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STABILITY FOR THE SURFACE DIFFUSION FLOW
ANTONIA DIANA, NICOLA FUSCO, AND CARLO MANTEGAZZA

ABSTRACT. We study the global existence and stability of surface diffusion flow (the nor-
mal velocity is given by the Laplacian of the mean curvature) of smooth boundaries of
subsets of the n—dimensional flat torus. More precisely, we show that if a smooth set
is “close enough” to a strictly stable critical set for the Area functional under a volume
constraint, then the surface diffusion flow of its boundary hypersurface exists for all time
and asymptotically converges to the boundary of a “translated” of the critical set. This
result was obtained in dimension n = 3 by Acerbi, Fusco, Julin and Morini in [1] (extend-
ing previous results for spheres of Escher, Mayer and Simonett [15], Wheeler [37, 38] and
Elliott and Garcke [14]). Our work generalizes such conclusion to any dimension n € N.
For sake of clarity, we show all the details in dimension n = 4 and we list the necessary
modifications to the quantities involved in the proof in the general n—dimensional case,
in the last section.
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1. INTRODUCTION

WQUI L, W=

37

Given a smooth immersed hypersurface in an n—-dimensional flat torus ¢ = ¢y : M —
T™ (or in R"), we say that a smooth family of smooth embeddings ¢, : M — T", for
t €10,7), is a surface diffusion flow for ¢, if

py .
T (AH)v,

(1.1)

that is, the outer normal velocity (here v is the outer normal) of the moving hypersur-
faces is given by the Laplacian (in the induced metric) AH of the mean curvature, at
every point and time. Such flow was first proposed by Mullins in [33] to study thermal
grooving in material sciences and first analyzed mathematically in more detail in [15].
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In particular, in the physically relevant case of three-dimensional space, it describes the
evolution of interfaces between solid phases of a system, driven by surface diffusion of
atoms under the action of a chemical potential (see for instance [25]).

Studying the flow in a flat torus T", described as the quotient of R" by a discrete
group of translations generated by some n linearly independent vectors, is equivalent to
consider the flow of “periodic” hypersurfaces, invariant by such group of translations.
Then, it is clear that our analysis also applies to compact hypersurfaces in R" or, more
in general, in any (generalized) “cylinder” S x --- x S! x R x -+ x R of dimension n,
with a flat metric.

Notice that, by the general equality Ay = —Hv (see equation (2.2) below), the sys-
tem (1.1) can be rewritten as

9

5 = —AAy; + lower order terms (1.2)

hence, it is a fourth order, quasilinear and degenerate, parabolic system of PDEs. Indeed,
it is quasilinear, as the coefficients (as second order partial differential operator) of the
Laplacian associated to the induced metrics on the evolving hypersurfaces, depend on
the first order derivatives of ¢; (and the coefficient of AA on the third order deriva-
tives) and the operator at the right hand side of system (1.1) is degenerate, as its symbol
(the symbol of the linearized operator) admits zero eigenvalues, due to the invariance
of the Laplacian by diffeomorphisms. The lack of maximum principle, as the flow is
of fourth order, implies that it does not preserve convexity (see [27]), nor the embed-
dedness (see [20]), indeed it also does not have a “comparison principle”, while it is
invariant by isometries of T", reparametrizations and tangential perturbations of the
velocity of the motion. Moreover, when it is restricted to closed embedded hypersur-
faces which are boundaries of sets, the enclosed volume is preserved and actually it can
be regarded as the H ~'—gradient flow of the volume—constrained Area functional (see [10]
or [19], for instance).

There holds the following short time existence and uniqueness theorem (and also of
dependence on the initial data) for the surface diffusion flow starting from a smooth
hypersurface, proved by Escher, Mayer and Simonett in [15], which should be expected
by the parabolic nature of the system (1.1), as shown by formula (1.2). The original
result deals with the evolution in the whole space R" of a generic hypersurface, even
only immersed, hence possibly with self-intersections. It is anyway straightforward
to adapt the same arguments to our case, when the ambient is a flat torus T" (and the
hypersurfaces are boundaries of sets).

Theorem 1.1. Let ¢, : M — R™ be a smooth and compact, immersed hypersurface. Then, there
exists a unique smooth ¢ : [0,17") x M — R™ such that ¢, = ¢(t,-) is the surface diffusion flow
of o, that is a solution of equation (1.1), for some maximal time of existence T' > 0. Moreover,
such flow and the maximal time of existence depend continuously on the C**—norm of the initial
hypersurface .
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Actually, it is very likely, even if an explicit example is not present in literature (up
to our knowledge), that this flow could develop singularities in finite time (as the mean
curvature flow). Anyway, in the same mentioned paper [15] by Escher, Mayer and Si-
monett, the authors also showed that if the initial hypersurface is C**—close enough to
a sphere with the same enclosed volume, then the flow exists for every time and con-
verges smoothly to a translate of such sphere. The analogous result was obtained by
Wheeler in [37], for surfaces and in [38], for closed plane curves (see also the work of El-
liott and Garcke [14] for curves) with a weaker initial 1W??~closedness condition and by
Escher and Mucha in a previous work [16] with a Besov-type condition. Furthermore,
in [39] Wheeler showed that any surface diffusion flow of curves that exists for all time,
must converge smoothly, exponentially fast to a multiply—covered circle. We also men-
tion a work by Miura e Okabe [32] where the authors proved a global existence result
provided that an initial curve is W*2—close to a multiply covered circle and sufficiently
rotationally symmetric. Later on, Acerbi, Fusco, Julin and Morini in [1] extended these
results, in dimensions two and three, to hypersurfaces close to boundaries of strictly
stable critical sets (that we are going to define in a while) for the volume constrained
Area functional (as it is every ball). Our aim in this work is to generalize such stability
conclusion to any dimension n € N. Because of several heavy analytic and algebraic
computations needed in the analysis, we present in full detail the proof in dimension
n = 4 and we list the appropriate modifications for the general n—dimensional case in
the last section. The choice of n = 4 is not merely pragmatic: this dimension already
exhibits the full range of analytic and algebraic difficulties arising in higher dimensions,
while still allowing for a complete and reasonably transparent presentation. Carrying
out all the computations in general dimension would have made the exposition unnec-
essarily technically heavy. For this reason, we restrict to n = 4 as a representative case,
while the explicit and detailed computations and proofs in full generality can be found
in the PhD thesis of Antonia Diana [13].

2. PRELIMINARIES

We introduce the basic notations and facts about hypersurfaces that we need in the
papet, possible references are [18] or the first part of [34].

We will consider closed smooth hypersurfaces in the n-dimensional torus T" ~ R" /Z"
or in R”, given by smooth immersions ¢ : M — T" of a smooth, (n — 1)-dimensional,
compact manifold M, representing a hypersurface (M) of T". Taking local coordi-
nates around any p € M, we have local bases of the tangent space 7,,M, which can be
identified with the (n — 1)-dimensional hyperplane dy,(7,M) of R" ~ T,,,)T™ which is
tangent to (M) at ¢(p) and of the cotangent space Ty M, respectively given by vectors
{8%} and 1-forms {dz;}. So, we will denote vectors on M by X = X’, which means
X=X ia%i/ covectors by Y =Y, thatis, Y = Yjdx; and a general mixed tensor with
T=T""%

Ji-Jut
In the whole paper the convention to sum over repeated indices will be adopted.
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Sometimes we will need also to consider tensors along M, viewing it as a submanifold
of T" or R" via the map ¢, in that case we will use the Greek indices to denote the
components of such tensors in the canonical basis {e, } of R", for instance, given a vector
tield X along M, not necessarily tangent, we will have X = X%¢,.

The manifold M gets in a natural way a metric tensor ¢, pull-back via the map ¢
of the metric tensor of T", coming from the standard scalar product (- | -) of R", hence,
turning it into a Riemannian manifold (M, g). Then, the components of g in a local chart

are
(92|92
i = @xl 81’]'

and the “canonical” measure y, induced on M by the metric g is then locally described
by u = \/det g;; £, where " ! is the standard Lebesgue measure on R"!.
The inner product on M, extended to tensors, is given by

9(T,8) = Girs -+ Ginsy 9o g TG R SEL

J1-di Pz

where g;; is the matrix of the coefficients of the metric tensor in the local coordinates
and g is its inverse. Clearly, the norm of a tensor is then

T = g(T.T).

The induced Levi—Civita covariant derivative on (M, g) of a vector field X and of a
1-form w are respectively given by

. OX? , Ow:
XP= 2 4T Xk Wy = —t
v] axj + Jk ) VJW axj

where T, are the Christoffel symbols of the connection V, expressed by the formula

k

= (L gas L g D)
jk_2g 8xjgkl 8xkgﬂ 8xlgjk-

The covariant derivative VT of a tensor T = T:'"'* will be denoted by V, 77 =

Al Ji--i Ji--i
(VT)g " and with V"T we will mean the m~th iterated covariant derivative of a tensor
T.

The gradient V f of a function, the divergence div X of a tangent vector field and the
Laplacian A f at a point p € M, are defined respectively by

9(Vf(p),v) = dfy(v) Vo eT,M,
X"
8@»

(in a local chart) and Af = div Vf. The Laplacian AT of a tensor 7' is AT = ¢V, V,T.
We then recall that by the divergence theorem for compact manifolds (without boundary),

there holds
/ divX du =0,
M

divX = trVX = V, X' = + T X*
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for every tangent vector field X on M, which in particular implies

/ Afdu=0,
M

for every smooth function f : M — R.

Assuming that we have a globally defined unit normal vector field v : M — R" to
(M) (this will hold in our situation where the hypersurfaces are boundaries of sets
E C T", hence we will always consider v to be the outer unit normal vector at every point
of OF), we define the second fundamental form B which is a symmetric bilinear form
given, in a local charts, by its components

)

PP
hij N _<(9xi8xj

and whose trace is the mean curvature H = tr B = ¢g*h;; of the hypersurface (with these
choices, the standard sphere of R™ has positive mean curvature).

Remark 2.1. If the hypersurface M C T" is the graph of a function f : U — R with U an
open subset of R"™1, that is, ¢(z) = (z, f(z)), then we have

g-j:6<j+afa—f V:_M
‘ Y Om; Oy’ T+ V]2
bo— __ Hessiif
T VIV
He Af +Hess.f(Vf,Vf) :—div( Vf )
VIHIVIE  (VIFIVIP) V1+ [V

where Hessf is the Hessian of the function f.

