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Abstract

This article is devoted to the convergence analysis of the diffusive approximation of the
measure-valued solutions to the so-called aggregation equation, which is now widely used to
model collective motion of a population directed by an interaction potential. We prove, over
the whole space in any dimension, a uniform-in-time convergence in Wasserstein distance in all
finite-time intervals, in the general framework of Lipschitz continuous potentials, and provide a
O(4/€) rate, where ¢ is the diffusion parameter, when the potential is A—convex. We give an
extension to some repulsive potentials and prove sharp convergence rates of the steady states
towards the Dirac mass, under some uniform attractiveness assumptions.

1 Introduction

This paper addresses the vanishing viscosity limit € — 0 for the following aggregation-diffusion
problem on the whole space R, in any dimension d:

0ip° + V- (a[p™]p%) = eAp7, (1.1a)
alp®] = =VW = p°, (1.1b)
5 0,7) = 65, (L1c)

where ¢ > 0, W : R - R is a given interaction potential and the sequence of initial data (P5)e>0
belongs to P2(R?) the set of probability measures with finite second order moment, and converges
as € goes to 0 towards a given p™ e Py(RY).

Equation f is often used in population dynamics to describe the collective motion of a
population subject to Brownian diffusion and interacting through the interaction potential W. The
term VIV % p®(z) models the combined contribution of the interaction of a particle located at point
x with particles at all other points. These equations appear in several applications arising from
physics and biology to model, for instance, swarming, chemotaxis, crowd motion, bird flocks, or fish
schools, see, e.g., [29, 6, 42, 41, 15, 20]. The potential W depends on the model we consider. For
example, the celebrated parabolic-elliptic Patlak-Keller-Segel model [24, 25| for chemotaxis with an
adequate set of parameters corresponds to the aggregation-diffusion equation in dimension d = 2 for
the logarithmic potential W (x) = i In(|x]).

In this work, we assume that the interaction potential W satisfies the following properties:
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(A0) For all z € RY, W(z) = W(—z) and W(0) = 0,
(A1) W e CH(RN\{0}),

(A2) W is ax-Lipschitz continuous, for some constant a = 0 (nevertheless this assumption is not
done in Section .

In addition, some of our results only hold under one of the following supplementary assumptions:
(A3) W is A—convex for some A < 0, that is, z —> W (2) — 3|z|? is convex,
(A4—p) There exists a constant C' > 0 such that, for all z € RY, VW (z) - 2 > C|z|?,

where p > 1. Potentials satisfying assumptions (A0)-(A1)-(A2)-(A3) but not differentiable at the
origin are often referred to as pointy |11} 13, 27]. These hypothesis exclude the Patlak-Keller-Segel
system from the analysis above, system in which the singularities are much more complicate to
understand (and can appear also for € > 0).

Remark 1.1. Note that assumption (A2) is incompatible with assumption (A4—p) whenever p > 1,
thus when the latter is done, it is done instead of (A2). This is the reason why we only consider A < 0
in (A3), since (A3) with A > 0 implies (A4-2) (incompatible with (A2)). Still, when studying well-
posedness of inviscid aggregation equations, the case A > 0 can be tackled considering compactly
supported data for, in that case, the support decreases in time (see [13] Theorem 2.1 and |9] Remark
2.14): as a consequence only the local behavior of W matters. When e > 0, it is not clear however
that we can reproduce this argument.

When the potential is pointy, finite time blowup of weak solutions occurs |2, 3| for the inviscid
problem:

2+ - (alplp) = 0, (1.22)
alp] = =VW = p, (1.2b)
p(0,-) = p™, (1.2¢)

After blowup time, the solutions being possibly singular measures, the product a[p]p is no longer well-
defined. For A—convex potentials, the continuation of weak solutions valued in Py(R%) has therefore
been studied through three different approaches: gradient flow solutions in the Wasserstein space
[9], duality solutions @ la Bouchut-James |21} [20] in one dimension of space and Filippov solutions
[11, 27]. These notions of solutions turn out to be equivalent to that of solutions in the sense of
distributions provided the velocity field a[p] is replaced by:

alpl@) =~ | VW(x—y)pldy) = ~VW  p(a) (1.3)
YF#x

where W is defined as
VW () if 2 € RN\{0},

0if z =0. (1.4)

VW (z) = {

Our objective in this paper is to study the convergence of the viscous solutions (p%)c~o towards
such a weak measure solution to . When W is A—convex, these asymptotics had previously
been mentioned in [8], where the authors explain how to use the techniques for the I'—convergence
of gradient flows developed by Serfaty in |36]. Our method basically relies on the same arguments
which actually do not require the A—convexity of the potential but only its Lipschitz continuity —
along with the standard assumptions (A0)-(A1) (for other works with potentials that are Lipschitz



continuous but not A-convex, called repulsive, see for example 32| and reference therein). Starting
from the so-called Energy Dissipation Equality (EDE) for the viscous problem 7 we prove
lower bounds of lower semicontinuity-type on each term of the EDE. This amounts to verifying
the assumptions of Theorem 2 in |36]; if, in addition, the initial data is well-prepared, then we meet
all the hypotheses of this theorem. However, we deliberately pass to the limit by hand, so as not to
invoke abstract gradient flow arguments. Therefore, our proof is self-contained for the reader with
minimal background regarding optimal transport. In particular, in our Theorem [3.I] we recover, at
the limit € — 0, the right definition of the velocity field for as defined in ([1.3)).

We generalize this result in Corollary to arbitrary Pa(R?) initial data converging in Wasserstein
distance towards the initial datum p™ of the inviscid problem, when W is, in addition, A—convex.
This is done by smoothing out the initial data and estimating the distance to the modified solutions
at time ¢, which is possible since the interaction energy is A—geodesically convex. We then provide
a convergence rate based on the differentiation formula of the Wasserstein distance between two
absolutely continous curves on the Wasserstein space. Note that, for the Newtonian potential, the
vanishing viscosity limit had been established in [12] in dimension d > 2 and up to the time of
existence of weak solutions in L' n L but, to the best of our knowledge, without convergence rates.

This article is structured as follows.

In Section [2] we recall some useful results and definitions regarding optimal transport and func-
tionals defined over the Wasserstein spaces.

The main results concerning the convergence as € tends to 0 for the evolutive equation are con-
tained in Sections B] and [

e In Section 3] in the framework of Lipschitz potentials, we begin with the general convergence
result of the diffusive solutions (p®)c~¢ towards a solution p to the inviscid problem for
well-prepared initial data. We then relax some of our assumptions on the initial data and focus
on A—convex potentials, for which we prove that convergence still holds for arbitrary initial
data (p§)->0 converging towards p™.

e We then prove that convergence occurs at rate O(4/€) in Wasserstein distance. This is done
with two different methods. The first relies on differentiating in time the distance Wy between
two smooth solutions and exploits the previously proven unquantified convergence. The second
is based on the convergence estimates of an upwind-type scheme for the inviscid problem due
to the first author with Delarue and Vauchelet |14} |13].

e Later, in Section [4, we show that convergence (without convergence rate) still holds, up to an
extraction, for repulsive potentials that behave like W (x) = —|z|. The idea is to estimate, as
in the A—convex case, the distance between solutions associated with smoothed out initial data
and solutions associated with a fixed initial datum p™. This is done by differentiating the
Wasserstein distance between solutions and proving appropriate estimates on the aggregation
velocity field using an additional integrability assumption on V2W.

Section [f] is devoted to the study of the stationary problem and, in particular, we provide higher
convergence rates for the viscous steady states towards the unique steady state of the aggregation
equation, that is, up to translations, the Dirac mass, when the interaction potential satisfies the key
assumption (A4-1) but is not necessarily Lipschitz continuous. Under assumption (A4—p) for an
arbitrary p > 1, estimates are also obtained and proved to be sharp for p = 2.

We eventually illustrate our convergence results in Section[6land observe all the proven convergence
rates.
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2 Preliminaries

2.1 Notations

We denote by C(R?) the space of continuous functions from R? to R, and by Co(R?) (resp. Cp(R%),
C.(R%)) the subspace of continuous functions vanishing at oo (resp. of bounded continuous functions,
of continuous and compactly supported functions). We also denote by Mj(R?) the space of Borel
signed measures with finite total variation, equipped with the weak topology o(M;(R%),Co(R%)).
For a sequence (pn)nen € My(RHOY and p € My(RY), we denote the weak convergence of (pn)nen
towards p by p, n_i)oo 0.

For p € My(R%) and r € [0,4), we also denote by M,(p) the r—th moment of p, given by

M, (p) = §ga |z|"p(dz), where | -| is the Euclidean norm. For p € M;(R?) and Z a measurable map,
we denote by Z4p the pushforward measure of p by Z, which satisfies, for any ¢ € Cy(R?),

fwww@mm»=fw2@»mmy

Note that, in the above equality as in the whole article, whenever the integration domain is not
specified, the integrals are considered over the whole space (which is R? here). If g € My(R?) is a
positive measure, we also note p < p whenever p is absolutely continuous with respect to pu.

We call P(R?) the subset of M;(R?) of probability measures and we denote, for p € [1, +x0),
Pp(RY) := {pe PR?), M,y(p) < +w0}. For p,v € Pp(R?), we define the Wasserstein distance of
order p between p and v by (see |1} |35, |43]):

Wy(p,v) := inf {Jf|x—y|p (dx dy)}l/p (2.1)

vel'(p,v)

where T'(u, ) is the set of measures on R% x R? with marginals x and v, i.e.

F(u,l/)z{’ye'Pp( x RY); V& e Co(RY), fg y(dx, dy) = fg

| éwrtaz.ay) = [t }

Any measure that realizes the minimum in the definition of W), is called an optimal plan, and
the set of optimal plans is denoted by I'g(u, ). The space P, (R%) equipped with the distance W, is
called Wasserstein space of order p and denoted W, (R%).

We recall that the Wasserstein distance W), metrizes the weak convergence of measures in the

sense that, for (pp)nen € Pp(RDY and p € P, (R?), Wy(pn, p) -, 0 if and only if p, EOO p and
My(pn) -, My (p) (see |43], Theorem 7.12).

1 1
We shall also denote the conjugate exponent of p by p’ € [1, +00] defined by — 4+ — = 1, with the
p P

usual convention 1’ = 400 and o’ = 1. For a € R, the positive and negative part of « are denoted
by at := max(0,a) and o~ := max(0, —«). With that convention, both a® and o~ are always
nonnegative.

Throughout this paper, we will use the same notation C' to denote any positive constant.



2.2 Curves and functionals over the Wasserstein space

Let p € [1,+00) and T > 0. We call curve on the metric space W,(R?) any continuous function
p e C([0,T],W,(R%)). We say that p is an absolutely continuous curve if there exists b € L([0,77])
such that W (ps, pr) < Si b()dr for every 0 < s <t < T, and we denote AC([0,T], W,(R?)) the set
of absolutely continuous curves on W,(R%). We also define for ¢ € [0, T], the metric derivative of p

at time t as:

. W (,Ot hypt>
P = lim 2P P (22)

If p is a Lipschitz curve on W,(R%), then the above limit exists for a.e. ¢ € [0,7]. Now, up to a
reparametrization in time, any absolutely continuous curve can become Lipschitz continuous and
therefore admits a metric derivative for almost every time.

The fundamental property of absolutely continuous curves in W, (R9) is the link with a continuity
equation:

Theorem 2.1 (|1], Theorem 8.3.1). Letp € (1,+) and T > 0. Let p e AC([0,T], W,(R%)). Then,
for a.e. t € [0,T] there exists a vector field vy € LP(p;, R?) such that:

e the continuity equation oip + V - (pv) = 0 is satisfied in the sense of distributions
hd fO?” a.e. te [OaT]; HthLT’(pt) < |p:€|

Conversely, if we take a curve p € C([0,T], W,(R%)) such that, for each t € [0,T], there exists a
vector field vy € LP(py, RY) with Sg lvell e (p,)dt < +00 solving the continuity equation 0yp+V - pv = 0,
then p e AC([0,T],W,(R?)) and for a.e. t € [0,T7], we have |pj| < [ve| 1o (py)-

As a consequence, the velocity field v introduced in the first part of the statement actually satisfies
lvell e (py) = |pt] for a.e. t€[0,T].

We now recall the definition of the first variation of a functional defined over probability measures.
Definition 2.2. Let F : P(R?) — R U {+0}. Assume that p € P(R?) is such that:
Vo e [0,1], Ve P(RY) A LP(RY), F((1—0)p+du) < +0o,

then we call first variation of F' at p, denoted %(p), any measurable function g such that:

dF(p + dx) _J
dé ‘5:0 = | 9dx:

whenever x = p — p for some p € P(RY) n LP(RY), where L¥(RY) denotes the set of compactly
supported functions in L™ (RY). If it exists, the first variation is defined up to an additive constant.

We now introduce two functionals that are essential to our study, the interaction energy W and
the entropy U, defined on P(R%) by:

W) = 5 || W~ wintd)otan). (23

pln(p), if p « Leb
U(p) - {5 v . (2.4)
+00 otherwise,

where Leb is the Lebesgue measure on R%. Note that, under assumption (A2), the interaction
energy W(p) is finite whenever p € P;(R?). For ¢ > 0, we shall also define the energy functional as
F& =W + eld. One can easily show that %—Vp\}(p) =W = p and %—Lp’(p) =Inp+ 1.

A key point in our proofs will be the lower semicontinuity (l.s.c) of the above functionals so that
minimization arguments apply.



Lemma 2.3.

(1) If W is L.s.c on R? and bounded from below, then the interaction energy W is Ls.c for the weak
convergence.

(2) If W is Lipschitz continuous, then the interaction energy W is Lipschitz continuous for the
W1 distance.

Proof. The first claim is contained in |35, Proposition 7.2].
For the second claim, we will prove

(W(p) = W(w)| < Lip(W)Wi(p, p).

Indeed, we can write W(p) = 1 {(W = p)dp, so that we have

Wip) ~ W) = f (W s p)dlp—p) + 5 j (W s (4 p))d.

