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Abstract

The problem of prescribing conformally the scalar curvature on a
closed Riemannian manifold of negative Yamabe invariant is always solv-
able, when the function K to be prescribed is strictly negative, while
sufficient and necessary conditions are known for K < 0. For sign chang-
ing K Rauzy [21] showed solvability, provided K is not too positive. We
revisit this problem in a different variational context, thereby recovering
and quantifying the principal existence result of Rauzy and show under
additional assumptions, that for a sign changing K solutions to the confor-
mally prescribed scalar curvature problem, while existing, are not unique.
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1 Introduction

Let M = (M™, go) be a closed Riemannian manifold with n > 3. We consider the
classical conformally prescribed scalar curvature problem, i.e., given a smooth
function K on M, we ask for the existence of a conformal metric g to gg, whose
scalar curvature is K.

If we denote by g = g, = uﬁgo with 4 > 0 a conformal metric to gg, this

problem is equivalent to finding a positive solution u > 0 of the equation

Lgu= —angou—l—RgOu:Ku%, Cn = 4(:721) (1)
Here R, denotes the scalar curvature with respect to the metric go. In partic-
ular, when K is constant, () reduces to the Yamabe problem, which has been,
as is well known, completely solved by the works of Yamabe, Trudinger, Aubin
and Schoen.

The prescribed scalar curvature problem for non constant K has been widely
studied as well, especially in case of a positive Yamabe invariant, in particular
on the standard sphere S™, see for instance [IH] and the references therein. Here
we are interested in the case of a negative Yamabe invariant, i.e. when

Y(M) = inf Lottt

2n_ n—2
uES;gM) (fJVI un—2 dug[]) n

<0,

and we refer to [2] for a comprehensive introduction. By the resolution of the
Yamabe problem [I2] we may assume Ry, = —1, whence

Lgy = —cplg, — 1
and the constant functions become the first and a negative eigenspace of Ly, .

If K <0, then (I) is always solvable, and still, if K < 0, solutions are unique
[I2]. Moreover a necessary condition for solvability of (I) is

(k) =1v1(Lgy, Qx) >0, (2)
as was first proved by Rauzy [21], where Qx = {K > 0},

v1(Lgy, k) = sup v1(Lgy,82)

QK C smooth

is the first Dirichlet eigenvalue and here for a smooth subset Q@ C M

f o Lgouudpig,
fﬂ UQdM%

And actually, if K <0, the necessary condition v1(Qg) > 0 is also sufficient to
guarantee solvability, see [[9, 21, 24, 25]. Furthermore an additional necessary

Vl(LgO,Q):igf , A={u e C5°(Q2) : u>0 in Q}.



condition, which is automatically satisfied for 0 Z K < 0, is the positivity of
the unique solution w > 0 of

Ly =—(n—1)Ayw+w=—K, (3)

see (7], and in particular necessarily [ Kdug, < 0. Indeed @ = w7 for a
solution w > 0 of (M) is a subsolution to (B) and thus the maximum principle
tells us, that necessarily @ < w. Finally, when K changes sign, Rauzy [21] used
a subcritical approximation argument to obtain solvability under a smallness
assumption on sup K, which later on Aubin&Bismuth [3] quantified, see Remark
0 below and for n = 2 the analogous work [7] by Bismuth.

In view of these results we will study for sign changing K the conformally
prescribed scalar curvature problem in a variational setting different from the
one used by Rauzy [21] and assume throughout the necessary conditions

(i) n(Qg) >0
(ii) [y, Kdpg, < 0.
Let us first introduce some notations. Let

X ={u>0}0{r <0} {k <0} {Jlul 2 =1} Cx(M),

where
r=rg, = / Rydpg = / Ly uudpg, and k = kg, = Ku%dugo. (4)
M M M
Clearly X # (), as some constant function is in X, and we consider
—k
J = — >0

as a scaling invariant functional on X with derivative

2 [k . 2
8 (u) = e (r Lyt — Kun+§>, 2=~ "2

and a Yamabe type flow

—k —k nt2
du=—~(—R—Kju= fu*m(:LgoufKurfz). (5)

In this way J becomes a variational functional and X a variational space, as
any solution to 0J = 0 on X is a solution to (). Note, that the choice of X is
somewhat natural, since for K < 0 any normalized solution to the conformally
prescribed scalar curvature problem must be in X. On the other hand J is
not necessarily bounded from below and, flowing along (8), while the factors
—k, —r > 0 are readily uniformly bounded away from infinity on X, generally

0<—-k—0o0r 0<—r—0 (6)



may happen and it is natural to ask, how to prevent this scenario.

We will show first, that under conditions similar to, but generally weaker
than those of Aubin&Bismuth [3] a certain integral condition holds, to which
we refer as a global A-B-inequality, namely

Jullfs < A+ BIk* for all u € H' (M),

see Proposition B, and second, that an A-B-inequality holding on X guarantees
infx J > 0 and (B) does not occur, whence J becomes an energy and the
flow generated by (H) can be used for variational arguments. In particular, by
choosing appropriate initial data, we find a solution of (@), which is a global
minimizer of the functional J on X. Note, that a minimizing property or saddle
point structure of the solution obtained via approximation and variational means
by Rauzy or via perturbation arguments by Aubin&Bismuth is unknown, while
here we argue on the critical equation directly and do not rely on the method
of sub- and supersolutions for instance and in contrast to e.g. [B], [I2].

Theorem 1. If an A-B-inequality holds on some sublevel
JE={J <L} #0,
then J admits a global minimizer on X, which is a solution of equation ().

For the proof see Section B2A. Combined with Proposition B, Theorem 0
quantifies the smallness assumption in Rauzy [21].

Remark 1.1. Let us review the AubinésBismuth result in the corresponding
notations of Remark 6.13 in [2] and Theorem 6 in [3], namely solvability of

Lyyu= fun=2, u>0 for f€Fox=1{f€CM): {f>0}=K},
where 0 < o < 1 and K C M are fized.

a) In Remark 6.13 in [2] solvability is claimed, provided, that for some smooth
Q> K with \) > —R (7)

there holds
< C(K) inf (—
sup f < C( )Alfia( 1),
where C(K) supposedly depends on K = {f > 0} only. But this is not
substantiated by the reference to [3], see Theorem 6 there, whose statement
requires specific choices of neighbourhoods Q D 0 D K, see b) below, and
thus  as in (@) is not arbitrary.

b) In Theorem 6 in [3] solvability is claimed, provided

sup K < C(K) j?\fe(_f)’ (8)



where according to the Definition before Theorem 6
QDoD0DDK 9)

are smooth neighbourhoods of K, which in particular satisfy
1 1
5)\(K) < A0) < AM(K) and 5)\(9) < A(Q) < A(0)

for the first Dirichlet eigenvalues A of these sets, whence specific choices
for 0 and Q) are required in contrast to Proposition B below.

¢) Moreover C(K) in (B) is supposed to depend on K = {f > 0} only, which
s surprising, since the smallness constant in our Proposition B depends
on a distance corresponding to d(00,09), c¢f. (A). And in fact the upper
bound of 1 in Proposition 1 of [3], claimed to be

sup < O(K),
tends to infinity, when d(0Q2,00) — 0. To be precise, if d(0S2,00) — 0,
then inf ¢ — 0 from (15) and the definition of ¢ two lines below, while

ut =E&p for a constant € >0 and u” = |R|WT_2

shall act as a super- and subsolution respectively. To apply the method of
sub- and supersolutions we then require

u” < um pointwise and thus & — oo,

as sup p —~ 0. So a uniform upper bound for 1 is not feasible.

Either way, while Aubin&Bismuth in [3] qualify via (8) the smallness condition
of Rauzy in [21]], Proposition Bl quantifies the smallness constant C(K) > 0 in
(8). Concerning non existence and recalling (2) and (8) we have

Lemma 1.2. There holds

Q) >0 i w >0 =>/Kdugo<0.
M

Thus (i) or (ii) above are alone not sufficient to guarantee solvability. To see
Lemma 2, whose demonstration we believe to be instructive, first note, that
the last implication is immediate from testing (B) against a constant. Secondly,
tosee w >0 == 11(Qx) > 0, note, that @ > 0 for 0 # K < 0 by the
maximum principle, while we may choose Qx = M \ B.(z¢). Then for suitable
0 < Neze < 1 with 1e ,, =0 on Be(zg) we have

/ LgoNe zoMe,zo < 0,
M



whence v1(Qk) < 0. Finally we may even construct K € C°° (M), for which (i)
and (ii) hold, but w % 0. Indeed L, > 0 has a Green’s function G, satisfying

. . . ~ 2—
(JWXM){I{lcfi.iag(M)} Ge,, >0 with a principal term G, (z,y) ~ d; " (z,y)

and we consider for min{2,n/2} <p<n,0<e<1and e\" P> 1

A
K=—e4neg(——so— )P
6+777$0(1+)\2d30(x0’x))

with a suitable cut-off function 7 4, 7e,2o = 1 on Be(xo). We then easily check

11(Qg) >0 and / Kdpg, <0,
M

while
@(w0) = —Ge,, (0,) # K = —X""2 < 0,

In particular the last argument shows, that some kind of smallness assumption
to guarantee solvability is natural.

