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Abstract

We compute the relaxed Cartesian area in the strict BV -convergence on a class of piecewise
Lipschitz maps from the plane to the plane, having jump made of several curves allowed to meet
at a finite number of junction points. We show that the domain of this relaxed area is strictly
contained in the domain of the classical L'-relaxed area.

Key words: Area functional, relaxation, strict convergence, Cartesian currents, total variation of
the Jacobian, Plateau problem.

AMS (MOS) 2022 subject classification: 49J45, 49Q05, 49Q15, 49Q20, 28A75.

1 Introduction

Let 2 C R? be an open bounded set. Given v € C1(Q;R?), the area functional is defined as

Alv, Q) ;:/Q¢1+|w2+uv|2 d:c:/Q\M(Vv)\ da, (1.1)

where M(Vv) = (1, Vvy, Vg, Jv) and Jv = g%g—gi - g—;?g% is the Jacobian determinant of v.
The value A(v,2) is the 2-dimensional Hausdorff measure of the graph

Goi={(z,y) € QxR 1y = v(a)}
of v. In order to extend the area functional to a more general class of maps one is led to consider
the relaxation of (1.1)): Namely, for all u € L'(Q;R?) one chooses a convergence, for instance the
L'-convergence, and sets

k—-+oco

Api(u, Q) := inf {limian(uk,Q), up € CHQ;R?), ug, — u in Ll(Q;RQ)} : (1.2)

In contrast with the case of real valued maps, for which the L'-relaxed area is well-understood,
in higher dimension, including the case of R?-valued maps considered here, the analysis of A;1
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has been shown to be very challenging and a lot of questions remain open. For instance, it is
known that the domain Dom(A;:1(-,Q)) of Api(-,€) is strictly included in BV (£;R?), but its
complete description is, so far, not available. The main difficulty to treat A;: is due to its non-
local behaviour: Indeed, for general maps u with the only exception of very trivial cases, the set
function E C Q + Aj1(u, E) is not subadditive, and this excludes to represent in integral
form. As a consequence, the explicit value of Ap1(u, ) is, at the moment, known only for very
specific non-smooth maps u enjoying a high degree of symmetry [5}7,25].

A useful simplification in the relaxation analysis of A is to consider some variants of , for
example modifying the convergence of v to u (see [8,9,/13[17]). Even if the L'-convergence seems
to be natural also with respect to the application to the non-parametric Plateau problem, one
can replace the L'-topology with different ones. In some recent works [3,22], instead of relaxing
with respect to the L'-topology, the authors have considered relaxation with respect to the strict
convergence in BV (Q;R?) (shortly BV-relaxed area). Namely, one defines

Apv (u, Q) := inf {lim inf A(ug, Q), up € CH(4R?), up — u strictly BV(Q;RQ)} . (1.3)

k—+o0

Although the analysis of Ay seems quite more treatable, a complete picture and description of
its behaviour is still missing. It is straightforward that for any v € BV (£; R?)

ij(u, Q) > .7\[,1 (u, Q),

so Dom(Agy (+,Q)) C Dom(A1(+,€)), and the inclusion is strict as Example [4.1| below shows.
Strictly related to the area functional is the Jacobian total variation functional, namely

TV (0, Q) = / Jol da,
Q

valid for all v € C'(Q;R?). Also in this case, to extend TV .J to a larger class of functions, a
relaxation procedure is in order. However, the choice of the L'-convergence is in some cases not
interesting: for instance, if u € WH1(Q;S!), with Q simply connected, the corresponding relaxed
functional trivializes and becomes constantly null (see |10, Cor. 5]). On the other hand, the notion
of strict convergence in BV gives rise to a nontrivial relaxed functional which shows to play a
crucial role in the analysis of Agy . Specifically, for u € BV (;R?) we consider

TV Jpy(u,Q) := inf {lim inf TV J (vg, Q), v, € CHQR?), v — u strictly BV(Q;RQ)} . (1.4)

k—+o00

In the present paper we compute the value of Agy (u, Q) for some particular piecewise Lipschitz
maps u which are allowed to jump on curves in turn meeting at junction points. We refer to
Definition for the details on these maps, and we summarize here their features: Let  C R?
be a bounded open set of class C' and {Qk}r=1,.. ~ a finite partition of {2 made of Lipschitz sets.
Suppose that ¥ := U,ivzlan is the support of a finite family of C2-curves ap: Iy = Q, £ =1,...,n,
I, = (ag,by). We suppose that the curves ay, arc-length parametrized on Iy, are injective on I,
ae(Iy) C Q, and of class C? up to ay and by (namely ¢, and ¢y are continuous on I,). Furthermore,
we assume that ay(Iy) and oy (1), for £ # h, may intersect only at the endpoints. Endpoints of «;
are allowed to belong to 02, and we assume such endpoints to be distinct for different curves.

A map u € BV (Q;R?) is called piecewise Lipschitz if its restriction to any €2, is Lipschitz. Notice
that if p; is a junction point and Q}C (k=1,...,N;) are the connected components of 2\ ¥ having

p; as boundary point, then there exists the limit ,B,i, := limz—p; u(z). For the sake of simplicity, we
z€Qy,

assume that the enumeration k = 1,..., N; respects the counterclockwise order of QZ’S around p;.



To introduce our main result, we have to consider also a planar Plateau problem for Lipschitz
curves: Given a Lipschitz curve ¢ : S! = 9B; — R? we consider the quantity

P(p) :=inf {/ |Jv| dz : v € Lip(By; R?) : VjaB, = cp} . (1.5)
B1

For all i = 1,...,m we denote by 4° a Lipschitz curve which parametrizes on S' the polygon in
R? with vertices i, /%, ..., ﬁf\,i, in the order (see Fig. . Notice carefully that this curve may
self-intersect. Also, P(y) is invariant under reparametrizations of ¢ (Proposition [2.9). Finally, set
I =[0,1]. The main result of the paper is the following

Theorem 1.1 (Relaxation for piecewise Lipschitz maps). Let u : Q — R? be a piecewise
Lipschitz map. Then

Apy (u, Q) = / IM(Vu)| dz + Z/ |8tX?§f) A 85X?§f)\dtds + ZP(?), (1.6)
o\X /=1 [ag,be]x T i=1
where, for any L =1,...,n,
X%g(t,s) = (t, suj(t) + (1= s)u, (1)) V(t,s) € [ag,bg] x I, (1.7)

and uzt are the traces of u on the support ay(Iy) of cy.

One of the main features of expression is the presence of two singular contributions: a 0-
dimensional term due to the concentration of the Jacobian determinants of a recovery sequence (vy)
for Ay (u, ) around the junction points (namely, the term involving the minimum of the Plateau
problems P(5%)), and a 1-dimensional term, which essentially takes into account the concentration
of the gradients and of the Jacobian determinants of vy along the jump set ¥. So, we can interpret
as a non-trivial generalization of [3, Theorem 1.3], valid for the triple point map ur (see
also Theorem [4.4)), and of [3, Theorem 1.1], valid for 0-homogeneous maps of the form ¢ (z/|z|)
with ¢ : S' — S! Lipschitz. Indeed, in the first case the 1-dimensional term was simply the total
variation of up (consisting of the area of three vertical walls over ¥) and the 0-dimensional one was
the area of the target triangle, which is a trivial minimum of , while in the second case we had
no 1-dimensional contribution and the O-dimensional one was the solution of with this special
¢, that reduces to P(¢) = m|deg(v)|. In other words, the relaxed area of a more general map u
as in is still a measure (if we regard it as a function of €2), which has the same dimensional
structure, but with a more involved and rich expression.

We observe that for this special kind of maps it always holds Apgy (u,Q) < +oo, because the
contributions of the Plateau problem P(7%) is always finite, since one can construct a Lipschitz
competitor for . On the other hand, the presence of a finite number of junction points is
crucial, because, as Example shows, we can build a piecewise constant map whose BV -relaxed
area is infinite. It is here remarkable that the same map can be seen to have finite L!'-relaxed area
(compare with ) This in particular shows the proper inclusion

Dom(Apy (-, Q)) € Dom(Ap: (-, Q)).

We divide the proof of Theorem in several steps, and in particular we first focus on the re-
laxation on piecewise Lipschitz maps u without junction points. In this case we show in Corollary
3.12| (consequence of Theorems and that the relaxation provides as singular contribution
the integral over the jump set S, of u of the area spanned by the affine map X*f. The main issue
is the proof of Proposition the lower bound for the relaxed area of maps jumping on the central



horizontal segment of the rectangle R = [a,b] x [—1,1]. Here, we need to use some tools from
the theory of integer multiplicity currents, in particular slicing arguments and the isoperimetric
inequality, in order to show that over the jump segment the graph of the elements of an approxi-
mating smooth sequence (vg) have area bounded below by the area of X aff The properties of the
strict convergence (Lemmas and enter at the level of vertical slices of the graph of v in a
neighbourhood of the jump segment, but these results only are not enough to pass to the limit in
the area of the graph of v. For this purpose, the idea is to make a decomposition of the graph of
vy, and of the surface X2 in several tiny strips, and notice that, when the number of these strips
is very high, the boundaries of these two little pieces of surfaces are uniformly close together, as a
consequence of the strict convergence and, at the same time, the strips which decompose X are
very close to a minimal mass current having the same boundary.

In [9], the authors compute the relaxed area Ar~(u,2) with respect to the local uniform con-
vergence out of the jump, for u as in Proposition [3.4] They obtain, as singular contribution,
the area of the minimal semicartesiarﬂ surface spanning the graphs of the two traces. In par-
ticular, since X*T is semicartesian and spans graph(u®) as well (see [9, Definition 2.4]), we have
Aps(u, R) < Ay (u, R). In general, this inequality holds strictly, even if graph(u®) are coplanar.
We can find an example in |9, Remark 8.5], where one can notice that in order to minimize the area
of the spanning surface, the approximating sequence needs not keep the total variation of the limit
map, which instead is forced to be preserved under strict convergence. Moreover, it is important to
notice that Az (u, -) is not subadditive (see [9, Thm. 8.1]), while Apy (u,-) is clearly a measure.

In a second step we instead consider the case of maps uw which are piecewise constant but whose
jump might have junction points. Specifically, in Theorem [£.4] we see that the relaxation on a
n-uple point map (i.e., whose jump consists of n radii of the same ball B,(0)) provides as singular
contribution, besides the total variation of u, the number P(7), where 7 is the piecewise affine
curve which parametrizes the perimeter of the polygon whose vertices are the values of u around 0.

Finally, in Section [5] we use Corollary and Theorem [4.4] to complete the proof of Theorem
L1

We point out that, to our best knowledge, it is not yet known, in general, whether the BV -relaxed
area is subadditive if considered as a set function and, further, if it gives rise to a measure. We
expect such a subadditivity for BV-maps u from the plane to the plane, being motivated by relevant
examples with explicit computations, and also because of the presence of a unique cartesian current
with minimal completely vertical lifting associated to u (as recently shown in [23]). Unfortunately,
this uniqueness result fails in higher codimension, where in addition we have less explicit examples.

2 Preliminaries

We start by collecting some tools needed in the proof of the main theorems. For an integer M > 2,
set SM=1 .= {x ¢ RM : |z| = 1}. In what follows, 2 C R? is a bounded open set.

2.1 Some consequences of the strict convergence

Theorem 2.1 (Reshetnyak). Let py, i be (finite) Radon measures in 2, taking values in RM.
Suppose that pp — p and |up|(Q) — |u|(Q). Then

i [ (@) ) dinde) = [ 1 (o o)) i@

for any continuous bounded function f : Q x SM~1 5 R.

! A map having the identity as the first component.



Proof. See for instance [2, Theorem 2.39]. O

For any u € BV(Q;R?), we recall that the distributional derivative Du is a Radon measure
valued in R?*2. SBV() stands for the space of special functions of bounded variation on Q [2].
The symbol |Du|(€2) stands for the total variation of Du (see |2, Definition 3.4, pag. 119]) with |- |
the Frobenius norm. We denote by S, the jump set of w.

Definition 2.2 (Strict convergence). Let u € BV (Q;R?) and (ug) C BV (2;R?). We say that
(ug) converges to u strictly BV, if

Uk LY and | Dug|(2) — | Du|(£2).

Let R = [a,b] x [-1,1]. For (t,0) € R, set
R = {(z1,22) € R: a1 = t}, R} == {(z1,22) € R: 22 =0}.

If w € BV(R;R?), by Lebesgue differentiation theorem and Fubini theorem, for almost every
t € [a,b], the restriction u L Ry of u on the vertical segment R;* coincides with the trace of u
at H!'-almost every point of Rf'. So, for almost every t € [a,b], the map ul_ R is well defined
because it is independent of the representative of u. The same argument holds in R%? for almost
every o € [—1,1].

Lemma 2.3 (Inheritance of strict convergence to slices). Let u € BV (R;R?). Suppose
that (v;) € CY(R;R?) is a sequence converging to u strictly BV (R;R?). Then for almost every
(t,0) € R, there exists a subsequence (vy,) C (vg), depending on t and o, such that

v, L RPY — ulL RYY strictly BV (Rf'; R?),

vg, L R — ulL RZ  strictly BV (R%2;R?). (2.2)
Proof. For almost every ¢ € [a, b], in view of the definition of R}*, we can define the total variation
of ull R{* as
1

rD<uLRf1>r<Rfl>:sup{_/

[ ltaa) - o g € CUCLIEIO) ). @23

where B1(0) = {(¢,1) € R?: €2 + 712 < 1}. Let us show that
b
Daul(R) = [ D@L BB, (24)

where Dou := Dues is a Radon measure on R valued in R? with finite total variation. Since, for
almost every t € [a,b], vy L Rf* — ul_ RY" in LY(RY';R?), we have, using (2.3)),

|D(ul R{Y)|(Ry') < liminf |Oavg (t, 22) |dxa. (2.5)
k—+o00 Rfl

Then, using Fatou lemma and Fubini theorem,

k——+o0

b b
/ |D(ul Ry (R )dt < / liminf/ |Oavg (t, x2) |dzadt (2.6)
a a R

< limint / 1Oyvi (£, o) | dtdzs = | Dyl (R),
R

k—+o0



where in the last equality we used Theorem with f(z,v) = \/1/?? +v2, for every x € R, v €

S? ¢ R* = R? x R?, with
v = 12 %
vo vy)

The converse inequality in (2.4)) is standardﬂ So, (2.4)) is proved and (2.6) holds as an equality,
which implies that also (2.5 holds as an equality, namely

|D(ul RF)|(R™) = liminf/21 |Oavg (t, z2) |dxs.
R,

k——+o0
Extracting a subsequence (v, ) C (vi) depending on ¢, we get
vg, L R — ulL RY strictly BV (Ry*; R?).

