OPTIMAL FUNCTIONAL PRODUCT QUANTIZATION
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ABSTRACT. We introduce a mathematically new approach for quantization of
vectorial signals. Namely, we are aimed at quantizing vectorial signals on
input to a computational device that calculates some given function of the
input. As opposed to the classical approach which optimizes the quality of the
quantized signal, without taking into account any further transformation of the
latter by means of the computational device, here we optimize the quality of
quantization on the output of this device. Moreover, we quantize components
of the signal separately. This leads to a quantization problem qualitatively
different from the classical one. We study existence of optimal quantizers
(which is not at all obvious in this setting) and estimate the optimal cost for
several classes of functions.
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1. INTRODUCTION

Consider a d-dimensional vectorial signal modelled by a random vector X =
(X1,...,X4) with components X; taking values in some set X; (usually the com-
ponents are scalar, i.e X; are just subsets of reals), i =1,...,d. Suppose X has to
be quantized, i.e. transformed into a signal which might assume only a discrete set
of at most N values. Usually one is interested in performing this in an optimal way
according to some chosen optimization criterion. The components are assumed to
be random with their joint law (i.e. the law of the vectorial signal X') to be a known
Borel probability measure p. We describe now and compare between each other
the two possible approaches to optimal quantization, the classical one, and the one
proposed in this paper (called functional product quantization in the sequel).

1.1. Classical quantization. Assume for simplicity that d := 2, each of the com-
ponents X; of the signal take values in some set X;, and denote X := A} x A5
(usually X; are just intervals of the real line, and hence X is a rectangle in R?,
possibly even the whole of R?). The relatively well studied classical quantization
approach is that of finding the quantization map

q: X =X, #q(X) <N,
so as to minimize the mean quantization error
L(q) :=Ec(X,q(X)),

where c is the given cost function on X', and E stands as usual for expectation. For
instance, when one chooses ¢(x1, 23) := |21 —z2|P, which is the most frequent choice
in applications, this amounts to minimizing the expectation of the power p (usually
p =2 or p=1) of the absolute value of the difference between X and its quantized
version. The cost of such a classical optimal quantization which measures the best
possible quality of the latter, is given by

C(N) = inf{L;(g): #4(X) < N}.

The case X; = Xy = [0,1] C R, so that X = [0,1]? and p = £2.[0,1]? is the usual
Lebesgue measure (i.e. uniform distribution) over X, is the most well studied. In
this case C(N) > 0 for all N and

C(N) ~ C/VNP,

asymptotically as N — oo, with C' > 0 a known constant (at least for d = 2; for
general space dimension the explicit value of this constant by now is still unknown).

This quantization problem setting is very well-known and is in fact used in many
different branches of mathematics under different names, see [5] for an introduc-
tion to the field as well as [7] for a survey on classical results. For instance, in
the language of measure theory, this is a problem of finding the best possible ap-
proximation of the given measure p by a discrete measure (i.e. finite sum of Dirac
point masses) supported on a set of at most N points; in the case of the power cost
c(z1,z2) := |z1 — 22|P this means finding the respective discrete measure which is
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nearest to p in the sense of the Kantorovich (also called Wasserstein') p-distance
Wy (i, ). In such a formulation it is present in statistics and data science where it
is used, e.g., for clustering. On the other hand the same problem can be formulated
as finding the optimal location of an N-point set ¥ C X minimizing the functional

E+—>/ dist.(z, X) du(x),
X

where dist.(z,¥) := inf{c(x,y): y € £}. In such a setting this problem is known
in urban planning as facility location problem (with X interpreted as the set of
facilities to locate, p as the density of population in the given geographic area, and
¢(z,y) the individual cost of getting from point z ro point y), or N-point problem
(also used in many applications, e.g. in information theory for data compression).
If X is, say, R? (or a sufficiently large rectangle), ¢ is the usual power cost as above
and p has compact support, then the optimal set ¥ clearly exists, and once one
knows X then one can easily find the optimal quantization map ¢ as a nearest point
projection onto . The optimal discrete approximation of the measure p is given
just by the push-forward gxp. In different words, at least when p < £2, this is
the measure 2521 w;0,,; where d, is the Dirac point mass located in z, k < N,

{z;}¥_, = ¥ and the weights w; > 0 are given by
w; = p(V5)-

where V; := {z € X: |z — z;| < | — x;|} for all 4 # j, is the Voronoi cell corre-
sponding to the point x;.

1.2. Functional product quantization. It is however sometimes important to
know that the signal might be transmitted in order to be sent on input to some
device computing a given function f: X} x Xo — R (which will always in the sequel
be considered Borel). If the signal has to be quantized, it is then more natural to
measure the quality of quantization on the output of this device rather than on
the input. Further, for engineers it is preferable to quantize each signal component
separately and independently of other components. This leads to the following
problem. Recalling that we have assumed d := 2 for simplicity, for (ny,ns) € NxN
one has to find the quantization maps

gt X — Xy, #q;(Xi) <nyyi=1,2,
so as to minimize for a given cost function ¢ on R the mean quantization error

Li(q1,q2) :==Ec(f (X1, X2), f(q1(X1), 02(X2)))

on output of the computational device.

Similar quantization approach has been introduced in machine learning commu-
nity in [1]. In information theory, it appears that the idea of independent coding of
joint sources dates back to [2] and [3]. It gained attention recently with practical de-
velopment of sensor networks, see [4]. The idea of combining product quantization
with an objective to improve the quality of the output of the computational device
rather than the signal itself. is also quite natural. Note that this is exactly what
happens when an integral of a function is being approximated by a discretization
technique. Moreover, in recent studies related to quantization of neural networks,

IThe name Wasserstein distance is historically incorrect, and we prefer to attribute the name
of Kantorovich to the latter
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see for example [8], the most important part is also to improve the quality of the
output function.

In the present paper we pursue exactly the above described approach of func-
tional product quantization. We will see that it leads to the quantization problem
strikingly different from the classical one. In fact, here already the existence of
optimal quantization maps ¢;, g2 even for very nice data, is a priori quite un-
clear. In this paper, we are mainly interested in the asymptotical behaviour of the
quantization cost

Cr(ni,ng) :==inf{Ls(q1,q2): #q(X1) < ni, #q2(X2) < na}

or alternatively, given a single number N > 0, of the minimum of the above costs
C¢(n1,n2) over all couples (n1,ng) such that ny +ne < N (with an obvious abuse of
notation we still denote this cost C'(N)). We will see that, as opposed to the classical
quantization, for certain functions f one can achieve zero cost even for finite N. We
will further give upper and lower estimates on the quantization cost for particular
classes of functions f (in particular, for linear f we are able to calculate the cost
explicitly). These estimates are easily observed to be qualitatively different from
those of the quantization cost for the classical setting.

2. NOTATION AND PRELIMINARIES

2.1. General notation. Throughout the paper, we will assume, unless otherwise
explicitly stated, that X; be Polish spaces and u; Borel probability measures. Mea-
surable sets in each & are those belonging to the completion of the Borel o-algebra
with respect to ;. However, big part of our results is related to the most common
situation in applications when X; C RF¢ is just the subset of a Euclidean space
and p absolutely continuous with respect to the Lebesgue measure and with com-
pact support. Even more, we will sometimes limit ourselves to the case d = 2 and
ki =ky =1,ie. & = &y C R, p < £2 (with £¢ standing for the d-dimensional
Lebesgue measure). In fact, this case already contains all the essential difficulties
of the problem considered.

For a Borel measure ;o on a metric space E and D C E Borel, we let u.D stand
for the restriction of u to D and by 1p the characteristic function of D. If x4 and
v are measures with p absolutely continuous with respect to v, we write pu < v.
By L% we denote the Lebesgue measure over the Euclidean space R?. The notation
LP(E, ) stands for the usual Lebesgue space of functions over a metric space F
which are p-integrable with respect to u, if 1 < p < +00, or p-essentially bounded,
if p = +00. The norm in this space is denoted by | - ||,. The reference to the metric
space F will be often omitted from the notation when not leading to a confusion, i.e.
we will often write LP(u) instead of LP(E,p). Similarly, if £ = R is a Euclidean
space and pu = £ is the Lebesgue measure, then we will omit the reference to
writing just LP(R?) instead of LP(R?, 1). The weak* convergence in L>®(FE, 1) is
denoted by =.

Finally, the Euclidean norm in R* will be denoted by |- |, and the scalar product

2.2. Signals. For brevity we denote X := &; X ... x Xy and the signal by X :=
(X1,...,X4). The signals and there components are seen as random elements of

the respective spaces. For the law p of the random element Y of a Polish space )
we write law(Y) = p or just Y ~ p. Note that the same symbol ~ is used also to
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denote asymptotic equivalence of sequences. If Y is a random variable (i.e. Y = R),
we denote by E (Y) its expectation and by Var (Y') its variance.

2.3. Quantization. The maps ¢;: X; — &; will be usually referred to as quantizers

or quantization maps, and we denote ¢ := (q1,...,qq4). Each ¢; takes n; values that
we denote as a;*,s; = 1,...,n;. Define the quantizing sets to be the level sets
of quantizers, i.e. A" := qi_l(afi),si =1,...,n4,4 =1,...,d. Clearly the role of

Voronoi cell in the classical quantization problem is played here by products of
quantizing sets.

2.4. Costs. Sometimes to emphasize the dependence of the costs on ¢ and u we
write L. ,(q) and Cfc (ni,...,nq) instead of Ly(q) and C¢(ny,...,nq) respec-
tively. Also for the classical quantization problem, to emphasize the dependence of
the cost on ¢ and p we may write L. ,(¢) and C. ,(n1,...,nq) instead of L(g) and
C(nq,...,ng) respectively.

