ON SETS WITH FINITE DISTRIBUTIONAL FRACTIONAL
PERIMETER

GIOVANNI E. COMI AND GIORGIO STEFANI

ABSTRACT. We continue the study of the fine properties of sets having locally finite
distributional fractional perimeter. We refine the characterization of their blow-ups and
prove a Leibniz rule for the intersection of sets with locally finite distributional fractional
perimeter with sets with finite fractional perimeter. As a byproduct, we provide a de-
scription of non-local boundaries associated with the distributional fractional perimeter.

1. INTRODUCTION

1.1. The distributional fractional perimeter. Given a € (0,1), we let

Vef(z) = pna /R i U (yfy‘_fgfﬁjfj 7) dy, z€R” (1.1)

be the fractional a-gradient of f € Lip.(R") and, analogously,

divio(z) = fina /Rn (@(y)w_fgila% — ) dy, =z eR", (1.2)

be the fractional a-divergence of ¢ € Lip, (R™; R"™), where

n+a+l
o —% F( +2+ )
Pna = 20T 2 =T KT
r(se)
is a renormalization constant. The operators (1.1) and (1.2) are dual, in the sense that
they satisfy the fractional integration-by-parts formula

/Rnfdlv gpdx:—/Rngo-V fdz. (1.3)

>0

Date: January 18, 2024.

2020 Mathematics Subject Classification. Primary 26B30. Secondary 28A75.

Key words and phrases. Fractional gradient, fractional perimeter, Blow-up Theorem, Leibniz rule,
non-local boundary.

Acknowledgments. The authors thank the anonymous referees for several precious comments. The au-
thors are members of the Istituto Nazionale di Alta Matematica (INAAM), Gruppo Nazionale per I’ Analisi
Matematica, la Probabilita e le loro Applicazioni (GNAMPA). The authors are partially supported by
the INAAM-GNAMPA 2023 Project Problemi variazionali per funzionali e operatori mon-locali, codice
CUP__E53C22001930001. The first-named author was partially supported by the INAAM-GNAMPA
2022 Project Alcuni problemi associati a funzionali integrali: riscoperta strumenti classici e nuovi sviluppi,
codice CUP__E55F22000270001, and has received funding from the MIUR PRIN 2017 Project Gradient
Flows, Optimal Transport and Metric Measure Structures. The second-named author was partially sup-
ported by the INDAM-GNAMPA 2022 Project Analisi geometrica in strutture subriemanniane, codice
CUP__E55F22000270001, and has received funding from the European Research Council (ERC) under
the European Union’s Horizon 2020 research and innovation program (grant agreement No. 945655).

1



ON SETS WITH FINITE DISTRIBUTIONAL FRACTIONAL PERIMETER 2

For a more detailed account on the operators in (1.1) and (1.2) and on the formula (1.3),
we refer the reader to [15]. In our previous papers [2-8], starting from formula (1.3), we
developed a new theory of distributional fractional Sobolev and BV spaces.

In the present note, we continue the study of fractional BV functions. Let us introduce
the following definition (see [3, Sec. 3.1] for example). Given p € [1, +oc] and an open set
Q C R", we say that f € BV.P(Q) if f € LP(R™) and

sup{/]R fdivipdr : o € CX(R™R"), ||¢||ee@nrny < 1, suppy C A} < 400

for any open set A € Q. A simple application of Riesz’s Representation Theorem (see [3,
Th. 3]) yields that f € BV,2P(Q) if and only if f € LP(R"™) and there is a vector-valued
Radon measure D*f € #,.(2;R™), called fractional a-variation measure of f, such that

/Rn Fdivepdr = —/Qgp- dD° f (1.4)

for all p € C°(R™;R™) with supp ¢ C 2, with

D f](A) = sup{/Rn fdivepdz : g € CXRYRY, [|@llzm(regn < 1, suppe C A}

for any open set A € Q. If |[D*f|(Q2) < 400, then we write f € BV*P(Q2). We warn
the reader that the subscript ‘loc’” in BV[..P always refers to the local finiteness of the
fractional variation measure only, as BV;2F functions are in LP(R") by default.

If xg € BV :"(R"™), then the measure |D*yg| € Mo.(R") is called the distribu-
tional fractional (Caccioppoli) a-perimeter of E C R™ (see [4, Def. 4.1]). We recall that
Wel(R") ¢ BV*!(R") with strict inclusion, see [4, Ths. 3.18 and 3.31], so |D®xg| must

not be confused with the fractional a-perimeter P,(E; -) relative to W! sets, defined as

Pa(E;Q) :/ |XE<x>_XE<y)|d$dy (15)
RoxR\(QoxQe) |z — gy[nte
for £, C R" (in particular, if 0 = R", then P,(E) = P,(E;R") = [xglwa1@rn)). In fact,
if Po(E;) < 400, then xg € BV**(Q) with D*xp = Vg L" and ||V*xg| 11 (@rn) <
tn.oPo(E;82), see [4, Prop. 4.8], but currently we do not know if there exists yg €
BV*>(Q) such that P,(E;Q) = +oo.
Mimicking the classical theory (see [4, Sec. 4.5]), given yg € BVo.™(R"), we say that

loc

x € R" belongs to the fractional reduced boundary of E, and we write v € #*F| if

. DaXE(Br(x»
x € supp | D and 3 lim
b [ D° x| S Doy (B, (@)

c Sn—l

Consequently, we let v%: F*E — S*~1,

vi(x) = lim Dxp(B (7))

, T € FE,
r—0t ‘DO‘XE‘(BT(JZ'))

be the (measure theoretic) inner unit fractional normal of E. Hence, (1.4) implies that

/ divpdr = —/ ¢ - vy d|D%\E| (1.6)
B FoE

for all ¢ € C°(R™;R").
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1.2. Leibniz rules. A large part of our preceding works [2-8] is dedicated to the study
of fractional Leibniz rules involving the operators (1.1) and (1.2). For f, ¢ € Lip.(R™) and
¢ € Lip,.(R™;R™), we have

