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ABSTRACT. We consider a branched transport type problem which describes the magnetic
flux through type-I superconductors in a regime of very weak applied fields. At the boundary
of the sample, deviation of the magnetization from being uniform is penalized through a
negative Sobolev norm. It was conjectured by S. Conti, F. Otto and S. Serfaty that as a
result, the trace of the magnetization on the boundary should be a measure of Hausdorff
dimension 8/5. We prove that this conjecture is equivalent to the proof of local energy
bounds with an optimal exponent. We then obtain local bounds which are however not
optimal. These yield improved lower bounds on the dimension of the irrigated measure
but unfortunately does not improve on the trivial upper bound. In order to illustrate the
dependence of this dimension on the choice of penalization, we consider in the last part of
the paper a toy model where the boundary energy is given by a Wasserstein distance to
Lebesgue. In this case minimizers are finite graphs and thus the trace is atomic.

1. INTRODUCTION

It has been observed experimentally [35] [36] 37] that when subject to an external magnetic

field, complex patterns appear at the boundary of type-I superconductors. It can be argued,
[36, 12], that in the regime of vanishing external field these reflect the structure of low energy
states. Based on the Ginzburg-Landau theory, it is known since the work of Landau [25] that
inside the sample these should be branching patterns. This has first been rigorously justified
at the level of scaling laws in [12, 11} [19]. Later on, in the so-called uniform branching regime
(see below), a branched transport type problem has been derived from the full Ginzburg-
Landau energy in [I7]. This gives a full justification of the emergence of branching patterns
in this part of the phase diagram. In a simplified two-dimensional setting, the minimizers of
the reduced problem (for thick enough samples) have been completely characterized in [20].
They are self-similar, branching trees.
In this paper we consider the cross-over regime between the uniform and non-uniform branch-
ing regimes. Starting from the corresponding reduced branched transport model (see
below) we aim at a qualitative description of the irrigated measure. In particular we are
interested in its Hausdorff dimension. Based on heuristics that we recall in Section [3.1] it
has been conjectured in [I8§] that this measure should be of dimension 8/5. Our main result,
Theorem [I.1] reduces the proof of this conjecture to the proof of a local scaling law for the
energy inside the sample. This is complemented in Theorem by a (a priori non sharp)
local scaling law which albeit not proving the conjecture, reduces the range of possible di-
mensions to the interval [3/2,2]. By itself, these results can be seen as a justification of the
belief that the complexity of the patterns observed at the surface of the sample are related
to the patterns living inside the sample.

1.1. The model. As in [12] 11l [19] 7], we consider the simplest possible geometric con-
figuration of a plate Qr = (=T,T) x @ with thickness 27" and periodic lateral boundary
1
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conditions i.e. Q = (R/Z)? subject to a perpendicular external magnetic field. Having [I7] in
mind we expect that the normal phase concentrate on branched structures in the regime of
vanishing external magnetic field. We thus represent it by a measure p = dt ® p; such that

for a.e. t € (=T1,T),
Mt = Z Pidx,
i

where X; € @ and ¢; > 0 are such that ), ¢; = 1. A bit formally (see Section for a
precise definition) we set for —T'<a <b<T

i) = [ 5 [ek + i ar (11)

where X; denotes the derivative of the map ¢ — X;(t). When b = —a = T, we simply write

As explained in [I7, Section 5], this is a variant of the branched transport functionals which
have received a lot of attention in the last couple of decades, see e.g. [7, 27, 8, 10} 9} 14} [33]
32, 138]. Using the short-hand notation (with H=/2 = H=1/2(Q))

— 1%
iz~ 112,

_1,
2

2. — 1112
e = 2F _y = Nz =17 4

we then consider for A > 0 the energy

Exr(p) = I(p) + Nlper — 17, (1.2)

_1-
2

By a simple symmetrization argument we will always consider symmetric minimizers of £ r,
see [17].

In the case A = oo, that is under the constraint that pip = 1 (hence the name uniform
branching regime), this functional has been rigorously derived in [17] from the full Ginzburg-
Landau energy. In the notation of [17], if 8 represents the strength of the external magnetic
field and a~! the coherence length, the uniform branching regime corresponds to a2/ «
B < 1. Formal computations suggest that should be the appropriate reduced energy in
the crossover regime o~ 2/7 ~ 8 < 1. We leave the rigorous derivation of the model for future
work and take instead as our starting point. Based on the constructions for the upper
bounds in [12] [19], the following conjecture was made in [I8]:

Conjecture. If p is a minimizer of (1.2)), then uirp is of dimension 8/5.
1.2. Results. Setting for ¢ € (0,7))

I(p,e) = I(p, (T — &, T)) (1.3)

to be the energy concentrated near the boundary and referring to Section for the precise
definition of lower and upper Hausdorff dimensions of a measure, our main result reads as
follows:

Theorem 1.1. Let 1 be a symmetric minimizer of (1.2)) i.e. with u_y = p; fort € [0,T]. If
B € (0,1) is such that

)
B

lim sup
e—0t

< 00, (1.4)
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then
=12 =D o) (1)

Before commenting on its proof, let us discuss the statement and its implications. First,
(1.5) shows that local energy bounds in the form of directly translate into lower and
upper bounds for the dimension of ur. Regarding the lower bound, since the function f is
increasing with f(0) = 1, establishing for any 8 > 0 improves on the bound 1 < dim pr
given for free by £y (1) < 0o (see Lemma . As for the upper bound, since the function
g is decreasing with g(1/3) = 2, in order to improve on the trivial bound dim ur < 2, it is
necessary to obtain for some 8 > 1/3. More importantly, since f(3/7) = g(3/7) = 8/5,
see Figure [1.2] we have the following corollary.

<dim pr < dim pr <

FIGURE 1. The functions f and g.

Corollary 1.2. If (1.4) holds with 8 = 3/7, then dim up = 8/5.

Let us point out that the scaling I(u, ) 3/7

scaling law from Proposition (3.1

We now outline the proof of Theorem [I.1} The lower bound estimate is given in Corollary
[3-:6] This may be seen as a regularity result for pp. Indeed, we prove in Theorem that
ur € H™7 for an explicit range of parameters v < 1/2 (depending on (). We then rely on
a variant of Frostman Lemma, see Lemma m to relate it to an estimate on dim pp. To
prove that up € H™7 we construct a competitor by replacing p in (T' — ¢,T") by two slightly
translated copies of p. Since I(p,¢€) is small by hypothesis, this comes with a small cost. By
minimality, we can then estimate by how much the H~%2 norm of pp is modified under this
procedure. Notice that our variations modify p up to the boundary so that we use minimality
for the full energy £, 7 and not only for the interior energy I. The crucial observation is that
this variation can be seen as a sort of mollification of upr. We can thus rely on a semi-goup
characterization of negative Sobolev norms to conclude, see Proposition [2.13] and Remark
2.14] The upper bound estimate is given in Theorem As opposed to the lower bound,
this estimate does not rely at all on the minimality of u. It quantifies instead the intuitive
statement that the more diffused is a measure, the more expensive it is to irrigate it. The
argument is a generalization of the interpolation type estimates from [I7, Proposition 5.3]
(which are used to prove the ansatz free lower bounds for the global scaling laws) in the case
of a measure which is not the Lebesgue measure. Interestingly, this reduces the problem to a

Sar e/ is exactly the local version of the global

~
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non-standard quantization problem, see Remark

Let us point out that Theorem [1.1]is somewhat similar in spirit to [33] where the “unit ball”
for the usual branched transport problem is considered. In [33], a regularity result for the
landscape function introduced in [38] is proven which is then translated into an upper bound
on the dimension of the boundary of this unit ball. There is however no complementary lower
bound. While the proofs and functionals are very different, these are, to the best of our
knowledge, the only results about the fractal nature of an irrigated measure. Other results
such as [9, 20, 28] are more concerned with the fractal nature of the branching measure itself.

Our second main result is that (1.4)) holds for § = 1/3. In light of the discussion above,
this allows to improve on the lower bound on the dimension but unfortunately not on the
upper bound. We actually prove a slightly stronger statement.

Theorem 1.3. Let i be any probability measure on @ and let p be a symmetric minimizer
of
min{I(p) : p+r = fif -
Then, for every e € (0,T),
I(j1,e) S max (=,63) + ().

In particular, if p is a minimizer of Exr,
3
dim pur > 5

Since by Theorem I(p,e) > €Y/? when pr is the Lebesgue measure, this shows that
the worst possible scaling is attained when the irrigated measure is uniform. The general
strategy of the proof is similar to |24, Theorem 2.6]. It consists, given the traces ppr_. and pr
in the construction of a competitor in (7'—¢,T") which has kinetic energy almost equal to the
relaxed energy (here W2 (ur—c, pr)/e), where W2, is the squared 2—Wasserstein distance
on the torus) and a well controlled perimeter. As in [24] a natural idea is to first discretize the
solution of the relaxed problem (here McCann’s interpolant between pr_. and pr) at some
well-chosen times t; with ¢ — 7" as k — oo and then make a construction in (tg,tg+1). A
major difference between [24] and our context is that in the case of a transport type energy we
are a priori very constrained regarding the geometrical structure of competitors. In particular,
the graph of a typical transport plan between two measures supported on N points has N2
edges which is much too large. The key observation is that among all optimal transport plans
(which in particular have the smallest possible kinetic energy among all measure interpolating
the discretized measure) there is at least one which is sparse in the sense that it contains of
the order of N edges, see [34, Proposition 3.4].

