~ 1/3y1/302/3 if g%/394/302/% = min{262, 6>/341/362/3 o},
7 it o — min{y26, 02/ /39213, ).
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Note that N > 8. First find § € (0,1 — %) such that

EU,’y,G ( (0 1 Z/ Y+ = ) 070 )
Then by a Fubini-type argument find z € (0,1) such that
o’ 77,0 < {!L‘} ) S 0 sV 9 )

Lastly, again by a Fubini-type argument, we find y1,y2 € (7,7 + %) such that y» —y; = & and
;(0,1) x

Eo 0 (u;(0,1) X {y1}) + Eo 5.0 (u; (0,1) X {y2}) < 4E; 50(u).

First note that fo min{|01u(z,y1) — 1|, |Or1u(z, yl) + 1|} dx < 5339762, Hence, there exists ¢ € (0,1) such that
min{ |01 u(t,y1) — 1], [01u(t, y1) +1|} < 1570 < 5. Without loss of generahty we assume that [Oyu(t,y1) — 1| < 3,
ie. Oru(t,y1) > % Moreover, it holds that

DO =

8
01 Vu(-,y1)[((0, 1)) + |81 V(- y2)[((0,1)) +[0:Vul ({7} % (y1,42)) < 07 18E 4 0(u) < 322 ©
Hence, 01u(s,y;) > 0 for ¢ = 1,2 and almost all s € (0,1), i.e
|O1u(s, yi) — 1| = min {[O1u(s, y;) — 1], |Oru(s, y:) + 1]}

Then we estimate
[u(Z,y2) — u(@,y1) — (1 —20)v(y2 —y1)| =
<a¥ (B(u (0.1) x {1 )"2) + Eg(u (0,1) x {2})"/?)
1

Sg min{~0, o1/342/391/3 51/2)

/ Oru(t,y2) — 1 — Ovu(t,y1) + 1dt
0

1
(2.6) S’yf)ﬁ =v0(y2 — y1)-
Here, we used that o < 7102 if & = min{v26?, o2/3~4/362/3 o}. Next, we note that
4 1
10200u(Z, )| ((y1, 42)) < 0_1322N min{~26,1"/352/36%/3 5} < e
By a similar argument as before, we may assume that it holds for almost all y € (y1,y2) that |Ou(Z,y) — | =
min{|02u(Z, y) — |, |2u(Z, y) — v|}. Then we estimate

/ " (@vule,y) — ) dy

Y1

4
(2.7) <(y2 = 11) Eo 0w {7} x (y1,92)) < WEU,%MU)-
On the other hand, we have by (2.6])

/ " Owulz,y) — ) dy

Y1

v <v/2.

Y2
< (g2 — 1) / Oyu(E, y) — 7P dy
Y1

= u(Z, y2) — (@ y1) — (y2 — y1)I°

_ _ 2 1
(2.8) 2|29v(yz —y1) = [w(@ y2) = w(@y1) = (L= 20)7(y2 = y)l | 2 v°0% (92 —91)* = v°0" 53

Combining (2.7)) and ( . 2.8]) yields
1
Byou) 2 1767 2

This concludes the proof. [

min{y262, 02/344/362/3 1.

RIS,
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(Tiv1,@i) x {s}

{zi} x (y,y +1)

I I |

1

1

\ :
0 10(2%0) " 40(y°0)" "0

FIGURE 3. Sketch of the important quantities in the proof of Lemma m

The next lemma is along the lines of |23 Lemma 6] and its proof, with the necessary careful amendments to
deal with the additional parameter ~.

Lemma 2.2.2. There exist ag > 0 and ¢ > 0 such that for all k > ko = 32, all v € (0,1], all § € (0, xo/7?],
and all
0 € [P0 4 40%(120)")
there holds
Eqq0(u) > cko.

Proof. Set ko := 32 and 0 < ag < 1/(63)? such that 2 - 64 - 21%0/5/4 <1 forall k> kg. Let k > kg, v, 0 and o

be as in the lemma and assume that E, ., ¢(u) < ko.
For i =1,...,k, there are by a Fubini-type argument z; € (v0(7%0)", 240(7%0)") such that (cf. Fig. 3)

_ —i 7 3 7
Byt (12} % 0,1)) £ 20000 020) B (s (100%0)'. 520020)" ) x (0.1) )
Claim: There exists a constant ¢ > 0 such that for all ¢ < k£/2 it holds

10(120)" Eg 0 (u, {2} % (0,1)) + By 0(u; (zig1, 2:) % (0,1)) > co.
Note that once we prove the claim, the lower bound (2.9) follows via

Lk/2]
3 .
28500002 3 | Ercya (w5 (400700, 520620)) % (0.0)) + B o111, % 0,1)
=1

1V
N —

Lk/2]
Z [(Y0(Y20) gy 0 (us {i} % (0,1)) + By 0(us (w41, 25) % (0,1))]

> |k/2] co > %0.

Hence, it remains to prove the claim. From now on fix ¢ < k/2. We define the set

Ni = {s€(0,1) : |Oou(xs,s) + | < 3|02u(xs, ) — 7|}
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and claim that £!(N;) < 2/3, where we denote by £! the 1-dimensional Lebesgue—measure For a contradiction,

assume that £*(N;) > 2/3. There are y1,y2 € (0,1) such that yo —y1 > 1 — 75 and

/ min{| dyu(z,y;) — 1 |,| dru(z,y;) + 1 |}  do < 24F, ., p(u) for j = 1,2.
0
This yields for j =1,2
u(zs, y;) — (1= 20)yy;| < @i + 2)/% (24E, . 6(uw)"/? < 225,
and hence

u(wi, y2) — u(ws, y1) > (1 —20)y(y2 — y1) — 4.
This leads to

Dou(x;, 8) ds = u(x;, y2) — ul(x;, y1) — / Oou(x;,8) +v —vds

/(yuyz)ﬁ{azu(mw)Z’y/Q} (y1,y2)N{02u(zq,)<v/2}

(1= 20071 — 15) — dri + (2/3 — 1/12)y — By oo {s)  (0,1))"/2
1

> -
= 2%

where we used that 4z; < 670(7%0) < v and E, - 0(u; {z;} x (0,1)) < 2y71071(4260) ko <
On the other hand, we estimate

Y]

(2.10)

9- 242

1
—7.

1
Oau(z;,8)ds < 57 + Ey~0({z:} x (0, 1))1/2 < 5

/(y1,y2)ﬁ{52U(wi7‘)>7/2}
This contradicts . Hence, it holds £(N;) < 2/3.
Now, let ¢ := 120(97 )it Then there is a point y € (0,1) such that the interval (y,y +t) C (0,1) is not
completely contained in IV;,
Eor0(u; (0,1) X (y,y +1)) < 48tEq 5,0(u),
om0 (i1, i) X (y,y +1)) < A8tEq  0(u; (Tiga, xi) x (0,1)),
me(uv{ i} X (4, +1)) < 48tEqq,0(u; {2i} x (0,1)), and
By {1} (9, + 1)) < 48ty i {11} x (0,1)).
Then one of the following statements (1), (2), or (3) holds in {x;} x (y,y + t), where

(1) 10202u(zi, )| ((y,y + 1) > 57,

(2) |82’U,(.%‘i, ) - ’7| < 3|82’U/(l‘1, ) + ’7‘7 or

(3) 10au(ws, ) + 7] < 3[0aulwi, ) — -
As the interval (y,y + t) is not a subset of N, assertion (3) cannot be true. Hence, it suffices to consider the
cases (1) and (2).

