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ABSTRACT. In this note, our aim is to show that families of smooth hypersurfaces of R+
which are all C"'~close enough to a fixed compact, embedded one, have uniformly bounded
constants in some relevant inequalities for mathematical analysis, like Sobolev, Gagliardo—
Nirenberg and “geometric” Calderén-Zygmund inequalities. This technical result is quite
useful, in particular, in the study of the geometric flows of hypersurfaces.
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1. INTRODUCTION AND PRELIMINARIES

In this note, our aim is to show that families of smooth hypersurfaces of R™*+1 which are
all Cl—close enough to a fixed compact, embedded one, have uniformly bounded constants
in some relevant inequalities for mathematical analysis, like Sobolev, Gagliardo-Nirenberg,
“geometric” Calderén-Zygmund, trace and extension inequalities. This technical result is
quite useful, in particular, in the analysis of the geometric flows of hypersurfaces, when one
studies the behavior of the hypersurfaces close (in some norm, for instance in C'-norm) to
critical ones (possibly “stable”) or the asymptotic limits of flows existing for all times (see
for instance [2, 3, 10, 13], where such controls on the constants are necessary).

We start by setting up some notation and recall some basic facts about hypersurfaces in
Euclidean spaces that we need in the sequel, possible references are [1,6,15].

We will consider smooth, n—dimensional, compact hypersurfaces M, embedded in R"*!,
getting a Riemannian metric g by pull-back of the standard scalar product (- | -) of R*™! via
the embedding map ¢ : M — R™"!, hence, turning it into a Riemannian manifold (M, g).
Then, we use V for the associated Levi-Civita covariant derivative and p for the canonical
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measure induced by the metric g, which actually coincides with the n—dimensional Haus-
dorff measure H" of R"*! restricted to M. Then, the components of g in a local chart are

/99| 9¢
93 =\ 0z, | 0z,

and the “canonical” measure j, induced on M by the metric g is then locally described by
= +/det g;; £, where £" is the standard Lebesgue measure on R".
The inner product on M, extended to tensors, is given by

o ) 12 j12 01Tk QS1...8
9(T,8) = Girsy -+ Giysp g7 - ¢TS5

where g;; is the matrix of the coefficients of the metric tensor in the local coordinates and g%/
is its inverse. Clearly, the norm of a tensor is then

7] = \/g(T, T).

The induced Levi-Civita covariant derivative on (M, g) of a vector field X and of a 1-form
w are respectively given by

where F;'. ;. are the Christoffel symbols of the connection V, expressed by the formula
; 1 70 0 0
e=29"(5— =9l — 7—9jk )~ 1.1
ik =59 <al'j gkl + 00,9 B, g]k) (1.1)

With VT we will mean the m—th iterated covariant derivative of a tensor 7.

Being M embedded, we can assume it is a subset of R™*1 (hence the embedding map is
the identity) and we denote with v : M — R" its global unit normal vector field, pointing
outward. It is indeed well known (theorem of Jordan-Brouwer, see [6, Proposition 12.2], for
instance) that any compact, embedded M “divides” R"™! in two connected components, one
of them bounded (called “the interior”), both having M as its smooth boundary, hence the
hypersurface is orientable and such field » exists.

Then, we define the second fundamental form B which is a symmetric bilinear form given,
in a local charts, by its components

)

D?p

hij = —
c%ciaxj

and whose trace is the mean curvature H = g'/ h;; of the hypersurface (with these choices, the

standard sphere of R" has positive mean curvature).

Remark 1.1. If the hypersurface M is locally the graph of a function f : U — R with U an
open subset of R”, thatis, M = {(z, f(z)) : = € U}, then we have

YT Owiday VIFIVIE
o Hessyf
M 12
_ Af _ Hess f(Vf,Vf) _ div<vf> 1.3)
VIHIVIE  (VIFIVIE) VIHIVIP
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where Hess f is the (standard) Hessian of the function f.

Then, the following Gauss—Weingarten relations hold,
e ok Op v 1s 09
aﬂfzal‘] - Zjai.’ﬁk - hl]l/ (9795] - hjlg 87563 )
which easily imply

(1.4)

Vip=-Br and Ap=-Hv. (1.5)
The symmetry properties of the covariant derivative of B are given by the following Co-
dazzi equations,
Vl'hjk = vjhik = thij
which imply the following Simons” identity (see [23]),

Ahij = V;V;H+Hhyg"hs; — |Bfhij . (1.6)
Finally, the Riemann tensor can be expressed as (Gauss equations),
Rijri = hikhji — hahjr, . (1.7)

If now we choose a fixed smooth, compact, embedded hypersurface of R"*1, it is well
known (by its compactness and smoothness) that, for € > 0 small enough, M has a tubular
neighborhood

N, = {:L' e R d(x, Mp) < 6}
(where d is the Euclidean distance on R"*!) such that the orthogonal projection map m : N. —
My giving the (unique) closest point on M, is well defined and smooth. Then, if E is “the
interior” of My, the signed distance function dg : N. — R from M,

_Jd(xz,My)  ifx ¢ E
dp(r) = {—d(m,MO) ifrekE

is well defined and smooth in NV, and v(z) = Vdg(x), for every x € My. Moreover, for every
x € N, the projection map 7 is given explicitly by

7p(z) =a — Vdi(z)/2 = 2 — dp(x)Vdg(z)
(indeed, actually v(x) = Vdg(z) for every z € Mj).

