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Abstract: We prove an homogenization result, in terms of Γ-
convergence, for energies concentrated on rectifiable lines in R3

without boundary. The main application of our result is in the
context of dislocation lines in dimension 3. The result presented
here shows that the line tension energy of unions of single line
defects converge to the energy associated to macroscopic densi-
ties of dislocations carrying plastic deformation. As a byproduct
of our construction for the upper bound for the Γ-Limit, we ob-
tain an alternative proof of the density of rectifiable 1-currents
without boundary in the space of divergence free fields.

1 Introduction

In this paper we prove an homogenization result for energies of the form

∫
γ
ψ(b, t)dH1, (1.1)

where µ = b ⊗ tH1 γ is a divergence free matrix valued measure, γ ⊂ R3 is a
1-rectifiable set, and t its tangent. The vector b is a multiplicity which belongs
to a discrete lattice B in RN , with N ≥ 2, and will also be called the Burgers
vector of µ. HereM1

df(Ω;B×S2) denotes the set of such measures, where Ω ⊂ R3

is an open bounded and regular set.
We consider the following scaled version of the energy in (1.1)

Eσ(µ) ∶=

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

∫
γ∩Ω

σψ (
b

σ
, t)dH1 if µ = b⊗ tH1 γ ∈M1

df(Ω;σB × S2),

+∞ otherwise.
(1.2)

Under some mild assumptions on the density ψ we study the asymptotics of
Eσ in terms of Γ-convergence with respect to the weak∗ topology of measures.
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The main result of the paper is that the limiting energy takes the form

E0(µ) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

∫
Ω
g (

dµ(x)

d∥µ∥
)d∥µ∥ if µ ∈ [M(Ω)]N×3, divµ = 0,

+∞ otherwise,
(1.3)

where g ∶ RN×3 Ð→ [0,+∞) is a convex 1-homogeneous function defined in terms
of the density ψ (see Theorem 2.5 for the exact statement).

Our result extends the result in [8], where the same problem is treated in
dimension 2, i.e., Ω ⊂ R2, and from which we borrow several ideas for the
proof. The main difference is that in dimension 2 the support of the measures
in M1

df(Ω;B × S1) has codimension 1, so that the energy in (1.1) reduces to
a functional defined in the space of SBV functions with values in B (and the
measure µ is nothing but the rotated gradient of the phase field u). This allow
the authors to use tools from the Calculus of Variations for functionals defined
on partitions and therefore in SBV (see [1]).

In dimension larger than 2 there is no phase field describing the admissible
configuration, so we use techniques of geometric measure theory and the analysis
of functionals defined on rectifiable currents (rephrased in terms of the measures
in M1

df(Ω;B × S2)). Energies of the form (1.1) have been studied in [6] where
the authors give necessary and sufficient conditions for the lower semicontinuity
of such functionals.

The major difficulty in the proof of the Γ-convergence is the construction for
the upper bound. Implementing a standard density argument we first need to
reduce to the case of measures absolutely continuous with respect to Lebesgue
and having piecewise constant density. This step requires to prove that such
measures are dense in energy for the limiting functional E0. The second key in-
gredient of the proof is then an ad hoc construction which allows to approximate
divergence free piecewise constant fields with measures concentrated on poly-
hedral closed curves and optimal energy. As a byproduct of the construction
for the recovery sequence we thus obtain a different proof of the approximation
of divergence free vector fields by means of measures defined on closed curves
(see Theorem 3.5). Stated by J. Bourgain and H. Brezis in [3] in the context
of solenoidal charges in the sense of Smirnov (see [21]), this density result is
proved in [15] with respect to the strict topology of measures.

The main motivation for our analysis is the study of line defects in a 3-
dimensional crystal, the so called dislocations. At a mesoscopic scale (larger
than the microscopic lattice spacing) they are indeed identified with line ob-
jects carrying a vector multiplicity belonging to the lattice, so that they can be
represented as measures belonging toM1

df(Ω;B×S2). The divergence free con-
straint is reminiscent of the topological nature of these defects. At this level one
can associate to each dislocation a line tension energy, i.e., an energy with the
same form of (1.1). Such energies can in turn be derived from more fundamental
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models. For example, in [10], [13], and [5] the authors deduce the line tension
model accounting for the elastic distortion in the material induced by the pres-
ence of dislocations. See also [19], [20], [11], and [18] for a similar derivation
in dimension 2 for cylindrical geometry where dislocations are viewed as point
defects. Similarly, this type of line tension model can also be derived under the
assumption that the line defects are contained in a given (slip) plane as limit
of nonlocal phase transition energies (in the spirit of the Cahn Hilliard energies
for liquid-liquid phase transtions), known in the literature of dislocations as
(generalised) Nabarro-Peirls models (see [7] and the references therein). The
natural representation of the line energy here is given by functionals defined on
the space of BV functions with values in a discrete group, so that dislocations
are identified by the jump set of such functions, see [9].

In this paper we are interested in the case of a large number of dislocations
on a macroscopic scale. The interest of this case lying in the fact that a large
quantity of dislocations is responsible for plastic deformation in the material
(see [8] for a more complete analysis). In particular, starting from the rescaled
version of the line tension energy defined in (1.2), we are interested in recovering
an effective energy for a large system of dislocations on a scale at which they
can be seen as diffused. In this respect our limiting energy E0 can be under-
stood as the macroscopic (self) energy associated to a continuous distribution
of dislocations.

The result presented in here is also a crucial step for a derivation of a
macroscopic model for plasticity accounting for the presence of defects in the
same spirit of [12]. The derivations of such macroscopic models as limit of elastic
energies for incompatible fields, under proper energy scalings, will appear in a
forthcoming paper.

The structure of the paper is as follows: in Section 2 we give preliminary
definitions and recall some known results. In Section 2.3 we state the main
result and present the proof of the lower bound. In Section 3 we present the
approximation results needed for the upper bound, the latter being proved in
Section 4.

2 Preliminaries and statement of the main result

We first set all the notation needed for the statement and proof of our main
result. Unless further specified, in what follows Ω is a bounded open set of Rn
with Lipschitz boundary. In what follows, without loss of generality we will
assume B = ZN , for N ≥ 1.

2.1 Configurations

We start with the set of admissible configurations. In what follows we will
denote with [M(Ω)]N×n the space of bounded Radon measures with values in
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RN×n. The spaceM1(Ω;S×Sn−1) will denote the set of measures in [M(Ω)]N×n

of the form
µ = θ ⊗ τH1 γ, (2.1)

where γ ⊂ Rn is a 1-rectifiable set with tangent vector τ ∈ Sn−1 defined H1 a.e.
on γ, S ⊂ RN is a generic subset, and θ ∈ [L1(γ,H γ)]N is such that θ(x) ∈ S
for H1-a.e. x ∈ γ. We remark that in most cases we will consider the set S to
be a discrete lattice that spans RN but for notational purposes it is convenient
to give the above definition for general sets. We also observe that although the
main result, Theorem 2.5, is stated for the case n = 3, in Section 3 we prove an
approximation result which holds in any dimension, hence it is convenient to
give the relevant definitions for an arbitrary dimension n ≥ 2.

We say that a measure in [M(Ω)]N×n is divergence free if it is row-wise
divergence free, i.e., if the following holds true

∫
Ω

n

∑
j=1

∂jϕdµij = 0 ∀ϕ ∈ C∞
0 (Ω), ∀i = 1,⋯,N.

