OPTIMAL FUNCTIONAL PRODUCT QUANTIZATION

TAO GUO, NIKITA KARAGODIN, AND EUGENE STEPANOV

ABSTRACT. We introduce a mathematically new approach for quantization of
vectorial signals. Namely, we are aimed at quantizing vectorial signals on input
to a computational device calculating some given function of the input. As
opposed to the classical quantization which usually optimizes the quality of just
quantizing the signal, without taking into account any further transformation
of the latter by means of the computational device, here we optimize the
quality of quantization on the output of this device. Moreover, we quantize
components of the signal separately. This leads to a quantization problem
qualitatively different from the classical one. We study existence of optimal
quantizers (which is not at all obvious in this setting) and estimate the optimal
cost for several classes of functions.
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1. INTRODUCTION
Consider a d-dimensional vectorial signal X = (X7,...,X4) with components

X; taking values in some set X; (usually the components are scalar, i.e X; are just
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subsets of reals), i = 1,...,d. Suppose X has to be quantized, i.e. transformed
into a signal which might assume only a discrete set of at most IV values. Usually
one is interested in performing this in an optimal way according to some chosen
optimization criterion. The components are assumed to be random with their joint
law (i.e. the law of the vectorial signal X) to be a known Borel probability measure
p. The term quantization is known as a process of mapping a large (probably
continuous) set to a small (often finite) set and has a long history.

1.1. Classical quantization. Assume for simplicity that d := 2, and each of the
components X; take values in some set X;. We describe first, the (relatively) well
studied classical quantization approach, which consists in finding the quantization
map

qG: X =X XXy = X, #q(X)<N,
so that

L(g) :=Ec(X,q(X)) — min,

where c is the given cost function on X', and E stands as usual for expectation. For
instance, when one chooses ¢(z1, 23) := |x1 —x2|P, which is the most frequent choice
in applications, this amounts to minimizing the expectation of the power p (usually
in applications p = 2 or p = 1) of the absolute value of the difference between X
and its quantized version. The cost of such classical optimal quantization which
measures the best possible quality of the latter, is given by

C(N) = inf{Lf(q): #q(X) < N}.

The case X; = X = [0,1] C R, so that X = [0,1]? and pu = £2[0,1)? is the usual
Lebesgue measure (i.e. uniform distribution) over X, is the most well studied. In
this case C(N) > 0 for all N and

C(N) ~ C/VNP,

asymptotically as N — oo, with C' > 0 a known constant (at least for d = 2; for
general space dimension the explicit value of this constant by now is still unknown).

This quantization problem setting is very well-known and is in fact used in
many different branches of mathematics under different formulations, see [5] for
an introduction to the field as well as [7] for a survey on classical results. For
instance, in the language of measure theory, this is a problem of finding the best
possible approximation of the given measure p by a discrete measure (i.e. finite
sum of Dirac point masses) supported on a set of at most N points; in the case of
the power cost c(z1,22) := |x1 — x2|P this means finding the respective discerete
measure which is nearest to p in the sense of the Kantorovich (also called Earth
movers, or Wasserstein') p-distance W), (i, -). In such a formulation it is present in
statistics and data science where it is used, e.g., for clustering. On the other hand
the same problem can be formulated as finding the optimal location of an N-point
set ¥ C X minimizing the functional

ZH/&W@D@ML
X

where dist.(z,X) := inf{c(z,y): y € £}. In such a setting this problem is known
in urban planning as facility location problem (with ¥ interpreted as the set of

IThe name Wasserstein distance is historically incorrect, and we prefer to attribute the name
of Kantorovich to the latter
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facilities to locate, p as the density of population in the given geographic area, and
¢(z,y) the individual cost of getting from point z ro point y), or N-point problem
(also used in many applications, e.g. in information theory for data compression).
If X is, say, R? (or a sufficiently large rectangle), ¢ is the usual power cost as above
and p has compct support, then it is clear that the optimal set ¥ clearly exists,
and once one knows ¥ then one can easily find the optimal quantization map ¢
as a nearest point projection onto ¥. The optimal discrete approximation of the
measure y is given just by the push-forward gu . In different words, at least when
p < L2, this is the measure Zle w;d,,; where d, is the Dirac point mass located

inz, k<N, {mj}le =Y and the weights w; > 0 are given by
w; = p(V5)-

where V; = {z € X: |z — x| < |xv — x|} for all ¢ # j, is the Voronoi cell corre-
sponding to the point x;.

1.2. Functional product quantization. It is however sometimes important to
know that the signal might be transmitted in order to be sent on input to some
device computing a given function f: A3 x Xo — R (which will always in the sequel
considered Borel). If the sgnal has to be quantized, it is then more natural to
measure the quality of quantization on the output of this device rather than on the
input. Further, for engineers it is preferrable to quantize each signal component
separately and independently of other components. This leads to the following
problem. Recalling that we have assumed d := 2 for simplicity, for (ny,ns) € NxN
one has to find the quantization maps

gi: Xi = Xiy #qi(Xi) <ny,i=1,2
such that for a given cost function ¢ on R
Li(q1,q2) == Ec(f (X1, X2), f (q1(X1),q2(X2))) — min.

Similar quantization approach has been introduced in machine learning community
in [1]. When considering quantization in information theory, it appears that the
idea of independent coding of joint sources dates back to [2] and [3]. It gained
attention recently with practical development of sensor networks, see[4]. The idea
of combining product quantization with an objective to improve quality of the
output of the computational device rather than the the signal itself. is also quite
natural. Note that this is exactly what happens when an integral of a function is
being approximated by a discretization technique, one of the oldest appearances
of quantization idea itself. Moreover, in recent studies related to quantization of
neural networks, see for example [8], the most important part is also to improve
the quality of the output function.

In the present paper we pursue exactly the above described approach of func-
tional product quantization. We will see that it leads to the quantization problem
qualitatively different from the classical one. In fact, here already the existence of
optimal quantization maps q1, g even for very nice data, is a priori quite unclear.
In this paper, we are mainly interested in the asymptotics of the quantization cost

Cr(ni,n2) :=inf{Ls(q1,q2): #q1(X1) < n1, #q2(X2) < na}

or alernatively, given a single number N > 0, of the minimum of the above costs
Cy(n1,n2) over all couples (n1,ng) such that ny +ny < N (with an obvious abuse
of notation we still denote this cost C(N)). We will see that, as opposed to the
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classical quantization, for certain functions f one can achieve zero cost ivene for
finite N. We will further dive upper amd lower estimates on the quantization cost
for particular classes of functions f (in particular, for linear f we are able to calcuate
the cost explicity).. These estimates are easily observed to be quite different from
those of the quantization cost for the classical setting.

2. NOTATION AND PRELIMINARIES

Throughout the paper, we will assume, unless otherwise explicitly stated, that
X; be Polish spaces and p; Borel probability measures. Measurable sets in each
X; are those belonging to the completion of the Borel o-algebra wwith respect to
;. However, big part of our results is realted to the most common situation in
applications when X; C R¥# is just the subset of a Euclidean space and p absolutely
continuous with respect to the Lebesgue measure and with compact support. Even
more, we will sometimes limit ourselves to the case d = 2 and k1 = ky = 1, i.e.
X, = X, CR, u < L2 In fact, this case already contains all the essential difficulties
of the problem considered.

For brevity we denote X := X} X ... x Xy and the signal by X := (X1,..., X4).
The signals and there components are seen as random elements of the respective
spaces. For the law p of the random element Y if a Polish space ) we write
law(Y) = p or just Y ~ p. Npte that the same symbol ~ is used also to denote
asymptotic equaivalence of sequences. If Y is a random variable (i.e. Y = R), we
denote by E (Y) its expectation and by Var (V) its variance.

The maps ¢;: X; — A; will be usually referred to as quantizers or quantization
maps, and we denote q := (¢1,...,qq4). Each ¢; takes n; values that we denote as
a;t,s; =1,...,n;. Define the quantizing sets to be the level sets of quantizers, i.e.
A% = gq M (a),si =1,...,n54 = 1,...,d. Clearly the role of Voronoi cell in the
classical quantization problem is played here by products of quantizing sets.

Sometimes to emphasize the dependence of the costs on ¢ and p we write Ly . ,,(q)
and Cy.(ni,...,ng) instead of Ly(q) and Cf(nq,...,nq) respectively. Also for
the classical quantization problem, to emphasize the dependence of the cost on ¢
and p we may write L. ,(¢) and C, ,(n1,...,nq) instead of L(q) and C(n1,...,nq)
respectively.

For a Borel measure p on a metric space ' and D C E Borel, we let u.D stand
for the restriction of u to D and by 1p the characteristic function of D. If x4 and
v are measures with p absolutely continuous with respect to v, we write p < v.
By £? we denote the Lebesgue measure over the Euclidean space R?. The notation
LP(E, 1) stands for the usual Lebesgue space of functions over a metric space F
which are p-integrable with respect to u, if 1 < p < +00, or p-essentially bounded,
if p = +00. The norm in this space is denoted by | - ||,- The reference to the metric
space F will be often omitted from the notation when not leading to a confusion, i.e.
we will often write LP(u) instead of LP(E, u). Similarly, if E = R? is a Euclidean
space and pu = L% is the Lebesgue measure, then we will omit the reference to p
writing just LP(R?) instead of LP(R?, u). The weak* convergence in L>(FE, ) is
denoted by =.

Finally, the Euclidean norm in R¥ will b denoted by | - |, and the scalar product

by (-, ).
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3. A BRIDGE BETWEEN CLASSICAL AND FUNCTIONAL PRODUCT QUANTIZATION

The quantization of only one of the variables is a bridge between classical case
and the one we are studying. In this case the following estimate is considered

Li(q) =Ec(f(X,Y), f(¢(X),Y))
and

Cy(N) =inf{Ls(q) : #4(X) < N}.
On one hand, if ¢ and f are continuous and the support of the measure is compact,
by taking a uniform quantization over the second coordinate we get

C(N) > Tim_ Cy(N,ny).