Remark 1.4. As in [24] we use the equipartition of the energy , see Pmposition in the
proof. We believe that as in [15] it should be possible to avoid this argument and get a sharper
bound i.e. replacing C'/n by C in (3.17)). This would require much more work but would be
a necessary first step in order to obtain energy bounds which are localized both in time and
space as in [15, 2] 41], [16].

1.3. A toy model. The proof of Theorem can be extended to any space dimension and
to any boundary term of the form H ™% with s > 0. The expected dimension of pr however
depends on the specific choice of s. In order to highlight this phenomenon, we consider in



FROM ENERGY BOUNDS TO DIMENSIONAL ESTIMATES 5
Section [4] a toy model where we replace the H~/2 norm by a Wasserstein distance to the
Lebesgue measure. This acts morally speaking like a H ! penalization. Moreover, we work in
a simplified two-dimensional setting reminiscent of [20]. For p = dt ® p; with puy = ZZ]\L 1 Pidx,
where as before Zf\;l pi =1but X; € Q =R/Z, we set

/ Z 1 + ()OZ‘X | } dt + AWper(:u:l:Ta 1)

As in [20], we replaced in the energy the term goi/ by cp?. This is motivated by the fact that
this term should be seen as a perimeter, see Remark Our main result is that for any
value of A and T, the minimizers of £ /{dT have a finite number of branching points.

Theorem 1.5. Let \,T > 0 and p be a symmetric minimizer of Eicl_p Then ur s atomic
with finitely many non-zero atoms.

Remark 1.6. This is in strong contrast with the case of a penalization by a H™° norm in
dimension two. In that case a direct adaptation of Theorem[1.1 and Theorem[1.3 gives that pp
does not have atoms for s < 3/4. A refinement of this argument shows that there are actually
no atoms for s < 1 (alternatively this would follow from Theorem provided we can show
(1.4) for the optimal decay rate 3 = 2s/(2s + 1) when s > 1/2, giving dimup = 1 — 2s).

As already observed in [20], in this two-dimensional setting, which is actually closer in
spirit to a time-dependent one-dimensional setting, the no-loop property of u implies that
the transport map from pg to pp induced by p is monotone (see Lemma . In particular
it is (up to a translation) the optimal transport map. In order to prove Theorem we
first show in Theorem that as in usual branched transport (see e.g. [32]), there is an
equivalent Lagrangian formulation of the problem. As opposed to standard representations
in terms of probabilities on the space of curves, we parametrize the curves by their initial
point. This may be seen as the analog of optimal transport plans versus optimal transport
maps in optimal transport problems. The main advantage of working with a Wasserstein pe-
nalization is that in the Lagrangian viewpoint the internal kinetic energy and the boundary
energy can be combined together. The problem then becomes an irrigation problem to (and
from) the Lebesgue measure but where the perimeter is penalized only for part of the time.
As a consequence of this and of the no-loop property we can prove in Proposition [£.7], the so-
called cone property, which is pivotal in our analysis. This property states that each subtree
starting from a Dirac mass at a point X and irrigating the Lebesgue measure on an interval
A is contained in the cone in time-space spannned by X and A. Using the cone property
we prove in Proposition a lower bound on the possible mass of a subtree containing a
branching point (which then implies Theorem [1.5). The idea is that if there is a branching
point of mass ¢ at a distance £ from the boundary, we can replace the whole subtree by a
segment. This way we gain at least € in perimeter and the cone property guarantees that
we loose at most something of the order of £p? in the kinetic energy. This would contradict
minimality if ¢ is too small. The actual proof is more involved since we need to obtain a
lower bound on the mass of each subtree to be sure that ur has finitely many non-zero atoms.

Thanks to the quantitative lower bound from Proposition [4.12| on the flux that can carry
a branching tree, we prove that for some values of A and T minimizers of 5)1\7@[ do not have
branching points at all. In these cases we can completely solve the problem.
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Theorem 1.7. If \min(1,T) < 1, then minimizers ofé’/{dT are made of N equidistant straight
segments each carrying a mass 1/N. Moreover,

1

A\ 3

N ~ 1, =] .
maX<,T>

2. NOTATION AND PRELIMINARY RESULTS

In this section we define the energy functional and set some notations. With the symbols
<, 2 we indicate estimates which hold up to a universal constant. We say that A ~ B if
A< BS A Weuse A< B as an assumption. It means that there exists € > 0 such that
provided A < B, the conclusion holds. We denote by |- |per the distance on @ and by |- | the
Euclidean distance so that |x|per = minga |z — z|. We write z € R4 as z = (z,t) € R? x R.
The symbol V always refers to derivatives in the ’horizontal’ variables x while 9; denotes the
derivative in the 'vertical’ one. We set Q = (R/Z)? to be the d—dimensional torus and then
Qr = (=T,T) x Q. We let M*(Qr) be the set of positive measures on Q7 and M(Qr;R?)

the set of finite measures on Qr with values in R?.

2.1. Optimal transport. In this section, we set some notation regarding optimal transport.
For much more on this topic we refer e.g. to [39] 34].
If Ao and \; are positive measures on R? with \;(R%) = \y(R%) we set as usual

Wg(Al,Ag):min{/ lz —yl2dr m= N, 2':1,2}.
4 R4 x R4

Here w1, respectively mo denotes the first, respectively the second, marginal of 7. Similarly,
if A1, Ao € M+(Q) with )\1(@) = )\Q(Q), we set

Wger(/\l,)\g) :min{/ \m—y\gerdﬂ ST =Ny 1= 1,2}.
RIxR4

™

We recall the Benamou-Brenier, or Eulerian, formulation of optimal transport. For X €
{Q,R?%} and every a < b we have with * = per if X = Q and * = 2 if X = R%,
1

W2(Xo, A
b—a *( 0, 1)

= min /
() | J(a,b)xX

Finally, we recall the following characterization of optimal transport maps on Q when d = 1.

Proposition 2.1. Let d = 1 and A\, A2 € M1(Q) be such that \1(Q) = X2(Q). If A1 does
not contain atoms, the optimal transport plan for Wger()\l, A2) is induced by a map ¥ which
can be extended to a monotone map on R with ¥ — x periodic.

dm |?

an du:m<<u,8tu+v-m:Oandua:)\l,ub:)\g}. (2.1)

2.2. The (internal) energy functional. We mostly follow the notation from [I7]. In order
to give a unified presentation for the three dimensional functional considered in Section
and the two dimensional toy model from Section 4] we consider the problem in arbitrary
dimension.
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Definition 2.2. We denote by At the set of pairs of measures i € M1 (Qr), m € M(Qr;R?)
with m < p, satisfying the continuity equation (in the distributional sense)
Oop+V-m=0 in Qr, (2.2)

and such that p = dt @ py where, for a.e. t € (=T,T), s =Y, pidx, for some @; > 0 and
X; € Q. We denote by A5 = {p: Im, (u,m) € Ar} the set of admissible p.
We define the functional I : Ap — [0, 00] by

i dm |?
/ Z w(z')) ¢ dt +/ am du, (2.3)
T EQ QT d/,L
and (with abuse of notation) I : A — [0, 00] by
I(p) = min{I(p,m) : m < p, Op+V-m=0} (2.4)

For - T <a<t<b<T, we set

Plu,t) =) (@) T and  Ea(mt) / ‘dmt

(2.5)
z'eqQ dp

We then define

b b
P(H? (CL, b)) = / P(Mvt)dt and Ecin(lu’v (avb)) = / Ecin(ﬂ’t)dt (2'6)

so that (recall (1.1))), I(p, (a,b)) = P(u, (a,b)) + Ecin(, (a,b)). As for I we, recall (1.3), we
write P(p,e) = P(u, (T —e,T)) and similarly for Ecin(p,€). Finally, if the measure p is clear
from the context we sometimes omit to write it.

Remark 2.3. The power (d — 1)/d in the definition of I comes from the fact that this
term corresponds to a perimeter in the horizontal variables, see [17, 20]. One can of course
consider the case of an arbitrary power o € [0,1). Most of the results of the paper extend
to this more general functionals. However, in order to keep the number of parameters in the
model reasonable we decided to stick with this particular class.

Let us notice that by (2.1) we have for =7 < a < b < T and every p € A},

1
Ecin(,uv (CL, b)) Z mwger(uan ,u'b> (27)
For two measures jix € M (Q) with 14 (Q) = i—(Q) we consider the problem
inf {I(p) : par=ps+}. (2.8)

By (2.7), if I(n) < oo then t — py is 1/2-Hélder continuous as a curve in the Wasserstein
space so that the traces are well-defined. Using a simple extension of the construction from
[17, Proposition 5.2] we have

Lemma 2.4. For r,T > 0 let Q" = (0,7)% and Q4 = (=T,T) x Q". Then, for every fix €
MH(QT) with @ = 14 (Q") = a—(Q"), there exists a pair (u,m) € M (Qh) x M(Qh;R?)
with m < p and such that
o i = dt ® py where, for a.e. t € (=T,T), i = Y, pidx, for some ¢; > 0 and
Xz e Q’l"’.
® [t = fit;]



8 G. DE PHILIPPIS, MICHAEL GOLDMAN, AND BERARDO RUFFINI

e O +V-m=0inQ, forte (=T,T), my-v =0 on 0Q" where v is the exterior
normal to Q";
e we have

2
P
I(p,m) <TO T + T (2.9)

Since Neumann boundary conditions are compatible with periodic boundary conditions,
applying Lemma with 7 = 1 yields that the infimum in (2.8) is finite. Moreover, arguing
as in [I7, Proposition 5.5] we have existence of minimizers.