3. RANDOM QUANTIZATION AND EXISTENCE OF OPTIMAL QUANTIZERS

The goal of this section is to prove the existence of optimal quantizers. We only
assume the spaces X; to be Polish.

For a particular quantizing lattice w := {(«7',...,2}"),s; = 1,...,n;} denote
values of f at its points as f(w) = (f(z7",...,2}"))s;=1,....n;- Denote by W the set
of all lattices with x;* € X; and by f(W) = {f(w): w € W} C R"*"¢. Essentially,
f(W) describes all the potential quantizations of the output. In order to have the
existence of optimal quantizers we request f(W) to be compact. Note that this
requirement is in particular satisfied in the following two important cases indicated
in the statement below

Proposition 3.1. The set f(W) is compact in R™ "4 in particular, when either

(A) f has finite set of values
(B) or f is continuous and all X; are compact.

Proof. In case (A) the set f(W) is finite thus compact.

For the case (B) f(W) is precompact as a subset of f(X)™ ™. To show that it is
closed consider a sequence of lattices wy such that f(wy) converges. Then, since all
X; are compact metric spaces, we can pick a subsequence of lattices (not relabelled)

such that each point x}7 converges to some z;’ fori =1,...,d,s; = 1,...,n;. Then,
for all s;, =1,...,n; one has
.d
f@, - ,x‘;’k) — flai, ... xt).
Thus f(wg) — f(w) where w = {(27*,...,2),s; = 1,...,n;}, proving the claim.
O

We often face a situation of non-compact Xj;, for instance X; = R. If X; are
not compact it is easy to construct an example with nice continuous functions such
that the problem has no minimizers, see Example 3.2. However, for practical use
in engineering applications the sets X; may always assumed to be compact.

Ezample 3.2. Consider f(z,y) := = + vy, c(u,v) := e~lv=v1" and p = L£20]0,1]2.
Take ny = ng =1 and ¢1 x(z) = g2.x(z) = k. Then L(q1 .k, g2,x) — 0, but there is
no quantizer providing zero cost.
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Theorem 3.3. Assume that p = w(xy,...,Tq)H1 @ ... ug for Borel probability
measures p1; on X; and w(z1,...,x4) € LY(X, 1 ® ... ® pa). Let f(W) be compact
c(u,v) > 0 and the map v — c(u,v) be lower semicontinuous for all u. Then
the best quantization error Cy(ni,...,nq) is achievable as L¢(q1,...,qq) for some
quantizers qi, ..., qq-

To prove this result we will introduce the relaxed problem setting, that of random
quantization, show that it has solution, and then show that the same quantization
error can be achieved by usual (non random, or deterministic) quantizers.

3.1. Random quantization. In a random quantization setting we are looking for
sets of n; quantization points {z},...,z["} C X; and weight functions p},...,p}"
such that for all x € R one has

0<pi(z)<1l foralls,=1,...,n,, pri(x):l

Si:1

where i = 1,...,d. For brevity we denote
Pi()i= 00 O, = (ol ).

The best random quantization by definition minimizes the error

Ef(ﬁlv"‘apdajh"w

l'd)
=3 . Z/ijl(xl)...p;d(xd)c(f(x),f(xfl,...,x;d))du(x).

51:1 Sdzl

In other words, we pick n; quantizing points in X; and we quantize every point
z; in one of x},...,z"" with probabilities p}(x;),...,p" (z;) independently from
everything else.

Non-random quantization problem that we are most interested in corresponds
to the case of random quantization where all the weights except one are zero, i.e.
pit(z;) = 0(}, qi(x;)), where §(a,b) stands for Kronecker symbol.

The following proposition shows that the best error for a random quantization
problem is achievable.

Proposition 3.4. Assume that p = w(zy,...,24)11®...Quq4, for Borel probability
measures ji; on X; and w(xy,...,xq5) € LN X, 11 ®...Q uq). Let f(W) be compact,
c(u,v) > 0 and the map v — c(u,v) be lower semicontinuous for all w. Then the
random quantization functional Ly attains its minimum.

Proof. The proof is divided in two steps.
Step 1. We will further prove that if p{’, — pf’ in L>®(&X;, ;) (recall that —
stands for the weak™® convergence) and f(z7)),...,23%) — s, ... s, as k — 00, then

lim inf /lgI D) B el (@), F( ) die)

k—o0 XJ

(3.1) =

> [y @) el @) (o).
IT X;

j=1
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Taking for the moment (3.1) for granted, we deduce from it the lower semicon-
tinuity of L£¢. Namely, we show that, denoting

ﬁz,k() = (pzl,k(')’ s 7p:Z’ij())’ ji,k = (I'Ll,ka s axz;g)7
one has
Lminf L¢Pk, Pdks Tiks- -+ Td k)
k—o00

= llrggf Z Z /d pl (@) o @a)e(f (@), f(@]y, - agh) du(x)

S1= 1 Sqd= 1
]:

ni nd

>3 . lim inf /ﬁ . (@) -yt (@a)e(f (), f(aly, - wyh)) du(e)
81:1 Sd:1 P J
SNSS / D @) (@), ) A ()
s1=1 sq=1

= L:f(pla"wpdvl'la"';jd)v

where points ;' are such that as, . s, = f(z7',...,2}"). Note that such points
exist because f(W) is closed, thus limit of values of f on a sequence of lattices is
a value of f on some lattice. To finish the proof it remains to take a minimizing
sequence Pi k, ..., Pd ks L1k, --,Za,k for Ly, extract convergent subsequences (not
relabelled) such that pfy = pj* in L(X;, ), f(ay, ., w3h) = sy e, as k —
oo foralli=1,...,d, s; =1,...,n;, and apply the inequality above. Note, that a
convergent subsequence can be chosen because a unit ball in L™ (X}, u;) with weak*
topology is compact and metrizable, while f(W) is assumed to be compact.
Step 2. It remains thus to prove (3.1). To this aim let us show that

(3.2) Py (@) Pt (a) = py(er) . pit(xa)  in LO(X, ).

It suffices in fact to check that for ¢ € L>°(X, ) one has
[ piian) - iganete)dn = [ o7t @n).p @aote)dn
X
The latter is true, because ¢(x)w(z1,...,2q) € LY (X, 11 @ ... @ pug) and

P () o pih(a) = pit () - pt(xa) 0 LO(X, i @ ... © pa),

thus proving (3.2).

Now, from (3.2) one has that the sequence of measures pi', (z1) ... pi’ (za)dp(z)
converges setwise to the measure pi*(z1),...p}" (xq)du(z), because for any Borel
A C X one has 14 € L' (X, i), and thus

[ e eadn) > [ o0, o)
A A

Now, the statement (3.1) follows from the Fatou’s lemma with varying measures |9,
section 11.4, proposition 17] g
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3.2. Existence of non-random optimal quantizers. Now we are going to show
that this minimum can be obtained by non-random quantizers, and therefore the
best error in non-random quantization is also achievable.

Proof of Theorem 5.3: We are going to prove a stronger statement, namely that
although non-random quantization is a particular case of random quantization, the
best quantizers are actually non-random. For the proof we only need the assump-
tions on the data (i.e. pu, f,c) ensuring the existence of optimal random quantiz-
ers. Consider the optimum for a random quantization problem p}*(z;),z;*,s; =
1,...,n45t=1,...,d. We will show that it is achievable by non-random quantizers.
We disintegrate

ﬂ($17 . 'axd) = Nm,(xla s Ti—1, Tid 1y - - ,l‘d) ® d,LLXl(xi)a

where p,, are the respective conditional measures. Among all optimal quantizers
p;t,x;" pick one with the least number of random quantizers (we name a quantizer
p;',s; =1,...,n; non-random, if one of the weights is one and the others are zero),
and show that it is non-random (i.e. the number of random quantizers is zero).
Suppose the contrary. Without loss of generality we may assume that pj is not
random. Define

$1(z1) := argmin g,,(s1), where
s1=1,...,n1
Gz, (31) =
> pS (@) . pi(@a)e(f (@), f(@5t, . xi)) s, (22, 2a).
X X...xXXg 825058d
Here and below we abbreviate 0", ...> 07 as > .. Denoting 2 :=
(x31',...,25") for brevity, one clearly has

> i) pi(a)e(f (@), f(27))du(x)

X S1r8d

_ / > i ()9, (51) dp, (1)

X s1=1
> [ 3 o0 Gr(0)) dis (1) = [ 92,51 1)) i, (1)
Xy s1=1 Xy

:/ ST PP (@) . P (a)e(f(a), fa T a3, ) dpla).

x S52-8d

In other words, we transformed random quantizer pj (x1) into non-random one (cor-
responding to the choice of quantization map ¢;1(x1) = xfl(ml)) without increasing
the cost. Thus, this is an optimal quantizer with less random quantizers than be-
fore, contradicting the construction. Thus, there were no random quantizers to
begin with, meaning that there is an optimal completely non-random quantization

strategy. O

Remark 3.5. As a by-product of the above proof we have that the best quantization
error is equal to the best random quantization error.
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3.3. Properties of quantizing sets. We prove here a simple property of optimal
quantizers.

Lemma 3.6. Let f be bounded, c(u,v) > 0 and c(u,v) =0 only if u= v, the map
v = c(u,v) be lower semicontinuous for all u, and u(f~1(\)) = 0 for all X € R.
Let g, i = 1,...,d, be quantization maps. Denoting {aj'}J'_; = q;(X;), set

AT () =g (af).