On the other hand, once solvability of () is given, we naturally ask for
uniqueness, which, as we recall, holds true in case K < 0. Surprisingly, as
our second theorem shows, we may either lose existence or uniqueness, when
passing from K < 0 strictly negative to K sign changing.

In the latter case, when we lose uniqueness in that passage, but not existence,
we find at least two solutions, one inducing a totally negative scalar curvature
r =k <0, see (&), while more surprisingly the other solution induces a totally
positive one, see Theorem B below, although, fixing some suitable 0 Z K_ < 0,
we may choose 0 # K > 0 such, that for K = K + K_ the positive maximum
of K is as small as we wish.

For the sake of simple statements we say, that Cond,, holds at a € M, if

3 <n <5 and no restrictions on a € M are required

(Cond,,) {

n > 6 and M is locally conformally flat around a € M.

In particular Cond,, is satisfied for all a € M, if 3 <n < 5.

Theorem 2. Suppose, that Ly, is invertible, and consider a sign changing
function K € C*(M), for which a global A-B-inequality holds. Then, if Cond,
is satisfied at some a € {K = max K} and

-2
VIK(a) =0 for all ”T >1eN,

there exists C = C(A, B) such, that the conformally prescribed scalar curvature
problem admits at least two solutions ug, uy, provided sup K < C, in which case

Tug> kug <0 and 7y, ky, > 0.



For the proof see Section B=3. Some remarks on Theorem B are in order.

Remark 1.3. (i) The function ug is the minimizer from Theorem O, while

(ii)

(iii)

the second solution wy is a minimizer of I = —— on the natural domain
k™ n

Y={r>0n{k>0n{u>0}n{|- ||Ln232 =1} Cc C*(M).
Clearly Y =0 for K <0 and, if an A-B-inequality holds, then infy I > 0.

Let J. = Jk,, where K, = Ko + €Ky, Ko <0 and sup K; > 0. Suppose,
that an A-B-inequality holds for K., whence for all 0 < e < €y in partic-
ular the same A-B-inequality holds for K., and thus we can minimize J,
from Theorem O. Then, at least if Theorem B is applicable, we have
1) a unique solution ug for e = 0, namely the minimizer of Jy
2) at least two solutions
Uo,e 7é Ul,e,

namely the minimizers of J. and I. respectively.

Thus uy . must cease to exist in the passage 0 < € — 0. Indeed

2n

2n
n— n— 0
0<huy,= [ Kuj *dug, <e [ Kiuf *dug, < emax K; =0,

while from the validity of an A-B-inequality v, . # oc(1). Hence in fact

. Tul e—0
infl, = —= —— oo.
L

The dimensional dependence of Theorem B is reminiscent of the distinction
in Theorem 2.1 and Theorem 2.3 in [8]. The differences are explained
in terms of, for which dimensions vanishing of V!Kis assumed, and, if
vanishing is assumed, to which degree [, played against the different scales
of deconcentration, i.e. the principal quantities, that prevent blow-up. In
case of EscobarédSchoen this is the positive mass H, when considering a
single bubbling blow-up of type u = @4 x, for us it is the solution ug for a
mized type blow up u = ug + pq . The situation is as follows

‘ EscobaréSchoen  Mayeréd Zhu

no vanishing assumption n=3 3<n<d
vanishing assumption n>4 n>6

vanishing degree 1 <n-—2 [ <(n=2)/5
deconcentration term H(a)/\n—2 uo(a) [y 5%

where a € {K = max K} and in particular VK (a) = 0. On the other hand
a derivative VUK (a) contributes in the corresponding energy expansion at
most a quantity of order O(Y/x' + 1/x7). Then, as is easy to see from the
table above, the deconcentration terms are in fact dominant. We refer to
[i, &, wd] for related studies on the mized type blow-up case.



(iv) For Theorem B to be meaningful, invertibility of Ly, and local flatness
at least somewhere on M must be compatible. Indeed, if Ly, is not in-
vertible, let us consider the finite dimensional space ker(Lg,), for each
eigenfunction e; € kerLgy, its nodal set N; = {e; = 0} and an open set
O; C M with N;NO; # 0 such, that O;NO; =0 fori # j. Following and
slightly modifying the arguments in [I0], we then can perturb go to gain
invertibility, while the perturbation leaves go on M\ U;O; unchanged. The
required localization of the perturbation in [10] is based on adding for each
i=1,...,dim(ker(Lg,)) a suitable cut-off function n = n;, living on O;,
to the definition of h = h; in line 5, page 799 in [ID], where ¥ = e;, i.e.

b= (cath UV = Y2 Ric) + (26, — 1)(d @ dv)°)

We leave it to the reader to verify, that the arguments in [10] proceed with
only minor modifications. In this way, if M = (M™,go) is of negative
Yamabe invariant and locally conformally flat on some A C M \ U;0;,
then we may slightly change the metric go to gain invertibility of Lg,,
while local conformal flatness on A is unchanged and, as the modification
is only slight, the Yamabe invariant remains negative.

Concerning Theorem B we also mention Rauzy [22] for complementary and
under much stronger assumptions [20] for similar results. Note, that extensions
of Theorem B are possible under suitable flatness assumptions played against a
non vanishing Weyl tensor at a maximum point of K, thereby recovering the
results of [22]. On the other hand for generic functions K in higher dimensions
the relevant arguments for direct minimization of J or I cannot be applied, as
we will discuss in [I8].

Finally we wish to thank Prof. Daniele Bartolucci for bringing this problem
to our attention during our time at the University of Rome "Tor Vergata'.

2 Preliminaries

We start with providing the fundamental properties of the flow generated by
(8), whose short time existence is standard, cf. [9], provided ky,, ry, < 0 for an
initial data, which we assume.

Proposition 2.1. For a positive flow line
u:[0,T) x C°(M,Ry) — C°(M,Ry) : (t,up) —> u with kyg,ruy <0
generated by (8) and satisfying k,r <0 on [0,T) there holds for all0 <t <T
(i) conservation of the volume, i.e. Oy, = Oy [), unss dptg, = 0.
(ii) non growth of J, precisely

() = ——2 15T (w) < —

(=) 2+52|[ul|

R,
o)
L2



where |6J)?(u) = [,, |=5R — K|2u%dug0 and S is the Sobolev constant.

(iii) preservation of positivity, precisely
min{1/C, tmin(0)} < u(t) < tpmax(0)e?,
where C' = C*(s,up[w](:—iC +=7))-
Proof. Property (i) is easy to check by direct computation, as is
o

—k 2n
atJ(U) - (_,,«)71"2,/M|_rRK2un2d’ug°

Moreover

orlw) = s [ 03 o,
H<PHH1(M)§1 M

2" —k
=T sup / (—R- K)Wﬂuﬁdﬂgo-
(=r)n=—= el g1 an<tJ/nm =7

Denote dw = um=? djig, with corresponding LZ-norm

_4
Ity = [ o= [ Gurad,

Then for any ¢ € H'(M) by Holder’s inequality we have

20 n=2 2n_ 2
HSD”%?U < (/MQO"* dpgy) ™ (/Mu"*2 ditgy) ™ < S?||u

_4
[ ”‘10”%11(1%)7

whence by L?-duality
2% —k
0J[(u) € ——— sup (—R — K)upun2dpu,,
(—r)m=2 2 Jm T

lell 2, (ary SSllull /522
2
2*S||ul| 752 —k = R-K)u
HHan/(RK)w E,j L
Mo (=R = K)ullz,

(—r)=
Sllul 722

2* S|l s k

= 22 (ZER - K,
(cr)e= ey

where S is the Sobolev constant and (ii) is immediate. Recalling finally (H), the
lower bound in (iii) follows from the maximum principle, while the upper one

is due to Gronwall’s lemma.