Remark 2.5. Notice that if we considered as suggested in Remark[2.3 a more general power
a in the definition of I, using a simple extention of the branching construction from [17,
Proposition 5.2] we would have that is finite for every fix provided o > (d —2)/d. In
the language of branched transportation, under this condition every measure can be irrigated
from a Dirac mass.

We now introduce the notion of subsystems which slightly generalizes [17, Proposition 5.7]
(the proof being totally analogous we omit it).

Proposition 2.6. Let t € [-T,T] and (u,m) € Ap with I(p,m) < oo and set v = dm/dp.
Then for every o < p, there exists a measure (1 € A} such that
1) ¢ = p— [ is a positive measure;
11) ﬁt =0y
iii) @ satisfies the continuity equation Oy + V - (vp) = 0.
In particular (p,vir) € Ar and I(g,vp) < I(p,m). Similarly (1, vp') € Ap with I(p/,op’) <
I(p,m).

In view of the previous proposition, when p; = Y, ¢;0x, and at ©idx, for some ¢ (which is
exactly the case considered in [I7, Proposition 5.7]) we denote ;" 7' =L (¢, T)xQ the forward
subsystem emanating from X; and ,ut_l = pl(=T,t) x Q the backward subsystem emanating
from X;. Let us recall from [I7, Lemma 5.8] the no-loop property of minimizers (this is

actually a small extension of that lemma, using Proposition instead of [17, Proposition
5.7]).

Lemma 2.7. Let p be a minimizer of (2.8) and t € (=T,T). For X; and X2 in Q such
that py(X;) # 0 for i = 1,2, denote by ,u the forward and backward subsytems emanating

from X;. If there exist =T <t_ <t <ty <T such that for x € {£}, plt and pl? are not
mutually singular, then X1 = Xo.

In most of the paper we will consider the case where iy = fi— in (2.8). In that case, by
symmetrization we may concentrate on minimizers of (2.8)) which are symmetric with respect
tot =0.

Remark 2.8. If ju is a symmetric minimizer, applying Lemma[2. 7 with t+ = T we find that
for every t >0, if py =), (pde with X # X, for i # j, then denoting by pu'' the forward

subsystems starting from X, ,uT and ,u ! must be mutually singular.

Arguing as in [I7, Proposition 5.10& Proposition 5.11] we have
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Proposition 2.9. Let ji € MT(Q) and p be a symmetric minimizer of [2.8) with fix = fi.
Then, for every T' < T, u is a finite graph in Qp without loops. In particular we have

1w= [ ZZ [sofdl wiXiF] dt (2.10)

where the sum is locally finite and between two branching points, t — ;(t) is constant while
t — X;(t) is affine. From now on we will always use the representation (2.10) of I.

Remark 2.10. Notice that from the no-loop condition and the subbaditivity of ¢ — w%
. d—
both §Spt p and P(p,t) =), goi(t)Tl are increasing in (0,7T).
We end this section by proving equi-partition of the energy. For similar results in related
models see e.g. [24] [0, [16].

Proposition 2.11. For i € M (Q) let u be a symmetric minimizer of (2.8) with i+ = fi.
There exists A € R with

I(p)
Al S ——= 2.11
A5 1 (211)
such that recalling the definition (2.5)), we have for t € (=T,T)
P(u,t) = Een(p,t) + A (2.12)

Proof. As usual the proof goes through internal variations. Let £ € C2°(—T,T). For |¢| small
enough, & = Id + &£ is an increasing diffeomorphism of (=7, T') into itself. We consider the
competitor given by $;(t) = ¢;(£-1(t)) and Xi(t) = X;(¢-1(t)). Notice that by Proposition
the number of branches in the support of ¢! — Id is finite so that this definition is not
ambiguous. By minimality of u we have

I(p) < /T > [(‘Pi o1 T +IE P pio €71 IX; 05_1\2] dt
— 7T Z 13 € 13 15
_ -1 T d—1 . . X
e / ) [w 1+ef) 401 +ef>soi|xz-|2] ds
T

T . . .
=1I(p)+e /_T(Ecin — P)éds + O(?).

This concludes the proof of (2.12)). Integrating (2.12) we have

T . T .
/ P = / Een + 2TA.
-T -7

T . T .
/ P+ / Ecin = I(M)
-T -T
we also get (2.11])). O

Remark 2.12. Let us point out that the result also holds without the symmetry assumption
(and for general boundary data). We only stated it in this form so that P’roposition applies.
This avoids technicalities to fully justify the computations.

Since P, Ecin >0 and
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2.3. Sobolev spaces, Hausdorff dimensions and capacities. For a measure o € M(Q),
we denote by (0%)pecza its Fourier coefficients. We then set for vy € R,

ol = ) k7G| (2.13)
kezZd

Notice in particular that for v > 0, ||o|| -+ < oo forces 69 = 0(Q) = 0. A crucial ingredient
in the proof of Theorem is the following characterization of negative Sobolev norms.

Proposition 2.13. For every v > 0 there holds

1
dn
loll2 - ~ /0 Y el | 2, (2.14)

|k|<n—!

Proof. We begin from the right-hand side and use Fubini to get

! 2vy+1 2| dn 2 ! 2’y+1d77
7 > Ikllow] ;=Z|k!\0k| | Xl

|k|<n—1 k 1

|
=Z|kuok|2/
k O

~ 3[Rk gy 2
k

=D kol
k

= lo 3

k|1 d
n
"727+17

n

O

Remark 2.14. If we consider p, = n~%(-/n) a standard compactly supported convolution
kernel and set o, = py,* o using for instance Fourier series we see that (2.14) is equivalent to

1
ol ~ [t [ 1191y P,
0 Q n

Here \V|% can be defined for instance through its Fourier symbol by |V’%O'k = |k|%5k. This is
a variant of classical semi-group characterizations of Sobolev spaces, see [40]. After the work
[23] of Hairer these have gain a lot of popularity in the study of PDEs with randomness, see
e.g. 4, B1, 21]. To the best of our knowledge, it is however the first time that it is used in
such a context.

We now recall some definitions from geometric measure theory. We will need to consider
both measure in @ and in R¢. Denoting by H® the a—dimensional Hausdorff measure, we
recall (see e.g. [29]) that for A C X with X € {Q, R?} the Hausdorff dimension of A is defined
as

dimx A = sup{a : H*(A) > 0} = inf{a : HY(A) =0}.
For measures there are many ways to define upper and lower dimensions [30]. We will use
the same definition as in [5]. For 0 € M™(X) we define the lower and upper dimensions as

dimy o = inf{dimx A : 0(A) >0} and dimxo = inf{dimx 4 : o(X\4) = 0}.
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If dimy o = dimx o, we denote by dimyx o this common value. Notice of course that every
0 € MT(Q) can be considered as a locally finite and periodic measure on R%. Tts dimension
on @ and R? coincide. When it is clear from the context, we will omit to specify X in the
notation.

It is not hard to see that

dimy o =sup{a : 0 < H*} and dimgxo =inf{a : 0 L H*}.

When X = R? we recall the connection between (lower) Hausdorff dimension and capacities.
For a € (0,d) and 0 € M*(R?) we define the Riesz energy as

Va(o) = / da(m)da(y)'
RixRd [T —Y|*
The a—capacity of a set A C R is then given by
Cu(A) =sup{V, (o) : 0 € MT(A), 0(A) = 1}.
Finally the capacitary dimension of a set A is given by
dim, A = sup{a : Cp(A4) >0} = inf{a : Cp(A4) =0}.

By Frostman Lemma, see [29, Theorem 8.9] we have for every Borel set A C RY,

dimps A = dim, A.
As a consequence we have the following bound on the lower dimension of a measure in R
Lemma 2.15. Let 0 € M*(RY) with 0(R?) < co. Then

dimpas o> sup{a : V,(0) < oo}. (2.15)

Proof. Denote by D the right-hand side of (2.15). For ¢ < 1 let a = D — & which imples
that V(o) < oco. Then if A C R? is such that o(A4) > 0 we have Cy(A) > 0 and thus
dimps A = dim. A > «. This proves that

dimpio > a=D —e¢.

Since ¢ is arbitray this proves dimps o > D.
O

Remark 2.16. In general the inequality in is strict. Indeed, for every o € (0,d) if
f e LYRY\H(=)/2(RY) (see below and recall that L' (RO\H V(R = () only if
v > d/2), then identifying f with the measure fdxr we have dimpa f = d but Vo (f) = oo by
below.

In combination with Proposition [2.13]an important ingredient is the following counterpart
of Lemma [2.15]in the periodic setting.