The subset ofM1(Ω;S×Sn−1) (and [M(Ω)]N×n) of divergence free measures
will be denoted by M1

df(Ω;S × Sn−1) (respectively [M(Ω)]N×ndf ). Note that,
if G ∈ [L1(Ω)]N×n and µ = GLn ∈ [M(Ω)]N×n with Ln the n-dimensional
Lebesgue measure, then divG = 0 in the sense of distributions if and only if
µ ∈ [M(Ω)]N×ndf .

We say that a measure µ ∈M1(Ω;S × Sn−1) is polyhedral if its support if
formed by a finite number of straight closed segments.

Remark 2.1. Given a measure µ = b ⊗ tH1 γ ∈ M1(Ω;ZN × Sn−1), where
b ∈ ZN is constant and γ ∈ [Lip([0,1])]n is a curve such that γ′ = t, it holds that

⟨µ,∇ϕ⟩ = ⟨b,ϕ(γ(1)) − ϕ(γ(0))⟩, ∀ϕ ∈ [C1
c (R

n
)]
N , (2.2)

hence it must be
divµ = bδγ(0) − bδγ(1), (2.3)

where bδa ∈ [M(Ω)]N is a Dirac delta centered at a ∈ Ω with multiplicity b.
Accordingly we say that µ carries a mass of b at γ(0) and a mass of −b at γ(1),
where the sign depends on the orientation t. In particular for such a measure
to be divergence free in Ω, the curve γ must not have endpoints contained in Ω.

Remark 2.2. If Ω is a simply connected domain, measures in M1
df(Ω;ZN ×

Sn−1) can be extended to measures on the whole of Rn that can be characterized
as measures concentrated on unions of countably many closed Lipschitz loops
with constant multiplicity in ZN (see [6], Theorem 2.5, for the precise statement
given in terms of 1-rectifiable currents).

The setM1
df(Ω;ZN × S2) represents the set of admissible configurations for

the class of energies under consideration.
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2.2 Energy densities and their main properties

Here we recall the main properties of the class of energy densities

ψ ∶ ZN × S2
Ð→ [0,+∞).

The H1-elliptic envelope of ψ is the function ψrel obtained by solving, for any
b ∈ ZN and t ∈ S2, the cell problem

ψrel
(b, t) ∶= inf {∫

γ
ψ(θ, τ)dH1

∶ µ = θ ⊗ τH1 γ ∈M1
df(B1;ZN × Sn−1

), (2.4)

supp (µ − b⊗ tH1 (Rt ∩B1/2)) ⊂⊂ B1/2},

where Br = Br(0) denotes a ball of radius r and center 0. We say that ψ is
H1-elliptic if ψrel = ψ (see [6]).

We will assume that ψ is H1-elliptic and we extend it to the whole of RN ×S2

by setting ψ(b, t) = +∞ for all b ∈ RN ∖ZN . Further, we assume that

ψ(b, t) ≥ c ∣b∣ ∀ b ∈ ZN ∖ {0} and t ∈ S2. (2.5)

Moreover we recall that H1-ellipticity implies that ψ is subattidive and has
linear growth at infinity in the first entry, i.e., for all b, b′ ∈ RN and t ∈ S2 it
satisfies

ψ(b + b′, t) ≤ ψ(b, t) + ψ(b′, t) and ψ(b, t) ≤ c ∣b∣, (2.6)

for some positive constant c, see [6, Lemma 3.2 (iii) and (iv)].
The recession function ψ∞ ∶ RN × S2 → [0,∞] of ψ is given by

ψ∞(b, t) ∶= lim inf
s→+∞

1

s
ψ(sb, t). (2.7)

This is a crucial ingredient in order to determine the effective energy density
of the limiting energy E0. For the readers’ convenience we now recall some of
the main properties of ψ∞ as they are proved in [8].

Proposition 2.3. Let ψ ∶ RN × S2 → R ∪ {+∞} be H1-elliptic, satifying (2.5)
and such that ψ(b, t) = +∞ if b ∈ RN ∖ ZN . Let ψ∞ be its recession function.
Then the following hold:

(i) ψ∞(⋅, t) is positively 1-homogeneous for all t ∈ S2;

(ii) Let Q = {λz ∶ λ > 0, z ∈ ZN}, then ψ∞(b, t) = +∞ if b ∈ RN ∖ Q, and
ψ∞(b, t) ≤ c ∣b∣ for b ∈ Q;

(iii) Let b ∈ RN , t ∈ S2, for any sequence zj ∈ ZN such that ∣zj ∣ → +∞ and
zj/ ∣zj ∣→ b/∣b∣ one has

lim
j→+∞

1

∣zj ∣
ψ (zj , t) =

1

∣b∣
ψ∞(b, t).

5



The proof of property (i) is immediate, while properties (ii) and (iii) can be
found in [8], Lemma 3.3 and 3.4 respectively.

Finally we define the function g ∶ RN×3 Ð→ [0,+∞), which provides the
effective energy density, as the convex envelope of

g∞(A) =

⎧⎪⎪
⎨
⎪⎪⎩

ψ∞(b, t) if A = b⊗ t, b ∈ RN , t ∈ S2,

+∞ otherwise,
(2.8)

i.e., g(A) = g∗∗∞ (A). Some important properties of g are described in the fol-
lowing

Lemma 2.4. The function g is continuous, 1-homogeneous, and there are
c1, c2 > 0 such that

c1∣A∣ ≤ g(A) ≤ c2∣A∣,

for all matrices A ∈ RN×3.

Proof. Every matrix A ∈ RN×3 can be decomposed as a convex combination of
rank 1 matrices on which g∞ is finite, namely

A =
N

∑
i=1

3

∑
j=1

∣Aij ∣

3∥Aej∥1

3Aij∥Aej∥1

∣Aij ∣
ej ⊗ ei =

N

∑
i=1

3

∑
j=1

λijq
i
j ⊗ ei,

where λij ∶= 3−1∣Aij ∣∥Aej∥
−1
1 , ∑j∑i λij = 1, and qij ∶= 3Aij∥Aej∥1∣Aij ∣

−1ej ∈ Q.
Then by convexity we have

g(A) ≤∑
i,j

1

3

∣Aij ∣

∥Aej∥1
ψ∞(qij ⊗ ei) ≤∑

i,j

1

3

∣Aij ∣

∥Aej∥1
c ∣qij ∣ ≤ c∣A∣.

Being convex and finite, g is continuous. Now from the 1-homogeneity of ψ∞
we infer that also g∞ is positively 1-homogeneous. By Caratheodory’s Theorem
for every ξ ∈ RN×3 and η > 0, there exist 3N + 1 vectors ξi ∈ RN×3, and numbers
ti ≥ 0, such that ∑3N+1

i=1 ti = 1 and ξ = ∑3N+1
i=1 tiξi and g(ξ) + η ≥ ∑3N+1

i=1 tig∞(ξi);
hence we have that

λg(ξ) + λη ≥ λ
3N+1

∑
i=1

tig∞(ξi) =
3N+1

∑
i=1

tig∞(λξi) ≥ g(λξ),

and then λg(ξ) ≥ g(λξ). The opposite inequality is finally obtained similarly
replacing λ and ξ by λ−1 and λξ. The bound from below is a consequence of
continuity and 1-homogeneity.

2.3 The Γ-convergence result

We now have all the ingredients in order to state the main result of the paper.
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Theorem 2.5. Let ψ ∶ ZN ×S2 Ð→ [0,+∞) be H1-elliptic and obey 1
c ∣b∣ ≤ ψ(b, t)

for all b ∈ ZN and t ∈ S2. Let Ω ⊂ R3 be an open bounded set, uniformly Lipschitz
and simply connected. Then the functionals

Eσ(µ) ∶=

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

∫
γ
σψ (

θ

σ
, τ)dH1 if µ = θ ⊗ τH1 γ ∈M1

df(Ω;σZN × S2),

+∞ otherwise,
(2.9)

Γ-converge, as σ → 0, with respect to the weak∗ topology of [M(Ω)]N×3, to

E0(µ) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

∫
Ω
g (

dµ

d∥µ∥
)d∥µ∥ if µ ∈ [M(Ω)]N×3

df ,

+∞ otherwise,

(2.10)

where g ∶ RN×3 Ð→ [0,+∞) is the convex envelope of g∞ as defined in (2.8).