Then, the following Gauss—Weingarten relations hold,

82(,0 k agp al/ [ agp
_pe 9o R 2.1
Ox;0x; 7 Oxy, g o hing oxg’ 1)
which easily imply |Vv| = |B| and the identity
Py 9 ’
= g¥ —TF ) = —gVhy = —
Ap=g <8xi@mj F”@m;) g hijv Hv. (2.2)

The Riemann tensor is expressed via the second fundamental form as follows (Gauss
equations),
Rijii = hirhji — hahjy (2.3)
hence, the formulas for the interchange of covariant derivatives, which involve the Rie-
mann tensor, become

ViV;X® = V;ViX* =Ryjug"™ X' = R}, X' = (hachj — hahje) g X'

15l

Vivjwk - Vjviwk = Rijklglsws = Rfjkws = (hikhjl - hizhjk)glsws
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for every vector field X and 1-form w.

We say that a set £ C T" is a smooth set if it is the closure of an open subset of T" and
its boundary OF is a smooth embedded hypersurface (unless otherwise stated all the
sets we are going to consider will be smooth). Then, for a smooth set £ C T" and € > 0
small enough, we let (d is the “Euclidean” distance on T")

N.={zeT" : d(z,0F) < ¢} (2.4)

to be a tubular neighborhood of OF such that the orthogonal projection map g : N. — OE
giving the (unique) closest point on 0F and the signed distance function dg : N. — R

from OF
_Jd(z,0FE) ifz ¢ E
dsle) = {—d(x, OE) ifre B 25)

are well defined and smooth in N, (for a proof of the existence of such tubular neigh-
borhood and of all the subsequent properties, see [31] for instance). Moreover, for every
x € N,, the projection map is given explicitly by
(1) =2 — Vdy(2)/2 = — dp(r)Vdg(z)
and the unit vector Vdg(x) is orthogonal to OF at the point 75 (z) € OF, indeed actually
VdE($) = vdE(TrE(fE)) = V(?TE(IE)) )

which means that the integral curves of the vector field Vdy are straight segments or-
thogonal to OE.
This clearly implies that the map

OF x (—¢€,¢) 3 (y,t) = L(y,t) = y + tVdp(y) =y + tv(y) € Ne (2.6)
is a smooth diffeomorphism with inverse

N. >z L Y2) = (ng(z),dp(z)) € OE x (—¢,¢).
Moreover, denoting with J L its Jacobian (relative to the hypersurface OF), there holds
0< Cl < JL(y,t) < CQ

on 0F x (—¢,¢), for a couple of constants C, Cy, depending on E and «.

From now on, in all the rest of the work, with N. we will always denote a suitable tubular
neighborhood of a smooth set, with the above properties.

By means of such tubular neighborhoods of smooth sets £ C T", we can speak of
“WkP—closedness” (or of “C*—closedness”) of sets. Indeed, fixed a smooth set F, we say
that F, I’ C T" are j—close in W*? (or in C*) for some § > 0 “small enough” if, denoted
by FAF' = (FUF')\ (F N F’) the symmetric difference between F' and F”, we have
Vol(FAF') < § and that OF, 0F’ are contained in a tubular neighborhood N. of E as
above, described by

OF ={y +¥(y)ve(y) : y € OE} and OF ={y +¢'(y)vely) : y € OL},
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for two functions ¢ : OF — R with ||t —'||wr»or) < 6 (respectively, [|[¢ —9'||crar) < 0).

That is, we are asking that the two sets F' and F’ differ by a set of small Lebesgue

measure and that their boundaries are “close” in W*? (or C*) as graphs on 0E.
Moreover, we can define the following families of hypersurfaces.

Definition 2.2. Given a smooth set £ C T" and a tubular neighborhood N, of JF, as in
formula (2.4), for any M < ¢, we denote by €},(F), the class of all sets ' C E U N. such
that Vol(FAE) < M and

OF ={y+vr(y)ve(y) : y € OE},
for some function ¢y € C'(9E), with |[¢F||c1or) < M (hence, IF C N,).

Definition 2.3. Given a sequence of smooth sets F; € €},(F), for some smooth set F C
T", we will write F; — F in W*? if there exists F' € €},(F) such that for every § > 0,
if i € N is large enough there holds Vol(F;AF) < § and, describing the boundaries of
F;, F as

OF;, ={y+v;(y)ve(y) : y € OF} and OF ={y+v(y)ve(y) : y € OE},

for some smooth function ¢;,% : 0E — R, we have [|¢; — ¢||yr.p@op) < 0.

3. THE SURFACE DIFFUSION FLOW AND STRICTLY STABLE CRITICAL SETS

In all the following T" = R"™/~ is a flat n-dimensional torus, quotient of R" by a
discrete group of translations generated by some n linearly independent vectors. Since
we want to deal with the surface diffusion flow of embedded smooth hypersurfaces
which are boundaries of smooth sets (recall that any of them is the closure of an open
subset of T"), we give the following definition.

Definition 3.1. Let £ C T" be a smooth set. We say that the family E, C T", fort € [0,T)
with Ey = E, is a surface diffusion flow starting from E if the map ¢ — X, is continuous
from [0, T) to L*(T") and the hypersurfaces  E; move by surface diffusion, that is, there
exists a smooth family of embeddings ¢; : 0E — T", for ¢t € [0,T"), with ¢y = Id and
0 (OF) = OF;, such that

Do

5 (AH)v, (3.1)
where, at every point and time, H and A are respectively the mean curvature and the
Laplacian (with the Riemannian metric induced by T”, that is, by R") of the moving
hypersurface 0F;, while v is the “outer” normal to the smooth set .

Remark 3.2. An alternative way to describe the flow is to speak of the sets “enclosed”
by the boundary hypersurfaces moving by surface diffusion. This anyway would intro-
duce an ambiguity, since every hypersurface O, clearly “separate” T" in components
and one should indicate which ones are actually the sets E; at every time ¢. The use of
the continuity of the map ¢ — X, is a way to avoid such ambiguity. Moreover, it fol-
lows easily that being the solution of the PDE system (3.1) unique, by Theorem 1.1, the
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sets [; are uniquely determined (being a “geometric flow”, actually the same “geomet-
ric” uniqueness also holds for the hypersurfaces 0E;, like for the mean curvature flow,
see [30, Section 1.3]).

Then, we have the following proposition, which is actually Theorem 1.1 “adapted” to
the above definition.

Proposition 3.3. Given a smooth set E C T" and a tubular neighborhood N. of OF, as in
formula (2.4) and M < ¢, for every Ey C T" smooth set in €},(E), whose boundary OF, is
represented by

OFy = {y +vo(y)ve(y) : y € OF}

for a smooth function vy : OE — R, there exists a unique surface diffusion flow E,, starting
from E, determined by

OF; ={y + u(y)ve(y) : y € OE}

with smooth functions 1, : OE — R, for t in some maximal positive interval of time [0,T(Ey)),
with T(Ey) depending on the C*“—norm of 1.

We now define the strictly stable critical sets and we state our main theorem, we refer
to [10, Section 2] for the following facts.

We consider the Area functional A(OE) on the family of smooth sets £ C T", giv-
ing the (n — 1)-dimensional “area” of the boundary of E, with a constraint on the (n-
dimensional) volume Vol(£). It is then well known that a set E is a critical set (that is,
with zero constrained first variation) if and only if its boundary satisfy H = ), for some
constant A € R. This is obtained, by “testing” the first variation of the Area functional
with all the volume—preserving variations of E, which turns out to have as infinitesimal
generators, vector fields X on OF satisfying X = ¢vg with v € C*(JE) such that
Jow ¥ dp = 0.

Then, at a critical set F, the second variation of the volume—constrained Area functional
along such vector fields X = vy on OF is given by
2
AR,

_ 2 2 9
dt? — /{)E(Wdf\ V?(B|?) du.

This motivates the following definition.

Definition 3.4. Given any smooth open set £/ C T", we define the quadratic form

Mg (e) = /a (90 = v BP) da. (32)

for all ¥ in the space of Sobolev functions
H'(9E) = {w € H'(JE) : / bdp = o} .
O

From now on we will extensively use Sobolev spaces on smooth hypersurfaces. Most of their
properties hold as in R", standard references are [2] in the Euclidean space and [3] on manifolds.



STABILITY FOR THE SURFACE DIFFUSION FLOW 9

We notice that for every € R", we have (n|vg) € H'(OE), as in general, for every
smooth set £ C T", there holds

/ (n|ve)du = / divndx =0, hence also / vpdu=0. (3.3)
oF E oF
Then, setting £, = E + tn, by the translation invariance of the area functional A, we
have A(0E;) = A(OFE), thus
d2

that is, the form Il is zero on the vector subspace

T(OE) = {(n|ve) : n€R"} C H'(IE)
of dimension clearly less than or equal to n (and at least one). Then, we split

HY(OE) =T(0E) ® T+(0F),

= He((n|ve)),

t=0

where TH(OE) C H'(JE) is the vector subspace L>-orthogonal to T(OE) (with respect
to the measure i on JF), that is,

T+(OF) = {1/1 € H'(9E) : Yvgdu = 0}
oF

z{wEHl(aE) . [ wdu=0 and @DI/Ed/L:O}
oE O
and we give the following “stability” conditions.

Definition 3.5. We say that a critical set £ C T" for .A under a volume constraint is stable
if

Hp(y) >0  forally € H(IE)
and strictly stable if actually

Mp(y) >0  forally € TH(OF)\ {0}.

As one can easily guess, these stability notions are related to the (sufficient and nec-
essary) local minimality properties of a set for the volume—constrained Area functional,
as it is shown in [1] (see also the discussion in [10, Section 2.2]).

We observe that there exists an orthonormal frame {ey, ..., e,} of R” such that
| el veles) du =0, 34)
OF
for all i # j, indeed, considering the symmetric n x n—matrix A = (a;;) with components
aij = [op ViV di, where vy, = (vgle;) for some basis {e1,...,¢,} of R", we have

/sz(OVE)i(OVE)j dp = (OAO™1)y,
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for every O € SO(n). Choosing O such that OAO~! is diagonal and setting ¢; = O~ '¢;,
relations (3.4) are clearly satisfied. Hence, considering such basis, the functions (vz|e;)
which are not identically zero are an orthogonal basis of T(0F) and we set

Ip={ie{l,....,n} : (vgple;) isnotidentically zero}, Op = Span{e; : i € Iz}. (3.5)

We observe that it is easy to see (by a dilation/contraction argument) that any strictly
stable smooth critical set must be connected, but actually, Theorem 5.1 can be clearly
applied also to finite unions of boundaries of strictly stable critical sets. Moreover, by
the very definition above, if OF in T" is composed by flat pieces, hence its second fun-
damental form B is identically zero, the set E is critical and stable and with a little effort,
actually strictly stable. It is a little more difficult to show that any ball in any dimension
n € N is strictly stable (it is obviously a critical set), which is connected to the study of
the eigenvalues of the Laplacian on the sphere S™1, see [22, Theorem 5.4.1], for instance.
Then, the same holds for all the “cylinders” R* x S"*~! C R", bounding £ C T" after
taking their quotient by the same equivalence relation defining T", determined by the
standard integer lattice of R".