Surprisingly, the reverse inequality is not true. Even the slightest quantization of
the second coordinate may drastically decrease the total error, as the following
example shows.

Ezample 3.1. Let p:= £2.[0,1] x [0,1], c(u,v) := |u — v| and let

f(x,y) = (113,273 x[0,1/3] + Lj0,1/3)x[1/3.2/3] + L[2/3.1)x[2/3,1) (%, Y)-
Let N := 1. Then whatever g is, one has that f(q(x),y) differs from f(x,y) on the
union of 4 squares of the total area 4/9, so that C¢(1) = 4/9. On the other hand,

if ¢(]0,1]) € (0,1/3) and ¢=2([0,1]) € (0,1/3), then f(q(z),¢2(y)) differs from f(z,y)
on the union of 3 squares of the total area 3/9, so that

4/9 = Cp(1) > 3/9 > Cp(1,1) > Cy(1,ny)

for all no € N. Note that this result does not change if we ask for f to be smooth,
since one can just approximate a characteristic function with smooth functions.

4. RANDOM QUANTIZATION AND EXISTENCE OF OPTIMAL QUANTIZERS

The goal of this section is to prove the existence of optimal quantizers. We only
assume the spaces X; to be Polish.

For a particular quantizing lattice w := {(«7',...,2}"),s; = 1,...,n;} denote
values of f at its points as f(w) = (f(z7",...,2}"))s;=1,....n;- Denote by W the set
of all lattices with x;* € X; and by f(W) = {f(w): w € W} C R"*"<¢_ Essentially,
f(W) describes all the potential quantizations of the output. In order to have the
existence of optimal quantizers we request f(W) to be compact. Note that this
requirement is in particular satisfied in the following two important cases indicated
in the statement below

Proposition 4.1. The set f(W) is compact in R™ "4 in particular, when either
(A) f has finite set of values

(B) or f is continuous and all X; are compact.

Proof. In case (A) the set f(W) is finite thus compact.

For the case (B) f(W) is precompact as a subset of f(X)™ ™. To show that it is
closed consider a sequence of lattices wy, such that f(wy) converges. Then, since all
X; are compact metric spaces, we can pick a subsequence of lattices (not relabelled)
such that each point xfk converges tosome x;’ fori =1,...,d,s; =1,...,n;. Then,
for all s; =1,...,n; one has

d
f@, - ,xz’k) — flai, .. xt).
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Thus f(wi) — f(w) where w = {(«7*,...,2}"),s;, = 1,...,n;}, proving the claim.
([

We often face a situation of non-compact Xj;, for instance X; = R. If &; are
not compact it is easy to construct an example with nice continuous functions such
that the problem has no minimizers, see Example 4.2. However, for practical use
in engineering applications the sets X; may always assumed to be compact.

Ezample 4.2. Consider f(z,y) = z +y, c(u,v) := e~ 1*=** and p = £2[0,1]2.
Take n; = ng =1 and ¢1 x(z) = g2k (2) = k. Then L;(q1 .k, g2,x) — 0, but there is
no quantizer providing zero cost.

Theorem 4.3. Assume that p = w(x1,...,Tq)u1 @ ... ® pg for Borel probability
measures p; on X; and w(z1,...,xq) € LY X, 11 ®... @ pa). Let f(W) be compact
c(u,v) > 0 and the map v — c(u,v) be lower semicontinuous for all u. Then
the best quantization error Cy(na,...,nq) is achievable as L4(q1,...,qq4) for some
quantizers qi,...,qq-

To prove this result we will introduce the relaxed problem setting, that of random
quantization, show that it has solution, and then show that the same quantization
error can be achieved by usual (non random, or deterministic) quantizers.

4.1. Random quantization. In a random quantization setting we are looking for
sets of n; quantization points {z},...,z}"} C X; and weight functions p},...,p!"
such that for all x € R one has

g
0<pi(x)<1 foralls,=1,...,n,, pr"(x)zl

87‘,:1
where ¢ = 1,...,d. For brevity we denote
— 1 i Toe— 1 i
pi(') = (pi(')""ap? ())a T = (xzv’m? )
The best random quantization by definition minimizes the error

Ls(p1y.--Pa,T1,. -, Ta)

= Z/Xpil(xl)...p;d(xd)c(f(x),f(xil,...,x;d))du(x).

s1=1 Sd=1

In other words, we pick n; quantizing points in &; and we quantize every point
z; in one of x},...,z!" with probabilities p;}(z;),...,p!" (z;) independently from
everything else.

Nonrandom quantization problem that we are most interested in corresponds
to the case of random quantization where all the weights except one are zero, i.e.
pit(z;) = 6(xi*, qi(z;)), where 6(a,b) stands for Kronecker symbol.

The following proposition shows that the best error for a random quantization
problem is achievable.

Proposition 4.4. Assume that p = w(zy,...,24)11 Q. ..Quq4, for Borel probability
measures ji; on X; and w(xy,...,xq4) € LN X, 11 ®...@uq). Let f(W) be compact,
c(u,v) > 0 and the map v — c(u,v) be lower semicontinuous for all u. Then
random quantization functional Ly attains its minimum.
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Proof. The proof is divided in two steps.
Step 1. We will further prove that if pfi, = p* in L=(X;, ;) (here = denotes

K2
weak™® convergence) and f(x7',..., 2% ) = as,,..s, 85 k — 00, then

lim inf /flI D) - @)e(f (@), falh o) du(o)

k—oc0 j
(4.1) =

> / . P @) e(f (@), a0 ().
fi s

J

Taking for the moment (4.1) for granted, we deduce from it the lower semicon-
tinuity of L£¢. Namely, we show that, denoting

Pin() = 0ix()s o 00k()), Tig = (@i, 20h),

one has

Lminf L¢Pk, - Ddks Tiks - - - > Td,k)

k—o00
ny ndg

=liminf ) ... ) / o Pi(@) . pi(@a)e(f(@), f(ay - aih) du(z)
81:1 Sd:1 jl;ll)(j

ng

n1
> sz_l . s; liminf /ﬁ PD) P el (@), F ) i)
1= = =1 J

n1 ng
> o3 e @) p (@a)e(f(2), as,, o0 )dp()
s1=1 sq=1 jI;Il X
= Ef(ﬁla e aﬁd7i‘17 e afd)a

where points ;" are such that a,, . s, = f(z7',...,2}"). Note that such points
exist because f(W) is closed, thus limit of values of f on a sequence of lattices is
a value of f on some lattice. To finish the proof it remains to take a minimizing
sequence of Pk, . .., Pd,ks T1,k; - - - » Td,k fOr L5, extract convergent subsequences (not
relabeled) such that p‘:fk N 2in Lo°(G, 1), f(x‘fk, . ,:cil‘fk) — ag,,..s, 88k — 00
foralli =1,...,d, s; = 1,...,n;, and apply the inequality above. Note, that a
convergent subsequence can be chosen because a unit ball in L> (X}, ;) with weak*
topology is compact and metrizable, while f(W) is assumed to be compact.
Step 2. Tt remains thus to prove (4.1). To thos aim let us show that

(4.2) pi(@1) -y (Ta) Spit(ey) . pi(a)  in L®(X, ).
It suffices in fact to check that for ¢ € L>°(X, ) one has
[ ptnten) i eas@dn — [ @) pi oo
x x
The latter is true, because ¢(x)w(z1,...,2q) € LY (X, 11 @ ... @ pg) and

Py () Pt (a) = Pt (1) Pt (xa) I LO(X, i @ ... © pa),
thus proving (4.2).
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Now, from (4.2) one has that the sequence of measures pi' (z1) . .. py% (va)dpu(z)
converges setwise to the measure pi*(z1),...p5" (zq)dp(x), because for any Borel
A C X one has 14 € L' (X, i), and thus

[ e i eadn) > [ o0 ).
A A

Now, the statement (4.1) follows from the Fatou lemma with varying measures |9,
section 11.4, proposition 17] O

4.2. Existence of nonrandom optimal quantizers. Now we are going to show
that this minimum can be obtained by nonrandom quantizers, and therefore the
best error in nonrandom quantization is also achievable.

Proof of Theorem 4.3: We are going to prove a stronger statement, namely that
although nonrandom quantization is a particular case of random quantization, the
best quantizers are actually nonrandom. For the proof we only need the assump-
tions on the data (i.e. pu, f,c) ensuring the existence of optimal random quantiz-
ers. Consider the optimum for a random quantization problem p;'(z;),z;*,s; =
1,...,n45,t=1,...,d. We will show that it is achievable by nonrandom quantizers.
We disintegrate

,U(l'l, .- .,.I’d) = ,u’xi,(xlv sy Li—1, Lt 1y - - - ,ZEd) ® d,UXQ(l'rL),

where p,, are the respective conditional measures. Among all optimal quantizers
p;t, ;" pick one with the least number of random quantizers (we name a quantizer
pit,s; = 1,...,n; non-random, if one of the weights is one and the others are zero),
and show that it is non-random (i.e. the number of random quantizers is zero).
Suppose the contrary. Without loss of generality we may assume that pj is not
random. Define

$1(x1) := argmin g, (s1), where
s1=1,...,n1

9ai (51) =

/ S P (@) P ) @), @ 25 (2, - 7).

Here and below we abbreviate >0, ...> 0 | as >5 . Denoting 2° :=
(x7',...,x}") for brevity, one clearly has

> opit(a) . pf(a)e(f (), f(2®))dp(x)

X 815.-+,8d

Zp {E1 gom Sl)dﬂxl(xl)

s1=1

> / ZPT (1), ($1(21)) dpa, (1) =/9x1(§1($1))duxl($1)

S1= 1 Xl

/ 2. P @aelf @), fa a2 a) dut),
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In other words, we transformed random quantizer p$(x;) into non-random one (cor-
responding to the choice of quantization map ¢;(x1) = xfl(wl)) without increasing
the cost. Thus, this is an optimal quantizer with less random quantizers than be-
fore, contradicting the construction. Thus, there were no random quantizers to
begin with, meaning that there is an optimal completely non-random quantization

strategy. (Il

Remark 4.5. As a byproduct of the above proof we have that the best quantization
error is equal to the best random quantization error.