Remark 2.6. Notice that from the lower bound on the density ψ one immedi-
ately deduces that a sequence with equi-bounded energy has also bounded total
variation. Therefore the compactness part of the Γ-convergence result is imme-
diate.

The proof of Theorem 2.5 will be a consequence of Proposition 2.7 and
Proposition 4.1 (respectively the lower and the upper bound).

As for the lower bound it is quite straightforward and it is a consequence of
the definition of the energy density g. We give its proof with the proposition
below.

Proposition 2.7. Let ψ ∶ ZN × S2 Ð→ [0,+∞) be H1-elliptic and obey 1
c ∣b∣ ≤

ψ(b, t) for all b ∈ ZN and t ∈ S2, let Ω ⊂ R3 be open and bounded. Then for
every sequence σj → 0 and µj ∈M1

df(Ω;σjZN × S2) converging weakly∗ to some
divergence free measure µ ∈ [M(Ω)]N×3 we have

lim inf
j→+∞

Eσj(µj) ≥ E0(µ).

Proof. By the subadditivity of ψ we have that for all t ∈ S2, b ∈ RN , s > 0, k ≥ 1
it holds

ψ(sb, t)

s
=
kψ(sb, t)

sk
≥
ψ(ksb, t)

sk
,

hence, by the definitions of ψ∞ and g, we have

ψ(sb, t)

s
≥ lim inf

k→+∞

ψ(ksb, t)

sk
≥ ψ∞(b, t) ≥ g(b⊗ t). (2.11)

Let µj ∈M1
df(Ω;σjZN × S2) be converging to µ ∈ [M(Ω)]N×3

df and be such that
lim infj Eσj(µj) < +∞. Then from (2.11) we obtain

Eσj(µj) = ∫
γj
σjψ(bjσ

−1
j , tj)dH

1
≥ ∫

γj
g(bj ⊗ tj)dH

1
= E0(µj).
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To conclude we use the fact that E0 is weakly lower semicontinuous by Reshet-
nyak’s Theorem and Lemma 2.4, so that

lim inf
j→+∞

Eσj(µj) ≥ E0(µ). (2.12)

The upper bound instead represents the core of the paper. It requires a
technical construction and will be presented in the next section, where we will
first show an approximation result for divergence free measures and then make
an explicit construction with optimal energy.

3 Approximation of divergence free measures

In this section we show two approximation results which are crucial for the Γ-
limsup inequality. We will show that any divergence free measure µ ∈ [M(Ω)]N×n

can be approximated, strictly and therefore in energy, with measures that are
absolutely continuous with respect to the Lebesgue measure, piecewise constant
and divergence free. Further we will show that, for n = 3 the latters can be ap-
proximated with measures in M1

df(Ω;Q × S2). The case of dimension n > 3
presents some difficulties due to specific construction contained in Lemma 3.10,
we nevertheless expect that the approach followed in this paper can be adapted
to the general case.

3.1 Piecewise constant approximation

Here we consider the general case of functions and measures in Ω ⊆ Rn, for
n ≥ 2. First we introduce a class of admissible sequences of triangulations
T ∶= {T i}i=1,...,M of Ω ⊆ Rn.

Definition 3.1. We say that a family T ∶= {T i}i=1,...,M of simplexes is an
admissible sequence of triangulations (of aspect ratio C0) if the closed tetrahedra
T i, with 1 ≤ i ≤M , satisfy

(i) Ω ⊂⊂ ⋃
M
i=1 T

i;

(ii) int(T i) ∩ int(T j) = ∅ for i /= j (here int(T ) is the topological interior part
of the set T );

(iii) there exists a positive constant C0 > 0 such that for every j there exists a
point xj so that

BC0r(x
j
) ⊆ T j ⊆ Br(x

j
),

where r = maxi diam(Ti) is the size of the triangulation.

We say that a function f is piecewise constant relatively to T if f is constant
in int(T j) for every j ∈ {1, . . . ,M}.
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Theorem 3.2 (Piecewise constant approximation). Let Ω be a simply connected
open set with Lipschitz boundary, and let µ ∈ [M(Ω)]N×n with divµ = 0 be
given. Then there exists a sequence of measures µk ∈ [M(Ω)]N×n such that
µk

∗
⇀ µ, with µk = AkLn and Ak is piecewise constant relatively to a sequence of

admissible triangulation Tk, and divµk = 0 in Ω. Furthermore limk ∥µk∥(Ω) =

∥µ∥(Ω).

The proof of Theorem 3.2 will be given essentially in two steps. At first,
in Lemma 3.3, we approximate µ via measures having smooth densities up to
the boundary. In the second step we reduce to measures which are piecewise
constant with respect to a triangulation of Ω. In both cases the main difficulty
is given by the free divergence constraint, and in order to modify the measures
while preserving this constraint it will be convenient to interpret µ as a current,
since the push forward of a current preserves solenoidality.

We start by regularizing the measures. The following lemma is an adapta-
tion to the present context of Proposition 6, Chapter 5 in [14].

Lemma 3.3 (Smoothing). Let Ω ⊂ Rn be a bounded open Lipschitz set, let
µ ∈ [M(Ω)]N×n be divergence free, then it exists a family of functions Fε ∈

[L1(Ω)]N×n ∩ [C∞(Ω)]N×n such that

i) FεLn
∗
⇀ µ in the sense of measures;

ii) ∥FεL
n∥(Ω)→ ∥µ∥(Ω);

iii) divFε = 0 in Ω.

Proof. Let d ∈ C∞(Ω) be a smooth version of d(⋅,Ωc), namely a function sat-
isfying 0 < d(x) < d(x,Ωc) and ∣∇d(x)∣ ≤ 1 for all x ∈ Ω. We define, for
every z ∈ B1(0), Hz(x) ∶= x + d(x)z and observe that Hz(Ω) = Ω, ∇xHz(x) =
Id + z ⊗∇d(x). Let ρε be a convolution kernel and define the regularization of
ϕ ∈ [C0(Ω)]N×n for all x ∈ Ω as follows

ϕε(x) ∶= ∫
B1(0)

ρε(−z)ϕ(x + zd(x))∇xHz(x)dz

= ∫
Ω
d(x)−nρε (

x − y

d(x)
)ϕ(y)(Id +

y − x

d(x)
⊗∇d(x))dy,

where we performed the change of variable y = x + d(x)z. We then define by
duality the mollification of µ to be ⟨µε, ϕ⟩ ∶= ⟨µ,ϕε⟩, hence

⟨µε, ϕ⟩ = ∫
Ω
(∫

B1(0)
ρε(−z)ϕ(x + zd(x))∇xHz(x)dz)dµ(x)

= ∫
Ω
⟨∫

Ω
d(x)−nρε (

x − y

d(x)
)ϕ(y)(Id +

y − x

d(x)
⊗∇d(x))dy,G(x)⟩d∥µ∥(x),

where G ∈ [L1(Ω, ∥µ∥)]N×n is such that ∣G∣ = 1 ∥µ∥-a.e. and G∥µ∥ = µ.
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Rearranging the integrals in the definition of µε and using Fubini’s Theorem
it is easy to see that µε << Ln with density function defined for y ∈ Ω by