Suppose that estimate (1) holds: Then

o oy

bl = a < 'Y_lEa,w,G(U; {371} X (y7 y+t)) < 48t’7_1E[,,%9(u; {371} X (0» 1)) = 48-120(729)179E0’%9(u; {xl} x (0, 1))

and thus the claim follows.

Suppose that estimate (2) holds: Note that by the triangle inequality

1
579152 < lulzs, s +1/2) — (i, 8) — /2| L1y y4e/2) + Ju(zs, s +1/2) — (i, s) — (1 = 20)7t /2| 11y, y+¢/2)-
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Next, we use that E, - (u; {z;} x (0,1)) < 2y71071(y20) "‘ko < 5735;726? and estimate

y+t/2 s+t/2
< / / |Oou(x;, 1) — | drds
y s
1/2

y+t/2 y+t
< tl/z/ (/ |Oou (s, ) — |? dr) ds
y y

< 212E, ., o(u; {z;} x (0,1))/?

y+t/2
/ u(zy, s +t/2) —u(x;,s) —yt/2ds
Y

1
< 3240,
< gt

Then, by (2) and Poincaré ’s inequality we have with a := 2 f?y+t/2 (w(ziy s +t/2) — w(zy, 8) — t/2) ds
lu(zs,s +1/2) —u(wi, ) = Vt/2 = al| L1y y4e/2) < ]O2u(wi, s +1/2) — Qou(xs, 5)|| L1 (y,y+t/2)
< t0auls, s) = VllLa (yy+o)

<3t32F, . o(u; {i} x (y,y +1))Y/?
<2142 Ey - o(u; {2} x (0,1))Y/2.

Consequently, if [lu(z; + /2, ) — u(zi, s) — /2|11 (y.y+t/2) = $7012 it follows that

t4 o

1 toN\?_ 4
2.11 21%4*E, A, ) > =0ye2 - = > 2 ~20%2 > Z_~30(420
(211 noli k< O0) 2 (3006 = Slal) 2 G0 2 £P00R0) 2 T

64
which yields the claim.

Hence, from now on we will assume that ||u(z;, s) — u(z;, s +/2) — (1 = 20)v/2| 11 (y,y+1/2) = $70t* . First,
observe that it holds for all s € (y,y +t/2)

2.12 u(zs, s +t/2) —u(x;,s) — (1 —20)vt/2| < 0t + 21t Ey  g(u; {x;} x (0,1 1/2§2fy(9t.
s

Moreover, define

A= { € 0y + )t oo (0,1) x {8)) < 0By (0 (0,1) ¢ (y,y+t>>},
and note that £1(4;) > (1 — &) ¢. For s € A; we estimate
u(zit1,8) — (1 20)7s| < @is1 + 2103 Boyo(us (0,1) x {s})1/2

12 (80 1z
S Ti4+1 + xiJ/rl <9tEo,v,9(U; (Oa 1) X (yv Yy + t)))
< i1 + 63212072 E,  o(u)'/?
< 22Ez‘+1

<— ot,
_40’7

where for the second to last inequality we used that for ¢ small enough versus & (recall that i < k/2) we have
ko < kyi02(v20)F < v0(7%0)"+3 < Z50z;41. For s € (y,y +t) we find 5 € A4; such that |s — 5] < &¢. Then we
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obtain

[u(2it1,s) — (1 —20)ys|
<|lu(zit1,s) —u(@iz1, 5)] + [u(ziz1,5) — (1 —20)78] + v[s — 3]

_ ) 1
<5 — 5|+ bs = 512 By o s L} X (woy + )2+ o0
1
<ot
16770

where we used similarly to above that for i < k/2 it holds E, ,0(u; {zi+1} x (y,y+1)} < g5726t. In particular,
using (2.12]) we obtain for almost all s € (y,y + ¢/2) that

|u(zs, 8) — (i, s +t/2) — u(wizr, s) + w41, s +t/2)]

<|w(zs, 8) — w(zi, s +1/2) — (1 —20)vt/2| + |u(wiz1,s) — (1 —20)ys| + |u(zip1, s +£/2) — (1 — 20)y(s + t/2)|
(2.13)
<3~v6t.

On the other hand, it holds by our assumption that
|u(ziys) — w(ws, s +1/2) — w(@it1,8) + ul@iv1, 8 +1/2)||L1(y,y41/2)
2|lu(wi, 5) = u(wi, s +/2) = (1= 20)72 /2| 1. (y y1/2) — [[w(@igas 8) = (L= 20)7s]| L1y y4t/2)
—Ju(@izr, s +1/2) = (1 = 20)7[[ 1 (y,y+/2)

1 1
>~ — Z40t?
e el

(2.14) :%701&2.
Now, consider the set

S = {s € (y,y +1t/2): %”yﬁt < u(wiy s) — w(wi, s +1/2) — u(wit1,s) + u(@ip1, s +1/2)] < 3’79t} .
We denote by £1(S) its 1— dimensional Lebesgue measure, and find with and

1
—y0t
87’

1 1 t
ng@ < LYS) 30t + LY ((y.y +t/2)\S) - 310t < LY(S) - 376t + 3
which implies
t
1
> —.
£(S) 2 48
Using that 1v6(y26)" < z; — @41 < 390(7%0)" this means that for a subset (y,y -+ t/2) of size at least 5 it
holds
u(@i, s) —w(@it1,8) w5 +1/2) —u(@ip1, s +1/2)
Ti — Tit1 Ti — Ti41
Therefore there exists a universal constant ¢ > 0 such that it holds for all s from a subset of (y,y + t) whose
measure is at least 4% that

107260 < <12-120~%6.

u(zs, 8) — u(it1, S)
Ti — Tit1

Now one can argue as in Step 4 of the proof of [23, Lemma 6] to conclude. We recall the argument in our setting

for the convenience of the reader. We assume that for a point s as above there holds |91y u(, )| ((#i41, %)) < 3.

Without loss of generality, this implies for almost all ¢ € (z;41,2;),

[O1u(t, s) — 1| < 3min {|0yu(t, s) — 1,01 u(t, s) + 1| }.

