EXISTENCE THEOREM FOR A DIRICHLET PROBLEM
WITH FREE DISCONTINUITY SET

M. Carriero & A. Leaci

Abstract. We study the free discontinuity problem

min{/ \Vu]zdm—i—)\?'ln—l(K)}
O\K

where the minimum is taken over all the closed sets K C Q and the functions v € C*(Q2\ K) N
Co'(Q\ (M UK)) with u = w on dQ \ (M U K); here Q is a bounded domain in R", n > 2,
such that H,_1(0Q) < +oo and 99 is a C! surface up to an H,_1 negligible closed set M,
w e CHIN\ M)NL>®@OQ\ M), 0 < A < +oo and H,,_1 is the (n — 1)-dimensional Hausdorff
measure.

1. Introduction.

In this paper we prove the following existence theorem of a solution for a free discontinuity
problem with Dirichlet type boundary conditions.

THEOREM 1.1. Let n € N, n > 2, let 2 C R™ be a bounded domain with H ,_1(09) < 4o0;
assume that a closed set M exists such that H,_1(M) = 0 and 9Q\ M is a C! surface; let w €
CHON\M)NL>(0NQ\ M) and let 0 < X\ < +oc.Then there exists at least one pair (K, u) minimizing
the functional G defined for every closed set K C Q and for every u € C1(Q\ K)NC°(Q\ (M UK))
with u = w on 0\ (M U K) by

Q(K,u):/ \Vul|?dx + AH 1 (K),
Q\K

where H ,,_1 is the (n — 1)-dimensional Hausdorfl measure.

An existence theorem for a free discontinuity minimum problem with Neumann type boundary
conditions has been recently proved in [14]. In the case n = 2 Theorem 1.1 of [14] has provided
the beginning of a positive answer to a problem of image segmentation in Computer Vision Theory
posed by D. Mumford and J. Shah in [24] (see also [6], [8], [10], [11], [23]). We refer to [12] and [16]
for very interesting conjectures on further regularity properties of the set K, which, if proved, shall
provide also a complete and positive answer to the image segmentation problem mentioned above.
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Following [12], these minimum problems fall into the class of the variational problems, in a
given open set @ C R"™, with free discontinuities, since a solution is a pair (K, u), where K is
a closed set, u is a smooth function in Q \ K and K is not necessarily the union of essential
boundaries, unlike the situation with free boundary problems (see [5], [1]). We remark that free
discontinuity problems more general than the ones until now considered should be regarded as
a possible schematization for various problems in Mathematical Physics where are present both
volume forces and surface tensions (see [7], [9], [12], [17], [20], [25]).

Beside the existence theorem of a pair (K, ) minimizing the functional G, in this paper we
prove also some regularity properties for the closed set K. In particular we prove the following
proposition.

PROPOSITION 1.2. If (K,u) is a minimizing pair given by Theorem 1.1, then

(i) K is (Hn_1,n — 1) rectifiable, i.e. (as in [18]) there exists a sequence of C'! surfaces (Sy,)
such that

%n—l(K\USh) =0;
h

(ii)  there exists a unique minimizing pair (K',u") such that K' C K, H, (K \ K') =0, u = '
in Q\ (M UK) and for every x € K' \ M

liminf p' ™" H ,,—1 (K' N B,(x)) > 0.
p—0

Taking into account the idea of the so-called direct methods in Calculus of Variations, we join
to the functional G a new functional F, defined on a class of special bounded variation functions
(the class SBV (R") recently introduced in [13] ), where a topology can be suitably found such that
F is at the same time lower semicontinuous and coercive.

Theorem 1.1 and Proposition 1.2 are established (see section 4) by proving first the existence
of a solution u for a minimum problem for F over all the competing SBV (R") functions with
given Dirichlet boundary conditions (see Lemma 4.1), and then by using some partial regularity
properties of the singular set of the function u (see Theorem 3.12 and Remark 3.13).

We prove that the minimum of F is also the minimum of G and moreover we show that by a
minimizer of F one can obtain a minimizing pair of G and viceversa (see Remark 4.3).

In order to prove the previous results we use both interior estimates for u already proved in
[14] and new estimates on the behavior of u near a boundary point (see section 3).

Aknowledgement. We would like to thank Prof. E. De Giorgi for many helpful conversations
on the subject of the present paper.

2. Preliminary results for functions in SBV (Q2).

In this section, given an open set 2 C R™ , we define, following [13], the class of special
bounded variation functions SBV(€2) and we point out a few of its properties with new results
gained in [14].

For a given set E C R™ we denote by , its characteristic function, by E its topological closure
and by OF its topological boundary; moreover we denote by #H,_1(E) its (n — 1)-dimensional
Hausdorff measure and by |E| its Lebesgue outer measure. If Q ;) are open subsets in R", with
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Q cC Q' we mean that Q is compact and Q C €. The word domain is used to mean an open set
) C R"™ such that 992 = O(R"™ \ Q).