4.3. Properties of quantizing sets. We prove here a simple property of optimal
quantizers

Lemma 4.6. Let f be bounded, c(u,v) > 0 and c(u,v) =0 only if u= v, the map
v c(u,v) be lower semicontinuous for all u, and p(f=1(\)) = 0 for all X € R.
Let q;, i = 1,...,d, be quantization maps. Denoting {aj }{'_; = qi(X;), set

A:'H(nl) = qi_l(cﬁi).

(2

Assuming that Ly(qi,...,qa) = 0 as (n1,...,nq) = 00, one has then
max (A7 (n1) X ... x A (ng)) =0, as ny,...,Ng — 00.
81,..,8d
Proof. If not, there is an € > 0 and some Aj*(n1),..., A} (nq) with

N(Aiql (nl) X ... X A;‘i(nd)) Z e with S; = sz(nl)

Note that
Lo, va) = | O elf@) fap - a) du(a).
ATt (n1)X...x AY (na)

Up to a subsequence (not relabeled) one has 1451 (ny)x...x A (ng) — ¢ I the weak*
sense of L>(u) and f(ai*,...,a}") = X as (ny,...,nq) — co. Moreover,

/deZE
X

and ¢ > 0 p-a.e. Therefore, again due to the Fatou lemma with varying measures [9,
section 11.4, proposition 17], one has

/X p(@)el f(), \) du(x)

< liminf /XlAil(nl)X__.XA;d(nd)(x)c(f(x),f(a?,,..,aZd))dM(x)

(n1,...,ng)—00

< liminf Ly(q1,...,qq4) =0.

(n1,...,n4)—00

Since ¢ > 0 this gives
| o)t @).3) dutz) = o

which implies f(z) = X on the set {¢(z) > 0} which has positive measure u,
contrary to the assumptions. ([l
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5. OPTIMAL QUANTIZERS FOR PARTICULAR CLASSES OF FUNCTIONS

5.1. Characteristic functions of measurable rectangles and their finite
sums. We first consider the case when f is a characteristic function of a measurable
rectangle, i.e. f = 14,x..xa, for A; C X; measurable sets (in this section, if not
explicitly stated otherwise, X; are generic Polish spaces).

Proposition 5.1. If f(z) = 1a,x..xa,(x), with measurable A; C X; then for
n; > 2 foralli=1,...,d, one has C¢(ni,...,ng) =0.

Proof. Take al € A;,a? € X; \ A; and set

({E) L allv Ti € Aia
L) = a?, x; € X\ A,

7

O

Now, it is easy to generalize this to the case of f being a finite sum of charac-
teristic functions of measurable rectangles.

Proposition 5.2. If
N
f(z) = ZcﬂA{ (21) - 144 (za),
j=1
where Ag C X; whatever is X;, then there is an N such that for n; > N, one has

C’f(nl,...,nd) =0.

Proof. Let us encode each point with the sets containing it. Denote
N
ei(w) = (Lyy (@)

By definition the images of e; are binary codes of size N. For every binary code w
in the image e;(X') pick 2} such that e;(z¥) = w. Consider the quantization maps
qi(z;) == xfi(x). Then for all x € X e;(x;) = €;(gi(x;)). Therefore from definition

of e; one has

j=1

f(@) = flar(21), - -, qa(za))-
Consequently, L¢(q1,...,qq) = 0 for any cost function c. O

Remark 5.3. Note that in Proposition 5.2

(1) in general, one has N = O(2) as N — oo because it is a total number
of binary strings of length N. Nevertheless, when X; = R and all Ag are
intervals one has N < 2N.

(2) the statement is constructive, i.e. it provides an algorithm for quantization.

To prove (1) note that NV intervals in R divide it into at most 2N parts. Moreover,

all of them, except the union of two rays, are intervals. The encodings e;(X;) are
constant on these intervals, therefore their images consist of at most 2N elements.

Finally, the reverse statement, that only the finite sum of characteristic functions
of measurable rectangles has zero-quantization cost, is also true to some extent.

Proposition 5.4. Let ¢ > 0 be a Borel function such that c¢(u,v) = 0 only if u = v.
IfCy(nq,...,nq) = 0 and this error is achievable, then there are disjoint measurable
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sets A7 C X, s;=1,...,n;,1=1,...,d such that the union Us, .. s, AT x...x A%}
covers X up to a p-negligible set and

ni ng
(5.1) F@) =0 e salan (1) -+ 1 g0 (xa)
81:1 Sd:1

for some cs, ... s, € R, whatever are &;.

Proof. By definition there are ¢, ..., ¢gq such that L;(g1,...,q4) = 0. If ¢;(X;) =
{ag}™i,, set Af = ¢; '(ag). One has then

i Js=1>

0=Ls(qr, . qa) = /X (@), F@r (@) qalza))) dulz)

=YY [ @) S duta)
s1=1 sq=1 Allx“‘XAdd
which means that f(z) = f(ai',...,a}") for p-ae. x € AT x ... x A} Denote
Coy,sa = flal', ..., a") and get that (5.2) is true. O

We can now apply Theorem 4.3 to get the following statement.

Corollary 5.5. Suppose that p = wpy ® ... ® pg with Borel probability measures
w; on Xj, w € Lt (X, 11 ®...Quq) and c: RxR — R is nonnegative Borel function
such that the map v — c(u,v) is lower semicontinuous for all u. If, moreover, f is
bounded and c(u,v) = 0 iff u = v, then Cy(nq,...,nq) = 0 implies that there are
disjoint measurable sets A" C X;, s; =1,...,n;, 1 =1,...,d such that the union
Usy,sg ATH X0 X A;d covers X up to a p-negligible set and for p-a.e. x one has

ny nd
(5.2) F@) =" Y cosalan (@1) .o 10 (za)
81:1 Sd::l

for some cs, .. s, €R.

Proof. Under the assumptions of corollary being proven the zero cost is achievable
by Theorem 4.3 and Proposition 4.1 once one shows that f has a finite number of
values. This would allow us to use Proposition 5.4 to finish the proof. However, this
property cannot be proven for f directly, and therefore we are going to construct
a new function f with a finite set of values, that equals f p-a.e. and has zero
quantization cost. To his aim, consider a sequence of quantizers ¢ g, ..., ¢4 such
that

o
|

= Jm Lyl = [ @) fanstan)s o) due)

Sy /A (@), £ - asi) du(a).

s1 sq
s1=1 sq=1 L X XA

Now, by taking a weak* converging subsequence (not relabelled) we obtain that

*

lAi}kaXA;iik — Psy,..5, 0 L(X, p) for all s;, =1,...,n,. Clearly,

¢sl,...,sd (xla s ,Z’d) € [O’ 1]

for p-a.e (x1,...,24). Note that since

E lAi.lkX...xAzdk(wl"""rd):1
S1,-++58d '
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for all z; € X;, one has

Z ¢Sl,--~75d(x17 cee ,l’d) =1
S1y:+458d

for p-a.e. (z1,...,24). Moreover, consider a subsequence (not relabelled) such that
f(a3'y, ... ay}) converges to some ¢, . s, € R. Now, from weak™ convergence we
get that the measure 1,1 g% (x)dp(x) setwise converges to ¢s, .. s, (z)dp(z).

Thus, by Fatou lemma with varying measures [9, section 4, proposition 17], we get

0= lim o(f (@), flayy, .. ag’)) du(x)

k—o0 s1 sd
Al,kx”'XAd,k

ZA@MM@M~@MMMdﬂWﬂﬁMW%wMWM

k—oco
> / Ganrs (@1 2)C(F(2), Corona) dpi(2),
X

where the last inequality follows from lower semicontinuity of v — c(u,v). Since
integrand of the r.h.s. is non-negative, then

(5.3) /X Gsy,.sq(@1, . xa)e(f(x), csy,.sq) du(z) = 0.

Thus f(z) = ¢s,,... s, p-a.e. on aset Dy o = {ds, . s, > 0} Consequently,
f has a finite number of values p-a.e. Now, let us construct f with a finite set of
values that has zero-cost and equals f p-a.e. First of all, take f := f on Dy, ... s, for
all s; and set it to 0 elsewhere. Secondly, take any lattice w = (27*,...,2"),s; =
1,...,n; and redefine

f(x‘f%. C T = ey sy
We claim that Cf(nl, ...,ng) =0. Define ¢;  : X; = X;,i =1...,d by setting
Gir(x) == :Ef";if:veAfjk7 si=1,...,n;.
In other words, we leave quantizing sets the same as for f, but instead of taking

f(a‘ilk7 .. 7af]lflk) as values, we take c¢g, . s,. Clearly, from weak® convergence of
Last s wass, = @sy,sg i L2°(X, 1), one has

lim o(f(@), Fa, ... ) du(e)

k—o0 A;lk X”.XA':idk

— lim c(f(2), sy, 50)dp(z)

k=00 J A%, x .. x AL,
:/%Mmuhwwmﬁm%mm@m
X

= / ODsy,s0 (@1, xa)c(f(x), Csy,.54) du(x)  since f=fpae.
x
—0, by (5.3),
which proves C f(nl,...,nd) = 0. Consequently, by Proposition 4.1 and Theo-

rem 4.3 we get that the best quantization error is achievable for f . Thus, the claim
follows from Proposition 5.4 for f, and thus also for f because f = f u-a.e. g
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5.2. Characteristic functions of “nice” planar sets. In this subsection we
estimate the quantization cost for f being a characteristic function of some suffi-
ciently nice planar set K, ie. f=1x :RxR — R. Here d =2 and X} = X, = R.
Without loss of generality we suppose K C [0,1]? and ¢(1,0) = ¢(0,1) = 1. Let u
be the standard Lebesgue measure p := £2[0, 1]%.