— 1] > ey%6.
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Then

Zq

/ " min {|0vu(t, s) — 1|, [Pru(t, s) + 1} dt > %/ Ovu(t, s) — 112 dt

LTit1 Ti41
1 @i ) — ulz; 2
> - / (61’(1, t 8 _ 1 -ri—&-l) (u(mu S) u(xz-‘rla 5) _ 1)
i — zit1) \Jaup Ti— Tit1
1 1 . c?
> 7.79 292_2492 201+3>
2 g 0000 0T 2 e (770)T 2 o

since i +3 < k and o < v40%(720)*.
Hence, it follows E, o (u; (7541, 2:) X (y,y +1)) > 45 mln{ ¢, %}o, which implies the claim. This concludes the
proof of Lemma [2.2.2 O

Finally, we consider the parameter regime, in which branching is expected but |log(726)| is of order 1 and
does therefore not appear in the energy scaling, c.f. [23, Lemma 4].

Lemma 2.2.3. Let ag € (0,1). Then there exists ¢ > 0 such that for all 20 > ag and o < (y26)!* it holds

Es~0(u) > co(|logo| +1).

Proof. Assume that E, ,¢(u) < 3o (|logo|+ 1) (otherwise there is nothing to show). Let z € (0,76/4) and
t:= % < 1. Let I; C (0,1) be an interval of length ¢ such that E, ., o(u;{z} x I;) < CtE, . o(u;{z} x (0,1))
and E, ~.9(u; (0,1) x I;) < CtE4~¢(u). Then one of the following statements is true on I;:

) |82Vu(a:, )|(It) > 7/27

) min{|Gau(z,y) —v|%, |O2u(x,y) + 7[>} > +?/4 for almost every y € I,
) |02u(z,y) — | < |02u(x,y) + | for almost every y € I, or
)

(a
(b
(c
(d) |B2u(z,y) + 7| < |O2u(z,y) — 7| for almost every y € L.

If (a) or (b) is true then Ey . 0(u;{z} x (0,1)) > cmin{ovy/t,¥?6*}. Assume now that (c) is true. Then it
follows from the triangle inequality that

5266 < min u(,9) 7 — allosry + u(e,) — (- 200l
< tl|Oeu(w, ) = Yllpra,) + llulz,-) — w0, )L,
< 2By 0(ui {z} x 1)V + to + | min{|dyu — 1], 01w + 1} 2 (0,0)x 1)
< Ct By o(u; {2} x (0,1)Y? + to + tx¥/2E, -, o(u)'/2.

Hence,
1 1
179t2 = 579t2 —tx < Ct?Eyqg(u; {x} x (0,1)Y2 +t2' 2B, o(u)/?

If 17612 < 2Ct°E, 5 0(u; {z} x (0,1))}/2 then E, . o(u; {z} x (0,1)) > ¢¥?62. On the other hand, if 1v6t* <
2t21 /2By ., o(u)!/? then o < 4E, ., (u) < 2a(| loga\ +1).

Hence we have for all x € (20(]logo|+1), 2 ) that B, g(u; {z}x(0,1)) > cmin{ov?6/(4x),7?6?}. Next, we
note that 0726/ (4z) < 4262 if and only if x > 0/(49) Moreover, observe that 20 (|logo| +1) < & (|logo| 4 1).
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Thus,

~6/4 29
it dzx

Eqqo(u) > c/

2(llogol+1) 4T

v6/4
o
> c/ —dx
g (llogo|+1) ¥

4o

> — .
> co ( log(fwg2 (|logo| + 1))

Note that by assumption we have § < 1/2 and o < 0%/2(y%6)7 < ¢/2(v0)%. Thus,

32
%(Ilogal +1) < %/2(4lloga”“| +1) < %/2(40*“4 +1) <o/
Consequently,
Eqqo(u) > §0|loga| > go(|loga| +1),
since |logo| > 14 - |log @] > 14 -log 2 > 1. This concludes the proof of Lemma m |

3. PROOF OF THEOREM
We now turn to the case of small z-derivatives and prove the scaling laws in Theorem

3.1. Upper bound. To prove the upper bound, we first present all constructions used in the proof and show
afterwards in Remark [3.1.1] how this result implies the upper bound stated in Theorem[I.2] Some test functions
show similarities in structure with those used in |15L23}29L36].

Before we present the precise statement, let us briefly discuss the heuristics for the upper bound constructions.
As in the heuristics in the setting of a small y-derivative, the main ways to meet the boundary conditions
are y-derivative (1 — 20) or quick oscillations of y-derivative +1 and —1 with volume fractions 1 — 6 and 6,
respectively, close to = 0. Again, the first option is penalized by the first term of the energy F, ¢, whereas
the second term penalizes oscillations of the y-derivative. Hence, again for ¢ > 0 relatively large uniform
structures such as u(z,y) = yz+ (1 —20)y are energetically favorable, see construction (a) below. Moreover, if 6

is much smaller than v the gradient is rank-1 connected to the gradient € M, over an almost

Y Y
1—-20 1
vertical interface, see Fig. [7| and construction (d) below, giving rise to another competitor with y-derivative
1 — 26 close to = 0 which turns out to be energetically favorable for moderate values of ¢ > 0. The remaining
constructions will exploit oscillations close to x = 0 and yield low energies for small values of o > 0. Formally,
as y approaches 0, the set M., of four preferred gradients collapses to a set with only two preferred gradients.
Consequently, it is to be expected that a version of the optimal (in the sense of scaling) constructions for two
preferred gradients from [29,[36] play a role in a regime where v > 0 is small, see Fig. This construction
uses anisotropic rescalings of the building block sketched in Fig. [5| to increase the number of oscillations of the
y-derivative towards = = 0. In this construction it does not hold Vu € M., essentially balancing the two terms
in Fy 9. On the other hand, isotropic rescalings of the building block lead to Vu € M., and hence lower the
energy contribution from the first term in F,, - o while increasing the contribution from the second term of F, - ¢
per refinement step. The construction (c) below exploits that in the way that it starts with refinements through
isotropic rescaling of the building block and switches to the anistropic rescaling of the building block when this
is energetically preferable, cf. the energy estimates and and the comment below. A sketch of this
construction can be found in Fig. [6] In particular, depending on the parameters this construction transitions
either into the Kohn-Miiller like construction in (b) or into a construction which mainly uses Vu € M., which
is closer to the construction from [23|. In parameter regimes where v > 0 is larger than # > 0 it turns out
that the anisotropic rescaling of the building block will not play a role leading to branching constructions which
essentially satisfy Vu € M,,. Similarly to the heuristics for a small y-derivative it follows that the number of
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— gl/39—2/3

“,

FIGURE 4. Sketch of the Kohn-Miiller like branching construction used in (b).

jumps of the y-derivative should be of order 'Tr This will be satisfied at the end of the construction steps in
constructions (e) and (f). The main difference between the remaining constructions (e) and (f) is the following;:
Glueing different construction steps leads to a contribution from the term |0;01u| of order v, cf. Figure (8] (left).
On the other hand, the energy contribution of |020,u| is of order %, cf. Fig. Hence, as long as 6 > 2 the

energy contribution from |9y09u| necessarily dominates. This leads to construction (e). If § < 42, we modify
the building block in order to balance the energy contributions from |0;01u| and |0202u| to obtain contruction
(f), see Fig. [8| (right). Again, the proof of the lower bound suggests that this is necessary.