Vi (fg) =V +gV*f+ VLS. 9) (1.7)
and, analogously,
divie, (f) = fdivie + ¢ - VO f 4+ divig (f, ¢), (1.8)
where
s 9)(@) = e /Rn Uly) - f(:’c;)iggz;ﬁ(x))(y ) dy, x€R", (1.9)
and

divie, (f, ) () = fin,a /R ) ) =/ (xﬁ(fg')n;ffx)) W=D gy serr, (1.10)

are the non-local fractional a-gradient and the non-local fractional a-divergence, respec-
tively. The fractional Leibniz rules (1.7) and (1.8), as well as the operators (1.9) and (1.10),
can be extended to less regular functions and vector fields in several ways, see [2-8].
The first main aim of the present note is to achieve some new fractional Leibniz rules.
On the one side, we provide the following product rule for the intersection of BV[5:™ sets
with W sets, generalizing [6, Th. 1.1]. In fact, the locality property (1.17) was inspired
by an observation recently made in [14, Rem. 3.4]. Here and in the following, DS f denotes
the singular part of the fractional variation measure D*f of f € BV 2P(R™). We also let

w@)=lm £ u)dy, v er,

1

loe(R™), whenever the limit exists in R. We hence

be the precise representative of u € L
define the Borel set

Ky, = {r € R" : u*(z) exists in R}.
Let us recall that x € R™ is a Lebesgue point of u if x € %, and

lim lu(y) — u*(x)| dy = 0.

r—0t By ()

We note that, if £ C R” is a measurable set and = € R" is a Lebesgue point of xg, then
X5(x) = xg (). Here and below, for ¢ € [0, 1], we let

P n.oqq ENB(x)]
E—{xER +3 lim, AT (1.11)

Theorem 1.1 (Intersection with W set). If yg € BVj2:™(R") and P,(F) < 400, then
XenF € B lgéoo(Rn), with

D*Xpnr = X D*XE + XxeViXF ZL" + VL (XE, XF) L in Mo (R R™),  (1.12)
max{ |z Vxrll o @nizny [|VRL (0 X 1@ | < fina Pa(F) (1.13)

and
/Rn Vir(xe xr)dz = 0. (1.14)
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Consequently, we have

D*Xpnr — xmDxE € A (R™";R"), (1.15)
| DX mnr — Xrr D*XE[(R") < pino Po(F) (1.16)
and
Dixprr = xm Dixp  in Mo (R";R"). (1.17)
In addition, if F is also bounded, then xpnr € BV*>*(R") N LY(R") and
/ AD = —/ Voyr d. (1.18)
P E

a,00

We expect that Theorem 1.1 may be extended to BV|5;™ (and even BV]..") functions,
but we do not pursue this direction here and leave it to future works.

On the other side, we generalize [6, Rem. 4.6], see Theorem 1.3 below. To state our
result, we need to introduce some notation. In analogy with [6, Def. 4.5], we exploit [6,
Lem. 2.9] to define the measure version of the non-local fractional gradient (1.9) (actually,
we already used this object in [6, Th. 5.1] without providing its explicit definition).

Definition 1.2 (Non-local fractional a-gradient measure). Let p,q € [1,400] be such
that ;1)4— % < 1. Let f € LP(R") and g € LY(R"™). We say that D, (f,g9) € Mo.(R";R™)
is a non-local fractional a-gradient measure of the pair (f, g) if

| Fdiviu(gp)de = [ o dDR(f.g) forall p € C(R:RY),

Arguing as in [6, Sec. 4.4], we can exploit [6, Cor. 2.7 and Lems. 2.9 and 2.10] to infer
that Definition 1.2 is well posed and that Dg; (f,g), if it exists, is unique and symmetric,
and extends the operator (1.9).

Our second result on the Leibniz rule for BV,5:™ functions can be stated as follows.

Theorem 1.3 (Conditional Leibniz rule in BV;™). If f,g € BV5:”(R"), then

loc loc

fg € BUS®(RY) <= 3D (f,9) € Moc(R™;R"), (1.19)

loc

and there exist f € L®(R™, |D%g|) and g € L=(R™,|D*f|), with

1f | @ ipegh < MF ey and gllz=@nipesy < gl (1.20)
f=[f"|D%l|-a.ce. inZ; and §=g*|D*fl|-a.e. in %,, (1.21)

such that, provided that fg € BV (R™),
D*(fg) = f D*g+g D*f + Dii(f.9) in Moc(R™;R"). (1.22)

At the present moment, we do not know if the measure D (f, g) is well defined even in
the case f,g € BV*>®(R")NLY(R™) with |Df], |D%g| < £™, see [6, Rem. 4.6]. However,
in the simplest case f = g = xgp € BV5.™(R"), we have the following result.

loc

Corollary 1.4 (The measure D% (xg, xE)). If xg € BVo:*(R™), then D (xE, XE) €
Mo (R™; R™) is well defined and satisfies

D (xe, xe) = (1 =2XE) D*XE  in AM.(R";R"), (1.23)
where Xg € L¥(R", |D*xg|), with
0<Xe<1 and Xg=xp |D%eEl|-ae inR,,. (1.24)
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In addition, if xg € BV*!'(R"), then
D (e xe)®") = [ XEdD™s =0, (1.25)

In the limiting case o = 1, the non-local gradient disappears, hence (1.23) reduces to
(1 —2xg) Dxg = 0, coherently with the fact that Xz = x} = 3 |Dxgl|-a.e. in R™.

1.3. Analysis of blow-ups. The main result of our first paper, see [4, Th. 5.8 and
Prop. 5.9], provides the following fractional counterpart of De Giorgi’s Blow-up Theorem
for sets with locally finite perimeter (see [12, Part Two] for a detailed exposition). Here
and in the rest of the paper, for any measurable £ C R" and = € R", we let Tan(F, x)
be the set of all tangent sets to E at x, i.e., all limit points of { > O} with respect

to the convergence in L _(R") as r — 07,

Theorem 1.5 (Existence and rigidity of blow-ups). If xg € BV, (R") and x € F°E,

then Tan(E, z) # 0 and any F € Tan(E,x) is such that xp € BV,o:(R™) with v (y) =
v (z) for |D¥xp|-a.e. y € F*F.