This implies that, every smooth hypersurface M which is C'—close enough to M, can be
written (possibly after reparametrization) as

M = {z+¢@@)v(z) : x € My}, (1.8)

for a smooth function ¢ : My — R with [[¢[|c1(ag,) < €. Indeed, if ¢p : M — R"! and

©: M - R™1 are two smooth immersions (po embedding) of a differentiable manifold M,
describing respectively My and M, close in C?, then the map mo @ o ;' : My — My is a
diffeomorphism, which implies that 7|y : M — M, is also a diffeomorphism. Then, the
map 1 above in expression (1.8), is uniquely given by ¥(z) = dg(r|;; (z)), which has small
C'-norm, as |5 gets C'—closer and closer to the identity, as ¢ is C1—close to ¢y.

Hence, from now on, we will consider families of hypersurfaces (clearly all containing
Mo)

(M) = {M = {z+¢(x)v(z) : € My} for asmooth ¢ : My — R with [[¢)|c1(as) < (5}



4 SERENA DELLA CORTE, ANTONIA DIANA, AND CARLO MANTEGAZZA

where § € (0,e). We are going to see that the constants in Sobolev, Gagliardo-Nirenberg,
some geometric Calderén-Zygmund inequalities, trace and extension inequalities are uni-
formly bounded, depending only on Mj and 6.

Before starting discussing that, we introduce another technical construction. We notice
that, possibly choosing a smaller € > 0, the tubular neighborhood N. of M, defined above,
can be covered by a finite number of open hypercubes Q1,...,Qr C R""! respectively
centered at some points py,...,pr € My, such that, for every i € {1,...,k} and every
M € €}(My), the “pieces” of hypersurfaces M N Q; can be written as graphs on the tan-
gent hyperplanes to M at the points p; € M), as in the following figure.

Then, we let p; : R"™! — [0,1] a smooth partition of unity (with compact support) for N,
associated to the open covering @Q;, hence, if M € Q%(MQ) and u : M — R, there holds
k k
uly) =Y u()pily) = > uily)
i=1 i=1
with the compact support of u; : M — R contained in the piece M N Q; of the hypersurface
M, which is described as the graph of a smooth function §; : T),, My — R, thatis, M NQ; is the
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image of the map x — 0;(x)v(p;) on Tj,, Mo N Q;. It is then easy to see that [|0; | c1(r,, 1r) < 20,
foreveryi € {1,...,k}.

We notice and underline that the family (and the number) of the hypercubes @;, as well
as the width € > 0 of the tubular neighborhood V. that we considered for this construction,
only depend on M), precisely on its local and global geometry (in particular, on its second
fundamental form By — see [9] for more details).

We highlight to the reader that in the following, we will often denote with C' a constant which may
vary from a line to another.

2. SOBOLEV, POINCARE AND GAGLIARDO-NIRENBERG INTERPOLATION INEQUALITIES

We start discussing the Sobolev constants Cs(p,n) of any compact hypersurface M, for
every p € [1,n), entering in the following inequalities (which are known to hold, see [5,
Chapter 2], for instance),

Jullrr = ([ 1u
M

for every C'~function u : M — R (or u € WP(M)), where p* = ™ is the Sobolev conjugate
exponent of p. It is well known that a bound on Cs(1,n) implies a bound on Cg(p,n), for
every p € [1,n) (see [5, Chapter 2, Section 5], for instance), hence we concentrate on the case
p =1, where 1" = 2.

We first want to argue localizing things by means of the construction of the previous sec-
tion. We then have a finite family of hypercubes @; centered at p; € M, the partition of unity
pi and functions 0; : T),, My — R, describing the pieces M N Q; of any smooth hypersurface

in €}(My), with 10illcr (z,, a10) < 20, forevery i € {1,...,k} and § > 0. Hence, we can write

(f, 1) ™ = ([ [

as the compact support of up; is contained in M N Q);.
Then, for every C* function v : M — R, with compact support in M N Q;, we have, setting
v; = v(pi),

. 1/p* 1/p
") " < Cstpo) ([ Wl + fu di) = st el

9 n—1 n—1

n k:
ap) 7 SZ(/ jupi] 7 dp) "
i=1 Y MNQ;

n—1

(/MQQV [o(y) |71 du(y)) = (/T o, lv(z + ei(x)ym%\/wdx) T

§(1+25)"51(/T B

»; Mo

o(z + 0; ();) |71 dm) "
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and applying the Sobolev inequality inequality in R" ~ T),, M, for C! functions with com-
pact support, we have

n—1
</ |v(x+0i(ag)yi)]ﬁdm) " <C ’Vv x4 0;(z)v;) o (Id + Vb;(x )@I/Z')‘d$
T, Mo Ty, Mo
<C [Vo(z + 0;(z)vy)| |1d + Vb;(z) @ v;| do
Ty, Mo
<C [Vo(z + 0;(z)v)| (1 +|V;(x)]) dz
Ty, Mo
§0(1+25)/ Vo +03(x)v)| da
Ty, Mo
1+20
<01f26 TG 0w f1d + VOi(@) & v
1 + 26
2.1
1_25/w ) duly 1)
Hence,
. n-1
o7 dp) " < / Vo dy.
(g 17 ) T
and setting v; = up;, after summing oni € {1,...,k}, we conclude

n—1 n—1

(1 au) ™ <Z</m 07 dp) 7

k

)Y [ 19ulpi-+1ul V0
i=1 /M

5) / IVl dys + C(8)C"(Mo) / ul dg, 22)
M M

for a constant C’(My) such that |Vp;| < C’'(My), for every i € {1,...,k}. This clearly gives
a uniform bound on Cs(1, n) for all the hypersurfaces in €} (M), depending only on M (in
particular, on its second fundamental form By, as we said in the previous section) and § > 0.