Finally, repeating the same argument for v;, on the horizontal slices { R%2}, we get (12.1]) for a (not
relabeled) sub-subsequence. O

Now, let B; be the disk of R? centered at the origin of radius I > 0. We want to prove the
analogue of Lemma in By, by slicing with concentric circumferences. If u € BV (Bj;R?), as in
the previous case, for almost every r € (0,1) the restriction uL 0B, is well-defined and independent
of the representative of w. In particular, for almost every r € (0,1), we can define the total variation
of ul_ 0B, as

2
|D(ulL9B,)|(0B;) := sup {/ a(r,0) - f'(0)do; f € C'([0,2x]; B1(0)), f(0)= f(2m), f’(0)=f’(27r)}
’ (2.7)
which turns out to be finite (see Lemma [2.5)), giving that ul_ 0B, € BV (0B,;R?), for almost every
r € (0,1). Here
u(r,0) := u(rcosf,rsinb), r e (0,1], 6 €10,2m).

We want to relate this quantity with the notion of tangential total variation.

Definition 2.4. For x = (z1,22) € R?\ {(0,0)}, set 7(z) = ﬁ(—xg,xl). Let 0 <1l < L and

Ap; = Br(0)\ Bi(0) be an annulus around 0. We define the tangential total variation of u €
BV(ALJ;]RQ) as the total variation of the Radon measure Dyu := Dut, namely

|Drul(Ary) = |Dur|(ALy) = sup{ _ /

u-(Vgr) do: g € CHALEB0) ). (28)
Ary

The last equality in (2.8)) is justified since 7 € C*(Af ;;R?) satisfies divr = 0 everywhere, so for
any g = (g, ¢%) € C}(Ar; R?) we have

—/ u- (Vgr) da::—/ u1Vgl~Tdar—/ u’Vg? T da
ALy ALy ALy

= / utdiv(glT) dx / u?div(g*7) dx
Ay Ay

= / g't - dDu! +/ g*7 - dDu?* = / g - (dDu)T = (Dur, g).
AL,l ALJ AL,l

?We recall that
| Dau|(R) = sup {—/ u-Ozpgdr: g€ CCI(R;El(O))} .
R

Now, for g € C:(R;B1(0)), [pu - Org dz = f; (filu(t,xg) -8ZQg(t,z2)d1:2) dt < f;\D(uLRfl)\(Rfl)dt, =)
|Daul (R) < [,/ D(ul BE)|(R]*)dt.



This computation shows that |Dyu|(Ar;) < |Du|(AL;), since |7| < 1, and also that (2.8)) is com-
patible with the case u € WH(Ap ;s R?), where simply |D,u|(AL;) = fALl |Vur| dz. Moreover,

Du = |Du| | Du| by polar decomposition, so that

(Dur.g) = [ g(apuyr = / (D“d\Dur) -/ (D“ )dwur Vg € CM(B:R),
AL,l ’D| ALl ’D|

giving that

Du
D;u = Dur = WT|D’U,| (2.9)

Lemma 2.5 (Inheritance of strict convergence to circumferences). Let u € BV (Bg;R?)
and (v,) C CY(Br;R?) be a sequence converging to u strictly BV (Bg;R?). Then, for almost every
€ (0, R), there exists a subsequence (vy,) C (vi), depending on r, such that

vg, L OB, — ulLdB, strictly BV (9B,;R?) as h — +oo. (2.10)

Proof. For almost every r € (0,R), by Fatou lemma and Fubini theorem, up to extracting a
subsequence, we may assume that the restriction v; L 0B, has equi-bounded variation w.r.t. k.
Moreover, we may also assume that (vg) converges to u almost everywhere in Bpg, so that, for
almost every r € (0, R),

vy LOB, = ulLdB, #'-a.e. in0B,. (2.11)

Now, let r € (0, R) be such that v L 0B, has equi-bounded variation and (2.11)) holds. Then, there
exists a subsequence (vg, ) C (vg) depending on r such that

vg, LOB, = ulLdB, w*— BV (0B,;R?).
By lower semicontinuity of the variation, we infer that for almost every r € (0,R), u L 9B, €

BV (0B,;R?) and

h——+o00

|D(ulL0B,)|(0B,) < lim inf/ |V, 7| dH". (2.12)
OBy

Let 0 < I < L < R be such that vy — u strictly BV (AL, R?) where, as in Definition
A= Br(0) \ B;(0) (notice that this holds for a.e. [ and L); by integration, we get

L L
/ |D(ul_0B,)|(0B,) drg/ <liminf/ |th7\dﬂl> dr
! l h—+co JoB,

I (2.13)
ghminf/ / \Vvkhﬂd?-[ldr—liminf/ |V, 7| dz.
h—+oo J; 9B, h—400 Apy
Thanks to Theorem [2.1 with the choices M =4, S3 C R* =R?*2| f € Cy(AL; x S?),
\/|Vhor T ‘ + ‘Vvert T(%)‘Q,
where v € S* and vyo; 1= (V1, 13), Vyert = (V2,14), We obtain
. Du
lim |VugT| dw—/ 7| d|Du| = |Dru|(AL,), (2.14)
k—4o00 Apy ’




where in the last equality we have used (2.9). So we get
L
|Drul|(Apy) > / |D(ul_0B,)|(0By) dr.
l

In order to prove the converse inequality, let g € CCI(AL’Z;Pl (0)). Then, in polar coordinates, by

definition ([2.7)),
L pr2m L
/ u-Vgr doe = / / u(p,0) - Opg(p,0) dpdf < / |D(ulL0B,)|(0B,) dp,
ALJ ! 0 l

where g(p,0) := g(pcosb, psind), for any p € (0,1], § € [0,27). So, we have proved that
L
Dol (Ary) :/ \D(uL8B,)|(9B,) dr.
l

In particular, we deduce that (2.13)) is a chain of equalities. Then, (2.12]) holds as an equality and
there exists a subsequence (vg, ) C (vg), depending on 7, which achieves the full limit. Since ! and
L are arbitrary, we get the thesis. O

2.2 Further properties in dimension 1

In [3| Proposition 2.4] the following is proved:

Lemma 2.6. Let (1) € Wh'((a,b);R?) be a sequence converging strictly BV ((a,b); R?) to v €
Whi((a,b);R?). Then vy — v uniformly in (a,b).

For our purposes, we need an improvement of Lemma [2.6] where discontinuous functions v at a
single point, or at a finite number of points, are allowed; we start with one point discontinuity.

Lemma 2.7. Let [~ := [-1,0),I" := (0,1]. Suppose that (yx) C WH([—1,1];R?) is a sequence
converging strictly BV ([~1,1];R?) to v € BV([~1,1];R?) n Wh(I=;R?) n WHL(I+;R?), with
yH(0) # 4= (0). Let S:[-1/3,1/3] — R? be defined by

S(t) :=

| W

((1/3+ ) yt(0)+ (1/3 - 1) 'y*(O)) , T€[-1/3,1/3].

Let 5~ (resp. 3*) be the reparametrization of v~ (resp. v +) on [—1, —%) (resp. (%, 1]) defined
by the composition with the increasing linear function taking [—1,—1/3] onto [—1,0] (resp. [1/3,1]
onto [0,1]). Define

7~ in[-1,-1/3)
y:[-1,1] — R?, 7:=X8S in [~1/3,1/3] (2.15)
¥t in (1/3,1].

Then there exist:
(a) a Lipschitz strictly increasing surjective function h : [—1,1] — [-1,1],

b) a subsequence (k;) and Lipschitz strictly increasing surjective functions hy. : [—1,1] — [—1,1
J J
for any j € N, with sup; ||y, [[cc < +00,
such that

lim g 0ohy, =7oh  uniformly in [-1,1]. (2.16)

j—+o0



Proof. The lengths Ly of v, and L of v are given by
1
Li= [ il ar
-1
0
=K1 = [ Bl dr+ b0 -1 )+ [ Kl ar

Since, by assumption, v, — v strictly BV ([—1,1];R?), we have that L, — L as k — +oo. Fix
n > 0 and for all k € N define the function|

s [FL1) 5 [0,L+0n),  sit) = Ii*:; /_1 ()1 +7) dr, (2.17)

with Lipschitz inverse oy, := s, ' : [0, L + 7] — [~1,1]. Define
B0, L+ = R% Ak(s) = mlan(s)) Vs e[0,L+1). (2.18)

Since from (|2.17))

) L
d%( ‘ < ek (s)] <ZEEN o0 forae s €10, L + 7],

ds T Sk(an(s)) T L+n T

for some constant C' > 0 independent of k, the sequence (7%) is bounded in W1°([0, L + n]; R?).
Thus, up to a (not relabeled) subsequence, we may assume that there exists 7 € W1>°([0, L+n]; R?)
such that

Ak — 7 weakly* in Wh°([0, L + n]; R?) and uniformly in [0, L + 7]. (2.19)
We observe that for any open interval J C [0, L + 7],

/ Flds < hmlnf/ Fglds < |J|hm1nf

and thus .
7] <1 a.e. in [0, L + 7). (2.20)

Now, in order to conclude the proof, we need to show that 7 is a reparametrization of 4. Then the
thesis of the lemma will follow by reparametrizing both 75 and 7 on [—1, 1].

Using that (1) strictly converges BV ([—1,1]; R?) to vy € WLL(I—; RH)NWEL(IT;R?), by Lemma
and a diagonal process, we can find an infinitesimal sequence (Jx;) C (0, 1] such that

17y = Yl oo ((=1,0\ (=, 8,,) = O (2.21)

3, 1 1
/ i, ()] dr / )\ dr, /5 i, ()] dr /0 ()] dr

as j — +oo. In particular,

and

Hm g, (£65,) = v(0) (2.22)

Jj—+o0o

3We need 5, since in principle 45 could vanish somewhere.



and, setting

we have

(2.23)

As a consequence of (2.19)), (2.22), and (2.23)) we get
iy (i, (1)) = Ay () = A0%) = 7%(0).

Therefore the curve 5 maps the segment [r~, 7] into a curve joining v~ (0) and v*(0). Now,
since ™ — 7~ = |y7(0) — v (0)|, from (2.20) we conclude that 7 coincides with the unit-speed
parametrization of the segment joining v~ (0) and v*(0) on [r~,r"]|. Hence we have shown that

Yk; © ag; — S o & uniformly in [r=,rT] as j — +oo, (2.24)

for the affine increasing reparametrization & : [r~,r+] — [-1/3,1/3].
We now check that ¥ = v o« on [0,77] for some increasing bijection « : [0,77] — [—1,0], and
similarly 4 = v o 8 on [r*, L + n] for some increasing bijection 3 : [r*, L 4+ n] — [0,1].
Indeed, the functions «ay : [0, L + 1] — [—1, 1] are strictly increasing and satisfy
Li+n C
L+n)w®I+3) ~ n’

so that we may assume (up to extracting a further not relabeled subsequence) that

| (sk(2))] =

ay, — a weakly™ in W°°(]0, L 4 7)) and uniformly in [0, L + 7],
for some nondecreasing map o € WH°°([0, L + n]). Hence, using , we find out
Ty (5) = 9, (ar, (5)) = 7(a(s)) for all s € [0,77).
This, together with , implies

7(s) =y oa(s) for all s € [0,77).

A similar argument shows that this also holds for all s € (r*, L + n].
Finally, we observe that « is strictly increasing on [0,77) U (r*, L + n]. For, if a is constant on
some interval [s1, so] C [0,77), we have lim;, o0 ag;(51) = limp, s 4 o0 a;(52) and hence

52 tlc-,2
0= lim dr,(s)ds= lim [ 7 dr= lim (ty; 2 —ty; 1), (2.25)
J—+o00 51 J—+oo tkj,l Jj—+o00
where t1, ; are defined by sy, (tx; 1) = s1 and sy, (¢, 2) = s2. By definition (2.17) of s;, we have
b2 ) n
0 < sp—s1 = / (1, (] + 2) d. (2.26)

L.
k],l
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Possibly passing to a (not relabeled) subsequence and using (2.25)), let ¢t € [—1,0] be the limit of
(tr;,1) and (tg,2). If £ # 0, for any open neighborhood J C (—1,0) of Z, using ([2.26)), we get

/\'y| dr = lim /\’yk| dr > sg — s1,
J h——4o00 J J

which contradicts the inclusion 4 € L*((—1,0); R?). The same argument holds if £ = 0, for J a left
neighbourhood of 0 in (—1,0). We conclude that « is strictly increasing.