The second main aim of this note is to refine Theorem 1.5. On the one hand, we provide
the following convergence result, which was somehow implicit in the proof of [4, Prop. 5.9].

Theorem 1.6 (Refined convergence). Let xg € BVo,(R") and x € F*E. If F €

loc

Tan(E, z) with X =z = XF i Li (R™) as ry — 0T, then, up to extracting a subsequence:
(i) DO‘X¥ — DI;XF in Moe(R";R™) as r, — 07F;
(i7) \D”‘X;] — |D*xF| in Moc(R™) as i, — 07F;
(iii) DX ps Z(BR) — D*xr(Bg) and \DO‘XE z|(BR) — |D*r|(Bgr) for all R > 0 such
that |DaXF|(8BR) =0 (in particular, for a.e. R>0).

On the other hand, we provide the following characterization of blow-ups, which can be
seen as a first step towards a fractional counterpart of De Giorgi’s Structure Theorem for
sets with locally finite perimeter, see [12, Part 2] for instance. Here and in the following,
we let 0% = Dg denote the fractional variation measure in dimension n = 1 and we let P
be the standard De Giorgi’s perimeter.

Theorem 1.7 (Characterization of blow-ups). Let xp € BVo.°(R"), x € F*E and
ve(z) =e,. If F € Tan(E,x), then F = R"* x M with M C R such that.
(1) Xar € BV (R) with 0xar 2 0;
(i) |M], [ M| € {0, +oo};
(7i) if |M| = 400, then esssup M = 4o00;
(iv) if M # 0, R is such that P(M) < +o00, then M = (m,+00) for some m € R.

Theorem 1.7 shows a quite surprising similarity between the reduced boundary % F for
XE € BVioe(R™) and the fractional reduced boundary .Z*FE for xg € BV,o:>(R"), going
in the same direction of De Giorgi’s Blow-up Theorem, see [12, Th. 15.5].

A simple consequence of Theorem 1.7 is that a cone cannot be a blow-up set on the
fractional reduced boundary, unless it is a half-space, R" or (). Such a rigidity of blow-ups
for example implies that no vertex of the square E = [0,1]> C R? belongs to F“E, for
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any a € (0, 1), in analogy with the case o = 1, see [12, Exam. 15.4]. Similarly, no vertex

of the Koch snowflake (see [11, Sec. 3.3]) belongs to its fractional reduced boundary.
Theorem 1.7 is a consequence of the following two results, which may be interesting on

their own. The first one characterizes BV 0. functions with zero fractional derivative.

Proposition 1.8 (Null derivative). Let f € BVoo"(R™) and let i € {1,...,n}. Then,
D¢ f =0 if and only if D;f = 0.

The second result allows to factorize the fractional variation measure of a BV;5:™ func-
tion which does not depend on certain coordinates.

Proposition 1.9 (Splitting). Let f € BV3.™(R™). If Dif = 0, then there exists g €
BV,2(R"1) such that f((t,z)) = g(x) for a.e. t € R and a.e. v € R** and

(D&)if = LY @ (Dgur)ig  in Mioe(R™) for alli=2,... n.

Propositions 1.8 and 1.9 may hold for BV,.” functions as well, but we leave this line of

research for forthcoming works, being out of the scopes of the present note.

1.4. Analysis of non-local boundaries. The third and last main aim of this note is
to exploit the above results on blow-ups and Leibniz rules for BV[5:™ sets to infer some
properties of non-local boundaries linked with the distributional fractional perimeter.

On the one side, given yg € BV5:(R"), we may decompose the fractional variation
measure of E as D*yg = DSxg + DSxg, where |DSxp| < £" and D¥xg L £". In
virtue of (1.17) in Theorem 1.1, D®x g has a local nature, in contrast with the non-local
and thus ‘diffuse’ behavior of the measure D¢ xr. The following result, which is a simple
consequence of Theorem 1.1, gives an idea of the size of the support of the measure DS xg.

Here and in the following, we let
O E={2eR":0<|ENB,(z)| <|B.(z)] for all r > 0}.
Theorem 1.10 (Support of D®xg). If xg € BVjo.°(R™), then

loc
|D*xg|(F') = 0 whenever xp € W*HR™) with either |ENF| =0 or |E°NF|=0.
In particular, supp |D¥xg| C 0" E.
Theorem 1.10 has several analogies with classical results. Indeed, it is well-known that,

if xg € BVioc(R"), then supp |Dxg| = 0~ F (see [12, Prop. 12.19] for instance), while, if
E has locally finite fractional perimeter, then

0" FE = {x € R": PY(E; B,(x)) > 0 for all r > ()},

where
dx dy

PLE: A :/ / _ QY AR,
o ) EnA JA\E |x — y|rte

is the local part of the fractional perimeter P,(F; -), see [11, Lem. 3.1]. Furthermore,
Theorem 1.10 can be combined with [4, Cor. 5.4] to get the estimate
|IDSxE| < cnodl" “L(FENOE).

In particular, if " *(F*EN0"FE) = 0, then |Dg| < £". However, we warn the
reader that 0~ F may have positive Lebesgue measure, even for a set with finite perimeter
(see [12, Exam. 12.25] for instance).



