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STABILITY FOR THE SURFACE DIFFUSION FLOW
ANTONIA DIANA, NICOLA FUSCO, AND CARLO MANTEGAZZA

ABSTRACT. We study the global existence and stability of surface diffusion flow (the nor-
mal velocity is given by the Laplacian of the mean curvature) of smooth boundaries of
subsets of the n—-dimensional flat torus. More precisely, we show that if a smooth set
is “close enough” to a strictly stable critical set for the Area functional under a volume
constraint, then the surface diffusion flow of its boundary hypersurface exists for all time
and asymptotically converges to the boundary of a “translated” of the critical set. This
result was obtained in dimension n = 3 by Acerbi, Fusco, Julinand Morini in [1] (extend-
ing previous results for spheres of Escher, Mayer and Simonett [15], Wheeler [37, 38] and
Elliott and Garcke [14]). Our work generalizes such conclusion to any dimension n € N.
For sake of clarity, we show all the details in dimension n = 4 and we list the necessary
modifications to the quantities involved in the proof in the general n—dimensional case,
in the last section.
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1. INTRODUCTION
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Given a smooth immersed hypersurface in an n—dimensional flat torus ¢ = ¢y : M —
T" (or in R™), we say that a smooth family of smooth embeddings ¢, : M — T", for
t €10,7), is a surface diffusion flow for ¢, if

py .
T (AH)v,

(1.1)

that is, the outer normal velocity (here v is the outer normal) of the moving hypersur-
faces is given by the Laplacian (in the induced metric) AH of the mean curvature, at
every point and time. Such flow was first proposed by Mullins in [33] to study thermal
grooving in material sciences and first analyzed mathematically more in detail in [15].
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In particular, in the physically relevant case of three-dimensional space, it describes the
evolution of interfaces between solid phases of a system, driven by surface diffusion of
atoms under the action of a chemical potential (see for instance [25]).

Studying the flow in a flat torus T", described as the quotient of R" by a discrete
group of translations generated by some n linearly independent vectors, is equivalent to
consider the flow of “periodic” hypersurfaces, invariant by such group of translations.
Then, it is clear that our analysis also applies to compact hypersurfaces in R" or, more
in general, in any (generalized) “cylinder” S x --- x S! x R x --- x R.of dimension n,
with a flat metric.

Notice that, by the general equality Ay = —Hv (see equation (2.2) below), the sys-
tem (1.1) can be rewritten as

9

5 = —AAy; + lower order terms (1.2)

hence, it is a fourth order, quasilinear and degenerate, parabolic system of PDEs. Indeed,
it is quasilinear, as the coefficients (as second order partial differential operator) of the
Laplacian associated to the induced metrics on the evolving hypersurfaces, depend on
the first order derivatives of ¢; (and the coefficient of AA on the third order deriva-
tives) and the operator at the right hand side of system (1.1) is degenerate, as its symbol
(the symbol of the linearized operator) admits zero eigenvalues, due to the invariance
of the Laplacian by diffeomorphisms. The lack of maximum principle, as the flow is
of fourth order, implies that it does not preserve convexity (see [27]), nor the embed-
dedness (see [20]), indeed it also does not have a “comparison principle”, while it is
invariant by isometries of T", reparametrizations and tangential perturbations of the
velocity of the motion. Moreover, when it is restricted to closed embedded hypersur-
faces which are boundaries of sets, the enclosed volume is preserved and actually it can
be regarded as the H ~'—gradient flow of the volume—constrained Area functional (see [10]
or [19], for instance).

There holds the following short time existence and uniqueness theorem (and also of
dependence on the initial data) for the surface diffusion flow starting from a smooth
hypersurface, proved by Escher, Mayer and Simonett in [15], which should be expected
by the parabolic nature of the system (1.1), as shown by formula (1.2). The original
result deals with the evolution in the whole space R" of a generic hypersurface, even
only immersed, hence possibly with self-intersections. It is anyway straightforward
to adapt the same arguments to our case, when the ambient is a flat torus T" (and the
hypersurfaces are boundaries of sets).

Theorem 1.1. Let ¢, : M — R" be a smooth and compact, immersed hypersurface. Then, there
exists a unique smooth ¢ : [0,17") x M — R™ such that v, = ¢(t,-) is the surface diffusion flow
of o, that is a solution of equation (1.1), for some maximal time of existence T' > 0. Moreover,
such flow and the maximal time of existence depend continuously on the C**—norm of the initial
hypersurface .
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Actually, it is very likely, even if an explicit example is not present in literature (up
to our knowledge), that this flow could develop singularities in finite time (as the mean
curvature flow). Anyway, in the same mentioned paper [15] by Escher, Mayer and Si-
monett, the authors also showed that if the initial hypersurface is C*“—close enough to a
sphere with the same enclosed volume, then the flow exists for every time and smoothly
converges to a translate of such sphere. The analogous result was obtained by Wheeler
in [37], for surfaces and in [38], for closed plane curves (see also the work of Elliott and
Garcke [14] for curves) with a weaker initial W*2—closedness condition and by Escher
and Mucha in a previous work [16] with a Besov—type condition. Furthermore, in [39]
Wheeler shows that any surface diffusion flow of curves that exists for all time, must
converge smoothly, exponentially fast to a multiply—covered circle. We also mention a
work by Miura e Okabe [32] where the authors prove a global existence result provided
that an initial curve is W??—close to a multiply covered circle and sufficiently rotation-
ally symmetric. Later on, Acerbi, Fusco, Julin and Morini in [1] extended these results,
in dimensions two and three, to hypersurfaces close to boundaries of strictly stable critical
sets (that we are going to define in a while) for the volume constrained Area functional
(as it is every ball). Our aim in this work is to generalize such stability conclusion to any
dimension n € N. Due to some necessary heavy analytic/algebraic computations that
follows, we are going to show all the details of the proof in dimension n = 4 and we
list the appropriate modifications for the general n—dimensional case, in the last section.
The explicit and detailed computations and proofs in such general case will appear in
the PhD thesis of Antonia Diana [13].

2. PRELIMINARIES

We introduce the basic notations and facts about hypersurfaces that we need in the
papet, possible references are [18] or the first part of [34].

We will consider closed smooth hypersurfaces in the n—dimensional torus T" ~ R"/Z"
or in R”, given by smooth immersions ¢ : M — T" of a smooth, (n — 1)-dimensional,
compact manifold M, representing a hypersurface ¢(M) of T". Taking local coordi-
nates around any p € M, we have local bases of the tangent space 7,,//, which can be
identified with the (n — 1)—dimensional hyperplane dy,(7,M) of R" ~ T, T" which is
tangent to ¢ (M) at ¢(p) and of the cotangent space 7,; M, respectively given by vectors
{a%} and 1-forms {dz;}. So, we will denote vectors on M by X = X', which means
X=X ia%i' covectors by Y = Y, thatis, Y = Y,dz; and a general mixed tensor with
T — Tl

J1--1
In the whole paper the convention to sum over repeated indices will be adopted.

Sometimes we will need also to consider tensors along M, viewing it as a submanifold
of T" or R"™ via the map ¢, in that case we will use the Greek indices to denote the
components of such tensors in the canonical basis {e, } of R", for instance, given a vector
field X along M, not necessarily tangent, we will have X = X“e,.
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The manifold M gets in a natural way a metric tensor g, pull-back via the map ¢
of the metric tensor of T", coming from the standard scalar product (- | -) of R", hence,
turning it into a Riemannian manifold ()M, g). Then, the components of g in a local chart

are
_ [ 9% |9p
gm - 81‘, ﬁxj

and the “canonical” measure 1, induced on M by the metric g is then locally described
by u = \/det g;; £, where £"! is the standard Lebesgue measure on R" .
The inner product on M, extended to tensors, is given by

. ) J1z1 Jizy ik QS1...5k
9(T,S8) = Girsy - - - Girsy @7 - g T 00 So

where g;; is the matrix of the coefficients of the metric tensor in the local coordinates
and ¢ is its inverse. Clearly, the norm of a tensor is then

T =g(T.T).

The induced Levi-Civita covariant derivative on ()M, g) of a vector field X and of a
1-form w are respectively given by
i 0X! i vk Ow; k
VjX = a—% + ijX 9 iji = a—xj — Fjiwk,

where T', are the Christoffel symbols of the connection V, expressed by the formula
1

rio_ 1 z‘l(i A L & )

The covariant derivative VT of a tensor 7' = T;llj’f will be denoted by VST;ll;f =

(VT)?JJ1 Z’fn and with V"T'we will mean the m—th iterated covariant derivative of a tensor

The gradient V f of a function, the divergence div X of a tangent vector field and the
Laplacian A f ata point p € M, are defined respectively by
g(VFp)o) = dfy(v)  YoeT,M,
oX'
833'1'

(in a local chart) and Af = div Vf. The Laplacian AT of a tensor T is AT = ¢V, V,T.
We then recall that by the divergence theorem for compact manifolds (without boundary),

there holds
/ divXdu=0,
M

for every tangent vector field X on M, which in particular implies

/ Afdu=0,
M

divX = ttVX =V, X' = + T XF
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for every smooth function f : M — R.