Let hg; be a rescaling of aj; on [~1, 1]; rescaling also « from [0, 7] to [~1, —1/3], and then from
[r*,L+n] to [1/3,1], using also & in (2.24), we construct a reparametrization h : [—1,1] — [—1,1]
such that holds, and the lemma is proved. O

Lemma can be readily extended to curves « with finitely many jump points:

Corollary 2.8. Let (y;) C WHL([0,27]; R?) be a sequence converging strictly BV ([0, 2x]; R?) to a
map v € SBV([0,27]; R?) having finitely many jump points 0 < z1 < 23 < -++ < 2z, < 27m. Let
0o > 0 be such that the intervals (z; — 0o, z; + 60p) C (0,27) are disjoint, and for alli=1,...,n let
S : [z — 00, zi + 0] — R? be defined by

1
S,'(T) = 20 ((7’ —z; + 9()) ’}/Jr(Zi) + (Zi + 6y — T) 'y*(zi)) , TE [Zi — 0y, z; + 90].
o
Setting zo := 0 and zn11 = 27, for alli = 0,...,n let ¥; : [2i + 00, zix1 — 0] — R? be a rescaled

reparametrization of 7y : [z, zir1] — R2. Finally, let 7 : [0,27] — R? be the Lipschitz curve defined
as

?:=?0*51*?1*52*;?2*'"*Sn*;?n: (2'27)

where x denotes the arc composition. Then there exist a subsequence (k;) and Lipschitz increasing
surjective functions h, hy; : [0,27] — [0, 27] such that

lim g, o hg; =7 oh  uniformly in [0, 27]. (2.28)

Jj—r+oo

Proof. We skecth the proof which is a direct consequence of the arguments used to prove Lemma
Choose points w;, i = 1,...,n—1 so that z; + 0y < w; < z;11—6p, and let wy = 0 and w,, = 27.
Then we can apply Lemma to any interval [w;, w;t+1], and taking a suitable subsequence and
concatenating the obtained maps one can easily construct the desired parametrizations. O

2.3 Planar Plateau-type problem

Let ¢ : S' — R? be a possibly self-intersecting Lipschitz curve. Let us consider, as in [24] (see
also [14]), the planar Plateau-type problem ([1.5)) spanning ¢. Notice that the class of competitors

is non-empty, since it contains the map v(z) = |z|p (‘9”?') for x # 0, and v(0) = 0. We first observe
that P is independent of the radius of the domain of integration. Specifically, for any r > 0, let

eor(y) = (%) for all y € 0B,.. (2.29)

Setting y := ra, y € B, and v,(y) := v(¥), we have

/ |Jv| dx :/ | Jvp|dy Vv € Lip(By; R?). (2.30)
B B

11



In particular, for any r > 0,

P(p) = inf {/ |Jv| dx: v e Lip(BT;R2),v‘aBT = gpr} . (2.31)

T

In the next proposition we show that P(-) is invariant under Lipschitz reparameterizations of .

Proposition 2.9 (Invariance). Let ¢ € Lip(S';R?) and h be a Lipschitz homeomorphism of S'.
Then

P(poh)=P(p).

Proof. Since h and the identity map id : S' — S! have the same degree, they are homotopic in S!
by Hopf Theorem (see [21, pag. 51]), namely there exists a Lipschitz ma;ﬁ K :[0,1] x St — S!
such that

K(0,)=id, K(1,-)=h.

Define H : [0,1] x St — R? as H(t,v) = ¢(K(t,v)). Then H is Lipschitz and
HO,)=¢, H(l,:)=¢oh.

Now, suppose v € Lip(By;R?) is such that vy = ¢ on dB; and

li Jug| dx — P(p).
Ly | Jo| dz — P(ep)
Define the map vy, : By — R? as
v (kx) for x € B%,
() = H(k]x\—l,é—‘) fora:eB%\B%, (2.32)
cpoh(ﬁ) forxeBl\B%.

Then @), € Lip(Bi1;R?) and 9}, = ¢ o h on dB;. Moreover, since H and ¢ o h take values in ¢(S!)
which is 1-dimensional, by the area formula and (2.30) we have

/ To(@)] d:c:/ Jog (k)| dx:/ Jug| do — P(o)
B1 B1 B1

3

as k — 4o00. In particular P(¢ o h) < P(p). Exchanging the role of ¢ and ¢ o h, we obtain the
converse inequality. O

Lemma 2.10. Let @1, 2 € Lip(S';R?). Then

[P(1) = P(p2)] < 2[lp1 = @2llo (l¢1]l1 + [l@2]11)- (2.33)

Proof. Let v € Lip(B1;R?) be such that v = @3 on S'. We define

vi(z) = v(2x) if 2] < 1,

M7 20 e () 2 (el - e (&) 3wt

(2.34)

4The construction of a Lipschitz homotopy between h and id can be done at the level of liftings, by considering
the affine interpolation map (for more details, see for instance |3, Proposition 3.4]).
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Then w € Lip(B1;R?), w(z) = po(x/|x|) if x € B1 and w = ;1 on dBj. Let us estimate
2

/ |Jw| dzx.
Bl\%

Writing w in polar coordinates in the annulus By \ B1, p € (%, 1), 6 € [0,27),
2

w(p,0) :=w(pcost, psinf) = 2(1 — p)@2(0) + 2 <p - ;) ¢1(0),

where 3;(6) := pi(cos 0, sinf), i = 1,2. Then
0,0 A Opit] = 4 \@1(0) ~ e A (1= p)da0) + (- 3) @(9))\

< 4116) - 2001 |1 - 20 + (- 3) 210)
< dllpr — @alle (206)] + [E2(0)).

Thus, integrating on By \ Bi, by the change of variable formula,
2

1 2w ~ 69117
|Jw(z)| de = p|0pw N ——| dpdf (2.35)
Bl\g 1 Jo p
2
< 2[pr - sozlloo/o (122(0) + |1(0)]) df (2.36)
= 2[lp1 = walloo (Il + ll2ll1) - (2.37)
Hence

Peo < [ Wuldes [ 1oyl dot 2o gl (lnlh + Il (238)

1 1

2

Since v is a Lipschitz map such that (with the notation in (2.29))) vi = (¢2)
2
with 7 = £ we can take the infimum in (2.38)) on these maps v and get

on 0B 1, using (12.31])

1
2

P(e1) — Plp2) < 2[lp1 — ¢alloo (o1l + [[@2]1) -

Exchanging the role of ¢ and ¢9 we find that also P(p2) — P(p1) is bounded by the right-hand
side of the previous expression. This concludes the proof. ]

Remark 2.11. With a similar argument used in the proof of Lemma [2.10]it is immediate to obtain
that if [a, b] C R is a bounded interval and 71,72 : [a, b] — R? are Lipschitz curves, then the following
holds: Let @ : [a,b] x [0,1] — R? be the affine interpolation map ®(t,s) := svy1(t) + (1 — 8)y2(t).
Then, as in ,

/ 1@, A By dids < 1 — v lloe (5]l + [2]l). (2.39)
[a,b] x[0,1]

Using Lemma [2.10] we readily obtain the following continuity property for the minimum of the
Plateau-type problem (|1.5)).
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Corollary 2.12 (Continuity of P). Let ¢ € Lip(S'; R?) and suppose that (o) C Lip(S; R?) is
such that
ok — @ uniformly and  sup ||@gl1 < +o0.
keN

Then P(¢r) — P(p) as k — +oo.

In what follows it is convenient to consider the relaxation

P(y) := inf {1kim_~i_an(g0k) . o, € Lip(SY; R?), ¢p — 7 strictly BV(Sl;R2)} Vy € BV (SLR?)
—+400
(2.40)

of P with respect to the strict convergence in BV of the boundary datum. It is well known that
the infimum in (2.40]) is taken on a non-empty class of approximation maps. Moreover, by ([2.30)),
also P is invariant by rescaling, i.e. P(y) = P(v;).

Lemma 2.13. Let ¢ € Lip(S';R?). Then P(p) = P(yp).

Proof. If (pr) C Lip(S'; R?) is a sequence converging to ¢ strictly BV (S'; R?), then by Lemma
@r — ¢ uniformly on S' as k — 4o00. Moreover, the strict convergence guarantees that the total
variations of ¢y are equibounded. So, thanks to Corollary

P(pr) = P(p) (2.41)

as k — +o00. Since this holds for any sequence (¢y) as above, the thesis follows. O

Lemma 2.14. Let v € SBV (SY;R?) have a finite number of jump points z; € S*, i =1,...,n. Let
5 : St — R? be the Lipschitz map in ([2.27) (with S' identified with [0,27]). Then

P(y) = P(9). (2.42)

Proof. Let (or)r C Lip(S';R?) be a sequence converging strictly to v. Let us consider a not-
relabeled subsequence of (¢)r; by Corollary|2.8/there are a further subsequence (¢y;, ); and Lipschitz
reparametrizations vk, = @g; o hy; € Lip(ST; R?) of ¢; such that 7x, — 7 o h uniformly as
j — 400, for some Lipschitz homeomorphism h : S' — S'. Moreover, since by Lemma (b)
the reparametrization maps fhy; can be chosen with uniformly bounded Lipschitz constants, it
follows that vx; have uniformly bounded total variations. Hence it follows from Corollary that
P(vk;) = P(Yoh) as j — +00. On the other hand, by Propositionwe also have P(p;) — P(7)
as j — +oo. Finally, since this argument holds for any subsequence of (¢), we conclude that the
whole sequence satisfies P(py) — P(7), and therefore P(y) = P(7). O

As a consequence of the argument in the proof of Lemma we eagsily infer the following
continuity property:

Corollary 2.15. Let v € SBV(SY;R?) and 5 be as in Corollary and assume that (pg)r C

Lip(S'; R?) is a sequence converging strictly to ~y. Then

lim P(py) = P(y) = P(9).

k—4o00
Furthermore, we can refine the previous corollary as follows:

Corollary 2.16. Let v, € SBV(S';R?), k > 1, be maps as in Corollary . Assume that ()
converges to ~y strictly BV (SY;R?). Then

lim P(y) = P(y).

k——+o0
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Proof. By Corollary and the density of Lip(S';R?) in BV (S';R?) with respect to the strict
convergence, for all k > 1 we can find ¢} € Lip(S!; R?) such that

e — enlli + [0kl (SY) = [3&|(SY) | + |P(er) — Plw)| <

El

Hence the sequence () converges to v strictly BV (S';R?), and by the triangle inequality and
Corollary we conclude B B
lim P(y) = P(7).

k——+o0

3 Relaxation on piecewise Lipschitz maps jumping on a curve

Recalling that R = [a, b] x [—1, 1], consider R™ = {(x1,22) € R: 22 > 0} and R~ = {(x1,22) € R :
To < 0}.

Definition 3.1 (Piecewise Lipschitz map). We say that a map u : R — R? is piecewise Lipschitz
if u € BV (R;R?) and u € Lip(R™;R?) N Lip(R*; R?).

Thus S, C [a,b] x {0}; we denote u™ : [a,b] x {0} — R? the traces of up+, which are Lipschitz
maps. Set I = [0, 1] and define X : [a,b] x I — R3 to be the affine interpolation surface spanning
graph(u®) = {(t,u™(t)) : t € [a,b]} C R x R? = R?, namely

X2 (1, 5) = (¢, suT(t) + (1 — s)u™ (1)) =: (t, X(t,s)) V(t,s) € [a,b] x I. (3.1)

Remark 3.2. For a (semicartesian) map ® : [a,b] x [c,d] — R3 of the form ®(t,0) = (t,¢(t,0)) =
(t,p1(t,0), pa(t, o)), the area integrand is given by

10:® A Op®| = /050112 + |05Pa|? + (01010502 — Oph10:2)2 = /|05 0|2 + | T |2

The main result of this section is the following:

Theorem 3.3 (Relaxed area of piecewise Lipschitz maps: straight jump). Let u : R — R?
be a piecewise Lipschitz map. Then

Apv(u,R) = A(u, RT) + A(u, R™) + / 18, X2 A 9, X2 dtds. (3.2)
[a,b]xI

Notice that the Lipschitz regularity of u on RT ensures that the area functional has the classical
expression

A(u, RF) = /Ri V14 [Vul? + |detVu|? d;

therefore, the singular contribution produced by the relaxation in (3.2)) is given by the area of X2,
We divide the proof of (3.2)) in two parts: the lower bound (Proposition [3.4) and the upper
bound (Proposition [3.5)).

Proposition 3.4 (Lower bound for (3.2)). Let u : R — R? be a piecewise Lipschitz map, and
(vr) C CH(R;R?) N BV (R;R?) be a sequence converging to u strictly BV (R;R?). Then

lim inf A(vg, R) > A(u, RT) + A(u, R™) + / |8, X2 A 9, X3 dtds. (3.3)
[a,b]x I

k——+o0
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Proof. Fix € € (0,1). We have

lkim inf A(vg, R) > lkimJirnf A(vg, R\ ([a,b] X [—¢,¢])) + llim inf A(vg, [a,b] X [—¢€,€])
—r+00

—+00 —+00

> A, R\ (la,b) x [=2,])) + lim inf A, o, ] x [e.]).

where in the last inequality we used |1, Theorem 3.7]. Sending € to 01, by dominated convergence
it follows A(u, R\ ([a,b] X [—&,¢])) = A(u, RT) + A(u, R™), so (3.3) will be proven provided we
show that

lim lim inf A(vg, [a, ] x [—¢,€]) > / 10, X A 9, X2 dtds. (3.4)
la,b]xI

e—0t k—=+o0

Consider the maps
Vi R—= R, VE(t0) = (t,u(t,e0)),

and the associated integer multiplicity 2-currents in R3

Notice that, neglecting the term 1 + |9,, vx|?, we get

Afvg, [a,b] x [—,€]) z/ V100 T [T0sl? da
[a,b}X[*E,E} (35)
:/ O,VE A8, VE| dtdo = |VE|,
R
where we used Remark and | - | stands for the mass current. Consider also the maps
US : RE = R3, Ui(t,o) = (t,ult,e0)), (3.6)
and the current
Se = X§™[la,b] x 1]+ US,[RT] + U2, [R7], (3.7)
see Fig. [I We want now prove the following crucial inequality:

liminf [VE| > |S.|. .
i inf Vil > [S:] (3.8)

To show (3.8) we prove that V; are close to suitable currents M;, independent of k (see ([3.19))
which converge to S. as n — 4o00.
For any n € N, n > 1, consider a partition {ty = a,t1,...,t,+1 = b} of [a,b] in (n + 1) intervals

[ti—1,t;), with
b— b—
t; —ti—1 € ( a,2( a)> . (3.9)

2n n

Moreover, set
Ri=[ti—1,ti) x [-1,1], RS =[ti—1,t;) x (0,1), R; = [ti—1,t;) x [-1,0),
and define the currents

Vii = Vis[Ril,  Ses = XpM[[tioa,ts) x 1] + USR] + USR] ], (3.10)
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see Fig. [l By definition, we have

n+1
Vi = Z Vi and H2(sptV,§7i NsptVy ;) =0 for i # j,

- (3.11)
Se = Z Se.i and HQ(sptS&i NsptSe ;) =0 for i # j.
Furthermore,
08 = — (US,[{ti1} % [<1,00] + X3T[{ti1} x 1] + US,[{ti1} x (0,1]])
— UL, [(ti1,t:) x {1}] (3.12)

+ (U2t} % 1,001 + XpT[{t} x 11+ UZ,[{} x (0,1]])
+U_u[[(z 1 ) { 1}]]

Now, for fixed i € {1,...,n}, set

125 (0) = ulti, o) Yo € [~1,0),
V(o) = u(ti,e0) Yo € (0,1],
% (s) = su™ (t:) + (1 — s)u (t) Vs eI,
NS (8) = (tu(t, £e)) Wt € [tioi, b,

and define 7/ : [-1,1] — R? as in (2.15)) where 37, S, and 31 are replaced by 75, 79 and 7}’

in the order, after a rescaling on [—1, —%], [—%, %], and [%, 1], respectively, as in the statement of

Lemma Also, define T'}"° : [—1,1] — ({t;} x R?) as
I (o) = (t;, 7" (0)) Vo e[-1,1].