If n = 2, it follows that the only bounded strictly stable critical sets of the Length
functional (that is, the Area functional in 2-dimensional ambient space) in the plane
are the disks and in T? they are the disks and the “strips” with straight borders. In the
three—dimensional case, a first classification of the smooth stable “periodic” critical sets
for the volume—constrained Area functional, was given by Ros in [35], where it is shown
that in the flat torus T?, they are balls, 2—tori, gyroids or lamellae, as in the following figure.

4 '\ -
o8 ¢
i ®o_0O

FIGURE 1. Periodic critical set classified in [35]: balls, 2-tori, gyroids and
lamellae (from left to right).

Lamellae, 2-tori and balls are actually strictly stable, while in [23, 24, 36] the authors
established the strict stability of gyroids only in some cases.

We are going to prove in Theorem 5.1 that if a smooth set is “close” enough to a strictly
stable critical set for the volume constrained Area functional, then its surface diffusion
flow exists for every time and smoothly converges to a “translate” of such set.
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4. EVOLUTION OF GEOMETRIC QUANTITIES AND BASIC ESTIMATES

Along any surface diffusion flow ¢, : M — T" (or when the ambient is a general flat
space) we have the following evolution equations (computed in detail in [29, Proposi-
tion 3.4] for a general geometric flow of hypersurfaces),

o o 3 o
—g;: = 2AHh,; — ¢ = —2AHKY — = HAH 4.1
5791 ij ) 519 , 2" 1 (4.1)
and 5
ar;‘.,c = VB AH + B x VAH (4.2)

where T' x S (following Hamilton [26]) denotes a tensor formed by a sum of terms each
one of them obtained by the product of a real constant with the contraction on some
indices of the pair T, S with the metric g;; and/or its inverse ¢*. Just to give an example,
if T'is a (0, 3)—tensor and S a (2, 2)-tensor, then one possible contribution to 7'+ S is given
by

9T jpSpmg + 59" Tyij Sy -
A very useful property of such s—product is that |7« S| < C|T'||S| where the constant C'
depends only on the “algebraic structure” of 7'« S, moreover, it clearly holds V(7'*.S) =
VT+S+T=%VS.
Then, arguing as in [30, Proposition 2.3.1], we get the following evolution equation for
the mean curvature 3

aH = —AAH — AH|BJ? (4.3)

(notice that this equation further highlights the fourth—order nature of the flow).

We now introduce some notation which will be useful for the computations that fol-
low (see [29]). If 11, . .., T} is a finite family of tensors (here [ is not an index of the tensor
T'), with the symbol

we will mean T * Ty * - - - x T;.
With the symbol p,(VeT, V5S, ..., V'R) we will denote a “polynomial” in the tensors

T,S,...,Rand their iterated covariant derivatives with the * product as
p(VOT, VS, V'R) = > ¢V TxVISx--xV'R
it tk=s

where the c¢;; ; are some real constants and i < «, 7 < 3, ... , k£ < . Moreover,
we set po(-) = 0. Notice that every tensor must be present in every additive term of
ps(VeT,VPS, ..., VTR) and there are no repetitions.

Ifa=2,8=1,v=0and s =2, an example of such a polynomial is given by

pQ(VQTv VS? R) = 7gpq<vpvq7—‘ij)sklRmn + 5gpq(vp7’1])(vqskl)Rmn

We will use instead the symbol 4°(V*B, VPH) for a completely contracted “polynomial”
(hence a function) of the iterated covariant derivatives of B and H, respectively up to
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a and [ (repetitions are allowed), where in every additive term both B and H must be
present and H without derivatives is considered as a contracted B—factor. That is,

J4 ] q )
q'(V*B,V/H) =) ;@WB l:®1 V/H

withp, ¢ > 1,41,...,4, <aand 1 < ji, ..., j, < 5, then the coefficient s denotes the sum
p

s:sz—i— —|—Z]l+ 4.4)
k=1

We advise the reader that in the following the “polynomials” p, and q° could vary from a line
to another in a computation, by addition of “similar” terms.

With this notation, we have the following “computation” lemmas.

Lemma 4.1. For every tensor T and function f on M, we have

%VST VS%—T +p,(V*7IT, VB, VEAH)  for every s > 1 (4.5)
af a sf saf s—2 s—1 s—1
df dop and S V=V 4 p(VTU(VS), VB, VITAR) - (4.6)

for every s > 2.

Proof. We show the first equation by induction on s € N. If s = 1, we have

9, 9, 0 0 or or or

5 VT =5 (0T +TT) = 0T + = (TT) = 0= + =T + T
:v%_erT*VB*AHJrT*B*VAH:V%—t+p1(T,VB7VAH)7

where we computed schematically” denoting with 0 the standard derivative in coor-

dinates (with commute with 2 ;) and with I" the Christoffel symbols, moreover, we used
formula (4.2).

Now, assuming that formula (4.5) holds up to s — 1, we apply it to the tensor S = VT

d s 9 s—1 s— 185’ s—2 s—1 s—1
o VT =2 VoS = Vo p (V925 VOB, VO A)
_ v51§VT + ps<vsflT’ vsle’ stlAH)
s—1 a_T s—1 s—1 s—1
=V (Vo + (T, VB, VAH) ) +p, (V7 'T, V!B, V* ' AH)

T
= vsz—t +p, (VT VEB, VEAH)
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by the properties of the *—product. Hence, formula (4.5) is proved.
To get equation (4.6), we apply the previous formula to 7' = V f as follows

—VSf_ vs 'Vf= V“ Vf+ps_l(Vs‘Q(Vf),Vs‘lB,VS‘IAH)

)
— vsa—{ + ps_l(vs—Q(v f), VeTIB, VI AH)

and we are done. O

Remark 4.2. In the following, we will denote by B(V f, V f) the second fundamental form
applied to the gradient of a function f. In local coordinates this reads as

B(VF,Vf)=g*g"huVifV,f.

We are now ready to compute the evolution equations and then estimate the key
quantities for our flow in dimension n = 4.

Proposition 4.3. Let E; C T* be a surface diffusion flow. Then, the following equations hold

d
y |VH|? dy; = — 2115, (AH) + / HAH|VH|? du, (4.7)
OE; OE;
— / 2B(VH, VH)AH dp;
OE;
d
- \V2H|? dp, = —2/ |V4H\2dpt+/ 9" (B, V*H) dpu, (4.8)
OE; OE; OE;

[ v V) du
OF;

where 11y, is the quadratic form defined in formula (3.2) and

e cvery “monomial” of q'°(B, V*H) has 4 factors in B, VH and their covariant derivatives,
the factor B (or H, without derivatives) is present exactly one time and the other three
factors are derivatives of VH up to V*H, with V*H or V*H present at least one time;

e cvery “monomial” of q'°(VB, V*H) has 4 factors in B, VB and covariant derivatives
of H, the factor B x B or B x VB is present exactly one time, the other two factors are
derivatives of VH up to V*H. The factor V*H is present exactly one time, with the
exception of “monomials” of kind V3H % B? « V3H.

Finally, the coefficients of these “polynomials” are algebraic, that is, they are the result of formal
manipulations, in particular, they are independent of E,.
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Proof. Taking into account the evolution equations (4.1) and (4.3), we compute

d B
L VHP :/ H|VH[? AH dy, —/ 2KV, HV,H AH dy,
dt Jsg, OF, EYo

—/ 29"V;HV,(|BI?AH + AAH) du,
OE:

:/ H|VH]2AHdut—/ 2B(VH, VH) AH dy
OFE:

OE;

+/ 2|B|2(AH)2dut+/ 2AH AAH dp
OF: OFE:

:/ H|VH|2AHth—/ 2B(VH, VH) AH dy,
OF:

OE;

T / 2(BP(AH)? dy, / 2V AHP dy
BEt aEt

where the first term on the right comes from the area variation and the second from
the evolution equation of the inverse of the metric (see formulas (4.1)). Then, we have
formula (4.7), recalling the definition of I, in (3.2).

To get equation (4.8) we compute analogously

4 |V2H|2d,ut:/ |V2H|2HAHdut+2/
dt Jog, OE,

g (VQH, ﬁVQH) dyu,
OF:

ot
— / 2h" g™ AHV; HV? H dy,
OF:

— /a i 2h* g AHV; HVZ H dp, . (4.9)

We focus on the second integral, noticing that we can collect all the other terms in-
side the integrals in a “polynomial” ¢'°(B, V!(VH)) such that every “monomial” has
4 factors in B, VH and their covariant derivatives (remember that we consider H as a
contracted B—factor, in the first term — we will always do the same also in the following)
and at least three of them are derivatives of VH.

By formula (4.6) in Lemma 4.1 with f = Hand s = 2, we have

) )
§V2H = VQQH +p1(VY(VH), V!B, V' AH)

=V?(— AAH — AH|BJ?) + p;(V’(VH), V'B, V' AH)



STABILITY FOR THE SURFACE DIFFUSION FLOW 15

hence, the second integral in formula (4.9) is equal to

/ o(vH L92H) d = / g(VH, V2( — AAH - AH[BP)) dy
OE, ot OE,

+/ g(V*H, p1(V°(VH), V'B, V' AH)) du,
OFE;
_ ij klx74
= —/ 9-9g VikleAAHth
OFE:
— / 9" 9" Vi HAH[BJ® dys,
OF:
+/ g(V*H,p1(V(VH), V'B, V'AH)) dyy,  (4.10)
OFE:

where we integrated by parts twice.

Then, recalling the properties of p;(V°(VH), V!B, VI AH), integrating by parts in the
last integral, we can “take away” the derivative from B (in the “monomials” containing
it) and “move” it on the other three factors, which are derivatives of H. Hence, such
integral becomes a term of kind [, 5, q*°(B, V3H) du;, noticing that V*H cannot appear,
as by the properties of p;(V°(VH), V!B, V' AH)) either it contains VB or VAH, but not
both together in any of its “monomials”. Then, recalling equations (4.9), (4.10) and
noticing that the first, third and fourth integrals in the right hand side of equation (4.9)
is of the form

/ q'(B, V2H) dy,
OF:

we can write

i [V*H|? dpy = — 2/8E 9" 9" Vi HAAH dpy — 2/6E 9" 4"V 33 HAH[B|? dpsy

[ m v du (@.11)
OE,

where every “monomial” of q'°(B, V*H) has 4 factors in B, VH and their covariant
derivatives, moreover
e the factor B (or H, without derivatives) is present exactly one time,
e the other three factors are derivatives of VH up to V°H, with V*H or V?H present
at least one time.