Proposition 3.1. Let ¢y > 0. Then there is a constant C' > 0 with the following property: For all § € (0,1/2],
€ (0,1], and o > 0 the following holds:

a) There is a function u, € By such that Fy , ¢(uq) < Co2.

(a)

(b) If o < 0% and v < co(06)*/? then there is a function uxy € By such that F, ,0(uK Co?/392/3,
)

(

M) < C
(c) If 06 < ~3 < 63 then there is a function uig € By such that F, - g(uip) < CUG (10 lz + )
d) If 6 < v then there is a function ury € By such that F, . ¢(urr) < C (o*y + —) .
() f o <@?andy< ¢ then there is a function ugg € By such that Fy ., o(upr) < C’%‘g (log g +1

(f) If  <~%/2 and o < 263 /~4? then there is a function u € By such that F(u) < Covy (%ﬁ;g;)l + 1) :

Proof. (a) Affine function. Define u, : (0,1)? — R as u,(z,y) = (1 — 20)y + yx. Then u, € By and
F,r0(ug) < 462

(b) Kohn-Miiller-type branching.
We assume o < 2. Let 6 = 0'/3072/3, o = 273/2 and N = [w—‘ > 1. Note that 20'/30—2/3 >

log

2N > 91/3572/3 since §'/3572/3 > =1 > 2. Consider the function W := (W1, W5)T : (a,1] x R — R? defined
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as

1%

T ) o<y < {4 - yily
[
o 1f2—|-($ 1)2(1—a) SYs3
W(z,y) = 50
@ if § <y<o(l—0)—(r— gty
660
—izay . N (e 50
i if 6(1—0) — (x = 1)5p—5y <y <6,

and extended periodically to R in the y-component. Then Wy(a,y) = Wa(1,2y) for all y € R. We define
U:(aM,1) x (0,1) = R? as

—k, —k —k,. ok
270" W (07 e, 2 y)) if z € (a*FL, oM.

U(SL‘,y) = < Wg(a7k$,2ky)

Then U is a gradient field, and we and denote by @ : (a’¥,1) x (0,1) — R the corresponding primitive with
@(a™N,0) = 0. Eventually define uxy : (0,1)2 = R as

ugm(z,y) = i) s
KM(Z,Y) = (g;—aN)a_N(l—29)y—xa_Nﬂ(04Nay) else.

We remark that it holds |a(a®,y) — (1 — 20)y| < 62~ Consequently, we find for x < v

(3.1) | uscn (2, )| < 2N92N < 2N/295 < 201/5571/395 = 20%/2,

Additionally, we estimate for 1 < k < N, using (2a)* = 27%/2 and v < ¢o(c6)'/?

ak~?t 1
/ / dist®(Vugn, M.,) dedy + o| D*uxcn|([oF, %71 x (0,1))
aak71 01
< / k / dist? (Vugent, M) dady + Co (|Draurcn] + 101 1urad] + [0zurcnt]) ([0, 1] x (0, 1))
ar 0
ak~t 1
S/ / Uy (x,y) £ 7| dedy + Co (9+2k/259+(1 fa)ak*Idefl)
ak 0

60 2 - -
<(1- Oz)akfl,yZ (2k/22(1 —a) — 1) +Co (9 1 ok/2,1/391/3 | 271@/20_71/302/3>
Y
<C (271@/202/392/3 4 9k/2454/391/3 00)

<C2H/252/392/3

where we used in the last step that by the definition of N, we have ok/2 < 9=k/29N < 9. 2*’“/291/30*2/3, and
27k/252/392/3 > 9—N/252/392/3 > 091/2/2 > 00/2. Hence, we obtain, using the definitions of N, a and ¢, as



ENERGY SCALING LAWS FOR MICROSTRUCTURES: FROM HELIMAGNETS TO MARTENSITES 19

9/2 (:1’) ;
()

(1-6)/2 !

7

0/(27)

FIGURE 5. Sketch of the building block in construction (c) an (e).

well as the estimates v < co(06)'/? < ¢of < cof'/? and o < 62, and (3.1)

N 1 oN
Eyyoluxm) < CY 278202325 4 / / dist (Vugn, M) dedy + o] D?uk| (0, o] x (0,1))
k=1 0 Jo

N 1 .aN
< CZZ_k/202/392/3 + 2/ / |01ukm|? + % + min {|douknm £ 112} dady + o D*ucm|((0,a™] x (0,1))
k=1 0 70

< Co30%3 £ CaNo + Ca¥~2 + CaNe? + CaNo + Co (1 +2N/2659 4+ aNoN CaNel/Z)

< Co?30?3  co(2N) 32 4 Co

< 00_2/392/3.

(c) Intermediate Branching.
We assume now that o6 < 42 < 63, and define a branching construction as follows.
Step 1: Definition of the building block

Consider the function V : [%, %] x R — R? defined for (z,y) € [%, %] x (0,1) as (see Fig. h

2\
_1> ify>1-0/2—~(z—4),

'Y) if1-0/2—~(x—£)>y>1/2,
(32) Vi(z,y) =
if1/2>y>1/2-60/2+~(x - 3),

ify <1/2-0/2+5(x - 3%).
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aNo—N12—N0 aNO_le_NO

FI1GURE 6. Left: Sketch of the branching construction in the intermediate regime: The regions
of the four preferred gradients in the isotropically rescaled building blocks are colored in blue,
pink, yellow and beige. In the anisotropically rescaled building blocks, dyu # £+ but dou = 1
(dark red) or dou = —1 (light green).

Right: Same construction: du = 1 (dark red) and dou = —1 (light green).

and extended periodically in the y-component. Then V is a gradient field and it holds for the second component
Vo that V2(0/(27),y) = Va(0/v,2y) for all y € R.

log(’y%)

g 2

lo, kid
Step 2: Definition branching gradient Let Ny = ’7#-‘ >1land Ny = [( -‘ + Ny > Ny + 1. Note

that g—; < 2No < 23—; and % < 2Mi—No < 2%. In addition, set @ = 273/2 as in (b). Then we define the
function U : (aM~No27MNo 1) x R — R? as follows, see Fig. @ If z € (27N, 1) we set

Ux,y) =V (2Noy "z, 2Ny 1y) if 2 € (27N 71 27N,
Moreover, for Ny > N > Ny we define

a~N+Nog—N+Noy, (a—N+N02N0 %x, 9N—No 8

_ v ) : —No,,N—No+1 o—Ny, N—Np
Ulz,y) = Vg(aN*NDQNOQm 2N7N02y) if v € (27" 27 ).
v v