We indicate by B,(x) the ball {y € R"; |y — x| < p}, and we set B, = B,(0), w,, = |B|.

Let u : Q — R be a Borel function; for z € Q and z € R = R U {oo} we say (following [13])
that z is the approximate limit of u at x, and we write

z = ap lim u(y),

Yy—x

if

for every g € CO(R); if z € R this definition is equivalent to 2.9.12 in [18].
The set
Sy ={z € Q; ap lim u(y) does not exist }
y—x

is a Borel set, negligible with respect to the Lebesgue measure; for brevity’s sake we denote by
@ :Q\ S, — R the function
u(x) = ap li .
4(z) = ap lim u(y)
Let z € Q\ S, be such that 4(x) € R; we say that u is approximately differentiable at z if
there exists a vector Vu(z) € R™ (approximate gradient of u at x) such that

ap lim lu(y) — a(z) — Vu(z) - (y — 2)]
y—w ly — |

=0.

For every u € L{ () we define (see [19])

loc

/\Du| :sup{/udiwj) dz; ¢ € C3 (1 R™),|¢| < 1}.
Q Q

By BV(2) we denote the Banach space of all functions u of L'(Q) with [, [Du| < +o0.

It is well-known that u € BV (Q) iff u € L'(Q) and its distributional derivative Du is a bounded
vector measure. For the main properties of the functions of bounded variation we refer e.g. to [15],
18], [19], [22].

Here we recall only that for every u € BV (Q) the following properties hold:

Sy is (H n—1,n — 1) rectifiable (see [15], or [18], 4.5.9(16));
Hp—1({z € Qa(z) = co}) =0 (see [18], 4.5.9(3));
Vu exists a.e. on €2 and coincides with the Radon-Nikodym derivative of Du with respect to
the Lebesgue measure (see [18], 4.5.9(26));
for # ,,_1 almost all z € R"™ there exist v = v(z) € OBy , tr* (z,u,v) € Rand tr~ (z,u,v) € R
(outer and inner trace, respectively, of u at x in the direction v) such that
i 5 [ u(y) — t* (2, u,0)|dy = 0,
p=0 {y€B,(x);y-v>0}

T fu(y) — ™ (2, u, w)|dy = 0,
p=0 {yEB,(x);y-v<0}
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and

(2.1) /|Du!2/ ]Vu\dx—i—/ trt (2, u, v) — tr~ (2, u, v)|dH 1
Q Q S.NQ

(see [18], 4.5.9(17),(22),(15)).

Following [13], we define a class of special bounded variation functions which are characterized
by a property stronger than (2.1).

DEFINITION 2.1. We define SBV(2) as the class of all functions u € BV () such that

(2.2) / |Du| = / |Vul|dz —I—/ [tr(z,u,v) — tr~ (2, u, v)|dH 1.
Q Q SN0
We remark that the well-known Cantor-Vitali function has bounded variation, but it does not
satisfy (2.2).

REMARK 2.2. Let u € BV () and set u, = (u Aa)V (—a) for 0 < a < +00. The following
properties hold:

|Vu,| < |Vul a.e. on €;
M1 ((Sua \SU) N Q) = 0;
fQ ‘Dua| < fQ \Du|,

Jo IVu|dz = ali}rfoo Jo [Vug|da;

Hpo1(S,NQ) = lim H,_1(S,, NQ);

a——+00

fQ |Du| = aEToon | Dty

Moreover, for u € BV (2), it holds:
u € SBV(Q) iff u, € SBV () for every 0 < a < +00 ;
and more generally:

u € SBV(Q) iff ¢(u) € SBV(Q) for every ¢ : R — R uniformly Lipschitz continuous with
¢(0) = 0.

Denote by WhP(Q) (p > 1) the Sobolev space of functions v € LP({) such that Du €
LP(©;R™); then we remark that, for u € SBV(Q),

WEWIP(@) I H,i (5,10 =0 and [ (VuP +]uP)ds < +oo
Q

(see e.g. [18], 4.5.9(30)).
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LEMMA 2.3. Let Q C R" be a bounded domain with H ,,_1(09Q) < +o0. Let w € WH1(R").
Let K C Q be a closed set with H,,_1(K) < +occ and let u € C*(Q\ K)NC°(Q\ K)NL>®(Q\ K)
with fQ\K |Vuldx < +o0.
Set

u(x) if r€Q\K,

o (x) =
w(z) if v e R"\ Q,
then
(i) u € SBV(R"),
(ii)  Hpo1(Sw \ (KU{z € 00\ K;u(z) # w(zx)})) = 0.