Assuming that Ly(q1,...,qa) = 0 as (n1,...,nq) = 00, one has then
max (A7 (n1) X ... x A (ng)) =0, as My, ..., Mg — 0O.
S14eeey Sq
Proof. If not, there is an € > 0 and some Aj*(n1),..., A} (ng) with

p(AT (n1) x ... x A (ng)) > e with s; = s;(n;).
Note that

Lo, ova) = | @) fad s a)) dulo).
Ail (nl)x...XAdd(nd)

Up to a subsequence (not relabelled) one has 1451 ()% x A (ng) X in the weak*
sense of L>°(u) and f(ai',...,a}') = X as (ni,...,nq) = co. Moreover,

/deZE
X

and ¢ > 0 p-a.e. Therefore, due to the Fatou’s lemma with varying measures [9,
section 11.4, proposition 17], one has

/ p(@)e(f(x), A d(z)
X

< liminf /x lA-;l(m)meA;d(nd)(:v)c(f(a:),f(afl, coay))dp(x)

(n1,...,nq)—00

< liminf  L¢(qi,...,qq) = 0.

(n15eema)—00

Since ¢ > 0 this gives
| o)t @).3) dutz) = o

which implies f(z) = A on the set {¢(x) > 0} which has positive measure p,
contrary to the assumptions. 0

3.4. A bridge between classical and functional product quantization. The
quantization of only one of the components of the input signal is a bridge between
the classical approach and the functional product quantization. In this case the
following estimate is considered

Ly(qr,id) := Ec(f (X1, X2), f(q1(X1), X2))
and
Cy(ny) :=inf{Ls(q1,1d): q1: X1 — Xy, #q(X1) < nq}
(of course there is an obvious abuse of notation here).

It is easy to observe that if ¢ and f, say, are continuous over X = &} x Xs, and
X; are compact, then

(33) C'f(nl) Z nlli)n Cf(nl,ng).

o0
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In fact, let ¢5: X3 — X be such that #¢5(X;) < n; and
Lg(q5,id) < Cp(m) +e,
and ¢y?: Xo — X be projections onto finite &,,-nets in Xy of cardinality ns such
that €, = 0 as ng — 0o. Then
lim Cp(ny,n2) < lim Lg(ar,¢2°) = Lg(a,id) < Cp(ma) +e,

Mg —r00

showing (3.3) because ¢ > 0 can be taken arbitrary. Of course already this proof
suggests that (3.3) is valid under even less restrictive conditions on ¢, f and X;
(e.g. when only X5 is compact, f and ¢ are Borel functions continuous only in the
second variable, but ¢ is bounded over f(X) x f(X)).

Surprisingly, the reverse inequality to (3.3) is not true: even the slightest quan-
tization of the second component may drastically decrease the total error, as the
following example shows.

Example 3.7. Let Xy = Xy := [0,1], p := L£2]0,1] x [0,1], ¢(u,v) := |u—v| and let

f(x1,m2) = (/3.2/3)x[0,1/3) T Ljo,1/3)x[1/3,2/3] + Li2/3,1)x[2/3,1)) (T1, T2).
Let n1 := 1. Then whatever ¢; is, one has that f(q1(z1),z2) differs from f(x1,x2)
on the union of 4 squares of the total area 4/9, so that C'¢(1) = 4/9. On the other
hand, if ¢1([0,1]) € (0,1/3) and ¢2([0,1]) € (0,1/3), then f(g1(x1),q2(2z2)) differs
from f(z1,22) on the union of 3 squares of the total area 3/9, so that
4/9 = Cf(l) > 3/9 > Cf(l, 1) > C’f(l,ng)

for all ny € N. Note that this result does not change if we request f to be continu-
ous or even smooth, since one can make the same example just by approximating
characteristic functions involved with smooth ones.

4. OPTIMAL QUANTIZERS FOR PARTICULAR CLASSES OF FUNCTIONS

4.1. Characteristic functions of measurable rectangles and their finite
sums. We first consider the case when f is a characteristic function of a measurable
rectangle, i.e. f = 14,x..xa, for A; C X; measurable sets (in this section, if not
explicitly stated otherwise, X; are generic Polish spaces).

Proposition 4.1. If f(z) = 1a,x..xa,(x), with measurable A; C X; then for
n; >2 foralli=1,...,d, one has Cy(n1,...,nq) =0.

Proof. Take a} € A;,a? € X; \ A; and set
(1) = aj, ;€ A,
i) - a?, x; € X\ A,
concluding the proof. ]

Now, it is easy to generalize this to the case of f being a finite sum of charac-
teristic functions of measurable rectangles.

Proposition 4.2. If
N
f(.’L') = chlA{ (.7;1) v 1A“;(wd)7
j=1

where Ag C X; whatever is X;, then there is an N such that for n; > N, one has
C’f(nl, cen ,nd) =0.
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Proof. Let us encode each point with the sets containing it. Denote

ei(x;) = (lAg (xz))

By definition the images of e; are binary codes of size N. For every binary code w
in the image e;(X) pick =} such that e;(z}") = w. Consider the quantization maps
qi(x;) = xf"(x). Then for all x € X e;(x;) = €;(gi(x;)). Therefore from definition
of e; one has

N

Jj=1

f(@) = fla(z1), ..., qa(za)).
Consequently, L¢(q1,...,qq) = 0 for any cost function c. (]

Remark 4.3. Note that in Proposition 4.2

(1) in general, one has N = O(2V) as N — oo because it is a total number
of binary strings of length N. Nevertheless, when X; = R and all Ag are
intervals one has N < 2N.

(2) the statement is constructive, i.e. it provides an algorithm for quantization.

To prove (1) note that N intervals in R divide it into at most 2N parts. Moreover,
all of them, except the union of two rays, are intervals. The encodings e;(X;) are
constant on these intervals, therefore their images consist of at most 2N elements.

Finally, the reverse statement, that only the finite sum of characteristic functions
of measurable rectangles has zero-quantization cost, is also true to some extent.

Proposition 4.4. Let ¢ > 0 be a Borel function such that c(u,v) = 0 only if u = v.
If C¢(n1,...,nq) = 0 and this error is achievable, then there are disjoint measurable
sets AJ' C X, 8, =1,...,n;,1=1,...,d such that the union Uy, ., A7* x...x A}
covers X up to a p-negligible set and

(4.1) Z chl _____ salap (@1) . 10 (24)

911 Sdl

for some cs, ... s, € R, whatever are Xj.
S1, sSd ) 2

Proof By definition there are gi,...,qq such that Lf(q1,...,qq) = 0. If ¢;(X;) =
{ag}mi,, set Af = ¢; '(ag). One has then

Ozﬁf(qh...,qd)=/Xc(f(m),f(qﬂxl),...7qd(xd)))du(x)
Z Z /51 (f(x), flal*,...,a;")) du(x)

S1= 1 Sd—= 1 X. XAbd
which means that f(z) = f(ai',...,a}") for p-ae. x € AT x ... x A}, Denote
Cor,sg = flai', ..., a") and get that (4.1) is true. O

We can now apply Theorem 3.3 to get the following statement.

Corollary 4.5. Suppose that pp = wpy ®. .. ug with Borel probability measures pu;
on X, we LYX, 11 ®...® ug) and ¢ : R x R — R is non-negative Borel function
such that the map v — c(u,v) is lower semicontinuous for all w. If, moreover, f is
bounded and c(u,v) =0, if and only if u = v, then Cf(n1,...,nq) = 0 implies that
there are disjoint measurable sets Aj" C X;, s; = 1,...,n;, ¢ = 1,...,d such that
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the union Us, .. s, A" X ... x A} covers X up to a p-negligible set and for pi-a.e.
x one has

f(.’L‘) = Z Z 6317”,)Sd1Ail (l‘l)...lAzd (xd)

81:1 Sdil

for some c, ... s, €R.

Proof. Under the assumptions of corollary being proven the zero cost is achievable
by Theorem 3.3 and Proposition 3.1 once one shows that f has a finite number of
values. This would allow us to use Proposition 4.4 to finish the proof. However, this
property cannot be proven for f directly, and therefore we are going to construct
a new function f with a finite set of values, that equals f p-a.e. and has zero
quantization cost. To his aim, consider a sequence of quantizers g x, ..., qqx such
that

0= Hm Ef(ﬂh,k,---,qul,k) :/Xc(f(m)af(m,k(m),n-7Qd,k($d)))dﬂ($)

-y Ej/n (@), f(@o - 038 du(a).

S1= 1 Sa= 1 X. XASd
Now, by taking a weak* converging subsequence (not relabelled) we obtain that
lAj}kx.i.foi‘fk B ysy, in L°(X, ) for all s; = 1,...,n;. Clearly,

¢sl,...,sd (xla LR axd) € [0’ 1]

for p-a.e (x1,...,24). Note that since
Z 1A51 «. XAZTLk(JJl,...,xd) =1

for all z; € X;, one has

Z ¢51,..‘,5d(x17"'7xd):1
S1,.-+38d

for p-a.e. (x1,...,24). Moreover, consider a subsequence (not relabelled) such that
f(aflk, .. afidk) converges to some ¢, s, € R. Now, from weak* convergence we
get that the measure lAs1 Xerx A%, (x)dp(x) setwise converges to ¢s, .. s, (x)du(z).

Thus, by Fatou’s lemma w1th varying measures [9, section 4, proposition 17], we
get

0= lim c(f(z), fally, .- agh)) du(z)

k—o0 s1 sd
Al’kx...xAdyk

2/¢mwﬂmmwdmm&W@J@%MﬂHWW@
X

k—o0

zL@MMuM”&mm@%h,mm>

where the last inequality follows from lower semicontinuity of v — c¢(u,v). Since
integrand of the r.h.s. is non-negative, then

(4.2) /X Gsysq(@1, - xa)e(f(x),Csq,54) du(z) = 0.