We then use
‘ J(W xp)d(p — u)‘ < Lip(W = p)W1(p, n)

together with Lip(W = p) < Lip(W), and

W (1= o)) = | | Wl =)o~ )] < Lin(W (= )Wilp,p)

together with Lip(W(x — -)) = Lip(W).
O

The following lemma is proven in [34], Proposition 2.1. Recall that M,(p) is the p-th moment of
p-

Lemma 2.4. There exists a constant C' only depending on d such that the entropy functional U
satisfies U(p) = —C(My(p)Y/? +1). Moreover, if (pn)n € P(R?) is a sequence weakly converging
towards some p € P(RY) such that Mi(py) is bounded, then we have U(p) < limJirnfU(pn).

n—-+0o0

In particular, this means that the entropy is l.s.c for the W, distance for all ¢ > 1.

In order to obtain convergence of the moments of a weakly converging sequence of probability
measures, we will often make use of the following lemma, which is a particular case of |1, Proposition
7.1.5], since our assumption implies uniform integrability of the p-moment:

Lemma 2.5. Let 1 < p < +00 and (pp)nen be a sequence of probability measures in Pp(R?). Assume
that, for some constant C > 0, we have for alln € N, My(pn) < C. Then, there ezxist a subsequence
of (pn)nen converging towards some p € Pp(R?) in W, distance for all q € [1,p).

We finally define one last functional that will be useful in our proofs. Let p € (1,+00). We set
Ky = {(aab) eRxR?|a+ i|b|p' < 0} and, for (t,z) € Ry x R,
%t',ﬂpl, if t > 0,
fp(t,x) =<0, ift=0,2=0,
+oo, ift=0,z#0.




Then, for X a measurable space and for (p, E) € My(X) x My(X)?, we define the p—Benamou-
Brenier functional by:

B,(p, E) = sup Uadp + fb -dE; (a,b) € Cy(X, Kp)} .

The Benamou-Brenier functional satisfies the following properties (see |35], Proposition 5.18):
Lemma 2.6.
(i) B, is conver and Ls.c on P(X) x M(X)? for the weak convergence,

(ii) §fp and E are absolutely continuous with respect to a positive measure u, then By(p, E) =
fp p7 dluf

(iii) Bp(p, E) < +0 only if E < p,
(iv) In that case, if we denote by v the density of E with respect to p, that is E = pv, then
P
[,
p

We also have the following symmetrization lemma, which we will repeatedly use for V = VIV

Lemma 2.7. Let V be a bounded odd vector field on RY, p e P(R?) and v a vector field on R? such
that v - (V = p) is integrable with respect to p. Then, one has:

j (@) (V # p)(x f V(e —y) - (o(z) — v())p(dx)p(dy).

Proof. Using the fact that V is odd, we can write thanks to the change of variables © < y:

|| v =w - v@ptanpan) = - [ Vie -0 vwptdniotan.

Therefore, taking the half sum of the two quantities above:

[v@)- v« o) - f | Via =) v@ptdnplay

_ (U vy p(da)pldy) — HV:E— (y)p(dz)p (dy))
=5 || Ve - ) - vptan)pan)
O

We finish with a computation of the derivative of VW along a curve satisfying a continuity equation:

Lemma 2.8. Let p be a curve on P(R?) that solves in the weak sense dyp+V -pv = 0 with v, € L?(p;)
for a.e. t€[0,T] and So HthLQ(p dt < +00. Then:

Vie [0,T], W(pr) — W(po) = fo f (V7  py) - vadps. (2.5)



Proof. Let (W?%)s=¢ be an approximation of W such that W?° e C'(R%), W? " W uniformly on
R, W is even, VW9 is bounded by ay, and VIV o VW pointwise on R%\{0}.

We necessarily have VIW(0) = 0 for all § > 0 and therefore VIV?® P VW pointwise on R%. On
the other hand, for § > 0, since W% € C'(R%) and W? is even, we have, for ¢ € [0, T]:

5 || Wi et [[ W a—pmi@m(an) = | [ W @) @pdrosanas

(2.6)
Now, we can bound the integrand on the right-hand side writing |[VW%(z — y) - vs(z)| < aco|vs].
Noting that we have

t t T 9 1/2
| ] 1e@ostasionanas = | funtosguyds < VI( [ Ilfags) " < +on

0
we can then use Lebesgue’s dominated convergence theorem w.r.t. ps(dz)ps(dy)ds to get that the

t
right-hand side in equation ([2.6)) converges to J f VW (x—y)-vs(x)ps(dz)ps(dy)ds, which is equal
0

t
to f J(VW # pg) - Vsdps. The uniform convergence of W9 towards W ensures convergence of the

0
left-hand side, which concludes the proof. O

2.3 Preliminary results

We recall the following result of existence of a characteristic flow and well-posedness of measure-
valued solutions to (|1.2)):

Theorem 2.9 (|9] Theorems 2.12 and 2.13, |11] Theorems 2.5 and 2.9). Assume W satisfies hy-
potheses (A0)-(A1)-(A2)-(A3) and let p™ be given in P2(RY). Then, there exists a unique solution
p e C([0, +0), Wo(R?)) satisfying, in the sense of distributions, the aggregation problem (1.2)) where
alp] is replaced by a[p] as defined in (1.3).

This solution may be represented as the family of pushforward measures (pr := Z,(t,)£p™)i=0
where (Z(t,-))i=0 is the unique Filippov characteristic flow associated with the one-sided Lipschitz
velocity field a[p]|. Besides, if p and p are the respective solutions to with p™ and p™ as
initial conditions in Pa(R?), then, for allt = 0,

Wa(pr, p1) < e MWo(p™, ™). (2.7)

In [10], Carrillo, Gomez-Castro, Yao and Zeng proved the following well-posedness and regular-
ity Theorem for aggregation-diffusion equations with Lipschitz symmetric potentials. They prove
existence and uniqueness through a fixed-point argument and regularity applying a bootstrap ar-
gument in adequate fractional Sobolev spaces. The solutions they define are mild solutions, which
are stronger than our definition of solutions, which is in the sense of distributions. We recall the
definition of the heat kernel used in the mild formulation:

1 |=|

Gt(l’) = We_ft

Theorem 2.10 (|10], Theorems 1.1, 2.1 and 2.2). Assume that W satisfies assumptions (A0)-(A1)-
(A2). Let e > 0 and p§ € P(RY).



(1) For all T > 0, there exists a unique solution pf € C([0,T], P(R?)) to the aggregation-diffusion
problem (1.1)) in the sense that:

t
VEDLT), g = Gt | (VGao) « (FW s pi)gf)ds,
0
(2) This solution is actually a classical solution that belongs, for all T > 0, to C((0,T], W*P(R?))
for all ke N and p € [1,+o0] in the general case, and to C([0,T], W*P(R?)) for all s = 0 and
p € [1,+o] if we assume that pf € W*P(R?).

Remark 2.11. In [10], the authors state the second item of the above Theorem under the assumption
that W € WH©(RY) and assuming that the initial datum belongs to L} (RY) with total unit mass
instead of P(RY). It seems to us that W e L is only required to obtain sharp decay of the energy
functional and that the L' assumption on p§ is only useful to simplify the notations.

In the above Theorem, we actually have p° € C([0, +o0[, Wo(R?)). Indeed, as we will see in the
proof of our Theorem (see equation (3.7)), %—Hélder continuity in time follows automatically
from a uniform bound with respect to t € [0,7'] on Ma(pf). This in turn comes from the following
computations, where we use, first, integration by parts, and, second, the symmetrization Lemma
27

d

(6 = [ ol = [PV - (VW p0f) + 2 [ |oPbgf = =2 [0 (W ) + 20

—2f:v (VW = pf)dpf = —f VW(z —y) - (& — y)p; (dz)p; (dy) < 2a0Mi1(pf) < 2a04/ Ma(pF).

d
We thus get %Mg(pf) < 2ap04/ M2(p5) + 2ed which implies, using a nonlinear Gronwall Lemma,
that My (pj) is bounded over a finite horizon.

We finish by mentioning the special case of the dimension d = 1, with potentials of the form
W(z) = al|z| for a € R\{0}, for which the vanishing viscosity limit can be obtained using the
correspondence with Burgers’ equation. Indeed, let us set, for € > 0, u®(t,z) = a(l — 2f€(t)), where
fe(¢) is the cumulative distribution function of pf. One can show that p solves if and only if
u® solves the viscous Burgers equation:

(u5)?

Oru® + Oy = €0zU°, (2.8)

and, similarly, p solves the aggregation equation with the correct velocity field a[p] if and only
if u solves Burgers’ equation (see |5} |16, 22|). Using the fact that, in dimension d = 1, we have the
representation W1(pf, pt) = [ f(t) — f(t)| 11(r) and combining with Kuznetsov’s estimate hereafter
for the viscous Burgers equation (see [26]):

Ju (t) = u() |1y < CTV (uo)Vet,

where TV denotes the total variation and C is a positive constant, we deduce the following propo-
sition:

Proposition 2.12. Assume d = 1 and W (x) = a|z| for some constant a € R\{0}. Let p™ € Pa(R),
set pg = P for all € > 0 and let (pf)e=0 be the sequence of weak solutions to (1.1]).
Then, for all T > 0, (p®)e=0 converges in W1 distance and uniformly on [0,T], towards a solution

p € C([0, T],Wy(R)) to (1.2) with the velocity field a[p] being replaced by alp] as defined in (1.3)).

More precisely, we have:

Ve [0,T), Wi(pf,pe) < CVet,

where the constant C' > 0 depends on as only.



In the case of one initial Dirac mass p™ = &y, one can even obtain convergence of p° towards
p at order 1 with respect to € using simple scaling arguments. The initial data to the Burgers
problem is 4™ = 1 — 2Hy(z), and the solution to the inviscid Burgers problem is stationary, given
by u(t) = u. One can also show that there exists a stationary solution to equation of the
form v*(t,x) = V (%), with V(—w0) = 1, V(+w©) = —1 and V’(+00 = 0). We then have using a
contraction property of the viscous Burgers equation and the stationarity of v and w:

() V(o

which gives Wi (pf, pr) < Ce with C' > 0 independent of time. This result can be extended to the
case of a finite sum of Dirac masses as initial datum, using the arguments of Teng and Zhang 40| to
compare shocks with traveling waves. We also refer to |38, |37} 39| for generalizations of this result.

zni_v

[ () = w®lzr < [w2() — By + [0°F) — u@llry < 2f

-~
<funt=v=(0)] 1 =[ve(0)—u™?| 1

3 O(c'?) convergence rate when the potential is \—convex

In this section, we assume that W satisfies assumptions (A0)-(A1)-(A2)-(A3).

3.1 Method 1: computing 2W3(p5, p;)

So as to make integration by parts rigorous, we actually compute %WQQ (ps, p?) for €,6 > 0 so that
p° and p° are regular (see Theorem [2.10)), and then we let § — 0. We therefore need to know that
pf converges in the sense of measures towards p;.

3.1.1 Convergence in C([0,T], W;(R%)) without convergence rate

Let T > 0 and let p° € C([0,T], W2(R%)) be the solution to the aggregation-diffusion problem
on [0, 7] x R?, as given by T heorem. Let us denote v* = —VW % p® —evp—‘f so that the continuity
equation 0;p° + V- p*v® = 0 is satisfied in the sense of distributions. We formally have, by definition
of the first variation and then by integration by parts:

d 0Fe 0F*e
Pt

oF*e 2
GER) = | Gt = [ 95 i) -viani = = [ [0S i)k (3.1)

where, in the last equality, we used the identity %(p) =W p+e(lnp+ 1) to deduce that v is

€

nothing else than —V (pf). Proving rigorously (3.1) can be made using an easy adaptation of

op
Lemma Integrating (3.1)) over time then yields:
t SF 2
v T) F) = P+ | [ [V 0] deis
0

Let us only use this equality as an inequality as it will turn out sufficient for passing to the limit, and
OF® , _ |2 1 OF* 2

the half-sum - ( Jo5]? + |V (o
D] s the nattsun 5 (1 4[5 0)
the velocity v and the functional F' at the limit ¢ — 0. This way, we recover the so-called energy
dissipation equality (EDE, that we use as an inequality in our paper):

let us write ‘V

) so as to recover a link between

§Fe
Vte[0,T], F(pg) = F=(pf) + f fm dpids + 5 J J(V (P5) dpids (32)

10



Showing a sort of lower semicontinuity, when € — 0, of each term in , we will prove that up
to successive extractions, (p%)s>0 converges towards a measure p that satisfies a continuity equation
and an EDE. Combining both, we will prove that p solves the aggregation problem . In case
the solution to such a Cauchy problem is unique, the whole sequence (pf)c~o converges towards p.
This method does not require the A—convexity but only the Lipschitz continuity of the potential W.

Theorem 3.1. Assume W satisfies assumptions (A0)-(A1)-(A2). Let p™ € Po(RY), and let (p°)e=0
be a sequence of weak solutions to (1.1)).

Assume that the sequence of initial data (p§)e>0 satisfies the following assumptions:

limsup F€(p§) < F(p™), (3.3a)
e—0

lim Wa(p5, p™) = 0, (3.3b)

E—>

Then, for all T > 0, (pf)e>0 converges up to a subsequence, in Wy distance and uniformly on [0,T],
towards a solution p € C([0,T], Wa(R%)) to (1.2)) with the velocity field a[p] being replaced by a[p] as

defined in (1.3):

sup Wi(p;, pr) — 0.
t€[0,T] e—0

If the solution to (1.2) is unique, then the whole sequence (p%)e=o converges towards p.

Remark 3.2. Note that assumptions (3.3 are automatically satisfied if the entropy U(pf) is uniformly
bounded w.r.t. € > 0. In case we take pj = p*™, this corresponds to p"** having finite entropy.
The following lemma shows that it is possible to construct such a sequence of initial data:

Lemma 3.3. Recall that p'™ is given in Po(R?). For all p = 1 such that p'™ € Pp(Rd) and for all
a € (—1,0), there exists a sequence (11§)e=0 in Pp(R?) satisfying:

lim iélf Fe(u5) < F(p™), (3.4a)
E—>
Wy, #™) < Ce==" (3.40)

where the constant C' > 0 depends on p but not on €.

Proof. Let a € (—1,0) and let p > 1 such that p™ e P,(R?). Let (r.)e=0 be a sequence of
positive real numbers to be specified later in the proof. Let n € L! (Rd) be a nonnegative function
supported on B(0, 1), with unit total mass, such that nlnn and |z[Pn(z) are integrable on R?. We
then set n°(z) = rZ dn(%) and pg = n° * p™ . Because of the compact support of 7 we have
My (n° % p™) < C(M,(p™) + My(n)) < C, so that, in particular, 1§ € P,(R%) for all £ > 0.