Theorem 5.6. Letd =2 and X1 = Xo = R, f be a characteristic function f(z,y) =
1 (z,y) for an open K C [0,1]?, standard Lebesgue measure p = L2]0,1]? and
cost ¢(1,0) = ¢(0,1) = 1. Then

(i) if K has a piecewise smooth topological boundary, one has

V2P(K)(1+0(1))

min(n1 5 712)

Cy(ni,nz) <

y as ni,ng — 00,

the upper bound being achieved by uniform quantization.
(ii) if, moreover, K is convex different from a rectangle, one has

c(1+40(1))

- , as ni,ng — 0o, where ¢ depends only on K.
min(ny, ng)

Cr(ni,ng) >

Remark 5.7. For a fixed total number of points N = ny + ns it is clear that
C2

—<Cy(N)< =, asN — o0
N

for some positive constants ¢; and Cs.

Proof. Step 1. The upper bound holds for a uniform quantization, i.e.

qi(x;) == L] + !

n; 2’[%' '

This way we have a lattice with niny small rectangles of area nl_lnz_ L with different
quantizing points each. Clearly, only the ones that intersect 0K add value to the
error. All such rectangles belong to (0K). — the e-neighbourhood of 0K with
g:=+2max(n; ', ny"). But for a K with a piecewise smooth boundary

1,
lim ~L7((9K)e) = P(K).
Hence, the total area of such rectangles is bounded by

V2P(K)

min(ng, ng)

L2((0K).) = eP(K)+o(e) = 0 (min(il,n2)> , as min(ny,ng) — 0.
Since the quantization cost is bounded by the total area of these rectangles, we get
the claim (i).

Step 2. To prove the lower bound we reformulate the statement in the following
way. Without loss of generality we assume that n; < ns. Consider the quantizing
sets of ¢; and g2, Aj,7 = 1,...,n1 and Bk =1,...,n9 respectively. For each

j=1,...,n wetake K; = {k€1,...,n2: f(q1(A;),q2(Bx)) = 1} and construct

Bj = U Bk.

keK;
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In other words, f(q1(2),g2(y)) = 1, if and only if (z,y) € UJL,(A; x B;). Our next
step is to show that one has

c(1+40(1))

4 2| KA )(A; xBy) | >
(5.4) L U(Jx i) = "

j=1

s as np — oQ.

Note that this is exactly the lower bound we want, since the symmetric difference
L2(KA U?;l(Aj x B;)) is the set where f(z,y) # f(q1(x), ¢2(y)), thus it contributes
its measure to the total error.

Consider a smooth part of the 0K where all the outward normal vectors have
nonzero coordinates. Denote its natural parametrization as 6(t). Denote lengths
of its # and y projections as P, and ]5y. By choosing the directions of coordinate
axes appropriately, we may assume that all the coordinates of the considered nor-
mal vectors are strictly positive, i.e. they look in the north-east direction. For
some constant C' that we specify later, consider a polygonal line of k = Cny seg-
ments that are tangent to the chosen part of K in its points of differentiability
and have z-projections of the same length. Construct k right triangles with their
vertices at the right angle inside K by using segments of this polygonal line as hy-
pothenuses. Enumerate all the triangles such that their y-coordinate is increasing
and z-coordinate is decreasing. Let X;,Y; be the projections of cathetes of the i-th
triangle on x and y axes. Define

k k
P,=) X =kXa|,  P,=) Vil
i=1

=1

Clearly, P, = (1+0(1))P,, and P, = (1+0(1))P, as n; — co. Denote (v;, /1 — 12

the unit outward normal vector to K in the tangency point of 0K and the hy-
pothenuses of the i-th triangle. Then

X;lv;
‘yi| — |;|’2’
V1-v;
consequently,
k k
v
Py=> Wil =1X) ——
=1 =1 1- )
K2 K2
Denote
-1
[ V1I—1E b v; V1= k v;
P1 k 5 ’ P2 k 2’
151 = V1-vy; Vg V11—
Note that

k k
1 v; 1
,E d — E Vs /|S<.|2_|_|Y|2’
ki:l V1-v} kI X]y i=1 ' Z '

and thus for ¢ denoting the length of # one has

. —1 .
B 1 6(0), / ~ 1 G(E)I/.
= pr:i= == 0 , — pg = — = 0, as n; — oo.
pr=m (pw 6(0), Jo y) P2 P G, Jo '

From definition of p; and py we have

P,
pr ' max|Vi| < =% < ppmin|Yi],
7 K3
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hence
1 by .
(5.5) (I+o0(1))py max|Y\ ? < (14 0(1))pe min |Y;], as np — oo.
Now we can clarify the choice of C, namely we set C' := 4p1, i.e. k=4pin;.
In what follows we prove that the inequality (5.4) holds with ¢ := m.

In order to prove this, we will show that the following claim.

. P, P,
Claim 5.8. Forc:= m

of at least (14-0(1))eny* inside considered triangles, or covers at least (1+o0(1))eny !
outside of K, as n; — oo.

the set UjL, (A; x Bj) either does not cover area

The inequality (5.4) follows from Claim 5.8 because the area of triangles outside
of K is asymptotically smaller than total area of triangles, i.e. it is O(Zle | X5 |Y:) =
o(|X1] Zle Yi|) = o(P.P,/k) = o(n; "), which is asymptotically negligible for (5.4).
Thus Claim 5.8 concludes the proof.

Step 3. It remains to prove Claim 5.8. To this aim, denote af = |4; N X;|/1 X
and b] := |B;NY;|/|Yi|. Clearly al,b’ € [0,1]. We now make the following estimates.

177
(i) The area that A; x B; covers inside of the union of triangles is not greater
than

(5.6) Za]b’\XiHYﬂg( o(1))k2p, P, P, Zaﬂbﬂ

This is because A; x B; covers at most (4;NX;) % (B;NY;) inside of the i-th
triangle. Thus, it covers area of at most a’b!|X;||Y;| inside i-th triangle.
Now we sum up over all triangles. The estimate on the r.h.s. follows from
the equality |X;| = P./k and the inequality (5.5).

(ii) The area that A; x B; covers outside of K is not smaller than

(5.7)
S [ X (B Vi | 4+ BV > (L o1k 203 "PuB, Y ad (b, +... 4+ b)),
=1 =1

This is because the set Up>1((A; N X;) X (Bj NYj14)) lies outside of K (so
does the union of rectangles Up>1.X; x Yj4p, due to the fact that considered
curve 6 is a graph of a monotone function x5 = xo(x1)) and its area is the
Lh.s.. The estimate on the r.h.s. follows from the equality |X;| = P,/k and
the inequality (5.5).

By Lemma A.1 one has

k—1

(58) Y al (bl + 1) Z alb) - -

i=1
The whole area of all the triangles is Zle | X;||Y5|/2 = P, P,/(2k) since all the |X|
are equal. Let

_4pipa +1
4p1p2 + 2
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If at least (1 — A)-portion of the total area of triangles is not covered by
UjL, (A4, x Bj), Claim 5.8 immediately follows since

PP BB (o)
(8p1p2 + 4)k 16p1(2p1p2 + 1)711 ni '

Therefore, it remains to consider the case when at least A\ portion of the total
area of triangles is covered by U?;l(Aj x Bj), that is the covered area is at least
AP, P,/(2k). From claim (i) above and (5.6) we get

(1= NPPy/(2k) =

(5.9) k=2p, P, P, Zza%ﬂ > (1+0(1))AP, P,/ (2K).

j=11i=1
Thus, one has

nlkl

k2p2 ZZ“ Lt 0))

j=11i=1
ni k
P nlsz

> Ty — Y by (5.
- 2k.2p2zzlaz 7 2k2p2 Y(‘) 8)

(5.10) PP, PP
(14 o)) el _ e

4p1p2k 2k P2

(1 + 0(1))PZPy
16p1(2p1p2 + 1)ma

_ (I+o0(1))e

ni

v

by (5.9)

by definitions of A and &

But claim (ii) and (5.7) implies that U7’ (A; x B;) covers outside of K the area
at least
ny k‘

1
PP )
U+ o) S a4+ + 1),
1

Jj=1i=
hence, by (5.10), at least (1+0(1))c/n1, which concludes the proof of Claim 5.8. O

The careful inspection of Step 2 and Step 3 of the proof of the above Theorem 5.6
provides the following curious corollary for the case when K C R? is a right-angled
triangle with catheti parallel to the coordinate axes.

Corollary 5.9. For a characteristic function of a right-angled triangle with sides
P, Py the quantizing error is bounded from below

Oy, na) > G AL

i — 00.
Z Bmi(ni.n) | as min(ny, ng) — 00

Proof. In terms of the above proof of Theorem 5.6 one can explicitly calculate
p1 = p2 = 1, and, therefore, ¢ = (16(2p1p2 +1))71 = 1/48 . O

5.3. Linear functions. For the case when all X; = R and f is a linear function
we are able to calculate exactly the quantization cost for a fairly large class of cost
functions c.
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Theorem 5.10. Let all X; =R, i =1,...,d, f(z) := Zle w;x; with w; # 0 for
alli =1,...,d, and c(u,v) := p(lu — v|), where p: [0,+00) — R is conver and
strictly increasing, while p:= £[0,1]%. Then

> drg...dz1|.

1 /1,()1/2 /wd/2
H;j:1 Wi J—wy /2 —wgq/2

Moreover, the best quantization maps are uniform, i.e. for x € [0,1]? take

d

i=1

Cy(n) =

Lnlarlj 1

ql(xZ) - n; + QTLZ ’
Proof. The absolute value in the formula for C is to cover the case of negative
coeflicients, but in the proof it is convenient to consider all w; > 0,i=1,...,d. To
see that this restriction does not lose generality, note that linearity of f allows us
to shift the measure £[0,1]% to LI [~1/2,1/2]%. This translation changes f up
to a constant, but an additive constant gets canceled in f(z) — f(¢(z)). Now, when
we work in a symmetrical region, for a negative w; one can change z; to —x; and
w;to —w;. The function f and the measure 1 do not change, i.e. the error remains
the same. Therefore, we work with the case all w; > 0,i=1,...,d.