Thus f(z) = ¢sy,...s, p-a.e. on aset Dy, o = {Ps,,.. s, > 0}. Consequently,
f has a finite number of values p-a.e. Now, let us construct f with a finite set of
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values that has zero-cost and equals f p-a.e. First of all, take f = fon Dy, ., for

all s; and set it to 0 elsewhere. Secondly, take any lattice w = (27*,...,2)"),s; =
1,...,n; and redefine

F@itagt) = o sae
We claim that C’f(nl, ...,ng) =0. Define G;  : X; — X;,i=1...,d by setting

~ Si 3 Sq —
Gip(z) =i if v € A7}, si=1,...,n

In other words, we leave quantizing sets the same as for f, but instead of taking
f(a‘ilk7 e 7aflflk) as values, we take c¢g, . s,. Clearly, from weak® convergence of
lAi,lkX...xAZ‘,ik - ¢317~--73d in Loo(Xhu)v one has

lim o(f(x), f(=3, .. ai))dp()
k—o0 Ai,lkx...xAde
= hm c(f(x),csh.,_,sd)du(a:)
k—ro0 Ai}kx...xAZ‘fk

/ bor e (@1s - Z)C(F (), Cor. o) )

/ Gsr,.ooysa (@15 s xa)e(f(T), Coysy) diu(x)  since f=fpae.
=0, by (4.2),

which proves C' J;(nl,...,nd) = 0. Consequently, by Proposition 3.1 and Theo-

rem 3.3 we get that the best quantization error is achievable for f . Thus, the claim
follows from Proposition 4.4 for f, and thus also for f because f = f u-a.e. O

4.2. Characteristic functions of “nice” planar sets. In this subsection we
estimate the quantization cost for f being a characteristic function of some suffi-
ciently nice planar set K, ie. f=1x :RXxR — R. Here d =2 and X; = A, = R.
Without loss of generality we suppose K C [0,1]? and ¢(1,0) = ¢(0,1) = 1. Let u
be the standard Lebesgue measure p := £2.[0,1]%.

Theorem 4.6. Letd = 2 and X1 = Xy =R, f be a characteristic function f(z,y) =
1k (z,y) for an open K C [0,1]?, standard Lebesgue measure p = L£2.[0,1]% and
cost ¢(1,0) = ¢(0,1) = 1. Then

(i) if K has a piecewise smooth topological boundary, one has

V2P(K)(1 +o(1))

min(ng, ng)

Cf (nlv n2)

, as ni,ng — 00,

the upper bound being achieved by uniform quantization.
(i) if, moreover, K is convex different from a rectangle, one has

c(l+0(1))

- , as ni,ng — 0o, where ¢ depends only on K.
min(ny, ng)

Cy(ni,n2) >

Remark 4.7. For a fixed total number of points N = ny + no it is clear that
%gcf(N)g%, as N — 0o

for some positive constants ¢; and Cs.
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Proof. Step 1. The upper bound holds for a uniform quantization, i.e.
Lnimij + 1 .

qi(z;) =

This way we have a lattice with niny small rectangles of area ny 'n; * with different
quantizing points each. Clearly, only the ones that intersect 0K add value to the
error. All such rectangles belong to (0K). — the e-neighbourhood of K with
£ :=+2max(n; ', ny'). But for a K with a piecewise smooth boundary

lim 1L%(&K)E) = P(K).

e—=0 ¢

Hence, the total area of such rectangles is bounded by

V2P(K)

1
. +o | — , as min(ny,ng) — 0.
min(ny, ng) min(ny, ng)

Since the quantization cost is bounded by the total area of these rectangles, we get
the claim (i).

Step 2. To prove the lower bound we reformulate the statement in the following
way. Without loss of generality we assume that n; < ns. Consider the quantizing
sets of g1 and g2, 4,7 = 1,...,n1 and Bk =1,...,n9 respectively. For each
j=1,...,n wetake K; = {k € 1,...,n2: f(q1(A;),q2(Bx)) = 1} and construct

Bj = U Bk.

keK;

L3((0K).) = eP(K)+o(e) =

In other words, f(q1(7),g2(y)) = 1, if and only if (z,y) € UJL, (A; x B;). Our next
step is to show that one has

ni
(4.3) 2| Kol < By | = cltod) oy o oo,

=1 "
Note that this is exactly the lower bound we want, since the symmetric difference
L2(KEA UL, (Ajx By)) is the set where f(2,y) # f(q1(2), g2(y)), thus it contributes
its measure to the total error.

Consider a smooth part of the K where all the outward normal vectors have
non-zero coordinates. Denote its natural parametrization as 6(t). Denote lengths
of its  and y projections as P, and Py By choosing the directions of coordinate
axes appropriately, we may assume that all the coordinates of the considered nor-
mal vectors are strictly positive, i.e. they look in the north-east direction. For
some constant C' that we specify later, consider a polygonal line of k = Cny seg-
ments that are tangent to the chosen part of K in its points of differentiability
and have z-projections of the same length. Construct k right triangles with their
vertices at the right angle inside K by using segments of this polygonal line as
hypotenuses. Enumerate all the triangles such that their y-coordinate is increasing
and z-coordinate is decreasing. Let X;,Y; be the projections of catheti of the i-th
triangle on z and y axes. Define

k k
=1 =1
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Clearly, P, = (1+0(1))P,, and P, = (1+0(1))P, as n; — co. Denote (v;, /1 — 1?)
the unit outward normal vector to K in the tangency point of 0K and the hy-
potenuses of the i-th triangle. Then

X;lv;
vy = Ll
V1-v;
consequently,
k k y
Py=) Wil =1X) ———
— — 1-—
=1 =1 )
Denote
-1
VI— 12 & vi VI—12 ¢ Vi
pL = vk 2 ’ P2 =" % 2’
1 P} 11—y (3 Pt 1-v;
Note that

k k
1 v; 1
=y = > v/ X2+ VP2,
ki:l V1-v} kX i=1

and thus for ¢ denoting the length of # one has

. -1 .
_ 1 6(0). / _ 1 9(€)r/~
— = - = 9 s — = == 9 s as N3 — oQ0.
P1 P1 <P93 G(O)y ) y) P2 P2 P G(E)y , y 1

From definition of p; and py we have

P
pr ' max|Vi| < =% < ppmin|Yi],
hence
P,
(4.4) (14 0(1))py ' max || < f < (14 o(1))p2 min |Y;], as ny — oo.

Now we can clarify the choice of C, namely we set C' := 4p1, i.e. k=4pin;.

. . . : ,_ Py P,
In what follows we prove that the inequality (4.3) holds with ¢ := o CpipaTT) "
In order to prove this, we will show that the following claim.
Claim 4.8. Forc:= % the set UjL, (A; x Bj) either does not cover area

of at least (14-0(1))eny * inside considered triangles, or covers at least (1+o0(1))eny !

outside of K, as n; — oo.

The inequality (4.3) follows from Claim 4.8 because the area of triangles outside
of K is asymptotically smaller than total area of triangles, i.e. it is

k k
oD 1XillYil) = o(|X1| Y Vi) = o(PuPy /k) = o(nih),
i=1 i=1
which is asymptotically negligible for (4.3). Thus Claim 4.8 concludes the proof.
Step 3. It remains to prove Claim 4.8. To this aim, denote a] := [4; N X;|/|X;]
and b] := |B;NY;|/|Y;]. Clearly a],b] € [0,1]. We now make the following estimates.

177
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(i) The area that A; x Bj; covers inside of the union of triangles is not greater
than

k

(4.5) ZanJ\XAlms( o(1)k?p1PaPy Y albl.

=1

This is because A; x B; covers at most (4;NX;) % (B;NY;) inside of the i-th
triangle. Thus, it covers area of at most a’b!|X;||Y;| inside i-th triangle.
Now we sum up over all triangles. The estimate on the r.h.s. follows from
the equality |X;| = P,/k and the inequality (4.4).

(ii) The area that A; x B; covers outside of K is not smaller than

(4.6)

k—1 _ ) ) k—1 o )
>l IX| (0 Vil 4+ ULV = (1+0(1))k2py ' PuPy Y " al (b, +...+b]).
=1 =1

This is because the set Up>1((A; N X;) X (Bj NYj14)) lies outside of K (so
does the union of rectangles Up>1.X; x Yj4, due to the fact that considered
curve 6 is a graph of a monotone function zo = x5(z1)) and its area is the
Lh.s.. The estimate on the r.h.s. follows from the equality |X;| = P,/k and
the inequality (4.4).

By Lemma A.1 one has

k—1
(4.7) Z al(bl +...+b]) Z alb] —
i=1

The whole area of all the triangles is Zle | X;||Yi|/2 = Py P,/ (2k) since all the |X;]|
are equal. Let

_ dp1pa +1
4prpa +2°

If at least (1 — A)-portion of the total area of triangles is not covered by
UjL, (Aj x Bj), Claim 4.8 immediately follows since

Py Py _ PP, _ (I+o0(1))c

1-NP.P,/(2k) = = =

Therefore, it remains to consider the case when at least A portion of the total
area of triangles is covered by UL, (A; x Bj), that is the covered area is at least
AP, P,/(2k). From claim (i) above and (4.5) we get

(4.8) k=2p1 P, P, ZZanJ > (14 0(1))A\P, P,/ (2K).
j=11i=1
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Thus, one has

nlkl
50 3 DTN
j=11i=1
ni k
- P,P,
> i _Mely (47
Wk%ZZ;““ ok, Y (7
(4.9) AP, P, n PP,
> (1+0(1 Yo Y by (4.8
> ( ())4p1p2k 220 y (4.8)

1 1))P.P,
= (1+0(1)) Y by definitions of A and &
16p1(2p1p2 + 1)

_ (I+o0(1))c

=
But claim (ii) and (4.6) implies that UL, (A; x B;) covers outside of K the area
at least

n1 k—1

(14 of Ty + ...+ b)),

Jj=11i=1
hence, by (4.9), at least (1 +0(1))c/n1, which concludes the proof of Claim 4.8. O

The careful inspection of Step 2 and Step 3 of the proof of the above Theorem 4.6
provides the following curious corollary for the case when K C R? is a right-angled
triangle with catheti parallel to the coordinate axes.