Now we deal with the first term in the right hand side of equation (4.11). We recall that
RTINS Ty R A A A A A A
6Et 8Et

Then, since every interchange in a pair of subsequent covariant derivatives produces
an extra “error term” of the form V!(Riem x V*='H) = V{(B? x V4*7'H), for l = 0,...,3,
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by the Gauss equations (2.3) (while instead we can switch freely two derivatives on H,
being the Hessian symmetric), we obtain

/ gijgle?kle AAH du; = / g’ gklgmsgqu;lsle Vf‘kmpH dp
8Et aEt

+ Z / V2H % V(B2 % V&H) dp .

O0FE:
(4.12)

Then, we notice that, integrating twice by parts in every integral in the sum above
with [ = 2,3 and only one time when [ = 1, the right hand term in (4.12) is equal to

—2/ \VAH|? dpy + V2H % B « V*H dy, + Z/ V*AH * VI72(B? « VY H) dpy
O0FE:

8Et 8Et

+/ V3H « B « V3H dy,
OE:

hence, the last two integrals on the first line contain the factor V*H exactly one time and
we can finally write

—2/ ]V4H|2dut+/ q*°(VB, V*H) dut+/ V3H % B2« V3H dp, , (4.13)
OF: OFE: OF:

where every “monomial” of q'°(VB, V*H) (where we collect all the “error terms” in
such manipulation) has 4 factors in B, VB and covariant derivatives of H, moreover

e the factor B? or B * VB is present exactly one time,
e the other two factors are derivatives of VH up to V*H,
e the factor V*H is present exactly one time, with the exception of “monomials” of
kind V3H * B? x V3H.
Finally, noticing that the remaining term in formula (4.11) is of the form

/ 4'°(VB, V*H) dyi;
OE,

putting together equations (4.11) and (4.13), we get the second formula of the proposi-
tion. 0

In all the following, we will be interested in having uniform estimates for the families of sets in
&y, (E), given a smooth set E C T™ and a tubular neighborhood N, of OF as in formula (2.4),
for Mg < e. To this aim, we need that the constants in the Sobolev, Poincaré, Gagliardo—
Nirenberg interpolation and Calderon—Zygmund inequalities relative to all the hypersurfaces
OF boundaries of the sets F' € €}, (E), are uniform. This is proved in detail in [11] (for the
Calderén—Zygmund inequalities, we actually need that F € &y, (E), with Mg > 0 small
enough), hence, from now on we will use the adjective “uniform” in order to underline such fact.
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We also highlight that in all the following we will denote with C' a constant which may vary
from a line to another and depends only on E and M.

Proposition 4.4 (Gagliardo-Nirenberg interpolation inequalities). Let £ C T™ be a smooth
set, j, m be integer such that 0 < j < mand 0 < r,q < +o0. Then, for every F' € C}WE(E) and
every covariant tensor T' = T;, ;, the following “uniform” interpolation inequalities hold

IV T o) < C IV Tllzrom) + 1Tz 0m) 1T 15y (4.14)

with the compatibility condition
1 ' 1 1-0
g A 9(— - ) +
p n-—1 r n—1 q
forall § € [j/m,1) for which p € [1,400) is nonnegative and where C'is a constant depend-

ing only on n, j, m, p, q, v and E, Mg. Moreover, if f : OF — R is a smooth function,
inequality (4.14) becomes

)

IV fll ooy < CIV™ Fll2 o) | | agory (4.15)

ifj > 1orj=0and f,. fdu = 0. By density, these inequalities clearly extend to functions
and tensors in the appropriate Sobolev spaces.

Proof — Sketch. For a single fixed regular hypersurface 0F, inequality (4.15) is given by
Theorem 3.70 in [3], while inequality (4.14) for T" equal to a function f : 0F — R can
be obtained by repeating step by step the proof of such theorem, once established the
standard Sobolev inequality for hypersurfaces without boundary,

11l @or) < C IV fllzeor) + 1 fllzeor)) (4.16)

for every p € [1,n — 1), where p* = np/(n — p) (an example of such argument can be
found in [29, Section 6]).

The extension of inequality (4.14) to tensors can be obtained as in [29, Sections 5 and 6],
by means of the estimate (see [3], Proposition 2.11 and also [7, 8]),

wrr) |
VITE+2| = TP+ &

clearly leading to the previous Sobolev inequality for tensors, as /|T'|> + 2 converges
to |T'| when ¢ — 0 (this argument is necessary as |7'| is not necessarily smooth).

Finally, the “uniformity” in the constants of the inequalities, independently of F' €
¢y, (E), follows by the same independence in the Sobolev inequalities (by checking
the proof of Theorem 3.70 in [3]). This is shown and discussed in detail in [11]. O

7+

VT < VT

Remark 4.5. Notice that in the same hypotheses of this proposition, by inequality

1f = Fllzeor) < ClIVFllzaor)
we also have the following “uniform” Poincaré 1nequal1t1es

If = flleor) < CIV flror) (4.17)
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for every p € [1, +o0].

Remark 4.6. Very similar “uniform” interpolation inequalities are worked out in [29],

for any family of smooth, n-dimensional, regular hypersurfaces N C R"™! satisfying

Vol(N) + |[H|| n+s(n) < C, for some § > 0, instead of being boundaries of sets belonging

to €}, (E).

As a direct consequence of Proposition 4.4, we have the following lemma.

Lemma 4.7. Let E C T" be a smooth set and j,m € N with 1 < j < m. Then, for every

F € &), (E) and every covariant tensor T, the following uniform inequalities hold, for every

e>0,

: m 2(1-6 m

IV Tl nom <CIV" T 0m IV T Ieom, + CIV T lzor) < el V™ Tli20m + CIVT Iior
(4.18)

with the compatibility condition

1 —1 -1 1
- i)+
p n—1 n—1 2

forall § € [L=-,1) for which p € [1,400) is nonnegative.
The constants C' depends only onn, j, m, p, E, My and ¢.

Proof. The first inequality in formula (4.18) comes from inequality (4.14), by substituting
VT in place of T, while the second one follows by Young inequality. O

From now on, we consider as ambient space the four—dimensional flat torus T*.

Proposition 4.8. Let E;, C T* be a surface diffusion flow such that E, € €}, (E), for some
smooth set E. Then,

d T

dt Jop IVH|* dpe < — 211, (AH) + 5||V4H||2L2(8Et) +C(1+ ||VH||L2(8E,5))||VH||2L2(8E,5)
d y
it J o IVH? dpy < — ’|V4H||2L2(6Et) +C(1+ ||VH||L2(8E,5))HVHH%Q(aE‘t) (4.19)

for any ¢ > 0, some exponents 7,7 > 0 and constants Cy,Cy depending on E, Mg, ¢,
IBllze<(om,) and |[VB|[ s om,)-

Proof. To get the first inequality, we start estimating the second and third terms in for-
mula (4.7) as follows,

3 3
C [ |B||VH]*V*H|du, < C / Bl [[IV*H| duy < C|IB|l 0z [ [IV Hll 41 0, -
OF; OF: =1 =1

where we used Holder inequality, with exponents 3, = ﬂ% > 2, noticing that since

S ji = 4, we have
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Then, by the uniform interpolation inequalities (4.18), we get
IV Hl| oy < CIV B E2(om,) I VHI (g, + CIVEI 208,
with

n—1 1 1 Gi—1
0, = ———e( ,1>7
! 5 273 3

for some uniform constants C. Hence,

C [ IBIIVHEIVH] dye < OB o) (192 | VHIEG s,
+ZHV4HH% 0 IVHI O

0
T ZHV‘*HHEZ o0 I VHI G 5y + IV H 20,

where

@—30—3jl_1 S 15y
S 0=) Ty gyl
=1 =1

as 0 i = 4.
Finally, being ©, © — 6, and 6, < 2 for every | = 1,2,3, by the Young inequality, we
conclude

C/8E |B|IVH*|V*H| dp; < 5HV4HHL2(6E,5 +C(1+[IVH]||L (OE,) )HVHHL2 OFy)

for any € > 0, with C' = C(e, ||B|| L~ (98,)) and 7 > 0.
About the second one, recalling formula (4.8), we start dealing with the integral

/ 41°(B, V3H) dj
OF:

which is a sum of integrals each one like

3
/ B & VIH dy, ,
OF:

=1

with 0 < j; < 3, moreover, it must hold

3
10:1+Z(jl+1) thatis, > ji =6,
=1 =1

by formula (4.4). Hence,

3 . 3 .
19"°(B, V2H)| dp, < CZ/@ ‘B l@wlﬂjdut <CZ/8 Bl []IV7H] du..
Bl = Be =1

OFy
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We can estimate each integral of the last sum by means of Holder inequality, as follows

w

/8 i H|V”H|dﬂt 1Bl o5 H VH| s o

where (3 = —%5 > 2, which clearly satisfy

3 1_3jz+1_
25Xy T

=1

Then, we now estimate any of such products as follows: applying the uniform interpo-
lation inequalities (4.18) to H, we get

ijlHHLﬁl(aEt) C||V4HHL2 (OEy) HVHH;%& + Ol VH 20, (4.20)

for some constants C' depending on f3; and coefficients 0; which are given by

n=56-5 )= ()

Then, noticing that

s
l:ll 3z:1l 1:1Bl 2 2 7

multiplying together inequalities (4.20) and applying the Young inequality as above, we
have

[ ® T I8 i < ClB o 17 HS 0 [ VHI 6,

=1

3
0-0 0+0
+ ZI|V4HHL2(5Et IVHIIZ20m)

0
+ ZWHHLQ(M IVHI ) + IVHI 2o |

<5HV4HHL2(6E,5) +CO(1+ ||VH||Z2(8E,5)) IVH|Z: (0,

for any € > 0, with C' = C(e, ||B||~(s£,)) and 7/ > 0.
Hence, we conclude (by choosing appropriately e > 0 for each summand in g'%(B, V3H))
that

1 ,
/aE q"'(B, V*H) dp < §‘|V4H|’%2(8Et) + C(1+ IVHI 20 IVHI 202, (4.21)

with C' = C(||B||~(sE,)) and 7/ > 0.
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Now we deal with the last integral in formula (4.8), that is,

/ q'°(VB, V*H) dyu, = VgH*BZ*V3Hdut+Z/ Vi BH*V/HxV* Hdy, , (4.22)
OF:

6Et aEt

where 0 < ¢ < 1and 0 < j < 3 such that (by formula (4.4))
00=914+2+74+1+5 that is, 1+5=2.