Fε(y) ∶= ∫
Ω
d(x)−nρε (

x − y

d(x)
)G(x)(Id +∇d(x)⊗

y − x

d(x)
)d∥µ∥(x). (3.1)

Clearly Fε ∈ [C∞(Ω)]N×n.
By uniform continuity, ϕε converges uniformly in Ω to ϕ, and thus µε

∗
⇀ µ

in [M(Ω)]N×n, which proves i). Furthermore it holds

∣⟨µε, ϕ⟩∣ = ∣∫
Ω
⟨∫

Bε(0)
ρε(−z)(Id +∇d(x)⊗ z)ϕ(x + zd(x))dz,G(x)⟩d∥µ∥(x)∣

≤ ∫
Ω
(1 + 2ε)∥ϕ∥∞d∥µ∥(x),

hence
∥µε∥(Ω) ≤ (1 + 2ε)∥µ∥(Ω), (3.2)

thus limε→0 ∥µε∥(Ω) = ∥µ∥(Ω), and therefore ii) holds.
Finally we now prove that µε is row-wise divergence free, i.e.,

n

∑
j=1
∫

Ω
F ijε (y)∂jψ(y)dy = 0, ∀ψ ∈ C1

c (Ω), i = 1,⋯,N. (3.3)

To see this, we denote with Gi the i-th row of G, then we compute

n

∑
j=1
∫

Ω
F ijε (y)∂jψ(y)dy

=
n

∑
j,l=1

∫
B(0,1)

∫
Ω
ρε(z)Gil(x)∂l(Hz)

j
(x)∂jψ(x + d(x)z)d∥µ∥(x)dz

= ∫
B(0,1)

ρε(z)∫
Ω
⟨Gi,∇(ψ ○Hz)(x)⟩d∥µ∥(x)dz,

where we used the change of variables y = x + d(x)z and, in the last equality,
we used the fact that

n

∑
j=1

∂l(Hz)
j
(x)∂jψ(x + d(x)z) = ∂l(ψ ○Hz)(x).

The claim now follows since ψ ○Hz ∈ C
1
c (Ω) and µ is divergence free.

We say that a mapping φ is a potential for a divergence free matrix field F if
Rφ = F for some first order linear differential operator R satisfying divRψ = 0
for every ψ ∈ [C∞(Ω)]N×m where m = n(n − 1)/2. For example if n = 3 then
R = curl. We observe that if Ω is simply connected then such an operator R
always exists as a direct consequence of Poincaré’s Lemma.
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Thanks to Lemma 3.3, we simply need to prove Theorem 3.2 for divergence
free measures of the form µ = FLn. To do so we would like to pass to a
potential φ of F , and then approximate φ with piecewise affine functions by
linear interpolating over a sequence of triangulations of Ω. In order to show
the convergence of the interpolating sequence to φ we need boundedness of
its derivatives (see for instance [17]), while from Lemma 3.3 we can only infer
φ ∈ [C∞(Ω)]N×m. To obtain such bound we will modify F , since clearly a
uniform bound for the derivatives of F implies bounds for the derivatives of φ.
With this goal in mind we state below an extension lemma for F whose proof
follows closely the one of a similar extension lemma proved in [6, Lemma 2.3]
in the context of 1-rectifiable currents.

Lemma 3.4 (Extension). Let Ω ⊂ Rn be a bounded Lipschitz set. There exist an
open bounded set Ω̂ compactly containing Ω such that for every F ∈ [L1(Ω)]N×n

with divF = 0 in Ω, there is a function F̂ ∈ [L1(Ω̂)]N×n, with div F̂ = 0 in Ω̂,
such that F̂ = F in Ω. In particular the measure µ̂ = F̂Ln ∈ [M(Ω̂)]N×ndf extends
the measure µ = FLn.

Proof. We will prove the lemma, first in the case of F ∈ [L1(Ω)]n with divF = 0
in Ω, then the matrix valued case will follow simply by extending row-wise.
Choose a function N ∈ C1(∂Ω;Sn−1), such that N(x) ⋅ ν(x) ≥ α > 0 for almost
all x ∈ ∂Ω, where ν is the outer normal to ∂Ω (see [16] for details). Consider
the mapping g ∶ ∂Ω × (−ρ0, ρ0) → Rn defined by g(x, t) = x + tN(x), then there
exists ρ0 sufficiently small such that g is bijective and bi-Lipschitz: indeed, by
Local Invertibility Theorem for Lipschitz mappings (see [4]), there exists ρ0

small enough such that g is locally invertible with Lispchitz inverse function,
furthermore, since g(x,0) = x, we also get global invertibility (see [2] Lemma 33).
Let D0 = g(∂Ω× (−ρ0, ρ0)) and h ∶D0 →D0 be defined by h(g(x, t)) = g(x,−t).
Then h is bi-Lipschitz and coincides with its inverse. We then set Ω̂ ∶= Ω∪D0 and
we define the extension F̂ (y) = χΩF (y)+χD0∖Ω∇h(h

−1(y))F (h−1(y))∣∇h−1∣, for
all y ∈ Ω̂.

We now show that F̂ is divergence free. We compute, for every ψ ∈ C1
c (Ω̂),

∫
Ω̂
⟨∇ψ, F̂ ⟩dy = ∫

Ω
⟨∇ψ,F ⟩dy + ∫

D0∖Ω
⟨∇ψ,∇h(h−1

(y))F (h−1
(y))⟩∣∇h−1

∣dy

= ∫
Ω
⟨∇ψ,F ⟩dy + ∫

Ω∩D0

⟨∇[ψ ○ h](x), F (x)⟩dx.

We then observe that, by direct computation, it holds

D[(χD0∖Ωψ) ○ h] = χΩ∩D0(x)∇[ψ ○ h],

in the sense of distributions in Ω, thus in particular (χD0∖Ωψ) ○ h ∈ W 1,∞(Ω).
Therefore we obtain

∫
Ω̂
⟨∇ψ, F̂ ⟩dy = ∫

Ω
⟨∇[ψ − (χD0∖Ωψ) ○ h], F ⟩dy.

11



The right hand side is zero since ϕ = ψ − (χD0∖Ωψ) ○ h ∈ W 1,∞
0 (Ω): indeed it

is zero for all ϕ ∈ C∞
0 (Ω) and then also in W 1,∞

0 (Ω) by density of smooth and
compactly supported functions with respect to the weak∗ topology inW 1,∞(Ω).

The general case is obtained by using the above construction row-wise.

We are ready to prove Theorem 3.2.

Proof of Theorem 3.2. Thanks to Lemma 3.3, we first find a sequence of fields
Fh ∈ [L1(Ω)]N×n ∩ [C∞(Ω)]N×n such that µh = FhLn

∗
⇀ µ, divFh = 0 in Ω and

limh→+∞ ∥µh∥(Ω) = ∥µ∥(Ω).
Using Lemma 3.4 we can find a set Ω̂ compactly containing Ω and a sequence

of functions F̂h extending Fh such that div F̂h = 0 in Ω̂. We then choose Ω′

such that Ω ⊂⊂ Ω′ ⊂⊂ Ω̂ and by (standard) convolution we can now find a
sequence Gh ∈ [L1(Ω′)]N×n ∩ [C∞(Ω′)]N×n, with divGh = 0 in Ω′, such that
GhL

n converges strictly to µ. We then apply Poincaré Lemma to Gh and find
a potential φh ∈ [C∞(Ω′)]N×n(n−1)/2, such that Rφh = Gh.