Corollary 4.9. For a characteristic function of a right-angled triangle with sides
P, P, the quantizing error is bounded from below

i — 00.
Z Bmin(n.n) | as min(ny, ng) — 00

Proof. In terms of the above proof of Theorem 4.6 one can explicitly calculate
p1 = p2 = 1, and, therefore, ¢ = (16(2p1p2 + 1))t =1/48 . O

4.3. Linear functions. For the case when all X; = R and f is a linear function
we are able to calculate exactly the quantization cost for a fairly large class of cost
functions ¢

Theorem 4.10. Let all X; = R, d, f(x) = Z?Zl w;x; with w; # 0 for
alli =1,...,d, and c(u,v) :: (| |) where p: [0,4+00) — R is convex and
strictly increasing, while p := L]0, ]d. Then

Cy (n) = Z/nz

1 /w1/2 /wd/2
_— drg...dx1|.
H;‘izl w; J—wy /2 wq/2
Moreover, the best quantization maps are umform, i.e. for x €[0,1]% take
niT; 1
qi(z;) = i) +

Proof. The absolute value in the formula for C¢ is to cover the case of negative
coefficients, but in the proof it is convenient to consider all w; > 0,9 =1,...,d. To
see that this restriction does not lose generality, note that linearity of f allows us
to shift the measure £4[0,1]¢ to L4 [~1/2,1/2]%. This translation changes f up
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to a constant, but an additive constant gets cancelled in f(z)— f(q(z)). Now, when
we work in a symmetrical region, for a negative w; one can change x; to —x; and
w;to —w;. The function f and the measure p do not change, i.e. the error remains
the same. Therefore, we work with the case all w; > 0,i=1,...,d.

Let A% s; = 1,...,n; denote the level sets of ¢;,i = 1,...,d with al, = qi(AS).
Denote for brevity s = (s1,...,54), ¢s == f(qi(ai'),...,qa(@;")). Then

Z / P dx
APl x L x A

d
E WiT; — Cs

(410) C’f(nl,...,nd)

S81,.4+58d =1
d
1
= E d p E X — Cs d.]?,
. S1 Sd
$15.154 [[imy wi Jag <. x A i=1

where A% := w; A$*. Note that Uy'Z1 A7 = [0,w;]. Let us write a single error term
in the above sum in the following way

/ P ( ) dr = G(z1) dxq,
ATl XL x A — AT

d
Z.’Ei — Cg
i=1
G(x1) = / P ( ) dzrg...dzs.
A2 X x ALY —

d

Z T; — Cg

i=1
We consider G to be defined on the whole real line. Note, that all the functions
x1 — p(| Z?Zl x; — ¢s|) are convex, implying that the function G is also convex.
In addition, from lim;—, ;.o p(t) = +00 we get lim,, 100 G(x1) = +00. Therefore,
there is the unique minimizer « of G.

Now, consider the following transformation of A7* into an interval of the same

measure. Denote aj' := L1(A]')/2. Taket € R such that a—t = L1(A]'N(—o00, a)).
We will prove that

where

t+2a;t
(4.11) G(Jfl)d.ifl Z / G(xl)dxl
At t

To this aim we rewrite (4.11) as
(4.12)

/0OC Lr{xy € A G(zy) > 7)) dr > /000 L{xy € [t,t +2a5"]: G(x1) > 7)) dr.

To prove (4.12) it suffices to show that for all » > 0 one has

LY{zy € A : G(zy) > 1)) > LM {2y € [t,t +24a5]: G(z1) > 7}).
Since L1(A7') = 2a]* = L([t,t+2a}']) it is enough to prove the opposite, i.e. that
(4.13) LYz € A5 : Gxy) < 7)) < LY({xy € [t,t +2a3']: G(z1) < 7)),

Clearly, it is enough to consider r > G(«). Then the condition G(z1) < r can be
reformulated as z1 € [u,v] with u < a < v, because G is convex (the endpoints
of the interval might not be included, but it does not affect the measure anyway).
Now (4.13) would follow once one shows that for any u < o < v one has

LA N [u, ) < LY([max(t, u),a]) = min(a — t,a — u),

(4.14) L L
L (AT N[, v]) < L7 ([, min(t + 2af', v)]) = min(t + 2a]' — a,v — ).
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By definition £!(A3* N [~o0,a]) = a — t, which proves the first inequality. The
second one follows from £1(AJ' N [a, +00)) =t + 2a7* — . This finishes the proof
of (4.13) hence (4.12) hence (4.11).

After that, similarly, one by one we transform all the other sets A;* into intervals
in a way that decreases the error term. As a result, we get that for some t; € R

one has
d t1+2a3 ta+2a?
E T; — Cg de/ / P dx.
=1 t1 ta —

d
/ ) p Z T; — Cg
AT XL x ALY = i1
Performing a linear change of variables, we write the latter integral as
ll;l a;d
(4.15) / e / D dz,
7(1';1 70,';(1 i

d
S o
=1
with a new constant ¢ := ¢, — Z?Zl(ti +a;"). In order to get rid of ¢ we use the
following simple lemma.

Lemma 4.11. Let Z be a centrally symmetric real random variable and t — p(|t|)
be a convex function with minimum at zero. Then

minEp(|Z — ) = Ep(|2]).

Proof. The function ¢ — Ep(|Z — ¢|) is convex, because for a fixed z the function
¢ — p(]z — ¢|) is convex. Moreover it is centrally symmetric, because so is Z, i.e.
Ep(|Z — c) = Bp(| — Z — ) = Ep(|Z + ).

Clearly, any centrally symmetric convex function has its minimum at zero. O

The distribution of Z; + ...+ Z, for a vector (Z1,. .., Z;) uniformly distributed
on [—ai',af'] X ... x [—a}’, a;'] is symmetric with respect to zero. Therefore, by

Lemma 4.11 the integral (4.15) is minimal when c is zero. Note that ¢ = 0 gives
d ot ol d
/ P in—cs dazz/ / p sz dz.
ATt X x A i—1 —aj’ —ay? i=1
Then, using this estimate for all the terms in the initial formula (4.10) for a quan-
tization error, we get following lower bound
1 ajl aZd d
Cplmsoomz = — 3 [ [ (Y] s,
[Tiz) wi 51,807 —a1" —a,? i=1
where for all i = 1,...,d one has Z:Z=1 a;’ = w;/2, since Aj*,s; =1,...,n; cover
[0,w;] and this sum is half the measure of their union. Now, to finish the proof,

we have to find the minimum of the right hand side with respect to all ;. This is
provided by Lemma A.4, which implies that
d
Zwi ) dx.
i=1

Hd ne [k g

. ; ni nd

Cf(nl,...,nd)z%/w . /w p(
ITizq wi : T

The latter becomes the claimed lower bound after a linear change of variables

Yi 1= M.

cs = Zle(ti + a;"). Putting all together, we obtain the inequality

T 2nq
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To prove the second part of the statement, it remains to verify that this error is
achieved for a uniform quantization, i.e. for

L I_’I’Ll.Z‘ZJ 1
Qz(mz) T n; + 2774
Note that linearity of the function implies that the error is the same on all the
rectangles of the form [, [n , kﬂ“] where k; = 0,...,n;—1. Therefore, it is sufficient

to check that for one rectangle [Lo, F] the error term is equal to

1 wy/2 'wd/2
di/ . / drg...dxq|.
Hi:l n;w; —w1/2 —wd/2

At the same time, by definition this term is
) dx.

1 1
nl e
p i Ly —
/0 /0 ( ZZn

A linear change of variables y; := w;(n;z; — 1/2) concludes the proof. O

One might wonder what is the best quantizing error when the total number of
points in the grid nins...ny is fixed. The next remark answers this question, its
proof is postponed to the Appendix A.

A standard example of a cost function is the power of the euclidean distance. In
this case, the error can be calculated explicitly.

Remark 4.12. For a linear function f(x) := Zle w;x;, the cost
c(u,v) = |u—v|7, 72 13

and Lebesgue measure y := £%_[0, 1]¢ the Theorem 4.10 gives the exact error

Hdlnw €iw;
Cy= = i
)= gy T ¥ [T
In case d = 2 one gets

ca=*1li=1 |i=
C, — ning w1 + w2o T2 r+2
F= 2’Y+1(’y =+ 1)(’)/ + 2)11)111}2 ny ng '
Remark 4.13. Under conditions of Remark 4.12, when N = ny +ng + ...+ ngq is
fixed, one can show that the best possible quantizing error has the order

min Cy~C/N7,
ni,...,ng:y; ni=N

with C' = C(wy,...,wq) > 0.

v+d

wy w2

ni n2

4.4. Lower bounds for monotone functions. The approach we used for a linear
function works in a slightly more general case, but gives only a lower bound. Here
again all X; = R.