Note that for 2 NoqN—Not+l < 1 < 2= NogN=No we have
N—Ng
(3.3) Ui(z,y) =272 7.
In addition we always have that Usz(x,y) € {£1}. Moreover, note that U is a gradient.
Step 3: Definition of the branching:

Let @ : (2*N004N1*N0, 1) x (0,1) — R be a corresponding primitive such that @(2=Noa™~Ne () = 0. Note
that 2~ NogN1=No > 5 /(25/291/2) > /8. Eventually, we define uig : (0,1)% — R as

uis(z,y) = iz, y) if & > 27 Ma™M =,
’ (x—0)1(1-20)y — Za (27 NoaM—No o) if 3 < 27 NogM—No,
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Step 4: Energy estimates:
For Ny > N, we note that Vuig € K, a.e. in [27V,27V+1] % (0,1), and thus

2— N+1

/ / dist(Vuig, M.,)? dydz + o|D*uip| (27,27 V1] x (0,1))
2— N
<C (|011urB| + |O12urs| + [Oa2urs]) (27N, 27N x (0, 1))

<CO’<’Y+9+9>
Y

of
3.4 <C—.
(3.4) <C-

For Ny < N < N; we compute using (3.3) and v < 6
9—Ng o N-No—1

1
/ / dist(Vurg, /\/l,,)2 dydx + 0|D2UIB| ([2*N°aN*N0,2*N°aN*N°*1] x (0, 1))
2 NOaN No 0

6
<27 NogN=No(1 — q)2N=Nos2 | O ((2a)‘N+N°7 + 604+ 2 NogN=No(q — a)2N>
~y

(3.5) < C(Qa)N_N"%Q + Cob,

where we used that (2a)"N+tNoy < (2q)~M+Noy < 001/2 < ¢. Comparing (3.4) and (3.5) we note that for
N > Ny the anisotropic rescaling of the building block yields a smaller ernergy per refinement step than the
isotropic rescaling.

Next, note that [urg (27 VoM =No ) —(1-26)y| < 2:27N126. Consequently, we have for z € (0,27 NoaN1=No)
the bounds

2.2 Ny 3
[Ovum (@, 9)| < S5 = 2 (20)No~N1 .

Hence, since 2 - (2a)No=Niy >~

J

<((2- (2a)NomNiy)2 4 46%(1 — 0) + 20) (27 Moo M) 4 Co (9 4 27 NogMi=Noghs 9)
~

9—No o N1—No

1
/ dist(Vurs, M.)? dy dz + o] D?urp| (0,2 V0 a1~ Vo))
0
<Coh'/? < 019.
Y

Combining the various estimates we obtain

N1 0 3
Fg’%g(UIB) S C <N0 + —_— Z 2( N+NO)/2 (N1 — N0)0'9> S Ci (log l@ + )
v v N=Ny+1 v

where we used that Ny — Ny < C2(V1=No)/2 < C# < C/y.

(d): Rotated interface. We assume 6 < v, and use the construction sketched in Fig. [7] Precisely, we set

yr 4+ (1 =20y if Oy > vz,

ugri(z,y) = .
ri(2,9) {—'yx+y if Oy < ~va.
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=0/~

FIGURE 7. Sketch of the construction with a rotated interface used in (d).

Then

63 62 93
Fyq0(urr) < 27 +Co (’y +0+ 7) <C (7 + 0"')/> ,

where we used that 6 < ~.

(e): Branching without linear interpolation. We assume that o < #2. We use a branching construction
and a variant of the construction in (d) instead of interpolation, see Fig. [8l Precisely, we consider the functions
V(L 2) xR — R? as defined in (3.2). Additionally, consider W : (0, ) x R — R? defined as

27y vy

7 if y >1— vz,
~1
(3.6) W) =3 | ify < (1-0)7,
(1=20)y else,
1-20

and extend U periodically to R in the y-variable. Note that W is a gradient field.
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0/ 01— 0)/y=0/7~ 0/

l A=

FIGURE 8. Sketch of the branching construction as described in (e) and sketch of the building
block as described in (f).

For N € N define Uy : (0,1)? — R? as

N, 9N : -N8
W2V, 2%y) ife <2772

k k : —k—106 —k6
V(2Fz, 2%y) lfIE(Q 02 ;),ngSN—l

Un(z,y) = jl ifng,yz1—e+y(:c—§),
- . 9 /]
) 1fxz;y,y§1—0+’y(x—;).

\

Note that also Uy is a gradient field. Let ugg : (0,1)? — R be a corresponding primitive such that ugg (0,0) = 0.
Then upr € By and, using v < 0,

3 293 5
F,o(upr) < C27N <9_+’Y 4 >+CO‘N <7+9+€) SC<2_N0—+U—0N>.
T g v

2
Choosing N = F?Ogggg-‘ leads to Fy , g(ur) < C’%e (log ? + 1).

(f) Variant of branching. We assume that 0 < v?/2 and o < 63/(2v?). Let § = (f%})_l. Similarly
to the branching construction in Proposition one can construct a function V : (62/7,60/v) x R — R? such
that (see Figure

(1) V is 1-periodic in the second variable,

(2) V is curl-free;

(3) V(x,y) € K, for ace. (z,y) € (6%/7,0/7) x R;
(4) [D2VI((62/7,0/7) x (0,1)) < C;
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(5) V(%Z/) = To<y<i—0y(y) = Ti—o<y<1y () for y € (0,1),
(6) Va(6?/v,y) = Va(0/7,6 " 'y) for all y € R.
Then we define for N € N the function Vi : (0,1)? — R? as

-1 if 2> 20=9 andy>1-0,
7 ~(1=9) Y
(7, 1) if x> 98_% andy <1-—96,
- 05-9 . o(1—0 o016
Vaimgy =470 brlg 090 §5okHly) fg e (5k G=0) 5" 011E10)6%> for 1 <k <N,
’ 050 . p5_o
W(s~ Nx_;ﬁﬁ Ny) 1fx€(5Nﬁ/1 5751\’ =
(1—20)y ' b 5o
< 1-20 if z € (0,0M£4=5),

where the function W is defined in . As before note that Vi is a gradient field. Then let uy : (0,1)> - R

be a corresponding primitive with u N(O 0) = 0. Note that un € By. Moreover, we estimate the corresponding
energy

Y(1=9)
. _ rllogoy?/0% . ;
Choosing N = [L22Z5 7217 yields the estimate

[log 2 /0]
|log 0v* /6°|
Fa,,eu <C'}’J( +1).
vl [log 2 /6]

0 3
Fya(w) < 026V 200 g (7N o7 9) <C (i&N + 70N> :

We are now in the position to prove the upper bound in Theorem

Corollary 3.1.1. There is a constant C' > 0 such that the following assertions hold:
(1) If v < 0/8 then

2 57q 00 0
min F, 9 < Cmin{92702/502/‘5, 7 <’10g03 + 1> }
Bo 0 Y

6% o
mlnF079<Cm1n{9 a’y—|——f<‘lo ‘—|—1)}.
Y

(3) If 0 < 6/8 < 42/2 then

03 |log o2 /63|
Hllan 9<Cm1n{92 oy+ —,0 ’y<—|—1 .
o y |log~2/0)|

(2) If 0 < 42/2 < 0/8 < v then

Proof. (1) Consider v < 6/8.
e If min {92, 02/362/3, ”70 ()log f{—g
e If min {92, o2/392/3, ‘770 (‘log g—?