Assuming that we have a globally defined unit normal vector field v : M — R" to
(M) (this will hold in our situation where the hypersurfaces are boundaries of sets
E C T", hence we will always consider v to be the outer unit normal vector at every point
of OF), we define the second fundamental form B which is a symmetric bilinear form
given, in a local charts, by its components

)

0%
hij N _<8xi8xj

and whose trace is the mean curvature H = g h;; of the hypersurface (with these choices,
the standard sphere of R has positive mean curvature).

Remark 2.1. If the hypersurface M C T" is the graph of a function f : U — R with U an
open subset of R"™!, that is, ¢(z) = (z, f(z)), then we have

gijzéij‘i‘ﬁﬁ V——‘—M
Jdx; Ox;’ T+ V]
Hess;; f
Ho Af +Hessf(Vf,Vf):_diV( Vf >
VIHIVE (VIFNIR)? VI+[VIP

where Hessf is the Hessian of the function f.

Then, the following Gauss—Weingarten relations hold,

0% k 00 Ov 1s 09
Do, g, M o, ~ 9 gy @1
which easily imply |Vv| = |B| and the identity
1 9% Oy y
= g% —TE ) = gy = —
Ap =g (5wi5xj I (%Uk) g hijv Hv. (2.2)

The Riemann tensor is expressed via the second fundamental form as follows (Gauss
equations),

Rijr = hirhji — hahyy, (2.3)
hence, the formulas for the interchange of covariant derivatives, which involve the Rie-
mann tensor, become

ViV, X° = V;ViX® =Ryjug™ X' = Ry X' = (hachj — hahjr) g% X'
vivjwk - vjviwk = Rijklglsws = Rfjkws = (hikhjl - hilhjk)glsws
for every vector field X and 1-form w.

We say that a set £ C T" is a smooth set if it is the closure of an open subset of T" and
its boundary OF is a smooth embedded hypersurface (unless otherwise stated all the
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sets we are going to consider will be smooth). Then, for a smooth set £ C T" and ¢ > 0
small enough, we let (d is the “Euclidean” distance on T")

N.={ze€T" : d(z,0F) < ¢} (2.4)

to be a tubular neighborhood of OF such that the orthogonal projection map g : N. — OF
giving the (unique) closest point on JF and the signed distance function dy + N. — R

from OF
d(z,0F) ifz¢FE
d = 2.5
5(2) {—d(x, OF) ifze E @5)
are well defined and smooth in N, (for a proof of the existence of such tubular neigh-

borhood and of all the subsequent properties, see [31] for instance). Moreover, for every
x € N,, the projection map is given explicitly by

mp(r) =1 — Vdy(2)/2 = — dp(2)Vdg(z)

and the unit vector Vdg(x) is orthogonal to OF at the point 7 (2) € OF, indeed actually
Vdg(z) = Vdg(rp(z)) = v(Tp(z))

which means that the integral curves of the vector field Vdy are straight segments or-
thogonal to OE.
This clearly implies that the map

OF x (—¢,¢) 3 (y,t) — L(y,t) =y +tVdp(y) =y + tv(y) € N (2.6)
is a smooth diffeomorphism with inverse

N. 3> zes L 2) = (ng(z),dp(z)) € OE x (—¢,¢).
Moreover, denoting with JL its Jacobian (relative to the hypersurface JF), there holds
0< Cl < JL(y,t) < (4

on 0F x (—e¢,¢), for a couple of constants C, C;, depending on E and «.

From now on, in all the rest of the work, with N. we will always denote a suitable tubular
neighborhood of a smooth set, with the above properties.

By means of such tubular neighborhoods of smooth sets £ C T", we can speak of
“Wke—closedness” (or of “C*—closedness”) of sets. Indeed, fixed a smooth set F, we say
that F, F” C T" are d—close in W*? (or in C*), for some § > 0 “small enough”, if we have
Vol(FAF') < ¢ and that OF,0F’ are contained in a tubular neighborhood N. of E as
above, described by

OF ={y+v(y)vely) : y€ OE} and OF ={y+4¢'(y)vely) : y € OF},

for two functions ¢ : 0F — R with |[¢)—¢'|lyrr o) < 0 (respectively, || —v'||crop) < ).
That is, we are asking that the two sets ' and F’ differ by a set of small Lebesgue
measure and that their boundaries are “close” in W*? (or C*) as graphs on 0E.
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Definition 2.2. Given a smooth set £ C T" and a tubular neighborhood N, of JF, as in
formula (2.4), for any M < ¢, we denote by €}, (E), the class of all sets ' C E U N. such
that Vol(FAE) < M and

OF ={y +vr(y)ve(y) : y € 0L},

for some function ¢y € C'(9E), with |[¢F||c1or) < M (hence, IF C N,).

Definition 2.3. Given a sequence of smooth sets F; € €},(F), for some smooth set E C
T", we will write F; — F in W*? if there exists ' € €},(F) such that for every § > 0,
if i € N is large enough there holds Vol(F;AF) < § and, describing the boundaries of
F;, F as

OF, = {y+s(y)ve(y) : y € OE} and OF ={y+v(y)ve(y) : y € OE},
for some smooth function v;,¢ : OF — R, we have ||; =¥||lwr.pom) < 0.

3. THE SURFACE DIFFUSION FLOW AND STRICTLY STABLE CRITICAL SETS

In all the following T" = R"™/~ is a flat n-dimensional torus, quotient of R" by a
discrete group of translations generated by some n linearly independent vectors. Since
we want to deal with the surface diffusion flow of embedded smooth hypersurfaces
which are boundaries of smooth sets (recall that any of them is the closure of an open
subset of T"), we give the following definition.

Definition 3.1. Let £ C T" be a smooth set. We say that the family £, C T", fort € [0,7)
with Ey = E, is a surface diffusion flow starting from £ if the map t — Xp, is continuous
from [0, 7)) to L' (T") and the hypersurfaces dE, move by surface diffusion, that is, there
exists a smooth family of embeddings ¢, : 0B — T", for t € [0,T), with ¢, = Id and
v (OF) = OF,, such that

oy

— = (AH), (3.1)

where, at every point and time, H and A are respectively the mean curvature and the
Laplacian (with the Riemannian metric induced by T", that is, by R") of the moving
hypersurface 0E;, while v is the “outer” normal to the smooth set E;.

Remark 3.2. An alternative way to describe the flow is to speak of the sets “enclosed”
by the boundary hypersurfaces moving by surface diffusion. This anyway would intro-
duce an ambiguity, since every hypersurface O, clearly “separate” T" in components
and one should indicate which ones are actually the sets E; at every time ¢. The use of
the continuity of the map ¢t — Xg, is a way to avoid such ambiguity. Moreover, it fol-
lows easily that being the solution of the PDE system (3.1) unique, by Theorem 1.1, the
sets F; are uniquely determined (being a “geometric flow”, actually the same “geomet-
ric” uniqueness also holds for the hypersurfaces 0F;, like for the mean curvature flow,
see [30, Section 1.3]).

Then, we have the following proposition, which is actually Theorem 1.1 “adapted” to
the above definition.
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Proposition 3.3. Given a smooth set E C T" and a tubular neighborhood N. of OF, as in
formula (2.4) and M < ¢, for every Ey C T" smooth set in €},(E), whose boundary OE is
represented by

OFy = {y +vo(y)ve(y) : y € OF}

for a smooth function vy : OE — R, there exists a unique surface diffusion flow E;, starting
from E, determined by

OF; ={y + u(y)ve(y) : y € OE}

with smooth functions 1, : OE — R, for t in some maximal positive interval of time [0,T(Ey)),
with T(Ey) depending on the C*“—norm of 1.

We now define the strictly stable critical sets and we state our main theorem, we refer
to [10, Section 2] for the following facts.

We consider the Area functional A(OFE) on the family of smooth sets £ C T", giv-
ing the (n — 1)-dimensional “area” of the boundary of E, with a constraint on the (n—
dimensional) volume Vol(E). It is then well known that a set F is a critical set (that is,
with zero constrained first variation) if and only if its boundary satisfy H = A, for some
constant A € R. This is obtained, by “testing” the first variation of the Area functional
with all the volume—preserving variations of E, which turns out to have as infinitesimal
generators, vector fields X on OF satisfying X = vy with ¢y € C*(0F) such that
Jor ¥ dp = 0.

Then, at a critical set I/, the second variation of the volume-constrained Area functional
along such vector fields X = ¢vy on OF is given by
2
AR

_ 2 2 9
dt? — /{)E(!WJ\ VBJ?) dy.

This motivates the following definition.

Definition 3.4. Given any smooth open set £ C T", we define the quadratic form

o0y = (V6 — o?BF) dn. 62)
E
for all ¢ in the space of Sobolev functions

HY9E) = {¢ e H'OE) : | vdu= o} .

oF

From now on we will extensively use Sobolev spaces on smooth hypersurfaces. Most of their
properties hold as in R", standard references are [2] in the Euclidean space and [3] on manifolds.