Lemma 2.17. Let 0 € M (Q) with 0(Q) = 1. Then
dimg o > sup{a : [lo — lHH,%(d,a) < 00}. (2.16)

Proof. The proof will be obtained as a combination of Lemma and a localization argu-
ment. Indeed, for v € R and o € M+ (R?), we define the (homogeneous) H~" norm by

o -oqe = [ 1@, (2.17)
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where F is the Fourier transform. We then have for some constant Cy o > 0, see [26, Theorem
5.9],

Va(O') = Cd,aHO-HiI_%(d_a)(Rd)- (218)

In particular by Lemma the counterpart in R? of (2.16]) holds true. We first claim that
there exists x € Cg°(By/4) with x 2 1 on By g and a family of complex coefficients (ny)jez4
with || < |k|~(1=%) such that for every o € M (Q) with ¢(Q) = 1,
do, — 1)(do, — 1 .
T _/ Cor =DWoy = 1) (o )+ Yl (219)
H™z QXQ ‘l‘ - y‘per kezd

Without loss of generality we may assume that o € C*°(Q). Fix first x € C°(B
on Byg. Let

) with y =1

1
1

K(z) &f) € LYQ).

|/ Bex
By Parseval (in Q) there exists a constant C' > 0 such that

dog, — 1)(do, — 1 ~
[ et Doy =0 Y Relail?
QxQ |$_y|per kezd

By (2.13)), in order to prove ([2.19)), it is therefore enough to show that there exists a constant
Cq,o > 0 such that

|Bi = Caalbl 4| =D, (2.20)
Since in By /4, we have [z]per = |2| we find

Ky = / x(@) exp(—ik - z)dx = /R x(@) exp(—ik - x)dz = F(K)(k)

Eds a |z

where for z € RY,

= x(@)
K(x) = .
||
Denoting ¢ = F(x) (which is a Schwartz function) we have by [26], Theorem 5.9]
= ¥(E)
F(K)(k)=Cha | 7——7—dE.
(R)0) = Cuo [ | e
We claim that

Lo = e [l e (2.21)

Since [pa ¥ = x(0) = 1, this would conclude the proof of (2.20). On the one hand, since ¥ is
a Schwartz function, for every g > 1

1 Cdea _
/c <|k;—§|d—0¢ + k|~ )> [(€)|de Sp k7.
k|
L]
On the other hand in B/, by Taylor expansion,

[l = 17470 — =) < (et g

so that (2.21) follows.
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We now prove (2.16)). Consider first o such that |jo — 1||H*%<d*“) < 00. We want to prove
that
dimg, o > a. (2.22)
By translational invariance it is enough to prove that

dimQaLB; > .
8

By (2.19), || < |k|7@H1-2) K € LY(Q) and the fact that in B4 we have |z|per = [2] we

have dod
ozdo
/ miix(w —y) < o0.
oxqQ 1z — Yl
This implies that for every cut-off function X supported in B;/g with 0 <y <1,

= [, ot
R xR4

|z —yl*
By ([2.15]) this concludes the proof of (2.22)).

We now prove a characterization of the upper dimensions.
Lemma 2.18. Let 0 € M (X) with 0 < o(X) < +00. Then

dimx o = sup{a : there exists 0 # & < o such that 5(B,(z)) <1 for all x € X,r < 1}.
(2.23)

Proof. As above let D be the right-hand side of (2.23)). For ¢ < 1 set a = dimx o — ¢. For

every § > 0 let
By
As={reX : limsupm >0}
r—0 re
By [3, Theorem 2.56] we have H%(A45) < 6~ 1o(X) so that
(B (2))

A=UsAs ={z X : limsupa

r—0 re

>0}

satisfies dimyx A < . Since o < dimyx o, we must have o(X\A4) > 0. Therefore, there exists
§ > 0 such that setting F5 = X\ As we have o(Fs) > 0. Defining for M > 1 the sets FM as

FM — {2z e X : o(B,(x)) < Mr®, for every r < 1}
we have 3
Fs = {:U eX: limsupa(rra(x)) < 5} - UMZlFM.
r—0

Thus there exists M > 1 such that o(F™) > 0. Using triangle inequality it is then not hard
to see that o = oL FM < o satisfies

o(By(x)) < Mr® forall z € X, r < 1.

Dividing if necessary & by a large constant this proves that D > o = dimyx o — ¢. Since £ was
arbitrary we get
D > diimx g.
To prove the opposite inequality let o = D — . By definition of D, there exists 0 £ g < o
such that
o(B(x)) <r® forallz € X, r <1.
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Since o < o, if A C X is such that o(X\A) = 0 we also have o(X\A) = 0 and so c(A) > 0.
By [3, Theorem 2.56] we have

o SHYLA
and therefore H%(A) > 0. This implies that dimx A > «. Taking the infimum over all such
sets A we find dimx o > o = D — €. As before since ¢ is arbitrary we have

dimx o > D,

which concludes the proof of (2.23]).
U

Remark 2.19. Let us point out that when X = R%, arguing as in the beginning of [29, Chapter
8], we have similarly to (2.15))

dimps 0 = sup{a : there exists 0 # ¢ < o such that V,(7) < 0o} .

3. MAIN FUNCTIONAL

In this section we fix d = 2. For A\, T > 0, recalling the definition (2.4]) (see also (2.10))) of
I we define the energy

Exr(p) = I(n) + Nlper — 17 (3.1)

We use here the short-hand notation

1-
2

| pser — 1”2_% = ||u_7 — 1||2_% + |lpr — 1||2_%~

Let us notice that we implicitely used the normalization pi7(Q) = 1. However, by scaling
this comes with no loss of generality. Let us also notice that arguing as for we can
prove existence of minimizers for £, . Moreover, by symmetrization we may assume that
is symmetric around ¢t = 0 i.e. pu = p—y for ¢t € [0, T].

3.1. Heuristics. In this section we give a boiled down version of the constructions from
[12, 19]. The main purpose is to give a heuristic motivation of the conjecture from [I§]
regarding dimpu7.

Proposition 3.1. For every A > 0 and T > 1, we have
min &y r(p) ST (3.2)
o

IfO<T <1 and > T?,

mﬂiné}\,T(,u) < min (T%, )\%T%) (3.3)
Finally if T <1 but A\ < T2,
min &), (n) $ AST5. (3.4)

Proof. By symmetry we make the construction in (0,7). If T > 1 we can apply (2.9) in
Q" = Q with ® =1 and i1+ the Lebesgue measure so that

1
Enrl(w) ST+ ST.
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This proves (3.2). We may thus assume that 7 < 1. Let N € Nand N~! > r > 0 to
be chosen below. We divide @ in N? cubes Q; of sidelenght 1/N and center X;. We let
Qi = X; + (—r/2,7/2)%. We then use (2.9) (with ® = N~2) inside each Q; to connect

1 1
Mo = Z ﬁéxl to ur = Z N2y2 XQ;

7 7

at a cost
<N+
1 —.
(W) SNT + 7
When 7 = N~! we have ur = 1 so that
1 1
. < _ml
mﬁng(u) S min NT + TN? Ts. (3.5)
For 7 < N1 instead, by [19, Lemma 4.4] (see also [12, Proposition A.2])
1
— 1% < -
so that
nEr() < min [ NT4+ 4 A (3.6)
min min —+A— . )
po M a ~ N>1r<N-1 T rINZ2

If we set aside the constraints N > 1 and » < N~!, we can minimize the right-hand side by
minimizing for instance first in 7 and then in N. This yields

N~MNT 7, re~XT7 and  Evp(p) S AT (3.7)
The condition N > 1 is satisfied provided
A T2 (3.8)
The condition » < N~! is satisfied provided
AT,

If A\ > T71/3 we see that TV3 < X2/7T3/7 50 that provided T' < 1 with A > T2, we have

min &y 7(p) < min (T%, )\%T%> .
m

This proves (3.3). If instead A < T2, we choose N = 1 in (3.6) and then r = (\T)'/3 <« 1
which gives an energy of the order of

min &y r(p) S AST ™3,
m

W=

This concludes the proof of ([3.4)). [l

Remark 3.2. Let us point out that the most interesting regime is . Indeed, cor-
responds on the one hand to samples which are too thick so that the details of the branching
structure are not relevant. On the other hand, corresponds to samples which are not
large enough so that the artificial boundary conditions interfere with the geometry of the mi-
crostructure.

Remark 3.3. Arguing as in [I1] [19] it is possible to obtain matching lower bounds. These
can also be directly derived from the interpolation estimate [13], Proposition 1.4]. See also [17,
Proposition 5.3] for a simple proof in the case A = oco.



16 G. DE PHILIPPIS, MICHAEL GOLDMAN, AND BERARDO RUFFINI

Remark 3.4. While the constructions used in the proof of Proposition are certainly not
minimizers of Exr, it is somewhat reasonable to expect that minimizers should have a similar
structure. In particular, if we assume that minimizers are self-similar, we should be able
to compute dim pup by looking at these constructions. Recall that dim A = « if for r small
we can cover A by n balls of radius r in such a way that nr® ~ 1. If we look at the non-
uniform branching construction from Proposition we see from that (setting A = 1
for simplicity)
n=N>=T"7 and r=T7% sothat mnrs~ 1.

This explains the conjecture from [18] that dim ur = 8/5. Notice moreover that since €3/7 <
el/3 fore < 1, we actually expect that for every fized value of X and T the energy scaling in the
slabs (T —e,T) x Q should be of the order of e3/7. We thus believe that close to the boundary
the microstructure resembles the non-uniform branching construction and so dimg pr = 8/5
even if we are in the global energy regime T3 < N2/7T3/7.

3.2. From local energy bounds to dimensional estimates. In this section we prove

Theorem We first prove the lower bound. As already explained, thanks to Lemma [2.17
it reduces to a regularity result for up.

Theorem 3.5. Let pu be a symmetric minimizer of Ex 1 and assume that there exists § € (0,1)
such that limsup,_,oe ?I(u,e) < co. Then

1433

1+8°

Proof. Let e; be the first vector of the canonical basis of R? and n € (0,1). Let € < 1 to be

chosen below. We are going to construct a competitor g for £, 7. Since p is symmetric, we
only discuss the construction in (0,7"). If p is given by

= @i)ox, ),
Mti = Z Soi(t)5xi(t)

Xi(t) ifte[0,T—¢

[pr —1 lig—a) <0 forall o < [f(B)=

I,

we set

where

XE (1) =
Xi(t) £ 2(t = (T —¢))er ifte (T —¢,T).