Let now see an alternate line, based on the graph representation of the hypersurfaces
M € ¢}(My) over Mp.
For every C! function u : M — R, we have

n—1

(f = dnw) ™ = ([ e +v@w)] # 19 du@)
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where JV is the (tangential) Jacobian of the map ¥ : My — M givenby ¥ (z) = = + ¢ (z)v(z)
(by the area formula, see [22, Chapter 2, Section 8]), which is given by

JU(x) = \/det(dVT o d¥,)
and it is an easy check that, at every point = € M, there holds

1
—— < JVU < C(By,d
C(Bo,0) ~ (Bo, ),
for some constant C'(Bg, d) > 0, where B is the second fundamental form of My. Moreover,
C(Bo,0) goes to 1 as 6 — 0. Notice that the fact that By appears here can be seen from the
expression of d¥, that is

d¥(z) =1d+ Vy(z) @ v + ¢ (z)dv(z) = Id + Vip(z) ® v + ¢ (x)Bo(z) ,

by the Gauss—Weingarten relations (1.4).
Then, by applying the Sobolev inequality holding for M, we have

(/ u(z + p(x)v(x))|7T duo(f))% §C(M07BO’5)/ |Viu@ + ¢ (z)v(@)]] duo(z)
Mo Mo
= C(My, By, d) /M [Vu(y)| JE (y) duy)

< O(Mp, Bo, 0) /M V()| dp(y) -

Hence,

n—1

(f W) ™ < COoBo.o) [ 19l
M M

As before, this means that the constant C'(My, By, ¢) is a uniform bound on Cs(1, n) for all
the hypersurfaces in Qﬁ%(MO), moreover, since C'(My,Bg,d) — 1, as § — 0, it also shows the
continuous dependence of Cs(1,n) under the C'—convergence of the hypersurfaces.

Theorem 2.1. Let My € R™! be a smooth, compact hypersurface, embedded in R™ L, Then, there
exist uniform bounds, depending only on Mg and & (more precisely, on the “C— structure” of the
immersion of Mg in R"*, its dimension and its second fundamental form), for all the hypersurfaces
M e Q:% (Mo) on:
(i) the volume of M,
(i) the Sobolev constants for p € [1,n) of the embeddings WP (M) «— LP" (M),
(iii) the Sobolev constants for p € (n, oc] of the embeddings WP (M) — CO1=7/P(M),
(iv) the constants in the Poincaré—Wirtinger inequalities on M, for p € [1,400],
(v) the Sobolev constant of the embedding W™ (M) < BMO(M),
(vi) all the constants in the embeddings of the fractional Sobolev spaces W*P (M),
(vii) all the constants in the Gagliardo—Nirenberg interpolation inequalities on M.

Moreover, all these bounds go to the corresponding constants for My, as 6 — 0.

Proof.

(i) This is trivial due to the C''—closedness of M to M.

(ii) As explained at the beginning of the section, we can estimate the constant in the
Sobolev inequality for p € [1,n), by means of Cg(1,n), which is uniformly bounded for
all the hypersurfaces M € €}(My), by the above discussion.
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(iii) If p > n, we show that there exists a uniform constant C' = C'(p, n, My, By, §) such that
lullconary < Cllullwrean (2.3)
withy =1—n/pand |lulco~ = supyy [u| + sup,, u(‘z)__yzfgy).
As before, given the partition of unity p; and the cubes @);, the following holds

sup |u(y)| < sup up
yeM\ )| Z\ i

ZT,_

Then, for every C I function v : M — R with compact support in M N Q;, setting v; = v(p;),
we have

sup |v] = sup |o(z +6i(2)vi)| < Cl|Voll oy < ClIVollLeour
yeEMNQ; x€Tp; Mo

with C' = C(p,n, My, By, 0), where the inequalities follows by applying the Sobolev inequal-
ity for p > nin T),,My ~ R", then arguing as in obtaining estimate (2.1). Then, setting
v; = up; and estimating as in getting inequality (2.2), we conclude

i 1/p
ot ;P d
suplu] < ”;(/M‘W' )

b 1/p
<)X ([ 1vuPsl % [l il di)
=1

< co)( [ 1vuan) L ad)c o) / up an) . (2.4

u(z) —u(y)
le—y[7 7

k
fuly?) — u(y) | = | > wih) — nly)| < Zm )~ uily)], (2.5)
=1

hence, given a C! function v : M — R with compact support in M N Q;, we have
[0(y") = v()| = |v(@® + 0:i(z")vi(2")) — v(@ + 0;(x)vi(z))]
< C(n,p, Mo) [2" + 0:(x7)vi(z") = (x + Oi(x)vi(2))|" [Vl Lr(z,, 26)
< C(?’L,p, MO) ’y* - y|7 ||VUHLP(M) (26)