This actually implies that in the sum we have only two types of terms,
/ B? « V?H * V*H dy, and / B * VB * VH * V*Hdy, . (4.23)
8Et 8Et

After “carrying” the modulus inside the integrals and using the properties of the *—
product, we estimate the first integral in (4.23) by means of Young inequality and in-
equality (4.18) (with (j,m,p) = (2,4, 2)), that is

/aE IB*||V?H||V'H| du: < €l|[V'H| 2205, + CIIV?H| 2205,

< 2€||V4H|’%Q(8Et) + CHVHH%%aEt) (4.24)
for any € > 0, with C' = C(e, ||B|| L= (98,))-

Analogously, applying the Holder inequality in the second integral in (4.23), we have

/a IBI|V B[ VH|[V*H| dpy < £V H o, + C / VB2V dp

OE,
< e V|72 0m,) + CIVBIZsoma I VHIZs 0,9
< 8HV4H||2L?(8E,5) + CHVHH%3(8Et)
for some constant C' = C(e, ||B|| .~ (aE,), || VB| t6(sE,))- Using again inequality (4.18) (with
(7,m,p) = (1,4, 3)) we obtain

HVH||%3(6Et) < €HV4HH%2(6Et) + CHVH”%Q(B&)
that is,

| BIVBIVHIYH e < 269 oy + CIVHIE sy (429
Ey
where C' = C(e, ||B|z=8,), | VB||Ls(o8,)). Finally, by means of inequality (4.18) (with
(4, m,p) = (3,4,2)), we estimate the integrals of the exceptional “monomials” (that is, the
tirst term in the right hand side of (4.22))

/a IVHIBEIYH] dyy < OV H oy < <V Bl + CIVHIEasy . 426

C = C(e, [[Bll=r)-
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By means of estimates (4.24), (4.25) and (4.26), we conclude (by choosing appropri-
ately € > 0 for each summand in q'°(VB, V*H) as before), that

1
/aE q'°(VB, V*H) du < §||V4H”%2(8Et) + C|IVH| 2251, (4.27)

with C = C(||B||z~ @8, | VB Lsom))-
Hence, we obtain inequality (4.19) from inequalities (4.21) and (4.27). O

Remark 4.9. Recalling Remark 4.6, in the proof of this proposition we could alterna-
tively uniformly control the constants in the interpolation inequalities by a function of
Vol(OE;) + ||H|| 1ok, (of Vol(OE;) + ||H| 1r@E,) in the n—-dimensional case), instead of
using Proposition 4.4, as it is done in [29]. It follows that this proposition holds also for
only immersed (not boundaries of sets) smooth hypersurfaces moving by the surface
diffusion flow with equibounded volumes.

Lemma 4.10. Let E C T* be a smooth set and N, be a tubular neighborhood of OF, as in
formula (2.4). For Mg small enough and 6 > 0, there exists a constant C' = C(E, Mg, ) such
that if F € €} (E) with

OF = {y +¢r(yvely) : y € OE}
for a smooth function v : OE — R and

/ ]VZH]Qdqu/ VH? dp < 5,
oF oF
there hold
Bl o) + | VB zsor) < C and |V llwe2om < C.

Moreover, for every 1 < p < 6, there exists a monotone nondecreasing function w : Rt — RT,
depending only on E and My, with lims o+ w(8) = 0 and such that if F' satisfies the further
condition

Vol(FAE) <6,

then ||[Vp||ws.rom < w(9).
As a consequence, if E; C C}WE (E) is a sequence of smooth sets such that

SUP/ |V2H[? dﬂi+/ [VH|? dp; < 400,
then there exists a (non necessarily smooth) set E' € €}, (E) such that, up to a (non relabeled)
subsequence, E; — E' in W3? as i — oo, for all 1 < p < 6. Moreover, if

[P [ vRRd o,
OF; FE;

k3

as i — oo, the set E' is critical for the volume—constrained Area functional, that is, its mean
curvature is constant.
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Proof. Let F' € €}, (E) with an associate function ¢z : 9E — R as in the statement. We
start by observing that, by the uniform Sobolev inequality (4.16) (extended to tensors,
as for the other inequalities in Proposition 4.4) applied to VH, we have

IVH|1s0m) < C (IV*Hl| 20 + [VHl|r200m) < CV8

then, by the Sobolev embedding (when p is larger than the dimension n —1 = 3), we get
IHllz=or) < C (IVHlzsr) + [Hll120m) < CV6 + C|[H]|12(0r)

IH — H|| L (or) < C | VH| s0r) < CV (4.28)
where H = f, . Hdp and all the constants depends only on £ and Mp.
By the uniform C'-bounds on dF, we may find a finite family (only depending on F
and Mpg) of “solid” cylinders of the form C, = Dy, + vg(x;)R, with D, C T, F a closed
disk of fixed radius R > 0 centered at the origin, for a finite family of points z;, € E,
such that 0F N Cy, is the graph on Dj, of a smooth function f; : D, — R, with
| feller oy < Mg (4.29)

for every k and 0F = |JOF N (.
Since we want to estimate [, . ¢, Hdp, which is a “geometric” quantity, we can assume

(by means of an isometry) that 7,, £ = (ey, e2, e3), hence vg(x;) = ey, in the canonical
orthonormal basis of R* and

OF NCy = {(Cl],fk(l’)) S Dk} .
Then, by formulas in Remark 2.1 we have

H = —div(—vfk >
71+ ‘ka|2 ’

hence,

. R R U _ Vi
/Dk v = /D A (\/1 T ka\?') e /aD< JIT VAP

£>da
||
[ |z

aDy,

where o is the canonical (standard) 2-dimensional measure on the sphere dD;. Thus,
being the last term at most equal to the area of the sphere 0D;, we get

ﬁVol(Dk):/(ﬁ—H)da:—l—/ Hdx < \H—ﬁ|dm+0<0/ H—H|dx+C
)

Dy, Dy, Dy, FNCy,

where in the last inequality we kept into account estimate (4.29) in changing the domain
(and variables) of integration. Hence, controlling the last term of this inequality by
estimate (4.28), it follows that H is bounded by a constant depending on E, Mg, § and the
same then holds also for H. In particular, recalling that the volume of JF' is uniformly
bounded (as F' € €}, (E)), we have that H € L9(9F) for every ¢ € [1,400). Then,
choosing My small enough, Theorem 3.1 in [11] holds, saying that we have an analogous
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uniform estimate on B in LY(0F), for every ¢ € [1, +00).
Once we have a control on ||B||«(sr), for some exponent ¢ larger than the dimension of
the hypersurfaces, again if My is small enough, we have the following uniform higher
order Calderén-Zygmund-type inequalities discussed in [11, Section 3.1], holding in
any dimension,

||VkB||L2(8F) < Ck:(l + ||ka||L2(8F))
for every k € N, where the constants Cj, depend on E, Mg and ||B||Lssr) (and the di-
mension), hence in our situation they depend on E and M.

It then follows
V2Bl 1201y < C(E, Mg, 6) (4.30)
and, by the uniform Sobolev embeddings in dimension 3, we conclude
||B||LQ(BF) + ||VB||L6(8F) g C(E,ME,g) (431)

for every ¢ € [1,+00).

These geometric estimates on B and their derivatives, can be “transferred” to es-
timates on the function ¢ : 0F — R, by means of the technique of localization—
representation for any “graphical” hypersurface on dF introduced by Langer in [28]
for surfaces, generalized to any dimension by Delladio [12] and fully developed in de-
tails by Breuning in the papers [4, 5, 6] (such technique is similar to the one we used
to estimate H above). In particular, by the results in [6], under a uniform control on
|B|La(sr) With ¢ larger than the dimension of the hypersurface, we have that an es-
timate on ||B||yyx.r(or) implies a uniform estimate on ||1p ||y r+209r) and viceversa, for
every set F' € €}, (E). Hence, by the previous estimates (4.30) and (4.31) on B and its
derivatives, we conclude

[Yrllwezeor < C(E, Mg, d).

Then, we notice that, by uniform Sobolev embeddings, we have
HV2¢F’|L<>O(3E) < C(E, Mg,9)

which in turn implies ||B|| . r) < C(£, Mg, 6), by what we said above.
Now, in the hypotheses of the lemma on a sequence of sets E;, writing

OE; ={y +¥i(y)ve(y) : y € OE},
by the previous estimates and the uniform Sobolev compact embeddings
W*2(OF) — W3?(0F) — C*(OF)

forall 1 < p < 6, up to a (not relabeled) subsequence there exists a set E’ € ¢}, (E) such
that ¢); — ¢p in W3P(OF) (and in C*(OF)) where

OF" = {y +vp(y)vely) : y € OF},

forall 1 <p < 6.
If actually

/ VPHP dys + / VHP dps — 0.
E; OF;

?
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clearly for the limit set £’ the mean curvature must be constant.
The fact that |[¢r||ws»or) goes uniformly to zero as § — 0, hence we have a function
w as in the statement, follows by the fact that, assuming F; € ¢}, (E) and

Vol(F,AE) < 65, / |V2H|2d,ui+/ |VH|? dp; < 6;
BFi aFi

with 6; — 0, as i — oo, by the previous argument we have that ¢y, : 9 — R converges
to some ¢ : OF — R in W3?(9F), hence in L'(OF), while the limit Vol(F;AE) — 0
implies that ||7r, |19y — 0, then we conclude that 1) must be zero and we have the
thesis. O

5. GLOBAL EXISTENCE AND STABILITY

Theorem 5.1. Let E C T* be a strictly stable critical set for the Area functional under a volume
constraint and let N, be a tubular neighborhood of OF, as in formula (2.4). For Mg < /2 small
enough, there exists § > 0 such that, if E, is a smooth set in €}, (E) satisfying Vol(E,) =
Vol(E) and

Vol(EyAE) <6 and / |V2Ho|? dpo + / |VH|? do < 9, (5.1)
OEy 0Eo
then, the unique smooth surface diffusion flow E, starting from Ey, given by Proposition 3.3,
is defined for all t > 0. Moreover, E, converges smoothly to E' = E + n exponentially fast as
t — 400, for some n € R*, with the meaning that the sequence of smooth functions ¢, : 0F — R
representing OE,; as “normal graphs” on OF), that is,

OE: = {y + u(y)vely) - y € O},
satisfy, for every k € N,
e — ¥l enor) < Cre™ ™,

for every t € [0,+00), for some positive constants Cy, and [y, where ¢ : OE — R represents
OE" = OE + nas a “normal graph” on OF.