We notice that for every n € R”, we have (n|vg) € HY(OE), as in general, for every
smooth set £ C T", there holds

/ (n|ve)du = / divndr =0, hence also / vepdp=20. (3.3)
OE E OE
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Then, setting £, = E + tn, by the translation invariance of the area functional A, we
have A(OF;) = A(OF), thus
d2
0=—A(0F
dt2 ( t)
that is, the form Il is zero on the vector subspace

T(OE) = {(n|ve) : n € R"} C H'(IE)

= Hp((n|ve)),

t=0

of dimension clearly less than or equal to n (and at least one). Then, we split
HY(OE) = T(0F) & T+(0FE),

where T (JE) C H'(JE) is the vector subspace L>-orthogonal to T'(OE) (with respect
to the measure 1 on OF), that is,

TH(OE) = {;z; e H'(9E) - /

. Yvpdp = O}

- {w c HY(9E) : / bdp=0 and | wvgdu = o}
oE OB
and we give the following “stability” conditions.
Definition 3.5. We say that a critical set £ C T" for .4 under a volume constraint is stable
if
Mp(y) >0  foralle € HY(IE)
and strictly stable if actually
Mg(y) >0  forally € TH(OF) \ {0}.

As one can easily guess, these stability notions are related to the (sufficient and nec-
essary) local minimality properties of a set for the volume—constrained Area functional,
as it is shown in [1] (see also the discussion in [10, Section 2.2]).

We observe that there exists an orthonormal frame {ey, ..., e,} of R” such that
/ (vilei)(velej) du =0, (3.4)
O
foralli # j, indeed, considering the symmetric n x n-matrix A = (a;;) with components
aij = [, ViVi dit, where vy, = (vple;) for some basis {e1,...,&,} of R, we have

/aE(OVE)i(OVE)j dp = (OAO™)y,

for every O € SO(n). Choosing O such that OAO ™! is diagonal and setting ¢; = O~ '¢;,
relations (3.4) are clearly satisfied. Hence, considering such basis, the functions (vg|e;)
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which are not identically zero are an orthogonal basis of T'(0F) and we set
Ip={ie{l,....,n} : (vgle;) isnotidentically zero}, Op = Span{e; : i € Ig}. (3.5)

We observe that it is easy to see (by a dilation/contraction argument) that any strictly
stable smooth critical set must be connected, but actually, Theorem 5.1 can be clearly
applied also to finite unions of boundaries of strictly stable critical sets. Moreover, by
the very definition above, if OF in T" is composed by flat pieces, hence its second fun-
damental form B is identically zero, the set E is critical and stable and with a little effort,
actually strictly stable. It is a little more difficult to show that any ball in any dimension
n € N is strictly stable (it is obviously a critical set), which is connected to the study of
the eigenvalues of the Laplacian on the sphere S*1, see [22, Theorem 5.4.1], for instance.
Then, the same holds for all the “cylinders” R* x S"*~! C R", bounding £ C T" after
taking their quotient by the same equivalence relation defining T", determined by the
standard integer lattice of R".

If n = 2, it follows that the only bounded strictly stable critical sets of the Length
functional (that is, the Area functional in 2-dimensional ambient space) in the plane
are the disks and in T* they are the disks and the “strips” with straight borders. In the
three—dimensional case, a first classification of the smooth stable “periodic” critical sets
for the volume—constrained Area functional, was given by Ros in [35], where it is shown
that in the flat torus T?, they are balls, 2—tori, gyroids or lamellae, as in the following figure.

7

el O X«
>, 2e _o
) 02

FIGURE 1. From left to right: balls, 2—tori, gyroids and lamellae.

Lamellae, 2—tori and balls are actually strictly stable, while in [23, 24, 36] the authors
established the strict stability of gyroids only in some cases.

We are going to prove in Theorem 5.1 that if a smooth set is “close” enough to a strictly
stable critical set for the volume constrained Area functional, then its surface diffusion
flow exists for every time and smoothly converges to a “translate” of such set.

4. EVOLUTION OF GEOMETRIC QUANTITIES AND BASIC ESTIMATES

Along any surface diffusion flow ¢, : M — T" (or when the ambient is a general flat
space) we have the following evolution equations (computed in detail in [29, Proposi-
tion 3.4] for a general geometric flow of hypersurfaces),

0
—,9ij = 2AHh;;

: 9 ii_ _9AHRY Qu =HAHu (4.1)

ot? ot
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and

%rg‘.k = VB xAH+ B x VAH (4.2)
where T" x S (following Hamilton [26]) denotes a tensor formed by a sum of terms each
one of them obtained by the product of a real constant with the contraction on some
indices of the pair 7', S with the metric g;; and/or its inverse g”. A very useful property
of such x—product is that |7« S| < C|T'||S| where the constant C' depends only on the
“algebraic structure” of T" * .S, moreover, it clearly holds VI'« S = VI« S + T x VS.
Then, arguing as in [30, Proposition 2.3.1], we get the following evolution equation for
the mean curvature

2H = —AAH — AH|BJ?.
ot
We now introduce some notation which will be useful for the computations that fol-
low (see [29]). If T3, ..., T} is a finite family of tensors (here [ is not an index of the tensor

T), with the symbol

we will mean T * Ty % - - - x 1.
With the symbol p,(V°T,V~S, ..., V'R) we will denote a polynomial in the tensors

T,S, ..., R and their iterated covariant derivatives with the * product as
p(VTVS, . VIR) = DL cyun VLA VISx--x VIR
i+t tk=s

where the ¢;, ; are some real constants and 7 < «, 7 < 3, ... , kK < 7. Moreover,
we set po(-) = 0. Notice that every tensor must be present in every additive term of
ps(VeT,VPS, ..., VIR) and there are no repetitions.

We will use instead the symbol q*(V*B, V#H) for a completely contracted polynomial
(hence a function) of the iterated covariant derivatives of B and H, respectively up to
a and [ (repetitions are allowed), where in every additive term both B and H must be
present and H without derivatives is considered as a contracted B—factor. That is,

P ) q )
q9"(V°B, V7 H) = > ;@WB l:®1 V/H

withp, ¢ > 1,41,...,i, <aand 1 < ji,...,j, < [, then the coefficient s denotes the sum

p

s=> (in+1) + > (Gi+1). (4.3)

k=1

We advise the reader that in the following the polynomials p, and q° could vary from a line to
another in a computation, by addition of “similar” terms.

With this notation, we have the following “computation” lemmas.
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Lemma 4.1. For every tensor T and function f on M, we have

%VST Vs%—f +po(VIT, VB, VS AH)  for every s > 1 (4.4)
6f a saf s—2 s—1 s—1
df dor and atv f=V ¢ TP (VE2(V), VEIB, VO TAH)  (4.5)

for every s > 2.

Proof. We show the first equation by induction on s € N. If s = 1, we have

0 8 a aT oT or
v%— T*VB*AHJFT*B*VAH:v%—f+p1(T,VB,VAH),

where we computed schematically”, denoting with 0 the standard derivative in coor-

dinates (with commute with 2 ;) and with I" the Christoffel symbols, moreover, we used
formula (4.2).

Now, assuming that formula (4.4) holds up to s — 1, we apply it to the tensor S = VT

8 s a s—1 s— 185’ s—2 s—1 s—1
atVT p —Vls =V 5 + 9,1 (V528 V1B, VF T AH)
— v51§VT T ps<vsflT’ vs~1B’ stlAH)
s—1 aT s—1 s—1 s—1
—V (Va_ 4 p (T, VB VAH)) +po (VST VEIB, VAL AH)
T
=4 vsz—t +p, (V1T VB, VEAH)

by the properties of the *~product. Hence, formula (4.4) is proved.
To get equation (4.5), we apply the previous formula to 7' = V f as follows

—VSf_ vs W=Vl Vf+ps_l(Vs‘Q(Vf),Vs‘lB,VS‘IAH)

0
- vsa—{ + ps_l(vs—Q(v f), VeIB, VI AH)

and we are done. U

We are now ready to compute the evolution equations and then estimate the key
quantities for our flow in dimension n = 4.
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Proposition 4.2. Let E; C T* be a surface diffusion flow. Then, the following equations hold

d
y |VH|? dpy = — 201, (AH) + / HAH|VH|? dy, (4.6)
8Et aEt
- / 2B(VH, VH)AH dy,
OF:
d
o \V2H|? dyy = —2/ |V4H|2dut+/ 9" (B, V*H) dpu, (4.7)
OFE; OFE; OF;

+ / q'°(V(B?), V*H) dus
OF:

where 11, is the quadratic form defined in formula (3.2) and where

e cvery “monomial” of 4*°(B, V*H) has 4 factors in B, VH and their covariant derivatives,
the factor B (or H, without derivatives) is present exactly one time and the other three
factors are derivatives of VH up to VH,

e every “monomial” of q*°(V(B?), V*H) has 3 factors in B2, V(B?) and covariant deriva-
tives of H, the factor B or YV (B?) is present exactly one time, the other two factors are
derivatives of VH up to V*H.

Finally, the coefficients of these polynomials are algebraic, that is, they are the result of formal
manipulations, in particular, they are independent of Ej.