ON SETS WITH FINITE DISTRIBUTIONAL FRACTIONAL PERIMETER 7

On the other side, in view of Theorems 1.5 and 1.7, we wish to study the set of points
r € F°FE for which fractional blow-ups are non-trivial, i.e., such that Tan(E,z) # {0}
and Tan(F, x) # {R"}. As well-known, for any £ C R" measurable and z € R", we have
Tan(E,z) = {0} <= z € E°, Tan(E,r) = {R"} <= x € E', (1.26)
where E? and E! are as in (1.11) for ¢ = 0, 1. In order to avoid such cases, we consider
O*E =R"\ (E°UE").
On the other hand, it is also worth recalling that blow-up limits for xyg € BVj,.(R™)
may be not half-spaces and yet not trivial only when considering points x € 0*F \ FE.
Moreover, at such points, Tan(FE, z) can be very wild. Indeed, as proved in [10, Prop. 2.7,
for n > 2 there exists a measurable set £ C R" with P(E) < oo and such that
Tan(E,0) D {F C R™ measurable : P(F') < +o0}.
Note that, for such set E, it holds xg € BV,o.™ (R™) for any a € (0, 1) due to [4, Prop. 4.8],

loc

so that 0 € O*E \ F*E by Theorem 1.7.
The equivalences in (1.26) and the example above motivate the following definition.

Definition 1.11 (Effective fractional reduced boundary). Given xp € BV (R"), we
let ZF2E = Z*E NO*E be the effective fractional reduced boundary of E.

We recall that dim , (Z*FE) > n — a, see [4, Prop. 5.5], possibly with strict inequality.
In fact, from (1.6), we immediately deduce that, if |D*xg| < £Z™ and |D*xg|(Q) > 0,
then QN .ZF*E| > 0 as well. Indeed, in this case, we have

/ divipdr = / ¢- dDg xg forall p € C(Q;R"),
E QNFeE

so that [N .Z*E| = 0 implies |D*xg|(©2) = 0. In particular, this applies to the case
P,(E,Q) < +o0, see [4, Rem. 4.9]. The following result refines such statement for the
effective fractional reduced boundary. Here and below, given v € S"~! and z, € R",

HJ (wo) ={y € R": (y —wo) - v 2 0}, Hy(xo) ={y € R : (y — o) - v = 0},
with the shorthands H; = H(0) and H, = H,(0).

Theorem 1.12 (Properties of Z2F).
i) If xg € BVO(R™), x € ZOF and Tan(E,x) = {F}, then F = H,, ., and
€ VE(J:)

loc
Yp={r e Z{E : FE admits a unique blow-up at x}

can be covered by countably many (n — 1)-dimensional Lipschitz graphs.
(i) If xg € W (R™), then A" *(FOE) = 0.
(iii) If xg € BViee(R™), then FE C F2E, #" Y (FOE\FE) =0 and Vg = vy on FE.

The proof of Theorem 1.12 combines Definition 1.11 and the properties of the fractional
reduced boundary established so far with several known results concerning blow-ups.
Point (i) is a consequence of Theorem 1.7, [10, Prop. 2.1] and [9, Th. 1.2]. Point (ii)
exploits [13, Prop. 3.1]. Finally, point (iii) follows from well-known properties of sets with
locally finite perimeter as soon as the inclusion # F C .#“FE is proved.

In the proof of Theorem 1.12 we exploit the following result, which can be easily deduced
from [7, Prop. 1.8] and in fact provides a notable example for point (iii) in Theorem 1.12.
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Proposition 1.13 (Half-space). If xo € R" and v € S"71, then

a o ,ul,a v
VXt (a) () = a |(z—x0) - v|®

for all x ¢ H,(xo),
with FH} (xo) =R", Z2H(x9) = H,(x0) and Vit (ag) = ¥ O R".

Proposition 1.13, combined with Theorems 1.6 and 1.12(i), implies the following result.

Corollary 1.14 (Refined convergence on Xg). Let xg € BV (R") and x € Xg. If

loc
X E-z — XH+Q< : in L (R™) asrp, — 0T, then, up to extracting a subsequence, as 1, — 0T,
Tk. IJE x

DaXEfz N M1, VE(‘CE) L in 'ﬂloc(Rn; Rn))

wooa () vp())
H1,a 1 .
D pu| — —= L in Moo (R™).
N B R7IEE e

We conclude our paper with the following result, which is a simple consequence of [4,
Th. 3.18] and provides another important example for point (iii) in Theorem 1.12.

Proposition 1.15 (Ball). If zg € R® and r > 0, then

« Hn,o Y n—1
VY g (o (1) = — — 2 SR . P o d 8B, (x0),

with 7B, (x0) = R"\{zo}, B, (10) = 0B, (v0) and v (,\(x) = — =% for all x # xo.

- |z—x0|

2. PROOFS OF THE RESULTS

The rest of the paper is devoted to the proofs of our results. Throughout this section,
we let (o) C C°(R™) be a family of standard mollifiers, that is, we let o.(7) = e™"o(%)
for x € R™ and € > 0, where

0€ C(R™), >0, pisradial, supppo C B; and odx = 1. (2.1)
By
In addition, for x € R" and i € {1,...,n}, we let #; € R""! be defined as
(T2, ..., Ty) ifi =1,
Ti= (1, i1, Tigr, .y xy) i1 €{2,...,n— 1}
(X1, o, Tp1) if i = n.

In some of the proofs below, we will invoke the following result (only for p = +00).

Lemma 2.1 (Smoothing). Let p € [1,+00]. If f € BVioP(R™) and o € CP(R™), then

ocC

o* f € BVZP(R™) N C®(R™) with V*(o* f) = ox D*f in L} (R™;R"™).