Remark 5.2. The request that Ej belongs to €}, (E) with Mg small enough, is necessary
only in order to be able to represent its boundary as a graph of a function with bounded
gradient on 0F and to have uniform Sobolev, interpolation and Calderén-Zygmund
inequalities, as proved in [11, Section 3], while the first condition (5.1) is a “closedness”
assumption in L' for £, and E (thatis, on t). The second “small energy” condition (5.1)
in the theorem implies (see the last part of Lemma 4.10 and its proof) that the mean
curvature of 0Ej is “close” to be constant, as it is for the strictly stable set £ (actually for
any critical set). Notice that this latter is a fourth order condition for the boundary of £,
and that all these assumptions are clearly implied by an appropriate IV *?—closedness of
Ey to E, arguing as in Lemma 4.10.

Remark 5.3. In the whole paper, with a little abuse of notation, the “translations” in T*
(respectively, T") are identified with vectors of R* (respectively, R").
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Proof of Theorem 5.1. By choosing My small enough, we assume that for every set '
€3, (E), all the constants in the inequalities we are going to consider for functions on
OF are uniform, depending on F and Mg, by [11].

After choosing some small , > 0, we consider the surface diffusion flow F; starting
from Ej € €}, (F) satisfying

Vol(EyAE) <6 and / ]V2H0|2duo+/ VHo|? dyto < 6,
0Ey OEp

for 0 < 0p/2 and we let T'(Ey) € (0,+oc] be the maximal time such that the flow is
defined for ¢ in the interval [0, T'(Ey)), E; € €}y, (E),

Vol(E;AE) < & and ]—"(t):/ ]V2H|2dut+/ \VH|* dpy < 6.
OFE; OE;

All the moving boundaries OE; can be represented as normal graphs on OF as

OE; = {y +v:(y)ve(y) : y € OE}

for some smooth functions ¢; : 0E — R. Moreover, if T'(Ej) < 400, then at least one of
the three following conditions must hold:

o limsup,_,r(g) |Vellcror) = 2ME
o limsup;_,7(p,) F(t) = do
e limsup, ,p(x,) VOl(E:AE) = &

otherwise, restarting the flow from a time ¢ close enough to T'(E,) by means of Propo-
sition 3.3, we have the contradiction that 7'(E,) cannot be the maximal time defined
above. Indeed, the time interval of smooth existence of the flow given by such propo-
sition is bounded below by a constant depending on the C**—norm of ¢ and this latter
by a constant depending on dy, by the first point of Lemma 4.10 and Sobolev (uniform)
embeddings.

We are going to show that if §, was chosen small enough, there exists 6 > 0 such that
none of these conditions can occur, hence T(Ey) = +oo, that is, the surface diffusion
flow of E exists for all time.

Let us define, for K > 2, the following “energy” function

&0 = [ IVHP K [ IVHPd> F0)
8Et 3Et
(notice that also holds £(t) < K F(t)). From Lemma 4.10 we easily have

1Bl @r) + VBl Lor) < S(F(t)) < S(E(1)), (5.2)

for t € [0,T(Ey)), where the function S : [0, +00) — R* is continuous and monotone
nondecreasing and it is determined by £ and Mg.

We now split the rest of the proof into steps. Our first goal will be showing that the
function £ decreases in time if § is small enough, for an appropriate constant K.
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Step 1 (Monotonicity of £).
By Proposition 4.8, for any ¢ € [0,T(Ey)), we have
d
7€) < = 2Ky, (AH) + e K[V H| 320, + S1(EE)E (1 + [IVHIZ2(0m)) I VHI 22 05,)
IV H oy + S(EW) (4 VB o) I VH 2o 53)

for some exponents 7, 7’ > 0 and continuous, monotone nondecreasing functions 5;, Ss :
[0, +00) — RT (as the function S above), depending on E, Mg, by inequality (5.2).
Choosing ¢ = 1/2K in inequality (5.3), we obtain

d 1 ]
€O < = 2K (AH) + SV H | L2 o, + SUED)K (14 VHI Z2(08)) | VHII 208

~ IV HIZ20m,) + S2(E@) (1 + IVHIZ20,) I VHI 208,
1
< = 2K, (AH) = SV 2o, + (S1(E(0) K + S2(E0)) IVH 20,
T SUEW) K VHIZ G + So(EO) [VHIZE ) (5.4)
with 7,7" > 0. Then, by the “uniform” Poincaré inequality (4.17) with f = H, that is
16 — Hll20m) < ClIVH] 20, (5.5)
and by interpolation, we have
IV?H 7295, < CIIV*H 208, [IH = Hl| 220, < ClIV*H| 2202, IVH] 2(08,) -

Hence, using Young inequality agam we get

IV2H|[72(95,) < ||V4H||L2 ory T ClIVH|[Z2(05,)
that is,
__||V4H||L2 (OEy) —[|V*H]|22 0E) t OHVHHL2 (OE:) -

Substituting into inequality (5.4), we conclude

d
€(0) < = 2KTlg, (AH) — [V H[L2 o5, + (S{E@)K + S2(E(1)) + C) IVH 720,
+S1(EM)KIVHII 7T, + S2(E ())IIVHHiﬁTaEt
< — 2K, (AH) — [[V?H| Lo, + S(EM)E + DI VH| 729,
+ S(EEIVH|H5,) + SEO)NIVHIZE g,

with S = max{5;, S + C} : [0,4+00) — R* continuous, monotone nondecreasing and
depending on E and Mg.
If we now assume that, for every ¢t € [0,T(Ey)),

HEt(AH) UHVHHLZ (OE;) (5.6)
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for some constant o > 0, then there holds (recalling that K > 2)
d
—E(0) < —[2Ko = S(EW)(K +1) = AIVH| 298, — 21VHI 720,
— IVl 20, + SEMIVHITE 5, + S(E@)KVHITH 5,
< —[2K0 — S(EW)(K + 1) — 2| VH| 72,
- Q(HVHH%Q(aEt +IV2HIZ2 0,/ K)
SEMNIVHIT 5, + SEM)KIVHITE G,
< = PEW)IVHIL2 95, — 26(t)/ K
SEME®)T 2+ S(EM)KE®) T

where P = 2Ko — S(K + 1) — 2] : [0,4+00) — R is continuous and monotone nonin-
creasing, determined by £ and Mg and 7, 7" > 0.

It is then an exercise of qualitative analysis of ordinary differential inequalities, to con-
clude that if P(0) is positive and £(0) is small enough such that

—E(0)/K + S(E(0)EO)/2 1 S(E(0)KEW0) 2 <0,

which can be always achieved, once K is fixed, the first term starts and stays negative
and the “energy” & satisfies

d

Eg(t) < =€)/ K 5.7)
for every t € [0,T(Ep)), that is, the function £ is never increasing, so it remains bounded
by £(0) (moreover, it decreases exponentially and converges to zero, as t — +o0, if the
flow is “eternal”). Thus, after choosing a suitably large constant K, by the definition of
the function S, it is easy to see that P(0) > 0, if £(0) is small enough. Hence, if 6 > 0 is
small enough, since £(0) < KF(0) < §K, we have the monotonicity of €.
Step 2 (Proof of estimate (5.6)).
We need the following key lemma which is implied by Proposition 2.35 in [10], that
actually simply generalizes to any dimension Lemma 2.6 in [1].

Lemma 5.4. Let E C T* be a strictly stable critical set. For every 6 € (0, 1] there exist a
constant oy > 0 such that, if F' € &3, (E) satisfies

Vol(FAFE) < 4 and |VH|? du < &, (5.8)
OF

for 6o > 0 small enough, there holds
e () = osllelliz@m)
for all p € H'(OF) satisfying
i — 2 >0 2
gg;Hw (nlve)llzzor) lell > om)

where the vector subspace O C R* was defined in formula (3.5).
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Proof. Representing the boundary of F' € &}, (E) as 0F = {y + ¢¥r(y)ve(y) : y € OE}
for a smooth function ¢p : 0E — R, according to Proposition 2.35 in [10], fixed some
p > 3, there exists a positive constant C' = C(6, p) such that the conclusion follows if
Y ||w2rory < C. This inequality follows if conditions (5.8) hold with ¢, small enough,
by the properties of the function w stated in Lemma 4.10 (and Sobolev embeddings). [

We now want to apply this lemma with F' = E; and ¢ = AH, for all t € [0,T(Ey)),
hence, we need to show that there exists a small constant # > 0 such that

win [AH = () [ 20m) > 00AH 2oy forallt€ 0,7(E).  (59)

Considering the special basis {¢;} of R* and the associated set i € I in the discussion
just after Definition 3.5, by the properties of the function w stated in Lemma 4.10, if dy
is small enough we have that for every t € [0,7(E))) the norm |[¢p| w29 is small,
hence the same holds for ||¢p|c1(ar). Then, it follows that there exists a constant C =
Co(E, Mg) > 0 such that, for every i € I, we have ||(e; | 1)/ 2208, = Co > 0, holding
|{ei | vE)||L2(0m) > O (notice that this argument also shows that, with an appropriate
choice of small §; and 4, the condition lim sup,_, 7, |¥¢/|c1 (o) = 2ME cannot occur). It
is then easy to see that the vector 1, € Oy realizing the above minimum for E; is unique
and satisfies

AH = (| m) + , (5.10)

where f € L*(OF,) is a function L?*-orthogonal (with respect to the measure y; on JE;)
to the vector subspace of L?(0F,) spanned by the functions (e, | ;). Moreover, letting
n: = nre;, from relation (5.10) we have

IAHNZ20m) = el vi) 720, = /8E ni{ei | vo)|* due = Clni? = Clmil?, (5.11)
t

where C'is a constant depending only on £ and M.
We now argue by contradiction, assuming || f||z2o5,) < 0||AH| r2(5E,)-
Integrating by parts and using the Cauchy-Schwarz inequality, we have

IV = [ VAPau =~ [ HARd =~ [ (- TARd
OF; OF; OFE;

< IH = Hl z20m) | AH | 2208
hence, thanks to inequality (5.5), it follows
IVH|| 2208, < Cl|AH]|r20E,) - (5.12)
Thus, by multiplying relation (5.10) by H — H and integrating over dE;, we get

/ (H — T)AH dy, /’m—ﬁth
OF; OE;

< O|H — H|| 208, | AH| 2 (08,
< CO|AH| 220, » (5.13)
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where the equality follows from the identities

/ H Vy d,ut =0 and / Yy dﬂt =0
OE; OFE}

holding for every embedded hypersurface. We notice that the first identity is a conse-
quence of relation (2.2) and the divergence theorem, while the second is equality (3.3).
Then, recalling equality (5.10), estimate (5.11) and the fact that f is L?-orthogonal to
(e | ), we have

1 | o) ooy = / AT | v4) dy

OF;
=— / gV HY (e | ve)) dp
OF:

< el Vel c2om) | VH 2208,

/ (H—H)AH dy,
OFEy

1/2
< Ol|AH|| 208 | VYt 22082

< OV AH|2 o)

where in the last inequality we used equality (5.13) and we estimated ||Vv;||129g,) by
inequality (5.2) and the fact that F(t) < &, as Vi, = B by the Gauss—Weingarten rela-
tions (2.1).