Firstly, let us choose 7. so that eU(n°) goes to 0 as ¢ — 0. Since 1° « Leb, we have U(n®) =
§ 77 Inn°. Therefore, using the change of variables z = r.y, one has:

) == [n( ) 1n (TZ%(Z)) dz = [nfw)tn (v 0(w))dy = [ ) mny)dy—dinr.. (35)

Te

Based on the above computation, we choose r. = e "</ for some positive sequence (he)e>o such
that il_I)% he = 0. More precisely, we set hy = €**1, that is r. = e,

Now, using the convexity and the invariance under translation of U, we have U(n * p™™) < U(n°),
and therefore F€(u5) < W(u5) + el (n°). Since W is continuous on W (RY) thanks to Lemma
we just need the convergence u§ — o in Wq(R?) in order to have W(u§) — W(p™) and hence
lime_o W(u§) + ed(n°) = W(p'™) = F(p™"). Then, will immediately follow.

11



We now use
WE (g, p™) = WG = p™, 80 % p™) < WE(n", 60) = Mp(°) — 0,

where the last limit is justified by M,(n°) = r2M,(n) = Ce P=". This proves (3.4B) since a < 0,
and in turn (3.4al). O

Relaxing assumption [3.3a] can only be done under additional assumptions on the potential. In the
case W satisfies assumption (A3), replacing the original initial data p§ by a smoothed out initial
data pg that verifies assumptions and using the A—convexity of the potential to estimate the
distance between p® and the new sequence of viscous solutions u®, we obtain as a byproduct of
Theorem the following corollary:

Corollary 3.4. Assume W satisfies assumptions (A0)-(A1)-(A2)-(A3). Let p™ € Py(R?), and let
(p%)e=0 be the sequence of weak solutions to . Assume that the sequence of initial data (pg)e>0
converges in Wo(RY) to p™ as e — 0.

Then, for all T > 0, the whole sequence (p)e=qo converges in Wy distance, uniformly on [0,T],
towards the unique solution p € C([0,T], Wo(R%)) of with the velocity field a[p] being replaced

with alp] as defined in (L.3): supseory Wi(pf, pr) — 0.

Proof of Theorem[3.1] First of all, let us extract from (p.)e>0 a converging subsequence. For ¢ > 0,
recall that the continuity equation d,p° + V - p*v® = 0 is satisfied. Moreover, let us rewrite equation
51

F
65 (p) =VW=p+ sﬂ and split it into three terms:
p p

Vte [0,T), Fe(pf) = jf|uf|2dp€ds+ fﬂvw*ps+e

cds = D]+ D5+ D3,
(3.6)
where D, D5, D5 are the 3 terms in the above right-hand side, in the same order. Note that, if

Ms(pf) is uniformly bounded, then D5 is uniformly bounded from below thanks to the estimate in
Lemma In that case, using the fact that Dj is nonnegative and the fact that F*°(pf) is bounded

from above thanks to assumption on the initial data, we can deduce that Sg §|vE|?dpsds < C
for some constant C' > 0 independent of ¢ and ¢. In particular, for all ¢ € [0,7], v; € L?(p;) and
SOTS|21§|2dp§ds < +00. Using Theorem we obtain that p° € AC([0,T], Wa(RY)) and that its
metric derivative exists and is bounded by the L? norm of v¢: |(p?)4] < |vg L2 (pe) for all s € [0,T].
We deduce the following bound, that is uniform with respect to €, by mtegratlon over time:

T
f (o°),2ds < C.
0

Then, using a Cauchy-Schwarz inequality, we get:

t
VO<s<t<T, WQ(pi,p§)<f|( "dr < f| |dT \/t—séx/C’(t—s), (3.7)

which gives equicontinuity of (p%).~o in Wy distance (and therefore in W; distance). If we still
assume that Ms(pf) is uniformly bounded, then the set {p7, € > 0} is relatively compact in W (R?)
in virtue of Lemma We can therefore apply Ascoli-Arzela theorem in the space C([0, T'], W1 (R%))
to extract from (p°)co a subsequence converging in Wi (R9), uniformly in ¢ € [0, T], towards some
p € C([0,T],W;(R%)). We still denote this subsequence (p°)e>0. Moreover, the Ls.c of the Ws

distance along with the weak convergence pt N ) P for all t € [0, 7] allows to pass to the liminf in

e—0
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(3.7) to show that p € C([0, T], W2(R%)). The limit p is actually 1/2—Hélder in time and satifies the
same estimate as p°:

VO<s<t<T, Walpps) </C(t—s).
Let us come back to the boundedness of Ma(p§). This bound can actually be obtained from inequality

(3.6). Indeed, from (3.6 and assumption (3.3al), we get, since D5 > 0
1 t
Fo(o) + 2f0 J|v§]2dp§ds <cC. (3.8)

Let us show that the second term controls My (pf) if ¢t € [0,T]. Differentiating Ms(p7) in time and
integrating by parts, we have:

d 1/2
GMa(60) =2 [ ofa)si(an) < 20 ( [ o)

using Cauchy-Schwarz inequality. Applying a Gronwall Lemma, this implies, for all ¢ € [0, 77,

+ 1/2 t 1/2
M) < M)+ (j |v512dpz) ds<M2<p6>1/2+ﬁ(f j\v:|2dpzds) |

where we used Jensen’s inequality w.r.t. the measure 22. Finally, we get:

[ [resrans = 1 (aaato0) — asat).
Plugging this inequality into (3.8) and using the estimate in Lemma one obtains:
1
—ax Ma(p)"? — e(Ma(p)"* + C) + 57 (Mz(p7) — Ma(pp)) < C,

which provides a uniform bound on Ms(pf) for t € [0,T7].
The point is now, for every ¢ € [0,T], to show lLs.c of each term D5, i = 1,2,3, with respect to

the W3 convergence of (pf)e~¢ towards p; that we just proved.
x Dealing with D = F=(p}).
Using Lemma the Wj1—convergence of (pf)s>0 towards p; ensures that il_r% W(p;) = W(pr).
Besides, thanks to Lemma we have for the entropy lirgrl)iglf U(p7) = U(pt), and we deduce in turn
ligii(l)lf eU(p;) = 0. Therefore:
h?i%lf F=(p) = F(pt).
t

1
+ Dealing with D§ = ZJ f|v€|2dp€ds

0
For € > 0, letting E* = p*v®, a Cauchy-Schwarz inequality shows that the total variation of E€ is
uniformly bounded with respect to € > 0:

1/2
B9 ([0, 1] x RY) = f j e ldpSds < (j j ] dpads) < VOT.

Thus, up to another extraction, we can assume that E5 = E for some E € My([0,t] x R)?. Now,

E—
since p° and E° are absolutely continuous with respect to the Lebesgue measure on [0,t] x R? as
long as € > 0, Lemma [2.6] ensures that D5 rewrites as follows:

t
i | [ falot B )duds = Batr ).
0

13



Then the lower semicontinuity of By on My ([0,t] x R?) x M, ([0,¢] x R%)? yields:

limi(r)lf D5 = By (p, E),
EH

which, in turn, implies that Ba(p, E) is finite and therefore gives the existence of a vector-valued
density v verifying E = pv. Using Lemma (iv), the above inequality rewrites:

1 t
liminf D5 > J J|Us|2dpsds.
e—0 2 0

In addition, this transformation also allows to pass to the limit in the continuity equation d;p° +
V - B¢ = 0, which is now linear. Indeed, letting ¢ — 0 in the weak formulation, one easily gets
orp + V - (pv) = 0. This shows that the limit density p is still a solution to a continuity equation,
and the link between the velocity field v and the functional F' will be made thorough when passing
to the limit € — 0 in the EDE (3.2).

V|2

1 t
x Dealing with DS = QJ f‘VW * p5 +e—"| dpids.
0 P

S

As it is standard when dealing with terms belonging to L?(p%), we set G¢ = (VW % p®)p° + eYet 5 p )
so that D5 = Ba(p®, G).

We deduce from that D3 is uniformly bounded w.r.t. €, which implies that G* is uniformly
bounded in My([0,t] x R4)?. Therefore, up to another extraction, we can assume that G¢ =~ @

e—0

for some G € M,([0,t] x RY)?. Since W is Lipschitz, we have J J‘VW % p3|dpids < axt thus

(VIV % p)p® is uniformly bounded too in M, ([0, 1] x R4,
As a consequence, the difference Y2~ 5 "y is also uniformly bounded in My([0,] x R9)9. Now,

its limit when & — 0 is 0 in the sense of distributions. Indeed, for ¢ € CX(R?), (Vp, &) =
¢

—sj JVﬁdpa which can be bounded, for instance, by et||VE| L~ and therefore goes to 0 as ¢ — 0.
0

We deduce that 5%;)5 actually converges in the sense of measures towards 0, hence the limit, in
the sense of measures, of G¢ is that of (VW = p)p®

T Limit in the sense of measures of (VW = p%)p°

Let £ € Co([0,¢] x RY) and let us consider the duality bracket ((VW # p)p°, &) as € goes to 0.
That quantity equals, using Lemma [2.7] applied to the even vector field VIV:

t
[ [[vwe = esomtapans =5 [ [ - o0 - e stanpmiands
(3.9)
Now, since W is Lipschitz, VW is bounded, therefore the map

(S,LL',y) i VW<$ - y) : (5(8,1}) - E(Svy))

is continuous and the weak convergence p°® p° - p@p (which is equivalent to narrow convergence

since we deal with probability measures) allows to pass to the limit € — 0 in the above quantity to
obtain:

lmjﬂﬁny (s, @) p2(dar) pE(dy) ds fJVny )-((5,2) — £(5,)) po(dr) po(dy) ds.
(3.10)
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Note that, until now, the value of VW (0) does not matter. Actually, all the integrals when € > 0
hold w.r.t. to the Lebesgue measure and therefore the diagonal {x = y} can be avoided. We therefore
only need VW (z) = —VW (—z) for nonzero z to apply Lemmal[2.7] and this do not impose any value
to VIW(0).

Now, to come back to some duality bracket tested against &, one needs to unsymmetrize the
resulting expression by writing:

5 ), ] W =0 (6s) = G0 putan) s (.11)

% (L j VW (z — y) - &(s, 2) ps(da) ps(dy)ds — Jo j VW (z —y) - §(S,y)ps(d:n)ps(dy)ds>

% (Jo j VW (z — y) - &(s, 2) ps(da) ps(dy)ds + Jo j VW(z—y)- §(S,:U)ps(d:n)ps(dy)ds>

=LJ'€Wm—y»aa@mw@%www,

where we used the fact that W(z) = —W(—z) for all z € R?, which now imposes W(O) = 0.

Remark 3.5. These computations could hold against a test function £ that is only Lipschitz on
[0,¢] x R? provided VW (z) < C/|z|*=? for some 8 > 0. Indeed, the map (s,z,y) —> VW (z —y) -
(£(s,x) — £(s,y)) would be continuous on the diagonal and hence everywhere on [0, ] x (R%)2. This
could provide a way to deal with the non Lipschitz potentials W (z) = |z|® for 0 < 8 < 1, that are
more singular than the Lipschitz potentials but are still less singular than the logarithmic potential.
However, extra difficulties arise for the limit analysis when W is not Lipschitz.

We finally get that G = (W x p)p and therefore Ba(p, G) = ;f: J |€W % ps|®dpsds. Using the
l.s.c of By we finally get:
lim inf D5 > LtfﬁVT/ x ps|2dpsds.
x Passing to the liren_}élf to recover a limit EDE.
We can now pass to the hgi}élf in using the assumption for the left-hand side to get

the following EDE (which, once again is written as an inequality):

. 1t 1t [—— 2
F(p'™) = F(p) + 2J f|vs|2dpsd8 + QJ J‘VW * ps| dpsds. (3.12)
0 0

Recall that p still solves the continuity equation dip + V - pv = 0 in the sense of distributions.
Identifying the velocity v is made through Lemma which gives:

vte[0,T], F(pr) — F(po) = L J(W % ps) - Usdps.

Since (p§)e=0 converges to both py and p™ in Wi(R?), we have pg = p™. Plugging the above

identity into (3.12]) then yields:
1 t
.0,

so that v = — VW * p = a[p] almost everywhere. We deduce that p solves the aggregation equation
(1.2) in the sense of distributions with the correct velocity field a[p], which concludes the proof.
Incidentally, the identity v = —VW #p confirms that the limit EDE (3.12)) is actually an equality. [

— 2
vs + VW x pg| dpsds < 0,
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Proof of Corollary[3.4 We now come back to the case of arbitrary initial data p§ i.e. we do not
assume anymore that assumptions (3.3) hold. However, we still assume that Wa(p§, p'™) o~ 0 and
E—>

in addition, we now assume W to be A—convex.
Let (p5)e>0 be a sequence of smoothed out initial data for which Wa(pg, o) p_— 0 and the
E—>

assumptions hold on (pg)e>0. We denote by p° a solution to for the modified initial data
15 Applying Theorem we know that pf converges in C([0,T], W1 (R%)) towards p solution to
as € — 0, up to a subsequence. But since W satisfies the assumptions of Theorem such a
solution is unique and we deduce that the whole sequence (u).~o converges towards p.

It remains to show that Wa(pf, u§) goes to 0 as € — 0 by estimating this quantity thanks to the
A—convexity of W, which is encapsulated in the following lemma.

Lemma 3.6. Assume W satisfies assumptions (A0)-(A1)-(A2)-(A3). Let p, € P2(R?) and denote
(p,v) a pair of Kantorovitch potentials from p to u for the quadratic cost c(z,y) = %\x —y2. In
addition, we assume that p or p is an absolutely continuous measure. Then,

| ve-alotan + | V- aludn < AW o) (3.13)

Remark 3.7.