Now we fix a sequence of admissible triangulations

Tk ∶= {T ik}i=1,...,M(k),

of aspect ratio C0 and size 1/k, such that Ω ⊂⊂ ⋃
M(k)
i=1 T ik ⊂⊂ Ω′, and for every h

we construct a sequence of piecewise affine functions φhk obtained interpolating
linearly the values of φh on the vertices of the tetrahedra T ik. By classical
discretization arguments (see for instance [17], Theorem 11.40) we have that

∥∇φhk −∇φ
h
∥L1(Ω) ≤

C

k2
sup

Ω
∣∇

2φh∣,

where the constant C depends on C0. Hence Ghk ∶=Rφ
h
k converges to Gh in L1

for every h. Furthermore divGhk = 0 in Ω and Ghk is piecewise constant.
In conclusion by a diagonal procedure we obtain a sequence of piecewise

constant divergence free fields that converge strictly to µ in Ω.

3.2 Optimal construction via polygonal supported measures

From now on we focus on the special case n = 3. Indeed the constructions we
perform in Lemma 3.6 and Lemma 3.10 depend on the dimension: while in
the case n = 3 the shared face of two simplex is 2 dimensional, in the generic
case two neighbouring simplex share a n − 1 dimensional face. Nevertheless we
expect that our construction can be adapted to any dimension.

We now show a second approximation result that is closely related with
our energies. We will need to show that any piecewise constant divergence free
measure can be obtained as a limit of a sequence of measures (concentrated on
lines) with equi-bounded energy. This density result requires a rather technical
construction, a by-product of which is the theorem stated below and proved at
the end of this section.
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Theorem 3.5. Given a divergence free measure µ ∈ [M(Ω)]N×3, there exists a
sequence of polyhedral measures µk ∈M1

df(Ω;Q × S2) such that µk
∗
⇀ µ.

A result of this type can actually be obtained as a consequence of the cel-
ebrated result of Smirnov [21] which shows that every normal current without
boundary in Rn can be decomposed in elementary solenoids. As Bourgain and
Brezis pointed out in [3], this decomposition implies an approximation for di-
vergence free vector fields in terms of measures supported on curves. The proof
of such approximation was given in [15], where the authors show the existence
of the approximating sequence by means of an argument that doesn’t allow to
choose the curves in the approximation. This feature clashes with our need to
control the energy of the approximating sequence. Our result is instead con-
structive (see Lemma 3.6) and will imply the Γ-limsup inequality in our main
result.

More precisely we approximate µ by piecewise constant fields using Theorem
3.2, then on each tetrahedron of the triangulation we construct measures in
M1

df(Ω,Q × S2) and then we glue these local approximations obtaining the
result. This is the most delicate passage of the construction: indeed gluing
while preserving the divergence free constraint presents some difficulities, to
overcome which it is important to choose the right boundary condition on each
tetrahedron, see (v) of Lemma 3.6 and Remark 3.9.

We first start with a single tetrahedron. To this aim we need to introduce
some notation.

Given a tetrahedron T ⊂ R3, we perform the following subdivision of its
boundary ∂T in closed triangles: consider a face of T with edges of length
l1 ≤ l2 ≤ l3, we divide each of these edges in k segments of length li/k, i ∈ {1,2,3},
and consequently we obtain a division of that face in k2 (closed) triangles,
denoted by ∆(h, k), with h = 1, . . . ,4k2, see Figure 1. Hence

∂T =
4k2

⋃
h=1

∆(k, h). (3.4)

Note that there exists a universal constant C > 0 such that for all (h, k) we have

H
2
(∆(h, k)) ≤ C

(diam(T ))2

k2
. (3.5)

We denote with d(T, k, h) the baricenter of each triangle ∆(k, h), and we call
nh the outer unit normal, with respect to T , in ∆(k, h).

Lemma 3.6. Let T ⊂ R3 be a 3-simplex and F a finite union of planes in R3.
Let A ∈ RN×3 and assume that A = ∑

M
j=1 b

j ⊗ tj, with bj ∈ Q, tj ∈ S2. Then there
exist sequences of polyhedral measures µk, νk, ωk, ρk ∈M1

loc(R
3;Q×S2) such that

µk = νk + ωk + ρk and satisfy the following:

13
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Figure 1: An example of the subdivision of the tetrahedron T , with two faces
explicitly subdivided for k = 2, where the blue dots are the baricenters of the
triangles obtained with the subdivision.

(i)

νk =
1

k4

M

∑
j=1

bj ⊗ tjH1
(Γjk ∩ T

k
),

where Γjk are straight lines parallel to tj, satisfying

1

k4
H

1 Γjk
∗
⇀ L

3, (3.6)

and Tk ⊂⊂ T is a tetrahedron satisfying dist(Tk, ∂T ) ≤ diam(T )/k2;

(ii) µk T = νk + ωk, µk T c = ρk, ∥µk∥(∂T ) = 0, H1(suppρk ∩F) = 0;

(iii) for every compact set K ⊂ R3 it holds limk→+∞ ∥ωk∥(K) + ∥ρk∥(K) = 0;

(iv) for every ϕ ∈ [Cc(R3)]N×3 it holds

lim
k→∞∫T

ϕdµk = ∫
T
⟨ϕ,A⟩dx;

(v) for every ϕ ∈ [C∞
c (R3)]N it holds

⟨µk,∇ϕ⟩ =
4k2

∑
h=1

⟨Anh, ϕ(d(T, k, h))⟩H
2
(∆(k, h)).

Proof. Without loss of generality we may assume that the baricenter of T coin-
cides with the origin and we define Tk ∶= (1− 1

k2
)T . Therefore Tk is a tetrahedron

similar to T and dist(Tk, ∂T ) ≤ diam(T )/k2.
The construction is quite natural but somewhat involved, therefore we shall

present it in several steps.
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Step 1. The segments inside Tk.
We define the approximating measures inside Tk. For every j ∈ {1, . . . ,M}

we consider the 2-dimensional vector space Πj whose normal is tj . Let vj1, v
j
2 be

an orthonormal base of this plane, and consider the square lattice on Πj defined
by Gjk = spanZ(

1
k2
vj1,

1
k2
vj2). We then set Γjk ∶= G

j
k +Rtj and define

νjk ∶=
bj

k4
⊗ tjH1 Γjk. (3.7)

It is easy to check that νjk Tk ∈ [M(R3)]N×3 and that for all ϕ ∈ [Cc(R3)]N×3

it holds

lim
k→+∞

⟨νjk Tk, ϕ⟩ = lim
k→+∞

⟨νjk T,ϕ⟩ = ⟨bj ⊗ tjL3 T,ϕ⟩. (3.8)

The measure inside Tk is then

νk ∶=
M

∑
j=1

νjk Tk, (3.9)

which then converges weakly∗ to AL3 T .
We now subdivide ∂T in triangles that we call ∆(h, k), for h = 1,⋯,4k2

as specified in (3.4), i.e., ∂T = ⋃
4k2

h=1 ∆(k, h) and d(T, k, h) is the baricenter of
∆(k, h). This subdivision induces in turns a subdivision of ∂Tk in triangles
δ(h, k) = (1 − 1

k2
)∆(h, k) by projecting from the origin the ∆(k, h) onto ∂Tk.

Hence we can write ∂Tk = ⋃
4k2

h=1 δ(k, h) with ∣x − y∣ < C diam(T )k−1 for every
x ∈ ∆(h, k), y ∈ δ(k, h).

Up to removing a negligible number of lines (so that (3.8) still holds), we
can assume that Γjk intersects ∂Tk only on isolated points and that none of
these points belong to more than one triangle δ(k, h). Indeed for each one of
the 4k2 triangles δ(k, h) there are at most O(k) lines that intersect its contour,
hence there are at most O(k3) lines that ought to be discarded but each line
has a mass of O(k−4), hence the total error is negligible in the limit. We can
also assume that H1(Γjk ∩ Γik) = 0 for every j /= i.