If then 6 > 0 is chosen so small that Cv# < 1 — 6? in the last inequality, we have a
contradiction since equality (5.10) and the fact that || f||.295,) < 0||AH||2(55,) imply (by
L*—orthogonality) that

e vl 22 omy > (1= 0*)|AH|| 720, -

All this argument shows that with such a choice of ¢, condition (5.9) holds, hence by
Lemma 5.4 we conclude

g, (AH) > 04| AH||72 (5, forallt € [0, T(Ep)).

Then, estimate (5.12) clearly proves assumption (5.6) and the proof of monotonicity of
€ in Step 1 is concluded. Hence, if § is small enough, £(¢) remains bounded by ¢ during
the flow, up to the time ¢ = T'(Ey), thus the same clearly holds for F(t).

Step 3 (Global existence of the flow).

We have seen at Step 1 that choosing an appropriate constant X, if § is small enough,
then the “energy” £(t) is uniformly bounded and decreasing. More precisely, integrat-
ing the differential inequality (5.7), there holds

E(t) < E(0)e VK L e L6 (5.14)
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hence, we also have F(t) < de~"/% < 6, for every t € [0, T(Ey)).
Moreover, at Step 2 we already saw that if §, is chosen small enough,

limsup [[¢¢[|c1 o) = 2ME
tA)T(EQ)

is not possible. Hence, in order to obtain the global existence of the flow, we only have
to show that also
lim sup Vol(E,AE) = g (5.15)

tA)T(Eo)
cannot occur.
We define the following quantity

D(t) = /E a0 d - /E dp () dz — /E dp(z) dz. (5.16)

where dp : N. — R is the signed distance function defined in formula (2.5). We observe
that,

Vol(E:AE) < Clllom) < Cllvdlczom

[¥(y)]
llsom =2 [ [ tatduty)
[t (y
// t),0F) dt du(y)
OF

/ d(z,0F) JL™(z) dx
E:ANE
< CD(t),

where the constants depend on £ and Mg, L : OE X (—¢,¢) — N, is the smooth diffeo-
morphism defined in formula (2.6) and JL is its Jacobian. It clearly follows

Vol(E;AE) < C[Y¢|| 1oy < CllYe| 20m) < C/ D(t), (5.17)

and

and
D(t) < / 2Mpg dx = 2MgVol(E,AE) . (5.18)
E:AFE

Then, recalling formula (5.16), we compute

iD(t) = i/ d(z,0F) dv = / dg AHdp; < C||AH||20m,) < CVEe V2K,
dt dt Jp,nE OB

forall t < T'(Ey), where the last inequality clearly follows from the above estimate (5.14)
for £(t).

By integrating this differential inequality on [0,¢) with ¢ € [0,T(E)) and taking into
account estimate (5.17), we get

VOl(BAE) < il zaom) < Cy/ D(0) + 2KCVG < CV3
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as D(0) < CVol(EyAE) < C0, by inequality (5.18) with ¢ = 0. Hence, if § > 0 is small
enough such that Cv/§ < &, we have that also condition (5.15) cannot happen.

We conclude that the surface diffusion flow of Ej exists smooth for every time, more-
over E; € €3, (E)and

Vol(E,AE) < CV/3, / IV2H|2 dp, + / IVH|2dp, < 5e7 Y%, (5.19)
OF:

OE;

for every t € [0, +00).

Step 4 (Convergence, up to a subsequence, to a translate of E).

Lett; = 400, then by estimates (5.19), the sets E;, satisfy the hypotheses of the last point
of Lemma 4.10, hence, up to a (not relabeled) subsequence, we have that there exists a
critical set E' € €}, (E) such that E;,, — E’ in W37, that is ||¢y, — ¥||lws»@r) — 0 for
some ¢ : OE — R representing OF' as a “normal graph” on 0E. As OF' has constant
mean curvature and it is a graph over OF of a C* function (by Sobolev embeddings), it
follows by standard regularity theory for quasilinear equations that it is smooth (see [21]
for instance), then by Proposition 2.7 in [1] (see also [10, Proposition 2.36]), we have that
E' = E + n for some (small) € R*. Such proposition actually states that E is a strict
local minimum for the volume—constrained Area functional, up to translations and that
a smooth set “close enough” to E' (as £’ in our situation) can be a critical set if and only
if it is a translate of E.

Step 5 (Smooth exponential convergence of the full sequence).
Arguing similarly as above, we consider the function

D(t) = / d(z,E) dz
E:NE
with derivative

GD0 =% [ dwom)ds = [ st - 0)dos M, 620)
dt dt E:AE' OE;

where sgn is the “sign function”. By the exponential second estimate (5.19) and the fact
that E;, € €3, (E), we have

d—
aD(t)‘ < CHAH”LQ(aEt) < C\/SeitﬂK

for all t > 0, moreover,

E:AE!
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which implies D(t;) — 0, as i — oo, by the previous step.
Integrating the differential inequality (5.20), we get

— — bod Tl d
D(t) — D(t;) = —/t ED(S) ds < /t P
< ZC’K\/Se_t/zK,
hence, passing to the limit as i — oo, we conclude
D(t) < Ce/?K

for every t > 0, thus lim; , ., D(t) = 0. Then, we have

Ye(y)—¥(y)
[ — W%?(aE) = 2/ / sds
OFE|JO
i (y)—(y)
2/ / d(L(y,s),0F) ds
oE|Jo

— 9 / d(z,0E) JL\(z) do
EA\FE’

< CD(t)
g Ceit/QK,

where L : OF x (—¢,e) — N, is, as before, the smooth diffeomorphism defined in
formula (2.6) with Jacobian JL. By this exponential decay and the uniform bound on
¥+ — ¥||wa2omp) following from estimates (5.19) by means of Lemma 4.10, we obtain the
convergence of the full sequence E; to £’ in W37,

Finally, we have that the convergence of £, — E + 1 is actually exponentially smooth,
by arguing as in the proof of Theorem 5.1 in [17] (see also [9]), that is, via standard
parabolic estimates and uniform interpolation inequalities (and Sobolev embeddings),
holding the exponential convergence in W*?. O

+oo
D(s)ds g/ CVoe /2K (s
t

du(y)

du(y)

6. GENERAL DIMENSIONS

In general dimension n € N, the main global existence and stability Theorem 5.1 takes
the following form.

Theorem 6.1. [13, Theorem 3.3.14] Let E C T", for n > 3, be a strictly stable critical set for
the Area functional under a volume constraint and let N, be a tubular neighborhood of OF, as

in formula (2.4). For Mg < ¢/2 small enough, there exists 6 > 0 such that, if E, is a smooth set
in €y, (E) satisfying Vol(Ey) = Vol(E) and

Vol(EyAE) <6 and / V" 2Hol|? dpo + / |VHo|? dpo < 0, (6.1)
OFy 0Ey

then, the unique smooth surface diffusion flow E, starting from E,, given by Proposition 3.3, is
defined for all t > 0. Moreover, E, converges smoothly to E' = E + n exponentially fast as t —



34 A.DIANA, N. FUSCO, AND C. MANTEGAZZA

+00, for some ) € R", with the meaning that the sequence of smooth functions 1, : OE — R
representing OE, as “normal graphs” on OF, that is,

O, ={y +i(y)ve(y) : y € O},
satisfy, for every k € N,
e — Yl orom) < Cre™ ™,

for every t € [0,400), for some positive constants Cy, and [y, where i) : OE — R represents
OE" = OE + nas a “normal graph” on OFE.

The case n = 2, where the boundary hypersurfaces of strictly stable critical sets are
circles or straight curves in T?, was analyzed by Elliott and Garcke in [14]. In the three-
dimensional case, this theorem is Theorem 4.3 in the paper [1] by Acerbi, Fusco, Julin
and Morini. We now list the appropriate modification to the line of proof in dimension
n = 4 in order to deal with the general dimensional case, noticing that actually up to
Proposition 4.3 all the statements are n—dimensional. See the PhD thesis of Antonia
Diana [13] for the full details.

(A Proposition 4.3 in dimension n € N.
Equation (4.8) must be substituted by

d
el |vn—2H|2 d,ut - _ 2/ |vnH|2 d,LLt +/ q2n+2(vn—4B’vn—1H) dut
dt Jop, OF, OF,
+ / q* (V" B, V'H) duy (6.2)
O
where

e every “monomial” of ¢*""?(V" 4B, V" 'H) has 4 factors in B, VH and their
covariant derivatives. The factor B (or H without derivatives) or one of
its covariant derivatives up to V" *B is present exactly one time and the
other three factors are derivatives of VH up to V"~'H, with V"~'H or V"~2H
present at least one time. Moreover, if the factor V*~'H is not present, B
cannot appear without derivatives;

e every “monomial” of ¢*"*%(V" 3B, V"H) has 4 factors in B, VH and their
covariant derivatives. The factor B? or one of its covariant derivatives up to
V"4(B % VB) is present exactly one time, the other two factors are deriva-
tives of VH up to V"H. The factor V"H is present exactly one time, with the
exception of “monomials” of kind V" 'H * B? x V" 'H.

The proof of this formula can be obtained by following step by step the proof of
Proposition 4.3, with the appropriate modifications due to the dimension n. The
only term that needs a slightly different treatment is the analogue of the last one
in formula (4.11), coming from the term

—/ g(V"*H, V" *(AH|B|?)) du
OF;
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which would appear in the right hand side of the first line of the n-dimensional
version of computation (4.10). Integrating by parts two times, the integrand be-
comes a contraction of V"H with V"~*(AH|B|?), which clearly is a “polynomial”
of the form ¢***2(V"~*B, V"H). We refer to [13, Lemma 3.3.9] for a complete and
detailed proof.

(A Proposition 4.8 in dimension n € N.
Inequality (4.19) must be substituted by

d n— n
dat o V' HP dpy < =[IV'HI 2205, + ClIVHI 205, (6.3)

for any ¢ > 0, with some constant C depending on E, Mg, ¢, [|[V"B|| 212
L3 (9E)

and ||B||L°°(8E)

The proof of this inequality goes like in the proof of Proposition 4.8, by choos-

ing suitable exponents in the interpolation inequalities in dealing with the two

“polynomial” terms

/ q2n-|-2(vn—4B7 Vn_lH) d,ut and / q2n+2(vn—3B’ vnH) dut
BEt aEt

in equality (6.2). In particular, expanding the iterated derivatives of B? in the
second one, one gets factors like V' BxV/B with i+j < n—3 that are estimated by

the constant C, after noticing that we uniformly control with |\V”‘3B||L2n:32 o)

and ||B|| .= (or) all the “intermediate” norms. We refer to [13, Proposition 3.3.11]
for a complete and detailed proof.