(1) In particular, we recover the last estimate in Theorem if p, € ACoe([0, +00), Wo(R?)) are
solution to ( . 1.2) with initial data p™, "™ € Po(R?) and if p; or uy is an absolutely continuous
measure, the following inequality holds:

d
dtW 5 (pts 1) < —20W3 (pt, pae)- (3.14)

Indeed, this is a direct consequence of Lemma and of the following computation (see [35|
Theorem 5.25 or [1] Theorem 8.4.7)

d1

72 W3 (pt, j1t) = JV% vdpy + JV% - wydpu, (3.15)

whenever p, o satisfy the continuity equations dgp + V - pv = 0, 0y + V - pw = 0. Inequality
(3.14)) then yields the aforementioned estimate using a Gronwall Lemma:

Wa(pr, ) < e N Wa(p™, ™). (3.16)

Relaxing the assumptions that either p; or u; is an absolutely continuous measure can be done
replacing p; by p; for instance, and passing to the limit ¢ — 0 in the resulting estimate, thanks
to Corollary [3.4]

(2) Another way of proving Lemma can be found in [33], Lemma 4.12.

Proof. Assume p is an absolutely continuous measure. Then, there exists an optimal map from p to
w for the cost c(x,y) = %|{L‘ — y|?, which we denote T'. Since Vi) o T = —V, using pu = Typ yields:

| ve-alelap + [ V- aluldn = | Vi alp) ~ alil o T)dp
—— |[ veta) - Y Wia =~ wotdpptan) + [ Viola) - TW T @)~ g)ulaypia

[ veta) - (vWie ) - VW (1) - 70 >)) (dy)p(d),
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where we used once more u = Ty p. Symmetrizing the above integral as in Lemma @, since VIV is
odd, and using Vo =id — T, we get:

| ve-atotap + [ Vo aldn = = [ (V6() = Veotw) - (VWi =) = VW (T(0) - 7)) pldy)p(da)
=5 [ ev= @@ - 10) - (YW - ) - YW (2@ - TW)) )oldplao)
<=5 [[1e- 1@ - - T@)Potanptan)

where we used the A\—convexity of W. We then expand the square to obtain:

|[ 1= 7@t Ppan)ptdn) = 2 [ lo-T () Potdo)- (ﬂ o T dx>)2<2wf<p,u>,

which concludes the proof, as we assumed in (A3) that A < 0. O

We now come back to the proof of Corollary Denoting (¢f,%5) a pair of Kantorovitch
potentials from p; to pj, and using Lemma along with equation (3.15)), we get:

d1

oWt uE) < —AWE(of ) — = [ (Vi Vi + Vi - Vi),

The last term above being nonpositive (see |35] exercise 66 for instance), we obtain, using a Gronwall
lemma, that Wa(pf, 15) < e M Wa(p§, u§). We then write, for ¢ € [0,77],

Wi(p5, pr) < Wa(pf, 1) + Wiz, pi) < e Walpg, g) + up W (1155 Ps)
s€0,

where we used the fact that W7 < Ws. Since both sequences (p§)e=0 and (41§)e>0 converge in Wy (R9)
to the same limit, Wa(p, 1) goes to 0 as € — 0. Moreover, (1°).~0 converges to p in W; distance
uniformly in [0, T']. These two facts along with the above inequality show that (p®).~0 also converges
to p in C([0,T], W1(R?)), which ends the proof of the corollary. O

3.1.2 Convergence rate under the \-convexity assumption
We are now in position to prove the following theorem:

Theorem 3.8. Assume W satisfies assumptions (A0)-(A1)-(A2)-(A3). Let p™ e Py(RY), and let
(p%)e=0 be the sequence of weak solutions to (1.1). Here, we assume that (pj)e=0 is an arbitrary
sequence in Po(RY).

Denoting p € C([0, +0), Wo(RY)) the unique solution of with a|p] being replaced by alp] as
defined in , we have the following estimate:

o 1 — e2At
Ve >0, Waph, pr) < e MWa(p, p™) + «/+\/de. (3.17)

Please note that in the above estimate A < 0. If A <0, 1 — e~ 2M and A are negative numbers so
the ratio is positive and for A = 0 the expression should be extended by continuity.

Remark 3.9. In dimension d = 1 with the Newtonian potential W (z) = |z|, the correspondence with
Burgers’ equation stated in Proposition m gives convergence at rate 4/t in Wj distance. Due to
W being 0—convex, our estimate leads to the same estimate but in W5 distance, since taking A = 0

in (3.17)) gives Wa(p§, pr) < v2det for any t > 0.
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If assumption (A4—p) is satified for some p > 1 instead of assumption (A3) and if pj = ¢ for all
€ > 0, one can also obtain the exact same estimate using a direct computation. Indeed, in that case,
pr = g for all ¢ > 0 and we have, using integration by parts and Lemma [2.7}

d
W3 (07 do) f [ ( - U VW(z —y) - (z —y)pi(dx)pi (dy) + 2€fp§(dx)
—C JJ |z — y|Ppi (dx)p; (dy) + 2ed, using assumption (A4 — p),
< 2ed.

Hence W (pf, d0) < v/2det for all t > 0.

Proof. Take a sequence of initial data (1§)e~0 converging in Wy(R%) to pi™ as ¢ — 0 and denote

(e )e>0 the sequence of solutions to ([I.1) with such initial data. Let € > 0. For all § > 0, using
Lemma along with equation (3.15)), we have, denoting (¢¢, 1) a pair of Kantorovitch potentials
for the quadratic cost from p; to pf and integrating by parts:

d1
5 WE(of 1) < —AWﬁ(piu?)—éfvsot'fo—fFwat‘Vﬂf < —Awf(pi,uf)%fﬁw P§+5JA¢1§ e

The map = — ¢ (z) — @ being concave, V2p; < Iz, hence Ag; < d and the same holds for .

Therefore: p
dt W2 (Ptaﬂt) 2)‘VV2 (Ptvﬂt) +2(e + 6)d,

which gives the result after using a Gronwall lemma and passing to the limit § — 0 thanks to
Corollary [3.4] O

3.2 Method 2: using a numerical scheme

We now turn to a different proof of the previous result. This alternate proof will also allow to
illustrate the results and the behavior of solutions with numerical results. Our main idea is to let,
for a fixed € > 0, p%, be a suitable numerical approximation of the viscous solution p® to the problem
with fixed initial data p§ = p™, and then use the formalism of [13] to estimate the distance
from this discretized solution to the solution p to the aggregation problem in terms of e:

VneN, Wa(pRy, pm) < C(t")VAZ + ¢,

under suitable stability conditions for the numerical scheme, and where At > 0 is the time step,
t" = nAt and Az > 0 denotes the maximal space step. Proving the convergence of the scheme with
fixed € beforehand using compactness arguments and a Lax-Wendroff-type theorem, then letting
Ax — 0, we shall deduce:

V>0, Walpf,pe) < COVE,

where we shall specify the constant C(t). Note that our method also allows to deal with the case of
arbitrary Py(R%) initial data p§ as in Theorem but we choose to present it with initial data not
depending on ¢ for the sake of clarity.

Let us be more specific. We consider a Cartesian mesh of R% where the space step in the ith
direction is denoted by Axz; > 0. The nodes of the mesh are denoted by z; = (J1Ax1, ..., JgAxy)
for any J = (Jl, . Jd) e 74, and the cell centered on . is denoted by Cy := [(J1 — 3)Axy, (J1 +
DAz] x .. [(Jd — D) Azq, (Ja + 3)Azg]. We also denote by e; the ith vector of the canonical
basis of R We initialize our dlscret1zat10n with:

P = fc P (dx) = 0, Jezd, (3.18)
J
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and we consider an upwind type discretization for the aggregative part |14, |27, [13] and an explicit
discretization for the diffusive part. It writes, for n € N,

d
At _ _
Pt == 3 i (@) 05— (@) P, — (@) e, + (@) 6

i=1 t

d (3.19)
At T 3 n
+€Z Al‘2 (pJJrei - 2pJ + peri) )
i=1 "
where the discrete velocity is defined by:
a;’y = — Z P DWE - where D;WE = m(ay —TK). (3.20)

Kezd

Note that, for the sake of simplicity, we drop, in this section, the superscripts € when it comes
to the discrete unknowns (p'7) jeza nen but these unknowns always solve numerical schemes for the
aggregation equation with viscosity € > 0.

Since W is even, we also have Din( = —DiWI‘é for all J,K € Z% and i = 1,...,d. Using a
symmetrization argument as in the continuous setting, we deduce the discrete equivalent of Lemma

27

Lemma 3.10. Denote, for J,K € Z¢, DWE = (D1WjK, o, DaWEY and whenever (vy) jeza is a
discrete vector field on the mesh, vy = (viy,...,v47) € R For any (vy) jezd, we have:

. 1 K
Vi=1,....,d, Z Vi aily Py = 3 Z Z D;W 5 (vig —vik) pJ Pl
Jezd JeZd Kezd

and therefore:

1
DL vredjpy=5 >0 ) WS (v = vi) ply plic.
Jezd Jezd Kezd

Proof. Using the definition of the macroscopic velocity and the fact that Din{ = —D;Wj, we
have:

K J
DMvigalipi ==Y > DiWFvipipk = Y, > DiWivisp}pk
Jezd JeZd KeZd Jezd KeZd
K
DD DiW S vik o Pk
JeZd KeZd

thanks to exchanging K and J in the latter sum. Taking the half sum of the first sum and the latter,
we obtain:

1
Z vig aily ply = 3 Z Z DWW (viy —virc) p3 P
Jezd JeZd KeZd
Summing over ¢ = 1,...,d concludes the proof. O

It is also natural to consider, instead of the explicit discretization of the Laplacian, an implicit
discretization:

d
At _ _
o =0 = o (@) 5 = (@ se) P e, — (@) P e, + (ai) )

i=1 "7 (3.21)

; |
At

e o o5k — 200 o5t
i=1 ¢

19



However, for the sake of simplicity, we only provide the proof of our convergence estimate for the

explicit scheme , although our method would also works for the implicit discretization

but the computations are a bit more involved. Naturally, both schemes are asymptotic-preserving

in the limit ¢ — 0 since they degenerate towards the upwind-type scheme of [13| when ¢ goes to 0.
One could also consider the —scheme, for 0 € [0, 1], defined by:

At _ _
oy == 2 A (@) o) = (@) o, — (@il-) o, + (@) )
= (3.22)

At d
e(1—-0 ZAQ Plhie, — 205 + P _,) +€b Z (31;—2Pn+1+1)?+i>7

The point of defining such a scheme comes from the fact that, for the heat equation dyp = €Ap, under

4At 1
a parabolic CFL condition & Z A2 S 2(1—20)
@ _

the —scheme is known to be Convergent in L? norm at rate O(At+Az?). Moreover, for § = 1/2, one

obtains the so-called Crank-Nicolson scheme, which is convergent at rate O(At? + Ax?). However,

the convergence order of the #—scheme (3.22) for the aggregation-diffusion equation ((1.1a)) will

anyway be limited by the order of the upwind scheme. Also, the positivity of the density can only
d d

At At

be guaranteed if the more restrictive parabolic CFL condition ag 2 Az +2(1-0) Y —

holds. Preserving a hyperbolic CFL condition thus imposes taklng 9 = 1, which Corresponds to the
implicit scheme ([3.21]).

Proposition 3.11. Assume W satisfies assumptions (A0)-(A1)-(A2)-(A3) and let p € C([0, +0), Wo(RY))
be the unique measure solution to the aggregation equation (1.2) with initial data p™ € Py(R?) as
giwen by Theorem[2.9 Assume in addition that the following strict CFL condition holds:

Zd: a ﬁ—l—Qsﬁ <
~ “ Ax; A:c?

if # € [0,1/2) and unconditionally if 6 € [1/2,1],

(3.23)

N | =

Denote also the reconstruction:
en
PAy = Z P76z, meN.
Jezd

where (p77) jezd nen 18 defined through the explicit discretization (3.18)—(3.19)—(3.20). Then, there
exists a constant C' > 0, depending only on as and d, such that, for all n € N*,

1 — e—4At™
Wa(pm, pRn) < C S VArte+e M As (3.24)

Remark 3.12. In estimate (3.24)), the 4/Ax + ¢ term corresponds to the error induced by the scheme
(3-19) and the Az term corresponds to the finite volume discretization of the initial data (3.18)). As
in |13], one can also improve the prefactor in the exponentials to get the slightly better estimate:

1_ —2At™
Wa(pen, pRo) < Ol ———— c VAzZ ¢+ e M Az

which is similar to the estimates of the continuous setting, for instance , when At is small.

In the above proposition as in the whole paper, we do as if our discrete reconstructions (p%,.)Az>0
depended only on Az. Rigorously speaking, they also depend on At, but under the CFL condition
At goes to 0 as Az goes to 0. Setting At to be an adequate function of Az, we can therefore
consider (pi,)az>0 as sequence labeled by Az only.
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Theorem 3.13. Assume W satisfies assumptions (A0)-(A1)-(A2)-(A3). Let p € C([0, +0), Wo(R?))
be the unique measure solution to the aggregation equation (1.2) with initial data p™ € Pa(R?) as
given by Theorem and let (p%)e=o be the sequence of weak solutions to (1.1)) with initial data
pa = pint,

Then, there exists a constant C > 0, depending only on as and d, such that, for all t > 0 the

following estimate holds:
1 — e 4

Remark 3.14. The estimate above is slightly worse than the estimate that we obtain using
gradient flow arguments. Although, as in the previous remark, the exponential factor can be im-
proved to e~ ?* with a bit more technical computations, we do not manage to obtain the same
constant C' = v/d. Nevertheless the important fact is that the dependence with respect to ¢ is the
same in both proofs. The advantage of the numerical proof is that it confirms the convergence of

the numerical scheme and its asymtptotic preserving property.