1

Using the definition of U5 and X, by (3.12)) we infer

08e; = —T{5 [=110) = Ay [t )] + T [0, 1) + A7 i, )] (3.13)

u,r jj u, 7 ﬁ
Moreover, set

Vli,i(a) = vg(ti, €0), i,i(g) = (tiv’}’li,i(a)) Vo € [-1,1],
Al:ct,f(t) = (tavk(tv :I:E)) vVt € [tifl,ti].

By definition of Vi ; in , we also have

Wi = —Thim, =111 - AZfﬁ[[(z 1))+ T [0 10+ A7 [ 8] (3.14)

We now define F} ; € Do(R?) as a suitable affine interpolation between dVs , and 9. ;, see Fig.
First observe that by Lemma we can suppose that, for our choice of ¢ and {t1,...,t,}, there
exists a (not relabeled) subsequence of (vg)g, such that

vp(ti,er) — ult,e) strictly BV([-1,1;R?) Vi=1,...,n, (3.15)
vg(-, £€) — u(-,+e) strictly BV ([a, b]; R?). (3.16)
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In particular, by Lemma we know that there are increasing Lipschitz bijections hi’i,hf :
[=1,1] = [=1,1] such that 4} ; 0 hf, ; — ;"% o hf uniformly in [~1,1] as k — +o0.
Fori=1,...,n, we define
q),ii(O', 5) = S( i,i o hlgm(o-)) + (1 - 5)(F2L’E 0 hf(a )a (07 5) € [_L 1] X Iv

W (ts) = sAL () + (L= )AL (1), (ts) € [tion,ti] x L.

Therefore we set

Fpi=— i,z‘—lu[[[—l, 1] x I] - \I;]—:,fﬁ[[[ti—lati] x I 517)
+ (Piviﬁ[[[_l’ 1] x I + \pl;fﬁ[[[ti_l,ti] x I. .
In particular, from (3.13)) and (3.14]), a direct check shows that
OFy; = 0Vy,; — 05, (3.18)

Eventually, we let M. ; be an integer multiplicity 2-current of R? with minimal mass and boundary
0S:,; (the existence of M, ; is guaranteed, for instance, by [19, Theorem 8.3.3]) and set

n
M=) M. (3.19)
i=2
Note carefully that we do not sum over ¢ from 1 to n + 1, but only from 2 to n. In particular,
setting S = Se — Se.1 — Sent1, we have
OM;, = 087 = TP [[=1, 1] + Tpe =1, 1] = AZe ([t ta]] + Ay <[t tall, (3.20)

where
AEE(t) := (t, u(t, +e)), t € (t1,ty).

Thus, we have

Vil = Wi = Fieal = [Fal = [Mes

—|Fg;| fori=2,... n,

where we used the minimality of M, ; and (3.18). By summing up, using (3.11)), we geiﬂ

n+1 n n n n
Vil =D Wil 2D Vil = D IMeal = ) IF = IMG| =D 1E - (3.21)
i=1 i=2 i=2 i=2 i=2
Therefore,
n
lim inf [VE[ > [MG] = > lim sup | Ff | (3.22)

5 koo
In order to obtain , we have to prove that:

(1) [FE,;l — 0 as k — 4oo for every i =2,...,m;

(il) MS — S as n — +oo,

so that (3.8) would follow by lower semicontinuity of the mass and ([3.22]).

(i). Since 7, johj, ; — ;" ohf uniformly in [~1, 1] as k — 400, also I'} ;ohf ; — I'}"“oh uniformly;
moreover, by Lemma and thanks to (3.16)), vx (-, &) — (-, £e) uniformly in [t;_1,;], and the
same holds for Aif and Ai’f. Finally, by (3.15) and (3.16]), and recalling also Lemma (b), the
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Figure 1: Here S = X;ff[[a, b x I, S5 = UiﬁﬂRi]]. The horizontal and vertical axes span the
target space R?. The approximating current Vi is depicted in bold, as well as the boundary of
its restriction to R;, i.e. the current 8]/2’2.. The current 05;; is depicted with the oriented dotted
straight segments, while F , is the oriented surface obtained as the union of the short segments
connecting 9Vy ; and 95 ;. ’Finally, for simplicity, we depict with straight segments the graph of
u® and the (semi)graph of u on {(¢,0) : ¢ = %¢}, but it is worth to remember that they are graph
of Lipschitz maps.

L'-norm of the derivative of Iy iohy,; and of Aff is uniformly bounded with respect to k. Hence
(i) readily follows from the definition of F} , in (3.17) and Remark
(ii). First observe that 9 M¢ has mass uniformly bounded with respect to n. Indeed by (3.20))

b b
[OMG | = 10S7] < 13 |([=1,1]) + |9 1([=1,1)) +/ V1+ IBtU(t7€)|2dt+/ V1 |0u(t, —e)2dt
< 0(57 HUHOO’hp(u|R+)7hp(u|R_))‘

Moreover, by minimality of M and (B.11), |[M5| < |S2| < |S:|, hence the sequence (M) s
compactly supported in R3 and has bounded mass and bounded boundary mass. Then, by ,
Theorem 8.2.1], we have

M, — S, <= |M;, = S|[r =0 asn— +oo,

5In (3.21) we had to remove the first and last term of the sum, because condition (i) can be false for i = 1 and
i =n + 1, since the strict convergence is inherited only on almost every line, as stated in Lemma
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where || - || stands for the flat norm. Then, we are reduced to show that [|[ME — Sc||r — 0 as
n — +oo. Notice that

n
IM, = Sellr < Y IMei = Seille + 1SeallF + [1SensllF, (3.23)

where, by definition of flat norm (see [15, Sec. 5.1.3]),
| Mei — Seillp < inf{|G5| : G§ integer multiplicity 3-current s.t. 0G; = M.; — S.;}.

Observe that the class of competitors in the above minimum problem is non empty, since it contains
the affine interpolation current between M. ; and S; ;. So, pick a 3-current G§ such that 0G5 =
M&i — Ss,i; then

G5| < CloGe|3

by the isoperimetric inequality [19, Theorem 7.9.1], for an absolute positive constant C' > 0. For
i1=2,...,n, we have

IMei = Seilli < |G5| < ClOGEE = CIMe — Silf < C (1Mol +15.41%) <2018, (3.24)

where in the last inequality we used the minimality of M, ;. Now let us prove that |S; ;| < % for

every i = 1,...,n+ 1, where C' is a constant independent of n. We start observing that
| X2 [tio1, t:) x 1] —/ 10, X A 9, X2 dtds
[ti—1,ts]xT

:/t" /\(1,su++(1—s)u_)/\(0,u+—u_)] dtds
/ / ™ —u” [+ [(saf + (1= s)ay ) (ug —uy) — (sug + (1= s)iy ) (uf —uy)|) dids

Co
<*Hu —u ||L°°ab)+7||u = [[poe(apy (18" poo oy + 1147 ([ Loo(asy)

SJISE

where we used (3.9)). Moreover, recalling (3.6]), we have
UL, [R]| = /i |0:US. A 0,US| dtdo
Ri

- / 11 duult,0)) A (0,205u(t, 0)] dido
R;

<c / [0sult,=0)| dtdo + < / 001 (t,60)pus(t, £0) — Dyua(t,c0)dpur (t,20)| dtdo (3:29)
R R

0 0

Cs
<o (I Vullpoqns) + IVl )

a _ c
[Se,il < 1X5 [Mti-1,ts) x ]|+ [US,IRF ]| + U, [R; A= —

)
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as claimed. Finally, by definition of flat norm and the isoperimetric inequality, [|Sz;||r < |S€,Z~|%

fori=1,...,n+ 1, so that, from (3.24]) and (3.23)), we obtain
1 C
M, = Sellp <Cn—1)—5 + —5 <

n n

as n — +o00. This concludes the proof of (ii) and hence of (3.8).
We are now in a position to show (3.4). From (3.5 and (3.8)),
lim inf A(v, [a,b] X [—¢,€]) > Uminf|VE| > |S.|. (3.26)
k—4o00

k—4o00

_l’_

W
S

34 Q
S| Q

As in (3.25)), we have

U5, I85]) < & (IVull poqrey + IVl sy ) =0 as e =07,
so, from ([3.26)) and (3.7)), we conclude

lim liminf A(vg, [a, 8] x [~€,€]) > lim || = | X3 [a, b] x I]| = / 10, X2 A 9, X2 ditds.
e—0

e—0t k—+o0 [a,b]x T
O

Proposition 3.5 (Upper bound for (3.2)). Let u: R — R? be a piecewise Lipschitz map. Then
there exists a sequence (vg)r C C1(R;R?) converging to u strictly BV (R;R?) such that

limsup A(vg, R) < A(u, RT) + A(u, R™) + / 18, X2 A 9, X2 | dtds. (3.27)
la,b]xI

k—4o0

Proof. Although v;, needs to be of class C', we claim that it suffices to build v, just Lipschitz
continuous. Indeed, assume that (vg)py C WH(R;R?) converges to u strictly BV (R;R?) and
holds. Consider, for all £ € N, a sequence (vﬁ)h C CY(R;R?) approaching vy, in W12 (R; R?)
as h — +oo. In particular, we get the L'-convergence of all minors of Vvﬁ to the corresponding
ones of Vug. Then, by dominated convergence,

lim A(vf, R) = A(vg, R). (3.28)

h—+o0

Hence, by a diagonal argument, we find a sequence (v,’jk) ., converging to u strictly BV (R;R?) such

that (3.27)) holds for v,’ik in place of vg.
Set for simplicity € = e, = +, and define the sequence (v.) C Lip(R; R?) as

ve(t, o) == {U(tja) (t,0) € R\ ([a,b] x [—e,¢]),

Syt 2) + E2ult, —¢) (t,0) € [a,b] x (—¢,¢). (3.29)

First, let us check that v. — u strictly BV (R;R?) as e — 0F. Clearly, v- — u in L'(R;R?). Hence,
by lower semicontinuity of the total variation, it is enough to show that

lim sup / Vo |dtdo < |Dul(R),
R

e—0t

which in turn reduces to prove

limsup/ |Vue|dtdo < |Du|([a,b] x {0}),
[a,b] x[—¢ €]

e—0t
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since

/ |Vue|dtdo —/ |Vu|dtdo —>/ ]Vu\dtda—i—/ |Vuldtdo ase— 0F.
R\([a,b]x[—¢€,e]) R\ ([a,b] x[—¢,e]) R+t R-

For almost every ¢ € [a,b] and every o € [—¢, €], one has

=T oulte) + =T oult,—e),  Ovat,o) = L (ult,2) — u(t,—e)).

Ope(t, o) =
e (t, o) e € 2e

Thus, setting M := max{lip(u|z-), lip(vr+)}, we get

/ Vo dtdo < / Oy (t, 0)| dtdo + / Oy (t, )| dido
[a,b] X [—&,€] [a,b] X [—&,e] [a,b]x [—&,e]
1
<M dtdo —I—/ —|u(t,e) —u(t, —¢)| dtdo
[a,b] X [—<.e] [a,b]x[—e.e] 2€

=M(b—a)2e + /b lu(t,e) —u(t, —e)| dt

—0t b
20 / [t (t) = w(8)] dt = |Dul([a,t] x {0}).

Furthermore, since u is piecewise Lipschitz, we have
A(ve, R\ [a,b] x [~¢,¢]) = A(u, R\ [a,b] x [~¢,¢]) = A(u, R") + A(u, R™) ase— 0.

So it remains to prove that

lim sup A(ve, [a, ] X [—¢,¢]) < / 18, X2 A 9, X2 | dtds. (3.30)
e—0+ [a,b]x
Let us linearly reparametrize X* on R = [a,b] x [~1,1], namely consider Y, having the same
image as X2 given by
~ 1 1—
Y(t,0) = (t,Y(t,0)) = <t, St (1) + — “u—(t)> ,  (to)eR

Now, using the trivial inequality v/1 + a2 + b2 + ¢ < 1+ |a| + Vb2 + 2, we find

A(ve, [a,b] x [—¢,¢]) < / dtda+/ |0y ve | dtda—i—/ V0502 + | Jv: 2dtdo
bl x[—e,e] [a,b] x[—¢,¢] [a,b] x[—e,e]

[a

:25(b—a)+25/ EXA dtda+/ V10602 + [J0. 2 dtdo, (3.31)
R R

where 9. : R — R? is defined as @.(t,0) = v.(t,e0). A direct computation based in ([3.29) gives

1 1-—
Opve(t,0) = - % pult,e) + 5 T Owult, —e) for ae. t €[a,b] Vo€ [—1,1]
OpVe(t,0) = €0pvs(t,e0) = u(t, ) —2u(t, —¢) for a.e. t € [a,b] Vo € [-1,1].
Then we have
~ 1 + g . + 1 — 0 . _ ~ .
O v:(t,0) — wr(t) + W (t) = 0Y(t,0) a.e. in R,
+ - - o~
0oV (t,0) — M =0,Y(t,0) a.e. in R.

2

Since 8017 and 815)7 are in L°(R;R?), by dominated convergence we can pass to the limit in (3.31]
as € — 07, so that, using Remark we obtain ([3.30)). O
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Remark 3.6. After having proved the upper bound inequality in Proposition we readily infer
that Apy (u, R) < +o0o. Hence Proposition can be deduced from an argument independently
developed in [23], based on the theory of Cartesian currents |16]. Indeed, consider T, := G, + S,
where G, is the 2-current on R x R? carried by the graph of u and S is the 2-current on R x R?
given by S := X;[[a, b] x I], where

X(t,s) = (£,0, X (t,5)) = (0, sut(t) + (1 — s)u"(¢)), t€la,b],sel.