Note, that we will ensure from an A-B-inequality, that a priori |k| and |r| are
uniformly bounded away from zero and infinity, at least on energy sublevels, and
then long time existence follows from the next two lemmata, since we already

know, that inf w — 0 is impossible, cf. [d, [6].



Lemma 2.2. Forany 1 <p< 2(;‘7;) we have
—k "
[RE T
M T

. . 1
where w > 1 is bounded against supy<,<r 7|+k|‘r‘ )

Proof. Using (8) by direct calculation, we have
o / =R Ky,
[ =T

1 —k —k p
. p)cn<>/ Vol 2R K% P,

4p n 4p
L [ IR K (iR = Kody + 5 [ 2R R KK,
M
k
- == | | —=R-K|du, - —R-KIPd
2 [ iR = K, /M'_rR Pdpy
2p —k —k o,k
- |_—TR—K|2d,ug-/ |—TR—K\” 2(—R—K)Kflug
4p 1 —k k
R- K)Kd —“R-KJrd
e [ (SER= KKy [ 1R K,
T -—/ (=F R~ KKy / =R k2R - k) Ky
n—2 —k —r SR —r o

Applying the Sobolev and Holder inequalities, we then estimated
—k —k
O |—R—K|pdug+w( \—R—K

4 2
e L K|p“dug+c / =R~ K[Pdu,

k
2 / SR KPdny - [ | ZER- K,
—-T M T

] n—2
3 )

2 —k —k —k
-2 [ 1= R K- [ SR KPR KKy,
4p 1 —k —k
: KK —R-KIP
2= | SR K- | =R K,
4p 1 k —k —k
: K)K —R- KPP KK
w2 [ (SR KK, /| “UR— KPR R K)Kdpy,
whence
—k —k _pn_ n—2
O IjR—Klpdungw( |— B — K["=2dpg)
L
4p—2 —k
e \—R K|PHdp, +w/ |—R — K|Pdp,  (10)
n—2 M —r Mo =T

+w/ |;R—K|2dug+w.
M T

10



Let p= % We then estimate in case n > 4
_k n _k n
o [ 1= R—K|3duy <w | | =R~ K|¥duy +w,
M T M T
whence we obtain the logarithmic type estimate

—k
/ —“R-K
M T

while for n = 3 we have

n —k n w
Fay < ([ |22 R = Ko+ w)e,
1=

—k —k
at/ |—R—K\%duq§w/ |—R— K [2dp, + w,
M T ’ M T ’
whence
—k . _k .
SR Ky~ [ IR K gl
M T M T
¢ —k
Sw// |— R — K2 dpgdt + wt < wJ(ug) + wt

o Jm —T

and therefore %
/ |—R—K|2du, < wt+w.
M T

In conclusion for any n > 3 we get

_k n
/|—R7K\5d,ug§we“’t.
M T

n

Letting p = % in () and integrating from 0 to ¢, we therefore have

t
—k n2 —
/(/ ‘*R—KIW*?)d,ug)%dtSwe‘“t+w.
0o Jm

-Tr

Returning to (M) and applying the Holder’s and Young’s inequality to the term
—k
=R - K an,,
M T

we obtain

2p—n+2

O | |—R — K[Pdu, Sw(/ | —R — K|Pdpg,) 2o
M T M T
7]/; 7115 )
+w | —R — K|Pdpgy +w | —R — K|“dpg + w.
M T M T

n2
Taking p = 2(;’7;) and setting y = fM |=ER — K|20v dpg we then have

r

—2

Oy < wanT +wy+w

11



and therefore
Yyt w

t
n—=2

logigw/ y n odt + wt

(¥ +w)le=0 0 ’

|—R K|2<" Ddpg < we”
M T
The assertion follows. O

which implies

Lemma 2.3. A flow line, for which ‘k“r‘ is upper bounded, exists for all time.

Proof. By Lemma 222 we have
[ 18 < e
M

forany 1 <p < ( . Thus, denoting by @ > 1 any quantity bounded against

1+ |r]
k|

);

sup ([|lullze + [[1/ul|Le= +
0<t<T

we deduce
/ |A90u‘pd,ug < QQEWTa
M
since u is time-dependently bounded. Then Morrey’s inequality shows
|U(t, xl) - u(t7 IQ))| < 0(517 T)d(xla ‘TQ)Q
for x1,29 € M, t € [0,T) and
2

22"t

a=2- ,g<p<min{

SRS

Moreover from Lemma 222

| 10uupd,, < (@)
M

We then obtain for 0 < t; —ty < 1

1
lu(ty, z) —u(ta, z)| = B2 lu(ts, z) — u(ta, z)|dpug, (y)
Vit1—ta Bm x)

1
= W lu(ts, z) — u(ty,y)ldpg, (y)
Viti—ta2 Bm x)

e [ () — et )ld, ()
Vit t2 m(ﬂﬁ)
1
B |u(t27y) - U(t2,$)|d,ugo (y)
‘ ‘/tl—tz(l')' B jr=; (@)
= L+ 1+ Is.

12



The first term on the right hand of the above equality yields to

L < C@. Tty —to] / & — 1" dpgy (y) < C@, T)lts — b5
B am@

and similarly I3 < C(@,T)|t; — ta]|2. We finally estimate

_n 5’u
Bos Clu-6t s | 1St — t2ldig 0)
<1<t /B i (a) t
_nyq Ou 1 1—1
< Clti—t2| 727 sup ( |- 1Pdhg, )7 ( 1) %
t2<t<ts JB_—i(a) ot B /=i (®)
< C@, Tty — tao|' % = C(@, Tty — ta] %,
and long time existence follows immediately. O

3 Existence

We essentially show Theorem M, whose proof is found at this section’s end.

3.1 The A-B-inequality

Recalling (), we start with proving, that the A-B-conditions (i) and (ii) below
imply some A-B-inequality (IT).

Proposition 3.1. There exists € > 0 such, that for any K € C*(M), if
{K>0}=Qg ccQccD

with smooth Q, D C M and

(i) supy, K < e dist* ™= (99, 0D)(;55205) 7 Jinfypo(—K)
(’L’L) Vl(D) = l/l(Lng) > 0,
then for some constants A, B > 0 there holds
lul|2: < Ar+ Blk|"% for all u e H(M). (11)

We say, that an A-B-inequality holds globally, if (i) is satisfied, and likewise
holding on X means, that () holds on X instead of H!(M).

Proof. Recalling (@) and by rescaling we have to show

n—2
T >e on {| ||y =1}

/ Ly, uudpg, + B|/ Ku%dugo
M M
Let D C M satisfying

Qg ccQcc D and (D) =v(Ly,D) >0

13



and choose a cut off function n € C§°(D) with 0 <np <landn=1in Q and
|[Vn| < C/d, where d = dist(99,9D). We then decompose

u=1u+(1-n)u, nue Hy(D)
and observe, that from vy (D) > 0

o [ 19 0m0 g, = [ niag, = Ly ) = 1(D) [ bl

whence ¢, [, [V (nu)[Pdug, > (v1(D) +1) [, [nul?dpg, and therefore

Cn”l

(Laoln)) > 2L [ (9600 g,

AS a Consequence
(Lot 1) = /M Lo (170 (10) gy + 2 /M Ly () ((1 — m)us) gy
4 [ Ly (0= 0)a) (1= ),
M

Cnyl
v(D)+1

— QCn/ uVn - V(nu)dpg, +cn/ |Vn|2u?dpg,
M M

- /M(1 - 772)u2d:ugo'

From Hoélder’s inequality we then have
C 2 3 ) 3
< q u”dpig, IV (nu)|“dpg,
D\Q D\Q
C 737*2 1 1
2n n "
<SOL wsan) " ([ ) ([ 9o, )
D\Q D\Q D\Q
n—2
C D\ Q % 2n_ ED 2
<A () ([ 90 P
D\Q D\Q

and with C3 > 0
‘/ (1 - 772)u2dﬂgo < / u2d,ugo
M M\Q

2n "
(fpuro) ™ ()
M\Q M\Q

14

| V

L VR, e [ =), (12

’ / uNVn - V(nu)dig,
M

n—2

< 03(/ U"mgdﬂgo) ’ .
M\Q

3o




Plugging these into (I2), whose second last summand is positive anyway, we
obtain from Young’s inequality with a constant Cy > 0 and for any 0 < a < 1

Cnl/l

(Lggu,u) > -2 / IV () g,

2 D\ Q= 2n, = :
_w< [ vz ) ([P,
D\Q D\Q

n—2

—Cg(/ u%du%) ! (13)
M\Q

1- D
U D) [ (6P,

n(D)+1|D\ Q" / PR
(¢ c =9 .
( 2 v1(D) ad? o M\Qu oo

On the other hand, recalling {K > 0} = Qg CC Q,

n

2n n—2
| Kun—Q dugo n
M

(14)
> int K| |/ u Zdugl KT \/
Thus combining (I3) with () via
2n n—2 Cn(l — a)1/1 (D) / 2
L, u,u) + B Kun-2d o> v d
(Lgyu, u) | " U igo | (D) + 1 M‘ (nu)|*dpg,
, 02 vi(D)+1[D\ Q7 2
B f K|+ —
+( 1n |K| Cs (D) ad? C3)llu || 25 gy

—BsupK n Hu||2 ET.