Proof. We have v’ € SBV(Q2) and S,» N Q C K by Lemma 2.3 in [14]. As in [4] (see Theorem 3),
we have v’ € BV (R"™) and

/ ]Du’|:/ |Du|+/ \Vu|d:v—|—/ [tr~(x,u,v) — W|dH p_1,
n Q R™\Q o9

where v is the outward unit normal to (2. -
Therefore v’ € SBV(R") and, since H ,—1(Sw N (R™\ 2)) = 0 and tr~ (z,u,v) = u(z) for H,—1-
almost all z € 90 \ K, we infer also (ii). q.e.d.

For further results on the functions in SBV(Q2) we refer to [13], [2], [3].
In this paper we use the following semicontinuity theorem in SBV (), that is an obvious
consequence of a result by L. Ambrosio (see Theorems 2.1 and 3.4 of [3]) and of Remark 2.2.

THEOREM 2.4. Let p > 1. Let uj, € SBV () be such that
up, = u in L (Q),

sup {/ |Vup|Pdx +H p—1(Sy, N Q)} < 400,
heN Q

sup {/ | Dup,| —|—/ |uh\dx} < 400.
heN Q Q

Then
(i)  weSBV(Q),
(11) H n—l(Su N Q) S limhinH n—l(suh N Q),

(iii) /Vu|pd:c Sliminf/ |Vup|Pdz.
Q hJa

We remark that the previous Theorem 2.4 is not true for p = 1 because, in this case, it
is possible to approximate every u € BV (§2) by a sequence of smooth functions (which are also
functions of class SBV (2)).

In [14], section 3, a Poincaré-Wirtinger type inequality for functions of the class SBV in a ball
and two consequences have been proved. Here, for completeness and the reader’s convenience, we
give the statements.
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Let B be a ball in R™, n > 2; for every measurable function v : B — R, we consider the non
decreasing rearrangement of
us(s,B) =inf{ t e R; {u <t}NB|>s} for 0 < s < |B|,
and we set

1
med(u, B) = ux <2|B\,B> ;

n

moreover for every u € SBV(B) such that (2, H ,—1(S, N B))»—1

< i|B| we set

7' (u, B) = us ((292H n—1(Su N B))71, B),

7 (u, B) = uy (|B] = (29 H n-1(S. N B))n%l,B) ,
where 7, is the isoperimetric constant relative to the balls of R”.

THEOREM 2.5 Let BC R" beaball n > 2,1 < p<mn andp* = n”—fp. Let u € SBV(B),
n—1
Hpno1(S, NB) < ﬁ (31B|) ™, and

u= (uNT"(u,B))V7'(u,B).

Then
zf)/np(n B 1)

[@ — med(u, B)|| o+ ) < IVullLe (B)-

THEOREM 2.6. Let B C R"™ be a ball, up, € SBV(B), p > 1, and let
sup / |Vup|Pdr < 400,
heN JB

lim # ,-1(S, N B) = 0.

Then there exist a subsequence (uy,,) and a function u., € W1P(B) such that

lim [@y,, — med(up,, B)] = uso in L"(B)
for every 1 <r < % if 1 < p < n, and for every r > 1 if p > n; moreover
lim [up, — med(up,, B)] = oo a.e. on B.
(2

THEOREM 2.7 Let n e N, n > 2, p > 1; let u € SBV(R") and x € R". If

p—0

lim pt—™ [/ |[VulPdy +H ,—1(Su N By(x))| =0,
BIJ(I)

thenx ¢ S, and u(x) € R.
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3. A limit theorem and some estimates at the boundary.

Given 2 and w as in Theorem 1.1, in this section we will study some properties of a function
u € SBV(R") solution of the following minimum problem (see Lemma 4.1 for the existence of u)

(3.1) min {/ \Vol2dz + AXH —1(S,); v € SBV(R"), v =w, in R" \Q} ,
Q

where w, € Wl’l(R”) is an extension of the boundary datum w such that W, = w H,_1-a.e. on
on.
In particular we prove that, setting

Qo = {x € Q\ M; limp'"H ,_1(Su N B,y(x)) = O} ;
p—0

then Q\ Q is closed and  H,_; ((ﬁ \ QO) A Su) =0, where A A B denotes the symmetric
difference of the sets A and B.

Such partial regularity result (see Theorem 3.12 and Remark 3.13) shall allow us to prove
Theorem 1.1 and Proposition 1.2 in the next section, by showing that the pair (2\ Qq,u) is a
solution of the minimum problem considered in this paper.

DEFINITION 3.1. Let u € SBV(R") and 0 < ¢ < +00. Let K C R" be closed. We set
Flu, e, K) = / Vul?d + H o1 (Su N K,
K

®(u,c, K) =inf { F(v,c,K); ve SBV(R"), v=uin R"\ K };
moreover, if ®(u,c, K) < 400, we set

U(u, ¢, K) = F(u, ¢, K) — ®(u, ¢, K).

We first state some technical lemmas.