Let A% s; = 1,...,n; denote the level sets of ¢;,i = 1,...,d with al, = qi(AS).
Denote for brevity s = (s1,...,54), ¢s == f(qi(ai’),...,qa(a}")). Then

) -
d
in —Cq ) dx,
=1

> ot
B d . P
815.-438d Hi:l Wi J AT XL x A i—
where A% := w; A$*. Note that Uy'Z1 A7 = [0,w;]. Let us write a single error term
in the above sum in the following way

d
/ ‘ P E ri—cs| | dv= [ G(x1)day,
AT XL x A i1 At
d
E T; — Cg
=1

G(x1) ::/ ' p( ) dzg...dzs.
A3 x..xAY —

We consider G to be defined on the whole real line. Note, that all the functions
x1 — p(| Zgzl x; — ¢s|) are convex, implying that the function G is also convex.
In addition, from lim;_, ;. p(t) = +00 we get lim,, 100 G(21) = +00. Therefore,
there is the unique minimizer « of G.

Now, consider the following transformation of A7 into an interval of the same
measure. Denote aj' := L1(A]')/2. Taket € R such that a—t = L}(A7*N(—00, @)).
We will prove that

d
E W;T; — Cs

i=1

(5.11) Ct(ny,...,ng) = / P
! 81;&1 ATl X x A

where

t+2a;t
t

s1
Ay
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To this aim we rewrite (5.12) as
(5.13)

/OO Ll ({ar € A Gla) > r})dr > /OO C'({ar € [t + 200 ]: Glay) > ) dr.
0 0

To prove (5.13) it suffices to show that for all » > 0 one has

L{zy € A3 : G(x) > 7)) > L({wy € [t,t + 2a5]: G(21) > 7)),
Since L1(A7') = 2a]* = L1([t,t+2a}']) it is enough to prove the opposite, i.e. that
(5.14) LY{zy € AV G(zy) <7}) < LY({xy € [t,t +2a5]: G(z1) < 7}).

Clearly, it is enough to consider » > G(«). Then the condition G(z1) < r can be
reformulated as 1 € [u,v] with v < a < v, because G is convex (the endpoints
of the interval might not be included, but it does not affect the measure anyway).
Now (5.14) would follow once one shows that for any v < o < v one has

LA N [u,a]) < LY ([max(t, u),a]) = min(a — ¢, o — ),

(515) 1/ g8 1 : s : s
L(AT N[a,v]) < L7 ([, min(t + 2aft, v)]) = min(t + 2a]' — a,v — ).

By definition £!(A3* N [~o0,a]) = a — t, which proves the first inequality. The
second one follows from £1(AJ' N [a, +00)) =t + 2a;* — «. This finishes the proof
of (5.14) hence (5.13) hence (5.12).

After that, similarly, one by one we transform all the other sets A;* into intervals
in a way that decreases the error term. As a result, we get that for some t; € R

one has
t1+2ajt ta+2a,?
dx > / .. / D dx.
t1 td —

d
E Tj — Cs
=1

d
E T — Cs
1=1

[
ATt X x A -
Performing a linear change of variables, we write the latter integral as
al! oS d
(5.16) / / D in—c dz,
o1 oq
! —aq =1

with a new constant ¢ := ¢5 — Zle(ti +a;"). In order to get rid of ¢ we use the
following simple lemma.

Lemma 5.11. Let Z be a centrally symmetric real random variable and t — p(|t|)
be a convex function with minimum at zero. Then

ggﬂng(\Z —c|]) =Ep(|Z]).

Proof. The function ¢ — Ep(|Z — ¢|) is convex, because for a fixed z the function
¢ — p(]z — ¢|) is convex. Moreover it is centrally symmetric, because so is Z, i.e.
Ep(1Z =) =Ep(| = Z — ) = Ep(|Z +¢f).

Clearly, any centrally symmetric convex function has its minimum at zero. O

The distribution of Z; + ...+ Zy for a vector (Zy,. .., Z;) uniformly distributed
on [—aj',ai'] X ... x [—a}*, a}] is symmetric with respect to zero. Therefore, by
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Lemma 5.11 the integral (5.16) is minimal when c is zero. Note that ¢ = 0 gives

>dx

Then, using this estimate for all the terms in the initial formula (5.11) for a quan-
tization error, we get following lower bound
; > dx,

1 ajt al? d
Crtmnecen> —— ¥ [C L[
Hi:l % 81,..,8¢ 7 T —a4 i=1

where for all i = 1,...,d one has Y " a;' = w;/2, since Aj',s; = 1,...,n; cover
[0, w;] and this sum is half the measure of their union. Novv7 to finish the proof,
we have to find the minimum of the right hand side with respect to all ;. This is
provided by Lemma A.4, which implies that

> ) an

d brey o
Ci(ni,...,ng) > H;;l/ b / ‘
w1
Hi:l Wi 2ny an
The latter becomes the claimed lower bound after a linear change of variables
Yi ‘= N5,
To prove the second part of the statement, it remains to verify that this error is
achieved for a uniform quantization, i.e. for
) | 1
n; 2n;

Cs = Zi:l(ti +a;"). Putting all together, we obtain the inequality

d a1 ald d
/S P dch/ . / P
ATt XL x A i—1 —aj?! —ay? i—1

E Ty —Cs E Ly

Qz(wz) =

Note that linearity of the function implies that the error is the same on all the
rectangles of the form [[,[ fLZ ki +1] where k; = 0,...,n;—1. Therefore, it is sufficient

to check that for one rectangle [, 0, m] the error term is equal to

1 /11)1/2 /'u)d/Q
e P dxg...dxy|.
H?:l n;W; J—wy/2 —wq/2

At the same time, by definition this term is
) dx.

/O /0 p<zwm Zm

=1
A linear change of variables y; := w;(n;x; — 1/2) comcludes the proof. O

d

in/ni

=1

One might wonder what is the best quantizing error when the total number of
points in the grid nins...ng is fixed. The next remark answers this question, its
proof is postponed to the Appendix A.

A standard example of a cost function is the power of the euclidean distance. In
this case, the error can be calculated explicitly.

Remark 5.12. For a linear function f(z) = Z?:l wjx;, cost c(u,v) = |lu—v|[V,y>1
and Lebesgue measure pu(x) = £d|_[0, 1]¢ Theorem 5.10 gives the exact error

+d
_ Hf nw,; giw; !
Cf B 27+d7(7+13 »Y+d,]_ Z Z HE" Z .

Eq— +14i=1 i=
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Remark 5.13. Under conditions of Remark 5.12, when N =ni +ns+...+ ng is
fixed, one can show that the best possible quantizing error has the following order
min Cy~C/N7,
ni,..ng:iy; ni=N
with C = C(ws,...,wq) > 0.

5.4. Lower bounds for monotone functions. The approach we used for a linear
function works in a slightly more general case, but gives only a lower bound. Here
again all X; = R.

Theorem 5.14. Let all X; = R, i = 1,...,d, f be monotone in each coordinate
and satisfy

|f(1‘1,...,.13i —|—Ai,...,$d) — f($1,...71‘d)| Z ’LUiA,L'
for all A; > 0, i = 1,...,d and some fized positive w;. In addition, c(u,v) =
p(ju —v|) for an increasing function t v+ p(t),t > 0 and pu = £[0,1]%. Then

w1 wd d
1 p 2
Miwl 7 P\S

Proof. First of all, f is not required to be increasing in each coordinate, similarly
to the linear case, where negativity of coefficients does not affect the result. To see
this, one can use translation to work with £¢.[—1/2,1/2]? instead of £7_[0,1]¢ and
then change sign of all coordinates along which f is decreasing, obtaining a new
function that is increasing in each coordinate.

Let Aj*,s; = 1...,n; denote the level sets of ¢;,i = 1,...,d. Denote an output
on one quantizing value as ¢, := f(qi1(A7"), ..., qa(A")). Then

‘51

Cf(nlv"'v Z / ‘f() cSl,--<75d|)d‘T'

S1;--

><Abd

Denote A% := A" x ... x A} for brevity. Let us estimate one term of the sum
as follows. Denote centers of mass of A" as «; respectively. Consider the case
flaq,...,aq) > cs, the opposite one is completely analogous. Since f is increasing
in each coordinate, one has f(z1,...,z4) > f(a1,...,aq) > ¢s when all z; > oy
(for the opposite case take all z; < 041 Then, from monotonicity of p(-) we obtain

/s ﬂ%m>LllL1N (@) fan, ., o)) d

From the assumptions on f the r.h.s is not less than
o0 o0
J A e Z% da.
(e 5] (o %}
For a' :=|A]"|/2, since o is a center of mass of A]?, this integral is not less than

a1+ai1 ad+azd ail aZd d
/ e / D dx = / e / P dx
@ ag i 0 0 i=1

d
Zwi(mi - ai) Zwixi
=1
By definition, A, s; = 1,...,n, cover [0,1], thus ZZ;:l a;* = 1/2. Combining this
for all terms in Cy we get a lower bound
) dx

ol a%d d
Ci(ni,...,mg) > min g / / D
ail:zszzl ai%:l/Q S1y.+458d 0 0 =1

E W; Ty
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It remains to show the the right hand side attains its minimum for a;* = lel The
proof of this bound is based on the same idea, as the proof of Lemma A.4, i.e. uses

the Lagrange condition, but it is easier because all the variables are positive now.