Choosing a = %, denoting by S the Sobolev constant, supposing

1) Biz > 272 (20, 420 ‘D\“'” +C3)72 [ inf g | K|

w1 (D
2) SUPMK<C1/B’"~ 2 WlthC 52 4(014(71)(”)1) 7

and recalling Q CC D, we then find from the Sobolev embedding on H* (M)

2 Cp V1

> 4(/ |V (nu)| dugo
n(D)+ 1D\ Q[ 2
C
v1(D) 2d? +Cs)lu H 22 (M\Q)
> C(Q, D)l|ull? 2, -

(Lgot, 1) + B /M Kun3dp,,

+(Ch (15)
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Adding some &(Lg,u,u) with ¢ > 0 sufficiently small to both sides of (I3),
estimate () readily follows under 1) and 2) above, which both hold true, if

inf -K
sup K < e M\Q( )

2 n
M (%%—Fl)m

for some universal € > 0. Recalling d = dist(9€, 0D), the assertion follows. O

Remark 3.2. In view of the non existence results, discussed in Section O, condi-
tion (i) in Proposition B3 displays the correct behaviour in that sup(K,0) — 0,
as inf(K,0) — 0 or v1(Qx) — 0. Also note, that v1(Qx) — oo does not
really relax the smallness assumption.

Lemma 3.3. If an A-B-inequality holds on X, then
(i) infx (—k),infx J > 0 and supx (—k),supx (—r) < 00
(i7) infx(—r) > 0 on any sublevel {J < L}.

In particular || - || g1 is uniformly bounded on X.

Proof. Since || - ||L% =1 on X, we have

2n_
1) =k <||Kl[pee [ur=2dpg, = || K|l

2) 0< —1=— [(cn|Vul? = u?)dpg, < [u?dpg, < C’0||u||i2fn2 = Cy

and may from the Sobolev embedding assume, that 1 < Ar 4+ B|k *72 . Then
k — 0= 2r > 1/A, while r < 0 on X by definition. Thus
—k>cp>0 on X
and therefore J(u) = —%— > —%—. We conclude
(_r) n—2 Con—2
—k n —k Co
L > J = = — n—2 > — >
()= ot = ()72 72 ]
Finally [ul[%, < Cir 4+ Ca||ul|* 2, by Hélder’s inequality. O
L n—2

3.2 Solvability by Minimization

We show Theorem [ by direct minimization, using the Yamabe type flow (B) in
order to pass from a minimizing sequence to a minimizing sequence of solutions.

Proof of Theorem 0. Choose a minimizing sequence of initial data (u}) C X,
J(ub) — infx J, and for i € N fixed the flow line generated by (B)

ul = ui(t, ), u(0,-) = u(i).

16



Combining Lemmata B=3, 223 and Proposition 21 we find

30< t; — 00 : |8J|(u§j) — 0, uij = u(té, ).
Moreover, passing to a subsequence, we may assume, that
Tyi — 7l <0 and kuij — ki <0,

“J

and, since sup, ¢y ||u/lgr < Con X, asr <0 and | - ||L% = 1 thereon, that

uij — u', weakly in H'(M) and supHuinHl < C. (16)
iy o

In particular u’_ > 0 from (iii) in Proposition 20 and is a weak solution of

_ki )

_7,,;‘)0 L.’Jouéo = K(uéo) "
o0
which implies ‘
Tyi i
= = (17)
As a consequence of () and the weak lower semicontinuity of the norm || - || g1.
ks ks
J(ud) > lim J(u! ) = lim ——2— = lim (—2(—r; )_"32)
T j—oo t j—00 (_ru"' )n—z J—00 " —Tyi Y
t ty
—k — ki — ks (18)
> % lim inf (—r,: )_% > 2 (—ryi )_% = Yo
—rl, j—oo tj -1t o0 (—ryi )72

= J(uz),

and we deduce J(u’ ) — infx J, i.e. we have found a minimizing sequence of
solutions. Finally, passing again to a subsequence, if necessary, from (I3) there
exist 0 < uX € H'(M) as a weak limit of u’_ > 0 satisfying

—koo

—Tso

n+2

Ly ul = K(uy)n—2.

go Yoo

Then by standard regularity 0 < uS2 € C*°(M) and, writing 0J(u) = 0 as

ey u — (1 + —= K (u) 722 Juee = 0,

go oo _koo

then u3 > 0 follows from the weak Harnack inequality. Finally, repeating the
argument of (I¥), we find J(u3) = infx J and the proof is complete. O
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4 Non Uniqueness

In this section we study the occurrence of critical points at infinity, cf. [I7],
associated to variational formulations of R = K and rule them out, as needed,
cf. Remark B712. We shall throughout this section assume the validity of some
global A-B-inequality (), which ensures, that

infJ =minJ > 0,
X X

i.e. a lower, positive bound and the existence of a minimizer uy € X of J, see
Theorem 0. We also assume invertibility of L,,, a generic property [i0] implying
the existence of a Green’s function Gy, see Theorems 2.2 and 3.7 in [23], which
due to non positivity of Lg, is necessarily sign changing. Recall, that on X we
reduce J by flowing along

k k .
@u:-@R—KW:;m%ﬂ%AWHm+£Km%)

and that along every flow line we have
c< —k,—r<C,

see Lemma B33, while as a consequence of the parabolic maximum principle
every flow line starting strictly positive remains strictly positive, and thus a
zero weak limit can never occur along (H), see Proposition B, in contrast to
what happens in case of positive Yamabe invariants.

On the other hand, if K is sign changing, then

DY ={r>0n{k> 0}0{||u\|L"zf2 =1}n{u>0} Cc C™(M),

as is easily seen from taking some 0 < ug € C*° with
supp(ug) C Be(ag) C {K > 0}.

In fact k,, > 0 and also 7, > 0 for 0 < ¢ < 1 sufficiently small, as the first
Dirichlet eigenvalue of L,, on B.(ap) is positive, whence u = a(ug + ) € Y for
suitable & > 0 and 0 < § < 1. Moreover we may define analogously to J on X
the scaling invariant functional

I = on Y

n—2
n

with naturally associated Yamabe type flow

&u:—m—%Km, (19)
for which the same arguments as for (H) in Section B apply, and so the flow
generated by ([[9) exists for all times, preserves Y and is a pseudo gradient flow
for I, provided ¢ < k,r < C remain uniformly bounded away from zero and
infinity along each flow line, which by the following lemma holds true.

18



Lemma 4.1. If an A-B-inequality holds on H'(M), then
(i) supy k < co and infy r,infy I > 0
(i) supy r < oo and infy k > 0 on any sublevel {I < L}.
In particular || - || g1 is uniformly bounded on any sublevel.

Proof. By | - || 2n =1lonY, clearly k < max K, and we may assume

2n
Ln—

1< Ar+ Blk|™ on H' n{|-| =1}. (20)

2n_

L n—2

Moreover suppose, that infy r = 0. Then there exists (u,,) C Y with r,,, — 0

and hence for any € > 0 some ug € Y with r,, < e. Then consider for 7 € [0, 1]
(1—7)up+71

1T =)o+ 711 2o,

eH'n{|| =1}

Ur = L nz:zé

for which we readily have r,_ < €, while from kg = ky, > 0 and k1 = kg <0
there exists some 0 < ¢y < 1 with k¢, = 0. Then for some 0 < t; < tp we have
Ty, < €and 0 <ky, < e, contradicting (em) for 0 < € < 1. Thus

t

r
supk < oo,igfr > 0 and in particular I = = > C,
Y

n

whence (i) is shown. To see (ii), for u € {I < L} from (i) we have

() L>T= 5 —r < Lk"+ <CL

() L>1=—ry = k™5 >7/L>C/L.