Proof. Clearly, oxf € WYP(R"), hence V*(px f) € LP(R™; R") by [5, Prop. 3.3]. Moreover,
ox D°f € L (R™R"). Given ¢ € C>*(R™ R"), we have g * ¢ € C>°(R";R") and thus

/ (Q*f)divo‘godx:/ f(g*divagp)dx:/ fdiva(g*go)dm:—/ (0x @) dDf,
R Rn R 4
thanks to [4, Lem. 3.5], readily yielding V(¢ * f) = o * D*f in L{ (R";R"). O
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2.1. Proof of Theorem 1.1. Given ¢ € C°(R";R"), since P,(F) < +o00, arguing as in
the proof of [6, Lem. 3.2], we can write

div® (pxr) = xrdivie + ¢ - VOxr + diviy (X, @) in L'(R"). (2.2)

Let us observe that

‘/Rn Xe @ - VOxr Az | < ol o @nimn [[VOXE[| 1 s ey

Moreover, by [6, Lem. 2.9], we have

L xedivi (e, @) de = [ - Vi e ve) da, (23)
so that

< [lpll oo s ey [V O X)Lt @)

’/Rn xe diviy (xF, @) dz

Recalling the definitions in (1.5) and (1.9), as in [6, Cors. 2.3 and 2.7] (since |xg(x) —
xe(y)| <1 for x,y € R") we can estimate

maX{HVaXFHLl(R";Rn)a VL (XE, XF)||L1(Rn;Rn)} < o Pa(F),

in particular proving (1.13). A straightforward application of [6, Lem. 2.9] (by taking
p,r =400, q=1, f = xg, g = xr and ¢ =1 in that result, and observing that bf (R")
coincides with the space of L{. (R™) functions with finite W*!-seminorm, see [6, Sec. 2.1])

gives (1.14). Now, integrating (2.2) and exploiting (2.3), we get

/Rn XEmFdiVaSde:/EdiVa(SOXF) dx—/Eso'V‘“dex—/Rn90~V§L(XE7XF) dz

Now let 1. = o * (pxr) for all € > 0. Since ¢ € C°(R"), we can compute
/ div¥. do = —/ Ve - dD%xE
E Rn

for all € > 0. Since Y. — pyr in W*HR";R") as ¢ — 0T (see [4, App. A]), we have
div*y, — div*(oxr) in L'(R") as € — 0" and thus

lim [ div®, dx:/ div*(oxr) dz.
E

e—=0tT JE

Since 1. — pxp A" *ae. in R" as ¢ — 07 by [13, Prop. 3.1] and the fact that
| D\ p| < "L F*E due to [4, Cor. 5.4], we also get that
lim / V. - dD%x g :/ Xrip - dD%xE.

Rn R

e—0t

Hence, we get

/Rn Xenr divipdr = —/Rn Xrip - dD%xp — /Ego -V pdr — /Rn<p -V (xe, xr) dz

whenever ¢ € C°(R"; R"™), which easily implies (1.12) via a standard approximation ar-
gument. The validity of (1.15), (1.16) and (1.17) is an easy consequence of (1.12). Finally,
if F' is bounded, then xgnr € BV*!(R™), so that [6, Lem. 2.5] implies D*xgrr(R") = 0,
and so (1.18) follows by integrating (1.12) over R™ and exploiting (1.14). O
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2.2. Proof of Theorem 1.3. Let ¢ € C*(R™; R") and set g. = . * g for all € > 0. Since
g- € Lip,(R™), by [5, Lem. 2.4] we can write

div®(g.p) = g- divio + ¢ - Vg, +divy (ge, ) in L'(R™) N L®(R™).
Hence, in virtue of [6, Lem. 2.10] and Lemma 2.1, we have

/R fg.divipds = /R fdiv®(g.p) da — /R fo-V.dx — /R [ dive(ge, ) da

= —/Rn 9etp - dD“f—/Rn 0-* (fo) - dDag—/Rn g9-diviy,(f,¢) da.

(2.4)
Since div®y, divyy,(f, ») € L*(R™), by the Dominated Convergence Theorem we have
lim / fg-divipdx :/ fgdiv¥eode, (2.5)
e—0T Rn Rn
tim [ g.divgu(fop)do = [ gdivg(f.¢)do. (2.6
e—0t JRn Rn

Setting f. = o.x f for all ¢ > 0 and letting R > 0 be such that supp ¢ C Bg, we also have

/Rn 0- % (fyp) - dD%g — /R fop - dD%
— [ [ el =l @llel) — e dyd D)

<Ml [ [ o= y)lely) - ¢l@)ldy | Dl (@)
Bry1 JR”
for all € € (0,1). Since ¢ is uniformly continuous on R™, we thus get that

lim / 0. % (f¢)- dD% = lim [ f.p- dD%%. (2.7)
Rn Rn

e—0t e—0t+

< [ lo-x (Fo) = feldiD7g]
Bry1

Now, since |f-(x)| < || f]|zo®ny for each x € R™ and € > 0, the family (f.).>o is uniformly
bounded in L*(R",|D%g|). Thus, by Banach—Alaoglu Theorem, we can find a sequence
(fe)kenw and f € L®(R",|D%g|) such that f., =~ f in L®(R",|D%]|) as k — -+oo.
Similarly (up to subsequences, which we do not relabel), we can also find a sequence
(9o )keny and g € L®°(R",|D*f|) such that g., — g in L>®(R",|D*f]) as k — +oo. In
particular, (1.20) follows by the lower semicontinuity of the L* norm with respect to
the weak® convergence. Therefore, passing to the limit as k — +oo in (2.4) along the
sequence (ex)ren and recalling (2.5), (2.6) and (2.7), we get

/Rn fgdivioda = —/Rnffw dD“f—/Rn fo- dD“g—AngdiV%L(f,w)dx

whenever ¢ € C°(R";R"), readily yielding (1.19) thanks to Definition 1.2, and there-
fore (1.22) as long as fg € BV3.™(R™). To conclude, we thus just need to prove (1.21).