Regarding the seminorm [u]co~ = sup,, given two points y, y* € M, we have

where the first inequality follows by arguing as in Theorem 5.6.4 in [14]). Then, collecting
inequalities (2.5) and (2.6), we conclude

Ju(y” DI <D loily") = vily)] < Cp,n, 6, Mo)ly*™ =y Vullwnan)

which together with 1nequahty (2.4) give the desired estimate (2.3).
(iv) The conclusion for the Poincaré-Wirtinger inequality, for any 1 < p < oo,

|w =l o ary < ClIVullLoary »

where 4 = f,, udpu follows by the one in R" (Theorem 5.8.1 in [14]) and arguing exactly as
for the Sobolev inequalities.
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(v) As shown in Section 5.8.1 of [14], applying Poincaré-Wirtinger with p = 1, we get

1

[ u=ldn < Coun6.M0) [ Valdn < S o) ( [ var)”
M M M

hence, the embedding W1"(M) < BMO(M) holds with auniform constant.

(vi) As for the “usual” (with integer order) Sobolev spaces, all the constants in the embed-
dings of the fractional Sobolev spaces are also uniform for this family. The proof is along
the same line, localizing with a partition of unity and using the inequalities holding in R™
(see [20] and [21]).

(vii) Finally, we want to show that for any ¢, real numbers 1 < ¢ < 00,1 < r < oo and
J,m integers 0 < j < m, there exists a constant C' depending only on n, 3, m, r, ¢, 0, Mgy and §
such that the following interpolation inequalities hold

: m 0, 11—
IV ull oary < CUIV™ull orany + llull geean)” el patas 2.7)

where

1 ] 1 1-6

,:l+9<,_@)+7
P n T n q

forall § € [j/m, 1] such that p is nonnegative, with the exception of the case r = " # 1 for

which the inequality is not valid for § = 1.

Moreover, if u : 9F — R is a smooth function with £, u du = 0,inequality (2.7) simplifies to

IV7ulloory < OVl @) lullzaor -

We can obtain these inequalities by following the proof of Theorem 3.70 of [5] (see also
Proposition 5.1 of [19]), noticing that in such proof one only needs a bound on the vol-
ume, the Sobolev embedding theorems (that in our case hold with uniform constants, as we
saw above) and some “universal” inequalities in which the constants do not depend on the
hypersurfaces atall [5, Theorem 3.69]. O

Remark 2.2 (The fractional Sobolev spaces W*P(M)).

At point (vi) of the theorem above we considered the fractional Sobolev space W*? on the
hypersurfaces M € ¢}(My), which are usually defined via local charts for M and partitions
of unity, that is, getting back to the definition with the Gagliardo W*P-seminorms in R"
(we refer to [4,12,20,21], for details). They can be also defined equivalently by considering
directly on M the Gagliardo W*P-seminorm of a function f € LP(M), for s € (0,1), as
follows

ivewan = [ | IR0 dutarauta)

and setting || fllws.»ar) = || f Lo (ar) + [flws»(ar)- Moreover, the constants giving the equiva-
lence of the two norms obtained by localization or by this direct definition are uniform for all
M € €}(Mp). Indeed, the localization method of Section 1, is “uniform” for all M € €}(M),
meaning that the number of necessary local charts is fixed and the diffeomorphisms be-
tween R" and “corresponding” (associated to correlated local charts, that is, being a graph
on the same piece of M, as in our construction) local “pieces” of any different hypersurfaces
M € €}(My), are uniformly close each other in C''-norm.
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3. GEOMETRIC CALDERON-ZYGMUND INEQUALITIES

Theorem 3.1. Let My C R™" be a smooth, compact hypersurface, embedded in R" and 1 < p <
+o00. Then, if § > 0 is small enough, there exists a constant C = C(My, p, §) such that the following
geometric Calderon—Zygmund inequality holds,

IBllo(ary < C(1+ I1H| o (ar)) (3.1)
for every M € €(Mj).

Proof. In order to show inequality (3.1), we use the graph representation of the hypersurfaces
M e €§(M0) over My, for § small enough, introduced in the first section. Thus, since M is
locally the graph of a function f : U C T, M — R on the tangent hyperplane to My at the
point p; € My, we can assume that 7,,, M = R" and M is given by M N Q; = {(z, f(z)) :
x € U C R"}, moreover, we can also assume that U is a ball Bor C R” of radius 2R > 0,
centered at the origin. The second fundamental form B and mean curvature H of M are then
expressed by formulas (1.2) and (1.3),

~ Hessf
CVAFIVP
_ Af N Hess f(Vf,Vf)
VIHIVIE . (It |VIP)®

We let p : R” — [0, 1] a cut—off function with compact support in By and equal to 1 on B
and we set Ag = {(z, f(x)) : « € Br}, Aor = {(z, f(x)) : & € Bar}, then

IBIZ, s /B BP /14 V2 dz < C/B o[ Hess fI? da < c/Rn pHess fPdz  (32)
R R

and

/ |pHess f|P dx SC’/ |Hess(pf)]pdx+0/ \2(Vp]Vf>\pdx+C/ | fHesspl|? dx:

<c / Hess(pf)lP dz + Q(f,V f. p, Vp, Hess p)
Rn

where @ is the sum of second and third integral. Hence, by the standard Calderon-Zygmund
estimates in R” (see [16], for instance), we get

/ ypHessfyp<c/ A(pf) !pdx+Q</ IpAfIP dz + Q

pHess f(V,V[) P
<o [ Jonyirep s S i v g

go/ |,0de5£—|—0/ IpHess F(V £, V)P dz + Q
Rn Rn

SC/ |pdea:+CVf|2p/ |pHess f|P dx + Q
R” R

where the constant C' depends only on Mj and § and Q = Q(f, V£, p, Vp,Hess p), thus this
latter is also depending only Mj and 4.
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If § > 0 is small enough, then C|V f|?’ < 1/2 and we get

/ |pHess f|P < 2C/ |pHP dx 4 2Q < 2C HIP dx +2Q < 2C||HH’;J,(AR) +2Q
R7 R®

Bar

which clearly implies, by formula (3.2),
IBllzean) < C(L+ [HlLe(ary) -

Since the number of sets like Ar covering M is fixed, we have the thesis. ]
We have an analogous theorem for Schauder estimates.

Theorem 3.2. Let My C R™ ! be a smooth, compact hypersurface, embedded in R and o € (0, 1].
Then, if 6 > 0 is small enough, there exists a constant C' = C(My, o, 0) such that the following
geometric Schauder estimate holds,

IBllco.aary < C (1 + [[H]| go.a(ar))
for every M € €3*(Mo).
Proof. Assuming that M € Q%’a(Mo) with @ € (0,1], that is f € C*(Bg) (hence Vf €
C%(Bg)), we have
Hess f
VI+IVIR

Hence, by the standard Schauder estimates in By g (see [16], for instance), we get
HfHCQ’O‘(BR < C HAfHCO o B2R + Q(Hf”(]l o BQR))

Hess f(Vf,Vf)
<C|HVI T VS +
H MU €O (Bar)

SCH| o0 (Byp) + C IV fllz0a(m,m I1Hess fllcoasg + QI lcresyp)
< C|[Hllco.e (Byp) + CUV L E0.0 (o) | fllc2e(Bar) + QUIf et o(B,r))

where the constant C' depends only on M, and 6.
Then, if 6 > 0 is small enough, we have C ||Vf||%0,a(BQR) < 1/2 and we get

[fllczesry < ClHllcow(B,y) + @ < ClH|lcownr + @
which clearly implies, by formula (3.3),
IBllco.a(ay) < C (1+ [Hlcoen)

< C | flle2e(Br) - (33)

IBllooaan < H
C%%(BR)

QUIfllcre(Byp))

where the constant C' depends only on My and 4. Since the family of sets like Ar covers all
M, this inequality holds on all M € €§’O‘ (M) and we have the thesis. O

We now consider families of n—dimensional graph hypersurfaces in M € €}(M) over M
as above, with a uniform bound |[H||z»(7s) < Cu with p > n, for every M in such family (by
Theorem 3.2, if § > 0 is small enough, this implies ||B| z»(ar) < CB) or ||B||poo(ar) < C.

As in the previous section, we consider a finite family of hypercubes Q; centered at p; €
M), an associated partition of unity p; and functions 6; : T},, My — R such that ||6;|| -1 (T, M) <
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20, forevery i € {1,...,k} and § small enough. Hence, for every C*~function u : M — R we
have
k
IVl 0y <C DIV o rsng,) - (3.4)
i=1

Then, for every C? function v : M — R, with compact support in M N Q;, we have, setting
vi = v(pi),

(/ rv%wdeuw>:1/ (V20) (2 + 63()) [P /1 1 [V 6:(@) 2 d
MNQ; sz‘ MoNQ;

§(1+25)/T (V) + )| o

We now compute the last integral using on M N @; the coordinates given by 7, My ~ R",
noticing that in such coordinates the local embedding of M is simply given by x — ¢(z) =
x + 0;(x)v; and the metric and the Christoffel symbols I'j = of the connection V can be ex-
pressed as

%( ) 90;
oxy v 0xm

Gem () = o, + (x) hence, Iy, (z) = Gj,,(Hess 0;(x), Vo;(x))

by formula (1.1), where G, are smooth functions which are linear in Hess 0;(x). It is then
easy to see, by recalling the first formula (1.4), that we can bound the Hessian Hess 6;(z)
with B(z) as follows (notice that by the same formula, immediately holds also |B(z)| <
C(|V0;|)|Hess 6;(x)]),