Finally [ul/%, < Cir + C’gHUHiLZ and the last assertion follows. O

For the same reasons as for J a flow line u for I along (I9) with a strictly
positive initial data ug will remain strictly positive and hence also for I a zero
weak limit will never occur. Be it as it may, clearly [ is a valid variational energy
just like J, but in contrast to J we cannot pass to weak limits u;, — oo within
Y, since in that passage r = ngouud,ugo > 0 as a just lower semicontinuous
function may become non positive, i.e. 7, < 0. On the other hand, if we can
exclude blow-up for I, then we will find a minimizer for I, yielding a second
solution to the problem besides the minimizer for J. This will show Theorem .

4.1 Bubbles and Estimates

Let us recall the construction of conformal normal coordinates from [3]. Given
a € M, one chooses a special conformal metric

4
o = Uq 2go with u, =1+ O(dgg(a, ),
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whose volume element in g,-geodesic normal coordinates coincides with the
Euclidean one, see also []. In particular

(expi) ™ o expf(x) = x + O(|a[*)

for the exponential maps centered at a. We then denote by r, the geodesic
distance from a with respect to the metric g, just introduced. With these
choices the expression of the Green’s function G, for the conformal Laplacian
L, with pole at a € M, denoted by G, = Gy, (a, -), simplifies to

1

Ca = dn(n — Nw,

(r2™™ + H,), ra = dg,(a,), Ho = Hyg + Hs o, (21)

where w,, =S|, ¢f. Section 6 in [I3]. Here H, , € C**, while

0 for n=3
r2lnr, for n=4

H,,=0 Tq for n=>5 (22)
Inr, for n==6

7‘2_" for n>7

and H, , = 0, if g, is flat around a. In fact the argument in [I3] of a successive
polynomial killing of polynomial deficits, created by the local geometry, is purely
local and thus applies here as well. Proceeding hence as in [[3] we reach

Lgaéa =0, + fa with G, as in (D) and fa e C%e
and, solving Lguﬁa = —f, by assumed invertibility of Lg,, we find F, € C%«
from Schauder estimates and then G, = G, + F,. On {G, > 0} let for A >0
A ne
————)"7, = (n(n = Dw,) 7T,
1+ )\2'7nG;7n

see [I4] or [I6]. Extend 6, = 0 on {G, < 0} and with a smooth cut-off function

{1 on B.a) = ng”(@)
0 on By(a)® = M)\ B (a)},

ga,)\ = ua(

Na = n(dga (a, )) =

where 0 < € < 1 is independent of @ € M and such, that on ijga (a) the
conformal normal coordinates from g, are well defined and G4, > 0, define
Pa,\ :naea,)v (23)
2
Note, that ,Ga " (z) = d (a,z) + o(d (a,)), as z — a.
Lemma 4.2. If Cond,, holds at a € M, then

%iﬂ XBs(a Be(a 1 . _
Lgypan = 4n(n —1)p +O<i2;3,\2 @) + 04 ( ) i W),
2 2
V)\“ derivatives.

The expansion above persists upon taking the \dy and
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Proof. As in Lemma 3.3 in [I6] and denoting r, = dg, (a, -) we find

2
n+2 ?R o
Lgoea,/\ :47’l( )9")\2 + ufgaen—z
nt2

—2n¢, (1 + 0, (1)) 2((n — 1) Hy + 140r, Ha )02

a

pointwise and thus

nt2
Lgypax = 4n(n—1)g;
A
= cnAgoNabax — 2 (V1a, V0o 2) g +4n(n — 1)(na —na =)0,
2

9 n+2 UFR
- ann(l + Ora(l))TZ_ ((TL - 1)Ha + raaraHa)naenAQ + fga

naeﬁ-
Readily the terms of the second line above can be subsumed under some
2—n
O(A"7 " )X By (a)\B.(a)»

while those of the third are of order o(A*Z") in W~12(M), as follows from

(i) Ry, = O(r?) and (22) in case 3<n <5

(ii) Hs,o = Ry, =0 close to a in case of local flatness around a for n > 6
and simple integral estimates. O

Since we target A*2" as the level of precision and from Lemma B—2

n

nt2
| LgoPan — 4n(n — 1)90:,;\2 |00, dpig, = 0

the error terms in Lemma B=2 will be of no concern.

Notation. For points a; € M we will denote by K;, VK; and AK; for instance
K(a;), VK(a;) = Vg, K(a;) and AK(a;) = Ay K(a;).
For k,l=1,2,3and \; >0,a;, € M,t=1,...,qlet
(i) i = Pa;n; and (du i, dayi,dz i) = (1, =Xida,, 3-Va,);
(il) @1 = @i, P25 = —AiOr, i, P3, = ,\%Vaiﬁpi, SO Ok, = di,iPi-
Note, that with the above definitions ¢y ; is uniformly bounded in H!(M).

Lemma 4.3. Let k,l=1,2,3 andi,j=1,...,q. Then for

2—n

i i
€i,j = n(dgo (ai7 aJ))(TJ + /\* + A )\]'VnGgo (az,ag)) 2

21



with a suitable cut-off function

_J1 on r<d4e
= 0 on r>6e¢

and € > 0 sufficiently small there holds
(i) |@k,ils | NiOx, i

, ‘)\%vai(bk,” < C‘Pi + O(é)
A

i

2
/\AZ

7

_4
(i6) [ 97 Gnidnidiigy = i -id + O(k) + o( ), cx > 0

nt2

(iii) for i # j up to some O(Zi#()\% +e.7 ) +o(Xisy /\n%)

7

nt2 nt2
/‘Pinizﬁﬁk,jdﬂgo = bydy icij = /%dk,jsﬁfzdugo

4

(i) [ o] 2 br,itnidug, = O()%z) + O(A%) for k #1 and for k=2,3

i

n+2

nt2 1 1
[ bniding, = 059) + ol )
i A2

(3

(v) [@¥eldug, =0 ) fori#j, a+pf=25 a>"5>p>1
(i) [ @720 Pdug, = O(e]';° Ineyj), i # j

(vii) (1, Xi0;, x-Va,)€ij = O(€ij) + o —i=r + =2 ), i # J,

—32 —
X 2 A2

2 J

with constants b, = [ —%2— for k=1,2,3 and
B (14r2) "5

/ dx (n— 2)2/(7’2 —1)%dx (n— 2)2/ r?dx
1 = T onn €2 = , €3 = .
(14 r2)» 4 (14 r2)nt2 n (14 r2)nt2

R™ R™ R™

Proof. First note, that ¢, ; is well defined, as Gy, (a;,a;) > 0, if a;, a; are close.
Secondly the estimates above are just those of Lemma 3.5" in [I6] up to some

n—2 n—2 n—2

o(A; ) or oA, T AN 7))

K2

respectively, depending on whether we calculate an inter- or selfactions of bub-
bles. These errors account for the cut-off functions in (23). Concerning

1See also Lemma 3.5 and its proof in the more detailed version of 6] found at http:
//geb.uni-giessen.de/geb/volltexte/2015/11691/
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(i) interactions of two bubbles ¢; and j, ¢ # j, as in e.g. (iii), these
(1) are zero, if a;,a; are far, e.g. dg,(a;,a;) > 4e
(2) are of order 0(1/)\;%2 + 1/>\j"%2), in case dg,(a;, a;) >

(3) or else expand as in Lemma 3.5 in [I6].

£
4

(ii) the various selfactions of one bubble, e.g. (ii), in view of Lemma B=2 and

—2

Pans = O\ 7 ) on B(a;)

_n—2
the estimates are up to some o(\; 2 ) the same as in Lemma 3.5 in [06].

With these hints in mind we leave the details to the reader. O

4.2 Blow-up Description

The general characterization of Palais-Smale sequences hold for I and J alike.