1)} = 02, then the assertion follows from Proposition a).
+ 1)} = 0%/36%/3 then o < 02 (since 02/362/3 < 62) and +* < of

(since 0%/30%/3 < "7‘9 (|logg—§| + 1) implies that "9 <|log 9 + 1) > 1). Hence, the assertion
follows from Proposition b)
. Ifmin{02,02/302/3, "79 (’10g )} (| log Z5 o1+ 1) then o6 < 47 (since 27 (\ log 25 g1+ 1)
02/30%/3) and v < /8 < 6, and hence the assertlon follows from Proposition [3.1{c).
(2) Consider 72/2 < /8 < 4.

e If min {02, oy + %3, ”79 (|1og 9%| + 1)} = #2, the assertion follows from Proposition a).
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e If min {92,07 + %, ‘779 (|log6%| + 1)} = 07y + 03/ then 6 <« (since 62 /v < 6?), and the assertion

follows from Proposition [3.1](d).

o If min{92,07+ %, "79 (|log & | + 1)} = "79 (|log &| + 1) then o < 262 (since "79 (Jlog &|+1) <

oy + 62/~ implies that %"7‘9 < 63/7). If ¢ < 6% then the assertion follows from Proposition e).
If 02 < 0 < 26% and 0 < ~ then the assertion follows from Proposition(d) since o7y + % < 2"70.
Eventually, if 62 < o < 262 and v < 6 then the assertion follows from (a) since 62 < ”7‘9.
(3) Consider 0/8 < ~2/2.
e If min {92, oy + %, oy (% + 1)} = 62 then the assertion follows from Proposition (a).

e If min {02707 + %,o’y (% + 1)} = a’er% then 6 < v (since 63 /v < 6?) and the assertion

follows from Proposition d).

o If min {92,07—&— ?,07 (“ﬁig‘fij;;gi —|—1)} = oy (% + 1) then o < 03/42 (since oy <
03/v). If o < 63/(29?) and 6 < +2/2 then the assertion follows from Proposition ). Note that
the assumption § < 442 always implies that § < + (if 492 > ~ then v > 1/2 > ). Therefore, if
0°/(27%) < o < 6°/4? then the assertion follows from Proposition [3.1)d).

O

3.2. Lower bound. The proof of the lower bound is again split in several steps. In the following proposition,
we outline how they imply the assertion in all parameter regimes.

Proposition 3.2. There is a constant ¢ > 0 such that for all o € (0,00), all v € (0,1), and 6 € (0,1/2], the
following statements hold:

(1) If v < 60/8, then
min F, ., g > cmin { 62 o2/392/3 0—0 lo 77

B sy 9 ) g 3

o Y

- f +1)}.
log;’—l-l)}.

(2) If v2/2 < /8 <, then

03 o0
min Fy ¢ > cmin {02, oy + —, ke
Bo vy

N

(3) If /8 < 42/2, then
0 |log(a7%/6°)|
min F, > cmin< 6%, oy + —, oy [ YV + 1 .
g 7 { T ( [log(+2/6)]

Proof. (1) The first statement is proven in Lemma 1).
(2) For the second statement, we consider the cases o < 02/ and o > 62/~ separately. If o < 62/~ then
oy + 6%/y <962, and the assertion follows from the estimate proven in Lemma 2), namely

i o N 63 o6 (’1 o ‘ N 1)
min F, ~ ¢ > cmin<{ o —, — (|log = )
Bo 9 U vy & 02

If 0 > 02/, then 02 < oy < oy + 03/, and o6 /y > %2% > (70)% = 62. Hence, the assertion follows
from the lower bound in Lemma [3:2.1] namely

nréin Fy 6 > cmin {92, 07} = cb?.
0

(3) For the third statement, we consider three cases separately, depending on the size of o.
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o If 0 < (03/9°)(6/~%)3 then there exists k € N, k > ko = 32 such that

03 [0\ 93 Lo\
50 R0 )
By Lemma [3.2.3} we obtain the lower bound ming, Fy ¢ > ckovy, which yields the claimed lower
bound, observing that 2k > k + 2 > log(c7?/6%)/log(6/4?) + 1.

o If (603/4%)(0/7?)%* < o < 63/4? then we have by Lemma the lower bound ming, Fy ¢ >
cmin {92, ofy} = coy. This concludes the proof in this case since

min { 62 @ M M
{9 e v"’”( log(2/0) “)}S‘”< log(7 /) !

2
32[1og(+*/0)I) | 1) < 3307.

= 7 ( Tog(+2/0)]

e Consider finally the case #3/9? < o. If 07y > 62 then the assertion follows from using that
ming, > cmin{#?,0v} = cf2. On the other hand, if oy < 62 then we obtain by Lemma that
ming, Fy 9 > cmin{ovy, 62} = coy which concludes the proof since

03 |log(72/6%)|
min{ 02, oy + —, oy | D L2241 b < oy 463 /4 < 207,
{ T+ ”( log(22/0) 1Oy s

O

Similarly to Section [2| we start with a rough lower bound without the logarithmic terms. The following can
be seen as an analogue to Lemma [2:2.1]

Lemma 3.2.1. There exists a constant ¢ > 0 such that for all v > 6/8 it holds
min F, -, p(u) > cmin{6?, ov}.

Proof. Let u € By and assume that F, . g(u) < 5tz min{6? ov}. Then there exist y1,y2 € (0,1) such that

256
y2—y1 = 5 and Fy 5 0(u; (0,1) x {y;}) < 4F, 59(u). Additionally, there exists Z € (0, 1) such that F, - ¢ (u; {Z} x

(0,1)) < F,,0(u). Then there exists § € (0,1) such that dist*(Vu(z,7), M,) < 55562, In particular, there

exists M € M., with |[Vu(Z,§) — M|? < 5562, Then we obtain for almost every y € (0,1)

Vu(@,y) — M| < Vu(z,5) — M + [Vu(z,5) - u(z,)| < 10+ 1:9u(z,)](0,1)

< ig_ki <1_|_i
= 160 T2567 =2 "6

for almost all y € (0,1), and hence [Vu(z,y;) — M| < 37+ 5257+ 5357 < 7 for almost all z € (0,1) and i = 1, 2.