LEMMA 3.2. Let u € SBV(B,). For every 0 < ¢ < +o00 the functions

p — F(u,c, B,)
and o
p— ¥(u,c,B,)

are non-decreasing in (0,r).

LEMMA 3.3. Let u € SBV(B,(x0)), p < r. Set u,(x) = p~/? u(xo + px) for every x € B
then

r/ps

Uy € SBV(BT/p),

F(up,c, Br) = p' " F(u, ¢, By(wo))

and
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®(uy, ¢, Br) = p'~"®(u, ¢, B,(0)).

LEMMA 3.4 Let u € SBV(R") and 0 < ¢ < +oo. If U(u,c, K) = 0 for some closed set K C R",
then

F(u,c,By(x)) < cnwpp™ !

for every B,(z) C K.

Proof. Because of the minimality of u we have

F(u,c,By(z)) < F(uan\m, ¢, By(r)) < enw,p™ L. q.e.d.

The proofs of the following Lemma 3.5 and Lemma 3.6 are similar to the ones exhibited in [14]
for Lemma 4.6 and Lemma 4.7 respectively.

LEMMA 3.5 Let u, v € SBV(B,), 0 < ¢ < 400 and 0 < p < r. Suppose
Hn_l(Su N 8Bp> = Hn_l(Sv N 8Bp) =0.
Set

u(x) if z € B,,
w(x) =

v(x) if z € B, \ B,,

then
F(w,e,B,) < F(u,e,B,) + cH o1 ({ #0}NOB,).

LEMMA 3.6. Let Q; CC Qy CC R™ two open sets. Let v € C5(Q) with |[y| <1, y=1ina
neighborhood of )y, [Vv| < L. Let u, v € SBV(R") and w = yu+ (1 —)v. For every 0 < ¢ < 400
and for every 0 < A < 1 it is true that

_ 1 — — L?
Flw, e, o) < —— [f(u,c, Qo) + F(v, e, \ Ql)] + — / lu — v|?dy.
11— A Q2\

To treat blowing-up at a boundary point of Q for a function v € SBV(R") minimizing the
functional F in 2 with given Dirichlet boundary datum, we introduce the following notation.

For any C! function ¢ : R"™! — R with ¢(0) = 0 = |[V(0)|, Lipp < 1, let
Qp = {2 € Bi; zn > p(a)}
where ' = (z1,...,25,-1).

We are now in a position to prove the following limit theorem.
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THEOREM 3.7. Let 5, : R"™1 — R be a sequence of C' functions such that ¢,(0) = 0 =
IVor(0)|, Lipen <1, li}rln IVonllLe = 0. Let wy, : By — R be a sequence of C! functions

such that lifILn(HU}hHLoo + ||Vwp||z=) = 0. Let ¢, € R and uj, € SBV(R") such that up = wy, in
Bi1\ Q,, for every h € N; let us € W?(By). Assume that

(1) li}rln}"(uh,ch,Bp) = a(p) < +oo for almost all p < 1,
(2) lilrln U (up, cp,Qyp, NB,) =0  for almost all p < 1,

(3)  limep = foo,

(4) liirln Up = Usg a.e. on Bj.

Then

the function us, € C°(B1), s is harmonic in {x,, > 0} N By, us =0 in {z,, <0} N By and
alp) = pr (Voo |2dy  for almost all p < 1.

Proof. By the hypothesis on the functions gy, we infer that, for every § > 0 and for every h large
enough, —§ < pp(2') < 4.

By the hypothesis on the functions wy, and by the assumption uj, = wy, in By \ Q, , we infer that
li}Ilnuh =01in {z, < =6} N By. Therefore, by (4), uso =0 in {z, < 0} N By.

On the other hand, for every 6 > 0 and for every ball B,.(z) such that B,.(x) C {z, > 0} N By, we
have by Lemma 3.2 and by (1) and (2) respectively,

SU.p]:(Uh,Ch,BT(fL')) < 400
h

and
li}lbn U (up, cp, Br(x)) = 0.

By using Theorem 4.8 of [14] and by the arbitrariness of 0 , we infer that u., is harmonic
in {z, >0} N B;. By well-known results (see e.g. [21], chap. II, Appendices) it follows that
Uso € C°(By), 80 s =0 in {z, <0} N By.

By the hypothesis (1) and by the semicontinuity theorem 2.4 we have, for any ¢ > 0,

/B Voo |*dy = F(uoo, ¢, B,) < limhinf]:(uh, ¢,B,) < li}ILn]:(uh, cny B,) = a(p)

P

for almost all p < 1.
The proof will be completed by proving the following inequality

(3.2) a(p) < / |V |?dy for almost all p < 1.
B

P

We may suppose ||wp||f= < 1/h. Set, with the notations of Theorem 2.5,
tp = up A (7" (up, B1) V1/h) V (7' (up, B1) A (=1/h)),
we have @y, = wy, in By \ Qy, and, by Theorem 2.6,

(3.3) lim iy, = oo in L*(By).
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Moreover, as in Theorem 4.8 of [14], there exists a subsequence of (i) (for brevity’s sake still
denoted by (7)) such that

(3.4) lim e M n1({tn # an} NAB,) =0

for almost all p < 1.
Set now o
wp () if x € By \ Qp,,
wy, () = B
wr (2, on(2’)) + voo (2, 20 — pn(2’)) ifxeQy,,

we notice that the functions wj, are Lipschitz continuous in B, uniformly with respect to h and
li}an W), = U in L®(B,) for every p < 1.