99 | < 1G5, (Hess 61, 0,)([V60:] + [B

8xgaxm’ B ‘8x58mm} R

hence, being |V6;| < 6, we conclude
|Hess 0;(z)| < C|Hess 0;(z)||VO;(z)| + C|B(z)]

with a constant C' depending only on M, and 9, which implies, if  is small enough such that
C ]V9,| <1 / 2,
|Hess 6;(z)| < C|B(x)|.
This clearly implies the estimate
T ()] < C[B(z)],

then, computing schematically, we have
(V20)(x + 0:(z)v;) = Hesso? v(z + 0:(2)v;) — T(x) % Vo o (e + 0;(x)y) (3.5)
hence,
((V20) (2 + 0;(2)v;)| < C|Hesso™ " v(z + 0;(2)w3)| + C|B()||Vu(z + 0:(2)v;) || V6; ()]
< C[Hess;" " v(z + 0 (2)w)| + C[B(x)||Vo(x + ;(x))]
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Applying the Calderén-Zygmund inequality in T},, Mo ~ R", we get
/ ’(VQU)(@” + 0i(x)vy)|” da < C’/ ]HessgpiMOv(x +0;(z)v;)|P dx
n R
+ Cép/ |B(x)|P|Vu(z + 0;(x)v;)|P dx
R

<c [ 1AFMu(@ + 0;(2)m) P da
Rn

+C ()P uy) + C5p/ BIPVo(y) [ duy) -
MNQ; MnNQ;

Contracting equation (3.5) with the inverse of the metric and estimating, we have

AT (2 4 0;(2))| < C|(Av)(z + 0:(2)1)| + CIB ()| Vo (e + 6;(x);)]
thus, by the previous inequality

/ V20(y) P dyu(y) <C / ()@ + @) de+C [ o@)P u(y)
MNQ; R MNQ;
+ oo / B[ Vo ()P dps(y)
MNQ;
<C |Av(y)|P duly) + C lo(y)[? 1(y)

MNQ; MNQ;
e / BP0 ()P duly)
MnNQ;

Getting back to inequality (3.4), we obtain

k
IVl <Ol asm
1=1

<02 o 1B C [l [ BEI )l da
MﬁQz MnQi
<C’Z/ ]Au|pdu—|—0/ (JulP + [VulP) dp
i=1 Y MNQ; MNQ;
gc/ |Aupdu+0/ (Jul? + [Vul?) du (3.6)
M M

with C'= C(Mo, p;i, Vpi, Hess p;, p, 9, | B| Lo (ar))- Interpolating the integral of |Vu|? and tak-
ing into account the uniform Sobolev inequalities of the previous section, we conclude that
for any p € (1,+00), if 6 > 0 is small enough, there hold

IV2ull Loqary < CllA*ullLoqary + Cllull Locar (3.7)

and
lullwzean < CIA% | Loary + CllullLear) (3.8)
where the constant C' depends only on My, p, § and || Bz (as
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Remark 3.3. Notice that if p < n, we can modify the chain of inequalities (3.6) as follows,

k
AR B TR

=1
k
<cY [ iardutC [ uppdarcr [ BPRGp)l du
im1 J MNQ: MNQ; MnNQ;
k
<cY [ JA@nPdu+C [ Juppds
i=1 MNQ; MNQ;
p/n (n—p)/n
veo([ o mran) ([ Vs da)
MNQ; MNQ;
k
<cY [ JA@nrduC [ funpds
i=1 MNQ; MNQ;
-+ C(;p”BHpn(Mle)HVQ(UPZ)”%D(MQQZ) :

Hence, arguing as before, it is easy to conclude that inequalities (3.7) and (3.8) hold with a
constant C' = C(Mo, p, 3, || B| »(ar)), if § > 0 is small enough.

With a similar argument, computing as in Theorem 3.1, we have analogous Schauder
estimates for C%® functions u : M — R, with M € C(ls’o‘(Mo) and ¢ > 0 is small enough,

Jull 2. ary < CIA*w|co.0ary + Cllullco.ear) (3.9)

where the constant C' depends only on My, « € (0,1], § and ||B||co,a.

Remark 3.4. By localization, computing in coordinates, it is easy to generalize estimates (3.7), (3.8)
and (3.9) also to tensors, under the same hypotheses. The same holds also for all the esti-
mates of the previous section (see [19] for an example of how this can be done).

3.1. Geometric higher order Calder6n-Zygmund estimates.

We let M as above and p > 1, we want to deal with | V*B]| (M), assuming that we have
a uniform bound |[H||z4(ps) < Cn with ¢ > n, where M is an n-dimensional graph hypersur-
faces over My in €j(My) as above, if § > 0 is small enough, which implies ||B||a(rr) < Cs,
by Theorem (3.1).
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Using (1.5) and taking into account Remark 3.4, we have
IV*Blloary = Vs - Vi, Bllocany
<COIAViy ... Vi By + ClIVig - .. Vi, Bl o(an
=Cg"" ViV Viy ... Vi, Bl oary + CIIVF 7Bl 1o
<Cl9"" ViV, Vin ... Vi, Bllzoary + CIIVF 2Bl o
+ 19" Ve(Riem * Vi, ... Vi, B)igml| 1o (a1
<C|g"ViVis Vi,V - Vi, Bl oy + CIIVF 2Bl 1o
+ 19" Ve(Riem * Vi, ... Vi, B)igm || o (a1
+ 19"V Vi, (Riem * Vi, ... Vi, B)igm | 1o (ar)

<Cllg"™ ViV, Vi - Vi, VnBllLo(ay + CIIVE?Bl Logany
+C kz_‘jllvsmem x V2B o (u
s=0
<C9""Vi,VeViy o Vi Vi Bl o ary + ClIVF Bl o (any
+C kz:_QHVSRiem * V2B 1o
s=0