Step 2. Definition in T ∖ Tk
For each 1 ≤ h ≤ 4k2 we now want to connect the lines of νk, which end on

δ(k, h), with the baricenter of ∆(k, h). We define

R(k, j, h) ∶= Γjk ∩ δ(k, h), N(k, j, h) ∶= #R(k, j, h). (3.10)

We observe that H2(δ(k, h)) = (1 − 1
k2

)2H2(∆(k, h)) and hence

∣H
2
(∆(k, h)) −H2

(δ(k, h))∣ ≤ C
(diam(T ))2

k4
,

N(k, j, h) ≤ Ck4
H

2
(δ(k, h)) ≤ C(diam(T ))

2k2.

(3.11)
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Tk

T

Figure 2: A portion of µk, for a single j and in a two dimensional schematization.
The blue dots are the baricenter of the ∆(k, h)′s.

In order to concentrate the mass in the baricenter d(T, k, h) of each ∆(k, h)
we connect each point p ∈ R(k, j, h) to d(T, k, h) using a small straight segment
[p, d(T, k, h)]. On each of these segments we then define the measure

ω(k, j, h, p) ∶=
1

k4
bj ⊗ tpH

1
[p, d(T, k, h)], (3.12)

where tp is the unit tangent vector in the direction (d(T, k, h)−p) sign(⟨tj , nh⟩)
and nh is the outward normal vector of δ(k, h).

We then define

ωk ∶=
M

∑
j=1

4k2

∑
h=1

∑
p∈R(k,j,h)

ω(k, j, h, p). (3.13)

Since ∥ω(k, j, h, p)∥(T ) ≤ C diam(T )∣bj ∣k−5 from (3.11) we infer

∥ωk∥(Rn) ≤ C
1

k
(diam(T ))

3
M

∑
j=1

∣bj ∣, (3.14)

and then
lim
k→+∞

∥ωk∥(Rn) = 0. (3.15)

See Figure 2 for a representation of a portion of νjk and ω(k, j, h, p).
Step 3. Definition outside T .

We define the mass at the baricenter d(T, k, h) to be the following vector valued
quantity:

B(T, k, h) ∶=
M

∑
j=1

N(k, j, h) sign(⟨tj , nh⟩)
bj

k4
. (3.16)
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This definition makes sense: indeed we observe that supp(νk + ωk) is given
by a finite family of piecewise straight lines connecting different baricenters,
hence using Remark 2.1 one can show that for every ϕ ∈ [C1

c (R3)]N it holds

⟨νk + ωk,∇ϕ⟩ =
4k2

∑
h=1

⟨B(T, k, h), ϕ(d(T, k, h))⟩, (3.17)

which means precisely that the vector valued mass carried by νk + ωk at each
baricenter on ∂T is given by B(T, k, h).

For every ∆(k, h) with 1 ≤ h ≤ 4k2 we define the measures

ρk(h) ∶= (H
2
(∆(k, h))Anh −B(T, k, h))⊗ τ(k, h)H1 γ(k, h), (3.18)

where γ(k, h) is an arbitrary half line with direction τ(k, h), not intersecting F
and having endpoint in d(T, k, h) (see Remark 3.9 for the heuristics).
Again recalling Remark 2.1, for every ϕ ∈ [C∞

c (R3)]N it holds

⟨ρk(h),∇ϕ⟩ = ⟨H
2
(∆(k, h))Anh −B(T, k, h), ϕ(d(T, k, h))⟩. (3.19)

We then define the total average error as follows

ρk ∶=
4k2

∑
h=1

ρk(h). (3.20)

We now want to show that, for every compact set K, ∥ρk∥(K) tends to zero.
With that aim in mind we first prove the following claim.

Claim: there exists a universal constant C such that

∣B(T, k, h) −H2
(δ(k, h))Anh∣ ≤ C

1

k3
diam(T )

M

∑
j=1

∣bj ∣. (3.21)

From the definition of B(T, k, h) and from the fact that Anh = ∑Mj=1 bj⟨tj , nh⟩

it is clear that we only need to consider 1 ≤ h ≤ 4k2 and 1 ≤ j ≤ M such that
⟨tj , nh⟩ /= 0. Let then j, h be as above and consider the elementary cell of the
lattice Gjk, i.e., C

j
k ∶= Πj ∩ { s1

k2
vj1 +

s2
k2
vj2 ∶ 0 ≤ s1, s2 ≤ 1}. Let also Σh be the

plane that contains δ(k, h), then if we denote by P h,jk the elementary cell of the
(planar) lattice Σh ∩ Γjk we have that

H
2
(P h,jk ) =H

2
(C

j
k)

1

∣⟨tj , nh⟩∣
=

1

k4∣⟨tj , nh⟩∣
, (3.22)

since Cjk is obtained by orthogonal projection of a translation of P h,jk on Πj .
From the previous equality and the fact that A = ∑

M
j=1 bj ⊗ tj we obtain that

H
2
(δ(k, h))Anh =

M

∑
j=1

H2(δ(k, h))

H2(P h,jk )
sign(⟨tj , nh⟩)

bj

k4
. (3.23)
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Therefore in order to show (3.21), in view of the definition of B(T, k, h), it is
enough to show that

RRRRRRRRRRR

H2(δ(k, h))

H2(P h,jk )
−N(k, h, j)

RRRRRRRRRRR

≤ C diam(T )k. (3.24)

This inequality clearly holds true, since H2(δ(k, h))/H2(P h,jk ) counts the num-
ber of points in R(k, h, j) up to an error due to those points of the lattice Σh∩Γjk
that are close to the contour of δ(k, h). The number of such points can in turn
be estimated by C diam(T )k, which proves (3.24).

Finally from (3.21), (3.11) and (3.20) we obtain that for every compact set
K ⊂ Rn we have

∥ρk∥(K) ≤
4k2

∑
h=1

∥ρk(h)∥(K) ≤
C

k
diam(T )diam(K)

M

∑
j=1

∣bj ∣, (3.25)

which then tends to zero as k → +∞.
Step 4. Conclusions.
We now combine all these constructions and define µk in the whole of Rn,

namely
µk ∶= νk + ωk + ρk. (3.26)

We claim that µk satisfies the thesis. Indeed (i) follows directly from the defi-
nition of νk in Step 1, while (ii) from the definition of ωk and ρk in Step 2 and
Step 3 respectively. Property (iii) follows from (3.14) and (3.25). As for (iv) it
is a consequence of (3.8), (ii) and (iii).

To see (v) we simply write ⟨µk,∇ϕ⟩ = ⟨νk + ωk,∇ϕ⟩ + ⟨ρk,∇ϕ⟩ and recall
(3.17) and (3.19).

Remark 3.7. We observe that each of the approximating measures µk con-
structed in the previous lemma are such that

∥µk∥(K) ≤ C [L
3
(T ) +

1

k
diam(T )diam(K) +

1

k
(diam(T ))

3
]
M

∑
j=1

∣bj ∣, (3.27)

for every compact set K ⊂ R3.

Remark 3.8. Let A(x) = ∑Mi=1AiχT i(x) be a piecewise constant function with
null divergence, where Ai ∈ RN×3 and the T i’s are tetrahedra. If T i and T j

share a face, then, by integrating over a small cube across the common face, it
is easy to see that it must hold

Aiν = Ajν, (3.28)

where ν is the unit normal vector of the common face.
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Remark 3.9. A few comments on the measures constructed in Lemma 3.6 are
in order. Recall the definition of Γjk and δ(k, h) given in Lemma 3.6. With
a direct computation one can see that, on average, the number of lines in Γjk
intersecting δ(k, h) is N̂(k, j, h) ∶= H2(δ(k, h))k4∣⟨tj , nh⟩∣. Consequently, given
that A = ∑j b

j ⊗ tj, the averaged mass on each baricenter is

B̂(T, k, h) =
M

∑
j=1

N̂(k, j, h) sign(⟨tj , nh⟩)
bj

k4
=H

2
(δ(k, h))Anh.