Finally we may prove (3.2).
Since the function p — «a(p) is non-decreasing, it is also a continuous function for almost all p < 1.
Let p < 1 be such that a(-) is continuous in p and the hypothesis (1) and the condition (3.4) are
fulfilled. Let L > 0 be such that sup |Vw},| < L for every h € N.

B

P
Fixed € > 0, let 0 < p; < p be such that a(p) — a(p1) < € and L?|B, \ B,,| < € moreover let ps be
such that p; < p2 < p and the hypothesis (1) is fulfilled.
ForO<r<land —r<d<rweset B,sg=DB,N{x, >3 }. Let 0< p3 < psy and 0 < 3 < &1 be
such that

B, s CC B,,s, CCB, CCB, CCB,

and L?|B, s, \ By, .6,| < €.
Let 1 and 72 be two C! functions such that

. |v1] <1, 71 =1 in a neighborhood of B,, s5,, spty1 C By, .s,, |V71]? < (p2_2p1)2 4 (52_251)2,
an

|72] <1, 72 =1 in a neighborhood of B,, _5,, sptye C B,,, |V12|? < ﬁ.

Now we define the following three sequences of functions in SBV (By)

Ch = Y1Uoo + (1 — 71wy,

En = 72Cn + (1 — y2)tp

gh in -87p7
Zh =
up, in By \ B,.

We notice that z;, = uy in By \E for every h € N, and Zh = whiiB1 \Q% for h large enough
in order to have ¢ ||r < d2. Then, setting e, = V(uyp, cp, Qy, N B,), by Lemma 3.5 and 3.6, for
every 0 < A < 1 we have

f(uh7ch7Fp) — €p g ‘F(Zhach7Fp) S ./—"(fh,Ch,E) + Cth—l ({ah 7& ﬂh} N aBp> S

1 _ -
< ﬁ [f(ghachaBp) + -F(ufmchaBp \ Bps,—éz)] +
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2 - 2 = -
Nou — p3)2 —Cnl"d n— B,).
Jr)\(P4 — p3)? /B \B [in = Cul"dy + enH 1 ({ion # tn} N OB,)

p3,—082

By using again Lemma 3.6 we have

. 1 1
Flun,en,By) —en < L / Vuo|2dy + / IV 2dy | +
L=A]1-A B, Bpo\Bp, .5,

1 2 2 _
+— + w), — uso|*dy + F(tn, cn, B, \ B —6s
A <(Pz —p1)? (62 —51)2> /B,J\B,Jl,(;1 [, "y (ns e By \ Bpo,—s:)

2
_1'_7
)\(P4 - /33)2

_l’_

/ i — Cudy + enH s (L # in} 1 OB,)
p\Bpg —d2

then, letting h — 400 and taking into account (3.3), (3.4) and the hypotheses (1), (2), we obtain
1 1 ) . —
a(p) < —_— |Vuoo|“dy + € | + limsup F(tp, cn, By \ Bpg,—5,) | <
1-x|1-x\Us, )
1’ 1
P 2
< <1_)\> (/Bp]Vuoo] dy—l—e) + T
1 \2
= (H> (/B IVuoo|2dy+e> A( alp) = alpz)) <
1 \2
P
—<1_)\> (/pvuoo’ dy+€>

For the arbitrariness of € and A the assertion follows. q.e.d.

S lim sup F (un, ¢, B, \ Bp,) <
h

COROLLARY 3.8. Let (pp) and (wy) be as in Theorem 3.7. Let A\, € R with 0 < ¢ < A\, < 400
for every h € N; let uj, € SBV(R") such that uj, = wy, in B1\$)y,, , and let u € W12(By). Assume
that

(1) liirln]:(uh,)\h,Bip) = a(p) < +oo for almost all p < 1,

(2) liirln U (up, A, Qp, N B,) =0 for almost all p < 1,

(3) limH, 1(Sw, N BY) =0,

(4) liirlnuh =Usx a.e. on Bj.

Then the same thesis of Theorem 3.7 is true.

Proof. If limhsup Ap = 400 the assertion follows by Theorem 3.7. If lim hsup A < 400, setting

chL = A\ V (Hn 1(Su, N Bl) ) 12 , we have li}rln cp, = +oo and
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li}rln}"(uh,ch,Bip) =a(p) < oo for almost all p < 1.