<Cllg""VixViy - Vi, VeV Bl o ar) + CIIV* 7Bl o an)
k—2
+C ZHVSRiem * Vk_Q_SBHLp(M
s=0
=C|V*2AB| oar) + ClIVF 2Bl 1o (ar)
k=2
+C Y IV Riem x V¥ B|| 1o ar) (3.10)
5=0
where the symbol x means a sum of terms each one given by some contraction with the
inverse of the metric ¢%.
By the formula (1.7) for the Riemann tensor, we can write
k—2
IV*Bllze(ary < CINV*2AB| oqary + CIV*Bliaqan + C Y _IIV*B? % V* 27 Bl| oy

s=0
k—2

<C|VF2AB| oy + CIVF ?Bllwany +C > IV B* V' B* VBl

s,r,t=0
s+r+t=k—2

Now, by Simons’ identity (1.6), we have
vk—QAB — VkH + vk—Q(HBQ) _ Vk_Q(’B‘QB)
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hence
k-2
IV ABlloqan) < IV Hlwoany +C - 3 IV B+ V'Bx VBl

s,7r,t=0
s+r+t=k—2

Using this estimate in inequality (3.10), we conclude

k—2
IV*Bllzoary < CIVFH| oary + CIVF 2Bl + € Y VB * VB * VB[ 1oy

s,r,t=0
s+r+t=k—2

We now estimate any of the term in the last sum as follows: assuming that p(k + 1) > n,
otherwise we estimate every term V*Bx V"B V'B in L("*#)/(:+1)(7[) and then bound with
this latter its norm in LP (M) (the volumes are equibounded for all M € €}(My)), we have

VB % VB % VBl o(ar) < ClIVBllzewany [V Bl Lonan IV Bllzw ar) » (3:11)
with
k+1 3 k+1 k+1
o= — = —_— = —
s+1° r+1’ TR

hence, 1/a + 1/ + 1/~ = 1. Moreover, using the interpolation estimates (2.7) (extended to
tensors — see Remark 3.4), we have

s O —0,,
IV*Bll e ary < C(IV*Blloqar) + IBllzecan) BN (i -
s 6 1-6
IV*Bllzsscary < CUIV*Bllzoqay + Bl zogan) ﬁHBlqu(fw),
VB 2o ar) < C(IV"Bllzoar) + 1Bl o (ar))” VHBHLq (M)

with
1 1k 1—6,
-t oS 5
P n pon q
1 r 1k 1—-03
R (- H) -5
B n P\p n q
1t 1k 1—0
LB
Py n p n q
hence,
1 1 1 1 k-2 1k 3—0,—0;—6
—:—+—+—:—+(9a+95+97)(7——)+ F— 7
p pa  pB o py n n q

which implies, letting © = (6, + 03 + 6-),
1 k-2 1 k 3— @ k—2 1 k 3—0 k+1 1 k+1
= ¥ @( ) +0 < ) + = e ( ) .
p n p n q n P n

As we assumed p(k + 1) > n, it follows © < 1.

Thus, putting these estimates in inequality (3.11), we conclude

n n

s r S} e
VBT B Bll 1oy < COVBloqan HBl o) IBIE S, < CUT*Bluoan +IBlzoan)
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as we said that ||B|| 4(5s) is uniformly bounded for all M € €§(M).
Hence, by means of Young inequality, as © < 1, we estimate
S}
IV*Blize(ar) < CIV*Hl ooy + CIV*?Blloan + C(IV*Blloan) + [Bllzon)
<:0HkaﬂLumf+—cnvk *Bllzs(ar) + CelV*Blloar) + ClIBl|zoas) + €

and choosing ¢ > 0 such that Ce < 1/2, after “absorbing” the term Ce||V*B]| () in the left
hand side and estimating ||B|[z»(r) with C(1 + [[H|| z»(ar)), we obtain

IV*Bllo(ar) <CHkaHLI’ )+ CIVEBl Loar) + ClHl| ogar) + C-

The term ||[V*—2B|| (M) can be treated analogously, by interpolation between | VEB| Lr(M)
and ||B||z»(ar) (it is actually easier to be dealt with), hence we finally have the estimate

IV*Bllzoary < CIVFH I Loary + ClHl|goar) + C'-
In particular, if we have a umform bound |[H|| e (ar) < Ch, there holds
IV*Bll oy < C(1+ | V*H| 1o (1))
and
IBllwreary < C(L+ [[Hllwerear) -
for any M € €}(M,), with § > 0 small enough.

4. OTHER INEQUALITIES

Let My be a smooth and compact hypersurface embedded in R"™!, bounding a domain
Ep and € > 0 the width of a tubular neighborhood . of M. For any § € (0,¢), we consider
the family of domains

CH(Ey) = {E — () - U : Ey — E is a diffeomorphism with [|¥ — Id||c1 (g, < 6 }

V() = + P(x)vo(z) for every x € Moy and [|9)||c1(agy) < 0

where 1 is the unit normal vector field pointing outward of M.

Then, the Jacobian of the map ¥ : F, — F (and also the tangencial one of its restriction to
M) is bounded from above and from below by some constants which depend only on § and
the second fundamental form of M (see Section 2 for details).