Clearly, the mass ot T, is given by
ITu| = |Gu| + S| = A(u, RT) + A(u, R™) —i—/ 10, X A0, X| dtds
la,b]xI

— A(u, R*) + A(u, R™) + / 18, X A 9, X dids.
la,b]xI

Now we claim that T}, is the unique Cartesian current on R x R? with minimal completely vertical
lifting associated to u, according to |23, Definition 3.1]. Borrowing the notation from [23], this
definition is given by imposing that the mixed components of T}, are the minimal lifting measures
) [u] associated to w in the sense of Jerrard and Jung |18]. Once the claim is proven, by the lower
semicontinuity of the mass and the continuity of the lifting measures with respect to the strict
convergence (see |18, Theorem 1.1]), we deduce

’Tu’ < ZBV(ua R),
i.e., inequality (3.3).
In order to show the claim, we start to prove that T} € cart(R, R?). For this, it is enough to see

that (0T,)L (R x R?) = 0: We get

(0Gu) L (R x R?) = X [[a,b] — X [[a, b]] = —0X;[[a, b] x I] = —(DS)L (R x R?),

where X% (t) := (t,0,u*(t)), t € [a,b]. Next, what remains to prove is that the vertical component
of T, is the minimal completely vertical lifting associated to u. To this purpose, denote by T =
(x!, 22) the (horizontal) variable of R, y = (y!,%?) the vertical variable of R? and u = (u!, u?) the
components of u. We have to check that

pl[Ta) = pllu] Vi, j=1,2, (3.32)

where ug[Tu] .= T, L ((—1)'dz’ A dy?). By [18, Theorem 2.2], for every f € C°(R x R?),

/Rxwf(%y)dﬂé[“] :/RwR f(z,u(x))o ujdﬂs—}—/ </ f(t, s)) S> (uﬁ_uj—)éﬂ dt,

where d;; is the Kronecker symbol. On the other hand, setting w(z,y) := (—1)"f(z, y)da' Adyl, we
have

i _ o
/R><R2 [z, y)du;[Ty] /R+UR— f(z,u(z))op! de + /X([a’b}“) w
:/ f(x,u(x))aiujder/ w(j((t’ S))dej7
RTUR~

la,b]xI
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where, if X = (X!, X}, X2, X2), then dX¥ = dX! A dX]. Notice that dX¥ = 0 if i = 2 and
dXY = (uiT —wI7) dt A ds, so we get

/ w(X(t, s))dX" :/ (=1 F(X(t,8) (W — w7 )ig dt A ds
la,b]x I

la,b]xI

— /ab (/01 F(t,0, X (t, s))ds) (" — )iy dt,

and (3.32)) follows.

3.1 Extension of Theorem [3.3

The validity of Theorem [3.3]is guaranteed also when the two traces u* of u on [a, b] x {0} coincide
on some subset of [a,b] x {0}. In particular, extends to maps u whose jump set S, is a subset
of [a,b] x {0}. However, the situation is different when the jump set is curvilineous. Specifically,
assume ) C R? is a bounded open and connected set, and:

(H1) ¥ = a([a,b]) C Q is a simple curve, arc-length parametrized by « : [a,b] — Q of class C? and
injective in [a,b);

(H2) If a(a) = a(b), then &(a™) = &(b™) and c(at) = a(b™);
(H3) u € WHe(Q \ 2;R?); as usual, we denote by u® the traces of u on X, satisfying u® €
Lip(XZ; R?).
Again, we introduce the affine interpolation surface X : [a,b] x I — R? spanning graph(u®) =
{(t,u*(a(t))) : t € [a,b]} C R x R? = R3, namely
Xt 5) = (¢, suT (a(t)) + (1 — s)u"(a(t))) V(t,s) € [a,b] x I. (3.33)

Theorem 3.7 (Relaxed area of piecewise Lipschitz maps: curved jump). Suppose
(H1)-(H3). Then

Ay (1, Q) = /

|IM(Vu)| dz + / 18, X2 A 9, X2 | dtds. (3.34)
Q\Z

[a,b]x I

Remark 3.8. The image of the map X2 sits in R? and it is not exactly the interpolation surface
which closes the holes in the graph of u, which is instead given by

W(t,s) = (a(t), sum(a(t)) + (1 — s)u"(a(t))) e R* Vi€ [a,b] x I. (3.35)
However, since |a] = 1,
/ 0,0 A 0,V dtds = / 18, X2 A 9, X3 dtds. (3.36)
la,b]xI [a,b]x I

To prove Theorem 3.7, we borrow from [8] some notation. We denote by x = (21, x2) coordinates
in  and by (t,0) coordinates in R = [a,b] x [~1,1]. Since ¥ is simple and of class C?, we can find
§ > 0 and a C'-diffeomorphism A : Rs — A(Rs), where Rs = [a,b] x [~6,6] and A(Rs) C Q is a
curvilineous strip containing ¥ of width 2. Explicitly we have

A(t,0) = aft) + oa(t)t Y(t,0) € Rs, (3.37)

with ¢(t)* the counter-clockwise Z-rotation of c(t). For (z1,22) € A(Rs), we can write the inverse

A~ (a1, 29) = (t(x1, 22), 0(21, 22)), where:
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e o(x1,x2) = ds(x1,x2) is the signed distancdﬂ of (z1,z2) from X;

e {(x1,x2) is the unique number in [a, b] such that a(t(z1, z2)) = m(z1, x2), where mx (21, x2) =
(x1,x2) — ds(x1,22)Vds (21, x2) is the orthogonal projection on X.

Since « is of class C?, we have that o is of class C? as well and ¢ is of class C'! on A(R;). Moreover,
for (z1,x2) € A(Rs), we have

|Vo(z1,22)| = [Vds (21, 22) = 1, (3.38)
‘Vt(l’l,l’g)‘ = 1+5‘|Vd2||oo <1+ C6. (339)

We divide the proof of Theorem in two parts, the lower and the upper bound inequalities.

Proposition 3.9 (Lower bound for (3.34)). Let u : Q — R? as in Theorem and (vg) C
CY(Q;R?) be a sequence converging to u strictly BV (Q;R?). Then (3.3)) holds with X*T in (3.33).

Proof. 1t is enough to show that

lim Timinf A(vg, A([a, B] % [~2,2])) > / 0,X° A 9, X8| dtds. (3.40)
[a,b]x I

e—0t k—=+o0
We start by defining the maps ¥3 : R — R* and ¥& : R* — R* given by
Ui(t,o) = (A(t,e0),ve(A(t, e0))), Ve (t,0) = (A(t,e0),u(A(t,e0))).
Introduce the following integer multiplicity 2-currents in R*:
Vi = 2ﬁ[[R]], S = Wyla,b] x I] + \Ilg_ﬁ[[R_]] + \I/iﬁ[[R+]],

where W is defined in (3.35). Using that Av A Aw = detAv A w for any A € R?*2 and v, w € R?,
by direct computation, we have

10,05 A 0,052 = 2|9 A(t, e0) A Dy A(t,e0)|? [1 + |Vur(A(t,e0)))? + | Jor(A(t, e0))|?] .-

Hence, making the change of variable z = A(t,e0), we obtain

Alwr Ala] x (.2 = [

M(Vo)| da:—/ 0005 A 9, 0% | dido — [VE|.
A(la,b]x[—€,e]) R

We notice that |\P§Eﬁ[[Ri]]| — 0 as e — 07, as in (3.25)), where ||[Vul|fo(g+) is replaced with
[ullywi.0(q) and it is used that |¢i| < C. Therefore, recalling also (3.36),

0,0 A 9,0 dtds = / 10, X2 A 9, X 2| dtds.

lim |5°] = Wy [la,b] x I]| = /
e—07+ la,b]x T

[a,b]x I

So it is enough to show liminf,_, 4« [Vi| > |S®|, which can be proved proceeding as in the proof of
Proposition once we have checked that vg o A(-,&-) — wo A(-,e-) strictly BV (R;R?). This is a
straightforward computation, and we omit the details. ]

Proposition 3.10 (Upper bound for (3.34). Let u : Q — R? be as in Theorem . Then, there
exists a sequence (viy) C C1(;R?) converging to u strictly BV (;R?) and such that (3.27) holds
with X in ([3.33).

5The sign of dx is determined by the orientation induced on ¥ by «, so that ds > 0 in the part of A(Rs) which
is pointed by &= .
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Proof. For simplicity, we assume that a(a) # «(b) (the case of closed curves is simpler and the
following proof can be straightforwardly adapted). We start by fixing n > 0 small enough and we
extend the curve a to [a — n,b+ 7] in a C%-way, so that 7 := a([a — n,b + n]) C , keeping the
validity of (H1) on 37 . With this extension, we can assume (by choosing a different ¢ if necessary)
that A in is defined on R" := [a — n, b+ n] x [—4,d]. We observe that

ut(a(t)) = u (a(t)) for all t € [a —n,a] U [b,b+ n]. (3.41)
Now, set ¢ = % and, for k large enough,

A :={x € A([a —€,a] X [—¢,¢]) : |o(x)| < t(z) —a+ e},

Al = {z € A([b,b+¢] x [~€,¢]) : |o(x)] < b+e—t(z)}.
We define the recovery sequence (v:) C Lip(Q; R?) as

o) {E*éi.:‘:’”)u(Mt(w),e)) FEA), ) A xed)
: u(x) in @\ (A(a, ] x [~=,e]) UAL UAY).
(3.42)
In order to define v. in A? U A? it is sufficient to observe that, by , the restriction of v. on
OA? and QAL is Lipschitz continuous with Lipschitz constant bounded by ||u|yy1,.. Hence, we can
take a Lipschitz extension of v. in A? U Ab keeping the Lipschitz constant (up to a dimensional
factor independent of €). Thus

/ IM(Vv)| de — 0 ase — 0. (3.43)
A2UA?

Let us check that v. — u strictly BV (€;R?) as e — 07. Clearly, v. — u in L}(Q;R?), since
|A([a,b] x [~¢,€])] — 0 and |AZ U A®| — 0. So, by (3.43)), as in the proof of Proposition it is
enough to show that

b
limsup/ V.| da < |Dul(S) :/ (1)) — u(a(t))] dt.
A([a,b] x[—¢e.e]) a

e—0t
Almost everywhere in A([a,b] X [—¢,¢]), we have

Vo, =2 ;_EUVu(A(t, )AL, e) @ Vi + %vu(m, —eNOA(t, —€) @ Vi

1

+ 2—€VU ® (u(A(t,€)) — u(A(t,—¢))).
Therefore,

1

Vel <52 [(5 + ) 0iAlloo [ Vu(A(E, —€))[|[VE] + (€ — 0)[|0cAll oo [ Vu(A(E, €))] V2]
+ Vollu(A(t,€)) = u(A(t, —))|]
1
<5 [QEHUHWLW [0:Alloo (1 + Ce) + [u(A(t, €)) — u(A(t, —€))l |,

where we used and with € in place of 4. Thus, we get

/ V.| da <C(8)(1 + Ce)[A(la,b] x [—¢,<])
A([a,b]x[—e.e])

1 [u(A(t,2)) — u(A(t, —))| da
2e JA(jab)x[~2.])
1
—o(m+ 5 [ [u(A(1,€)) — u(A(r,~2)d,
€ A([a,b] x[—¢,e])

26



where o.(1) is infinitesimal as ¢ — 07. Consider the last integral and perform the change of variable
x = (x1,22) = A(t,0), with

|detVA(t, o) = |0:A A O, A| = |1+ 0 Ad| = |1 — kxol,

where Ky is the curvature of X. We get

1 1
% Jyfasixcs) [u(A(t,€) = w(A(t, —e))ldw = o e lu(A(t,€)) — w(A(t, —e))||1 — kxoldtdo
b
—25/ /6 —u(A(t, —¢))| dtdo + o-(1) :/a |u(A(t,€)) — u(A(t, —€))| dt + o (1)

— / lut(a(t)) —u (a(t)| dt ase— 0T,
a
It remains to prove (3.27) with X% in (3.33)). To this purpose it is enough to show that

hmlnf.A(vE,A([a,b] X [—e,€])) < / |9, X2 A 9, X 2| dtds.
e0+ [a,b]x ]

Let us define ¢, : R — R? as

906<t7 U) = U(A<t7 8)) + 9 U(A((t7 _5)))'

Thus, for z € A([a,b] x [—¢,€])

and, almost everywhere in A([a,b] x [—¢,€]),

1 1
Vv, = 0oVt + g(%cpaVa, Jv. = g](?tcpa A Ogipe| |Vt A Vo],

where from now on, Vt and Vo are evaluated at x, while 0;. and 0, . are evaluated at (t(:c), U(f) ) .

Then, we get
IM(Vve) [P =1+ |0 P VE* + gatﬁﬂe 050Vt Vo + — [!&;%! IVo|? + |0ipe A Oripel*|VE A Vo] ]
<1+ 0P (14 0:(1)) + g|at%0€ - Oope| (1 + 0:(1))
+ [0l + 1016 A 0P+ 0.(1)],

where we used (3.38)) and(3.39) with ¢ in place of §. Now, since o-(1) ~ ¢ and ¢, is Lipschitz with
Lipschitz constant independent of €, we obtain

A(ve, A[a, b] x [—&,€]))

2
< \/1 + |0rpe]? + =|0rpe - Ooipe| + = [\&,@EP + |0rpe A Oppe|?(1 + og(l))} dx + o:(1)
A([a,b]x[—¢€,e]) €
<

2
</ \/1+|atsos|2+|aws~ Ovpel + 5 [1pel? + [01pe A 0ypel2(1 4 0:(1)| 11 — mxol dtdo
[a,b] x[—&,€] €

+ 0:(1),
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where we made the change of variable x = A(t, o), and so dyp. and J,p. are computed at (t, %)
Finally, by the change of variable ¢ — o, we get

A(ve, A([a,b] X [—¢,¢]))

</ V0 (1) + |05 0e(t, 0) 2 + |04 (t, 0) A Boip=(t,0) (1 + 0-(1))|1 — ksea] dido
R

+0:(1) — |6ngaff A 8SXaff| dtds,
[a,b]xI
where, to pass to the limit as ¢ — 07, we apply the dominated convergence theorem (as in the
proof of Proposition [3.5)). O

We observe that Theorem can be easily extended to the case of curves with one endpoint or
both endpoints on 9. Write:

(H4) Qs of class O, « : [a,b] — € is injective, arc-length parametrized, of class C?, a((a, b)) C €,
and « hits 0 transversally at a(a), a(b).