Proof. Taking into account the above evolution equations, we compute

d 3
— \VH|2th:/ H|VH|2AHdut—/ 2h"7V,;HV ;H AH dp
dt GEt 6Et 8Et
—/ 299V;HV,(|BI°AH + AAH) dy,
OFE;

:/ H|VH|2AHdpt—/ 2B(VH, VH) AH dpu;
OFE; OFy

+/ 2[B|2(AH)2dut+/ 2AH AAH dp,

8Et aEt

:/ H|VH|2AHdut—/ 2B(VH, VH) AH dp;
8Et aEt

+/ 2]B|2(AH)2dut—/ 2|VAH|? dpy
8Et aEt

where the first term on the right comes from the area variation and the second from
the evolution equation of the inverse of the metric (see formulas (4.1)). Then, we have
formula (4.6), recalling the definition of I1,.
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To get equation (4.7) we compute analogously

d )
2 VPHP dy, = / IV2H|?HAH dy, + 2/ g<v2H, —V2H> i
dt Jog, OE, OF, ot

— / 2h" g™ AHV; HV? H dy,
OE:

— / 2h* g AHV; HV 3 H dp (4.8)
OE;

where, as before, the first term comes from the area variation, while the last two from
the evolution equation of the inverse of the metric.

Then we focus on the second integral, noticing that we can collect all the other terms
inside the integrals in a “polynomial” q'°(B, V!(VH)) such that every “monomial” has
4 factors in B, VH and their covariant derivatives (remember that we consider H as a
contracted B—factor, in the first term — we will always do the same also in the following)
and at least three of them are derivatives of VH.

By formula (4.5) in Lemma 4.1 with f = H and s = 2, we have

%VQH = VQ%H +p1(V°(VH), V'B, V' AH)

=V?(— AAH — AH|BJ?) + p;(V°(VH), V'B, V' AH)

hence, integrating by parts we get
0
/ g(VzH aV2H) dpy = / g(V°H, V?(— AAH — AH|BJ?) dy,
8Et BEf
+/ g(V?H, p1(V°(VH), V'B, V'AH)) dy,
OFy
= — /dE g9g"V}  H(AAH + AH[BJ?) dp,
+/ g(V*H, p1(V°(VH), V'B, V'AH)) dy,
OFy
= — | ¢9g"Vi  HAAHdpy,
o5, ikjl
- /BE 97 g"V i HAH[BP dpy
+/ g(V?H,p1(VO(VH), V'B,V'AH)) dp .~ (4.9)
OFy

Then, recalling the properties of p; (V?(VH), V!B, V! AH), integrating by parts in the last
integral, we can “take away” the derivative from B (in the monomials containing it) and
“move” it on the other three factors, which are derivatives of H. Hence, such integral
becomes a term of kind [, q'°(B, V°H) dj, noticing that V*H cannot appear, as by
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the properties of p;(V°(VH), V!B, V! AH)) either it contains VB or VAH, but not both
together in any of its monomials. Then, recalling equation (4.8) (and the subsequent
discussion), we can write

d 3
- |V2H|? dpy = / |V2H|?HAH dp; — 2 / 97g" Vi HAAH dpyy
OE: OE; OE:
-2 / 9" 4"V HAH[B|? dpuy + / q'°(B, V’H) dp (4.10)
8Et aEt

where every “monomial” of ¢q'°(B, V*H) has 4 factors in B, VH and their covariant
derivatives, moreover

e the factor B (or H, without derivatives) is present exactly one time,
e the other three factors are derivatives of VH up to V*H.

Now we deal with the second term in the right hand side of this equation. We want to
show that

/a gijgklv?kle AAH dp, = /
Ion

[ VH e+ [ awE) v, @
Eq

OF;
where every “monomial” of q'°(V(B?), V*H) has 3 factors in B?, V(B?) and covariant
derivatives of H, moreover

e the factor B? or V(B?) is present exactly one time,
e the other two factors are derivatives of VH up to V*H.

We recall that

/ 979"V H AAH dyy, = / g7g" g™ "'V, Vi V;VH YV, VY,V Hdp, .
OF; OB

Then, since every interchange in a pair of subsequent covariant derivatives of VH and
V2H produces an extra “error term” respectively of the form Riem * VH = B? « VH or
Riem* V?H = B?* V?H, by the Gauss equations (2.3) (while instead we can switch freely
two derivatives on H, being the Hessian symmetric), after some of such interchanges
and integrations by parts in order “to carry” derivatives from one of the two factors to
the other, we obtain

/6E gijgklvélkaH AAH dp; = /BE gijgklgmsgpqvgsﬂH kampH dpu
t t

v, v d
O0FE:

:/ |V4H|2dut+/ q"°(V(B?), V*H) dy; .
BE‘t 8Et

where the term [, q'°(V(B?), V*H) dy; collects all the “error terms” in such manipula-
tion.
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Finally, noticing that also the remaining term in formula (4.10) is of the form

/ q'(V(B2), V*H) dy,
OF;

putting together equations (4.10) and (4.11), we get the second formula of the proposi-
tion. 0

In all the following, we will be interested in having uniform estimates for the families of sets in
&y, (E), given a smooth set E C T™ and a tubular neighborhood N, of 0 as in formula (2.4),
for Mg < e. To this aim, we need that the constants in the Sobolev, Poincaré, Gagliardo—
Nirenberg interpolation and Calderon—-Zygmund inequalities relative to all the hypersurfaces
OF boundaries of the sets F' € €}, (E), are uniform. This is proved in detail in [11] (for the
Calderén—Zygmund inequalities, we actually need that F € €, (E), with Mg > 0 small
enough), hence, from now on we will use the adjective “uniform” in order to underline such fact.
We also highlight that in all the following we will denote with C' a constant which may vary
from a line to another and depends only on E and M.

Proposition 4.3 (Gagliardo—Nirenberg interpolation inequalities). Let £ C T" be a smooth
set, j, m be integer such that 0 < j < mand 0 < r,q < +oc. Then, for every F € €}, (E) and
every covariant tensor T' = T;, ; the following “uniform” interpolation inequalities hold

IV T lnor) < € (I T ertory +IT e 0m) UL o (4.12)

with the compatibility condition

r n-—1

bl

1 j 1 m 1—0
o +0 +
Gim)
forall § € [j/m, 1) for which p € [1,400) is nonnegative and where C' is a constant depending

p n—1
only on n, j, m, p, ¢, v and E, Mg. Moreover, if f : OF — R is a smooth function with
fop [ dp = 0, inequality (4.12) becomes

IV fllzoomy < CIV™ Fll5r om) | f | Zator - (4.13)
Finally, if f - 0F — R is any smooth function, there holds
IV fllzoory < CUV™ FIlLr@m IV Il ator) (4.14)

with the compatibility condition

p n—1

T n—1

= j_1+9(1 m_1>+1_9, (4.15)

q
forall 6 € [j/m,1) for which p € [1,+00) is nonnegative and where the constant C' is like
above.

By density, these inequalities clearly extend to functions and tensors in the appropriate Sobolev
spaces.
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Proof — Sketch. For a single fixed regular hypersurface 0F, inequality (4.13) is given by
Theorem 3.70 in [3], while inequality (4.12) for 7" equal to a function f : F — R can
be obtained by repeating step by step the proof of such theorem, once established the
standard Sobolev inequality for hypersurfaces without boundary,

1Nl o0y < C IV flleory + I fllror)) (4.16)

for every p € [1, +00) (an example of such argument can be found in [29, Section 6]).
The extension of inequality (4.12) to tensors can be obtained as in [29, Sections 5 and 6],
by means of the estimate (see [3], Proposition 2.11 and also [7, 8]),

(VT,T) 7|
JiF=|  yaee

clearly leading to the previous Sobolev inequality for tensors, as /|T’|? + €2 converges
to |T'| when ¢ — 0 (this argument is necessary as |7'| is not necessarily smooth).
In order to get inequality (4.14), we apply estimate (4.13) to the function f — f, with

f =1, fdu, and we get
IV fll oory < CvafHLT(aF If =7 HLq ©F)

T[? +

VT < VT

where | _ y Lo
- )
p n-—1 r.n—1 q*
—1
with ¢* = u Then, by means of the Sobolev—Poincare inequality

n—1-gq
1f = F e o) < €IV llzaor) - (4.17)
that also can be easily deduced by estimate (4.13), we obtain

IV fllzeory < CAVTENL 0m) IV Fllaom)

and it is a straightforward check that relation (4.15) holds.

Finally, the “uniformity” in the constants of the inequalities, independently of F' €
¢y, (E), follows by the same independence in the Sobolev inequalities (by checking
the proof of Theorem 3.70 in [3]). This is shown and discussed in detail in [11]. O

Remark 4.4. Notice that in the same hypotheses of this proposition, by inequality (4.17),
we also have the following “uniform” Poincaré inequalities

If = Fllzrory < CIV e , (4.18)
for every p € [1,400).

Remark 4.5. Very similar “uniform” interpolation inequalities are worked out in [29],
for any family of smooth, n-dimensional, regular hypersurfaces N C R"™! satisfying
Vol(N) + |[H|| n+s(ny < C, for some 0 > 0, instead of being boundaries of sets belonging
to €}, (E).
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From now on, we consider as ambient space the four-dimensional flat torus T4.