It clearly follows that if E € C}(E), then M = 0E = V(M) € €(Mp). Moreover, if
M € €j,(My), then there exists a smooth function ¢ : My — R with [|¢)]|c1(az.) < &, such that
M = {z+¢(z)v(z) : € My}, then we can construct a smooth diffeomorphism ¥ : Ey — E
as follows (E is the domain bounded by M):

(z) = x ifx € Fy\ N:
|z + O(dy(z)/e)h(mo(x))Vdo(z) if x € Eg N N,
where d is the signed distance function from M, (which is negative in Ey) and ¢t — O(¢) is

a smooth monotone nonincreasing function, defined on R, such that it is equal to 1 if £ < 0
and to 0 if t > 1/2, with |©/(¢)| < 3, for every t € R. So, it follows

I — T 70 = 1©(dol- /)2 (o)) Vol < O Mo [0y bl ey -
Hence, fixed any 0 € (0, ¢), depending the constant C' only on M and ¢, possibly choosing
&' small enough, the set E belongs to C} (Ey).
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We now discuss some uniform inequalities involving also “the interiors” of the hypersur-
faces.

4.1. Trace inequalities.

Letting Ey, My, ¢ > 0 and § > 0 as above and any E € Cg(EO) (with associated smooth
diffeomorphism ¥ : Ey — E), it is well known that, for s > 1/2, the trace of any function
u € H*(E) (a real function on M = J0F, which we still simply denote by w, that coincides
with the restriction of u to M, if u € C°(E)) is well defined and that the following trace
inequality holds (see [24, Proposition 4.4.5]),

lull grs-1r2ary < CEllullEs () (4.1)

(see also [14,18]). In particular, for s = 1, we have that for all the function u € H L(E), there
holds

HuHipM(M) < CE/ u? + |Vul|® dz
E
which implies
Ju = sarf S [ [Vl o,
E

where & = f, udz.

We want to show that these inequalities hold with uniform constants C' = C(My, s, n, J), for
every E € C} (Ep).

As in Section 2, we use the graph representation of the hypersurfaces M € €}(My) over
My in order to pass from a Sobolev norm over M to the same norm over M), that is, being
¥l (a1,) bounded by a constant depending on ¢ and the second fundamental form of Mj,
we have

[l rs-1r2ary < C (Mo, Bas s, 0) [l gre-1/2(asg) (4.2)

where By is the second fundamental form of Mj. Then, by means of trace inequality (4.1) for
Ey (and M), we have
lullfrs=vr2(ase) < Crolltll s (o) - (4.3)

Finally, by the boundedness of the Jacobian of ¥ (from both sides) and of | ¥ — Id|[¢1(g,) by
constants depending on J, we get

[l ts(50) < C(Eos 5, 0)|[ull s () » (44)

hence, putting together inequalities (4.2), (4.3) and (4.4), we have that the constant C'r in the
trace inequality (4.1) is uniform, for every E € C}(Ep).

4.2. Inequalities for harmonic extensions.

We let Ey, My, e > 0and § > 0 as above and F € C;(EO) (with associated smooth diffeomor-
phism ¥ : Ey — E), with M = 9E € ¢}(My).

We denote by u : E — R the harmonic extension of a function f : M — R in H*(M), for
s > 1/2. We aim to show that the following inequality (see [24, Proposition 5.1.7])

lull gsvrr2gy < Crll fllmsan) (4.5)
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holds with a uniform constant C' = C(Ey, s, §), for every E € C}(Ep).

A

rguing as above, we end up with the following inequalities:
lull zrs+1/2 () < C(Eo, 5, 0)|ull s/ i) »

ull gor1/2(my) < Crollf1lms(ao) »
1Nl 25 (a) < C(Mo, Bo, 8, 0)|| £l s (o) -

Putting them together, we have that the constant C'r in the “extension” inequality (4.5) is
uniform, for every E € C}(Ej).

We notice that, in the particular case s = 1/2, we obtain for all f € H Y 2(J\J ),

/E\Vu|2d1: < C(EO,(S)HJCH?{I/?(M) ’

for every E € C}(Ep).

—_

5. SOME REMARKS

We collect here some remarks about the conclusions of the previous sections.

e All the constants depend on the geometric properties of My, in particular on the
maximal width of a tubular neighbourhood, its volume and its second fundamental
form. Hence, uniformly controlling such quantities gives uniform estimates for larger
families of hypersurfaces, see [7-9,11,17] for a deeper and detailed discussion).

e Notice that for Sobolev, Poincaré, interpolation, trace and “harmonic extension” in-
equalities, we do not ask § > 0 to be small, but just § < ¢, while for the Calderén—
Zygmund-type inequalities, that we worked out in Section 3, a smallness condition
on J is necessary for the conclusions.

e All the inequalities holds uniformly also for families of immersed-only hypersur-
faces (non necessarily embedded), if they can be expressed as graphs on a fixed com-
pact, smooth hypersurface, possibly immersed-only too.

e Itis easy tosee that everything we did still works also if the ambient is a flat, complete
Riemannian manifold, in particular in any flat torus T". With some effort, the results
can be generalized to graph hypersurfaces in any complete Riemannian manifold,
then the constants also depends on the geometry (in particular, on the curvature) of
such an ambient space.
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