Theorem 3.11. Suppose (H3) and (H{). Then (3.34) holds with X*% in (3.33).

Proof. Lower bound: let (v;) C C'(Q;R?) be a sequence converging to u strictly BV (€;R?). Fix
0 < p < %52 and notice that A([a + p,b — p] x [—¢,¢]) C Q, for £ > 0 small enough. Then it is
sufficient to show that

lim lim ian(vk,A([a, b x [&,£]) N Q) > / 19,X°F A 9, X°| dtds; (3.44)
e—=0t k—+o0 la+p,b—p]x T

since the lower bound will follow by the arbitrariness of p > 0. After writing A(vg, A([a,b] x
[—¢,e]) N Q) > A(vi, A([a + p, b — p] x [—¢,¢€])), the proof of is identical to that of (3.40).

Upper bound: let us fix > 0 small enough so that Ba,(a(a)) and Ba,(a(b)) are disjoint, and
consider Q7 := QU Bay(a(a)) U Ba,((b)). We extend the curve a (still calling « the extension) in
7\ Q in such a way that it satisfies (H4) in Q", and so that it reaches the boundary of Ba,(a(a))\Q
and of By, (a(b)) \ Q splitting both Bay(a(a)) \ Q and Ba,(a(b)) \ © in two connected components.
If « is now defined on an interval of the form [a — §,b + ] with 6 = d(n) > n, and if we set
¥° = a([a — §,b + 4]), we prescribe the traces u* and v~ on ¥° in such a way that they are
Lipschitz continuous and uT oo = u~ o on [a —d,a—n]U[b+n,b+§]. Finally we take a Lipschitz
extension u” of u on the four connected components of Ba,(a(a))\ 2\ % and of By, (a(b))\ 2\ 2.
It turns out that u? € W ((Ba,(a(a)) U Bay(a(b))) \ £7;R?), where £ = a([a —n,b+n]) C Q.
Since the definition of (u")¥ is arbitrary, we can assume that

(W) *(a(t) = v*(a(@) (1~ 1) fortefa—n.al
n
t—>b
(WM E(a(t)) = v (a(b)) (1 - T) for t € [b,b+ ).
For € > 0 small enough, we see that A, := A([a — 1,0+ n] x [—¢,¢]) C Q7. Hence we define vy as
in the proof of Proposition with € replaced by Q7 and u replaced by «" (in particular, v. = u

on 2\ A.). Finally, let us fix p € (0,1). We can write
Apy (u, ) < liminf A(ve, Q)
e—07t

< lim |IM(Vu) d:c+liminf/
e=0F Jo\A. e=0% JA(la—pb+p)x[—e.c])

= / |IM(Vu)| dz + / |0, X2 A 9, X2 dtds,
Q l[a—p,b+p] <1

IM(Vo.)| dz
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O

Figure 2: The source disc B;(0) and the values {«, 3,7} of u, with infinitely many triple points.

where we use that Q C ((2\ Az) UA([a — p, b+ p] x [—¢,¢€])) for € > 0 small enough. The upper
bound then follows by the arbitrariness of p. O

Finally, with straightforward modifications of the previous arguments one can show the following:

Corollary 3.12. Let Q have C'-boundary, let n € N and o : [a;, b)) — Q, i = 1,...,n, be curves
satisfying either (H1)-(H2), or (H4). Assume that ¥; := a;([a;, b;]) C Q are mutually disjoint, and
let u € WH°(Q\ $;R?) satisfy (H3), where ¥ := U, %;. Then

Apy(u,Q) = [ [M(Vu)| do+ > 10, X2 A 9, X2 dtds.
Q i=1 [ai,bi}xl (l) (Z)

where X(al.f)f : lag, b)) x T — R3 is the map Xa.f)f(t, s) = (t,su™(a;(t)) + (1 — s)u™ (ai(t))).

4 Piecewise constant maps

In this section we study the relaxed area (1.3) and the relaxed total variation (1.4]), on certain
piecewise constant maps. We start by exhibiting a BV map taking three values having infinite
relaxed total variation of the Jacobian (and hence infinite BV -relaxed area), but finite L!-relaxed
area.

Example 4.1. (BV-relaxed area and L'-relaxed area) Let «, 3,y € R? be three non-collinear
vectors. Consider the map u : B1(0) € R? — {a,f,7} in Fig. obtained by the following
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procedure: divide the source equilateral triangle T'4,0B, in two regions with a vertical segment
connecting A; and Bj, the middle points of the oblique sides of the triangle; assign the value
and v on the right and on the left as in the figure, and repeat this construction on the equilateral
triangle T'4,0B,, and then repeat the argument iteratively on all smaller triangles; finally set u = «
in B1(0) \ Ta,0B,- In this way we get an infinite collection of triple points located at {A4;, B;}i>1.
Then, u € BV (B1(0); {e, 8,7}), since

“+o0o +oo +00
Dul(Br(0)) = (1 r2(i- zz%) B al+25 20—+ 3 2151
=1 =1 =1

2
= 218~ al + 2o =] +18 =l

On the other hand, consider an infinitesimal sequence (r;);>1 of radii with 0 < r; < 2=+ With
an argument similar to |3, Theorem 1.3], we have

TVJBV(“? BTi (Al)) = ‘TOKB’YL

|T5y| denoting the Lebesgue measure of the target triangle with vertices a, 3,7, and thus, for
every N € N,

N
TV Iy (u, B1(0)) > TV gy (u, UL By (A1) > Y [Tapy| = N|Tugyl.

=1

Whence

Apv(u, B1(0)) > TV J gy (u, B1(0)) = +o0. (4.1)
On the other hand, we claim that
A1 (u, B1(0)) < +oc. (4.2)

Indeed, we can construct a sequence (v.) of piecewise constant maps on Bj(0), taking values
in {a, B,v}, with uniformly bounded L!-relaxed area and converging to u in L'(B1(0);R?): Let
e € (0,1) and consider the intersection with T'4,0p, of a tubular neighbourhood of the segment
A;B; of diameter €2~ (+D  for every ¢ € N. Then, the map v, is obtained by modifying u on these
strips in the triangle, by assigning the value . Now, v, is a piecewise constant map valued in
{a, 8,~} without triple points, hence, by [1, Theorem 3.14],

Api (ve, B1(0)) = [B1(0)| + [ Dve|(B1(0))
7 2 ey X
<t zlB—al+Sla—l+ (1+5) Y2718 —al+la—1))
i=1
<mt 215 —al + Sla—1
T+ —|f—al+ —|a—1].
S 6 6 v
Clearly, v. — u in L'(B1(0); R?) as € — 0%, so by lower semicontinuity
— 23 13
Api(u, B1(0)) < m + E'B —al+ E|a — 5| < 4o0.

In particular
Dom (A7 (-, B1(0))) ¢ Dom@Ll(-,Bl(O))).
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Remark 4.2. Following the notation of [23], one can show (4.1)) also by considering the measure
) defined for every w € BV (B1(0);R?) as

o) =5 [ = wt w0 g Vg € CE(BO)),
Sw
where 7 = v+ and v is the unit normal to Sy, so that Dw L S,, = (wh —w™) ® vH L S,,.

If Ay (w, B1(0)) is finite, we can consider the unique cartesian current T, € cart(B;(0);RR?)
associated to w defined in |23, Theorem 3.5], whose vertical part is by definition equal to the
minimal completely vertical lifting u, [w] associated to w, according to [23, Definition 3.1]. Then,
since |, [w]] is lower semicontinuous with respect to the weak convergence of measures and, for v
smooth, |u,[v]|(B1(0) x R?) = TV J(v, B1(0)) (see [23, Theorem 6.2]), we get

| [w]|(B1(0) x R?) < TV J gy (w, B1(0)).
In particular, if w € BV (B1(0); R?) is piecewise constant, we have
|| (B1(0)) < |o[w]|(B1(0) x R*) < TV J gy (w, B1(0)), (4.3)

where the first inequality is - a consequence of |23 Corollary 4.3].
Now, if by contradiction Apgy (u, B1(0)) is finite for the map u in Example |4.1| we have

+oo
Ni = Z | Tapy|(0a;, — 08,).
=1

In particular | |(B1(0)) = +oco, and follows from (4.3). In Example we construct a
piecewise constant map u € BV (B1(0); R?) taking only five values in R? with TV J gy (u, B1(0)) =
+o00 and ;] = 0. In that case, one can see even that p,[u] = 0, whence a maximal gap phenomenon
occurs between the mass of the current 7;, (which is finite and without a vertical contribution) and
Apv(u, B1(0)) (which is infinite as well).

4.1 Piecewise constant homogeneous maps

We need some tools that allow us to characterize (and compute in some cases) the relaxed func-
tionals for n—uple point maps with n > 3. Thus, for 7 > 0, we consider maps v : B, := B,(0) — R?
of the form

u(z) = (E,) for a.e. z € B, (4.4)

where v : S — {a1,...,a,} is piecewise constant and takes the (not necessarily distinct) values
ai,...,a, € R? on the arcs O, ..., Cy, in the order (see Fig. for n =5). So, u is an n—uple point
map with one n—uple junction at the origin. Now, we can consider the broken line curve 5 C R?
(an example of which is in Fig. |3)) made of the segments connecting ay to ag, as to ag and so on,
closing up by connecting «,, to ;. The curve 7 can be parametrized as in , and the curves
4; are constant. Denoting by L() the length of 7, we have

n m—1
L(y) =) leigr — o] = [4|(S") = sup { D Wir) =y @)l :m €N {v1,. v} C Sl} , (45)

i=1 =1

with the convention oy, 41 := ag, Clearly, by definition of u, we have
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Figure 3: An n-uple point map and the corresponding curve =y, for n = 5.

|Dul(By) = r[3](S") = rL(y).
Thanks to Lemma for P(v) as in (2.40) we know that
P(y) = P(3). (4.6)

For a general v the computation of P(v) seems not immediate. For the configuration in Fig. |3 we
expect it to be the area of the region enclosed by 7, with the small internal quadrilateral counted
twice.

Theorem 4.3 (Relaxation of TV.J on piecewise constant maps). Let {a1,...,a,} C R

v € BV(SY{a1,...,an}) be a function with a finite number of jump points, and let u be as in
(4.4). Then B
TV Jpv(u,By) = P(7).

Proof. Lower bound: Assume that (v;) C C(B,;R?) converges to u strictly BV (B,;R?) and

lim |Jvg| de =TV Jpy(u, By).
k—+o00 B,

By Lemma we can fix € € (0,7) and a not-relabeled subsequence depending on &, such that
v L OB: — ul_ 9B strictly BV (0B.;R?). Thus, using Corollary and the rescaling invariance

of (2.40)), we can estimate

TV Jpy(u, B;) > lim inf/ |Jug| dz > liminf P(v; L dB.) = P(uL dB:) = P(y). (4.7)
k—+o00 B. k—4o0
Upper bound: By an argument similar to the one at the beginning of the proof of Proposition
E it will be enough to construct a recovery sequence (u;) C Lip(B,;R?). Let 7 be as above. We
start by building a sequence (v;)r of Lipschitz reparameterizations of 5 which converges strictly
BV (SYR?) to . Let us denote by ai,...,a, € [0,27) the angular coordinates of the extremal
points of C4, ..., C,, and assume without loss of generality 0 = a1 < ag < -+ < ap. Then

n

U lai, aiv1] = [0, 2],

=1
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with the convention a,4+1 = 27. Let (dx)r be an infinitesimal sequence with 0 < 6, < max{|a;+1 —
ail,i = 1,...,n}, for instance §; = %, k large enough. We define the piecewise affine map - :
[0,27] — R? as

(o7} ift e [ai+5k/2,ai+1—5k/2],

Velt) = aiv1 +0p/2 —t t— a1+ 0x/2 . i=1,...,n.
() it 5:/ o + H_(;k k/ Q41 1ft€[ai+1—5k/2,ai+1+5k/2],

(4.8)
Then 7 — v strictly BV (S';R?) (actually a direct computation shows that |¥|(S') = |¥|(S!)),
7% are uniformly bounded in L*°, and converge almost everywhere to v. As a consequence, from

Corollary
P(vk) — P(7) as k — 4o0. (4.9)
Therefore, by (1.5) we choose, for all k > 1 large enough, a map v, € Lip(Bi; R?) such that

1

vp LSt =, ’P(’yk) —/B |Jog| dz| < T (4.10)
1

Let ¢, > 0 be the Lipschitz constant of vj,. Defining vy, € Lip(B,;R?) as vy, (y) := vk(%) for any
p > 0, it is straightforward that the Lipschitz constant of vy , is cx/p.

We now choose an infinitesimal sequence (p) C (0,7) in such a way that limg_ 4o cxpr = 0. As
a consequence we get

/ |V p,. | do < megpr — 0 as k — 4o00. (4.11)

Pk
We are now in a position to introduce our recovery sequence: We define uy, € Lip(B,; R?) as

L) VzxeB.\B,,
up(z) == Tk (|$‘> v \ B (4.12)
Vk,pp (T) Vo € By,

Using that 7, — 7 strictly BV (S'; R?) and (4.11]) we see that u;, — u strictly BV (B,; R?). Finally,
since in B, \ B,, the map uj depends only on the angular coordinate, its Jacobian determinant
vanishes in B, \ B,,. Hence

liminf/ | Jug| de = liminf/ | J vk, | dz = P(7), (4.13)
B, k—+o0

k—+o0 on

the convergence being a consequence of (2.30)), (4.10)), and (4.9). O

As a consequence of Theorem [£.3] we deduce:

Theorem 4.4 (Relaxation of A on piecewise constant maps). Let v and u be as in Theorem
[4.3. Then, for any r > 0, we have

Ay (u, B,) = mr? + rL(y) + P(v). (4.14)
Proof. Lower bound: Suppose that v, € C(B,;R?) is such that

v, — u  strictly BV (B,;R?) and lim A(vg, By) = llim inf A(vg, By).

k—+o00 —+00
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Now, let € € (0,7) and write A(vg, By) = A(vk, By \ Be) +A(vg, Be) > A(vg, By \ Be) + [ [Jvk| do,
so that, by [1, Theorem 3.7],

lim A(vg, By) > liminf A(vg, B, \ Be) + liminf/ | Jug| da
k——+o0 k—+o0 B.

k——+o0

> |B, \ Be|+ (r—e)L(y) + lkiminf/ | Jok| dx
Be

——+00
> |By\ Be| + (r —e)L(7) + P(v),

where in the last line we have applied Theorem [4.3] with r replaced by e. We now pass to the limit
as e — 07 to get the lower bound Apy (u, B,) > mr? + rL(y) + P(v) in ([@.14).
Upper bound: It is sufficient to consider the sequence (uy)y defined in (4.12)), for which

Apv(u, By) < limsup A(uy, B1) < |B.| + lim / |Vug| de+  lim / | Jug| dz
k—+oco B, k—4o00 B,

k—+o0
=r + rL(y) + P(v).
O

Now, we are in the position to show an example of a piecewise constant map v € BV (By; R?) with
infinite relaxed Jacobian total variation but vanishing associated minimal vertical lifting measure
tyu]. This map is constructed in Example while the Example is preparatory.