In particular pu* = p in (0,7 — ¢] while in (T — ¢, T), we have X = X; + Ze;. We then set

oL
=S+t Zs&zé~

By minimality of p we have & r(u) < Exr(p) Wthh after rearangement of the terms yields

1) = 1) 2 Al = 12y = i =102, |- (3.9)

We first estimate the left-hand side. By subbaditivity of the square root and as X f = Xij:gel,
we have for every t € (T —¢,T)

— 1. 2
> 7 <2:P(ut)  and Zwﬂ Eein(p,) + .

i
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Integrating and using that by hypothesis, P(u,g) Su 7 we find
Uk Uk
1G) ~ 1) S P(we) + - 5 ef + L (3.10)
We now estimate the right-hand side of (3.9). To simplify a bit the notation we let o = up
and o = . Notice that if 7, f(z) = f(z — ne1) we have

~ 1
o= 5(7'_7]0' + 7,0).
Therefore
o = % (exp(—2imnk - e1) + exp(2imnk - e1)) o) = cos(2mnk - e1)0k.
This gives
Jor =117y~ i =17,y = 3 I 5 BBy

kezd [k[<n—1t

Combining this with (3.9) and (3.10]) we obtain
2 k- el 2
e’ + % AT Z | 7 | ok .
|k|<n~!

Repeating the construction but with a shear in the direction es instead of e; and summing
the estimates, we get after optimizing in e by choosing e = n%/(1+58)

28
N+ Zuan® > |kllokl. (3.11)
BN

By Proposition for o € (0,2),

1 311) 1
dn dn
o =10,y S [P S PR S [t
H- 22— 0 k§1 n . 7
The right-hand side is indeed finite for every « < f(8). This concludes the proof. O

As a direct consequence of Theorem and Lemma we get

Corollary 3.6 (Lower bound in Theorem . Let p be a symmetric minimizer of Exr and
assume that there exists 8 € (0,1) such that limsup, e PI(u,e) < co. Then

dim py > f(B).
We now turn to the upper bound in Theorem

Theorem 3.7 (Upper bound in Theorem. Let p be such that limsup,_,qe PI(y, ) < 0o
for some 8 € (0,1). Then
4(1-p)
1+4
Proof. The proof builds on the proof of [I7, Proposition 5.3] but in the case where the target

measure is not the Lebesgue measure. Let o < dim p7. By Lemma there exists 0 # o <
pr such that o(B,(z)) < r® for every z € Q and r < 1. Let i < p be given by Proposition

dim pr < g(B) =
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and such that i = 0. By construction we have I(p,¢) < I(u, ). Notice also that since
u does not contain loops, also 11 does not contain loops. For € > 0, denote

fle = Z Pi0x;-
i

Then, using Young’s inequality, and since (0,T) > ¢ — P(Ji,t) is increasing by the no-loop
condition,
4

@

) > gz% Per (fe;s 0 E4+a <Z x ) (Wger(ﬁajg))m ) (3.12)

We claim that
Wiy (i, 0) 2 Z% : (3.13)

In this case, since
1 4 a+2 «

24+« + a 4+«
by Hoélder inequality we would get

d¢t | Whalieo)™ 2 (3el] (e | =X ei=0@
Plugging this back into (3.12]) would give

& 2ul(p,e) 2 I(jie) 2 472 0(Q)
and thus < (4 —a)/(4+ a) ie. a<g(f).

We are thus left with the proof of (3.13). We have

Wger(ﬁ&/v ) Z o Iglén /‘x X|perdal (314)

We fix ¢ and assume up to translation that X; = 0. Let r be such that o;(B,) = ;

(notice that since o; < o, 0;(B,) is a continuous function of 7) and let r; = 2~/ Zl/a so that
oi(Br;) <18 < ;/2. We thus have o;(B,\By,) > ¢;/2 and then

2 2 > %*1
|x’perd0i > T do; = i .
Q By\Br,

Summing over i concludes the proof of (3.13]).
O

Remark 3.8. Notice that given o and ® = {p;}Y,, can be seen as a (non-standard)

quantization problem
Ra(q)) IIllIl WI?er (Z (pz(sty )

and (3.13)) can be rewritten as
) > Z ot (3.15)
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If we keep the number N of points fized and minimize further over ® we find the classical
quantization problem, see e.g. [22, Lemma 3.4],

R, N = mqin Ry (D).
Recalling the definition [22, Definition 11.1] of the lower quantization dimension of o as
2log N
D = liminf ———————
Dy(o) =it =~
we have by [22, Theorem 11.5]
dimo < Dy(0). (3.16)
Equivalently, for every o < dimo,
RQN 2 N_%.
Since this estimate is also implied by (3.15)), we can see (3.15) as a refinement of (3.16)).

3.3. Local energy bounds: Proof of Theorem The main result of this section is

that we can connect any two given probability measures i+ at small cost.

Proposition 3.9. Let T > 0 and iy be probability measures on Q. Then, for everyn € (0, 1),
1+n

) _ L C 1
minI(n) = pr = e} £ g Wi (s i) + - max (1.7%). (3.17)

Proof. If T 2 1 we can directly appeal to Lemma with r = ® = 1 so that we may assume
without loss of generality that T < 1. Let m be an optimal transport plan between i and
jiy. For t € [-T,T], we define the interpolated measure u’ by

T—1t t+7T
t __ 0
/Qfdu —/QXQ£< 5T x+ 5T y) dm(z,y) Ve € CY(Q).
By definition we have for —T <t <s<T

2
s l—s _ _
Since for every p, recall (2.7)),
1 _
Eein (1) > ﬁwger(ﬂﬂmr) (3.19)

with equality for p!, the idea is to construct a competitor p as a discretized version of p!. That
is we want to be as close as possible to the equality in while keeping a good control on
the perimeter (which would be infinite for x'). The construction is similar in (=7, 0] and in
[0,T") hence we only describe it in [0,7"). Notice that of course the two constructions coincide
at t = 0. We claim that we can construct g on [0,7) x @ such that pur = iy and for every
n € (0,1),

1+ C 1 1
Eein(p1, (0,7)) € Wi (i i) + gT% and  P(u,(0,T)) ST3.  (3.20)
This would conclude the proof of (3.17).

We consider a dyadic decomposition of the time interval [0,7] in intervals of the form
[tk, tre1] and for each t;, we will discretize u'* on grids which refine as k — oo (and t, — T).
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In (tg,trs+1) we simply interpolate using a sparse optimal transport plan.
We now give the details of the construction. We first define the ;. For this we fix a parameter

1 1
S<h< = 21
1<9<3 (3.21)

and set tg = 0,
te=tp1+ (1 —=0)T3" 1  fork>1. (3.22)

‘We thus have

oo
. k
kli)ngotk =(1- 5)Tk206 =T.
For k > 0, we now define 1, . We pass not to construct the measures 1;; we begin by defining
it on t;, and then we suitably interpolate the y;, via optimal transport plans. At time ¢y = 0
we want a surface energy of the order of 772/3 and thus around 7%/3 Dirac masses (see
(3.5))). This suggests to choose C' € (1/2,3/2) such that Ny = CT~2/3 € N (recall that T < 1
so such a choice of C' is possible) and then set rg = N L

Np = 2N, =2FNy  and rp=N,'  fork>1. (3.23)

For every k£ > 0 we then divide @ in N,? cubes (); , of sidelenght 7. Denote also by X; ;. the
center of the cube Q; x, and ¢; , = p'*(Q; ). We then set

N;
e, = Z‘Pi,kéXi,k for k > 0.
i=1

We complete now the construction of p; inside (tg,tx41) for & > 0. We first recall that if we
consider two discrete measures A\g = > - ; pi0x, and A\; = Z;nzl V;dy;,

Wger(AO))‘l) = min ZHU‘X@ - Y}|§>er : ZHZJ = ¥i, ZHZ] = 1,[)]' ;
— ; p

IeR*™ i

which is a linear programming problem with n + m equality constraints. Therefore, while
solutions can have up to n X m non-zero entries, the extremal solutions have only at most
n +m (actually n +m — 1 by [34] Proposition 3.4]) non-zero entries. We call such a solution
sparse. For k > 0, let 7F be a sparse optimal transport plan between ey, and gy, . See
Figure

We then let py be the displacement interpolated measure between py, and gy, , through
7" ie.

ter1 — th ter1 — tg

lgy1 —1 t— 1
/ Edp =/ 5( T+ y> dr*(z,y) V€€ CYQ).
Q QxQ
Notice that since p, is discrete for every k > 0, also p is discrete and we can write it as

= Z ©idx;-

Of course with the notation above, for every ¢ we have oy = wfj for some i, j and Xy is the
linear interpolation between X, and Xj ;1.
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FIGURE 2. The idea is to connect the discrete measure at level ¢, with that
at level t;41 with a sparse transport, i.e. with the least possible connections,
in order to minimize the perimeter.

time bk

We start by estimating the kinetic energy. By construction we have

W2 Mty Mt )
" l tk+1 1 per( ko Mt

Now, by triangular and Young inequalities we have
2
Wger(,utk ) Ntk+1) < (W/per(ﬂt;C ) Ntk) =+ Wper (Ntk > :Uftk+1) + Wper(ﬂthrl y Mgy q ))
¢
< (U mWoer (™% 100 (W Gt 1) o+ W ity 1))