Proposition 4.6. Let E;, C T* be a surface diffusion flow such that E, € €}, (E), for some
smooth set E. Then,

d
y |VH|? dp; < —2HEt(AH)+Ol/ IB||VH|?|AH| dy
t Jom, OF;
d }
@t J o [VH|* dp, < — ||V4H|‘%Q(6Et) + Co(1+ ||VH||L2(8Et))||VH“%2(8Et) (4.19)

for some exponent T > 0 and constant Cy, Cy such that Cy depends only on E and Mg, while
Cs depends also on ||B|| L (or,) and ||VB||Lsog,)-

Proof. The first inequality follows immediately from formula (4.6).
About the second one, recalling formula (4.7), we start dealing with the integral [, ¢'°(B, V°H) dy;,
which is a sum of integrals each one like

3
/ B ® V/Hdy,,
OF:

=1

with 0 < j; < 3, moreover, it must hold

3 3
10=1+Y (ji+1)  thatis, Y ji=6,
=1 =1

by formula (4.3). Hence,

3 3
19'°(B, V*H)| dy, < CZ/@E ‘B ® VAH ' dyis < CZ/BEym TV dp.
e = t =1

We can estimate each integral of the last sum by means of Holder inequality, as follows

OE:

3 3
/aE B [ IV Hl dus < 1Bl om [ [V Hll o1 0,
t =1 =1

where §; = -£7> 2, which clearly satisfy

i+l
oy

=1

Then, we now estimate any of such products as follows: applying the uniform interpo-
lation inequalities (4.14) to H, we get

IV Hl| ooy < CIVHH T o) IVHI o5, - (4.20)

for some constants C' depending on /5; and coefficients ¢, which are given by

1/, 3 1 Ji—1
——(j——+z)e(L—=1).
: 3(” 5l+2> <3 )
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Then, noticing that

3
0=3 4= Z], Zﬁ P=lto<2,

multiplying together inequalities (4.20), applying the Young inequality, we have

/8E B H\V”H\dut < IBll @0 |V HI 220, I VHII 72 G

1=1
§5‘|V4H||2L2(8Et) + ClIVH||Z20m)

for any € > 0, with C' = C(e, ||B||z~(9r,)) and 7 > 2.
Hence, we conclude (by choosing appropriately € > 0 for each summand in ¢'°(B, V3H))
that

1
/8E q"°(B, V*H) dpy < §||V4H”%2(6Et) + C|[VH| 72008, (4.21)

with C' = C(||B|| e~ (or,)) and 7 > 2.
Now we deal with the last integral in formula (4.7), that is

/ q*°(V(B?), V*H) dy, = V{(B?) * V/H + V*H dp,
OF; 0By

with 0 <i < 1and 0 < j < 3, moreover, it must hold
100=t4+2+j+14+5 thatis, 147 =2,

by formula (4.3), which actually implies that we have only two types of terms,
/ B? %« V2H « V*Hdy, and / B* VB x VH x V*H dp, .
8Et 8Et

We now respectively estimate their modulus as follows (after “carrying” the modulus
inside the integrals and using the properties of the *—product):

[ VRV dy < 9 Ry + C [ VPR
Et

OE;

/8 BIIVBI[VH|[V'H| dp, < e V'H s o, + C / VBP|VHP du
Et Et

for any ¢ > 0, with C' = C(e, [|B|| L~ (aE,))-
By the uniform inequalities (4.14) and Young inequality, we have

2/3 4/3
IV2H|Z2 gy < CIVHIS 5 I VHI 2o < €IV HI 208, + C /8 ) [VH|? du,

hence,

B di <V H sy € [ VHE @.22)
Et Et
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for some constant C' = C/(¢, || B|| L= (s5,))-
Then, by Holder inequality, we have

/8 IVBEIVHE dye < VBl IVHIs s,

1/3 5/3
< CNIVBsom) |V Hl st 5 IVHI S o

where we used again the uniform interpolation inequalities (4.14) as follows,
1/3 5/3
IVHIIEs ) < CIV I | VHI o -

Hence, by means of Young inequality, we finally get

| IVBEIVHE e < IV R+ C 19 d (4.23

Ly

for some constant C' = C(e, | B|| L~ 0r,), || VB|| s (08) )+
Hence, putting together estimates (4.22) and (4.23), we conclude (by choosing appropri-
ately £ > 0 for each summand in qu(V(BQ) V4H) as before, that

/a (V). ) dy < SV H 205y + CIVH (o, (4.24)

with €' = C(||B|[ =g, [ VBI| sk )-
Estimating the two last terms in formula (4.7) by means of inequalities (4.21) and (4.24),
we obtain inequality (4.19). O

Remark 4.7. Recalling Remark 4.5, in the proof of this proposition we could alterna-
tively uniformly control the constants in the interpolation inequalities by a function of
Vol(OE;) + [|H|| 1ok, (of VOW(OE;) + [[H||n@m,) in the n—-dimensional case), instead of
using Proposition 4.3, as it is done in [29]. It follows that this proposition holds also for
only immersed (not boundaries of sets) smooth hypersurfaces moving by the surface
diffusion flow with equibounded volumes.

Lemma 4.8. Let E C T* be a smooth set and N, be a tubular neighborhood of OF, as in
formula (2.4). For My small enough and § > 0, there exists a constant C' = C(E, Mg, d) such
thatif F € €}, (E) with

OF ={y +vr(y)vely) : y € OE}
for a smooth function ¢p : OE — R and
[ P [ (OHEda<s
OF oF
there hold
1B or) + VB[ Lsory < C and |VEllwz2@m) < C.
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Moreover, for every 1 < p < 6, there exists a monotone nondecreasing function w : R — R™,
depending only on E and Mg, with lims o+ w(0) = 0 and such that if F satisfies the further
condition

Vol(FAE) <6,

then ||¢p|lwsr@or) < w(d).
As a consequence, if E; C €}, (E) is a sequence of smooth sets such that

sup / [V2H|* dp; +/ [VH|? dp; < +o0,
then there exists a (non necessarily smooth) set E' € €}, (E) such that, up to a (non relabeled)
subsequence, E; — E' in W3P as i — 0o, forall 1 < p < 6. Moreover, if

/ IVH[2 dp, + / VHP dgi — 0,

as i — oo, the set E' is critical for the volume—constrained Area functional, that is, its mean
curvature is constant.

Proof. Let F' € €}, (E) with an associate function ) : 0E — R as in the statement. We
start by observing that, by the uniform Sobolev inequality (4.16) (extended to tensors,
as for the other inequalities in Proposition 4.3) applied to VH, we have

IVH| 50y < C (|IV?H r20r) + [VH|| 120)) < CVO

then, by an easy slight variation of inequality (4.16) and by inequality (4.17) (both ex-
tended to p larger than the dimension n — 1 = 3), we get

1H| 2~ @ry < C (IVH||60r) + [[Hllz20m)) < CVE + Cl|H| 201

IH = H||1~or) £ C|VH| s0r) < CV (4.25)

where H = f, . Hdy and all the constants depends only on E and Mp.

By the uniform C'-bounds on dF, we may find a finite family (only depending on F
and Mp) of “solid” cylinders of the form C, = Dy, + vg(x;)R, with Dy, C T, E a closed
disk of fixed radius R > 0 centered at the origin, for a finite family of points z;, € FE,
such that OF N Cy, is the graph on D;, of a smooth function f; : D, — R, with

| frllerpy) < Mg (4.26)

for every k and 9F = |JOF N Cy.
Since we want to estimate [, rrc, Hdp, which is a “geometric” quantity, we can assume

(by means of an isometry) that 7,, £ = (ey, e2, e3), hence vg(x)) = ey, in the canonical
orthonormal basis of R* and

OF NCy = {(z, fr(z)) : © € D}



22 A.DIANA, N. FUSCO, AND C. MANTEGAZZA

Then, by formulas in Remark 2.1 we have

()
V14|V fel?

hence,

/ H dx
Dy,

_/ div(v—fk)dx:_/ <V—fk i>dg
Dy L+ |V fel]? oDy, 1+ [V fil? =]
:/ <1/F i>da

oDy, |517|

where o is the canonical (standard) 2-dimensional measure on the sphere JDj. Thus,
being the last term at most equal to the area of the sphere 0D;, we get

T Vol(Dy) :/(ﬁ—H) dm+/

Dy Dy,

de§/|H—H|dx+C’§ | |[H-Hdet+C
Dy, OFNC,
where in the last inequality we kept into account estimate (4.26) in changing the domain
(and variables) of integration. Hence, controlling the last term of this inequality by
estimate (4.25), it follows that H is bounded by a constant depending on F, Mg, § and the
same then holds also for H. In particular, recalling that the volume of F is uniformly
bounded (as F' € €}, (E)), we have that H € L9(JF) for every ¢ € [1,+00). Then,
choosing My small enough, Theorem 3.1 in [11] holds, saying that we have an analogous
uniform estimate on B in L(0F), for every ¢ € [1,+0c0).

Once we have a control on ||B||«(9r), for some exponent ¢ larger than the dimension of
the hypersurfaces, again if Mg is small enough, we have the following uniform higher
order Calderén—-Zygmund-type inequalities discussed in [11, Section 3.1], holding in
any dimension,

IV"Bllizor) < Ci(l4 V" H] 120))

for every k € N, where the constants Cj, depend on E, Mg and ||B||Lssr) (and the di-
mension), hence in our situation they depend on E and Mg.

It then follows
IV?B||2(or) < C(E, Mg) (4.27)
and, by the uniform Sobolev embeddings in dimension 3, we conclude
HBHLq(aF) —|— HVB”L(’((‘)F) S C(E,ME,g) (428)

for every ¢ € [1, +00).