3.2.1 Properties of the scheme

Lemma 3.15. As in the continuous setting, our discretization (3.19) preserves

(1) total mass:

VneN, > pj=1; (3.26)
Jezd

(2) positivity of the density and the bound on the velocity field:

V(n,J)eNxZ3 Vi=1,...,d, p%=0, la;’}| < ao,
under the CFL condition: .
At At
— 4+ 2e—= | < 1 3.27
z-; <%OA%’ ’ €A$?> (3:27)

(3) the center of mass:

Vn e N*, pi" e Pi(R Y and Z xgpy = Z z7p5.
JezZd JeZd

Proof. The first item comes from summing equation (3.19) over J € Z?. Moreover, using the
following rewriting of anrl as a positive combination of py and pjie,, ¢ =1,...,d:

n n At 25At n  _  EAL
Pt = ol [1 Z (A |a;il;| + ) Z Plte; ( Az (@iFre,)” + M) (3.28)

i=1 ?

eAt
+ZPJ el< (aily- e1)++Axlg>v

’L

it is classical to prove the second item by induction on n € N, under the CFL condition (3.27)) under
which ,On+1 is a convex combination of the p}, see [28] for example.
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Let us now focus on the third item. One has

DUlzalptt = D (0]

Jezd Jezd
__EL 1 Am,(hbn)+p9<_ U”9+q)_p9+ei_'0”9—q)+p9—ei+_a”3)_p9)
+6Zz 1A2(pJ+61_2pJ+pJ e)]’

thus
n+1 n d At At
Z ‘$J|p < Z EXT; 1+Z(a®m+25m)
Jezd Jezd i=1
d
At At
+Z Z ‘xJ-i-ez‘pJ-&-el(aOO ‘ 2 Z szpﬁre (aooAm —I—f-:m)
=1 Jezd i=1 Jezd ? i
At At At
+Z AT P Ar AL 2 +Z > Azip e(awa +eq ),
i=1 Jezd i=1 jezd ¢

which shows by induction that pZ’Z e P1(RY) if p‘z(; e P1(R?). Now more precisely, using the
discretization (3.19) together with a discrete integration by parts, we have:

At _
Diaipytt = Y @l - Z ((a)* plh (s = 2i1e;) = (@)™ PG (Ts—e; — 2))
Jezd Jezd J 74
4 At . .
+52 Z LJ—e; _'/L‘J)(pJ+6i_pJ)'
Z Jezd
By definition of x 7, we have xj_., — x; = —Ax;. Hence, we deduce:
d
Moagpltt = > wypi+At Z D) aijpli—e Z LS (=) = S wapirar Y S a
Jezd Jezd 1=1 jezd ¢ Jezd Jezd 1=1 jezd
Applying the symmetrization Lemma to the constant vector field given by vy = (1,...,1) € R?
for all J € Z%, we have Z a;'yp'; =0 forall i = 1,...,d, hence the result. O
Jezd

The following lemma ensures that Ma(p}) remains bounded over finite time. It turns out nec-
essary for the proof of convergence of the scheme by compactness, in order to extract a converging
subsequence.

Lemma 3.16 (Bound on the second moment). For all n € N*, the following estimate holds:

d
M3 p, = Z 22" < e A" (MSAJC + axt” Z Az; + 2d5t”>.
Jezd i=1

Proof. Using (3.19)) and a discrete integration by parts, one can write:

Dz Poytt = >0 |zs?p)

Jezd Jezd
d
*1
d

i=

| (@) * o5 (12a? = 2 l?) = (@) P (les—eil? — 2 P?) |

(|zg—ei* =125 %) (Prses — pJ)-

ZZ
=
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By definition of s, |22 — |2j1e|? = —2J; A2? — Az? and |2j_,|? — |2J]? = —2J; Ax? + Ax?.
Therefore, we get:

PEZI AR |xJ|2p7}+2AtZ > JAmzaupJ+AtZAa:Z > plai]

Jezd Jezd i=1 jezd i=1 Jezd
—i—sAtE Z —2J; +1 sz(pj_l,_el —pJ).
=1 Jezd

As a consequence of Lemma we have |a;"| < aw. Using, in addition, the mass conservation,
we deduce that the penultimate term is bounded by axAt Zle Ax;. As for the last term, another
integration by parts shows that the last term equals 2deAt. Finally, Lemma applied to the
discrete vector field given by vy = x; yields:

d
2At2 Z JiAz; ;"7 p'y = 2At Z ry-ajpl=—At Z DWE (xy—ag)ptpk

=1 jezd Jezd J,KeZd
<-MAE Y ey — ek Polpk
JKezd
< —4MAt Z lz7 %07,
Jezd

where we used the A—convexity of W and the inequality |v; — zx|? < 2(|zs|? + |vx|?) along with
the fact that A\ is nonpositive. We obtain

d
M Jas?olt < (1 - 4>\At) Nz P + anAt Y Az + 2deAt.
Jezd Jezd i=1

We conclude the proof using a discrete version of Gronwall’s lemma. 0

3.2.2 Proof of Proposition [3.11

Before going through the proof of Proposition let us introduce, for J € Z¢ and y € R? the
following coefficients:

-

d
1-— Z <|<y — 2l _ 2€At> when y € Cy,

~ Ax; ACC?
eAt .
oy (y) = 4 sz (<y —Tj_ el,ez>) A—x% when ye Cj_.,, fori=1,...,d, (3.29)

1 —  eAt ‘
Ax-(<y_$‘]+e“ei>) —|—A—x2 when y € Cyy,, fori=1,...,d,
K3

7

0 otherwise.
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It then holds that, for any J, L € Z¢,

( d
At 2eAt
At n + eAt .
OzJ(xL+Ata7]f) _y A—xi(au_ei) +A7x§ when L =J —¢;, fori=1,...,d, (3.30)
At —  eAt .
A—xi(aif}ﬂi) +A—Ii2 when L =J +¢;, fori=1,...,d,
L 0 otherwise,
so that we have the key identity:
VJ ez, pi}“ Z piay(zr + Atal), (3.31)

Lezd

Lemma 3.17. For any y € R%, we have

Z ar(y) =1 and Z xrparn(y) =y.

Lezd Lezd
Proof. Let J € Z% such that y € C;. To prove the first claim, we just use the definition of ay (y):

d

D an(y) = as(y) + X (e (v) + as—e,(y)

LeZd i=1
d
[y — .Z‘L,€i>| 25At
-1
(5 e

As for the preservation of the barycenter, we once again using the definition of the coefficients o, (y):

LUJ,€Z>) (<y—xJ,eZ> +2Z 5At

d d
S wron®) = 2505 @) + 3 wriesie ) + Y 5 et e(y)

Lezd i=1 i=1
d d
|y — $J,€i>| 25At
- [1 32 < Az ;

eAL
—xjJ, 61>) A$2>

%

=:UJ[ +Z( ‘<y $J,€z>‘ +Alxi(<y_xj’ei>)++Alxi(<y_xj7ei>))]

eAt
—ZJ, €z>) A2 >

7

d

+) e ((<y —xy,e0)" — (v - x"’e"»_)
=1

d
= .’L'J+Z<y—$J,€i>€i
i=1
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We now turn to the proof of Proposition

For n € N*, we denote D,, := Ws (ptn, pEA’Z). The point is, roughly speaking, to obtain an estimate
of the type Dn+1 D? + CAt(At + Ax + €) and then use a discrete Grénwall lemma to obtain
estimate ((3.24)).

Let v be an optimal transport plan between psn and p‘ZZ, so that D2 = Jj |z — y[2fy(dm, dy). We

also let a} , be any continuous reconstruction of the discrete velocity defined in , for instance
piecewise affine, such that a?} (x;) = a” for all J € Z4.

To construct an adequate coupling +' € F(pthrl,pZZ—‘rl), recall that Theorem gives pp+1 =
Z (A" ", ) #pm, where Z is the Filippov characteristic flow associated to @[p] given by Theorem
except that here the second variable of Z denotes the time of the Cauchy data (which is the
third variable) whereas in Theorem |2 n it was omitted as it was 0. If the discrete measure p3"""'
was a pushforward measure of p%”, we would also define 4/ as a pushforward of 7, but it is not the

case in general as we are dealing with atomic measures. Instead, if we denote by v the kernel on
(R4, B(R%)) given by:

V(y,B) e R x BRY),  v(y,B)= > as(y+ Ata}, (y))d,(B),
Jezd

we have the kernel representation:
VBeBRY.,  pL(B) = [ vl Bk

The pushforward pgn+1 = Z(t" 1 ¢" )#pm can also be seen as a kernel representation. Indeed,
setting pu(z, A) = 0z(m+14n 2)(A) for (z,A) € RY x B(R?), we have:

VAEBRY, ps(4) = [ La(ZE )i (o) = [ Sgpnssny(Apen(d0) = [ (o, Ao (o)
We now define the product kernel K on (Rd X Rd) x B (Rd X Rd) by:

IC((‘T’y)aA X B) = ;,L(JJ,A)V(y, B) = 5Z(t"+1,t",x)(A) Z ar (y + AtaZx(y))(SCEL (B)
Lezd

and then set 7/(A x B) jf ), A x B)~y(dz,dy). Equivalently, for any 6 € Cy(R? x RY),

R2x R4

ﬂﬂ(ﬂ% )y (dz, dy) = HH (') pu(a, da")v(y, dy')y(da, dy)

ff[ 2 O(Z(t" it 2),xr) ar (y + Atak,(y ))} y(dz, dy).

LeZd

we have:

€n+1

One can show as in [13| that the marginals of 4" are pn+1 and p" . In particular, we have:

Diyy < f!w y|* (dz, dy).

Using the definition of 4/, we get:

Dn+1 ff Z ’Z IS"Jrl " w —iL'L‘ aL(y—l—Atan( ))’y(d:v,dy). (3.32)
LezZd
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Writing Z(t" ¢, 2) —zp, = Z(t" ", 2) — (y + Ata'k ,(v)) — (z — (y+ Atak . (y))) and expanding
the square, we obtain:

Z ‘Z(t”“; t"x) — wL‘ZQL (y + AtaR,(y))

LeZd
= 25t ) —y — Atak, ()] + D Jer —y — AtaR, () oz (y + Atak,(y))

LeZd
—J(HWmem—y—Am&@Q'(Z(n—y—Am&@wn@+Am&wﬁ.<&%>

Lezd

Now, the last term in scalar product vanishes as we have, using Lemma [3.17]

> (wr —y — AtaR,(v))ar (v + Atak,(y)) = y + AtaR,(y) — (y + AtaR,(y)) = 0.
Lezd

Plugging (3.33) into , we therefore deduce, using the fact that p is the second marginal of
:

n n n 2
n+1 J ’Z t MR t y_Atan(y>‘ ’Y(dq%dy)

jzwLyA%Awm“mmmme (3.34)
Lezd

Let us deal with the last term in the above inequality. We have pX(y) = 3. jeza 0730z, (y), therefore:

5 [lon == Ata, ) ar (v + Atay, () oK)
Lez4

= 2 Z ‘xL—J:J—Ata?,faL(xJ+Ata7})pf}

JeZe Lezd
Moreover, using the definition of a, in (3.29), we compute:
2e At
Z |xL —xy — Ata7}|2aL(a:J + Ata’}) = At?|a’|? (1 - |aZJ] Z ° )
Lezd
L EAt At _ eAt
+ZZI <|AIL‘161 At J| ( 7 (I/}) + A;L‘l> + |AZL‘Z€1 + AtCLJ| ( ,’L'Z( 17}) + Aﬁ)

< CAt(At + Az + ¢),

where we used, for the last inequality, the CFL condition (3.23)) and the fact that the velocity a'j is
uniformly bounded. Multiplying by p’;, summing over J € 7%, and injecting into (3.34)) yields:

D2, < fﬁZ(t"H; t"x)—y— Atazx(y)|27(dx, dy) + CAt(At + Az + €). (3.35)

Dealing with the first term amounts to estimating the distance between the exact characteristics
Z(t"*1;¢" x) and the forward Euler discretization y + Ata ,(y). To this end, we write, on the one
hand, using the definition of the Filippov characteristics |17, [31]:

tn+1

Z(tn+1;tn’x) — x+J ap(s,Z<3;tn’x))dS

tn

tn+1
:x_f

JVW sit", @) — Z(s;t",€)) pen (d€)ds
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On the other hand, we have, whenever y is a node of the mesh,

-+ Mta () =y~ At [ T (g~ )l (d0).
Thus, still for y a node of the mesh, we have:

n n n 2
|Z(t" 47 1) — y — Atak,(y)]” < o —yf?

tn+1
J‘i

Since v € I'(p¢n, pZZ) and since the above integral can be decoupled using the linearity of the scalar
product, we also have:

|] (2= 9) - (7 (2s527.2) = 20512 €)) = T = ) pn ()30 + O

|[ (2= 9)-(FW (25200 = 20587.0) = Ty = ) ) pn (o5 (d0)
=[] (= v) - (T (@(s527.2) = 25327, €)) = Ty = O ), o).
Injecting into (3.3F)), we get:
D2, < D+ CALAL+ Az +¢)
~2 f ][ (e=v) - (T (25200 = 20507,0) = Ty = ) )10, g (. ).

Decomposing x —y = x — Z(s;t",x) + Z(s;1",x) — y and using the fact that |Z(s;t",z) — z| <
axls — t"|, we get:

Diyy < D2+C’At (At + Az +¢)
_QJ HH (5:8", @) >'<W<Z(S?tn’x)_z(s%tna§>)—W@—O)’Y(df,dé“)'y(dw,dy)-

Using the fact that W is even to symmetrize the last term as in Lemma [2.7] we obtain:

D2, < D? + CAt(At + Az +¢)

JW Hﬂ (s;t",2) — Z(s;",€) *y+C)-

(VW (2(s5,2) - Z(sit" f))—W@—o)v(da,dov(dx,dw.

The A-convexity of W then yields:

¢+l

Dn+1 < D2 + CAL(AL + Az +¢) — fJfﬁZ s;t" x)—y— Z(s;t",€) +C|2fy(d£, d¢)y(dz, dy).

Expanding the last term gives:

tn+1

D2, < D+ CALAL+ Az +¢) — ZAJ

=3

J 00 =l 000

H (s;t",x) — y) (d:cdy)
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Now, since A < 0, the last term above is nonpositive. It remains to estimate the penultimate term.
Writing:
Z(s;t", @) —y| < |Z(s;t", @) —a| + |[v —y| < ax|s —t"| + |z —y

)

we deduce:
}Z(s;t", x) — y|2 < Q(ago|s - t"|2 + |x - y|2) < 203 At + 2|x - y|2,

whenever s € [t",¢"*1]. Integrating in space with respect to v(dz,dy) and integrating over s €
[t t"*1], we obtain:

tnt1

—2/\J f |Z(s;t", @) — y‘z v(dz, dy) < —4XaZ At3 — 4ANALD?.

Together with (3.36), this yields:
D2, < (1 —4)XAY)D2 + CALAt + Az +¢).

Using a discrete Gronwall lemma, we finally get:
1— 674)\t”

i< e ot o

(At + Ax + ¢).
Now, one can easily prove that D3 = W3(p™, pQ,) < @A:L‘Q (see |14]). This, along with the CFL
condition (3.23)), which implies that At < C'Az, gives the desired result.