Example 4.5. We want to show here how singular topological phenomena related to the double-
eight map [20], [15], [22], [24], [13] arise also among piecewise constant maps. In particular, as
pointed out in [23], for the homogeneous extension of the double-eight map, a gap phenomenon oc-
curs between the minimal vertical lifting measure and the relaxed Jacobian total variation. We show
now that we find such a gap also among piecewise constant maps, by exhibiting a piecewise con-
stant map with vanishing minimal vertical lifting measure but with finite non-zero TV.J. Namely,
we are going to define a map u : B; — R? assuming five distinct values, for which the resulting
closed curve 7 has zero degree, but is homotopically non-trivial, since it is, in fact, homeomorphic
to the double-eight curve. Let {a1,as,as,a4,a5} C R? be the vertices of two (equilateral for
simplicity) triangles with a common vertex, say a; (see Figure . Fix a partition of S! in twelve
disjoint non-empty arcs C1i,...,C12 (not necessarily of the same length), with extremal points
ai,...,ais in counter-clockwise order. Then, define v : S' — {1, a2, a3, a4, a5} to be constant
on the arcs C,...,C1s, precisely equal to, in the order, ay, a9, as, ay, a4, as, ai, as, as, ag, as, .
Then, the broken line curve 7 runs consecutively the triangles 7123 := Th 0505 a0d T145 1= To, 0405
twice, and every time with different orientation. Define u as in , obtaining a 12-point map.
Now, by applying Theorem and computing the minimum of the Plateau problem for ¥ as
in |24, Theorem 5|, we obtain

TVJB\/(U, Bl) = ﬁ(’y) = P(:y/) = 2min{|T123|, |T145|}. (415)
Moreover, it is not difficult to see that
1) = (|Thas| + |Tias| — |Thas| — |Tias])d0 = 0.

In this case, we have also p,[u] = 0, indeed we can prove that the unique current 7;, with minimal
completely vertical lifting associated to w is given by

12 12
Ty =Gu+8 =Y _[C] x [a] + > _[0,a] x [a1-1, ], (4.16)
=1 =1

34



aq

Figure 4: The map u and the broken line curve 7 of Example

where él is the circular sector corresponding to C; and ¢; is the assigned value of v on Cj for
[ =1,...,12 (we used the convention ¢y = c12). Let us show ([4.16). One checks that ] [T;,] = p [u]
for i,j = 1,2 by proceeding as in Remark So, it remains to prove that T}, € cart(By;R?): it is
enough to check that (07T),)L By x R? = 0. Compute

12 12
08 =>_0([0,al x [a—1,al) = > (—[0] x [erm1, el + [0, @] % [ea] = [0, @] * [er-1]) -
=1 =1

Now, since by convention a3 = ay,

12 12
0G, =Y ([0, ara] x [e] = [0, ar] x [ea]) = =D ([0, ] x [er] — [0, ar] % [er-1]) -
=1 =1

Moreover, by the choice of {¢;},

12

> 101 x [e1, aa] = [0] x [or, 2] + [0] % [az, @s] + ... + [0] x [era, 1] = 0.

=1
Therefore, G, = —0S.
Notice that the action of T;, against 2-forms with only vertical differentials is 0, which means that
T, does not have completely vertical part and so u,[u] = 0. Roughly, due to cancellations in the
part of the boundary of T, in correspondence to the origin, the current T, is not able to detect the
hole upon the origin in the graph of u, generated by the presence of the multiple junction.

Example 4.6. This example is an adaptation of [22, Theorem 1.3] to the case of piecewise constant
maps. Indeed, we construct a piecewise constant map u, taking only five values of R?, such that
pylu] =0 and TV Jpy(u, By) = 40o0.

The idea is to replicate the map of Example infinitely many times on a sequence {D;};en C B
of disjoint balls, whose measures form an infinitesimal sequence (see Figure . So, for i € N, set

i—1
D; == B;,(%;), with z;:= [ -1+ ZZ_j,O . 1= 270h
=0
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Figure 5: The sequence {D;} C Bj of disks of Example

Let {a1, a2, a3, 04,5} C R? and 7 : S! — {a1, a9, a3, a4, a5} be as in Example Now, define
the map 7 : S' — {1, a2, a3, oy, a5} in the same way as v, but with different order of the values, in
a symmetric way with respect to the vertical axis through a1, namely, in the same arcs C, ..., Cis,
5 is equal to a1, as, ag, a1, as, as, ay, ag, as, a1, as, ag. Then, for ¢ € N, define u|p, == u® as

7($_xi> if 7 is odd,

' xr — x;

u®(z) = 'x B m’.‘
~ : if 7 is even.

|z — x4

It remains to define u in B; \ U;enD;. Start by considering, for every i € N, the square @); that

circumscribes D; and extend u? to @Q; to be constant along horizontal lines. Now, denote by Lgl)

and ng) the vertical left and right sides of d@Q);, then extend u to the convex hull of LEQ) and Lgi)l

to be constant along straight lines which interpolate pointwise the two sides. Finally, extend v in
the strip that connects Lgl) to OB1 to be constant along horizontal lines and set u = «ay in the
rest of By. (see Figure [5). It is not difficult to see that u € BV(B1;R?), by the choice of the
infinitesimal sequence (r;). Thus, assuming by contradiction that Apgy (u, B1) be finite, one can
define the current T, = G, + 5 in a similar way as in Example that is to say, by setting S to

be the trivial affine interpolation surface on the jump segments of u. One can prove in the same
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way that T, is the current with minimal completely vertical lifting associated to w and p,[u] = 0.
In particular, T}, € cart(B;;R?) and has finite mass. On the other hand,

+oo +oo
TVng(U, Bl) > ZTVJBV(Ua Dl) = Z 2min{|Ta102a3|v |Tala4015|} = +-o00.
=1 =1

In particular Agy (u, B1) = 400 as well.

5 Piecewise Lipschitz maps

In this last section we combine the results of the previous sections and compute the BV -relaxed
area for an interesting class of maps that we call piecewise Lipschitz maps, quickly mentioned in
the Introduction. As stated in our main result (Theorem , the relaxed area turns out to be
composed by a regular term and a singular one, that interestingly further splits into two non-trivial
pieces, respectively related to the 1-dimensional and 0-dimensional singularities.

Let © C R? be a connected bounded open set with boundary of class C'. We say that a collection
{Qq,...,9Qn} of disjoint nonempty open sets is a Lipschitz partition of Q if Q = U;ivzlﬁk and for
each k=1,..., N, Q is connected and Lipschitz.

For a given Lipschitz partition of €2 we can consider its interface 3 := u{leaﬁk. Also, we can
define the (possibly empty) set of interior junction points {p;}/",, i.e. points p; € Q such that there
exist 7 > 0 and an integer N; with 3 < N; < N, such that B,.(p;) C ©Q and Bs(p;) has nonempty
intersection with exactly N; connected components of Q, for every s € (0,7].

We shall consider Lipschitz partitions whose interface is a network in the following sense:

Definition 5.1 (Network). The interface ¥ of a Lipschitz partition of Q is a network if

n
=T Je=adle), 1= (aby), (5.1)
=1
where the curves oy : Ip := [ag,bs) — Q, £ =1,...,n, satisfy the following properties:

ay is of class C2, injective with |&y| =1 on I, and J, C Q;

-l Fly= Ty N Jy, =D

ag({ag, be}) CTH{p1y-. P} UIQ for all £ =1,...,n such that ay(ap) # c(be);

if x € J, N0, ayp is transversal to O at x;

-l # by = Ty, N T, Cpr,e )

From the last condition it follows that if two curves have endpoints on 952, then these points are
distinct.

Definition 5.2 (Piecewise Lipschitz map). Let {Qk},]f:l be a Lipschitz partition of Q) whose
interface ¥ is a network. We say that u € BV (2;R?) is a piecewise Lipschitz map if its jump set
S. coincides with ¥ and ul_ Qy € Lip(Qx; R?) for any k=1,...,N.

Since u L Q; € Lip(Q;R?), the trace of u on €y is also Lipschitz. In particular, for any
i €{1,...,m} such that p; € 9,

3 Jim u(z) = BF e R2.
ey,
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Let p > 0 be sufficiently small so that B,(p;) C Q for ¢ € {1,...,m}. Let £ € {1,...,n} be such
that p; is an endpoint of .Jy; since ay is of class C2, for p small enough the intersection J,N 0B,(p:)
consists either of a single point, or of two points if ay(as) = ay(be) = p;. Hence, the map ul_0B,(p;)
is piecewise Lipschitz and jumps at any point of ¥ N dB,(p;). In particular, the number of these
jump points is, by definition of junction point,

N; =#(2N0B,(pi)) > 3, i=1,...,m.

For i = 1,...,m, we denote by Q... ’93\12 the connected components of Q2 \ ¥ whose closure
contains p;, chosen in counterclockwise order around p;. Since §2 is Lipschitz forevery k =1,..., N,
any Q}C has a corner at p; whose aperture is a positive angle Hf € (0,2m).

Lemma 5.3 (Circular slices). Let i € {1,...,m} be fized and let p > 0 be as above. Then the
maps 7, € BV (S';R?) deﬁned by ., (v) == u(pi + pv) converge strictly BV (S';R?), as p — 07, to

a piecewise constant map 'y : S — R? taking, in counterclockwise order, the values B 2. ,BiNi
on arcs of size 0}, 93, e ,92- ¢ respectively.
The map 7" has N; jumps on S whose angular coordinates are denoted by aZ , 22, . ,aﬁv ¢ (wher

aj—a] 1—03 forj=1,...,N;+1).

Proof. 1t is easy to see that (’yp) converges to v almost everywhere on S! as p — 0. Moreover, ’yp,
for p small enough, has exactly N; jumps at points a; , of amplitude \ut (p; + pal p) u” (pi + pa; p)|
which tend, by continuity of u in B,(p;) \ 3, to |BZJ Bg+1|. Also, on the arcs between a! and

) , ip
aﬁl, ]"y;| < Lp, where L is the maximum of the Lipschitz constants of u on the sectors QZ . Hence
|"yf)|(Sl) — [4%(S') and the thesis follows straightforwardly. O

For £ =1,...,n, we denote by ua) the two traces of u on Jy, and consider the affine interpolation
surface X?g : [ag, by] x I — R? spanning the graphs of U and u(g+y, given by (1.7):

ff —
X (t5) = (b5 (O + (L= sJuiy (1), (t5) € [ar bl x 1. (5.2)

We are now ready to prove Theorem

Proof of Theorem [1.1]. Lower bound: Consider a sequence (vy) C C1(£2; R?) converging to u strictly
BV (Q;R?). For any p > 0 small enough, we take a family of mutually disjoint balls B,(p;) C €,
i =1,...,m. By Lemma there exists a subsequence (vg,) C (v;) depending on p such that
fori=1,...,m

vk, L OB, (p;) = ulLOB,(p;) strictly BV (9B,(p;); R?). (5.3)

We may also assume that fori=1,...,m

liminf/ | Jug| do = hm / |Jvg, | d.
ko0 Bp(ps By (pi)

Then

m

A(vkh’ Q) = A(vk}ﬂ Q\Uglgp(pi))"i_z A(Ukh7§l)(pi)) > A(vkm Q\UﬁlBﬂ(pi))""Z/ ‘ ’Jvkh |dz.

i=1

"With the convention N; +1 = 1.
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By Corollary we get

tim inf (v, 2\ U2 By () 2 Ay (0, @\ U2, By(p)

MMVMMx+Z;/ 0: X N O X )| dtds
Q\U, By (pi) =1 Vag.by1x1

ay, X

—>/ ]M(Vu)|dx+2/ latX%g/\asX?thds as p— 07,
Q =1 7 lag,be]xI

where (a}), (b)) C |ag, be] are respectively a decreasing and increasing sequence of numbers satisfying
ay — ag and b — by as p — 07 and ay([ay, by]) = au(lae, be]) \ UL, B, (pi).-

Let us recall that, by Lemma P(¥") = P(vy"), with 4* as in Lemma So, it remains to
show that

liminf li Joy, | de > P(» Vi=1,...,m. 5.4
igghggjmwﬂvm!x_ (") i m (5.4)

By definition (2.40)), using (2.31)) and (5.3]), we readily conclude that

li Juy, | dz > P(5%),
Bt oo Bp(pi)| Uiy | d 2 P(7)

where 7;; is defined in Lemma Then, since 7; converge to ' strictly BV (S';R?) as p — 07,
(5.4) follows, thanks to Lemma and Corollary

Upper bound: Fix r > 0 small enough and consider mutually disjoint balls B,(p;) C €, i =
1,...,m, such that, for every ¢ € {1,...,n}, Jy N dBs(p;), if nonempty, consists either of a single
point, or of two points if ay(ar) = ae(bs) = p;, for every s € (0,7].