Proposition 4.4. Let K € C°° (M) satisfy some A-B-inequality on H*(M) and
(um) CX or (um)CY

be a sequence, for which

—ky,
J(um)=( )’”’ —¢>0 and 8J(upm) — 0 in WH2(M).
—Ty,, ) "2
or -
I(uy) = —2— —¢>0 and l(uy) — 0 in WH2(M)

(Fu,,) 7
respectively. Then up to a subsequence

T, =Tm ——> Too <0, ky,, =km — koo <0

m

or
T, =Tm ——>Too >0, ky, =km — koo >0
respectively and in either case there exist a solution
nt2

0 <t € CF(M) to Lgyuco = Kuls® with either uso =0 or us >0,

a sequence Ry D (am) — Qoo, ¢ € Ng and for i =1,...,q sequences
M D (aim) mzee, a;, and Ry D Aim 27 %0

such, that tm = Cmlios + D11 O mPa; 1 A + Um With

n—2 n—2

Too K (@i, )0y -
(@i, o =1 and, if uso Z0, then Tootoo  _ g,

ml — 0, —————
[omll dn(n — Dk

Moreover, if ¢ > 1, then (g; j)m 22050 for each pair 1 <i < j <q.
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Proof. This follows as in [4], which does not rely on the positivity of Lg,, but
on being able to pass r,;, — 7o # 0 and k — ko # 0, which we may assume
here thanks to Lemmata B33 and B O

n+2
Note, that Lg,uoe = Kul * implies r,_ = ky__, whencer,  =0ork, =0

are impossible from the presumed validity of an A-B-inequality. Moreover note,
that necessarily K(a;_) > 0, that is, if blow-up happens, then on {K > 0}.

In order to have a unique representation of a blow-up scenario, we perform
a standard reduction procedure, see [16], as follows.

Definition 4.5. Fore >0, ¢ € N and u € H*(M) let
(i) Au(tioe,q,€) = {(a, i, Aiya;) € R x RIx RY x M7 : vj AL e

i#
=3 K (@)
ran- ra; a; ;
1T =M RN — g, | <
| L |7| 4n(n—1)k |7||u au QO Pa;, s 75}
(i) V(uoo,q,€) = {u € WLQ(M) | Au(tio; g, €) # 0}
Here || - || = || - ||p,, denotes the Sobolev norm induced by Dy, = Ly, + 2.

As shown in the Appendix, given v € V(uwo,q,€) and fixed (a;, \;), by
invertibility of the linear operator L, we may uniquely write

U= Qoo + @'y, 5, + U with © L1, span{uce, g, x,} (24)
and then minimize along natural projection II induced by (E4), as follows.
Lemma 4.6. For every eg > 0 there exists 0 < €2 < €1 < g¢ such, that for any

u € V(us,q,€2)

the problem

. 4 ~ ~i
inf /unfz [u — Qoo — & @a, 1, |*ditg,

(@i, 3)EM(a; x;) Au (too,q,261)
admits a unique minimizer (a;, A;) with (o, a;, a;y A;) € Ay(too,q,€1). Setting
©i = Pa; Ay U= 1U— Qoo — 'y,
we have in addition to v L, span{ucc, $a; x} from (24), that
(i) the quantities (AiOx, Pa; ;> V)L, and fuﬁ AiOx; Pa; 2 Vdpg, are of order
O(Y sz + D02+ 101?) + OC ason A o, )
i M i#j i

n+2

=22
+ O(Z H)‘ia)\iLgo(pai,)\i - 4”(” - 1))‘i8>\i(p¢;L;)\i Lgo)

and, if Cond,, holds at all a;, of order o, (3, —i=)+O(X, ;€7 ;+|vI*)

—2
2
A
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_4 V.
and [u7=2 - Pai i Vg, are of order

(ii) the quantities <%<pai,)\i,v>Lgo

1 Ve,
O(Z = + Zﬁf,j + [0l + O(Z {Pasnis Ti<;0ai,/\i>LgO %)

i#j A

%

n+2 9
n—2
+ O( E ”)‘ia)\q:Lgo(P(lm)\z - 4”(“ - 1)/\2'3)\1,§0ai,)\,i HLgO)

and, if Cond,, holds at all a;, of order oz, (>, #)+O(Zi¢j 2

n—2
A 2

2
jHI1vI%).
The proof, postponed to the Appendix, is technically analogous to the case of a
positive Yamabe invariant, cf. Appendix A in [G] and Proposition 3.10 in [i6],
where thanks to Lg, > 0 we may minimize over all variables

2
L

inf U — atoe — A’ A,

)
(o, 0,03, 0i) €AY (Uoo,q,281) 90

which is not feasible in our context. Here the linear variables («, ;) are chosen
for the sake of the L, -orthogonalities in (E4), since for proper estimates and
expansions, which we will require in [I¥], at least (uoo,v)r, = 0is indispensable.
Fortunately Lemma B8 still provides sufficient almost-orthogonalities in (\;, a;).

Remark 4.7. With these notions at hand the lack of zero weak limit blow-ups
along flow lines and in particular of, as they are referred to, pure critical points
at infinity becomes heuristically clear. Indeed consider u = ap +v € Y and

I(Oé(pa»\ + 5]1)

Figure 1
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compute from Proposition for instance and up to some o(||v]|?)

T
I(u) = —= = —Z5 +ox(|lv]])
ko
1 n+2rozn 2
+ knj(/LgoWdﬂgo T a2 /K@" 2v dﬂgo)

n

r Cn L, vv 4
-5 +oyIol) + ([ =2 dugo—n(wr?)/@"”ﬁdugo)-
]

n n

Thus for A > 1 the constant functions £1 become principally negative directions,
see Figure O, i.e. directions along which we may decrease energy, in contrast to
the positive Yamabe case, where in a suitable Yamabe metric Ly, = —c,Agy +1
instead of, as here, Ly, = —cpg, — 1. That is, in the positive Yamabe case
it is generally opportune to decrease v, while here it is not and we furthermore
cannot reasonably increase v along —1, since then u > 0 would lose positivity.
Conversely +1 becomes a preferred direction to decrease energy. On the other
hand, if u = U + 0y, x + U With us > 0 these issues clearly do not occur.

4.3 Compactness and Existence

As discussed above, the case u., = 0 does not occur, when flowing, while non
zero weak limit blow-ups may principally occur for I or J. The latter case is
ruled out under a smallness assumption on K.

Lemma 4.8. If an A-B-inequality holds on H'(M), then the flow generated by
k
Oru = —(;R — K)u

is compact on X, provided 0 < sup,,; K sufficiently small.

Proof. If blow-up occurs for J along a flow line for a sequence in time, i.e. for
some u,, = uz, € X, then from Proposition B2 and Lemma E=3

m

0>r,, = /Lgoumumdugo =a%r,., +co Zaf +o(1)
i

k co(dn(n — 1))z (25)
= (CynE ruoﬁz o P ) +o(1).

T oo (ai

On the other hand r,__ < 0 by lower semicontinuity, whence for suitable oz > 0

Que € X and 0< igl(fJ < J(ous) = L‘”n = (=ru.)”

_rux)m

3o

n

Thus r,,__ > —(infx J)~ 2 in contradiction to (23) for 0 < sup,, K < 1. O
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Remark 4.9. The required smallness of supy; K > 0 in Lemma B3 is de-
termined by infx J. On the other hand, since we assume the validity of an
A-B-inequality, this infimum is lower bounded as follows. From

1 = Hu” 2n < B‘k| n

n-2
J= > (~Br)", while r > —ul}. > —cllul| T = —c
L n—2

and so infx J > yB~ 72,y = ~(M).
Similarly from Proposition B2 we have the following rough energy estimate.

Proposition 4.10. Suppose, that an A-B-inequality holds on H*(M). Then
for 0 < sup,; K sufficiently small, if a flow line for I along a sequence in time
blows up as U = Qe + a; + v, there holds

1)

I(u) — (E(us) + co 2(4?{(2;_)

N
3o

)z
where
(i) Euoc) = =~ "7 (
(i) E(uss) = 1% (
Proof. From Proposition B4 we find
a? [ Lgouoouoodug0 +co Y a?

I(u) — S +O(1)
b} -3\ 02
ON’ =] fKugo d,ugo +61K(CL,) )T

2n ), quoo/HuOO”L% €X

Ln—2

2n, )s if too/|[too| | 2n, €Y.

Ln—2

where
/ dz d cg=4n(n—1)c (26)
= ———— an = — ,
! R™ (]. + 7"2)n 0 !
n+2
cf. Lemmata B2, B3. As Ly uo = Kul *, see Proposition B4, we may write

2 2
I(u) = O huy 00 — +0o(1)

(@7 2k, + e Y K(a)a] *)"

and obtain, again from Proposition B4,

(Ee) T ko, + co o (Al Lt y 2
I(U) = k n In(n—1)koo \ 2\ =2 +O(1)
((i)muw JFClZK(aioo)(m)?) "

4n(n 1)
_ X (Fe) 1 o(1)
n(n n\n=2 ’
(ku + 12 K(aimxi{éai;; V)5
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which due to ¢ = 4n(n — 1)c; simplifies to

dn(n—1)

n—2
2

)T )T +o(1).