3.2.3 Proof of Theorem 3.8

We are now in position to prove Theorem using estimate and passing to the limit Az — 0.
To do so, we must verify that, for a given € > 0, the approximate solutions given by the numerical
scheme f converge, say uniformly in time (over a finite horizon) and weakly, in the sense
of measures, in space, towards the solution p® to the aggregation-diffusion problem (|1.1]) with initial
datum p™ as Az — 0. In all this section, ¢ is a fixed positive real number.

Let T'> 0 and let N € N be such that NAt = T where At satisfies the CFL condition. We
consider the following piecewise affine reconstruction in time, defined for ¢t € [0,T] by

(T =t L, =t
pEA:E,t = (AtpAQ: + Ttpr ) 1[tn7tn+1[(t), (337&)
n=0
e,n n
PRy i= D p36e; m=0,...,N, (3.37b)
Jezd
=0,...,N

where, once again, (p?)’}ezd is given by the explicit discretization 73.18 (it actually de-
pends on £ but we drop this dependence for convenience). Lemmas and show that, for
all n € {0,...,N}, pi € P2(R?), hence (p%,)az=0 is a collection, indexed by Az, of curves in
C([0,T], W1 (R%)) (they are actually curves on Wy(R?) but compactness arguments require to work
in a smaller space).

Outline of the proof. We begin with assuming that p™ € L?(R?). Then, from (p%,)Az>0
we shall extract a subsequence, that we still denote (p%,)az=0, converging in the C([0, 7], Mp(R%))
topology towards a limit p € C([0,T], Wo(R%)). To do so, we apply the Ascoli-Arzela Theorem: the
relative compactness assumption follows quite directly from the uniform bound on Ma( EAZ) that
we proved in Lemma [3.16] ; the equicontinuity assumption, however, is more involved and requires

discrete H! estimates (Lemma [3.18)) in order to control the diffusive term. Then, using classical
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discrete integration by parts, we show that p solves the aggregation-diffusion initial value problem,
the solution of which is unique, hence the whole sequence actually converges. Passing to the limit
Az — 0 in estimate (3.24)) will give us the desired estimate for L?(R?) initial datum, and it
will only remain to use a regularization argument to conclude in the case of arbitrary Po(R) initial
datum.

Lemma 3.18. For allm e {0,..., N}, we have:

S (09)*
At Z Z ALwZ < Cl(ae,d, e, T) Z 5
n=0 jezdi=1 Jezd

with C(aOO7 d,E,T) = i <1 + Sdiagc ZJEZd exXp (%)) .

g
Proof. The idea is to perform a discrete version of the following rationale. If p® solves (1.1)) with
L?(R%) initial data, we have:
2
d [ (ef) _
dt 2

- f Vit (VI s )5 — f V3P (3.38)

First, using an adequate Young inequality on the first term along with the fact that V¥ is bounded

allows to absorb the |Vp$|? term into the last one, getting:
2 2 2
)" 2 (g g %o [ 1) [ (o)
a) 2 = 2 ! £ 2 ¢ 2

A Gronwall Lemma then ensures that

2

depends on e, but ¢ is fixed. Second, plugging back this bound into the above estimate gives a
bound on So |V 5|2 dt. Let us reproduce these computations in the discrete setting.

remains bounded over finite time, where the bound

H(R)
2
'
Step 1: bound on Z ('0‘7) .
2
Jezd
For the sake of compactness, let us note F?Jr%l = (ai))" ) — (@i, o,) P 4e,- Using twice the

definition of the explicit scheme (3.19), we have:

1)2 n+1
(p7" ) oy A oy (s
Z PJ)
Jezd Jezd
p’}“ +ph <At
Z _Z ,<F;+3_Fj;—ﬁ)+52 2 :0J+e1 207 + o7 e)
. T; 2 2 Ax
Jezd i=1 i=1
: At n n n n
- Z Z Ax (FJ = 4)10J+5 Z Z (Ples =205 + Pl—c) P
“ i 2 2
JezZd i=1 JeZd i= 1
2
1 d t o o At . o .
) B Z PTANICAS S A S + EZ A2 (Pl e, — 200 + Pl—c,)
Jezd i=1 i=1 7
=S+ 5%
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Performing discrete integrations by parts and using Young’s inequality |ab| < g—z + # with a = F}‘Jr%

and b = %, we can estimate ST as follows:
d 2
ST = 2 Z EFL <P3+ei ) 2 2 ’PJ+e1 — Py
Jezd i=1 Jezdi= 1
2
F" . ) n d
( J+4 g pJ+ei At 2
<3 S ) s S M

Jezdi=1 Jezdi= 1

’ 2

N
]
]

¢

|
DO ™
]
HM&

At ’ n
1 Axf PJ+el PJ

As for S¥, straightforward computations and the repeated use of (a £ b)? < 2a% + 2b? lead to:

4dAt . At
sy \Z Zd (FHEZ) +Z4d (Zx> Zd
JeZ ¢ JeZ

nl2
~ 3]

Using the fact that:
2
(774 )" < (asplf + aoplye,)” < 202 ((05) + (#fse,)”)

2
we deduce that ) ;.74 (F” ei) < 4a%Y e (p’j)z. Reporting in both estimates we found on ST

J+5
and S, and summing both, %ve obtain:
n+1 n\?2 2 d 2 A42 n)?2
- 4dAt 32das, At
Z (p) ) (r}) < O %o2 Z (o) (3.39)
2 € , Ax? 2
JeZd i=1 v Jezd
eAt\? 2
+Z< QA 2 4d<A:L’?> > Z p7}+ei_p7}’
Jezd
Under the Courant-Friedrichs-Lewy (CFL) condition
At 1
sdA—:E? < 3 for any 1,
the last term in the above estimate is nonpositive, thus we get
2
3 (W) = ()" _ adAtal, ( i ) 5 @)
2 x? 2
JezZ4 i1 = JeZd
2 2
4dAta? 1 (0h)"  4Ata? (0%)
< —2 (14~ = L (1+d L
€ ( * d> Z 2 € (1+4d) Z 2
Jezd Je7zd

Using a discrete Gronwall Lemma, we deduce the following bound on the discrete L? norm of pZ’Z

n)? 4(1 + d)t"a?, 0)?
Z (Pg) gexp( ( +€)t ) Z (P;) '

Jezd
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Step 2: discrete H! bound.
Assume a stricter CFL condition: there exists § such that

A 1
edAth2 <6< 3 for any 1. (3.40)

Then, for any i,

eAt\? At eAt [ eAt 5
Ad <Aac12) ; 2Ax? - 2Ax? <8dAa:Z2 a 1) g(85_ D) <0.
Thus, thanks to
d 2
D23 [l —
1=1 Jezd
n\2 n 2 n)2
<4 4dAtaZ, N : 32dac2>02A752 D (e5)" D ()" = (p))
3(1 - 89) e A== 2
< d 4dAta?, +Z4%oAt 3 (r7)” D (05" = ()
0(1—89) € ~ e 2 2
1= Jezd Jezd
which implies, thanks to the L? estimate,
Lo el (siad (a0sara) o 0 o (5P ()
Zz‘p”ei_’” <5(1—85)( e OOeXp< e OO>Z Dy 2
i=1 Jez Jens Jezs
Summing over n = 0,...,m — 1 yields
m—1 2 2 0)2
53 B ‘2 < d _ <8dTaOO e (4(1 +d)TaOO> 3 (p;)
n=0i=1 jezd (1—89) € ¢ Jezd
2 0)2
Z (r7) " Z (Pg) )
Jezd Jezd
Finally

1

mz_: Zj] Zz: ’PJ+el -

This is the desired result choosing 6 = 1/16. t

2 d 8dTa, A(1 + d)Ta2, ()
<(5(1—85) <1+ € Zexp( € ))Z ; '

Jezd

We now resume the proof of Theorem From now on, we always assume condition (3.40]) to
hold.

Step 1: Ascoli-Arzela Theorem. Let us denote, for K — R? any compact set, Lipx :=
Ce(K) n WH*(RY) the space of Lipschitz continuous functions supported in K and | - | the

Lipschitz seminorm. We then introduce the pseudo-distance defined in duality with | - |z, by:
Y € PURY. Wik(ur)i= s [od(u-v),
d)ELipKv H¢HLLP<1
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For 0 < s <t < T, we have, thanks to the Cauchy-Schwarz inequality:

t t
Wik (P s Pes) = f [(phe ) |dr < VE—s \/ J (o, ) Pdr. (3.41)

Here, the metric derivative is the one associated to the pseudo-distance Wi x. Since we chose pR

to be the piecewise affine reconstruction of the p% for n = 0,... N, we have, for 7 € [t t ],

|(,0‘Zx T)’| = iWLK(PZZ,pZZH) Indeed, p%, is a constant-speed geodesic in W1 (K) from p to

pEAZH recall (3.37al) and the fact that linear interpolations are geodesic for the W; distance, which
is a norm), hence its length on [t",t" [ equals At‘(p2x77)" by definition and Wy i (pn, pEAZH) by

the Benamou-Brenier formula. Therefore'

t g+l N—1 W (pé‘?;ﬂpé‘ ZH)
| 1P < fo () P = 2 f () fr = 3 Sofhs D (3.a2)
s k=0

Now, let ¢ € LlpK such that |¢[rip < 1. We have, denoting ¢; = ¢(x ;) and using the definition of
the scheme 9) along with discrete integrations by parts in space:

f¢d (PR3 = 0Xe) = 25 0 (05 = p3)

Jezd
- Z ZAQC J+F7, (chJrez ¢J>—e Z Z PJ+eZ—P7}) (¢J+ei_¢J>
JEZd’L 1 JGZdZ 1
D% ye, — PY
< 2dagp At + eAt UChiEECAY
Qoo + e Z Z Az,
Jezd i=1

Taking the supremum over ¢ and using (a + b)? < 2a? + 2b?, we get:

2
WE k(PR pX0 ) < 8d%aZ, At? +2€2At2< >, Z pHZx )
Jezd i=1 v
2
dLeb(K
8d2a% A2 + 252 A2 2R Z Z p‘”z :
l—[z 1A3§‘Z Jezd i=1 Li

where we used a discrete Cauchy-Schwarz inequality so as to use the discrete H' estimate we proved
in Lemma indeed, summing for n = 0,..., N — 1 and plugging into (3.42)), we obtain, using

the aforementioned Lemma:

t N—-1 d
f |(panr) | dr < 8422 T + 2d52LdL(K)At Xy
s | [ ERA Jezdi=1

W > (pf})2> . (3.43)
1= v Jezd

< Clag,d, e, T, K) (1 +

Now, since we assumed that p™ e L?(R?), the term Z Jezd (p J) is bounded with respect

Hd
to Az. Indeed, a Cauchy-Schwarz inequality along with our 1n1t1ahzat10n of the scheme ([3.18 - yield:

>0 = (L pi”i>2

Jezd Jezd
<y Leb(C’J)f gin) (HA:CZ D f pimi) ]‘[sz) 1] .
Jezd Cy Jezd
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Reporting into , we obtain a bound on Sz |(pz$77)/|2d7 that is uniform with respect to s,t
and Az. Combining with , we deduce that (pi,)Az=0 is equi—%—H('jlder and in particular,
equicontinuous in C([0,T], (Lipk)'). Lemma ensures, in addition, that M» (pzm) is uniformly
bounded with respect to ¢t € [0,7] and Az > 0. Using Lemma we deduce that (p3, ,)az=0 lies
in a relatively compact set for all ¢ € [0,7] and Az > 0. We can therefore apply the Ascoli-Arzela

Theorem along with a diagonal extraction to extract a subsequence, that we still denote (p,)Az>0,
converging in C([0, T], W1 (R%)).

Step 2: p° solves (|1.1)).

Using discrete integrations by parts as in |11, |27, we can prove that p} . satisfies the following
approximate weak form of (T.1)), for any ¢ e C([0, T[xR%):

T t o
f f 20 (t, ) o(dx) it + f ja[pzx,t}w(t,x)pzx,xdx)dt n f $(0, 2)p™ (d)
0 0
T
. fo f AG(t, 2)pias(dr) + O(Az) + O(AD).  (3.44)

Passing to the limit Az — 0 in (3.44)) is straightforward for the linear terms since PAx Ax_*;o pf

uniformly in time. For the nonlinear term, this convergence also ensures that p%,, ® ph, Ao
) ) T—
p; ® pi. Then, passing to the limit is done using a symmetrization argument as in equations (3.9)-
(3.10)-(3.11)) using the fact that W is Lipschitz and even.
We deduce that p® solves in the sense of distributions the aggregation-diffusion problem (|1.1]) with
initial datum p§ = p"™. Since such a solution is unique (see Theorem [2.10)), we deduce that actually

the whole initial sequence (p%,)Az>0 converges towards p°.

Step 3: passing to the limit in (3.24) and relaxing the assumption p™ e L?(R?).
Now, let ¢t > 0 and let n € {0,..., N} such that ¢ € [t",t"*![. Estimate (3.24)) gives:

1— 6—4)\16

Wa(pr, paA;t,t) <C f\/ Az +e+e PMAg.

Passing to the limit Ax — 0 in the above estimate using the semicontinuity of W5 then gives the
desired estimate , hence proving Theorem in case of L2(R?) initial datum. The general
case can be obtained by approximation, using Assumption (A3) which guarantees stability of the
solutions for both € = 0 and € > 0. This ends the proof of Theorem [3.13]

Remark 3.19. As a byproduct of this proof, we obtain uniform in time convergence in W1 distance in
space of the numerical scheme (3.19)~(3.18) towards the C([0, T, W»(R?)) distributional solution to
the aggregation-diffusion initial value problem, in case of L?(R%) initial datum, and under 1/6-CFL
condition. In fact, we expect this convergence result to hold for arbitrary P»(R%) initial datum and
under the standard CFL condition:

i a £+2€7At <1
= OOAa:i Aaz? 6

4 Convergence for repulsive potentials such that AW < 0 and
V2W e LPo(RY)

For any Lipschitz potential satifying assumptions (A0)-(A1)-(A2), Theorem [3.1] guarantees the con-
vergence of p® towards a solution p to the aggregation equation up to a subsequence if the initial
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data satisfies the assumptions (3.3). Then, Corollary extended this result to arbitrary initial
data by an approximation procedure, and using A—convexity to estimate the distance between two
solutions. The goal of this section is to proceed similarly in the case of repulsive potentials, typi-
cally W(x) = —|x|, where A—convexity will be replaced by some intergability of the Hessian. More
precisely, we focus on initial data equal to p™, for which we only assume finiteness of moments.