Since

f(uh,ch,Q% OE) = }-(uh’)‘hvﬁs@h QE) + (Ch — )\h)H n_1(Suh OE) =

= (I)(uhv)‘mﬁ%h mﬁp) + \Ij(u}“)\h?ﬁéﬁh HE) + (Ch - )‘h)/anl(Suh QE) <

< CID(uh, ch7§¢h ﬂgp) + \I/(uh, Ah,§¢h QE) + (Ch — )\h)H n—l(Suh N Bp),
we have also
li}rln U (up, cpy Dy, NB,) =0 for almost all p < 1.
Then the assertion follows again by Theorem 3.7. q.e.d.

From Corollary 3.8 we infer the following decay estimates near a boundary point.

LEMMA 3.9. Foreveryn € N, n> 2, and every 0 < c< 400, 0<a<1,0<f<land L >0
there exist € = e(n, ¢, a, B, L) and ¥ = J(n, c,«, 3, L) such that:

for every o € CH(R™!) with ¢(0) = 0 = |Vp(0)|, Lipp < 1 and for every w € C'(By), with
Lipw < L, ifu € SBV(B2), w=w in By \Qy,, ¥(u,c,Q,NB1)=0and

Hn—l(su DE) <€,
then

F(u,¢, By) < a™ P max {]:(u, ¢, By),9 [(Lip ©)> + (Lip w)2] } :

Proof. Suppose the lemma is not true. Then there exist n > 2, ¢ > 0,0 < a<1,0< g8 <1,
L > 0, two sequences (ep), (95) such that li}rln en, = 0, li}ILn JIp = +00, a sequence ¢, € CHR"1)

with ¢5(0) =0 = [V (0)], Lippn < 1, a sequence wy, € C(By) with Lipwy, < L, a sequence
up, € SBV(Bs) with uj, = wy, in By \ Q,, ¥(up, ¢, Qyp, NBy) =0 and

Hn—l(Suh QE) = €h ,

(3.5) F(up, ¢, By) > o™ Py, [(Lz’p on)? + (Lipwp)?|,
(3.6) F(un, ¢, Ba) > " P F(up,c,By).
Set A\, = —%—= and vy, = (%)5 up, we have

F(up,c,B1)
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]:(Uha)‘haBil) = 1a

\I’(’Uh, )‘hvﬁwh QE) == 0,

An\ 2 —
vh:<ch) wy in B\ Q.

Since by (3.5)

mas { (Lipen)?, (Lipwn)’} < {55
and since (as in Lemma 3.4) i%f An > 0, we have
1
N A\ 2 N
(3.7) h}?l Lip ) wn| = 0 and h}rln Lipop, = 0.

Moreover, since liirln €n, = 0, by Theorem 2.6 there exist a subsequence, still denoted by (v,), and a

function vy, € W12(By) such that

li;bn [vp, — med(vp, B1)] = veo a.e. on Bj.

()" v motton. )

uniformly converges to zero. Then, by Corollary 3.8, v, € C°(B1), Voo is harmonic in {z,, > 0}NB;
and vo, = 0 in {z, < 0} N B;. By Schwarz reflection principle there exists a function V' harmonic
in B; defined by

By (3.7) the sequence

Voo () if x,, >0,
V(z) =
—Voo (2, —y,) if 2, <O,

for which we have

1 n
/ Voo |2dy = / IVV[2dy < O‘/ IVV[2dy = a"/ Voo |2dy.
B, 2 B 2 B, By

Therefore, still by Corollary 3.8, we obtain

limsupf(vh,Ah,E) < Oén/ |vvoo|2dy <a",
h B1

whereas by (3.6) we have

./—"(Uh,)\h,Bia) > a™ B,

So we obtain a contradiction. q.e.d.
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LEMMA 3.10. Letn e N,n > 2, let 0 < c < 400, 0 <a<1land0< B <1. Let p € CL{R" 1)

with p(0) = 0 = |V(0)|, Lipp < 1, let w € CY(By) and L = max |Vw(x)|. There exist € > 0,
rEB,

0 <r <1 such that if u € SBV(By), u=w in B, \ Q,, ¥(u,c,Q, N B,) =0 and if
Hn1(SuNB,) <€p" ! for some 0 < p < r, then

lim =" F(u,c, By) =0 .

t—0

Proof. Let €, be as in lemma 3.9; let o/ € (0,1) be such that (o) #cnw, < € and let ¢ and ¥’
be the constants depending on n,c, o, 3, L given by lemma 3.9.
Set u,(z) = p~?u(pz). We have u, € SBV(By,) and
U(up,c,Q, NB1) =0,
where ¢, (z') = p~tp(pa’) for every 2’ € R"!; moreover u, = w, in By \ Q,,, where w,(z) =
p~2w(px). Let r > 0 be such that
A [(LipBrcp)Q + TLﬂ <e.