Theorem 4.14. Let all X; = R, i = 1,...,d, f be monotone in each coordinate
and satisfy

@i+ Doy wg) = fn . 2a)| = wilh,
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for all A; > 0, i = 1,...,d and some fized positive w;. In addition, c(u,v) =
p(Ju —v|) for an increasing function t — p(t),t > 0 and p = £4[0,1]%. Then

L (]
i=1 "7 i=1

Proof. First of all, f is not required to be increasing in each coordinate, similarly
to the linear case, where negativity of coefficients does not affect the result. To see
this, one can use translation to work with £¢.[—1/2,1/2]? instead of £7_[0,1]¢ and
then change sign of all coordinates along which f is decreasing, obtaining a new
function that is increasing in each coordinate.

Let A", s; =1...,n; denote the level sets of ¢;,4 = 1,...,d. Denote an output
on one quantizing value as ¢, := f(qi1(A7"),...,qa(A}")). Then

C¢(na,...,ng Z /g1 A*d p([f(z) —csi,..050]) dav

'/ni

Denote A% := A" x ... x A} for brevity. Let us estimate one term of the sum
as follows. Denote centres of mass of A" as «; respectively. Consider the case
flaq,...,aq) > cs, the opposite one is completely analogous. Since f is increasing
in each coordinate, one has f(x1,...,24) > f(a1,...,aq) > ¢s when all z; > «;
(for the opposite case take all z; < al Then, from monotonicity of p(-) we obtain

[ @ =) dx>/m / e (@)p(1f () — flon, ., aa)]) da

From the assumptions on f the r.h.s is not less than
) dx.

[ [ ( S wnlor - )

i=1
For aj’ :=|A ; is a centre of mass of A;", this integral is not less than

a1+a;1 ad+a2d d ail a';d d
/ e / D )| | dx = / . / D dx
! od i=1 0 B i=1

By definition, A}, s; = 1,...,n, cover [0,1], thus ngzl a;* = 1/2. Combining this
for all terms in C'y we get a lower bound
) dx

a?
Crni,... na) > / A
ajt: Z"f_l a;i=1/2 _ Z 0 0

It remains to show the the right hand side attains its minimum for a;* = 711 The
proof of this bound is based on the same idea, as the proof of Lemma A.4, i.e. uses
the Lagrange condition, but it is easier because all the variables are positive now.

It remains to prove that
ajt ay? d d = e d
Z / / p( )deHni/ / p(Zwixi>da:
I 0 i=1 i=1 0 0 i=1

(l’i — Q4 i L

d
E Wiy

i=1

E W; Ty
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because after a linear change of variables y; = w;n;x; the latter integral becomes
exactly what we need, namely
) dy.

1 5+ = d
di/ / p(Zyl/nZ
[Tizy wi Jo 0 i=1
Clearly, the r.h.s. is decreasing in n;. Now, we use a standard argument. Take
ni,...,nq with the smallest sum, such that for them there is a point contradicting
the inequality. Since the condition Y \"_, aj" = 1/2,a;" > 0 describes a compact
and the difference between Lh.s. and r.h.s. is continuous w.r.t. a;’, this difference
attains its minimum at some point, clearly that minimum being less than zero. At
this point all a* are strictly positive, otherwise one could get rid of zero values, as
this would only increase right hand side due to its monotonicity in n;, but would
not change the left hand side. Then we would obtain a contradictory configuration
with smaller sum of n;. When all the variables are strictly positive, one can apply
Lagrange conditions and get that for any fixed i = 1,. .., d all the partial derivatives
with respect to a;',s; = 1,...,n; are the same. The derivative with respect to aj*

* n2 nd  raj? a?
ZZ/O /0 p( )dmd...d:vg.

82:1 Sdzl
It is monotone in aj*, i.e. Lagrange condition implies a] = ... = a}'. Similarly,
we get al = ... =al for all i = 1,...,d. Note that this is exactly the point of
equality.

d
S1 s
wiay + W;T;
i=2

O

Remark 4.15. Using this lower bound for a linear function f we would get a result
worse than the exact error in Theorem 4.10, but it loses only by a factor not greater
than 2¢. On the other hand, the restrictions in Theorem 4.10 are stronger, because
the function ¢ — p(|t]) is convex and f is linear.

The following easy statement is also worth mentioning.

Proposition 4.16. For any function f and non-negative cost ¢ and two measures
w < v, in the sense that for any Borel set B one has u(B) < v(B), it is true that

Cf,c,/t(nla e ,nd) S Cf7c7y(n1, e ,’/ld).

Proof. For any quantization maps ¢i, g2 one has

Lyop(@is-. ) = / (@), Flar(@). . qa(za))) du(z)
< / (@), F@r (@), qa(@a))) dv(z) = Ly oo, 4a).

By passing to the infimum over all ¢4, ..., ¢gs we finish the proof. (I
This immediately implies the following corollary,

Corollary 4.17. Let f and ¢ be as in Theorem 4.10. If for some rectangle R =
[a1,a1 +71] X ... X [ag,aq + r4] one has the inequality p < C1gr L2, it is true that

C w1r1/2 wdrd/Q
Cren < 7/ / p x;/n;i| | dx|.
: ‘Hz Wil J —wiry /2 —ward/2 XZ:
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If for some rectangle R' = [a1,a1 + 1] X ... X [ag,aq + 4] one has p > clp LY,

then
c wyry /2 /wdrfi/2
- . P xi/n;| | dx
Hi wﬂ“g /w1r£/2 —wqrl /2 ; o

In particular, for a cost function c(u,v) =|u—v|Y,vy>1, if N=ny+ ...+ ng is
fized and p < L% with bounded L.s.c. density and compact support, then

Cf,c,;L Z

C
Ny =Cren =

for some ¢ > 0, C > 0 depending on the data.

N7

Proof. Note that due to Proposition 4.16 for the upper estimate it is enough to
prove the same upper bound for the measure CL% R. Since f is linear we can
change the variables y; = (2; — a;)/r;, where § € [0,1]%. Then f(z) := >, wjz; =
S wirsy; + const = f(3) for a linear function f. The cost ¢(u,v) is translation
invariant, thus the constant in f can be omitted. Finally, the loss Lsu(qis---,qq)
is clearly linear in p, therefore we can use Theorem 4.10 to obtain claimed estimate.
The lower estimate is completely analogous and the last statement follows from the
Remark 4.13. (]

4.5. Quadratic cost. For the quadratic cost c(u,v) := |u — v|? we are able to say
slightly more. The respective result is valid for generic (Polish) spaces X;.

Theorem 4.18. Let f(x) = 2?21 ¢i(x;), where all ¢; have conver image and
c(u,v) := |u —v|?. Let X; be independent random elements of Polish spaces X;,
with law(X;) = p;, so that their joint law is p = ®;u;. Then one can choose the
best quantization maps q; independently from each other, minimizing E|¢;(X;) —
#i(qi(X;))|? respectively. The error is then the sum of separate errors, i.e.

d
Cr(n1,-na) = > Coyes (n4)
i=1

Proof. For ¢, := f(qi(ai'),...,qa(a}"))) by definition one has

d 2
Lf(q) = Z /ASd "'/Asl <Zl¢z(l’z)cs> dﬂl(l’l)...dud(:ﬂd).

Consider one term of this sum. Define a random vector

(X5, X50) = (X|X € A5 x ... x A%) ~ @; (1Afi (xi):i(x;> > .

The integral can be expressed as
d 2 d d 2
/ ) ) (Z i(w:) — cs> dp(z) = [ [ mi(A;E (Z $i(X) — cs)
ATt xx Ayt \ i i=1 i=1

It is well-known (one can show it by taking the derivative with respect to c), that
this expectation is at minimum for

d

d
Z@(X?)] = E[pi(X;)]

i=1

cs = E
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and the minimum value is exactly
2

d
f?é%E (;@(Xil) —cs> = Var

because the variables X are independent. Consequently, we obtain a lower bound

d d
Z@»(X?)] = Var [:(X;7)],

i=1 i=1

d d d n;
ZOEEDY (H pi (A7) ZVar [@(Xfi)]) = Z > (A5 )Var ¢ (X50),

and the equality is achieved for the right choice of ¢s, namely ¢, = Zle E¢;(X[7).
Recall that by definition
d
Cs = Z@(a:‘)
i=1

It is possible to pick a5 € ¢; (E¢(X}*)), because all ¢; have convex image. There-
fore, for fixed level sets A% and the best choice of ¢;(a;?) for such A" we get

d nq
Ly(a) =D D mil A7) Var ¢;(X;").
=1 Si::l
Note that each quantizer here appears in a separate additive term, which allows

to reduce the problem to the separate quantization in each variable. Indeed, using
this equality for d = 1 we get that

Loy (i) = ) pa(Af) Var 6, (X77)

S; =1
In other words, Ly(q) is the sum of errors of classical quantization problems for the

same choice of quantizers g;. Then, they can be optimised separately to obtain the
optimal error

d
Cr(na,...,ng) = Z Coypos (11i),
i=1
hence concluding the proof. O

4.6. Further examples of functions. The above theorems can be combined with
the following statement (of immediate proof) to provide a lot of examples for the
asymptotic behaviour of costs.

Lemma 4.19. Let g: R — R satisfy the estimate
clz,y) < clg(x), 9(y)) < &z, y)
for all x,y € f(supp u). Then
Cte(n1,m2) < Cgoy e(ni,nz) < Cpa(ng,na).