To this aim, we observe that, by Lemma 2.2 below, f., (x) — f*(z) as k — 400 for all
xr € Zy. Hence, by the Dominated Convergence Theorem, we get

fv-aptg= dim [ fu-dpog= [ e dpog
%f k —+00 %f l%f

5
for any ¢ € C.(R™), proving the first half of (1.21). The second half of (1.21) is similar. O
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Lemma 2.2. Ifu € L (R") and v € Z,, then
u*(z) = lim (0. * u)(x).
e—0t

Proof. In view of (2.1), we can write o(x) = n(|z|) for all z € R™, where n € C2°(]0, 4+00))
is such that n > 0 and suppn C [0,1). In particular, 7 is absolutely continuous on [0, 1].
Hence, if 7 is strictly decreasing on its support, we exploit Cavalieri’s formula to get

(o-x ) == [ f (e — y) dyde

{y€B:: o(y/e)>t}
£

= —5_n_1/0 77/ (g) u(:(: — ’y) dy ds

{yeBe :n(lyl/e)>n(s/e)}
_ —n—1 c S
— ¢ /0 n/(g)/Bsu(x—y)dyds
1
= —/ n'(r) wnr”][ u(y) dy dr.
0 Bye ()

If x € #Z,, then we can apply the Dominated Convergence Theorem to get

lim (g * u)(x) = — /O1 n'(r) w,r” ( lim ]{Bm(x) u(y) dy) dr = u*(z),

e—0t e—0t

as we easily recognize that

1 1
—/ n'(r) wer™ dr = nwn/ n(r)r"tdr = / o(z)dz = 1.
0 0 Bi

In the general case, since 7 is absolutely continuous on [0, 1], we can write n = 1 —
ne on [0,1], where ny,19: [0,1] — [0,+00) are strictly decreasing absolutely continuous
functions such that 7;(1) = 72(1). The conclusion hence follows by performing analogous
computations involving Cavalieri’s formula on 7, and 7, separately, and then by exploiting
the linearity of the derivative. O

2.3. Proof of Corollary 1.4. The validity of (1.23) immediately follows from (1.22) in

Theorem 1.3, since xg xz = xr € BV (R™). In particular, xz € L>®(R", |D*xg|) given

by Theorem 1.3 is uniquely determined by (1.23). The validity of (1.24) follows from (1.21)
and by the construction in the proof of Theorem 1.3. Finally, if xyg € BV*!(R"), then
(1.23) easily implies that DRy (xg, xr) € A4 (R™;R™). We let n € C°(Bs) be such that

n =1on By and set ng(x) = n (%) for k € Nand € R". By Definition 1.2 with ¢, = ne;
for 7 € {1,...,n} and [6, Cor. 2.7], we get

/Rn ;- D, (e, XB)| = '/R X& € - VL (Xe, M) dz
< 2pin ol B[ VRL(XE, 1) || Lo (R )
< 2Mn7a|E|[nk]Bg‘o’1(R”)
= 2#n,a|E|[77]Bgo71(R”)k_a — 0 as k — +oo.

Thus, by the Dominated Convergence Theorem, we obtain

ej - DR (xe, xp)(R") = lim o TR dDRy(XE, xg) =0 forall j € {1,...,n},

k—4o00
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which implies D%, (xg, xz)(R™) = 0. Consequently, since D*yg(R"™) = 0 by [6, Lem. 2.5],
we can integrate (1.23) over R™ to get

0 = Diy(xe: xe)®") = | (1-2%5)dD*xe = =2 [ X5AD"xs,
proving (1.25) and ending the proof. O

2.4. Proof of Theorem 1.6. We prove (i), (ii) and (iii) separately.
Proof of (i). Up to extracting a subsequence, we can also assume that ye-= — XF

Tk
a.e. in R™ as r, — 07. Hence, by the Dominated Convergence Theorem, we get

/ X e-= divipdr — xrdiviodr asrp — +oo
n Rn

Tk

for any ¢ € Lip,(R™;R"), since div®yp € L'(R™) by [4, Cor. 2.3]. Thanks to the density
of Lip,(R"; R™) into C.(R™;R"™) with respect to the uniform convergence, we infer (i).

Proof of (ii). Given ¢ € C.(R™), we can estimate

<v [ e (52)

+ ‘/ p(vi(e) - ADX s — v - dD“xF)’
R Tk

vis(y) — ve(@)[d[D"xz|(y)

‘/ sod|DC“><u|—/ ed|D%F|
Rn Tk: Rn

(2.8)
On the one side, since z € .F*E, by [4, Th. 5.3] there are A,,, > 0 and r, > 0 such that
1D E|(Br () < Apor™™® forall r e (0,7,). (2.9)

Hence, letting R > 0 be such that supp ¢ C Bg, we can exploit (2.9) to estimate the first
term in the right-hand side of (2.8) as

i [ e (52) Wi () — va @)l dIDxal ()

<Cuan f. o (55)| W8 ) — vE@)] dD"x5| (W)
BrkR(x) F

<ol (£, 1500 = @R AD™e10)
7, R\T

(2.10)

D=

-

el (f, 20200 1) AP xsl))

for all r;, > 0 sufficiently small by Jensen’s inequality, where C;, , g > 0 does not depend
on k. Again since x € .Z“E, we have

vi(r) = lim vi(y) d[Dxel(y)- (2.11)

r—0+t B (x)

Therefore, by combining (2.10) with (2.11), we conclude that

i [l (52)

lve(y) — ve(x)| d|DxE|(y) = 0 asry — 0t. (2.12)
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On the other side, by [4, Prop. 5.9], we have v§ = v%(z) |[D*xr|-a.e. in R™. Hence, in
virtue of (i), the second term in the right-hand side of (2.8) satisfies

/R o) (vi(a) - dD%x =2 (y) = vi(y) dDaXF(fU))’

/ o VE(x dDO‘XE s — dDaXF)
possibly passing to a further subsequence. Thus (ii) follows from (2.8), (2.12) and (2.13).