The outline of the proof is the same as that of Corollary [3.4 However, we can no more use the
A—convexity of W but, using the additional assumption V2W e LPo(R?) for a suitable pg, we still
manage to estimate the distance between p; and a sequence of viscous solutions associated with
smoothed out initial data. More precisely, we obtain the following result:

Theorem 4.1. Let W be an interaction potential satisfying assumptions (A0)-(A1)-(A2) along with
the additional assumption:

d
(A5) : AW <0 and V?W e LP° (Rd) for some py > max <§, 1),

and let p'™ be an initial datum belonging to € Po(R?). Denote (p°)e0 the sequence of weak solutions
to where the initial data is set to p§ := p™ for all € > 0.

Then, for all T > 0, the sequence (p%)e=o converges in C([0,T], W1(R%)), up to an extraction,
towards a solution p € C([0,T], Wo(R%)) to equation with the velocity field a[p] being replaced
by alp] as defined in (L.3).

If, in addition, p™ € LPo(RY) AL hop (R9), then there exists a unique solution in C([0,T], Wo(R%))n

Po

L*([0,T], LPo(R%) A Lro—7 (RY)) to (T.2) and actually the whole sequence (p%)e=o converges.
Remark 4.2.

(1) For W(z) = —|z|, this result cannot be applied in dimension d = 1, since VW = —§; is not
Zz ® z Id 1

integrable. When d > 1, we have V2W (z) = % ~ W’ hence V2W e L0 if and
x x

only if pg < d (up to cutting off the potential at infinity) and therefore we can find pg € (%, d)
so as to apply our result.

(2) In dimension d = 1, for W (z) = —|x|, Proposition [2.12| shows that the whole sequence (p)z=0
converges in C([0,7], W1 (R)) towards a solution to the aggregation equation that can be
obtained as the derivative of the entropy solution to a Burgers-type equation since entropy
solutions and viscosity solutions coincide for scalar conservation laws.

(3) As a byproduct of our result, one obtains existence of a solution in C([0, 7], W2(R%)) to the
aggregation problem (1.2 for potentials satisfying (A0)-(A1)-(A2)-(A5).

Proof. Let T > 0. As in the proof of Corollary for ¢ > 0, we introduce p° € C([0,T], W1(R9))
solution to with smoothed out initial data ug, that we now assume to satisfy assumptions (3.4
for some a € (—1,0). In particular, (u§)->0 satisfies assumptions and Theorem applies to
(11f)e=0 and guarantees convergence of a subsequence, in C([0,T], W1 (R%)), towards a solution to
the aggregation equation . As for Corollary the key ingredient is now to prove that the
distance W, (pf, 115) goes to 0 as ¢ — 0, for some p > 1 that will be specified later.

For the sake of clarity, let us drop the superscripts € for the remaining of this section.

Denoting (¢, ;) a pair of Kantorovitch potentials from p; to p; for the cost %|x — y|P, we can
formally write (see Theorem 5.24 in [35] or Theorem 8.4.7. in [1])

1d

];@Wf(pt, ) = JV% ~alpt]dps + JV% -alpe]dpr — €j (V% Vi + Vi - Vut) de.
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The last term above is nonnegative thanks to the so-called five (actually four) gradients inequality
proven in |7] for the W), case with p > 1. Actually, |7] proves the inequality in a compact setting
and a full treatment of this last term would require a suitable approximation procedure. Yet, the
inequality we need, i.e.

1d

pdtW (pt, ) < JV% alp¢]dps + jVUJt alpe]dp

can also be justified in many different ways, for instance by the stochastic interpretation of p; and
pt as laws of the solutions of suitable SDE where the choice of a common Brownian motion would
allow to get rid of the term coming from diffusion (see, for instance, |4]); since the diffusion effect of
the Laplacian in the equation could also be handled using convolution with the heat kernel, another
possible way to prove the same inequality would be to approximate the solutions by a splitting
method, alternating convolutions (which decrease the W), distance) and transport (which lets the
other term appear).
We thus get, using a triangle inequality along with the fact that Vy(z) = |z—T;(z)[P~! (x :’1?(:1:)) =

—V(x), where T} is the optimal transport map from p; to u; (which exists since p; « Leb whenever
e > 0):

LW ) < || + |, (4.12)
fi:JW—Twmw%xfi@w~mmmm—am40ﬂu»mw@, (4.1b)
b—f@—ﬂ@w1@:i@DWdM0ﬂ@%ﬂmMOE@WMM) (4.1¢)

To estimate I, we use the following bound on the Lipschitz constant of a[p¢]:

Lip(a[pe]) = [V2W # pell= < [V2W 1w el -

We deduce:
11| < Lip(ap ]flx—Tt( WP pi(dx) < [V2W |wwolpel oy WE (o2, 10).

To estimate I2, we first apply a Holder inequality w.r.t. the measure p;(dz) and with the exponents
(»',p). We get, since p'(p —1) = p

1/p

1/p
12| < (fm—az>mem) (jhmgonm»—dmhﬂumfmwm> TS

We recognize that the first factor equals W) _l(pt, ue) since £ =p—1.

Let us deal with the second one. We consider v, := ((pl — s)id + sTt)# pt the constant-speed
geodesic from p; to p;. Note that this curve implicitly depends on ¢t. We also denote by bs € LP(vs)
the velocity field associated with v € AC([0,1], W,(R%)), as given by Theorem . We have as a
consequence of the Benamou-Brenier formula 0sv5+V-(bsvs) = 0 and [|bs| o) = [(vs)'| = Wy(pt, it)
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for a.e. s € [0,1]. Therefore, for any y € R%, one has:
alp)w) ~ alp) ) =~ [ TW (= 2)(pr(2) — ()
- fo 1 JVW(y — 2)svs(2)dzds
_ L 1 JVW(y )V - (ba(2)ve(2))dzds

_ L 1 Jv?w@ — 2)ba(2)vs(d2)ds,

so that the inequality (4.2) rewrites:

ds VAW (Ty(z) — 2)bs(2)vs(dz)ds

P 1/p
Pt(dx)> :

Besides, using a Jensen inequality w.r.t. the measure vs(dz)ds for the convex function |- |P, we have:

[Io] < Wf,” (pt, pit) (

p

1 1
ds | VEW (Ty(z) — 2)bs(2)vs(dz)ds| ps(dx) < JJ;) J|V2W(Tt(a:) — 2)|P|bs(2)[Prs(dz)dsp (dax)

1
< Jo f|b8(z)|p J |V2W (T} (z) — 2)|Ppi(de)vs(dz)ds

Now, since p; = Ty ypt, we have §|V2W (Ty(z) — 2)|Ppe(dz) = §|V2W (y — 2)|Pue(y)dy. Applying a
Holder inequality w.r.t. dy and the exponents (q,q"), where we will specify ¢ right afterwards, we
get:

1/q' 1/q
| e w - 2Pauty (ﬁv? |mdy) ( | Iut(y)lqdy> IR el

We therefore have to take ¢ such that pg’ = po, so that | V2| 1pe Temains finite. This requires that
we choose p such that p < pg, which imposes pg > 1 since we also needed p > 1. We also need to
choose p such that p™ € P,, which means p < 2. Using SO §10s(2)[Prs(dz)ds = WE (pt, pue), we finally
obtain:
L] < [V2W oo e [ WE (ot o), for q = 20—,
bPo—Dp
where the value of ¢ is computed so that we have ¢/ = %0. We therefore have the following Gronwall

inequality on W5 (p, put):

1d

2 1/
St VB ) < I W o (ol g, + el ) W o, o), (43)

Now, we need a bound on |p¢||r. The following lemma implies that, if the interaction potential W
satisfies AW < 0, then the bound on p; is not worse than the one we would obtain if p solved the
sole heat equation and does not depend on the initial datum.

Lemma 4.3. Let p € (1,4+0), € > 0 and let p solve the following Fokker-Planck equation on the

whole space R%:
op+ V- (pVV) =eAp, (4.4)
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where the potential V' might depend on p and satisfies AV = 0. Assume that p; is smooth for any
t > 0, and that is has unit total mass. Then one has:

lpellze < Cet)=2,

for a positive constant C = C(p,d) depending on p only and not on the initial datum pg.

Proof. In the following, C(p) stands for any positive constant depending only on p. For ¢ > 0,
testing equation (4.4) against p} ! and integrating by parts yields:

d1 p—1
G | o= [ Ay s (19 < —ae o [ 194,

since AV = 0. Using the following Gagliardo-Nirenberg-Sobolev inequality |19, 30]:
f per i< Cl(p f IV P/2

and interpolating the LP norm between the L' and Pt norms, we deduce that vy, := {p} verifies
the following nonlinear Gronwall inequality:

2
y —eClp)y' T <0,
Integrating this inequality on [s,t] for 0 < s < ¢, we get:
—2/d(p—1 —92/d(p—
gy T 5 T2 4 e C(p) > 2C(p),

and therefore |p¢|rr = yt/p < C(p)(et)~ =172 — (¢)=%2F'. This is the bound one would obtain
using a LP x L' convolution inequality if p solved the sole heat equation on the whole space, that
is, if we had p; = G * pg where Gy denotes the heat kernel. ]

Using Lemma [£:3] with the potential V' = —W x p which has a positive Laplacian under the
assumption AW < 0, we get HPtHLp{) + Hutﬂl/p < C(d, po)(et)~%?o which, in turn, yields the Grénwall
inequality:

d _
dtW (ptnut) < C(Et) d/QPOW]?(ptmut)v

where C is a positive constant that depends on p, pg and HVQWH o only. We deduce:
—d/2
ng(pt: Mt) WP(PO MO)@SO pOdT>

provided pg > 5 so that 7-%2P0 is integrable on (0,¢]. Under this assumption, using Lemma
along with the fact that pg = p", we get, for some constant C > 0 depending on d, p,py and
|V2W | Lro only:

WT) W) < 0ol e molnaetm) o

)

which goes to 0 uniformly in ¢ € [0,T], as € — 0, provided a < —d/2pg. Since —d/2py > —1, it is
possible make such a choice while guaranteeing o € (—1,0). To finish, we conclude the proof as in
that of Corollary [3.4}

Now, note that AW < 0 ensures that any LP norm of solutions to is nonincreasing in time.
Therefore, when the initial datum belong to LPo(R%) n L%(Rd), estimate (4.3]) still holds for
€ = 0 between any two solutions to and gives uniqueness of the solution among the class of

C([0, T], Wo(R%)) n L®([0,T], LPo (R%) Lios (R%)) solutions. O
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5 Higher convergence rate for steady states under assumptions
(A0)-(A1)-(A4-p)

In this section, we compare stationary solutions to the aggregation-diffusion equation for a
given € > (0 with stationary solutions to the aggregation equation . We discard, in this section,
the assumptions of A—convexity and Lipschitz continuity on W but still assume that assumptions
(A0) and (A1) hold. In addition, we require the potential to satisfy assumption (A4—p), that is, to
be at least as attractive as |z|P, for some p € [1,00). These stationary solutions are in many cases
long-time limits of the corresponding evolving solutions, but we will not insist on these aspects that
are usually studied by A-convexity techniques, and we discarded such an assumption in this section.

Note that this assumption along with (A0) implies W (x) > C% for all z € R, If, in addition,

W satisfies assumption (A1) then W is l.s.c on R? and this implies that W is ls.c for the weak
convergence thanks to Lemma [2.3]

Also, without loss of generality, we only consider measures with 0 center of mass, that is, measures
p € P(RY) verifying:

pr(dx) =0.
We define steady states for the aggregation-diffusion equation in the spirit of |23]:
Definition 5.1. Let € = 0. A steady state for the aggregation-diffusion equation s a proba-
bility measure p € P1(R?) such that:
ife =0, VIV p=0, onsupp(p),

and, if € > 0:

VW*[H—&D =0 onRY

p>0 on ]de.

One can prove that this definition is equivalent to that of stationary solutions, in the sense of
distributions, to equation . Besides, if € > 0, one can show that a distributional solution to the
elliptic problem —V - (VW # p)p = eAp is necessarily regular and positive on R? (see Theorem .

The following lemma justifies why we compare steady states for the aggregation equation to the
Dirac mass.

Lemma 5.2. Under assumptions (A0)-(A1)-(A4—p) for p = 1, the unique steady state for the
aggregation equation (1.2a)) is, up to a translation, the Dirac mass dg.

Proof. Let p be a steady state for (1.2]) and assume that p is centered. Since VW p = 0 on the
support of p, testing against pzr and using Lemma n with the odd vector field VW yields:

H VW (z —y) - (x — y)p(dz)p(dy) = 0.

Under assumption (Ad—p), we therefore have ({|z — y[Pp(dz)p(dy) = 0. In particular p ® p is
concentrated on the diagonal. Now, if p is not a Dirac mass, then there exists disjoint Borel sets A
and B with p(A) > 0 and p(B) > 0. Then we have, since A x B is disjoint from the diagonal

0=p®p(Ax B)=p(A)p(B) >0,
and this contradiction concludes the proof. ]

Note that the Dirac mass is actually the only minimizer of the interaction energy W under these
assumptions. Conversely, Proposition 7.20 in [35] ensures that minimizers of the energy F* are
actually steady states. This provides a way to prove existence of steady states for (|1.1a)) when ¢ > 0.
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5.1 Existence of minimizers of F¢ for ¢ > 0

Proposition 5.3. Assume that W satisfies assumptions (A0)-(A1)-(A4-p) for some p = 1 and let
€ >0 be fized. The functional FS =W + eld admits a minimizer over P(R?) that actually has finite
p-th order moment.

Remark 5.4. We were not able to prove uniqueness of the minimizer under such assumptions on W
but it is likely to hold. Moreover, numerical illustrations will show that, if we remove assumption
(A4-p), multiple steady states can coexist even though € > 0 (in case ¢ = 0, it is easy to build
explicit counterexamples).