Assume that H ,—1(S, N B,) < €p"~! for some 0 < p < r. Then by lemma 3.3 and lemma 3.9 we
have

Flup,c,Bl) < (a')”*ﬁ (]—"(up,c,E) vV e)
hence by lemma 3.4
F(u, ¢, Barp) < ()"7F (F(u,e,B,) Vep" 1) < ()P (enwnp™ Vv ep" ) < el p) Tt

Set p' = a/p. Since we have

then, by lemma 3.9, we obtain
F(u, ¢, Bay) < a" P max {F(u,c,Bp),e(p))" "} < o Pe(ap ) L.

By induction we obtain for every h € N

F(u,¢, Boyny) < aMI=Be(ah L, (3.8)
Now let t < p’ and let o/p’ <t < a~!p'; then by (3.8) we have

" F(u, ¢, By) < (o p) " Fl(u,c, Bn-1,) < o' e h—HD0=8)

hence the assertion follows. q.e.d.
REMARK 3.11. Let € R" be a bounded domain with #,,_1(9f2) < +oc and let u € SBV(R")

be a solution of the minimum problem (3.1). Let w’, € WHY(R") such that w!, = . H ,_1-a.e. on
0f). Then the function o
u(z) ifz e,
u'(z) =
wh(z) ifzeR"\Q

is a minimizer for the functional

/Q |VU\2d:U + AH —1(Sy)

among the functions v € SBV(R®), v =w, in R"™\ Q.
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THEOREM 3.12. (Partial regularity) Let n € N, n > 2, let Q C R™ be a bounded domain and
let 0 < X\ < +o00. Assume that a closed set M exists such that H,,_1(M) =0 and 9Q\ M is a C*
surface; let w € C*(9Q\ M) and let we € W11 (R™) be such that 1w, = w H,_1-a.e. on 0.
Assume that u € SBV (R") satisfies the conditions W (u, \,Q) = 0, u = w, in R™\ Q. Set

Oy = {x €Q\ M ; lin%)pl_”f(u,)\,ﬁﬁBp(g;)) =0 }7
p—

then -
(i) Qg is relatively open in €,

(i) Hn-1 ((2\ Q) AS,) =0.
Proof. By Theorem 4.12 in [14] Q¢ N is an open set. Let now x € Qy N 0Q; by virtue of the

hypotheses, there exists B,.(z) such that B,.(z)NM = () and QN B,.(x) is a C! surface. By Remark
3.11 we may assume w, € C1(B,(z)), hence lir% p' " F(u,\, B,(x)) = 0. Provided that r has been
p—

selected small enough, by Lemma 3.10 we have

o0 N Br/g(x) C Q.

On the other hand, provided that ' < r/2 be small enough in order to apply Lemma 4.11 of [14],
we have also that

QN B, (.T) C Q.

Thus (i) is proved. By Theorem 2.7 we have S, NQ C O\ Q. Finally, by a covering argument (see
e.g. Lemma 2.6 in [14]), we have H,,—1 ((2\ Qo) \ Su) =0, so also (ii) is proved. q.e.d.

REMARK 3.13. If u is a solution of the minimum problem (3.1) and if for x € 9Q \ M we have

lim p*"H ,—1(S, N B,(z)) =0,
p—0

then, by Lemma 3.10, we have also
lim p* " F(u, \, QN B,(z)) = 0.
p—0
We remark that such a result also is true for x € ). Indeed, to this aim, it is enough to prove a

corollary of Theorem 4.8 of [14], similar to Corollary 3.8 of this paper, so that we may assume in
the hypotheses of Lemma 4.9 of [14] the weaker condition

Hp-1(Su N By(x)) < ep" !

instead of
F(u,\, QN B,(z)) < ep™ L.

Therefore we conclude that the set €}y defined in Theorem 3.12 is equal to the set

{x € Q\M; lim p'"H ,_1(Sy N By(x)) = 0} :
p—0



M.Carriero & A.Leaci: Dirichlet problem with free discontinuity set. 16

4. Proof of the existence theorem.

We begin this section by proving the existence of a solution for the minimum problem (3.1) in
SBV (R").

LEMMA 4.1. Under the hypotheses of Theorem 1.1, there exists w, € W1 (R") N L>®(R™) such
that W, = w H,—1-a.e. on I and ||we||p~ = ||w| L= ; moreover there exists

min{/ (Vo|?de + AH ,1(S,); v € SBV(R™), v =w, in R" \Q}
Q

and it is smaller than, or equal to,

inf{/ |Vv\2dx+/\7-ln_1(K)}
O\K

where the infimum is taken over all the closed sets K C Q and the functions v € C*(Q\ K)NC°(Q\
(MUK)) withv=w on 0\ (M UK).

Proof. The existence of the function w, follows by Theorem 9 in [4]. We remark that, setting
Vo = We * Xgn\g> W have vy € SBV(R") and

F(vo, A, Q) < AH -1 (09) < +00.