1 Lemma 4.10 in dimension n € N.

Lemma 6.2. [13, Lemma 3.3.13] Let E C T™ be a smooth set and N. be a tubular
neighborhood of OE. For Mg small enough and § > 0, there exists a constant C' =
C(E, Mg, ) such that if F € ¢}, (E) with

OF = {y + Yr(y)vely) : y € OE}
for a smooth function ¢ : OE — R and

/ |V”_2H|2du+/ IVH[>dp < 5,
OF OF

there hold
n—3
[Bllz<(ar) + IV BHLQJ_—?? (0F) <C and |VF|lwn2er) < C.
Moreover, for every 1 < p < 22=2, there exists a monotone non—decreasing function

w: Rt — R*, depending only on E and Mg, with lims o+ w(0) = 0 and such that if F’
satisfies the further condition

Vol(FAE) < 4,
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then ||¢p||lwn-1008) < w(0).
As a consequence, if E; C &), (E) is a sequence of smooth sets such that

Sup/ IVQHI"‘QduHr/ IVH[? dp; < 400,
OFE;

ieN OF;
then there exists a (non necessarily smooth) set £’ € €}, (E) such that, up to a (non

relabeled) subsequence, E; — E' in Wn=LP gs i — oo, forall1 <p < 2::32. Moreover,
if

[t [ ViR o,
8Ei 8Ez‘

as i — oo, the set E' is critical for the volume—constrained Area functional, that is, its
mean curvature is constant.

Proof of Theorem 6.1. As in the proof of Theorem 5.1, by choosing My small enough in or-
der that all the constants in the inequalities are uniform and after choosing some small
do, we consider the surface diffusion flow E; starting from Ey € ¢}, (FE) as in the hy-
potheses and the maximal time T'(Ey) such that E; € C3,, (E),

Vol(E,AE) < & and Fa(t) = / V"2 H|? dpy + / IVH|? dpy < 6o,
8Et 8Et
for every t € [0, T(Ey)).
Then, we aim to show that the smooth function v;, which represents the moving bound-
ary 0F; as a normal graph on 0F, does not satisfy the following conditions:

o limsup, ,r(gy) |Villcror) = 2ME
e lim SUP: 7 (Ey) Fu(t) = do
o limsup, ,p(p,) VOl(E:AE) = &

that is, the maximal time T'(Ey) = 400, hence the flow exists for all times.
So, we define for a suitable K > 2 the following “energy” function

En(t) = / V" 2H|? dpy + K |VH> dp; > Fo(t).
BEt aEt
Recalling Proposition 4.8 and estimate (6.3) and noticing that Lemma 5.4 holds in any di-
mension (as it is shown in [10]), following Step 1 and Step 2 in the proof of Theorem 5.1,
we have

ZED) < ~El0/K

for every t € [0,T(E))), that is, the energy &, (hence F,) is uniformly bounded from
above and decreasing. Then, the rest of the proof proceeds as the one of Theorem 5.1.
O

Remark 6.3. The second assumption (6.1) in Theorem 6.1 is both natural, by analogy
with the case n = 4 and technically convenient, since it provides the correct estimate
on B in Lemma 6.2 and yields the appropriate interpolation inequalities required in our



STABILITY FOR THE SURFACE DIFFUSION FLOW 37

analysis. However, the choice of V"~ ?H might not be optimal. Assuming an estimate on
a lower order derivative could in principle lead to the same conclusion of asymptotic
stability.

Data availability statement: This article has no associated data.

C

onflict of interest statement: The authors have no financial or proprietary inter-

ests in any material discussed in this article.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

20.

21.

REFERENCES

. E. Acerbi, N. Fusco, V. Julin, and M. Morini, Nonlinear stability results for the modified Mullins—Sekerka
flow and the surface diffusion flow, ]. Diff. Geom. 113 (2019), 1-53.

. R. A. Adams and J. F. Fournier, Sobolev spaces (second edition), Pure and Appl. Math., vol. 140, Else-

vier/Academic Press, Amsterdam, 2013.

T. Aubin, Some nonlinear problems in Riemannian geometry, Springer—Verlag, 1998.

P. Breuning, Compactness of immersions with local Lipschitz representation, Ann. Inst. H. Poincaré C Anal.

Non Linéaire 29 (2012), no. 4, 545-572.

_, Clregularity for local graph representations of immersions, Trans. Amer. Math. Soc. 365 (2013),

no. 12, 6185-6198.

, Immersions with bounded second fundamental form, J. Geom. Anal. 25 (2015), no. 2, 1344-1386.

M. Cantor, Sobolev inequalities for Riemannian bundles, Bull. Amer. Math. Soc. 80 (1974), 239-243.

, Sobolev inequalities for Riemannian bundles, Differential Geometry, Proc. Sympos. Pure Math.,

vol. 27, Amer. Math. Soc., 1975, pp. 171-184.

D. De Gennaro, A. Diana, A. Kubin, and A. Kubin, Stability of the surface diffusion flow and volume—

preserving mean curvature flow in the flat torus, Math. Ann. 390 (2024), no. 3, 4429-4461.

S. Della Corte, A. Diana, and C. Mantegazza, Global existence and stability for the modified Mullins—

Sekerka flow and surface diffusion flow, Math. Engineering 4 (2022), Paper n.054, 104 pp.

, Uniform Sobolev, interpolation and geometric Calderon-Zygmund inequalities for graph hypersur-

faces, Note Mat. 44 (2024), no. 1, 53-83.

S. Delladio, On hypersurfaces in R™ 1 with integral bounds on curvature, J. Geom. Anal 11 (2001), no. 1,
17-42.

A. Diana, The surface diffusion flow. Long—time behaviour and asymptotic stability, Ph.D. thesis, Scuola
Superiore Meridionale, Napoli, 2024.

C. M. Elliott and H. Garcke, Existence results for diffusive surface motion laws, Adv. Math. Sci. Appl. 7
(1997), no. 1, 467-490.

J. Escher, U. F. Mayer, and G. Simonett, The surface diffusion flow for immersed hypersurfaces, SIAM J.

Math. Anal. 29 (1998), 1419-1433.

J. Escher and P. B. Mucha, The surface diffusion flow on rough phase spaces, Discrete Contin. Dyn. Syst.
26 (2010), 431-453.

N. Fusco, V. Julin, and M. Morini, The surface diffusion flow with elasticity in three dimensions, Arch. Rat.

Mech. Anal. 237 (2020), 1325-1382.

S. Gallot, D. Hulin, and J. Lafontaine, Riemannian geometry, Springer—Verlag, 1990.

H. Garcke, Curvature driven interface evolution, Jahresber. Dtsch. Math.—Ver. 115 (2013), 63-100.

Y. Giga and K. Ito, On pinching of curves moved by surface diffusion, Comm. Appl. Anal. 2 (1998), no. 3,

393-405.

D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, Springer—Verlag,
1983.




38

22.

23.
24.

25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.

38.
39.

A.DIANA, N. FUSCO, AND C. MANTEGAZZA

H. Groemer, Geometric applications of Fourier series and spherical harmonics, Encyclopedia of Mathemat-
ics and its Applications, vol. 61, Cambridge University Press, Cambridge, 1996.
K. Grosse-Brauckmann, Gyroids of constant mean curvature, Experiment. Math. 6 (1997), 33-50.
K. Grosse-Brauckmann and M. Wohlgemuth, The gyroid is embedded and has constant mean curvature
companions, Calc. Var. PDE 4 (1996), 499-523.
M. E. Gurtin and M. E. Jabbour, Interface evolution in three dimensions with curvature—dependent energy
and surface diffusion: Interface—controlled evolution, phase transitions, epitaxial growth of elastic films, Arch.
Rat. Mech. Anal. 163 (2002), 171-208.
R. S. Hamilton, Three—manifolds with positive Ricci curvature, J. Diff. Geom. 17 (1982), no. 2, 255-306.
K. Ito, The surface diffusion flow equation does not preserve the convexity, RIMS Kokyuroku 1105 (1999),
10-21.
J. Langer, A compactness theorem for surfaces with L,—bounded second fundamental form, Math. Ann. 270
(1985), 223-234.
C. Mantegazza, Smooth geometric evolutions of hypersurfaces, Geom. Funct. Anal. 12 (2002), no. 1, 138-
182.

, Lecture notes on mean curvature flow, Progress in Mathematics, vol. 290, Birkhéduser/Springer
Basel AG, Basel, 2011.
C. Mantegazza and A. C. Mennucci, Hamilton-Jacobi equations and distance functions on Riemannian
manifolds, Appl. Math. Opt. 47 (2003), no. 1, 1-25.
T. Miura and S. Okabe, On the isoperimetric inequality and surface diffusion flow for multiply winding
curves, Arch. Ration. Mech. Anal. 239 (2011), 1111-1129.
W. M. Mullins, Two-dimensional motion of idealized grain boundaries, J. Appl. Phys. 27 (1956), 900-904.
P. Petersen, Riemannian geometry, Springer—Verlag, 1998.
A. Ros, Stable periodic constant mean curvature surfaces and mesoscopic phase separation, Interf. Free
Bound. 9 (2007), 355-365.
M. Ross, Schwarz’ P and D surfaces are stable, Diff. Geom. Appl. 2 (1992), 179-195.
G. Wheeler, Surface diffusion flow near spheres, Calc. Var. PDE 44 (2012), 131-151.
, On the curve diffusion flow of closed plane curves, Ann. Mat. Pura Appl. (2013), no. 5, 931-950.
, Convergence for global curve diffusion flows, Math. Engineering 4 (2022), no. 1, 1-13.

A. DIANA, SCUOLA SUPERIORE MERIDIONALE, ITALY
Email address: antonia.dianaQunina.it

N. Fusco, UNIVERSITA DI NAPOLI FEDERICO II & SCUOLA SUPERIORE MERIDIONALE, ITALY
Email address: n. fusco@Qunina.it

C. MANTEGAZZA, UNIVERSITA DI NAPOLI FEDERICO II & SCUOLA SUPERIORE MERIDIONALE, ITALY
Email address: carlo.mantegazza@unina.it



	1. Introduction
	2. Preliminaries
	3. The surface diffusion flow and strictly stable critical sets
	4. Evolution of geometric quantities and basic estimates
	5. Global existence and stability
	6. General dimensions
	References