Since the points in M., have a distance of at least 2, we obtain

Y2
(@, o) — w(@, 1) — Ma(ys —y)* < / Doz, ) — Ma[? dy
Y1
Y2
< dist(Vu(z,y), M,)* dy

Y1
SFoq0(us {T} % (0,1)) < Foy6(u).
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On the other hand, we estimate
[u(@, y2) — w(Z, y1) — Ma(y2 —y1)| = [(1 =20 = Ma2)(y2 — y1)| — [u(Z,y2) — u(@,y1) — (1 = 20)(y2 — y1)|
2 z
> H—Z/ |Ovulz, y;) — M| dz
i=170
2 z
=0- Z/ dist(Vu(z,ys), My) dz
i=1"0
2 z 1/2
>0— Z (/ dist(Vu(z,y;), M,)? dx)
i=1 0

>0 —4AF, ., (u)/? > 20.

1
2
Hence, combining the two estimates, we obtain

1
Fama(“) > 192-

We now turn to the treatment of the remaining logarithmic terms.

Lemma 3.2.2. There exists ¢ > 0 such that the following lower bounds hold:
(1) If v < 6/8 then

0 0
min F, 9 > cmin {92,02/302/3, zZ (| log 0—3| + 1) } .
Y Y
(2) If v > 0/8 and 62/ > o then

6* o0
min Fy , 9 > cmin {a’y +—, ke (| log %| + 1)} .
v 0

Proof. We first introduce a slicing argument that is close to the argument in the proof of Lemma [2.2.3] which is
needed for both statements.
Step 1. Preparations.
Let Z € (0,1). Let ¢t € (0,1) and consider the intervals I; = (It, (I + 1)t) for I =0,...,|1/t].
Choose an interval I; such that

Foro(u;(0,1) x ) < A4L|Fyyo(u) and  Fyyg(us{Z} x I;) < 45| Fy 5 0(u; {2} x (0,1)).

Then one of the following statements is true on I;:

(a) 0202u(z,)|(L) = 3,
(b) min{|ou(Z,y) + 1|, |02u(z,y) — 1|}* > 1 for almost all y € I,
(c) |Oau(Z,y) — 1| < |O2u(Z,y) + 1] for almost all y € I,
(d) [0ou(Z,y) + 1| < |O2u(Z,y) — 1| for almost all y € I;.
We consider the cases separately.
If (a) is true then Fy 5 o(u; {Z} x (0,1))
If (b) is true then F, - g(u; {Z} x (0,1))

1
> 81tcr.
Z 16
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If (c) is true then by the triangle inequality

1 . ~ _

59752 < glelﬂg lu(z,y) —y —allL ) + lu(@,y) — (1 —20)yl| L1 (1)
< t)|0ou(, ) = Ulprr) + lu(@, ) —u(0, ) Lr(n)
<B2E, L o(u; {T} x ) + i@t + t/252F, ., o (u; (0,1) x I;)'/?
< 2%F, . o(u; {2} x (0,1))Y/2 4 vZt + 2423 F,  o(u)/?

Hence, it follows 64F,  o(u; {Z} x (0,1)) > 6% or 1t0 — vz < 22'/2F, . 4(u)'/2.
If (d) is true the same conclusion follows from the stronger estimate

1 . _ _
§t2 < min lu(z,y) +y —allLr) + lw(@,y) — (1 = 20)yl[L1 1)
Consequently, we obtain from (a) - (d) that
1
(3.7) F,0(u; {Z} x (0,1)) > emin{o/t, 6%} or 110 -3 < 2512 F, ., o(u)'/?.

Step 2. Proof of (1): The regime: v < %9.

Kohn-Miiller regime: Let us first assume that v < g and v < %01/391/3. Then o6 /v > 8¢2/39%/3. In this case
we choose t :=min{1,c~/302/3}. If t = 1 then 10 — v > 1t0. If t = 6?/3071/3 then o < 62. It follows that

1 1 1 1 1
“t0 — Nz > —o V353 - 2l /391/3 > — T /305/3 = 4.
47T =yl 87 87 8

Hence, we conclude from ([3.7) that

1 2
t
Foro(u) >c min{o/t,0?} dx = gmin{a/t,QQ} or 6—492 <A4F, - 9(u).
1/2

In the first case, we obtain F,,g(u) > £min{oc?/3¢%3,6?}. In the latter case, there are two possibilities: If
t =1 then F, ,g(u) > c6?, and if t = o~ 1/392/3 (ie., if o < 6?) then Foro(u) > co™2/3910/3 > 52/392/3,
Putting things together, we obtain

min Fy 9 > cmin {92, 02/392/3} ,
which concludes the proof in this case.

Intermediate regime: Let us now assume that v < g and v > §01/391/3. In addition, we may assume that

Forolu) < 01‘77‘9 (\ log g—ﬁ\ + 1) for ¢; > 0 to be chosen later. Choose z € (0,1/16) and t := %. Then

1
Zt@ — YL = 2V — YT = Z.
Hence, we obtain from ([3.7) that

0
Fy0(u;{Z} x (0,1)) > cmin {:@,92} or z <

In particular, we have
1/16

0
Foqp(u) > c/ min {0,92} dx.
clz—g(ﬂog :—g\Jrl) yx
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Note that 01 < ?ifx>c < 0 . Since vy < 6 it holds 019— < 1% of < % a9 (‘log el

+ 1) Hence,
1/16 i o0 0
Fory0(u) > cey / 97 e = 6617 <log 1/16 —log % —log ( log — 3
log 7

i + 1) — 1ogcl>
c1 (\log |+1) YT
o 0
> cc1— 7| +1
Y

if the universal constant ¢; > 0 is chosen small enough. This concludes the proof of the lower bound in this
case, and hence the proof of (1).

Step 3. Proof of (2): The regime: v > %9 and o < 6%/y. Let 7 € (0, -2 T67) and ¢ := 42 Then

—_

1
Zt0 — yT =T = ~t6.
1T =T =

[\

Hence we obtain again from (3.7) that
0
Foyo(u;{z} x (0,1)) > cmin {0,02} or z <
VE

In particular,

0/(167) o
Fyrp(u) > c/ min {,92} de.
() v

4
,\{TFG,%G u

We consider the two possibilities o < §? and o > 6? separately.

e Consider first the case 0 < 62. We assume that F, .0 (u) < CQ (|log o=l + 1) for some ¢y > 0
fixed below (otherwise we are done ). We observe that co2- 9 (|1log 0/92| +1) > 2593 o (|logo /6% + 1).
Additionally, we note that c; 2% § < ¢%ifand only if Z > cr & 7 and ca g (|log o /6% + ) < 02% < 60/(16)
if co < 1/16. Consequently,

6/(167) o0

ol
Foryo(u) > CCQ/ — dz = cco— (log 8/ —log 16 — log o/ (v0) — log ca — log (|log o/6%| + 1))
ca g% ([logo/0%+1) 1T Y

= CCQ%Q (log 62 /o — log 16¢5 — log (|log o /6%| + 1))

0
> cey 2 (|log o /67 + 1)
v

for ¢ > 0 small enough. This shows the lower bound in this case.

e Consider now the case o > 6%. We assume that F, . g(u) < c3 ( 0 +’YO’) for ¢5 = 1/256 (otherwise
we are done.). Note that by Lemma we alre3ady know that F, . ¢(u) > cmin{f?, oy} = coy. Isn
particular, if ¢ < 63/~? then F, . g(u) > $(oy + %), and we are done. Hence, we may assume o < 3—2.