It remains to prove that
d % %
w1 "
deHni/ / dp dx,
=1 0 0 —

ajt a;d d d
> [T p<§:W@ 3w,
S1,...,8d 0 0 =1 =1
because after a linear change of variables y; = w;n;x; the latter integral becomes
exactly what we need, namely
) dy.

s K
di/ / p(Z:yl/nZ
[Tizy wi Jo 0 i=1
Clearly, the r.h.s. is decreasing in n;. Now, we use a standard argument. Take
ni,...,nq with the smallest sum, such that for them there is a point contradicting
the inequality. Since the condition ZZ;ZI a;’ =1/2,a;* > 0 describes a compact
and the difference between Lh.s. and r.h.s. is continuous w.r.t. a;, this difference
attains its minimum at some point, clearly that minimum being less than zero. At
this point all a* are strictly positive, otherwise one could get rid of zero values, as
this would only increase right hand side due to its monotonicity in n;, but would
not change the left hand side. Then we would obtain a contradictory configuration
with smaller sum of n;. When all the variables are strictly positive, one can apply
Lagrange conditions and get that for any fixed i = 1, ..., d all the partial derivatives
with respect to a;*,s; = 1,...,n; are the same. The derivative with respect to aj'

is .
Z...Z/O%.../Oadp( )dxd...dxg.

52:1 Sdzl
It is monotone in af', i.e. Lagrange condition implies a} = ... = a'. Similarly,
we get al = ... =al for all i = 1,...,d. Note that this is exactly the point of
equality.

d
wyal' + E W;T5
i=2

O

Remark 5.15. Using this lower bound for a linear function f we would get a result
worse than the exact error in Theorem 5.10, but it loses only by a factor not greater
than 2¢. On the other hand, the restrictions in Theorem 5.10 are stronger, because
the function t — p(|t]) is convex and f is linear.

The following easy statement is also worth mentioning.

Proposition 5.16. For any function f and nonnegative cost ¢ and two measures
u < v, in the sense that for any Borel set B one has u(B) < v(B), it is true that

C’f;cy#(nl, e ,nd) S Cf’cvl,(nl, e ,nd).

Proof. For any quantization maps ¢;, g2 one has

Lf,c,u(Qlw .. 7Qd) = /C(f(‘T)vf((h(‘Tl)’ e 7Qd<xd))>dﬂ(x)
s/dﬂmj@wnww%@mmwm=memww%»

By passing to the infimum over all ¢q, ..., ¢s we finish the proof. O
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This immediately implies the following corollary,

Corollary 5.17. Let f and c be as in Theorem 5.10. If for some rectangle R =
[a1,a1 +71] X ... X [ag,aq + r4] one has the inequality p < C1g L%, it is true that

C /11)17"1/2 /wdrd/2
p zi/ni| | dz|.
Hi WiTi J —wyrq /2 —ward/2 ;

If for some rectangle R' = |ai,a; + 1] X ... X [ag,aq + 4] one has p > clp LY,

then y Y
c wiry /2 /wdrd 2
L ... P xi/n;| | dx
Hi wﬂ"; /wlr’l/Z —wqrl /2 ; v

In particular, for a cost function c(u,v) = |u—v|7,y > 1, if N=n1+...+nq is
fired and p < L* with bounded L.s.c. density and compact support, then

¢ ¢ o< C
N < Cren <

for some ¢ > 0, C' > 0 depending on the data.

Cf,c,u <

Cﬁc,u 2

Proof. Note that due to Proposition 5.16 for the upper estimate it is enough to
prove the same upper bound for the measure CL% R. Since f is linear we can
change the variables y; = (z; — a;)/r;, where § € [0,1]. Then f(z) := >, wiz; =
S wiriy; + const = f(7) for a linear function f. The cost ¢(u,v) is translation
invariant, thus the constant in f can be omited. Finally, the loss £ @i, ..., qa)is
clearly linear in u, therefore we can use Theorem 5.10 to obtain claimed estimate.
The lower estimate is completely analogous and the last statement follows from the
Remark 5.13. O

5.5. Quadratic cost. For the quadratic cost c(u,v) := |u — v|? we are able to say
slightly more. The respective result is valid for generic (Polish) spaces ;.

Theorem 5.18. Let f(z) = Zle oi(x;), where all ¢; have conver image and
c(u,v) := |u —v|% Let X; be independent random elements of Polish spaces X;,
with law(X;) = w;, so that their joint law is p = ®;u;. Then one can choose the
best quantization maps q; independently from each other, minimizing E|¢;(X;) —
#i(qi(X;))|? respectively. The error is then the sum of separate errors, i.e.

d
Cf(nl, ey nd) = ZC@vC,#i (TLZ)
i=1

Proof. For ¢; := f(q1(a3'),...,qa(a)"))) by definition one has

d 2
OEE SN (Zcz»i(xi)—cs) Aps (1) - dsa(a).

Consider one term of this sum. Define a random vector
(X7, X5 = (X|X € AD x ... x A%) ~ @ (1A§i (x)“(x)> .
: 11

The integral can be expressed as

d 2 d d
/AS1 o <Z dixi) — Cs) dp(r) = HM(A?)E <Z oi(X]) — Cs)

2
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It is well-known (one can show it by taking the derivative with respect to c¢), that
this expectation is at minimum for

d

d
> 6 (Xfi)} =Y E[¢:(X})]
=1

=1

cs = E

and the minimum value is exactly

J 2
ﬁ?é%E (;qﬁz(Xl )cs> = Var

because the variables X are independent. Consequently, we obtain a lower bound

d d d n
FOESDS (HM(A?")ZV&T[@(X?)O =D > A7) Var ¢y (X,

S1yeens Sa i=1s;=1

d d
Z@(Xff)] =3 Var [p:(X7)],

i=1 i=1

and the equality is achieved for the right choice of ¢y, namely ¢, = Zle E ¢;(X[7).
Recall that by definition ¢, = Z?:1 ¢i(as?). Tt is possible to pick af* € ¢; 1(E ¢(X[7)),
because all ¢; have convex image. Therefore, for fixed level sets A}* and the best
choice of ¢;(a;") for such A;* we get

d n;
Ly(q) =D > milAj)Var ¢y (X;").

i=1 s;=1

Note that each quantizer here appears in a separate additive term, which allows to
reducce the problem to the separate quantization in each variable. Indeed, using
this equality for d = 1 we get that

Loy (@) = Y mil A7) Var ¢;(X})
Siil

In other words, Ly(g) is the sum of errors of classical quantization problems for the
same choice of quantizers ¢;. Then, they can be optimised separately to obtain the
optimal error

d
Cf(nh cee 7nd) = Z C¢i>&#1 (nl)a
=1

hence concluding the proof. O

5.6. Further examples of functions. The above theorems can be combined with
the following statement (of immediate proof) to provide a lot of examples for the
asymptotic behaviour of costs.

Lemma 5.19. Let g: R — R satisfy the estimate
clz,y) < c(g(2), 9(y)) < ez, y)
for all x,y € f(supp ). Then
Cre(ni,ng) < Cgo.e(na,n2) < Crea(ni, na).

Corollary 5.20. Let all X; = R, c¢(u,v) = p(Jlu — v|) for an increasing function
p(t),t > 0 and p = L2 [0,1]¢. Let f(z) = g((w,z)). Assuming that for some
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function s the function t — (pos)(t),t > 0 is conver increasing and |g(a) — g(b)| <
s(Ja — bl),a,b in the range of x — (w,x), one has
) dx

1 w1/2 wd/2
= e (pos)
Hi wi /w1/2 /wd/Z
Assuming that for some convex function r it is true thatt > 0 — (pos)(t) is convex
increasing and |g(a) — g(b)| > r(Ja — b|), a, b in the range of v — (w,x), one has

1 /wl /2 /’Ll)d/Q
. (por) xi/n;
Hi Wi —wy /2 —wgq/2 Z
Proof. Both inequalities immediately follow from Lemma 5.19 and Theorem 5.10.
O

Cf(nl,...,nd) <

= sz/nz

g

Cf(nl, R ,nd) >

Remark 5.21. Let f(z) = g((w, x)), where g is a-Holder with a constant C, c(u,v) =
lu — |7,y > 1/a, and p:= £4[0,1]%. Then

Cf(’nl, eey nd)
C [, niw; " giWw; oy+d
< (2 2
— 2a7+da7(a7+ 1)(Oéfy+d Z Z ];—[EZ Z
eq=+t1i=1
If instead |g(a) — g(b)| > c|a — b|*,{a, b} in the range of x — (w, z), then
Cf(nl,. . .,nd)
c7 H niw»fl E;Wy ot
> 2 K
— 207vtday(ay+ 1) (ay+d - Z Z HEZ Z

eq=+t1i=1

Proof. If g is a-Holder with a constant C, then ¢(g(x),g(y)) = |g(z) — g(y)|” <
C7|x—y|*7. Therefore, by using Lemma 5.19 and Remark 5.12 we obtain the upper
bound inequality. Analogously, when |g(a) — g(b)| > c|a — b|*, {a, b} in the range of
x — {(w,x), then ¢(g(z),g(y)) = |g(z) — g(y)|? > |z — y|*7., and hence the lower
bound inequality follows again by combining Lemma 5.19 and Remark 5.12. [l

Corollary 5.22. Let f(z) = g(>_,; ¢i(z;)), while X; are independent random el-
ements of Polish spaces X; with the law u; (i.e. their joint law being ®;u;). If
c(g(a),g(b)) < |a—bf?, then

d
Cf(nh s 7nd) < Z 0274)1'»/%‘ (n’L)
]fC(g(a),g(b)) 2 |0,7 b|27 then
d
Cr(n1,...,na) =D Cag, ().
Remark 5.23. Let f(x) = g(3>_, ¢i(z;)) and c(u, v) = |u—v|", while the law of each

X is p;, and their joint law is ®;u,. If g is 2/+-Hoélder with a constant R, then

d
Cr(ny,...,nq) <R- 202#;1*“ (n;).

i=1



OPTIMAL FUNCTIONAL PRODUCT QUANTIZATION 25

If |g(a) — g(b)| > r|a — b|?>/7, then
d
Cr(ny,...,ng) >r- ZC'Q,@M(W).
i=1
The next statement demonstrates how one can estimate the error by using general
results listed here. For simplicity of calculations, consider d = 2.