Corollary 4.20. Let all X; = R, c(u,v) = p(Jlu — v|) for an increasing function
p(t),t > 0 and p = L£L34[0,1]%. Let f(z) = g({w,z)). Assuming that for some
function s the function t — (pos)(t),t > 0 is convex increasing and |g(a) — g(b)| <
s(la = b]),a,b in the range of x — (w,x), one has

) dz

1 w1 /2 wd/Q(
pos
H,’ W; /—wl/Z /—wd/Q )

Cf(nl,...,nd) <
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Assuming that for some convex function r it is true thatt > 0 +— (pos)(t) is convex
increasing and |g(a) — g(b)| > r(Ja — b|),a,b in the range of x — (w, ), one has

1 w1/2 wd/2
... por) xi/n;
Hi Wi /—w1/2 /—wd/2 Z
Proof. Both inequalities immediately follow from Lemma 4.19 and Theorem 4.10.
O

Cf(’lh, C ,nd) >

Remark 4.21. Let f(z) = g({w,x)), where g is a-Holder with a Holder constant C,
c(u,v) = Ju—v[7,y > 1/a, and p:= L4 [0,1]¢. Then

Cf(nl,...,nd)

C7 1, niw
< 2a7+da’y<a7 + 1) afy +d— Z Z HEl

e1==+1 eq=*x11=1

If instead |g(a) — g(b)| > c|a — b|*, {a, b} in the range of z — (w, z), then

Cs(na,...,nq)

L niw
2 2a7+da7(a7 + 1) ary + d— Z Z HEZ

e1==*x1 eq=*x11:=1

Proof. If g is a-Holder with a Hélder constant C, then c¢(g(x),9(y)) = |g(z) —
g(y)|7 < CYx —y|*. Therefore, by using Lemma 4.19 and Remark 4.12 we obtain
the upper bound inequality. Analogously, when |g(a) — g(b)| > c|a — b|*, {a, b}
in the range of x — (w,x), then c(g(z),9(y)) = lg(z) — g(y)|* > |z — y|*.,
and hence the lower bound inequality follows again by combining Lemma 4.19 and
Remark 4.12. O

Corollary 4.22. Let f(z) = g(>_,; ¢i(z;)), while X; are independent random el-
ements of Polish spaces X; with the law u; (i.e. their joint law being ®;p;). If
c(g(a), g(b)) < |a —bf*, then

d
Cr(ni, . na) < Cogy ().
]fC(g(a),g(b)) > |a - b|27 then

Cf(n17"'7 2¢17H1 n'L

HM&

Remark 4.23. Let f(z) = g(3>_, ¢i(x;)) and c(u, v) = |u— |7, while the law of each
X; is p;, and their joint law is ®;u;. If g is 2/7-Holder with a Holder constant R,

then
d

Cf(nl, oong) < R- ZCQ,@,M(TH).

i=1
If |g(a) — g(b)| > r|a — b|2/7, then
d
Cf(nla <o 7nd) >r- 202,¢17Hi (nz)

i=1
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The next statement demonstrates how one can estimate the error by using general
results listed here. For simplicity of calculations, consider d = 2.

Remark 4.24. Let f(x,y) = ¢(x) + ¥(y) and consider the cost function c(u,v) =
|1 — u/v|? which arises frequently in engineering practice. Assume the joint law of
X and Y be p ® v supported on [a1, ag] X [b1, b2], with a; > 0 and b; > 0. Assume
that f(x,y) > 6 > 0 on a support of u® v (so that our cost function does not tend
to infinity inside the area we are working with). Then, as n1,ne — oo one has

1+ 0(1)

C <
f(n1’n2)— a1 + by

(C2,p4n(n1) + Ca,y 0 (n2))
and for some constant ¢
Cr(ni,n2) > c(C2,pu(n1) + Co oy (na)).

Proof. Note that as u/v — 1 one has c(u,v) = |1—u/v|? ~ |Inu—Inov|?. Quantizing
f with a cost function |Inu — Inv|? is the same as quantizing f(amy) = In(¢(z) +
¥(y)) with é(u,v) = |u — v|?> while the joint law of X and Y is u ® v. Then the
previous remarks provide us with inequalities

1

C; <1
Flnne) < o=

(C2,p4u(n1) + C2,p,0(n2))

and
1

. >
Cf(nl?nz) ~ az + by

(C2,6,n(n1) + Cop 0 (n2)).

It remains to check how good the approximation |1 — u/v|? ~ |lnu — Inv|? is.
First of all, for an upper bound we use a uniform quantization, therefore the ratio
flz,y)/f(q1(z),g2(y)) tends to 1 uniformly over all x,y in this case. That is why
the approximation is good enough for an upper bound. Now let us assume that
we can achieve a better quantizing error, i.e. there is a sequence of quantizers
1,92 = q1(n1,m2), g2(n1, ng) with an error Ly(g1,g2) better that the one we claim.
Lemma 3.6 implies that the maximum measure of level sets of quantizers tends to
zero, as ni,ng — oo. The actual lower bound can be written in the following way.
We divide all the points (z,y) € [a1,az2] X [b1, be] into two classes S and B., where
Se = {(z,y) : 1 = flaa(2), 2(y))/ (2, y)| < e} and Be = [a, ag] x [b1, bo] \ Sc.
To calculate the error divide the integral into 2 parts integrating over S, and B.
respectively. The latter integral is trivially bounded from below, thus we get

Li(q1.q2) > / 11— f(q1(2), 2())/ f(z,9)]>p(da) @ v(dy) + e*p @ v(Be).

Se

Let us assume that the error asymptotically better than CQ’¢#H(7’L1) + ng#,,(ng)
can be achieved. In this case, one can pick € = e(ny,n2) — 0 so slowly, as ny,ns —
00, that inevitably

p@V(Be) = 0(Co,p,u(n1) + C2, 0 (n2)),

because e?v @ u(B:) = O(Ls(q1,q2)) = 0(Ca,4,u(n1) + C2 .y, (n2)). Thus almost
the whole measure is concentrated in S and in S, one has f(qi(x),q2(v))/f(z,y)
uniformly close to 1, i.e. the cost |1 — u/v|[?> ~ |Inu — Inv|? there. Thereby, as
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n1,Ng — 00 one has

/S 1= F(ar () o))/ f @, y) Pulda) © v(dy)
> /S |10 £(g1(2), 42(9)) — In f(z, )21 — €)pa(da) © w(dy)

~ /S o flan (). a2(0) ~ I F o) Pald) @ vldy).

asymptotically. The last asymptotic relationship is due to the fact that ¢ — 0
and that since the integrable function is uniformly bounded and p ® v(B.) =
0(Ca,4, 1 (n1) + Cay 0 (n2)), we obtain

/ [In f(q1(2), 2(y)) = In f(z, ) *p(de) @ v(dy) = o(Cap,u(n1) + Coyyw(n2)).

€

On the other hand,

/SUB In £(q1(2), a2(y)) — In f(2,y)Pp(da) @ v(dy) < Cap, (1) + Capn(2).

Thus the equivalence for the cost is good enough for the lower bound too, i.e. there
is no asymptotically better quantization possible for |1 — u/v|? rather than one
considered for |Inu — Inv|%. O

Example 4.25. Let f(z,y) = (x + y)?, c(u,v) = |u — v|?, while the joint law of X
and Y is p X v in a rectangle [a1,as] X [b1, ba]. Then

Cr(n1,n2) < 2(max(lasl, [az|) +max(|by|, [b2]))(Coaypn(n1) + Coy o (n2))
and if a; > 0,b; > 0 and they are not 0 simultaneously, one has
Cr(ni,n2) = 2(a1 + b1)(Coyn(na) + Coy v (n2))

Proof. This example immediately follows from Remark 4.23. Here g(t) = t2, i.e.

g'(t) = 2t, so that g is a Lipschitz function with Lipschitz constant
Lip g < 2(max(|a1|, |az|) + max(|b1], b2)),
and the first claim is true. Additionally, if a3 > 0,b7 > 0 it is true that
lg(t) — g(s)| > 2(a1 + b1)|t — s| for all ¢, s € [a1 + by, az + b2

and hence the second claim is true. O

5. GENERAL UPPER ESTIMATE FOR SOBOLEV FUNCTIONS

Assume that X; are random vectors in R¥,i =1,...,d. Set k := > ki

Lemma 5.1. Let A; C X; be open rectangles and f € C1(Ay x ... x Ag). Then for
v > 1 it is true that

/ F(2)— f(a)]" dz < Crdiam (Ar x. . .x Ag) LE(Ayx .. .x Ag)M* |V £[(a),
A1 X...xAg

where M* stands for the uncentered maximal function.
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Proof. We denote for brevity @ = A; x ... x Ag and D := diam () and write

1
f@) = 1) = [ st (1= aat

so that
~

L
/ﬁ (@) — F@) do < /ﬁ de / & flta+ (1= Day
1
d
<y
1
gDVde VA (b + (1= t)a) dt
Q 0

L[t .
=D w VAT (w) dw
0 (1—t)a+tQ
1

dt —
:D’Y/ t—dtdﬁc(Q)][ VS (w) de
0 (1—t)a+tQ

< D'LYQ)M*|Vf[(a)

as claimed. O

el
dt

(tz+ (1 —t)a)

pred

Theorem 5.2. Let X; := A; C R¥ be open cubes of side length r;, Q = A; X ... x
Ag, f € WIP(Q), p> 7. If u < dx with density ¢ € L>(R¥) has compact support
supp ¢ C Q, while c(u,v) = |u —v|7, then
(5.1)
X - —1/ki\y —1/ki\y
Cy(ms- - na) < Culllloe MV £l max(rin; )7 + o (max(rin; H/*)7)

as ni,...,ng — 00, where M* stands for the uncentered mazimal function.
Moreover, if p > vy, then
(5.2)

Cf(nh'"and) < Ck7p

Ploo IV 13 max(rin; V)7 + 0 (max(rin; /*)7).