We have for k > 0 by definition of p,, (notice that all the masse of a cube Q; ) goes to the
center of the cube)

Wger (lutk’ Mtk) S/ Tl%' (3'24)
Using (3.18]), we find
RTRE IR DI} DR AR )yt
k>0 >0 (QT) >0 brepr —
1 + n 2 ,_ _ 20 7’]%
=~ IW2 (i ge) =y —k
AT per( :u+) n kz>0 tk‘+1 — 1

Recalling the choice of ¢ in ([3.22]), the choice of r; in (3.23)) and the choice of § in (3.21)

we get
S sy s
_ ~ k ~
otk —te T T
Therefore,
147 o C 1
Ecm(lu’v (O T)) < FWI?QT(M_7M+) + gT3 . (325)
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We now estimate the perimeter term P(u, (0,7)). We first notice that since 7% are sparse

optimal transport plans, if we set
M (t) = ¢ Spt pu
then we have for every k > 0 and every ¢ € [tg, tx11],

M(t) < M(ty) + M (tgs1). (3.26)

Notice also that M (t) is actually constant in each (tg,tx+1). Moreover, since for k > 0,

M (ty) = N} we have by (3.23))
M(ty) <4*T5  forall k > 0. (3.27)
By Holder inequality we have for £ > 0 and ¢ € [tg, tx11],

M- E28)&([E27)
P(ut)=>p? <M(@t): < 2"T75
=1

Integrating we find

T
P O1) = [ Plt) £ (0o 002785 1Y 8 S T (sas)
0 k>0 E>0

Combining this with (3.25)) concludes the proof of (3.20). We finally prove that up = . If
t € (tg,tg+1), by triangle inequality
Woer (1t it4) < Woer (112, fty 1) + Woer (B 41 17571) 4+ Woer (1™, i)
Using again triangle inequality we have
Wpcr(ﬂta ,Utk+1) < Wpor(ﬂtm#tkH) < Wpcr(ﬂtmﬂtk) + Wpcr(ﬂtkvﬂtk+1) + Wpor(ﬂtkﬂaﬂt“l)-
Thus

Wper(ﬂta Bt) S Wper(ﬂtmﬂtk) + Wper(ﬂtkaﬂtk“) + Wper(ﬂtkH»MtkH) + Wper(ﬂtk+1»ﬂ+)

ETLEZ) b —ts T—t
5 L+ ( k+lT b + Tk+l> Wper(ﬂ*a/j+)'

This concludes the proof of up = fiy since 1 + (tgr1 — tg) + (T — tg41) — 0 as k — oc.
O

We may now prove Theorem

Proof of Theorem[1.3. Let i be a probability measure on ) and p be a symmetric minimizer
of (2.8) with iz = fi. For e < T, we apply Propositionwith n=1/2,2T" =¢, i’ = ppr_.
and i/, = pr to obtain by minimality of u,

3 _ 1
Ecin(e) + P(e) < %Wger(u;p_g,u) + C max (e,53) )
By (2.11) and (2.12]), there exists A with |A| < I(u)/T such that
1 1
P(e) = 5P(e) + S Eein(e) + Ae. (3.29)
We thus have
3

1 3
§Ecin(5) + iP(s) < %Wger(uT,E,/]) + C'max (57&?%> + Ae.
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Using once more that
1 _
ECiH(S) > gwger(:qusnu)

we conclude after simplification that
P(e) < max <5,5%> + I(,u)%.

Plugging this into (3.29) yields the same estimate for Ein(¢) and thus also for I(u,e). O

4. PENALIZATION WITH WASSERSTEIN DISTANCE

In this section we work in R? i.e. d = 1 and consider for y € A% the functional
N(t

)
[1 + gpz-]XiF} dt + Awser(uﬂ, 1).

T
E19 () = T(1) + AW2, (juap, 1) = / )
=1

As above it is possible to prove that there exists a symmetric minimizer of £ }\dT When d =1,
as a simple consequence of the no-loop condition the coupling between pr and p; induced by
the subsystems of y is monotone.

Lemma 4.1. Let p € A} be a symmetric minimizer of E)l\dT. For every t € [0,T), if us =

> pidx, and if ubt are the forward subsystems starting from X;, then considering p: as a
periodic measure on R we have

X;<X; = sup{Spt /ﬁfz} < inf{Spt ué&j .

Moreover for i # j, for all x € Q, ,ugf({x}),u;]({x}) = 0. As a consequence, there exists
a monotone map V; : Spt ur — R such that Yy — x is periodic and Vilur = pe. Finally
t — Wy is compatible with the tree structure of p in the sense that if 0 <t < s < T and
pht = > $jdg. then Uy(x) = X; implies ¥y(x) = X;.

J

Proof. The first part of the claim is a direct consequence of the no-loop condition, see Remark
2.8, We define ¥, as follows:

X, i
Wi(a) =4 oy () >0
min{X; :2 € Sptuy} if pr(x) =0.

By the definition of forward subsystems and the no-loop property we have that ¥ is indeed
monotone, ¥; — z is periodic and W fiur = . Finally, if 0 <t < s < T, then the forward
subsystems of y, are given by the collection of all forward subsystems of p%* which concludes
the proof. O

Remark 4.2. Since ¥, is monotone and ¥y — x is periodic, up to a translation it is the
optimal transport map for Wger(,uT, ).

We now prove the equivalence between the Eulerian formulation and a Lagrangian for-
mulation of the problem. In the Lagrangian point of view, the boundary penalization term
)\Wger(-, 1) can be considered as part of the kinetic energy (see (4.2])). We first introduce
some notation. For 7 > 0 we set

Cr={X:[-1,7]xQ—-Q : X(—7,2) = X(1,2) =z, and for a.e. z, t —» X(t,x) is AC}.
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Here and from now on, AC stands for absolutely continuous. For A\, T > 0 we set T = T+ AL
We define for X € Cr,, y € Q and t € (=7, T) the multiplicity function, counting the number
of particles in y at time ¢:

ox(y,t) = {r e Q : X(t,z) =y}l (4.1)
We then set

1
L X :/ d:l:dt-i—/ 0, X |%dzxdt. 4.2
A (X) or Px(X(t,x),1) Qn, 19:X] (4.2)

We use here the convention that 07! = co. Let us insist on the fact that in the definition of
L the kinetic energy is computed for |t| < Ty while the perimeter part is computed only
for ‘t‘ <T <Ty.

Theorem 4.3. For every T, X > 0,

;g;g Exir(n) = Xne%% Lyr(X).

Moreover, from every collection of curve X € Cr, minimizing Ly, letting for t € [=T,T],
we = X (t, -)ﬁl we can construct a minimizer of 5)\1‘1T. Viceversa, every symmetric minimizer

pue Ay of Si’dT, induces a minimizing X € Cr, of Ly 1.

Proof. Let X € Cr, be such that £y 7(X) < oo. Let p; := X(¢t,-)y1 for t € [-T,T]. Fix
€ (—T,T) such that

1
/Q ox (X6, < (4.3)

Notice first that there is an at most countable collection of points X; € @ such that px(X;,t) >

0. Moreover, from (4.3), for a.e. x € Q, px(X(t,x),t) > 0 and thus X (¢,z) = X; for some i.
Letting

Ai={reQ : X(t,z)=X;} and ¢ = |4
we have px(X;,t) = ¢; and
da; = / dx = L
/Q SOX(X(t ) Z go

Therefore there are actually only N(t) = #{;(t) # 0} < oo such points X; and

T 1 T
/—T/Q mdﬂgdt - /_T N (t)dt. (4.4)

We claim that p; =) ; (1) ©idx,. Indeed, for every ¢ € C(Q),

N(t)

/gdut /g txd:c—Z/g dx—Zgol

We then define for ¢ € (—T,T) the measure m; € M(Q,R) by its action on £ € C(Q):

/{dmt /5 (t, )0 X (t,x)dx.
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We have m < p and Oy + 0,m = 0 so that (u,m) € Ap. Using [39, Proposition 5.18], we

find
1 2
/ —| du= sup gdm—ﬁdu
2 Jor|du ¢ec@r) Jar 2
X, t)?
= sup / [f(X,t)(?tX—M} dxdt
¢eC(@Qr) JQr 2
!5\2
§/ sup [€Oh X — dxdt
Qr §€R
1
= / |0, X |2dadt.
2 T
In combination with (4.4) this gives
1
WX ?+ ————dxdt > I(p). 4.5
L 10X dndt > 1 (4.5)

We now consider the boundary part of the energy. For every x € Q,

T)\ 1
/ 10, X (t, x)|2dt >
T T\ —

Therefore, recalling that ur = X(T',-)41 we have

T,\
/ / ‘(%X‘ dtdx > A per(,uT, )

71X (D7) = X(Tx 2

) )’per:)"w_)((jj‘r 2

’ )|per'

Similarly

-7
/ / |0: X [Pdtdx > AW (p—r,1).
QJ =Ty
Combining this with (4.5)) concludes the proof of
Lar(X) > &% ().
We now prove the opposite inequality. Let u € A% be a symmetric minimizer of E}fT.