Proof of (iii). Points (i) and (ii) implies (iii) for all R > 0 such that |D*xr|(0Bg) = 0.
Since |D*xp|(0Bgr) = 0 for a.e. R > 0 (by [l, Exam. 1.63] for instance), the validity
of (iii) immediately follows. O

(2.13)
— 0" asr, — 0"

2.5. Proof of Proposition 1.8. Assume D}f = 0. Let ¢ € C*(R") and set ¢p =
(=A)2%p. By [4, Lem. 3.28(ii)], we have ¢ € S*'(R") (ic., » € BV*(R") with
| D] < L7, see [4, Sec. 3.9] for an account) with Vi = V. Hence, by [4, Th. 3.23],
we can find (¢, )reny C C°(R™) such that ¢y, — ¢ in S*'(R"™) as k — +o00. Thus, we have

/ f@-gpdx:/ Fopde = lim / fOMpdr = lim / b ADEf = 0,
R™ R™ k—+oco JRn k—+o0 JRn

from which we readily get D;f = 0. Viceversa, assume D, f = 0 and suppose f € Lip,(R")
at first. Then we can write f(x) = g(%;) for all z € R" for some g € Lip,(R"!). Thus,
by [5, Lem. 2.3], we can compute

. yif(z+7)
AV = lp.o | / —_ =
7 f(ZL‘) % , 5i>%1+ {lyl><} |y|n+a+l
y,

= llpo lim gf‘f‘?)'/
a 3 Rr—1 ( i ”L> (ysl2>(e2—19:12)+) (y +|y|

for all x € R, so that D f = 0. If now f € BV5:°(R™), then f. = o. * f € Lip,(R") for

loc

all e > 0. Since D;f = 0 by assumption, also D, f. = 0. * D;f = 0 for all € > 0, and thus
/ edD} f = hm/ 0 ¥ pdD f = hm pdD}f. =0
R”

R
by the Dominated Convergence Theorem for all ¢ € CEO(R"), so that D¢ f = 0. O

)n+a+1 dyz dgz =0

2.6. Proof of Proposition 1.9. Since D;f = 0, there exists g € L>(R™!) such that
f((t,z)) = g(x) for a.e. t € R and a.e. x € R""!. Now let us assume that f € Lip,(R") at
first, so that also g € Lip,(R"™!). By [5, Lem. 2.3], we can write

(V%{nq)ig(x) = fn-1a /Rn_l (9(2’) - 9(27)) (Zl — wz) dz

|z — x|nte

L(42) Ve [ s,
I (%‘ﬁl) Rn—1 ‘,Z — $|n+a

=t [ 00) = 000)) Ga ) [ g e

24|z —z|?

o [ D= o)) 0

+ |z — o)

= Hn,«a
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= lina /Rn (f(y) - f((s,x))) (yz - (va)i) dy = (vIﬁn)lf((S,x))

|y — (s, z)[rrott

for all z € R"! s € R and i = 2,...,n, where V%, denotes the operator (1.1) taken
in the ambient space R™, m € N. In the above chain of equalities, we exploited the fact
that, by the properties of the Gamma and Beta functions, for v = |z — x| and s = n + a,

s dt +oo dt [1+2=7) 1 r (%) VT
ufis“:2/ pITRETE=EY /7"2 1—7") dr = —4——.
R (12 +u2)F o (2+1)% r(=5)
By Proposition 1.8, Dfg.f = 0, and so D, Vg, [ = 0. Now let f € BV;3;™(R") and set
fe = 0e* f for all e > 0. Then f. € Lip,(R") with V§. f. = 0. * Dg. f for all £ > 0. Since
D, f. = 0, there is g. € Lip,(R"™!) such that f.((¢,z)) = g-(x) for all t € R and z € R™!
and g. — g a.e. in R" ! as e — 0". Thus

(Vin-1)ige () = (Vin)ife((s,2))
for all z € R s € R, i € {2,...,n} and € > 0, thanks to Lemma 2.1. Note that
Dy Dg.. f = 0. Indeed, since D1 Vg, f. =0 for all € > 0, we have

— i D anedzl‘/ED dD”‘n:/D aDe,
0 Eg{g}r o 1Y Via fe da EE(I){F RnQ * D1y g S o 1 f
for all v € C2°(R™) by the Dominated Convergence Theorem. Now, given ¢ € C°(R" 1)
and o € C°(R), setting ¥(y) = o(y1) ¢(91) for all y € R", we have ¢ € C°(R") and so

</Radt>/R @ (Vign-1)ige dz = < Udt) - o(2) (V)i f-((0, 7)) d
/" / () (Vi )if((0,2)) dz dt
/" /]R () (Via)ifo((t, x)) da dt

Il
=

R
= [ o) @) (Va)if-(v) dy
/ VR" fa dy
for all e > 0 and i € {2,...,n}. By the Dominated Convergence Theorem, we have
lim [ o (Vgoigede = — lim [ g (Vo dipde == [ g(V)ipds

and, similarly,

lim [ 0 (Vi)ifdy= [ wd(Dg)if:

e—0t JR»

We thus conclude that
~([oat) [ g(Vaowde= [ o) eli) dDEFW)
forall i € {2,...,n}, p € C(R") and o € C°(R). Hence g € BVo;(R*1), with

L o) e a0z ) = ([odt) ([ edDg)ig)

forall i € {2,...,n}, p € CX(R") and 0 € C*(R), yielding the conclusion. O
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2.7. Proof of Theorem 1.7. By [4, Prop. 5.9], we have Xr € BV (R™) with vg = e,
|D*xpl|-a.e. in R". Hence D{xp = 0 for all i = ,n—1and Dixr > 0. By
Proposition 1.8, we infer that also D;xr = 0 for all 1 = 1,...,n — 1. Consequently,

F =R ! x M for some measurable M C R. We now prove the properties of the set M.

Proof of (i). By repeatedly applying Proposition 1.9, we get xa € BVjoo " (R), with

loc
(DR")TLXF = gn—l X DRXM - gn—l ® aaXM in %oc(Rn)a
from which we readily deduce that 0%y, > 0.

Proof of (ii). If |[M| € (0,400) by contradiction, then y,; € BV;%'(R) and thus we
obtain u = I1_oXm € BViee(R) with du = 9%y, arguing exactly as in [4, Lem. 3.28(i)].
Hence Ou > 0 and thus u is a non-negative and non-decreasing function. Moreover, since
|M| < +00, we have u € LP(R) for all p € (é, —1—00), which immediately yields u = 0, so
that |M| = 0, a contradiction. Hence |M| € {0, +o0} and, since F° € Tan(E°, x), we also
get that |M¢| € {0, +o0} by a symmetrical argument.