These geometric estimates on B and their derivatives, can be “transferred” to esti-
mates on the function ¢'r : 0E — R, by means of the technique of localization /representation
for any “graphical” hypersurface on JF introduced by Langer in [28] for surfaces, gen-
eralized to any dimension by Delladio [12] and fully developed in details by Breuning in
the papers [4, 5, 6] (such technique is similar to the one we used to estimate H above). In
particular, by the results in [6], under a uniform control on ||B||«(9r) with ¢ larger than
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the dimension of the hypersurface, we have that an estimate on ||B||yy+.»(5r) implies a
uniform estimate on ||z ||yys+2.(sr) and viceversa, for every set F' € €}, (E). Hence, by
the previous estimates (4.27) and (4.28) on B and its derivatives, we conclude

|Vrllwazer < C(E, Mg, 0) .
Then, we notice that, by uniform Sobolev embeddings, we have
IV*r|| L@ < C(E, Mg, d)
which in turn implies ||B|| .~ @r) < C(E, Mg, 6), by what we said above.
Now, in the hypotheses of the lemma on a sequence of sets E;, writing
OE; = {y + ¢i(y)ve(y) : y € OF},
by the previous estimates and the uniform Sobolev compact embeddings
W*2(0E) — W3P(OE) — C'(OF)
forall 1 < p < 6, up to a (not relabeled) subsequence there exists aset £’ € €}, (E)such
that ¢); — ¢p in W3P(9F) (and in C'(OF)) where
OFE" ={y+ v/ (y)ve(y) : y € OF},
forall 1 <p < 6.
If actually
[P | (P 0,
OE; E;

(3

clearly for the limit set £’ the mean curvature must be constant.
The fact that |[¢r||ws»@or) goes uniformly to zero as § — 0, hence we have a function
w as in the statement, follows by the fact that, assuming F; € ¢}, (E) and

Vol(F,AR) < 6;, / |V2H|2dm+/ |VH|? dy; < 6;
6F¢ aFi

with 6; — 0, as i — o0, by the previous argument we have that ¢, : 9E — R converges
to some ¢ : E — R in W3P(JE), hence in L'(OF), while the limit Vol(F;AE) — 0
implies that ||1g||1195) — 0, then we conclude that ) must be zero and we have the
thesis. U

5. GLOBAL EXISTENCE AND STABILITY

Theorem 5.1. Let E C T* be a strictly stable critical set for the Area functional under a volume
constraint and let N be a tubular neighborhood of OF, as in formula (2.4). For Mg < €/2 small
enough, there exists 6 > 0 such that, if E, is a smooth set in €}, (E) satisfying Vol(E,) =
Vol(E) and

Vol(EyAE) < 6§ and / |V2H|2du0+/ |VH|? dpo < 6, (5.1)
BEO 8E0

then, the unique smooth surface diffusion flow E, starting from Ey, given by Proposition 3.3,
is defined for all t > 0. Moreover, E, converges smoothly to E' = E + n exponentially fast as
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t — +oo, for some n € R*, with the meaning that the sequence of smooth functions ¢, : OF — R
representing OE, as “normal graphs” on OF, that is,

OE = {y +¢u(y)ve(y) : y € OF},
satisfy, for every k € N,
[ — Yllnory < Cre ™,

for every t € [0, +00), for some positive constants Cy, and i, where ¢ : OE = R represents
OF" = OF + nas a “normal graph” on OF.

Remark 5.2. The request that Ej belongs to €}, (E) with My small enough, is necessary
only in order to be able to represent its boundary as a graph of a function with bounded
gradient on 0F and to have uniform Sobolev, interpolation and Calderén-Zygmund
inequalities, as proved in [11, Section 3], while the first condition (5.1) is a “closedness”
assumptionin L' for Fy and E (that is, on ). The second “small energy” condition (5.1)
in the theorem implies (see the last part of Lemma 4.8 and its proof) that the mean
curvature of JE| is “close” to be constant, as it is for the strictly stable set £ (actually for
any critical set). Notice that this latter is a fourth order condition for the boundary of £,
and that all these assumptions are clearly implied by an appropriate I¥*?—closedness of
Ey to E, arguing as in Lemma 4.8.

Proof of Theorem 5.1. By choosing My small enough, we assume that for every set F' €
€3, (E), all the constants in the inequalities we are going to consider for functions on
OF are uniform, depending on £ and Mg, by [11].

After choosing some small 6, > 0, we consider the surface diffusion flow E; starting
from Ej € €}, (F) satisfying

Vol(EyAE) <6 and / \V2H|2duo+/ IVH|? dpo <6,
8E0 6E()

for § < ¢&y/2 and we let T'(Ey) € (0, +oc] be the maximal time such that the flow is
defined for ¢ in the interval [0, T'(Ey)), By € €3y, (E),

OF}

OE;

All the moving boundaries 0 F; can be represented as normal graphs on 0F as
OB, = {y + vu(y)ve(y) : y € OF}

for some smooth functions v, : 9E — R. Moreover, if T'(Ey) < 400, then at least one of
the three following conditions must hold:

e lim SUP;_7(Eo) ||¢t||61(8E) = 2Mpg

o limsup, 7z, F(t) = d

o limsup, ,r(p,) VOl(E:AE) = &
otherwise, restarting the flow from a time ¢ close enough to T'(E)) by means of Propo-
sition 3.3, we have the contradiction that T'(E,) cannot be the maximal time defined



STABILITY FOR THE SURFACE DIFFUSION FLOW 25

above. Indeed, the time interval of smooth existence of the flow given by such propo-
sition is bounded below by a constant depending on the C**—norm of ; and this latter
by a constant depending on Jy, by the first point of Lemma 4.8 and Sobolev (uniform)
embeddings.

We are going to show that if §, was chosen small enough, there exists > 0 such that
none of these conditions can occur, hence T'(Fy) = 400, that is, the surface diffusion
flow of E exists for all time.

Let us define, for K > 2, the following “energy” function

&0~ [ IVHPduc+ K [ 9Pz 7o)
OE¢ 2o
(notice that also holds £(t) < K F(t)). From Lemma 4.8 we easily have
IBll = 0z0) + 1VBllLo(om) < So(F(t)) < 50(E(1)), (5.2)
fort € [0,T(Eyp)), where the function Sy : [0, +00) — R is continuous and monotone
nondecreasing and it is determined by F and Mg.
We now split the rest of the proof into steps. Our first goal will be showing that the
function £ decreases in time if J is small enough, for an appropriate constant .
Step 1 (Monotonicity of £).
By Proposition 4.6, for any ¢ € [0, T(E))), we have

d
CE(t) < —2KT15, (AH) + KO, / IB||VH 2| AH] dji
OF:

- HV4HH%2(8Et) +S1(E@)) (L+ ||VH||E2(aEt))HVHH%%aEt) ; (5.3)
for some exponent 7 > 0 and a continuous, monotone nondecreasing function 5; :
[0,4+00) — R (as the function C' above), depending on E, Mg, by inequality (5.2).

Moreover, estimating the first integral at the right hand side as in the first part of Propo-
sition 4.6, we get

1 T
Cr [ [BIVHE|AHI £ SV s, + S:E0) KIVHIE 5,

with 7 > 0 and the function S; is like S, and S;.
Hence, from inequality (5.3), we obtain

d 1 T
E() < = 2T (AH) 4+ 5|V H 3o, + S2(E0) K2 VHIZ 5,

— IV H1Z2 05, + S (EW®) (1 + IVHI L2 o5, IVHI 20,

IN

1
—2KTlg, (AH) = S|V H 2 0,

+S1(ENIVHI L2 o) +S1(E®) [ VHIZEG 5,y + S2(E () K2 VH]| T, (54)
with 7, 7" > 0. Then, by the “uniform” Poincaré inequality (4.18) with f = H, that is
IH —Hl 20 < ClIVH| 1200, (5.5)
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and by interpolation, we have
IV?H 2208, < CIIVHI L2080 1H — Hl| 22005, < CIV*HI| 2208, [IVHI| L208,) -
Hence, using Young inequality again we get
& HHL2 OF) = ”V4HHL2 0E) T C||VH]|7. (OE)
that is,
IV H a0 < ~I9?H a0, + CIVH a0,

Substituting into inequality (5.4), we conclude
d
—&(t) < — 2K, (AH) — |V H][72 o5, + S(EOWVHI L2 01,

dt
+ S(EIVHIZE g, + SE@) EIVH| 7Lz,

with S = max{S; + C, S2} : [0,400) — R* continuous, monotone nondecreasing and
depending on E and Mp.
If we now assume that, for every ¢t € [0,T(Ey)),

g, (AH) 2 0| VH| 2o, (5.6)

for some constant o > 0, then there holds (recalling that K > 2)
d
—E(t) < —[2Ko = S(€(1) = 2 VHI[Z20) = 2VH] L2008 — IV HI L2008,

+ S(EWIVHITE 5, + SEGMCIVH] Ty,

< - [2Ko — SE®)) = 2/NVHI 20 — 2(IVHIL2 0, + IV HI L2 (0, / K)
+ SEDNVHIT G, + SE@) K VHIIZ g,
= — PEMIVH 2o, — 26(t)/ K
HS(EM)E)HT2 4+ S(E@)KE(t) /2
where P = 2Ko — S — 2] : [0,+00) — R is continuous and monotone nonincreasing,
determined by F and Mp and 7,7" > 0.
It is then an exercise of qualitative analysis of ordinary differential inequalities, to con-
clude that if P(0) is positive and £(0) is small enough (such that —£(0)/K+S(£(0))E(0)+7/2+

S(E(0))K2£(0)'*7/2 < 0, which can be always achieved, once K is fixed), the first term
starts and stays negative and the “energy” £ satisfies

%E(t) < _EW)/K (57)

forevery t € [0,T(E))), that is, the function £ is never increasing, so it remains bounded
by £(0) (moreover, it decreases exponentially and converges to zero, as t — +o0, if
the flow is “eternal”). Thus, choosing an appropriate constant K, by the definition of
the function S, it is easy to see that we can make P(0) > 0, hence if § > 0 is small,
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since £(0) < KF(0) < K, it follows that £(0) is small enough and we have the above
conclusion.