Since we consider the regime o < 62, we have = > £ which implies that min{ 22 62} = 62 for all
0~y ¥ RES

x < 16 . Consequently, we obtain
0/(16v) c /03 0 1
Foryolu) > c/ 02 dx = 03 /(16) — c3¢(0° /7> + 06%/v) > — < - — = 07>
c3(yo+63/v) 16 4’}/ 4

>093> c 93+
= 32y = 64 7
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This concludes the proof in the regime v > /8 and o < 62 /. (]

We finally turn to the parameter regime in which the logarithmic terms in the third regime occur. We proceed
similarly to Lemma [2.2.2

Lemma 3.2.3. There exist g > 0 and ¢ > 0 such that for all k > kg = 32, all v € (0,1), all § € (0, apy?] and

all
03 0 k+1 93 0 k
e |7 (E) ()

Fory0(u) > ckoy.

there holds

Proof. Similarly to the proof of Lemma we set ko := 32, 0 < ap < 1/(63)? such that 2 - 64 - 212ka§/4 <1

for all k > ko. We assume F, , g(u) < ko and that k > k.

) k41 . k i i
Let 0 € (:Z (%) ,:—Z (%) ) Then find z; € (%: (%) ,%% (%) ) such that

Fopolus fai} < 0,1) < 3 (f)ipm,g (u; (;3 (792) , g% (i)) y (0,1)> .

fori=1,...,k.

Claim: There exists a constant ¢ > 0 such that for all i = 1,..., |k/2] it holds

9 /6\°
! (7) By oty s} % (0,1)) + Fro ot (51, 22) % (0,1)) > coy.

We first show how to derive the lower bound from the claim. We have

Lk/2] i i
160 /6 36 /6
2Foal®) 2 D Fro (u; ( (%) 32(%) ) . <0,1>> ¥ By o () x (0.1)

2~y \ 12 2
Uf/QJe 9 i
D% (7) Foolts {s} x (0,1)) + Foy (s (051, 22) x (0,1))
=1
> cﬁ o
= 47-

Proof of claim: The claim can be obtained following the arguments in the proof of Proposition We sketch
it here for the sake of completeness.

First, define N; := {s€ (0,1): |Oru(x;, s) + 1| < 3|02u(x;,s) — 1|} and assume for a contradiction that
LY(N;) > 2/3. Then one can show with the analogous definitions of y;,y, € (0,1) along the lines of the
proof of Lemma [2:2.2] that

1
/ Oou(x;,8)ds < = + Fiyy g(us {a:} x (0, 1))1/2 <1/2
(y1,y2)N{02u>1/2} 3

and

2 1
Dou(s, 8) ds > (1 —20)(ya — 1) — 4yx; — 3F, - o(u; {2} x (0,1))Y2 + 2 — —

/(y1,y2)ﬂ{62u21/2} 3 12

A\
w.\ —

This shows that £1(N;) < 2/3.
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i+1
Next, let t =120 (,%) . Again, we find (y,y +t) C (0,1) such that (y,y +¢) N Nf # 0 and

Foryo(u;(0,1) x (y,y+1t)) < 48t F,  0(u),
Foyo(us (Tig1,2:) X (y,y + 1)) < 48t Foy 0(u; (zig1, i) x (0, 1)),
Foro(us{zi} x (y,y +1)) <48t Fy o o(u; {zi} x (0,1)),
Foro(ui{ziv} x (y,y +1)) < A8 Fy s o(us {ziga} x (0,1)).

Moreover, we observe that on (y,y + t) one of the following three assertions has to hold

(1) [O202u(zi, )|(y,y +t) > 1/2,
(2) |O2u(z;, 8) — 1| < |Oou(xy, s) + 1] for almost all s € (y,y + ¢),
(3) |02u(x;, s) + 1| < 3|02u(x;, s) — 1] for almost all s € (y,y + t).

If (1) is true then the estimate follows immediately. Moreover, (3) cannot be true by our choice of (y,y + t).
Hence, from now on, we assume that (2) is true. By the triangle inequality, it holds

1
SO < Julw, -+ 1/2) = (i) = /20 mr g gre) + i+ 1/2) —ulws ) = (1= 200120 014172

First we assume that $0t> < |lu(z;,- +t/2) — w(w;,-) — t/2||11(yy+1/2) and define a = fyy+t/2(u(xi7s +1t/s) —
u(z;,s) —t/2) ds. Then one shows as in the proof of Lemma that

1
|al < 21t°F, 079( s{wi} x (0, )) < §t297

2

i k—i
where we used that % <%) ko < 0%k (%) < sper 570%. Then it follows similarly to

2 4 4 p3 k 2\ ¢ 4 2\ ¢
4 ot s 0 (0N v (17t S
. . — — > A - - =
217 Fo y0(us {z:} x (0,1)) = ( ot 2|a| = 649 = 64772 v2) 60\ 6 = 64 To\ )

which yields the claim.

Next, assume that $0t2 < |lu(w;, - +¢/2) —u(w;,-) — (1 —20)t/2||11(y,y+1). Along the lines of the proof of Lemma
[2.2.2] one shows for

1
S = {s € (y,y+1t/2): gﬂt < |u(mi, 8) — u(xi, s +t/2) — (i, 8) + u(xirr, s +t/2)| < 3(%}

that £1(S) > L. Since 12 (7%) <ap—xipg < %% (7%) , we find for s € S

0
10— <

<12 1209,

w(s,8) — u(zs, 8 +1/2) —u(wig1,8) + w(ziyr, s +t/2) '
0

r,—xi+1

2

which implies since = < apy < (12-120) 1y that there exists a subset of (y,y +t) whose measure is at least ﬁ
such that

u(xy, 8) — w(itp1, S)

Tj — Tj41

- = c—.
Y

Fix s € (y,y +t) with the above property and assume that [0101u(-, s)|((zig1, i) < /2. Moreover, we may
assume without loss of generality that |Oyu(t,s) — | < 3|01u(t, s) + 7| for almost all ¢t € (a;41,2;). Then it

‘ 0
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follows similarly to the proof of Lemma that

i 1 u(zi,s) — u(xig1, s 2
/ mm{mlu(t,s)+v|,|alu<t,s>v}2dtz<xixm)(( ) — u(@ien )v>
Tit1 9 Ty — Ti+1

10 (0N L0

367\

2 0o\ T 2
— N = > — 0.
3672 (72> =367

v

Y

Consequently, we find

. 1 2 t
A8t Fy y o(u; (Tig1,23) X (0,1)) > Fy gy g(us (i1, 23) X (y,y +t)) > min {2, 36} B

Dividing by ¢ on both sides of the inequality, this concludes the proof. O
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