Note, that r,_ = k,_ and thus Uoo/”“ooHL,f—“Q is either in X or Y, whence

(1) J (ttoo /oo 2, ) = (—ko_) 72, if ky_ <0, ie. oo/ o | | 20, € X

n—2

2
2n ) = kqfoo’ if kuoo > 0, i.e. uOO/HuOOHL o €Y.

n—2 n—2

(i) (oo /[Jucoll,

The proof is complete. O

Note, that from Proposition B0 evidently the least possible blow-up energy
I for I occurs in the single bubbling case u = dooloo + @4 + v, and, when
K(a) = max K > 0. On the other hand, in order to show the existence of a
second solution besides a global minimizer

ug € X with 1§fJ:n}}nJ: J(ug),

which by Theorem [ exists, we may argue by contradiction and assume, that ug
is the only solution to

1 n
Lgyu = BKU£7ﬂ > 0.

Then in return by Proposition B the only possible simple blow-up scenario for
I is a mixed bubbling of type u = aug + o104, ,z, + v, Where ue, = ug.

Proposition 4.11. Under the assumptions of Theorem B for suitable
a € {K =max K},

choices ag, a1 > 0 and u = agug + 19,z there holds
I/l 22,) < L

where I, denotes the least possible blow-up energy of I.

In particular Theorem B follows, since by Proposition B0 we may consider
a minimizing sequence (ux) C {I < I}, which by virtue of Proposition 4
then leads to a minimizing sequence (wy) C {I < I} of solutions 9 (wy) = 0,
which again by Proposition B converges to a minimizer of I.

Proof of Proposition f—11. We consider
u=y(aouo + 100, 1,) €Y
for a suitable choice of v > 0 and have

I(u) = f Lgo (aguo + al(pal)\l)(aouo + al‘Pm,)\l)dugo —

n—2

N
(] K(aouo + a1pa; n) "7 dpg,) =
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We first consider the case 3 < n < 5. From Lemma B2 we then find

N = a(2)ruo + 2a001 /Lgouosoaqu +O‘%/L9090a17)\190a1,>\1d/‘go

= a%ruO + 209001 /Lgouogpah;\l +4n(n — 1)0[%/@% Ald,ugo +o(—

and thus from (21)-(

7)

/\12

23) by expansion

1
N = ary, + 200 /LgouogoahA1 + coad + o(—= )
Ay
where ¢y = 4n(n — 1)ep, cf. (28). On the other hand

1 n+2

Lgyup = BKua“z for some 3 >0

and again we derive by expansion up to some o(—.

A, 2
27L 2n
Drz2 /K —I—Ozf 90;15\1
n+2 n+2
2narag n” 2nagay " ot
ﬁ Pai,\1 j‘pahiqum)d,ugo
2n_ 1 2ncy 242 o (aq ) (27)
= Bag 7, +er0]* (K(a) + O(5)) + aoa " ——
1 n—2 )‘1T
2n nt2
2ﬂa1a5 Lgouogoal,)\ld/'l‘go7
where ¢4 = [, dz ___  Moreover
(14r2) "2
1
— = 0(—=), as 3<n <5,
and, since [ Lg,uo@a, x, dig, = O(—=), we obtain up to some o(——)
1 )\1 2
I(u) = ATy + 00 CT—
(805 1y + 1K ()] )5
n+2
204(a0ru0 + coa?)apary uo(al)
2n n—2
(BO( Tuo +61K(a1) 1_2) +1 )\
4
+ 20400(1 ngoufJ(pal,)\ld“go 1 (O‘OTuo + COO‘%)O‘S ‘B

(50407 Tuy + 1K (ar)ag ™ 2) "

n

|-

BO‘()7 Tug Jrcl-K(al) 7’
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Choosing e.g.

4 4 co dn(n — 1)
%o /B and o ak(@) K(a)

the latter summand vanishes and, as ug > 0, we obtain

1

_n=2 4TL(TL - 1) n-2_ 2
I(u) = . ST IyshE — ot .
(U) (/B 2 T 0 + CO( K(az) ) 2 ) ()\n;’z )
1
n+2
Recalling Lg ug = %Kug“"’ and thus
U —ky, —pBry, 8 _n—2 _ 2
J(H 0 ): UL — OL — —5— :(—5 ) ruO) 2,
uOHanl”Q (_’ruo)n_2 (_7‘110)"_2 (_ruU)n72
we finally derive
_n=2 dn(n —1 2 1
1) = (- (o) + e LD 2 _or (L),
K(ay) A2

Recalling Proposition B0 (i), the assertion follows for A > 1 in case 3 < n < 5.
The case n > 6 with local flatness around a € {K = max K'} and

-2
V!K(a) =0 for all nTZZED\I

then follows as when 3 < n < 5 upon replacing in (22)

1 1
O(33) by O(57),

noticing ﬁ = 01 (—) and recalling H; , = 0, when expanding. O

1
AN 2

Remark 4.12. The argument of the proof reflects the question of existence or
non existence of mized type critical points at infinity [d], depending on the usual
non degeneracy and flatness conditions. Although here pure type critical points
at infinity do not exist, mixzed type ones will generally occur, provided of course,
that classical solutions exist in the first place.

5 Appendix

First note, that we may write any u = Quq + &iSOai,)\i + 0 € V(too,q,€2) as
U= OUoo + aigoai,Ai +v with v Lz span{uce, Pa; x; }

by solving in the («, «;)-variables the linear system

(U, Uoo) L, = a(Uoo, Uoo) Ly, + A (Pagnis Uoo) Ly,
<u7()0a17/\1>Lg0 = a<uc>0790a1,)\1>L90 + az<§0ai7x\ia§0a1,>\1>L90

a<uooasoaq,)\q>LgO + ai<§0a¢,>\i7¢aq,>\q>L90

<ua @aq7x\q>Lg0
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which due to [(teo; Uoo) Ly |s (PaiNis Paini) L, = ¢ >0 and

<<)00«1‘,,)\i7u00>L907 <Lg090ai,>\m(paj,>\j>lzgo = 062(1) for J #Z

clearly admits a unique solution (¢, ;), whose dependence on (a;, \;) we clarify
as follows. From the above let us write some fized u € V(uwo,q,€2) as

U= QUos + &', 5, + v, v L, span{uce, Pa, x, }-
Varying in (a;, A;) this representation of u, due to (v, uoo)r,, =0 we have

0 = X0, (U, Uso) L,y = MO, (e + 070, x5 Uoo) Ly,

= X0z, (oo, Uoo) L, (28)
+ Ala)waj <90aj7Aj B uoo>Lg0 + o <)\Za)\1 PLa;,\is UDQ>L90 9
whence
1
AiOx, {tloo, Uoo) Ly, = 0, (D N0, 0]) + O(—=5 ). (29)
L. 2
i, i
Likewise for i # j and due to (v, pa; ;) L,, =0
O = )\Za)\, <u7 (Paj7/\j>Lgo = )\laAz <aU’OO + akwak,)\k Y Qoaj)\j >Lg0
= A0y, <‘Paj,/\j ) ‘Paj,Aj>Lgo + i (AiOx; Pai,xis Paj,\j >L90 (30)

q
+ /\ia)\ia<uoov <pa/j,>\j>Lgo + Z /\iax\iak<‘:0ak,)\ka<paj,kj>LgOa
J#k=1

whence
q
)\ia)\iaj <<paj7kj7()0aj,/\j>Lgo = 082(|)‘i8>\ia‘ + Z |Aia/\iak‘) + O(Eivj)’ (31)
Jj#k=1

cf. Lemma B=3. Similarly we compute on one hand

AiOx (U Pay 2i) Loy = (Uy NiOX;Pas \i ) Ly,

= (s + &7 pa; 5, + 0, MO, Pasn )L

90
90’

while on the other due (v, ¢4, x, )0, =0

90

)‘ia)\z‘ <u7 @ai7>\i>L = /\Za/\1 <au00 + aj(paj’Aj » Pag, N >L

90 90
= (QUoo + & Paj x5 NiON; Pas Ni) Ly,
+ )‘ié)\iai<90ai7>\w gpah)\i>Lg0 + ai</\i8>\i Pai,Ai» gOai7/\i>LgO
q
+ )‘ia)\ia<u00a Qoai,A71>LgU + Z Aia)\iaj<(l0aj,)\j ’ cpai,yAi>Lg0’
ij=1
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and so we conclude by subtracting
)\’La)\l ai <80l17, ,Ai b Qoa,i 1>\i > LQO

q
= — XiOx; 0(Uoo, Pas, A ) Loy — Z AiOx, @i (Pay\; s Pai i) Ly, (32)
itj—1

= @i{Pa; A NiON; Pai i) Loy T (Vs AiOx, Pai A ) Ly »
which we estimate as

q
)\iaAiai<(pa17A'i7<)0ai1>\i>Lg0 = 052(|)\ia)\ia‘ + Z |)‘i6>\iaj|)
i£j=1 (33)

+ <U7 )\Za)\L @ai,)\i>Lgo — Oy <<pai,)\,i ) AZa/\1 (Pai,/\l')Lgo .