Remark 5.24. Let f(z,y) = ¢(z) + ¥ (y) and consider the cost function c(u,v) =
|1 — u/v|? which arises frequently in engineering practice. Assume the joint law of
X and Y be u ® v supported on [ay, as] X [b1, bo], with a; > 0 and b; > 0. Assume
that f(x,y) > 0 > 0 on a support of p® v (so that our cost function does not tend
to infinity inside the area we are working with). Then, as nq,ns — oo one has

1+o0(1)

Cr(ny,ng) < —22
f(n1,m2) < P

(C2,64u(n1) + Ca,y o (n2))
and for some constant ¢
Cy(ni,m2) > c(Cap,pu(ni) + Co o (n2)).

Proof. Note that as u/v — 1 one has ¢(u,v) = [1—u/v|?> ~ | Inu—Inv|?. Quantizing
f with a cost function |Inu — Inw|? is the same as quantizing f(z,y) = In(¢(z) +
¥(y)) with é(u,v) = |u — v|> while the joint law of X and Y is u ® v. Then the
previous remarks provide us with inequalities

1

Cr <
flnna) < o=

(02743##(”1) + OQ,w#V(TLQ))

and )
Cf(nl,ng) Z aa n b2
It remains to check how good the approximation |1 — u/v|?> ~ |Inu — Inv|? is.
First of all, for an upper bound we use a uniform quantization, therefore the ratio
flx,y)/f(q1(x),g2(y)) tends to 1 uniformly over all x,y in this case. That is why
the approximation is good enough for an upper bound. Now let us assume that
we can achieve a better quantizing error, i.e. there is a sequence of quantizers
q1,92 = q1(n1,n2), g2(n1,n2) with an error L¢(q1, g2) better that the one we claim.
Lemma 4.6 implies that the maximum measure of level sets of quantizers tends to
zero, as ni,ng — 00. The actual lower bound can be written in the following way.
We divide all the points (z,y) € [a1,as] X [b1, ba] into two classes S, and B, where
S = {(@,9) : [1 = f(a1(2).02(v))/f(2,p)| < e} and B, = las,as] x [by,bo] \ S
To calculate the error divide the integral into 2 parts integrating over S, and B,
respectively. The latter integral is trivially bounded from below, thus we get

Ls(q1,q2) > /S 11— f(q1(x), 2())/ f (2, 9)]*p(da) @ v(dy) + e*p @ v(Be).

(C2,p (1) + O, (n2)).

| 2

Let us assume that the error asymptotically better than Cs g4, ,(n1) + Ca,p 1 (n2)
can be achieved. In this case, one can pick ¢ = e(ny,ng) — 0 so slowly, as ny,ng —
oo, that inevitably

JIy V(BE) = 0(027‘1’##(”1) + CQ,#’#V(TLQ))&

because e?v ® pu(B:) = O(Ls(q1,q2)) = 0(Ca2,4,(n1) + C2,p,0(n2)). Thus almost
the whole measure is concentrated in S, and in S, one has f(qi(x),q2(v))/f(z,y)
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uniformly close to 1, i.e. the cost |1 — u/v|?> ~ |Inu — Inv|? there. Thereby, as

n1,M9 — 00 one has

/S 1= F(ar (@), o))/ @, y) Pulda) © v(dy)
> /S |In fqr (@), g2(y)) — In £ (@, 9)2(1 — &) pu(de) @ v(dy)

~ / |0 f(q1(2), @2()) — In £ (2, ) Puder) ® v(dy).
S:UB.

asymptotically. The last asymptotic relationship is due to the fact that ¢ — 0
and that since the integrable function is uniformly bounded and p ® v(B.) =
0(Co,4,u(n1) + Cay 1 (n2)), we obtain

/ [In f(q1(2), a2(y)) — In f(2, )P u(dz) © v(dy) = o(Ca,p (1) + Copy(n2)).

€

On the other hand,

/SUB |10 £(q1(2), a2(y)) — In f(2,y)Pp(da) @ v(dy) < Cap,u(n1) + Capn(n2).

Thus the equivalence for the cost is good enough for the lower bound too, i.e. there
is no asymptotically better quantization possible for |1 — u/v|?> rather than one
considered for |Inu — Inv|?. O

Example 5.25. Let f(z,y) = (x + y)?, c(u,v) = |u — v|?, while the joint law of X
and Y is p X v in a rectangle [a1, as] X [b1, b2]. Then

Cy(n1,nz) < 2(max(|ay], laz|) + max(|b1], [b2]))(Coaypn(n1) + Coypr(n2))
and if a; > 0,b; > 0 and they are not 0 simultaneously, one has

Cy(ni,m2) > 2(a1 + b1)(Copyp(ny) + Copy o (n2))

Proof. This example immediately follows from Remark 5.23. Here g(t) = t2, i.e.
g'(t) = 2t, thereby g is a Lipschitz function with a constant 2(max(|a1], |az|) +
max(|b1|,b2)) and the first claim is true. Additionally, if a3 > 0,b; > 0 it is true
that |g(t) — g(s)| > 2(a1 +b1)[t — s| for all ¢, s € [a1 + b1, as + bs] and consequently
the second claim is true. (]

6. GENERAL UPPER ESTIMATE FOR SOBOLEV FUNCTIONS

Assume that X; are random vectors in R¥i,i =1,...,d. Set k := > ki

Lemma 6.1. Let A; C X; be open rectangles and f € C1(Ay x ... x Ag). Then for
v > 1 it is true that

/ |f(x)—f(a)]” de < Crdiam (A; x.. .xAd)Wﬁk(Al X. .. XA M*|V f|7(a),
A1 X...xAq

where M* stands for the uncentered mazximal function.

Proof. We denote for brevity Q = A; x ... x Ag and D := diam () and write
1

f@) = fa) = [ G ot (- ta)ar,

0
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so that
1 ¥
/|f |”’d;z:</ dx/ C;if(ter(l—t) )dt
dx dt fz+(1—1t)a ) dt
SDVﬂdz/ V" (tz + (1 —t)a) dt
=D \V4 v
/ /1 ta+tQ| I (w) d
— N dt dpc Y d
b /0 tdt £ )]{1 t)a+tﬁ|Vf| (w) duw
< DVLAQ)M|V f|"(a)
as claimed. O

Theorem 6.2. Let X; := A; C RF: be open cubes of sidelength r;, Q := Ay x ... x
Ag, f € WIP(Q), p> 7. If u < dx with density ¢ € L>®(R¥) has compact support
supp ¢ C Q, while c¢(u,v) = |u — v|7, then
(6.1)
« ~ —1/kivy —1/k;
Cr(na,..ona) < Cpllollool| MV f7 [l max(ring )7 + o (max(ring ™)

as ni,...,ng — 00, where M* stands for the uncentered mazimal function.
Moreover, if p > v, then
(6.2)

Cf(nlv .. 'and) S Ck,p

eloolIV 111y max(ran; /)7 + 0 (max(rin, ).

Proof. We approximate f € W1P(Q) by fr € C1(Q) converging in Sobolev norm,
and in particular with limy fx(y) = f(y) and lim, M*|V fi|"(y) = M*|V f|?(y) for

ae. y € Q ie forall y e Q\ N with L(N )7]9
1

It is enough to prove the statement for n; € Z,1 =1,...,d, otherwise one
could take m; = Lng/k |4 with ml/k < }/k <2m l/k . Then the inequalities for
m; combined with

C¢(na,...,ng) < Cy(m) and max(nm 1/ks N < Qmax(rmi_l/ki’)
1

would imply the estimate for any n; with a constant multiplied by 27.

Divide each A; into n; rectangles A}, ..., Al'* and take aj* € A',... a}' € A,
such that (af',...,a}*) € N for all s;, =1,...,n;,i = 1,...,d. Define then ¢; by
setting

¢i(x) := a;" whenever z € A}".
Denote A® := A7' x ... x A} and a® := (a}',...,a}"). Recalling that Lemma 6.1
implies

[ 1) = fula) do < Cucinm (4% 2O VA (@)
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Summing up these inequalities, we get
(6.3)

/Q|fk<z> — @ (@), gl do < Comax (ring )T A(f Qo ma),

where A(fi, Qna,...,na) = > LYA)M|Vfi]"(a*).

S15.++,8d

Pasbing to the limit as kK — oo in (6.3), one arrives by Fatou’s lemma at
/ |f flar(z1), .. qa(xg))] de < limkinf/ [fe(x) — fr(qi(x1), ..., qa(xq))|” do
Q

<Ckmaxmax<rm Uk) A(f,Qny, ... ,ng).

Since M*|V f|7 is continuous, one has

A Qe ona) [ MV ) da

as (n1,...,nq) — 0o, and hence (6.4) gives
(6.5)
Cy(n,....n / |f(2) = flar(@1), - -, qa(@a))|" du(z)

< Jlolle / 17@) = Fas(er), - qalea)) [ d
< Cullgloe |07 1947 | mavx (i ™) 40 (mavx (rin /™))

as (ny,...,nqg) — o0, which is (6.1) In particular, if p > ~, then estimating
[|M*|V f]7]]1 by Hardy-Littlewood theorem, we get (6.2). O

Remark 6.3. When N =nj + ...+ ng is fixed, the upper estimate is minimum at

Nrfi
]
’/‘k

n; =

hence providing the following estimates for C¢(N) = miny~,,,—y Cy(n1,...,n4q)

ki v/ ki ki W/k'i
A r
C/(N) < Cullélcll M9 17 max <2N> +o [ max (ZN> ,

as N — oco. Moreover, for p > vy
o\ V/ki B\ Y/ ki
Z.r],“ Z,r.l
C1(N) < Chpl$loc IV 1 macs (N o [ max | &7

Remark 6.4. In the formulation of the above Theorem 6.2 one could have assumed
that X; = R*¥ and f be defined over the whole of X = R* by zero outside of (2.
The upper estimate provided by this theorem is clearly still valid, since increasing
the sets X; may only decrease the optimal cost.
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APPENDIX A. AUXILIARY STATEMENTS

Here we collect some auxiliary statements used in proofs of results in the main
body of the paper.