By symmetry, we will give the construction only for ¢ € [0,7y]. As usual we write p; =

EN(l) ©i0x, where N(t) is increasing. Let U’ be the optimal transport map for Wpyer(1, 7).
We can then see ¥/ as a monotone map from R — R with W' — z periodic. For t € [0,T), let
¥, be the map given by Lemma, We then set

X(t,x) = {‘l’t(‘l”(ﬂf)) ift €0,7)

Mt =T)x+ (Th — )V (z)] ifte [T, Ty (4.6)

By definition, X (T),x) = z and for every ¢ € [0, T3], the map =z — X (¢,z) — x is periodic so
that we can consider X (¢,-) as a map from @ to ). We now prove that for a.e. x € @, the
curves t — X (t,z) are AC. To prove this it is enough to prove that for a.e. x € Q, X (¢, z) is
continuous at ¢t = T, and that

T T N® Ty
// |8tX(t,:c)|2dtdx:/ > @il Xi*dt  and // 0:X (t, )| Pdtde = AW, (pr, 1).
QJo (UN— QJT

(4.7)
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On the one hand, by definition of X, we have for a.e. z € Q
lim X = U'(x).
lim X (¢, z) €9

On the other hand, for t € [0,7), since ¥;1 = pp and (W¢)ypr = p (thus X (2, )31 = ) we
have

&7
/Q X (t,2) — W(2) Popdc = / W, — 2 Podpir = Wiz ) < |t — TII().

Therefore, for a.e. z € @,
lim X (¢, z) = ¥'(z).
tlTT (7 ) ( )

This concludes the first part of the claim. We now prove . Since U’ is the optimal
transport map for Wper(1, pur), the definition of X for ¢ € [T, T)] directly gives the second
equality in the statement. To prove the first equality we notice that and it is enough to
consider an interval (¢_,t;) on which p; does not have branching points and prove that

ti ty N )
/ / 10,X [2dadt = / S il Xl (4.8)
t- JQ t- =1

On such an interval, by the compatibility of ¥; with the tree structure of p we have that for
pur a.e. € @, there exists X; such that ¥;(x) = X; for t € (t_,t+). This implies that for
a.e. x € (@, there exists X; such that X (¢,z) = X; for t € (t_,t4). Since X(¢,-)41 = p; we
deduce that

X (t,x) = X; and ox(X,t) = ¢;. (4.9)
This yields . Notice also that also gives

/OT/Q(’DX(ldedt:/OTN(t)dt. (4.10)

In conclusion, X € Cr, and by (4.7) combined with (4.10]),

Lrr(X) = E35 (k).
O

Remark 4.4. Let us point out that as a consequence of the no-loop condition, if X is a
symmetric minimizer of £y r then for every t € (=T»,T)), X(t,-) is a monotone map, see

(£6).

Remark 4.5. For s € [0,1], let us consider the barycenter problem

i 1— W2 (1,v) + sW? 4.11
yemin o (1= 8)Wer (1) + sWper (v, 1) (4.11)

Neglecting the interfacial term in the previous discussion, we obtain a similar representation
min (1 —s)W2 (1,v) + sW? min / / Oy X |“dxdt.
V€M+(Q)( ) per( ) per( Mu) X (0,2)=2,X (1,)1=p1 ‘ t |

Moreover, any solution of (4.11)) is given by X(s,-);1 where X is a minimizing family of
curves. Since

per

1
/ 10, X |2dt > | X(1,2) — X(0,z)?
0
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we have that

1
min / / 0. X Pdadt = Wi (1, p)
X(0,2)=z,X(1,)s1=p Jo

and if ¥ is the optimal transport map for Wger( i), the optimal trajectories are given by
X(t,z) = (1 —t)x + t¥(z). This shows that the solution to is given by McCann’s
interpolant v = X(s,-)y1. This proof of course also works in the Euclidean case and can
be extended to more general starting measure than the Lebesgue measure (when optimal
transport maps do not exist, one needs to work with probability measures on the space of
curves, see for instance [39, Proposition 5.31]). This gives an alternative proof of [1 Section
6.2], where the barycenter problem (for the much more complicated case of an arbitrary

number of measures) has been introduced first.

A crucial consequence of the Lagrangian formulation is what we call the cone property of
minimizers. In order to state it we need to introduce some notation. Let X be a symmetric
minimizer of £y and p; = X(t,-)s1 the corresponding minimizer of 5/{%,. For every t €
(=T,T) we can consider y; as a periodic measure on R (correspondingly X — x as a periodic
family of curves) which writes as

Mt = Z pidx;

1€EZ
and we can assume without loss of generality that the points X; are indexed in increasing
order i.e. X; < X;11. We then let for ¢ € [0,7T),

Al(t> = {.’IJ eR : X(t, .’L') = Xz} (412)

Since X (t,-) is monotone, see Remark we have for some z7, € R
Ai(t) = [x;t, x:rt) with xit =T, 9
We then set for s € [t, T)\],
+ s—1t o+ Ty —s

xi,t(s)_T t 2t+T)\_t
Remark 4.6. Let us point out that X (s,-)sxa,) for s € [t,T) coincides with the forward
subsystem starting from X;(t).

X;. (4.13)

The cone property states that if z € A;(t) then for s € (¢,T)), the point X (s, x) lies in the
cone in time-space spanned by the vertex (¢, X;) and the segment (T, 4;(t)), see Figure

Proposition 4.7. Let X be a symmetric minimizer of Ly 1. Then, for every t € [0,T) and
every 1 € 7,
X(s,x) € [m,(s), :rft(s)} for every x € A;(t), s € [t,T]. (4.14)

Proof. We fix t € [0,T) and construct a competitor by projecting the trajectories starting in
A;(t) on [xf;t( s), :_t(s)]

~ X if s <t

R(s.a)= {00 o M

max(min(X (s, ),z (s)),z;,(s)) if s >t and x € A;(1).

We first notice that since X (s, -)—x is periodic, this construction gives also a periodic X (s,-)—

x. Furthermore, by the no-loop property this operation can only decrease the surface part of
the energy. Fix z € A;(t). By definition of 7 (s), we have X (s,z) = X(s,2) for s € {t,T»}.



28 G. DE PHILIPPIS, MICHAEL GOLDMAN, AND BERARDO RUFFINI

5T A;

THT) = 70 (TH) A

time Th =T + )\71
V \ / / time 1’

time ©

f’ﬁ“) "”Li\ L,L(f)
FiGURE 3. The cone property

Moreover, since X (z,-) is an AC curve, we have a partition of (¢,7)) in countably many
intervals as

(t,T\) =T U (ujzj) U (ujzj‘)
where
= X(s,z) forseXl
R(s.a) = {50 .
ziy(s) for s €I
We thus have
N 2 512 2 12 2
aX—/ X = /8X—/6X|+ /ax—/|ax.
/Oytyoythzjwmzjw S ftoke = [ 1o

J J
Let us prove that for every j,

/ 0,X2 < / 9,X 2 (4.15)
I¥ T*
with equality only if X (s,z) = mft(s) in I]i. This would conclude the proof of (4.14). For

definiteness we consider an interval If = (s1,52). Since X(s,z) = X(s,z) for s € {t, Ty} we
also have X (s,z) = X(s,x) = a::t(s) for s € {s1, s2}. Therefore,

s2 0 o x(s2) — zt,(s51)]? X - X 2 52
/ |atX|2 _ | Zﬂf( ) Z,t( )| _ | (5271:) (51,17)‘ S/ |8tX|2,
S1 S92 — 81 S92 — 81 s

1
with equality only if X (s,z) = x:t(s) for s € [s1, s2]. This concludes the proof of (4.15]).
Il

Remark 4.8. Let us point out that applying Proposition [{.7 with t = 0 and s = T already
guarantees that the measure pr = X (T, )41 is not the Lebesgue measure.

We now define the energy of connecting one dirac mass at time 0 to the corresponding
Lebesgue measure at time Ty. For ®,7 > 0 and X € R we set

CXo = {X:[0,T] x [-®/2,8/2] 5 R : X(0,2) = X, X(T,z) =z,
and for a.e. =, t — X(t,z) is AC}.
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Recalling that T\ = T + A~!, we then set for X € 67{7@,

<
2

T % 1 Ty 9
L X) = / / ——dzdt +/ / Oy X |“dxdt, 4.16
,T,(I)( ) 0 _% @X(X(t,x),t) 0 _% | t | ( )

where the multiplicity ¢ x is defined as in . We then define
E@®,T,)\X)= min Lyre(X), E(®T,\)=E®,T,)0) and E(T,\)=E(1,T,\).
Xecq’qu,
We first point out the following scaling properties of E(®, T, \, X) (see also [20, Lemma 3.1]).
Lemma 4.9. Let ®, T, \,r >0 and X € R. We have on the one hand
E(®,T,\X)=E(®,T,\) + ;I;X\Q (4.17)
and if X is a minimizer for E(®,T,\), then

. Ty — ¢ _
X(t,z) = X(t,2) + =——X

Ty
is a minimizer for E(®,T,\,X). On the other hand,
E(®,T,\) = rE(r—3®,r 1T, r)) (4.18)

and if X is a minimizer of E(®,T,\) then

~ 2 2

X(z,t) =r"3X(rsz,rt)
is a minimizer of E(rfgtb, 1T, r)N).
Proof. The proof is immediate using the formulas defining X. O

A first important consequence of Proposition 4.7 is that if 4 is a minimizer of £y then
every forward subsystem is a minimizer of some E(®, T, \, X).