Furthermore, since (3.28) holds, it is clear how the averaged mass is a more
convenient boundary datum than the exact mass B(T, k, h), as defined in (3.16).
Indeed, in Lemma 3.10, the averaged mass will allow us to glue together the
local construction of Lemma 3.6 performed in different tetrahedra preserving
the divergence free constraint.

In this sense, the ρk’s in (3.26) are to be considered just a small correction
necessary to pass from B to B̂.

We now glue together the local construction of Lemma 3.6 to obtain the
global approximating sequence.

Lemma 3.10. Let Ω ⊂ R3 be an open set, T = {T 1,⋯, TM} be an admissible
triangulaiton of Ω and A = ∑

M
i=1AiχT i be a divergence free piecewise constant

function, with respect to T , where Ai ∈ RN×3. Assume that Ai = ∑M
i

j=1 b
i
j ⊗ t

i
j,

for some bij ∈ Q, t
i
j ∈ S2, then there exists a sequence of polyhedral measures

µk ∈M
1
df(Ω;Q × S2) such that

(i) µk
∗
⇀ AL3 Ω,

(ii) there exists a sequence of measures ηk ∈M1(Ω;Q×S2) such that ∥ηk∥(K)→

0, for every compact set K, and

µk =
1

k4

M

∑
i=1

M i

∑
j=1

bij ⊗ t
i
jH

1
(Γj,ik ∩ T ik) + ηk, (3.29)

where T ik ⊂⊂ T
i with dist(T ik, ∂T

i) ≤ diam(T i)/k2, and Γj,ik is a union of
straight lines parallel to tij. Furthermore H1(supp(µk)∩∂T

i) = 0 for every
1 ≤ i ≤M .

Proof. For every tetrahedron T i ∈ T we apply Lemma 3.6 on Ai to find four
sequences of measures µik, ν

i
k, ω

i
k, ρ

i
k ∈ M1

loc(R
3;Q × S2). Define µk ∶= ∑Mi=1 µ

i
k

and ηk ∶= ∑Mi=1 ω
i
k + ρ

i
k. Set Ω′ ∶= int(∪T i∈T T

i).
We observe that from (ii) of Lemma 3.6 , by taking an appropriate family of

plane F (containing all the boundaries ∂T i), without loss of generality we can
assume that H1(suppµik ∩ suppµlk) = 0 for i /= l, and H1(supp(µk) ∩ ∂T

i) = 0
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for every 1 ≤ i ≤ M . In particular µk ∈M1(Ω;Q × S2) since each µik does and
they have disjoint support.

We first show that, with this definition, µk is divergence free in Ω′. Indeed
from (v) of Lemma 3.6 we get that for every ϕ ∈ [C∞

c (Ω′)]N

⟨µk,∇ϕ⟩ =
M

∑
i=1

⟨µik,∇ϕ⟩ =
M

∑
i=1

4k2

∑
h=1

⟨H
2
(∆i(k, h))Ain

i
h, ϕ(d(Ti, k, h))⟩,

where nih is the outer unit normal with respect to Ti, and ∆i(k, h) is one of
the 4k2 triangles that tile ∂Ti (as defined in (3.4)). Then using that for any
pair i, j ∈ {1, . . . ,M} and h,h′ ∈ {1, . . . ,4k2} we have that either H2(∆i(k, h) ∩
∆j(k, h

′)) = 0 or ∆i(k, h) = ∆j(k, h
′) we denote the set

Ak = {(i, j, h, h′) ∶ i < j , H2
(∆i(k, h) ∩∆j(k, h

′
)) > 0},

and we can rewrite

⟨µk,∇ϕ⟩ =∑
Ak

⟨H
2
(∆i(k, h))(Ain

i
h +Ajn

j
h′), ϕ(d(Ti, k, h))⟩ = 0, (3.30)

since nih = −n
j
h′ and (3.28) holds.

Furthermore, from (iv) of Lemma 3.6 and the fact that limk ∥µ
i
k∥(intT i) =

limk ∥µ
i
k∥(Ω), we have that µk

∗
⇀ ALn in Ω.

Finally property (ii) is a direct consequence of choice of F , the definition of
µik and ρik, and (i) of Lemma 3.6.

Proof of Theorem 3.5. Let µ ∈ [M(Ω)]N×3 be divergence free. From Theorem
3.2 we obtain a sequence Tk = {T ik}i=1,⋯,M(k) of admissible triangulations of
Ω and a sequence Ak ∶ Ω → RN×3 of piecewise constant functions relatively
to Tk, such that AkL3 Ω approximates strictly µ. For each k, let Ak(Ω) =

{Aik}i=1,⋯,M(k), and write Aik = ∑(Aik)lmel ⊗ em. From Lemma 3.10 applied to
each Ak we then get a sequence of measures µhk ∈M

1
df(Ω;Q×S2) approximating

AkL
3 Ω and such that, recalling (3.27), ∥µhk∥(Ω) ≤ C∥Ak∥L1 ≤ C∥µ∥(Ω), hence

we can find a diagonal sequence µh(k)k

∗
⇀ µ.

4 The upper bound

The approximation results proved above provide a local construction which is
the crucial ingredient for the proof of the upper bound, which is stated and
proved below.

Proposition 4.1. Let ψ ∶ Z × S2 Ð→ [0,+∞) be H1-elliptic and obey 1
c ∣b∣ ≤

ψ(b, t) for all b ∈ Z and t ∈ S2. Let Ω ⊂ R3 be a bounded open set, simply
connected with Lipschitz boundary. Then for every µ ∈ [M(Ω)]N×3 with null
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divergence there exists a sequence µσ ∈M1
df(Ω;σZN ×S2) converging weakly∗ to

µ such that
lim inf
σ→0

Eσ(µσ) ≤ E0(µ).

Proof. The strategy of the proof follows closely the one in [8]. It consists of a
first step in which, using the approximation results, one reduces to divergence
free measures concentrated on polyhedral curves whose limiting energy resolves
the convexification procedure in the definition of the Γ-limit. With this we
reduce the analysis to the construction of a recovery sequence for the auxiliary
functional F∞ defined as follows:

F∞(µ,ω) ∶=

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

∫
Γ∩ω

ψ∞(θ, t)dH1 if µ = θ ⊗ tH1 Γ ∈M1
df(ω;Q × S2),

µ polyhedral;
+∞ otherwise,

(4.1)

where ω is an open set, and F∞(µ) ∶= F∞(µ,Ω).

Step 1: Reduction from E0 to F∞.
We now prove that E0 is the relaxation of F∞ with respect to the weak∗

topology, i.e., E0 = F̄∞. Note that from the definition of E0 we have that E0 ≤

F∞, and hence E0 ≤ F̄∞, therefore we just have to prove the upper bound. From
Theorem 3.2 and Reshetnyak Continuity Theorem we obtain that divergence
free piecewise constant measures are dense in energy for E0, i.e., for every
divergence free measure µ ∈ [M(Ω)]N×3 there exists a sequence of divergence
free piecewise constant measures νk such that νk

∗
⇀ µ and

lim
k→+∞

E0(νk) = E0(µ). (4.2)

Thus, since the weak∗ convergence is metrizable on bounded set of M(Ω),
without loss of generality we can now assume µ to be a divergence free piecewise
constant measure of the form

µ =
M

∑
i=1

χT iAiL
3, (4.3)

where T = {T 1,⋯, TM} is an admissible triangulation of Ω. We thus construct
the recovery sequence in the relaxation of F∞ for a measure µ as in (4.3).