Proof. We approximate f € WP(Q) by fr € C*(Q) converging in Sobolev norm,
and in particular with limy fx(y) = f(y) and lim, M*|V fi|"(y) = M*|V f|?(y) for

a.e. y €, ie. forally € Q\ N with L°(N) = 0.

i/ki € Z,i=1,...,d, otherwise one

ki < n;/ki < 2m}/ki. Then the inequalities for

[

It is enough to prove the statement for n

could take m; = Ln;/kijdi with m
m; combined with

—1/k;

i

—1/k7;)

C¢(na,...,nq) < Cy(m) and max(r;m ) < 2max(rin,

would imply the estimate for any n; with a constant multiplied by 27.

Divide each A; into n; rectangles A}, ..., AI'* and take aj* € A',... a}' € AY,
such that (af',...,a}") € N for all s;, =1,...,n;,i = 1,...,d. Define then ¢; by
setting

¢i(x) := a;" whenever x € A}".
Denote A® := A7' x ... x A} and a® := (a}',...,a}"). Recalling that Lemma 5.1
implies

[ 1) = fula) o < Cucinm (4% 2O VA (@)
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Summing up these inequalities, we get
(5.3)
—1/k; vy
/ |fe(x) — fr(gi(z1), ..., qa(zq))|” de < Cy max (rini Y ) A(fe, Qn,...,nq),
Q

where A(fi, Qna,...,na) = > LYA)M|Vfi]"(a*).

S1y-++58d

Passing to the limit as kK — oo in (5.3), one arrives by Fatou’s lemma at
(5.4)

[ 1#@) = far(@). . aute) da
<timint [ [fu(e) = fular (o) aa(ea) da
< C} max max (rm;l/k")W A(f,Qny, ..., ng).
Since M*|V f|7 is continuous, one has

A us.ena) = [ MV (a) da

as (ni,...,nq) — 0o, and hence (5.4) gives

Cy(na,... na) < / F@) = @ (@) . qa(za)[ du(z)
< Jlolloc / F(@) — Flan()s- . qa(za)] da

_ A\ _ A\
< Cullplloe |6V £l max (rin /) "+ 0 (max (rin; /) )

as (ny,...,nqg) — o0, which is (5.1) In particular, if p > ~, then estimating
[|M*|V 7|1 by Hardy-Littlewood theorem, we get (5.2). O

Remark 5.3. When N =nq + ...+ ng is fixed, the upper estimate is minimum at

Nrfi
k;
iTi

n; =

hence providing the following estimates for C¢(N) = miny~,,,—y Cy(n1,...,n4q)

ki v/ ki ks v/ ki
L oA
C(N) < Culldll ol MV 17 max (%V) +o [ max (ZN> 7

as N — oo. Moreover, for p >y
N\ V/ki k. v/ ki
> Tf 2T
CH(N) < Cipllo] |V 1 max (N to [ max (20

Remark 5.4. In the formulation of the above Theorem 5.2 one could have assumed
that X; = R*¥ and f be defined over the whole of X = R* by zero outside of (2.
The upper estimate provided by this theorem is clearly still valid, since increasing
the sets X; may only decrease the optimal cost.
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APPENDIX A. AUXILIARY STATEMENTS

Here we collect some auxiliary statements used in proofs of results in the main
body of the paper.

Lemma A.1. For any k > 1, a;,b; € [0,1] one has
k—1 1 k 1
i(b; oot b)) > = ibi — —.
i_zla (big1 + ...+ br) 5 i:Zla 5

Proof. This inequality is linear in all variables, therefore it is enough to prove it for
a;,b; € {0,1}. If a; = 0, then there is no b; in the right hand side but there is b;
with a non-negative coefficient in the left hand side, thus it is enough to prove the
statement for b; = 0. Similarly, if b; = 0, it is enough to prove the statement for
a; = 0. Therefore, we can omit all the pairs of zeros and check the same inequality
where all the variables are equal to one. It remains to note that for any &’ it is true
that

k' —1
E?2 -k _ 1 1
K —i) = >k — =

implying the inequality, where k' is the number of pairs such that a; =b; =1. O
Lemma A.2. For a convex and strictly increasing on [0,4+00) function p(-) and a
fized to the function t — p(|to + t|) + p(|to — t]) is

(i) non-decreasing on [0, +00),

(i1) and, in addition, strictly increasing on [|to|, +00).

Proof. First, without loss of generality, by symmetry, we might assume tg > 0. We
want to show that for any a > b > 0 one has

p(lto + al) + p(lto — al) = p([to + b)) + p(|to — b]).
By convexity of t — p(|t|) one has

a+b a—>b a+b a—2b
el _ > z - _
0t + )+ 25 nlto — o 2 |2 0 + o)+ 2520 - 0 )
= p(|to +b]),
a—2b a+b a—2b a+b
- - _ > z - il _
sonlto 4+ 2 000 — o 2 (|25 0+ )+ 2200 - a) )
= p(|to — b|).

It remains to sum these two inequalities to get the claim (i).
For t > to the function becomes t — p(tg + t) + p(t — to) and thus it is strictly
increasing because so is p(-), proving the claim (ii). O

Lemma A.3. For a convex and strictly increasing on [0,+00) function p(-) and
fixed xs, ..., xq the function
(i) non-decreasing on [0, +00)

x1 = (Tp)(z1,...,2q) == Z Z p(
e1=%1
(i) and, moreover, strictly increasing on [|xa| + ... + |z4|, +00).

d
g Eiy

i=1

eq==1
8
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)]

d
Z Eil; — X1
1=2
Then, Lemma A.2 implies that each term of this sum is non-decreasing as a function
of x1 on [0, +00) and strictly increasing as a function of z; on || 2?22 €], +00).

Proof. By definition one has

(Tp)(z1,...,xq) = Z Z <p<

eo==+1 eq==*1

Then both claims immediately follow, since Z?:z |z > | Z?:z €i%4|. O

Lemma A.4. For anyni,...,ng € Nanda;’ >0,s, =1,...,n;,i=1,...,d such
that Zgzl a;' = w;/2 forany i =1,...,d, one has

(A1)
ag! d d b iy d
s1ysa” —a1t —ag i=1 =1 Jmn — i—1

Proof. We divide the proof in two steps.
STEP 1. We first show that the right hand side of (A.1) is non-increasing with
respect to n;. Set

(A.2) (Tp)(z1,.. )= D> > o > p(
Eliﬂ:l 62::|:1 Ed::tl

Note, that the integral in the right-hand side of (A.1) can be rewritten in the

following form

d
E €y

i=1

w1/2 wq/2
/ / (Tp)(z1/n1, ..., z4/nq) dx.
0 0

The inner function is non-increasing in n; due to Lemma A.3. Therefore, the
integral is also non-increasing in n;.

STEP 2. We now prove the claim of the lemma. Assuming that there is a set
of numbers ((a;*)),s; =1,...,n;,i =1,...,d for which inequality (A.1) fails, take
the one with minimal ny + ...+ ng. We will show that one can change al,...,a}"
to be equal and inequality (A.1) would still fail. By doing similar change for all
i = 1,...,d, we would then obtain that inequality (A.1) must fail when for all
i=1,...,d one has a} = ... =al".

To show that a},...,al can be set equal, consider the left hand side of (A.1)

ni
as a function F' = F(aj,...,a]") on a compact set

Lat):alt >0, Glal,...,a}") = 0},

1

15--
{(a1,..
where G(af,...,ay") == Y 0'_ aj* —w1/2. Since F is continuous in aj',s; =
1,...,ny it attains its minimum at some point (a3'),s; = 1,...,ny for which also
(A.1) fails. If some of the aj' were 0, we could remove it from the set (aj'),s; =
1,...,n1, obtaining a set of variables with a smaller sum nq + ... + ng still not
satisfying (A.1), because the right hand side is non-increasing with respect to n;
(by Step 1). Therefore, (aj'),s1 = 1,...,n; belongs to a relative interior point
of a compact set we are working with. Thus, the method of Lagrange multipliers
provides us with the following equations on (aj'): for some scalar A and o that do
not vanish simultaneously:

(\VF(ai,...,a")) = (o,VG(a},...,a")) = (o, (1,1,...,1)).
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Note that A # 0, otherwise we would get 0 = 0 too. Thus, for all sy =1,...,n; all

the derivatives
aF ~1 ~n
s (agy...,a7")

are equal. Note that the function F' can be written as

a;l  pas? as?
F(ay,...,a0") = Z /0 /0 /o (Tp)(y1s---,Yd) dya . .. dy1.
81,.-+,8d

Therefore,

(A.3)
8F 3 . no g a;2 a;d »
&liﬁ(a%,...,all)zz...Z/o /0 (Tp)(aj*, y2s- - Ya) Ay - - . dyo.

Sgil Sd:1

Let us show that the integral in (A.3) is strictly increasing as a function of
ai* > 0. First of all, due to Lemma A.3 its integrand is non-decreasing. In addition,
when ys + ... 4+ yq < aj' this integrand is strictly increasing again by Lemma A.3.
Therefore, the whole integral is also strictly increasing.

Now, equality of partial derivatives implies that for any s; = 1,...,n; one has

na ndq
52:1

Sdzl

ay? a;d
/ / (Tp)(ai*,y2s---,ya) dyq - .. dya
0 0

N na a2 ajd
:ZZ/ / (Tp) (@}, yo, ... ya)dyq . .. dys.
0 0

5221 Sdzl

Hence ai = aj*, i.e. aj = ... = ay*. Now, applying the same argument to all
(al,...,al),i = 1,...,d one by one we get that the inequality (A.1) has to be
false for the point where a} = ... =al" = w;/(2n;),i =1,...,d (the latter equality

is due to the fact that ) _ a;’ = w;/2). But this is exactly the point where equality
holds in (A.1) . O
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