Proposition 4.10. Let p be a symmetric minimizer of E/{dT and let X be the corresponding
minimizer of Lyr. Fizt € [0,T) and write py = Y, pidx,. Then, recalling the definition
(4.12)) of Ai(t) and setting for s € [0, (T —t),],

~

_ 1 _ _

Xi:/ xdx, Xi(s,z) =X(s+t, o+ X;) — X,
Pi JA; ()

we have that )?Z € C()%__gj . is a minimizer of E(p;, T —t,\, X; — X;). As a consequence,

min Ly p(X) =2 min FE(p;, T, A

nin L7 (X) ginin (i, T, A)
and if po = >, pidx,, we have X; = X; for every i.
Proof. The first part of the statement is a direct consequence of Proposition [£.7] For the
second part we have

min Ly r(X) =2 _min Bl ToA X — %) B2 2 min |E(en TN + £0x, - X2
Cr =1 2=l T

which concludes the proof. ]
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Remark 4.11. By the above discussion, minimizers with either periodic or no boundary
condition coincide and thus both the Eulerian formulation and the cone property also hold
for minimizers of E(®,T,\, X).

By Proposition .10 and Lemma .9 Theorem [I.5]is a direct consequence of the following
result.

Proposition 4.12. For ®,T, X\ > 0 let X be a minimizer of E(®,T,\). Ift = 0 is a branching
point, i.e. there exists N > 2 and @; > 0 with sz\;1 w; = © such that there exists a partition
of (=1/2,1/2) = UN | A; with |A;| = ¢; and

X(t,z) # X(t,y) for everyt > 0 and every x € A;, y € Aj with 1 # j.

then for every i,
A293 Pi
14+AT ¢ ™~

(4.19)

Proof. By Lemma [£.9] we can assume without loss of generality that & = 1. We first prove
that

A2
LT > 1. (4.20)
We set
A=1[-1/2,1/2]
so that by we have for x € A,
T T
X(T,x) € [_ZT)\’ QTJ :

Therefore
T

T
| < o7+ < .
2T\ — 1+ AT

sup | X (T, x) (4.21)
A

We construct a competitor X for the energy by setting for x € A,

)?(t 2) = 0 for t € [0,T],
ANt =Tz fort € [T, Ty

Notice that X (z,0) = X (z,0) =0, X(z,T) = 0 and X (z,Ty) = X(z,Ty) = .

On the one hand, since 0 was a branching point at time ¢ = 0, by the no-loop property,
there are at least two branches for every ¢ € (0,7"). On the other hand, for the competitor
we constructed we have a single branch, that is

r 1 T 1
/ / —————dtdx > 2T and / / ————dtdz ="T.
Ao ex(X(t,2),1) AJo pe(X(t 2),t)

Moreover,
T T
// |8tX|2:O§// 10, X |2
AJO AJO
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By minimality of X for E(T,\),
0< Lari(X) — Lara(X) < —T—F/A/TTA 0, X — |0, X |dtdx
_ T4 )\/A 2l — |z — X(T,2)]2 de
_ 7y A/ 22X (T, 7) — | X (T, ) dz
< T4 A |X(T.0)

= +1+)\T'

This concludes the proof of (4.20). We now prove that fori =1,--- , N,
2

1+ AT

0 > 1. (4.22)

For definiteness we prove it for 1. We set ¢ = ZZJ\L 5 i. We may assume that ¢ > 1/2 since
otherwise ¢ > 1/2 and there is nothing to prove. We will make a construction similar to
the previous one. It turns out that this construction is simpler to describe via the Eulerian
viewpoint. We set for ¢ € [0, 7]

pi= X0 )xa, and = X (6 )pxaa,-
We thus have for j € {1,2} and t € [0,T), ul = > cpgéXg, with (recall that X (T,-) is
monotone)

Lara(X) = 1(u',(0,T)) + I(1®, (0, 7)) + AW (g, Xa,) + AWE (1, Xava,)-

We then use as competitor iy = ¢~ 'u?. Since

I(7,(0,7)) = P(u*,(0,T)) + ¢~ Eein(1*, (0,T))
and since P(ut, (0,T)) > T we find by minimality of p,

T+ Eein(p?, (0,7)) + AW5 (i, Xay) + AW3 (17, Xava,)
< ¢ Ben(1?,(0,T)) + AWZ (0™ 1, ).
Using that (notice that there is actually equality)
W3 (o™ i xa) < W3, xaa,) + W3 (97! = D xa,)

and ! —1 = (p1/¢p), we obtain after simplification that
1

We now estimate separately the two terms on the right-hand side of (4.23]). For the first one
we use that by (4.21)) we can use Lemma [2.4| with » = AXT'/(1+ AT) to construct a competitor
fi with fip = pg, fir = p7 and

r2p AT \2T
I, 0,T) ST+ —<TH+ ————= < .
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By minimality of u we have

Benly, (0.1)) < 122, (0,7)) < I(f, (0.T)) S L
AT - AT - AT ~ 1+ 2T

For the second term we use triangle and Young inequalities to infer that for every ¢ € (0, 1),

(4.24)

Cc
Wi ((p1/ @)z, xar) < (L4 W3 (nr, X)) + < W3 ((01/ @)t i)
and thus
W3 ((p1/ )17 ) — W3 (g ) S OW3 (g )+ 6 W5 ((p1/@)ut, 1)
2 \P1/ @)Uy XAy 2By XAL) X 2 (U5 XAy o @1/ @)U BT )-

Using that

2/ 1 2 2 1 #.21) AT ?
Wy (up;xa,) S¢1 and Wy((er/@)ug, ur) S (01/9) ,

1+ AT
2T \?
—1
o+ <1+AT>

we get after optimization in § (recall that ¢ > 1/2),

AT
14+ \T°

W3 ((e1/9) 17, xa,) — W3 (wips xa,) S 1 min <o

6€(0,1)
Plugging this and (4.24]) into (4.23) yields

2T
1+ AT
which after division by T' concludes the proof of (4.22)).

TS e

O

We finally prove Theorem For this we need the analog of Proposition for 5}\:}.
Using the Lagrangian formulation we can easily provide a complementary lower bound.

Proposition 4.13. For every ®,T,\ > 0,

B@TA) ~T + 22 (4.25)
T 1+ AT '
As a consequence,
: 1d . 1 1 2
min &% (1) ~ T + min <T3,)\3T3) . (4.26)
neAL

Proof. We first prove (4.25)). By (4.18) we may assume without loss of generality that ® = 1.
If XT <1, we simply take as competitor the non branching measure given by

o if t € [0,T]
X(t,x) = {A(t —T)x ifte[T,T)].

If instead AT > 1 we apply Lemma [2.4] with » = 1. This concludes the proof of

E(T. N <T .
(TANSTH 17

Regarding the lower bound we have by the Lagrangian formulation (4.16]),

E(T/\)>T—|—/; 12 gy > A
’ B 1 T ~ 1+ M\T°

2
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In this estimate we used that N(¢f) > 1 to estimate the first term in (4.16)) and Jensen
inequality to estimate the second term in (4.16). We now turn to (4.26). By Proposition

(.10}

N
. (4.25) A 3
mlnE =2 min E(g;,T,\) = NT + ———— ,
~ min |NT N72|.
1%13}[ T1TET ]

Taking

N = max (17 (T(H):)\T)>é>

concludes the proof of (4.26)).
O

We finally prove Theorem which states that if A < 1 or AT' < 1 then minimizers of
EidT are vertical segments uniformly spaced.

Proof of Theorem[1.7]. Let p be a minimizer of 8/{ 7 and X be the corresponding minimizer
of L) 7. Let us first prove that if u does not have branchlng points then it must be made of
uniformly spaced vertical segments. By Proposition [4.10) we get that it is made of vertical
segments. If p; = Zfil ¢idx, (where now ¢; and X; are constant in t),

NT+Z%] .

In order to minimize the right-hand side we must have ¢; = 1/N (which means uniformly
spaced segments) and
1
A\ 3
N ~ 1, =) .
o (1.2)

We are thus left with the proof that if Amin(1,7") < 1 then there can be no branching points.
The case A < 1 is directly taken care of by Proposition since in that case cannot
hold. We now assume that A > 1 with AT" < 1. Let ¢y be the implicit constant in
(notice that we actually only use so we could take co = 1). If g =), pidx,, we set

I = {Z Do > Co)\_2/3}.

ExIr(u) =

By Proposition [4.10]

£33 _2ZE (¢i, T, \) _2<ZE (i, TN + > E(ei, T, A))

A T

We claim that Z = (). This would conclude the proof since for i € Z¢, i.e. ¢; < coA"2/3 the
minimizers of E(¢;, T, A) cannot have branching points by (4.19). Let ® = >, ¢; and assume
that ® # 0. On the one hand, by Proposition 4.10

(#23) L 1
Zlﬁln E(;, T,\) = ZE i, T, \) Z )\ng?z)\_gz%-:)\_ﬂb.
7 7
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On the other hand, using (4.25)) with ¢); = 1/N, we have for every N € N,

in E(1 T)\)<NT+>\(I)3
111 1 - -
o= vet N2

Taking N ~ ®A/37-1/3 > (AT)~1/3 > 1 we have

1 2
in B, T.)\) < \sT 5,
Smin (i, T, \) S

Recalling that we assumed AT < 1 we have

AT ™3 < A\ 73

from which we reach a contradiction. O

Remark 4.14. In the regime Amin(1,7") 2 1, we expect that using the scaling properties
from Lemma [£.9) and the recursive structure given by Proposition [£.10] one can adapt the
proof of [20] to exactly identify the minimizers of E(A,T"). This goes however beyond the
scope of the paper.
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