Since
<uOO7UDO>LgD = Tueo # 0 and <§0ai,/\i7(pam)\i>Lgo # 0(1)7
we then find from (29), (81) and (B3)

Sl + 3 Widnesl) = O~z + D + ol

% J i i#£j
+ O(Z |<(paiy>\i y )\ia)\i spah)\i>Lg0 |) (34)
= 062(1)

and therefore, if Cond,, holds at all a;, i =1,...,q, then

S (ndnal+ Y Ndnaih = O < + e+ el (s5)

n—z
i j i )\z i#]

as follows from Lemma B2, see Lemma B3 (iv). Finally and by the same
reasoning (B4) and (83) hold for A\;0,, replaced by Ve /.

With this in mind the proof of Lemma B8 decomposes into three steps, first
showing that the infimum is attained in the interior, secondly that the resulting

minimum is unique and finally justifying the estimates yielding sufficient almost-
orthogonalities for the v-part.

Proof of Lemma 8. Consider some fixed
U= Moo + &igo&h;\i +0 € V(too, q,€2).

Then at some («, a;, Ai,a;) € Ay (too, q,261)

: 4 - i
inf /unf"‘ [u— Guoe — &', 5 |*dpig,
~ Y 1397\

(@3,A:) €M (a; x;) Au(too,q,261)
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is attained and, since ||0|| < €2, there holds
4 i
00 (1) = [ 02— e — ¥, P
. i a4
=0+ [l + ', |72
(Gue — Qoo + di(pflmj\i - aj(Paj,Aj)zdﬂgov

whence after possibly relabelling the indices j = 1,...,q for
A = |a — O[|, Az = ‘Cki — Cki‘7 Lz = |x — ].|, Dl = )\i)\idgo(ai,ai)

we necessarily have

A+ (Ai+ Li + Di) = o, (1). (36)

In particular, since
V= U Qlog — ' Pa, ;= Qllog — Qo + dicpdh;\i — &' g, + 0, (37)
we find ||v|| = 0¢,(1) and thus for €2 sufficiently small with o, (1) < €1, that
(a0, iy Aiy ;) € Ay (Uoo, @, 06, (1)) C Ay (oo, ¢,€1) C Ay(too, g, 261),

i.e. the infimum is attained as an interior minimum. To show uniqueness as a
critical point of an interior minimizer, assume there are two, say

U= Qoo + dicp&i X, T0=0aux+ aigpah)\i +v € V(too,q,€1). (38)
Then (B88) holds, by construction we have
0 J—Lg0 Span{uooa 506%75\1'}’ v J—Lg0 Span{uooa Soam)\i}

and due to minimality, taking the derivatives in (5\2, a;) or (A, a;),

4. R »
0= /u"*2 oA 05 (Guoo + oﬂgodj)j\j)d,ugo

(39)
X )
— /umv)\ia)\i (oo + 7 Pa; ;) diig,
and
Vi . A j
0— /un“_z@ 2 (G +o/<paj7;j)dugo
Ai (40)
_4_ va' j
= /u"*“) Y (oo + O‘Jwa;")\j)dug“'
i
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Uniqueness then follows from

A+ (Ai+ Li+ Di) = 0o, (A+ Y _(Ai + Li + D). (41)
To show (&), we start with using (9, ueo)r,, =0 = (v, ueo)r,, = 0 to get

0= /Lgouooﬁd,ugo = /Lgouoo(u — Qoo — digodh;\i)dugo

= /Lgouw(auoo + Q' pa, 2, — Qe — di‘Pahj\i)dﬂgo (42)

= (a— &) / L gy UooUoodfig, + ogl(Z(Ai + L; + D)),

3

and likewise from (9,0, 5 )z,,

=0= (v, <Pai,M>ng = 0 we obtain
0= /Lgo‘»"aj,}\j@dﬂgo = /Lgo‘»"aj,}\j (u = Auce — &i‘pai,ﬁ\i)dﬂgo
= /LgoSOaj,&j(auoo +alpan + U — Qo — di‘P@,i,;\i)dﬂgo
= (aj — @j)/Lgo@aJ,Xj@aj,ﬁ\jdﬂgo

43
+O‘j/L9090aj,3\j(‘paj,)\j _‘paj,ﬁj)dﬂgo ( )

+ 0., (A + Zq: A; + i([/i + D))

jAi=1 i=1

= (05 = &) [ Logga, 5, 00,3, i + 021 (A+ 3 (A + Li 4 Dy),
i
where we made use of Lemma B=3 and to treat the term

/LQ()QO&J-7;\J- ((pa]‘)\j - @@j,ﬁj)d/‘go

also of (B0) and

1 N
+Va, Ai(a; — a;)
Pa; N — Paihi = (/}\123,\ ) Pai,\; ( % 1 > +or,+D; (Lz + Dl) (44)

as well as

A n=2

2n_ 1 2n_
A0 0" = -V, 0" =0 for dyr=(—F5——) 2
A Rn a,\ )\v /IR” a,\ or A (1 + >\2| . _a|2)

Combining (E2) and (£3) we conclude

A+> A =0, (A+ > (A + Li + Dy)). (45)
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We proceed by employing (89). First note, that due to (B3)
lv =] = O(A+> (Ai + Li + Dy)). (46)

Secondly (ER), (80), (82) and (B4) hold for both representations of u in (B3),
whence by subtracting the corresponding versions of (), (80) and (B2) we find

Z(P\la)\la — 5\185”64 4+ Z |/\ia>\7:04j — ;\13;\@]0
J

2

(47)
=0(A+ Z(Al + Li + Dy)).

Thus, when subtracting in (89), the estimates (84), (£8) and (£9) yield
_a_ L .
/U"‘2 (i XiOx Pa n 0 — AidiDs @5 5 0)dpg, = 0o, (A+ Y (Ai + Li + Dy)),

whence, as |a; — &;| = A; and ||v||, ||9|| = 0e, (1), and due to

||)‘i6>\i()0ai,>\i - 5\2’85\1.(,0@1.’5\1. H = O(Ll + Dl)
we obtain

4 .
/Uﬂiz Aia)\iwai)\i (U - v)d:u’go = O¢, (A + Z(Al +Li+ Dl))
Recalling (B8) and estimating as above, we then get from (£2)
4
Oc,y (A + Z(Al + L; + Dl)) = [ ur? )\ia)\iwah)\i(spﬁhj\i - Qpai,/\i)dlu’go
5\1‘ _4 2
= ()\7 - 1) un=2 |/\i8/\i<pam/\i| d:ugo + 0g, (A + Z(AZ +L; + Dl))

By by simple expansions of un=? for u = Qoo + 'y, x;, + v we thus obtain

Li=o0c,(A+) (Ai+ Li+ D))

and by analogous arguments, employing (€0) instead of (B9), also

Di =0, (A+Y (Ai+Li+ Dy)).
i

Combining these estimates with (E3) establishes (E11) and therefore the desired
uniqueness of an interior minimizer as a critical point. We finally turn to proving
the almost-orthogonalities (i) and (ii). From (84) and (B9) we find

_4
/ unr—? UAia)\i SOai,/\idﬂgo

1
= O(Z W + Z <C-‘zz,j + HU||2) + O(Z |<<pai,>\i7/\ia)\i@ai7/\qz>llgo |2)
7 i#j i

i
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and by simple expansions of uz for u = Qoo + a¥pg, 5, + v, that also

_4
/(pt;};f\i)\ia/\i(pai’/\ivdugo

1
=00} et Yol 10lP) + O [(0ainis Aidx Pain ) Ly |*):
i i#j i

i

Now assertion (i) of Lemma B2 follows from writing

4

<)‘ia)\i(pai,/\ﬂv>lfg0 = 4”(” - 1)/@ﬁiAia/\iwaiﬂ\ivdugo
n+2

+ /()\ia)\iLgo(pah)\i - 477‘(77‘ - 1))‘i8)\i<p(ﬁi)vdtu’go’

while assertion (ii) follows analogously, relying on (E0) instead of (B9). O
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