Lemma A.1. For any k > 1, a;,b; € [0,1] one has
k—1 Lk 1
i(b; oot b)) > = ibi — —.
i_zla (Dig1 + ...+ bk) 5 i:Zla 5

Proof. This inequality is linear in all variables, therefore it is enough to prove it for
a;,b; € {0,1}. If a; = 0, then there is no b; in the right hand side but there is b;
with a nonnegative coefficient in the left hand side, thus it is enough to prove the
statement for b; = 0. Similarly, if b; = 0, it is enough to prove the statement for
a; = 0. Therefore, we can omit all the pairs of zeros and check the same inequality
where all the variables are equal to one. It remains to note that for any &’ it is true
that

k' —1
E? -k _ 1 1
K —i) = >k — =

implying the inequality, where k' is the number of pairs such that a; =b; =1. O
Lemma A.2. For a convex and strictly increasing on [0,4+00) function p(-) and a
fized to the function t — p(|to + t|) + p(|to — t]) is

(i) non-decreasing on [0, +00),

(i1) and, in addition, strictly increasing on [|to|, +00).

Proof. First, without loss of generality, by symmetry, we might assume tq > 0. We
want to show that for any a > b > 0 one has

p(lto + al) + p(lto — al) = p([to + b)) + p(|to — b))
By convexity of t — p(|t|) one has

a+b a—>b a+b a—2b
el _ > z - _
0o+ + 25 plto — o 2 |2 0 + o)+ 2520 - a) )
= p(|to +b]),
a—2b a+b a—2b a+b
- - _ > z - ' _
sonlto 4l + 2000 — o 2 (|25 0+ )+ 220 - a))
= p(|to — b|).

It remains to sum these two inequalities to get the claim (i).
For t > to the function becomes t — p(tg + t) + p(t — to) and thus it is strictly
increasing because so is p(+), proving the claim (ii). O

Lemma A.3. For a convex and strictly increasing on [0,+00) function p(-) and
fixed xs, ..., xq the function
(i) non-decreasing on [0, +00)

x1 = (Tp)(z1,...,2q) == Z Z p(
e1=%1
(i) and, moreover, strictly increasing on [|xa| + ... + |z4|, +00).

d
g Eily

i=1

eq==1
8
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)l

Proof. By definition one has

d
(Tp)(z1,...,xq) = Z Z (p(
i=2

go==+1 eq==+1

E gLy —T1

iTi + 1

)

Then, Lemma A.2 implies that each term of this sum is non-decreasing as a function
of z1 on [0, +00) and strictly increasing as a function of z; on || 2?22 £:x;|, +00).
Then both claims immediately follow, since Z?:z || > | Z?:z €i%4|. O

Lemma A.4. For anyni,...,ng € Nanda;' > 0,8, =1,...,n;,i=1,...,d such
that ZS _,a;" =w;/2 for any i =1,...,d, one has
> dx

d
Z / / ( > dx > Hnl /2711 /2nd (
i=1
STEP 1. We first show that the right hand side of (A.1l) is non-increasing with

2nq 2ng
Proof. We divide the proof in two steps.
respect to m;. Set

(A.2) (Tp)(x1,.yza) = > > o > p<
Elzil €2::|:1 Ed:il
Note, that the integral in the right-hand side of (A.1) can be rewritten in the
following form
w1/2 wa/2
/0 /0 (Tp)(x1/n1,...,xq/nq) dz

The inner function is non-increasing in n; due to Lemma A.3. Therefore, the
integral is also non-increasing in n;.

STEP 2. We now prove the claim of the lemma. Assuming that there is a set
of numbers ((a;*)),s; =1,...,n;,i =1,...,d for which inequality (A.1) fails, take
the one with mlmmal ny + ...+ ng. We will show that one can change ai,...,a}"
to be equal and inequality (A.1) would still fail. By doing similar change for all
i = 1,...,d, we would then obtain that inequality (A.1) must fail when for all
i=1,...,done has a} = ... =al".

To show that aj, ..., a;, can be set equal, consider the left hand side as a function
F of (ai,...,al") on a compact set {(a},...,al"): ai* > 0,G(a},...,a}*) = 0},
where G(af,...,ay") = Y 0'_ aj* —w1/2. Since F is continuous in aj',s; =
1,...,ny it attains its minimum at some point (a3'),s; = 1,...,ny for which also
(A.1) fails. If some of the aj' were 0, we could remove it from the set (aj'),s; =
1,...,n1, obtaining a set of variables not satisfying (A.1) with a smaller sum ny +

.+ ng, because the right hand side is decreasing with respect to n;. Therefore,
(a3'),s1 = 1,...,n; belongs to a relative interior point of a compact set we are
working with. Thus, method of Lagrange multipliers provides us with the following
equations on (aj'): for some scalar A and o that are not 0 at the same time

A\ VF(a,...,ai") =0 - VG(a,...,at") =0 (1,1,...,1).

Note that A # 0, otherwise we would get ¢ = 0 too. Thus, for all s; =1,...,n; all
the derivatives

d
E Eil;

i=1

OF oy
as ( S art)
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are equal. Note that the function F' can be written as

&il a;z a;d
F(a,....a0" ) = > / / / (Tp)(y1,- .- ya)dya . .. dy.
81,.y8d 0 0 0
Therefore,
OF . no nd as? al? .
ﬁ(a%"“’all):Z"'Z/ / (Tp)(a3*,y2s .-, Yd) dyd - - - dya.
1 0 0

32:1 Sdzl

Let us show that the integral is strictly increasing as a function of aj* > 0. First
of all, due to Lemma A.3 an integrand is non-decreasing. In addition, when yo +
...+ yq < aj' the integrand is strictly increasing again by Lemma A.3. Therefore,
the whole integral is also strictly increasing.

Now, equality of partial derivatives implies that for any s; = 1,...,n; one has

N ng e a;d
ZZ/ / (Tp) (@i, y2s---,Ya) dyq - .. dya
0 0

52:1 Sd:1
N ng as? ajd
:ZZ/ / (Tp)(at,yo, ... ya)dyq . .. dys.
52:1 Sdzl 0 0
Hence ai = aj', ie. al = ... = ay*. Now, applying the same argument to all
al,...,a’),i = 1,...,d one by one we get that the inequality (A.1) has to be
K3 3
false for the point where a} = ... = al" = w;/(2n;),i =1,...,d (the latter equality
is due to the fact that ) _ a;’ = w;/2). But this is exactly the point where equality
holds in (A.1) . O

REFERENCES

[1] H. Jégou, M. Douze and C. Schmid, "Product Quantization for Nearest Neighbor
Search” in IEEE Transactions on Pattern Analysis and Machine Intelligence, vol. 33,
no. 1, pp. 117-128, 2011, 10.1109/TPAMI.2010.57.

[2] D. Slepian and J.K. Wolf, “Noiseless coding of correlated information sources,” IEEE
Trans. Inform. Theory, vol. 19, no. 4, pp. 471480, 1973.

[3] A. Wyner and J. Ziv, “The rate-distortion function for source coding with side in-
formation at the decoder,” IEEE Trans. Inform. Theory, vol. 22, no. 1, pp. 1-10,
1976.

[4] Zixiang Xiong, A. D. Liveris and S. Cheng, ”Distributed source coding for sensor
networks,” in IEEE Signal Processing Magazine, vol. 21, no. 5, pp. 80-94, Sept. 2004,
10.1109/MSP.2004.1328091.

[5] S. Graf, H. Luschgy, ”Foundations of Quantization for Probability Distributions”,
Lecture Notes in Mathematics 1730, Springer., 2007, 10.1007/BFb0103945

[6] A. Suzuki, Z. Drezner, ” The p-center location”, Location science, 4(1-2):69-82, 1996.
10.1016/S0966-8349(96)00012-5

[7] R. M. Gray and D. L. Neuhoff, ”Quantization,” in IEEE Transactions on Information
Theory, vol. 44, no. 6, pp. 2325-2383, Oct. 1998, 10.1109/18.720541.

[8] Amir Gholami, Sehoon Kim, Zhen Dong, Zhewei Yao, Michael W. Mahoney, Kurt
Keutzer, ” A Survey of Quantization Methods for Efficient Neural Network Inference”,
Book Chapter: Low-Power Computer Vision: Improving the Efficiency of Artificial
Intelligence, 10.48550/arXiv.2103.13630

[9] Royden H. L. ”Real Analysis”, New York: Macmillan, 2nd ed., 1968



32 TAO GUO, NIKITA KARAGODIN, AND EUGENE STEPANOV

SCHOOL OF CYBER SCIENCE AND ENGINEERING, SOUTHEAST UNIVERSITY, NANJING, CHINA
Email address: taoguo@seu.edu.cn

ST.PETERSBURG BRANCH OF THE STEKLOV MATHEMATICAL INSTITUTE OF THE RUSSIAN ACAD-
EMY OF SCIENCES, FONTANKA 27, 191023 ST.PETERSBURG, RUSSIA
Email address: nikitus20@gmail.com

ScuoLA NORMALE SUPERIORE, P1SA, P1AzzA DEI CAVALIERI 7, 56126 P1SA, ITALY AND ST.PETERSBURG
BRANCH OF THE STEKLOV MATHEMATICAL INSTITUTE OF THE RUSSIAN ACADEMY OF SCIENCES,
FONTANKA 27, 191023 ST.PETERSBURG, RUSsIA AND HSE UNIVERSITY, MOSCoOw

Email address: stepanov.eugene@gmail.com



	1. Introduction
	1.1. Classical quantization
	1.2. Functional product quantization

	2. Notation and preliminaries
	3. A bridge between classical and functional product quantization
	4. Random quantization and existence of optimal quantizers
	4.1. Random quantization
	4.2. Existence of nonrandom optimal quantizers
	4.3. Properties of quantizing sets

	5. Optimal quantizers for particular classes of functions
	5.1. Characteristic functions of measurable rectangles and their finite sums
	5.2. Characteristic functions of ``nice'' planar sets
	5.3. Linear functions
	5.4. Lower bounds for monotone functions
	5.5. Quadratic cost
	5.6. Further examples of functions

	6. General upper estimate for Sobolev functions
	Appendix A. Auxiliary statements
	References