Step 2 (Proof of estimate (5.6)).
We need the following key lemma which is implied by Proposition 2.35 in [10], that
actually simply generalizes to any dimension Lemma 2.6 in [1].

Lemma 5.3. Let E C T* be a strictly stable critical set. For every 0 € (0,1] there exist a
constant g > 0 such that if F' € €}, (E) satisfies

Vol(FAFE) < 6 and |VH|? du < &, (5.8)
oF

for 6o > 0 small enough, there holds
e () = osllolz2om
for all ¢ € H (OF) satisfying

gci)r;H(p — (nlve)llzzer = 0ol 2om)

where the vector subspace O C R* was defined in formula (3.5).

Proof. Representing the boundary of F' € &, (E) as OF = {y + ¢¥r(y)ve(y) : y € OF}
for a smooth function ¢)p : 0E — R, according to Proposition 2.35 in [10], fixed some
p > 3, there exists a positive constant C' = C'(#, p) such that the conclusion follows if
|Yr||w2rory < C. This inequality follows if conditions (5.8) hold with ¢, small enough,
by the properties of the function w stated in Lemma 4.8 (and Sobolev embeddings). [

We now want to apply this lemma with F' = E; and ¢ = AH, for all t € [0,T(Ey)),
hence, we need to show that there exists a small constant ¢ > 0 such that

nfgiOgHAH = (mlvllrz@r) = O|AH|20m,)  forallt € [0,T(Ey)). (5.9)

Considering the special basis {¢;} of R* and the associated set i € I in the discussion
just after Definition 3.5, by the properties of the function w stated in Lemma 4.8, if J
is small enough we have that for every t € [0,T(E))) the norm |[¢p| w429 is small,
hence the same holds for ||¢p|c1(ar). Then, it follows that there exists a constant Cj =
Co(E, Mg) > 0 such that, for every i € Ig, we have |[(e; | 1)/ 1205, = Co > 0, holding
|{ei | vE)||L2(0m) > O (notice that this argument also shows that, with an appropriate
choice of small 6y and J, the condition lim sup; 7z, |Vt c1 (o) = 2Mp cannot occur). It
is then easy to see that the vector 1, € Op realizing the above minimum for E; is unique
and satisfies

AH = (| ) + g, (5.10)

where g € L?(JE};) is a function L*~orthogonal (with respect to the measure p; on 9E;)
to the vector subspace of L*(0F;) spanned by the functions (e; | ;). Moreover, letting
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n: = nie;, from relation (5.9) we have

IAHZ20m) = I [ v T2 (0, = /8E e v dpy > Colmg* = Cln*, - (5.11)
where C'is a constant depending only on £/ and Mg.

We now argue by contradiction, assuming || g z2o5,) < 0||AH| r2(58,)-

We recall that, thanks to inequality (5.5), we have

[ -TPdu<C [ VHP du < CIAH g (5.12)
BEt 6E‘t

where the second estimate can be obtained integrating by parts and using the Cauchy-
Schwarz inequality.

Hence, by multiplying relation (5.10) by H — H and integrating over 9E;, we get

/ (H—H)AH dy,
OE;

/ (H —H)g dus
OF:

< O|H — H|| 208, | AH| 2 (08,
< CO||AH|720m,) (5.13)

where the equality follows from the identities

/ H Vy d,ut =0 and / Vg d,ut =0
aEt aEt

holding for every embedded hypersurface. We notice that the first identity is a conse-
quence of relation (2.2) and the divergence theorem, while the second is equality (3.3).
Then, recalling estimate (5.11) and the fact that g is L?>~orthogonal to (r, | v;), we have

I i Bty = [ SB[

oOE;
- / (VH |V (| v2)) di
OF:

< el IVvel 2 0m0) [ VHI| 2(08,)

/ (H — T)AH dy,

OFE;

1/2
< Cl|AH|| 208 | VYt 2202

< C\@HAHH%?(aEt) :

where in the last inequality we used relation (5.13) and we estimated ||Vv,||;29g,) by
inequality (5.2) and the fact that F(t) < &y, as Vi, = B by the Gauss—Weingarten rela-
tions (2.1).

If then 6 > 0 is chosen so small that Cv/# < 1 — 6? in the last inequality, we have a
contradiction since equality (5.10) and the fact that ||g||;255,) < 0| AH||22(08,) imply (by
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L*—orthogonality) that

[ne [ ve)ll72 0,y > (1= 0)|AH|Z2 o5, -

All this argument shows that with such a choice of #, condition (5.9) holds, hence by
Lemma 5.3 we conclude

g, (AH) > 04| AH||72 5, forallt € [0, T(Ep)).

Then, the second estimate (5.12) clearly proves assumption (5.6) and the proof of mono-
tonicity of £ in Step 1 is concluded. Hence, if ¢ is small enough, £(¢) remains bounded
by ¢ during the flow, up to the time ¢t = T'(E)), thus the same clearly holds for F(¢).

Step 3 (Global existence of the flow).

We have seen at Step 1 that choosing an appropriate constant X, if ¢ is small enough,
then the “energy” £(¢) is uniformly bounded and decreasing. More precisely, integrat-
ing the differential inequality (5.7), there holds

E(t) < E(0)e K < geWE <5 (5.14)
hence, we also have F(t) < e /% < §, for every t € [0, T(Ej)).
Moreover, at Step 2 we already saw that if J, is chosen small enough,

lim sup |¢¢||cr@r) = 2ME
tA)T(EQ)

is not possible. Hence, in order to obtain the global existence of the flow, we only have
to show that also
lim sup Vol( EAE) = 6 (5.15)

t—)T(Eo)
cannot occur.
We define the following quantity

D(t) = /E tAEd(a:,(’)E) da = /E | dp(z) dv — /E dp(z) dz, (5.16)

where dg : N. = R is the signed distance function defined in formula (2.5). We observe
that,
Vol(E:AE) < CllYdllror) < Cllvdlczom

and

) [1e ()|
220 = 2 / / ¢t dpy)
oFE JO

e (v)|
—9 /a ) /0 d(L(y,t),0F) dt du(y)

= 2/ d(x,0F) JL ™ (z) dx
EAE

<CD(),
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where the constants depend on £ and Mg, L : OE X (—¢,e) — N, is the smooth diffeo-
morphism defined in formula (2.6) and JL is its Jacobian. It clearly follows

VOl(B,AE) < Ol o) < Clltll 2o < CV/D(), (5.17)
and
D(t) < / 2Mpg dx = 2MgVol(E,AE) . (5.18)
E:AE

Then, recalling formula (5.16), we compute

d d

Lo = —/ d(z,0E) dz — / di AHdp; < C|AH|| p2om < CVEe 2K,
dt dt Jp,nE OF,

forall t < T'(Ey), where the last inequality clearly follows from the above estimate (5.14)

for £(t).

By integrating this differential inequality on [0,7) with ¢ € [0,T(E,)) and taking into

account estimate (5.17), we get

VOl(BAE) < Cllllzaom) < Oy D(0) + 2KCVE < OV,

as D(0) < CVol(EyAE) < C0, by inequality (5.18) with ¢ = 0. Hence, if § > 0 is small
enough such that Cv/§ < ), we have that also condition (5.15) cannot happen.

We conclude that the surface diffusion flow of £ exists smooth for every time, more-
over E, € €3, (E)and

Vol(E,AE) < CV5, / |V2H? dyyg + / IVH|? dpy < se K (5.19)
BEt 8Et

for every t € [0, +00).

Step 4 (Convergence, up to a subsequence, to a translate of E).

Lett; — +oo, then by estimates (5.19), the sets E;, satisfy the hypotheses of the last point
of Lemma 4.8, hence, up to a (not relabeled) subsequence, we have that there exists a
critical set E' € €}, (E) such that F, — E' in W??, that is ||¢y, — ¥||ws»@r) — 0 for
some ¢ : OFE — R representing OE’ as a “normal graph” on 0E. As OF' has constant
mean curvature and it is a graph over OF of a C* function (by Sobolev embeddings), it
follows by standard regularity theory for quasilinear equations that it is smooth (see [21]
for instance), then by Proposition 2.7 in [1] (see also [10, Proposition 2.36]), we have that
F" = F + n for some (small) n € R*. Such proposition actually states that E is a strict
local minimum for the volume—constrained Area functional, up to translations and that
a smooth set “close enough” to E (as £’ in our situation) can be a critical set if and only
if it is a translate of E.