Clearly, the difficulty of the proof is concentrated around the junction points p;. The idea is to
modify u on U, B, (p;) by constructing a new map u, (see and ((5.20))), which coincides with
u out of U™, B,(p;) and converges to u strictly BV (€2;R?) as r tends to 0*. The map wu, will be
again a piecewise Lipschitz map with the same set {p;} of junction points, but different jump set
¥, with X, N B, 5(p;) made of segments, i.e. u, is of the form in B, 5(pi). The difficult point
will be to provide that ¥, is still a union of (pairwise disjoint up to the endpoints) C2-curves ay, in
particular that each on e hits 0B, 5(p;) with vanishing second derivative. At the end, we will apply
Theorem 4.4 to u, in U2 B, 5(p;) and Corollary [3.12[to u, in Q\ (U2, B, /2(p:)), and conclude by
lower semicontinuity of Agy (-, Q).

We S%art by considering a smooth strictly increasing surjective function ¢, : [5,+00) — [0, +00)
with

3
Yr(p)=p Yp>r, Yo(p) = (p — C) in a right neighborhood of g, [Pl <C in (g,r>

2
(5.5)
with C' > 0 independent of r. We define the radial map ®, : R?\ B (0) — R2\ {0} as
x
@, () = ¢r(|z]) 7,
]
whose inverse is @ 1(y) = fr(|y])‘—z|, where f, := ¢, and set
Ur(x) == u(p; + ®r(z — i) for z € By (pi) \Eg (pi), i=1,...,m. (5.6)

8The exponent must be chosen greater than 2 in order to ensure ([5.19)).
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The jump set of 4, in By(p;) \ By/2(pi) is parametrized by the curves
Ay = pi + (o — py) Vle=1,...,n. (5.7)

Notice carefully that &y is parametrized on the same parameter interval of ay, but this is not an
arc length parametrization for a;. Moreover, thanks to the regularity of ®,., the map

U in Q\ (U™, B, (p;
Up =4 ‘ \( i=1 T‘(pl)) ‘ (58)
U, in Br(pi)\Bg(pi), 1=1,...,m,
has jump set X, which is parametrized by the curves &y, whose supports jg are pairwise disjoint
and in turn coincide with the ones of ap in Q \ (U2, B, (pi)).

Step 1: Let us first check that the length of @, in U2 (B, (p;) \ B,/2(pi)) is controlled, more
precisely, we will show that for each i and ¢, the length of &y in By.(p;) \ By2(p:i) goes to 0 as
r — 0%. We suppose that J, N dBs(p;), for every s < r, consists of a single point, because the
argument adapts also if ay has two arcs exiting from p;, simply by considering them separately.
To this aim, fix ¢ and ¢ and denote ay = «, J; = J. Without loss of generality, assume p; = 0,
B,(0) = B,, and suppose that J N B, is parametrized by arc length on [0, R], with a(0) = 0 and
a(R) € 0B, where R(r) = R = H'(J N B,.). We can express the gradient of ®, ! as follows:

V(I)_l — ! i I - ( > I f (‘yDH ’ 5.9
- (Y) fr(\y!)| €1 ‘+f(\y!) m frlly !)|y’®’y‘+ m () (5.9)
where Yoy
H(y) =1Id - ‘y|2 )
and we used that
v y) ~ L, 5.10
(#7) = (10
From (5.7)), we have a = V&, (a)d, and using and || = 1,
al < fial) + S eyl (5.11)

Notice that if r is small, the function t — |a(t)| =: o(¢) is C* and invertible from [0, R] to [0,7].
Moreover, o’ (t) = % () — % -@(0) = |&(0)] =1 as t — 0T. Let us integrate on [0, R] the

term f/(|a|): performing the change of variable o(t) = p, we get

/ORfma(t)r)dt:/oRf;( ) dt = /f <2/f )dp,

where in the last inequality we used that, for small r, o’ (U*I(p)) > 1 for every p € [0,7]. Sending

r to 01, we have that fOR fi(la(t)])dt — 0 by integrability of f’ near to the origin.
In order to estimate the second term on the right hand side of (5.11]), we can use a Taylor expan-

sion of a around 0, writing a/(t) = vt-+wt?+o(t?), with v = &(0), w = @, and lim;_,o+ o(tP) /tP = 0.
We have

M(a)é = H(vt + wt? 4 o(t?)) (v 4 2wt + 0a(t)) = (v + wt + 01 (1)) (v + 2wt + 02(t)),
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where 01 () = o(t?)/t and 0(t) = o(t). Writing v + 2wt + 09(t) = v+ wt + 01 (t) + wt + 02(t) — 01 (1),
we get

II(a)d = II(v + wt + 01(t)) (v + wt + 01(t)) + (v + wt + o01(t)) (wt + 02(t) — 01(t)).

The first term on the right hand side is 0 and the norm of the second term can be estimated from
above by |w|t + o(t). Now, by definition of arc length parameter, R = H'(spta N B,.(0)) — 0 as
r — 0T. Moreover, by Taylor expansion, |«(t)| > £ for ¢ small enough. Therefore, since f,(0) = %

2
o@D 20 o
— t

for 7 small enough we have =7 [0, R]. So, integrating on [0, R] the second term on the

right hand side of (5.11)),
R R
t 2
/ M|H(a(t))d(t)|dt</ 2 wlt+ o(®))dt -0 as T — 0%,
o o) o t
Step 2: Let J = j\g be the support of @; let us show that there is a parametrization of Jn (Br\B,2)

on an intervalA[O, L], which is of class C? up to 0 and with vanishing second derivative at 0. Indeed,
set L := H'(J N (B, \ B,/2)) and consider the arc-length parameter s € [0, L] given by

/ Vi (a(r))ldr,

Vi(a) := Vo, a)d.

where

We compute

2 d (Vi) V20, 1 (a): (¢ ® &)+ Vo, Ha)d
2200 = 1 () =105 Vo)l ) ew

Here and in what follows, « is evaluated at ¢ = ¢(s) and & and & denote the first and second
derivative of a with respect to t. The operation : between a tensor T' = (Tj;;) € R**?*2 and a
matrix M = (M;;) € R?*? is defined as the vector T': M € R? with components (T : M)y = TijiM;;
for k=1,2.

We get
d? V20 1(a): (6 Vo, i
ds?“(t)‘ . ‘H(V’”(O‘” () ' o (>;a|
V207 (0) : (6 ® d) Hlaf) + 5
. ’H(V”(“” < V()P >'+C Vi(a)P (5.13)
where we have used and that & is bounded.
The Hessian of @1 can be computed as
V2! YooY (y y)
- (y) = (Iy!),y‘®‘y|®‘ ,+f(!y\) ,y|®‘y, +
2 RV ; V2 <y
A (| ‘) 5 (
" ) Yy / ) )
2z 9L e vVI[-Z =
)] ® 1 © 17 * £ (m ®

= +
2rh Lo v (L) + 5w (v( L))
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Then, by (5.10)), we have

\ | ! | | | | |o? |

+< WA fr(\a\)>®n( ).

| a2 |ef

So, for k = 1,2, we have
(V2@ (a): (@@ a))k

=70 (7 o @ o) €2 9),

|
- (He _p2da)

ol TP (o) @ea), o1
G (o) o)

Notice that, since II(a) is symmetric,
I(a)ija; =0, I(a)ja; =0, (5.16)

where we sum on repeated indeces. So, using (5.16)) and that, from Taylor expansion, &(t) =
v+ 2wt + o(t) = @ + wt + o(t), we have

((H( )@ ) (@ ® a))k = H(a)ijaiaj% = T(a)y; (5 + wit +o(t)) dj% -

|

(o) @on) =t n@pudd; = s (% + e+ o) o

| ro ol

= mﬂ(a)jk (wjt + o(t)) c;.

So, the norm of the sum of ((5.14]) and (5.15) can be easily estimated by
frllal) fr(lal)) / fr(lal)
s (Tl (jult +o(0)) < € ( £(jal) + ,
o] |a? |

where we used that, for ¢ small, |a(t)| >
Therefore, ((5.13)) becomes

1
5

i

@@ (@®ad) F(lal) + Lo
ds?a(t)‘ <[ () fo] = fal = | \’2 )

N o]
¥ ”( Vo) A

Now we treat the first term of the right hand side of (5.17)). For j = 1,2, by definition of V,(«),
using Taylor expansion and -, we have

o0

(Vi)j(a) = fi(le !)| 2 Gi + fr(la))I(a)ija

;o

= flahp (‘“ it +oft)) + fr(laDMl(@);; (5 +wit +o(t))

(5.18)

—f(la!)< | it 4ot )>+fr(!04) (@) (wit + o(t))

2
= £1(al) (S +0(t)) + £r(lah)O
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where in the last equality we used that o;w; = o(t), since v;w; = 0 because |&| = 1, and we setted
0;(t) := (a);j(w;t + o(t)), meaning that lim, ,q+ |O;(t)|/t < +00. Then, we get

a=t(FO=P20 ko).

fr(|al)
So,
L@ (Ged) @
o] © 7ol © Tal i &
Vi(0)-0(t)
Qi . tH(V(Q))( Fr(al) +0(f)>
a2 o T Vi(a)]?
o)
aay .t (f;<|a|>+0(t))
a; o — 11V (a ,
fap S o V@) =g

where we used that II(V,(a))V,(a) = 0. For ¢ small, we get

o)
(Vi (o)) 122 ol @ 1ol * (4@ @)} 57y +0)
' Vi () Ve(a)]?
Finally, from ({5.17)), we obtain
O(t) frlal)
iza(t) < ‘fl/ ‘ fr + O(t) fr(|06|) + ‘0‘|
ds? - ( )2 V()]

From the definition of f,, we have that f.(|a(t)|) = § + t3 + o(t%) for ¢ near to 0. So, by (5.18]),
we have [V.(a(t))] > Cfl(Ja(t)]) = Cti + O(t_%). Then, since |f”(|a(t)])| = Ct™3 + o(t73), a
straightforward check shows that

2

@a(t) —0 ast— 0T, (5.19)

We conclude that the curve @ is C? up to 0 with vanishing second derivative, and hence can be
extended on the interval (—%,0) to a (not relabeled) curve @ whose support is a straight segment
connecting a(0) to 0 (namely a radius of B, /5(0)). Going back to the curves @y, we have just
proved that we can extend them in B, 5(p;) with C?-regularity using a segment along a radius,
reaching p;. In particular, the new supports of a,’s form a N’-junction point around p; in B, /Q(pl-),
whose circular sectors 6; (j = 1,...,N;) have amplitudes 6},..., OZN ' (according to Lemma .
Up to a reparametrization by arc-length of ay, we will suppose that ay : [ag,/b\g] — R? have always
derivative of modulus 1

Step 3: We are ready to extend the map u, in B, 5(p;). We observe that, from , up(x) =
7 (%(ac — pz)) on 0B, /Q(pi) (see Lemma , and hence it is constant on any arc with angular
j—1

coordinate in (a] ", al). Hence we define

i) =o' (22) v € By (). (5.20)

|z — pil

Now, u, satisfies the hypotheses of Corollary in Q, := Q\ (U2, B, 4(pi)), where all the curves
a@; satisfy hypotheses (H3), and they run on a straight segment (along a radius of B, 5(p;)) inside
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B, )2(pi) \ Byj4(p:). Then we introduce a sequence of Lipschitz maps vy : , — R? which are defined
as in , where, we recall, ¢ = %, with u, in place of u and A = id; in particular, for k large
enough, the trace of vy on 9B, /3(p;) is a piecewise affine map coinciding with v, in , with S;
in place of ;. Thus, if we introduce also the sequence of Lipschitz maps vy : B, /2(pi) — R? as in
(4.12) (with B, replaced by B, /2(pi)) we see that vy = vy on 9B, /3(p;). Therefore we define

o im {m in 2\ (U2 By (pi) (5.21)

i)\k in Uyll BT/B(pi)7

and we readily see that v — u, strictly BV (€; R?).
Since the supports of ay and &y coincide out of U; B, (p;), there exist aj, b, € [as, b, a; < b}, and
ay, by € [ag, by], aj < b}, such that

ae([ag, b)) = aullap, b)), @e(@y) = aelay),  @u(bf) = ae(b]).

In particular, ?)\Z —ay = b, — aj, so up to a translation of the parameter interval of [ag,/b\g], we can
suppose @, = a; and ?)\Z = b;. Clearly, aj — a, non increasingly and b, — b, non decreasingly as
r—0t.

In view of Corollary [3.12] and Theorem [£.4] we conclude

Apy(uy, Q) < lim  A(v], )—/ M Vu]dx+2/ 0. X3 N O XEN| dtds
(U2, Br(p:)) [Ge,be)x I

k—+oco

r? —
+/ IM(Vu,)| de+m—— —l—ZP(’yZ)
Uy (B (pi)\By 3 (pi) 9 o

n

IM(Vu)| dz + Z/[ - 10X A0, X3T| dtds + > P(+)
apbg]x i=1

/Q\(U;,ilBr (pi))

+/ IM(Vur)| do+ / 0, X35 A 0, X3 dtds
U1 (Br(pi)\By/3(pi)) Z ay/? ap)ulby by *)) <1

i=1 )
r m i 7T7“2
J j+1
+3;;|@—@ [+ m=g, (5.22)

/52/3 < by, where &g(&\eg) € 0B, 3(pi),

where for all £ = 1,...,n we have a, < ZL\Z/S <a; < by <
&g(@?) € 0B, 3(p;) for some i, j € {1,...,m}, unless one of them belongs to 92, and where Xj‘;,f is
defined as X ?H with u, replacing wu.

Now, since by || < C, w, is still a piecewise Lipschitz map on 2, hence, by Step 1, the
last four terms in are negligible as r — 0. We then conclude, provided that u, — w strictly
BV (Q;R?), that

Ay (u,Q) < liminf Agy (u,, / IM(Vu)| dz + Z / 0 X5 A OXPT| dtds + Y " P(+')

r—07t lag,be]x I i=1

that is the thesis. In order to check that u, — u strictly BV (Q;R?) it is sufficient to observe that
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u = u, outside U, B,(p;) and that

lim sup | Du, |(Ui~, By (pi))

r—0+t

<lim sup lim sup /
r—=0+  k—+4oo JUR, By (p;)

\/ 1+ |V |? da

<limsup lim A(vg, U~ Br(pi))

r—0+ k—+oo
2

U (Be(p)\B, 5 (p?)) 9

r—0t+

The proof is complete. ]

m N;
' I\atX A 05 X8 |dtds+g22\a§—a;+1‘):0.
x i=1 j=1
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