Proof of (iii). Let |M| = 400 and assume b = esssup M < 400 by contradiction. Let
Iy = (b,b+1). By (i) and (1.18), we can compute

0< 8 xar(ly) = / Vs, dt.

By [4, Exam. 4.11], V*xy, () > 0 for all ¢ < b, forcing |M| = 0, which is a contradiction.

Proof of (iv). Let M # (), R be such that P(M) < +oo. Then, up to negligible sets,
M = U,ivzllk for N € N closed intervals I, C R with a = inf I}, < sup Iy = by, ap, b €
[—00, +00] and sup [, < inf [, for all k = 1,..., N — 1. Let us assume that N > 2.
Since |M| = 400 by (ii), we must have by = +oo by (iii). Since also |M¢| = +o0 by (ii),
we must have a; > —oo. In particular, I} is a compact interval for all k =1,..., N — 1.
By linearity and in virtue of [4, Exam. 4.11], we have 0%y = V¥ £*, with

N N-1
=3 VN =ca 3 (It—an]™ = [t = be| ™) + calt — an|™
k=1 k=1

for all t € R with ¢ # aq,b1,...,an_1,by_1,ayn, where ¢, > 0 depends on « only. Since
N > 2, we have V¥ (t) < 0 in an open neighborhood of by, contradicting (i). We thus
must have N =1 and so M = (a1, +0o0) for some a; € R, concluding the proof. [l

2.8. Proof of Theorem 1.10. Let xr € W*!(R"). By Theorem 1.1, we have xpnr €
BV (R™) with DExprr = xXpr DEXE In Moe(R™;R™). If |[ENF| = |F|, then xgnr = xF
and so xp1|D¢xE| = |D¥xEnr| = |D¥xr| = 0. If instead |E N F| = 0, then xgnr = 0 and
so again xp1|Dxg| = |DXenr| = 0. Therefore |DSxg|(F') = 0 whenever |[ECN F| =0
or |[ENF|=0. Taking F' = B,(z) for x € R" and r > 0, we get supp |D&xg| C 0~"E. O

2.9. Proof of Theorem 1.12. We prove each statement separately.

Proof of (i). Without loss of generality, we may assume that = 0 and v§(0) = e,.
By [10, Prop. 2.1], we must have F' = AF for all A > 0. Due to Theorem 1.7, this implies
that F' = R"! x M for some M C R such that M = AM for all A > 0. Since 0 € F*FE, we
must have M # (,R. As a consequence, |M| = +oo by Theorem 1.7(ii). It is now plain
to see that either M = (0,+00) or M = (—00,0), but the latter case is automatically
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excluded by points (iii) and (iv) of Theorem 1.7. We thus get that F' = HZ (0), as claimed.
The remaining part of the statement is a simple application of [9, Def. 1.1 and Th. 1.2].

Proof of (ii). By [13, Prop. 3.1], we know that "~ *(0*F) = 0. Since Z*E C 0*E
by Definition 1.11, we thus get that " %(ZF*FE) = 0 as well.

Proof of (iii). Let x € Z E. By (iii) in Theorem 1.6 and by Proposition 1.13, we have

- [D*xel(Brr(2) .
1 =1 D%y ez |(Bgr) = |D* B
ri%}" (TR)n_a Ti%}" | XETK R> ‘ XHJ_E(I)|< R> >0

for all R > 0. Hence, there exists r, > 0 such that
| DX g|(B,(x)) >0 for any g € (0,7,). (2.14)
Moreover, by (i) and (ii) in Theorem 1.6 and by Proposition 1.13, we have

DaXE<BT<x)) _ /B1v XHJE(I) dy

m = vg(x). (2.15)
r—0+ |DOCXE|(BT(1’>> / ’VQXH+ |dy
B1 v (z)

The limits in (2.14) and (2.15) thus imply that © € #*E with v} = vg on FE.
Since FE C 0*E, we get FE C F&E. The conclusion thus follows by recalling that
H"HO'E) < 400 and "N (O*E\ FE) =0, see [12, Th. 16.2] for instance. O

2.10. Proof of Proposition 1.15. Without loss of generality, we can assume zy = 0
and r = 1. By [4, Th. 3.18, Eq. (3.26)] (applied to f = xp,), we have

Voxg (x) = ——tme [ iy

n+a—1Jop |z —ylrte-!

for all x € R™\ 0B;. Changing variables, we easily get that
Y n— r Y n—
|ty - e ()

B |z =yt x] Jomy |zler — y[ret

for all x € R™ with |z| # 0, 1, since / vi d#"y)=0foriec {2,...,n}

o ||zler — y[rrot
by symmetry. We also notice that

/ e )

By ||zfer — y[rtet

1 1 n—1
y ( ntoa— - ntoa— ) d% y >0
OB >0} " \((zl—y)2 Hin ) TE (el ryn)2 i) )

for all z € R™ with |z| # 0,1. Hence, we can write

MTLOC x
ve = ——————Una — 2.16
o (0) = =g el (2.16)
for all € R"™ with |z| # 0, 1, where
U1 —1
n,alt :/ —d" >0
hall) = [ e )

for all ¢ > 0. We now claim that

vg, (v) = —‘; for all z # 0. (2.17)
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Lo <\Zr @ Grallyl) dy

Indeed, since

y x
< sup |—/— ——
| onally) dy vene(@ [l 12l
By ()
by (2.16) we have
()
V%, (y)dy / Inallyl) dy
lim 2 o) i 2B 1l _ T
S L vt ldy [ guallhdy 1]
r(z) Br(z)
proving (2.17). If x = 0, then / ’y| In.a(ly]) dy = 0 by symmetry, so that
B |y
o )
Voxn (y) dy [, pronelshd
lim 77 = lim ~— = 0.
L Wldy [ gyl dy
Consequently, #“B; = R"\ {0}, F8B, = 0B, = .# B; and v = vp, on 0B;. O
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