To prove this proposition, we will use that under assumptions (A0) and (A4-p), controlling W(p)

gives control on {{ |z — y[Pp(dz)p(dy), and this latter quantity is equivalent to M, (p) whenever p is
centered, thanks to the following lemma:

Lemma 5.5. Let pe [1,0) and p € Pp(R?). Assume that the center of mass of p is 0. Then:

Mp(p) < J [z — y[Pp(dz)p(dy) < 2P~ My(p).

Proof. Let u(z) = § |z — y|Pp(dy). Since p = 1, u is a convex function and therefore, using a Jensen
inequality, we get:

M,(p) = u(0) = u( [ zpldn)) < [u(a)otae).

In other terms, M,(p) < {{|z—y[Pp(dz)p(dy). The upper bound comes from the inequality |z —y|P <
27|z fP + [ylP). ]

Proof. Let (pn)nen be a sequence of probability measures that minimize F°. We can assume that
these measures are centered because F* is invariant under translation. Up to an extraction, we can
assume that (p,)nen converges weakly towards some p € My(RY). To ensure that p € P(RY), we
need to prove tightness of (pp)nen. To do so, let us find a bound on My (p,).

Since (pp)nen is a minimizing sequence, F¢(py,) = W(pn)+ U (py) is bounded from above by some
constant that we still denote C' > 0. Moreover, using assumption (A0) and (A4-p) and Lemma
since p, is centered, we have:

C C
_ P _
W(pn) = 2pf |z — y|P pn(dz) pp(dy) = QPMP(pn)'

In order to get a lower bound involving M,(p,) on the entropy term, recall that, using a Legendre
transform, yIny + e*~! > yz for all y > 0 and z € R. Setting, for z € RY, y = p,(z) and z = —|z|*?
for some exponent a > 0 to be specified later, and integrating over = € R%, we get:

j puli p > — j (7)o (d) + f 1171 g

Choosing « € (0,1) so that z — |z|® is concave, and using a Jensen inequality, we deduce U(p,,) =
—My,(pn)® + C(p, ), where C(p, ) depends on a and p only. Finally, we obtain:

C
%Mp(pn) —eMp(pn)* +eC(p,a) < C,

which implies, since a < 1, that M,(py,) is uniformly bounded with respect to n.
On the one hand, this implies that (py,)nen is tight, hence p € P(R?). Since M, is L.s.c on P(R?)
and p, EOO p, we also get p € Pp(Rd). On the other hand, the uniform bound on My (p,) along
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n— -+

with Lemma ensures that p, is compact in W, and hence we obtain M,(p,) — M,(p) for
Lemma then gives U(p) < limJiran/l(pn), and, since W is lLs.c for the weak
n—-+0o0

any ¢ € (0,p).
convergence, we get F(p) < lim Jirnf F*(py). This proves that p minimizes F*© since (pp)nen is a
n——+00

minimizing sequence. O

5.2 O(e) convergence rate in W, for potentials such that VIV (z) - 2 > C|x|

In this section, we focus on assumption (A4-1) under which the potential is “really pointy” and the
aggregation compensates the diffusion so that convergence occurs at rate O(e):

Theorem 5.6. Assume that W satifies assumptions (A0)-(A1)-(A4-1). There exists a constant
C > 0 depending on d, such that for any € > 0 and p° steady state for which center of mass
s 0, the following estimate holds:

W1 (p®,00) < Ce. (5.1)

Proof of Theorem[5.6 Let € > 0 and let p® be a steady state for (1.I)), that is:
Vp°

- =

VW % p° +¢

0. (5.2)
Testing the above equation against p°z we obtain:
Jpgaj - VW * pfdx —i—sfa: -Vpdr =0
Integrating by parts and using Lemma with the odd vector field VW yields:
3 || W e =0 @ - i @ an) - <a

The desired result then follows from assumption (A4-1) and Lemma with p = 1, since W1 (p®, dp) =
My (pf). O

Note that, from equation (5.2), one has p° = C(e)e="*P*/¢. The value of the constant C(e) can
be computed by imposing a total mass 1, so that we get p* = % Using this equality along

with estimate (5.1), we obtain a bound in W), distance for p € [1,00) provided W is also Lipschitz
continuous:

Theorem 5.7. Assume that W satisfies assumptions (A0)-(A1)-(A2)-(A4-1). For any p € [1,0)
there exists a constant C > 0 such that for any € > 0 and p° steady state for (1.1a) which center of
mass 1s 0, the following estimate holds:

W, (0%, 80) < Ce. (5.3)

Remark 5.8. At least in dimension one, this result is optimal. Indeed, we can take for W the

Newtonian potential W (x) = |z|, for which, using the correspondence with Burgers’ equation, p°
. 1—tanh?(% . .
can be written as p®(z) = %p(f), where p(x) = ta%(”, and a scaling argument then gives

W (p°, 60) = e* Mp(p).
Proof. Since
e—W*pE/a

E _—
p= S e—Wxp/e’
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we have:

Wg(/f’ do) = S67W*p5/€ ’

Now, since W is Lipschitz continuous, one has

(W p= = W s o[ < aco L‘S(lll))quﬁd(ﬂe — o) = axxWi(p®,d0) < Ce,
UACIES

because of Theorem [5.6] Thus, —W # p* < Ce — W and therefore:
f|x‘pe WpS(2)/e 10 < CJ lzPeW@)/edy < Cap+df\y|pe Wiey)/z gy,

using the change of variables © = €y. Recall that Assumption (A4-1) ensures W (z) > C|z| for all
x € R%. This allows us to bound S\y|pe*W(Ey)/Edy uniformly with respect to e.

On the other hand, since W is ag—Lipschitz continuous, we have W (z) < ag ||+ W(0) = ax|z|.
Integrating with respect to p®(dz), we deduce W = p*(0) < agsWi(p®,dp). Besides, W * p° is also
a«—Lipschitz continuous. Hence,

W s pf(z) S W p®(0) + ag|z] < ansWi(p%,00) + aso|z] < Ce + aw x|,

thanks again to estimate (5.1)). After another rescaling, we deduce:
Je—W*pE/E > C&?d,

thus getting W) (p°, do) < Cazzd = (P, which concludes the proof. O

5.3 O(¢'?) convergence rate in W, for potentials such that VW (z) -z > C|z|’

Assume W satisfies assumptions (A0), (A1) and (A4-p) for some p € [1,00). Under this assumption,
a straightforward adaptation of the proof of Theorem provides an estimate on W, (p®, do):

Theorem 5.9. Assume that W satifies assumptions (A0)-(A1)-(A4-p) for some p € [1,00). There
exists a constant C' > 0 such that for any e > 0 and p® steady state for (1.1a) which is centered, the

following estimate holds:

Wy (p®,00) < Cel/r. (5.4)
Remark 5.10. It is possible to prove optimality of this rate for p = 2. Let us consider the quadratic

—Wp% /e

potential W (x) = |z|?, that satisfies assumption (A4-2). Recall that p° W. Expanding
W(z —y) = |z — y|> and using both facts that the total mass of p is 1 and that p° is centered, one

has:
et~ exp {2 ([latp ity 20 [ty + [l way ) |

_ o lal?/e o~ WE(o% do) e

o—lal?/e

m, which in turn yields:

Hence, p°(z) =

§fof2e o= da

W2 (P 60) Se |x|2/‘€d(£

A change of variables in both integrals then gives W3 (p°,dg) = Ce. Note the estimate W} (p°, 5o) =
CeP/? can be proved in the same way, but is not relevant in the context of Theorem .
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6 Numerical illustrations

This sections aims to illustrate our convergence results both in the evolutive case and in the sta-
tionary case. The implementation of the schemes has been done in Python and the code is available
at jgithub.com /strantien /aggregation. Tests are conducted on [—1,1], with 2J + 1 cells, and the ve-
locity field is always discretized by . Wasserstein distances between two arbitrary probability
measures are computed using the POT package (see [18]).

6.1 Evolutive solutions

We begin with the convergence rate in Wasserstein distance of the viscous solutions p® associated
with a fixed initial datum p™ (not depending on ¢). In this subsection P, is computed using the
implicit discretization , for which the CFL condition is less restrictive than the parabolic CFL
condition of the explicit scheme. We also implemented no-flux boundary conditions so as to preserve
total mass. This condition is a discretisation of (ed,p — a[p]p)(t,—1) = (edzp — a[p]p)(t,1) = 0.
Namely, is used for j = 2,...,2J and the system is closed with (here we omit the index i as
the space dimension is 1, and we recall that 6 = 1)

ot = o — o () o7~ (05)8) + e (05— o).

and a similar equation for j = 2J + 1. Since in some cases we do not have explicitely a reference
solution for the inviscid equation (¢ = 0), the convergence rate w.r.t. ¢ is estimated taking Az
small enough so that p% . approximates p°, and computing W)( Z;}T, PA x,T): this quantity is called
"error" in the y axis on Figures and 3] Actually in the case of Figure [I] the velocity field has
the form —VW # p(x) = —z, which would allow for the computation of the reference solution; yet
in order to use the same tools based on the POT package (more suitable for atomic measures) we
do not exploit this property.

In Theorems and when W satisfies assumptions (A0)-(A1)-(A2)-(A3), we proved con-
vergence at rate O(e'/2) in Wy distance, which is what we recover when W is smooth, as shows
Figure . In practice, for this test case, we observe O(El/ 2) convergence rate in W, distance for any
p € [1,4[. However, in case W has a Lipschitz discontinuity at the origin (Figure [2)) we observe
convergence at order 1 in W; distance. This is the superconvergence phenomenon investigated by
Tang, Teng and Zhang |37, 40| in the framework of scalar conservation laws. In terms of aggregation,
the interpretation is that, when W is singular, the concentration is strong enough to compensate
part of the diffusion. In other W), distances, convergence seems to occur at order 1 when ¢ is not
too small, and then degenerates quite clearly towards order 1/p for any p € [1, +o0|[ (see Figure
for p = 3). Note that, in every case, the convergence order is robust with respect to the test case
(be it for smooth or singular initial data, e.g. Dirac masses).

6.2 Steady states

In order to simulate the steady states for € > 0, recall that they are characterized, over the whole

space, by the following equation:
e~ Wp® /e

¥ = C (6.1)

We therefore use a fixed-point method on the map sending p into S‘E;_V“:Vi*::; in order to solve Equation

(6.1). Fixed point algorithm is stopped as soon as the W), distance between two iterations is below
some tolerance. Numerically, we observe that this method turns two symmetric Gaussian bumps

42


https://github.com/strantien/aggregation

Convergence order in W, distance, upwind scheme with implicit diffusion, / = 5000, W(x) = |X|2, T=0.5,CFL=0.9

—>— Scheme
—— Slope 1/2
—— Slope 1

-4

logio of the error in W, distance

-5

-6

-6 -5 -4 -3 -2 -1
logio (€)

Figure 1: Order 1/2 convergence in W distance of pé. towards pr for p™(z) = 2\/%6_2(”2, W(z) =

/.

Convergence order in W; distance, upwind scheme with implicit diffusion, / = 5000, W(x) = |x|, T= 0.5, CFL=0.9

—>— Scheme
~——— Slope 1/2
—— Slope 1

-2

-3

logio of the error in W, distance

-6

-6 -5 -4 -3 -2 -1
logio (€)

Figure 2: Order 1 convergence in W distance of p5. towards pr for p™(z) = 2\/§6_20‘”2, W(z) = |z|.

almost immediately (after the first iteration) into a centered Gaussian whenever W is attractive and
Lipschitz.
We first investigate the convergence rate towards the Dirac mass, for centered steady states. The
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Convergence order in W3 distance, upwind scheme with implicit diffusion, / = 5000, W(x) = |x|, T=0.5, CFL=0.9

- —>— Scheme

—— Slope 1/3
—— Slope 1

-2

-3

logio of the error in W3 distance

-6 -5 -4 -3 -2 -1
logio (€)

Figure 3: Order 1/3 convergence in Wj distance, for small €, of pf. towards pr for p™(z) =

24/2¢7% W () = Ja].

Convergence order in W, distance, / = 80000, tolerance = 1e-12

15 e Fixed-point method

Slope 2

-2.0

| !
w g
o w

I
w
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logio of the error in W, distance

-4.0

-4.5
-2.6 -2.4 =22 -2.0 -1.8 -1.6 -1.4 -1.2

10910 (€)

Figure 4: Order of convergence in W7 distance of p® towards &g, for the non-Lipschitz potential
W(z) = 4/|z| + |z|. The initial density for the fixed point algorithm is the centered

. _ 2
Gaussian 2\/§e 2027

error is estimated computing the integral §|z|Pp(dx) = W) (p,dy). When W satisfies assumptions
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(A0)-(A1)-(A4-1), we proved O(e) convergence rate in W; distance, which we do recover in Table
for W(x) = |z|. We also explore the case when W verifies (A0)-(A1)-(A4-1) but is not Lipschitz
continuous, which is the case of W(z) = 4/|z| + |2|. For this potential, we obtain, in Figure
convergence at order 1.82264413 which is slightly less than 2, in W; distance. This can be linked
to the fact that W satisfies a sort of assumption (A4-1) when |z| < 1. Under assumptions (A0)-
(A1)-(A2)-(A4-3), we observe convergence at rate 1/3 in W3 distance as we proved in (5.4)), as shows
Figure [5l More generally, under assumptions (A0)-(A1)-(A2)-(A4-p), convergence at rate 1/p seems

Convergence order in W5 distance, / = 1000, tolerance = 1e-06

—0.6 ~ —%— Fixed-point method %
Slope 1/3

X

-0.8

|
=
=)

X

|
=
N

logio of the error in W5 distance

|
g
IS

-1.6

—45 -4.0 -3.5 -3.0 -2.5 -2.0 -15
logio (€)

Figure 5: O(¢'/?) convergence in W3 distance of p° towards &y, W (x) = |«|>. The initial density for

the fixed point algorithm is the centered Gaussian 2\/%6_20962.

to occur in any W, distance, ¢ € [1,+00[, which is what we proved in for p = 1 or for p = ¢. To
illustrate this latter case, we compute the convergence order in W, distance for W (x) = |z|P, which
seems indeed to be 1/p, see Table [1| (when p = 1, since the potential is pointy, one has to refine the
mesh so as to observe proper convergence at order 1).
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Table 1: Convergence order ~ % of p° towards g for W (z) = |z[P, tol = 1076, ¢; =271 i =4,...

initial density 2 %e

—2022

Order

J

T W N RS

1.00205259
0.49999997
0.33333333
0.25000000
0.20000000
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