Let (vy) C SBV(R") be a minimizing sequence for F(-, \,Q), with v, = w, in R™ \ Q for every
h € N; by Remark 2.2 we may suppose ||vp ||~ < ||we] L. By (2.2) the sequence (vy,) is uniformly
bounded in BV (R™), hence, by the compactness theorem in BV (R™) (see e.g. [19], Theorem 1.19),
there exist a subsequence, still denoted by (v,), and a function © € BV(R™) N L>°(R™) such that
vp, — w in L*(R™). By Theorem 2.4 u € SBV (R™) and

/|Vu2da:§hminf/ |V |*da;
Q hJa

moreover, by a covering argument and by Remark 3.11, we may assume that w, € W2 near any
point of 9\ M, hence we may use again Theorem 2.4 to obtain

Hp-1(Su) < linlhinf Hp—1(Sy, )-
Then we have

/Q]Vu2da: + AH p—1(S,) < li;Ln [/ﬂ |Vop|?de + AH n1(Sw,) | 5

therefore u is a minimizer for F (-, A, Q) over all the functions v € SBV (R") having prescribed value
we in R™\ Q.

Now let K C Q be a closed set, let v € CH(Q\ K)NC(Q\ (MUK)) with v = w on 9Q\ (M UK) and
fQ\K |Vo|?2dz+AH ,,_1(K) < +o0. If ¢ : R — R is a C'(R)NL>®(R) function with 0 < ¢’ < 1 and
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¢(t) =t for |t| < ||w||L=, then we may apply Lemma 2.3 to the function ¢(v) obtaining a function
v' € SBV(R") such that

F(',\Q) < / |Vo|?de + AH 1 (K),
O\K

so the assertion follows. q.e.d.

Proof of Theorem 1.1. By Lemma 4.1 there exist w, € WH1(R") N L>°(R"™) such that w, =
w Hp_1-a.e. on ON and a function u € SBV(R") which is a minimizer for F(-,\,Q) over all
the functions v € SBV(R") having prescribed value w, in R" \ Q. With the same notation as in
Theorem 3.12, setting K = Q\ Qp, we have that K is closed and

(4.1) Ho 1(K A S,) =0.

Let B,(x) C Q\ K; by (4.1) we have that u € W12(B,(x)) and

/ Vuldy < / Vol2dy
B,.(z) B, (x)

for every v € u+ W, *(B,(z)). Thus u is harmonic in Q\ K. Moreover for every £ € 9\ (M U K)
there exists r > 0 such that B,.(§)N(MUK) = 0, 0QNB,(£) is a C* surface and w € CH(0Q N B,.(€)) .}
By well-known results on elliptic Dirichlet problems (see e.g. [21], Chap. II, Appendices) it follows
that u € C°(Q N B,.(¢)) and u = w on IQ N B,.(€). Therefore u € C“(Q\ K) N C°(Q\ (M U K))

and we have

G(K,u) = / |Vul2de + A\ 1 (K) = F(u, A\, Q).
Q\K

By Lemma 4.1 we conclude that the pair (K, u) gives a solution of the minimum problem considered
in Theorem 1.1. q.e.d.

REMARK 4.2. We notice that the minimizing pair (K,u) whose existence has been proved in

Theorem 1.1 satisfies also the conditions ||u|pe < ||w|/L~ and u € C¥(2\ K).

REMARK 4.3 By the proof of Theorem 1.1 we conclude that

(a) ifu e SBV(R") is a minimizer for F(-, X, ) over all the functions v € SBV (R") with v = w,

in R™\ €, then the pair (Q\ Qo,u) gives the minimum that one is looking for in Theorem 1.1 and
g(ﬁ \ QO7 U) = .F(U, )‘aﬁ)a

viceversa,
(b) if (K,u) is a minimizing pair given by Theorem 1.1 with u € L*°, setting
u(z) ifzeQ\K,

o (x) =

we(z) ifzeR™\Q,

then, by Lemma 2.3, v' € SBV(R") and, by (a), Hn_1(Sw A K) = 0, ¥(u',\,Q) = 0 and
Fu', Q) = G(K,u).
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Proof of Proposition 1.2. Let (K,u) be a minimizing pair given by Theorem 1.1 and let
u’ € SBV(R"™) defined as in (b) of the previous Remark 4.3. The assertion (i) immediately follows
by (b) of Remark 4.3 since S, is (H ,—1,n — 1)-rectifiable.

In order to prove (ii), it is enough to choose

K' =Q\{zeQ\ M; lim p " H 1 (Sw N B,(z)) = 0}
p—

Indeed, by Theorem 3.12 and Remark 3.13, we have another minimizing pair (K’,u") which has
the required properties. Obviously the pair (K’, ') is uniquely determined by the properties (ii).
q.e.d.
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