Step 5 (Smooth exponential convergence of the full sequence).
Arguing similarly as above, we consider the function

D(t) = /EAE, d(xz,0F) dx
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with derivative

GD0 =5 [ dwor)ds = [ st - ) dos M, (620)
di dt g n

OF:

where sgn is the “sign function”. By the exponential second estimate (5.19) and the fact
that £, € ¢}, (E), we have

d—
’%D(t)‘ S CHAHHLQ(aEt) S C\/geit/zK

for all t > 0, moreover,
EiAE

which implies D(t;) — 0, as i — oo, by the previous step:
Integrating the differential inequality (5.20), we get

o o t; d — +00 d L
D(t) — D(t;) = —/t %D(s) ds < /t ‘£D(s) ds
< ZCK\/ge_th,
hence, passing to the limit as i — oo, we conclude

D(t) < Ce 12K

+o00
S / C\/ge—s/2K ds
t

for every t > 0, thus lim;_, o, D(¢) = 0. Then, we have

Ve (y)
|M—m@mfﬂ/ / sds
P(y)

oF
'L/"t(y)
/ d(L(y, s),0F) ds
P

_5 /
OE|JP(y)

) / d(z,0E) JL\(z) da
E:AE’

< D)
S Ce—t/2K’

dp(y)

du(y)

where L : OF x (—¢,e) — N, is, as before, the smooth diffeomorphism defined in
formula (2.6) with Jacobian JL. By this exponential decay and the uniform bound on
|¥e — Yllwaz2or) following from estimates (5.19) by means of Lemma 4.8, we obtain the
convergence of the full sequence F; to E’ in W37,

Finally, we have that the convergence of £, — E + n is actually exponentially smooth,
by arguing as in the proof of Theorem 5.1 in [17] (see also [9]), that is, via standard
parabolic estimates and uniform interpolation inequalities (and Sobolev embeddings),
holding the exponential convergence in W3?. O
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6. GENERAL DIMENSIONS

In general dimension n € N, the main global existence and stability Theorem 5.1 takes the
following form.

Theorem 6.1. Let E C T", for n > 3, be a strictly stable critical set for the Area functional
under a volume constraint and let N, be a tubular neighborhood of OF, as in formula (2.4). For
Mg < /2 small enough, there exists 6 > 0 such that, if E is a smooth set in €}, (E) satisfying
Vol(Ey) = Vol(E) and

Vol(EyAE) < 6§ and / V"2 H|? dpo + / IVH[* duy < 6,
OEy 0FEq
then, the unique smooth surface diffusion flow E, starting from Ey, given by Proposition 3.3, is
defined for all t > 0. Moreover, E; converges smoothly to E' = E + n exponentially fast as t —
+00, for some n € R", with the meaning that the sequence of smooth functions v, : 0OE — R
representing 0L, as “normal graphs” on OF, that is,

O, = {y + i(y)vely) :y € OE},
satisfy, for every k € N,
e — ¥l oxor) < Cre™ ™,
for every t € [0, +00), for some positive constants Cy, and 3y, where ¢» : OE — R represents
OF" = OF + nas a “normal graph” on OF.

The case n = 2, where the boundary hypersurfaces of strictly stable critical sets are circles or
straight curves in T?, was analyzed by Elliott and Garcke in [14]. In the three—dimensional case,
this theorem is Theorem 4.3 in the paper [1] by Acerbi, Fusco, Julin and Morini. We are going
to list now the appropriate modification to the line of proof in dimension n = 4 in order to deal
with the general dimensional case, noticing that actually up to Proposition 4.2 all the statements
are n—dimensional. See the PhD thesis of Antonia Diana [13] for the full details.

A Proposition 4.2 in dimension n € N.
Equation (4.7) must be substituted by

d
% yvanH‘Q d,ut — 2/ ‘VnHP d,ut +/ q2n+2<vnf4B7vn71H) d,ut
OE; OE; OFE;
[ B, V) du 61)
OE;
where

e cvery “monomial” of q*"*2(V" 1B, V" 'H) has 4 factors in B, VH and their co-
variant derivatives, the factor B (or H without derivatives) or its covariant deriva-
tive up to V" *B is present exactly one time and the other three factors are deriva-
tives of VH up to V" 'H,

e every “monomial” of q*"*(V"~3(B?),V"H) has 3 factors in B?, VH and their
covariant derivatives, the factor B* or its covariant derivative up to V"~3(B?) is
present exactly one time, the other two factors are derivatives of VH up to V"H.
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The proof of this formula can be obtained by following step by step the proof of Proposi-
tion 4.2, with the appropriate modifications due to the dimension n. The only term that
needs a slightly different treatment is the analogue of the first one in the second line of
formula (4.10), coming from the term

—/ g(V"*H, V" *(AH|B|?)) dp
OF:

which would appear in the right hand side of the first line of the n—dimensional ver-
sion of computation (4.9). Integrating by parts two times, the integrand becomes a
contraction of V'"H with V"~ *(AH|B|?), which clearly is a polynomial of the form
q?"t2(Vn—3(B?), V'H) and we are done.

[ Proposition 4.6 in dimension n € N.

Inequality (4.19) must be substituted by
d n— n T
a ), 1V HI dpr < =V H[720m,) + Co(1+ VAN 0m)) I VHIL20m,)  (6:2)

with 7 > 0 and a constant C, depending on E, Mg and, for any j < n — 3, on
||VﬂBHL on—2 : if2j >n —3,0n||V/B||LsoE,) if 27 = n — 3 and on || VIB|| <48,

Zj—nt3 (9E,
if 2j < n — 3 (in particular, on ||B|| L~ @r,), when n > 4).

The proof of this inequality goes like the proof of Proposition 4.6, by choosing suitable
exponents in the interpolation inequalities in dealing with the two polynomial terms

/ q2n+2(vn74B’ vnle) d,ult and / q2"+2(V”*3(B2), vnH) dﬂt
BEt 8Et

in equality (6.1). In particular, expanding the iterated derivatives of B* in the second one,
one gets factors like V'B x VB with i +5 < n — 3 that are estimated by the constant Cs.
d Lemma 4.8 in dimension n € N.

Lemma 6.2. Let E C T" be a smooth set and N, be a tubular neighborhood of OE, as in
formula (2.4). For Mg small enough and § > 0, there exists a constant C' = C(E, Mg, 6)
such thatif I € ¢}, (E) with

OF =y +¥r(y)vely) : y € OB}
for a smooth function ¢ : OF — R and
/ \V”QH]Qdu+/ VH2du < A,
oF oF

there hold

n—3
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2n—2 . H
Moreover, for every 1 < p <1< p< 3 there exists a monotone nondecreaszng

function w : Rt — R*, depending only on E and Mg, with lim,_,o+ w(d) = 0 and such
that if F satisfies the further condition

Vol(FAE) <6,

then ||wF||Wn71,p(8E) S w(é)
As a consequence, if E; C &), (E) is a sequence of smooth sets such that

Sup/ IVQHI"‘deJr/ |VH[? dp; < +o0,
ieN Jog, OE;

then there exists a (non necessarily smooth) set E' € €}, (E) such that, up to a (non
relabeled) subsequence, E; — E'in W™ P as i — oo, forall 1 < p < Qn”—:?f Moreover,

if
/ IV HPR dy + / VHP dii = 0.

as i — oo, the set E' is critical for the volume—constrained Area functional, that is, its
mean curvature is constant.

Remark 6.3. We notice that once we control HV”*”BHL 2n=2 and ||B||z~or), by means

(OF)
of the uniform interpolation inequalities, we get an estimate on all the norms of the

derivatives of B on which the constant (5 in inequality (6.2), at the previous point,
depends. Hence, C; is uniformly bounded for all the sets £ like above.

Proof of Theorem 6.1. As in the proof of Theorem 5.1, by choosing My small enough in or-
der that all the constants in the inequalities are uniform and after choosing some small
do, we consider the surface diffusion flow E; starting from E, € €}, (E) as in the hy-
potheses and the maximal time T'(Ey) such that £, € C3,, (E),

Vol(E,AE) < & and J—"n(t)—/ \V”QH]QdutJr/ IVH|? dpy < 6o,
8Et aEt

for every t € [0, T(E))).
Then, we aim to show that the smooth function 11, which represents the moving bound-
ary O, as a normal graph on 0F, does not satisfy the following conditions:

[ ) limsupt_g(EO) ||wt||Cl(8E) = QME

e lim SUP; - 7(Eo) Fu(t) = do

o lim sup; 7z, Vol(ELAE) = &
that is, the maximal time T'(E,) = +oo, hence the flow exists for all times.
So, we define for a suitable K > 2 the following “energy” function

Sn(t)—/ V" ?H|? dpy + K |VH|> dp; > Fo(t) .
OFE:

OF:
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Recalling Proposition 4.6 and estimate (6.2) and noticing that Lemma 5.3 holds in any di-
mension (as it is shown in [10]), following Step 1 and Step 2 in the proof of Theorem 5.1,

W

fo

e have ;
Eﬁn(t) < =&,(t)/K
revery t € [0,T(Ep)), that is, the energy &, (hence F,,) is uniformly bounded from

above and decreasing. Then, the rest of the proof proceeds as the one of Theorem 5.1.

10.

11.

12.

13.
14.

15.
16.
17.
18.
19.
20.
21.

22.

g
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