First recall that g is the convex envelope of g∞. Moreover we know (see
Lemma 2.4) that g is finite and that ψ∞(b, t) = +∞ if and only if b ∈ RN ∖Q.
Therefore for any fixed ε > 0 and for every matrix Ai, with i ∈ {1, . . . ,M}, we
find M i

ε ≤ 3N + 1 rank one matrices of the form b̃j,iε ⊗ tj,iε , with b̃j,iε ∈ Q, tj,iε ∈ S2,
and coefficients λj,iε > 0 such that ∑M

i
ε

j=1 λ
j,i
ε = 1, ∑M

i
ε

j=1 λ
j,i
ε b̃

j,i
ε ⊗ tjε = Ai, and

g(Ai) + ε ≥
M i

ε

∑
j=1

λj,iε ψ∞(b̃j,iε , t
j,i
ε ) =

M i
ε

∑
j=1

ψ∞(λj,iε b̃
j,i
ε , t

j,i
ε ), (4.4)
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Setting bjε ∶= λ
j
εb̃ε

j
∈ Q we then have

(g(Ai) + ε)L
3
(T i ∩Ω) ≥

M i
ε

∑
j=1

ψ∞(bj,iε , t
j,i
ε )L

3
(T i ∩Ω). (4.5)

We now apply Lemma 3.10 to µ = ∑
M
i=1 χT iAi, with Ai = ∑

M i
ε

j=1 b
j,i
ε ⊗ tj,iε

satisfying (4.4), to find a sequence of measures µεk ∈M
1
df(Ω;Q×S2) converging

to µ, and ηεk vanishing as k → +∞.
On the other hand, from (ii) of Lemma 3.6 and using that ψ∞(θ, t) ≤ C ∣θ∣

for all θ ∈ Q it is easy to see that F∞(µεk, int(T i) ∩Ω) < +∞ and

F∞(µεk, int(T i)∩Ω) ≤

M i
ε

∑
j=1

ψ∞(bj,iε , t
j,i
ε )

1

k4
H

1
(T ik∩Ω∩Γj,i,εk )+C∥ηεk∥(T

i
∩Ω). (4.6)

Hence from (3.6) of Lemma 3.6 we get

lim sup
k→+∞

F∞(µεk, int(T i) ∩Ω) ≤

M i
ε

∑
j=1

ψ∞(bj,iε , t
j,i
ε )L

3
(T i ∩Ω). (4.7)

Recalling (4.5) we then get

E0(µ) + εL
3
(Ω) =

M

∑
i=1

(g(Ai) + ε)L
3
(T i ∩Ω) ≥

M

∑
i=1

lim sup
k→∞

F∞(µεk, int(T i) ∩Ω)

≥ lim sup
k→∞

M

∑
i=1

F∞(µεk, int(T i) ∩Ω) = lim sup
k→∞

F∞(µεk,Ω),

where in the last line we used the fact that H1(supp(µk) ∩ ∂T
i) = 0 for all i.

Now (iii) of Proposition 2.3 implies ψ∞(b, t) ≥ c∣b∣ for b ∈ Q, hence, from
estimate (4.4) we deduce the existence of a universal constant C > 0 such that

Nε

∑
j=1

∣bj,iε ∣ ≤ C(∣Ai∣ + ε). (4.8)

In particular, given (3.27), we have that the family of measures µεk is uniformly
bounded. Therefore, since the weak∗ topology is metrizable on bounded set,
via a diagonal argument we infer that for every divergence free measure µ ∈

[M(Ω)]N×3 there exists a sequence µ̃h weakly∗ converging to µ, such that

lim sup
h→+∞

F∞(µ̃h) ≤ E0(µ). (4.9)

In particular this sequence satisfies F∞(µ̃h) < +∞.

Step 2: Recovery sequence for F∞.
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We now prove that for a given µ̃ = θ ⊗ tH1 Γ ∈M1
df(Ω;RN × S2), with Γ

polyhedral we can construct a sequence µ̂σ ∈M1
df(Ω;σZN × S2) converging to

µ̃ and such that
lim sup
σ→0

Eσ(µ̂σ) = F∞(µ̃). (4.10)

Without loss of generality we can assume F∞(µ̃) < +∞. First we observe that,
since Γ is composed by a finite number of straight segments and µ̃ is divergence
free, θ must be constant on each segment. In particular θ ∈ Q attains a finite
number of values. Therefore we can apply Theorem 2.5 of [6] to µ, deducing
that there exists a finite number of polyhedral closed loops Γi with constant
Burgers vector θi such that

µ̃ =∑
i

θi ⊗ tiH
1 Γi.

Here the θi do not necessary belong to σZN . Therefore we define the following
approximation of µ̃ with measures

µ̂σ ∶=∑
i

σ ⌊
θi
σ
⌋⊗ tiH

1 Γi ∈M
1
df(Ω;σZN × S2

), (4.11)

where we denote ⌊ b
σ
⌋ = (⌊ b1σ ⌋,⋯, ⌊ bNσ ⌋). These measures have the same support

of µ, and satisfy Eσ(µ̂σ) < +∞. We observe that µ̂σ is a finite sum of closed
loops with constant multiplicity, therefore, again by Theorem 2.5 in [6], it is
divergence free.

Since σ ⌊ θi
σ
⌋ converges to θi, we have that µ̂σ

∗
⇀ µ̃. Let now consider an

arbitrary sequence σj converging to 0, then

Eσj(µ̂σj) = ∫
Γ
σjψ(zj , t)dH

1, (4.12)

where zj(x) ∶= ∑i ⌊
θi
σj

⌋χΓi(x) ∈ ZN . Since, clearly, for H1 Γ a.e. x it holds
that limj→+∞ ∣zj ∣ = +∞ and limj→+∞ zj/∣zj ∣ = θ/∣θ∣, thanks to (iii) of Lemma 2.3
we deduce

lim
j→+∞

ψ (zj , t)

∣zj ∣
=
ψ∞ (θ, t)

∣θ∣
.

On the other hand clearly it holds that limj→+∞ σj ∣zj ∣ = ∣θ∣, hence by rewriting

σjψ (zj , t) = σj ∣zj ∣
ψ (zj , t)

∣zj ∣
, (4.13)

we deduce that

lim
j→+∞

σjψ(zj , t) = ψ∞ (θ, t) , H
1-a.e. x ∈ Γ. (4.14)
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Finally, since ∣σjψ(zj , ti)∣ ≤ c∣σjzj ∣ ≤ C(∣θ∣ + 1), we conclude via dominated
convergence theorem and get

lim
j→+∞

Eσj(µ̂σj) = ∫
Γ
ψ∞(θ, t)dH1

= F∞(µ̃). (4.15)

Step 3: Conclusion
We conclude the proof by combining Step 1 and Step 2. Without loss of

generality we can assume that the sequence µ̃h constructed in Step 1 satisfies

lim sup
h→+∞

F∞(µ̃h) = lim
h→+∞

F∞(µ̃h) ≤ E0(µ) < +∞. (4.16)

Then for every h we obtain via Step 2 a sequence µ̂hσ weakly∗ converging to µ̃h
such that

lim
σ→0

E0(µ̂
h
σ) = F∞(µ̃h). (4.17)

A further diagonal argument provides the wanted recovery sequence and con-
cludes the proof.
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