A RELAXATION RESULT FOR A SECOND ORDER
ENERGY OF MAPPINGS INTO THE SPHERE

DOMENICO MUCCI

ABSTRACT. A relaxation problem for maps from n-dimensional domains
into the unit 2-sphere is analysed, the energy being given in the smooth
case by the integral of the modulus of the Laplacean vector. For second
order Sobolev maps, a complete explicit formula of the relaxed energy
is obtained. Our proof is based on the following results: minimal energy
computation of maps with fixed degree, Dipole-like problems, density
of maps with small singular sets, lower semicontinuity of the extended
energy, and strong approximation properties on Cartesian currents.

INTRODUCTION

First order variational problems for maps taking values into isometrically
embedded Riemannian manifolds N are widely studied, a relevant model
being given by the Dirichlet integral

(0.1) D(u) := 1/ | Dul|? dz
2 Jgn
of maps from the unit ball B™ into the p-dimensional unit sphere N' = SP.
When e.g. n =3 and p = 2, unit vector fields minimizing the Dirichlet
energy (under prescribed boundary conditions) represent a simplified model
for the Ericksen-Leslie theory of liquid crystals, see [23] or [25], Sec. 5.1].
Harmonic maps u with values into the sphere SP satisfy the Euler-Lagrange
system 7(u) = 0, where

(0.2) 7(u) := Au+ |Dul*u

is the intrinsic Laplacean, or tension field, compare [25, Sec. 3.1.1]. More
precisely, viewing the p-sphere as embedded into the Euclidean space R,
and working with maps u : B® — RPT! such that |u(z)| = 1, then Au is
the Laplacean vector in RP*1 and its normal component to SP at u(z) is
(Au)* = —|Dul? u, whence 7(u) is the tangential component of Au, and

(0.3) |Au!2 = ]Du|4 + |T(u)|2 )
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2 D. MUCCI

In dimension n = 2, the Dirichlet integral is conformally invariant. There-
fore, its second order analogous is probably given by the bienergy functional

(0.4) H(u) := /n |Au|? dx

of maps u from B"™ into SP. In dimension n = 4, in fact, the bienergy
functional is conformally invariant. In addition, equation (0.3) implies the
lower bound

H(u) > / | Du|* dx

where equality holds when 7(u) = 0, i.e., for harmonic maps.

As a consequence, in any dimension n > p > 2, Sobolev maps u from
B™ into SP with finite bienergy belong to the Sobolev class W14(B",SP).
Moreover, when n = p, by the parallelogram inequality the Jacobian of a
smooth map u from RP into SP satisfies the pointwise upper bound

1

where equality holds if and only if u is conformal.

Therefore, when in particular p = 4, it turns out that in any dimension
n the “graph” in B" x S$* of a Sobolev map u € W2!(B",S*) with finite
bienergy has finite “area” .

However, in view of analyzing the corresponding relaxation problem, a
nontrivial open question comes into play: finding a bienergy minimizer
among smooth maps from R* into S* of degree one, see Sec. [§

One expects that it is given by the inverse O‘Zl of the stereographic projec-
tion map from S* to R*, compare (L.I). In fact, Angelsberg [5] showed that
the energy minimum among degree one maps is attained and it is greater
than 16 - H*(S*), where HF is the k-dimensional Hausdorff measure. More-
over, recalling that [p,|Acy'|?dz = 24 - H*(S*), Cooper [15] proved that
04_1 minimizes the bienergy among degree one O(4)-equivariant maps from
R* into S*.

LAPLACEAN ENERGY. In this paper, we consider the functional
L(u) := / |Au| dx

on maps u : B® — S? taking values into the unit 2-sphere of R3. It will be
called Laplacean energy. If u is sufficiently smooth, by (0.3) we get

(0.6) |Au| > |Dul?

where equality holds for harmonic maps. In addition, by (0.5)), where p = 2,

it turns out that the “graph” of u has finite “area” in B" x S?.

MINIMAL ENERGY OF DEGREE ONE MAPS. Differently to the nontrivial
case of the bienergy of maps from R?* into S*, we now see that the minimal
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Laplacean energy among degree one maps from R? into S? is attained by the
inverse 051 of the stereographic map, where

(0.7) /|A0'21\dx:/|D(721|2 dx:2/J2021 dr = 2H?*(S?) = 8r.
R2 R2 R2

More precisely, we denote

(0.8) WL(R",S?) := {u e W2'(R",S?) : Aue LR",R%)}

loc

and also

(0.9) L(u, R") := / Aulde, ue Wi(R",S).

If u € W(R",S?), inequality holds L£"-a.e. in B", where L™ is
the Lebesgue measure, and hence |Du| € L?*(R™). In particular, in low
dimension n = 2, by , with p = 2, any map u € W (R?, S?) satisfies the
energy lower bound

0.10 L u,R2 > Du|>dx > 2 Joudx
( )
R2 R2

where both inequalities are equalities if w is harmonic and conformal, and
that is the case of the inverse o, L of the stereographic map oy : S? — R2,
compare (I.1]). On the other hand, maps u € Wy, (R?,S?) have a well-defined
integer degree, and degree one maps as e.g. u = 05 L satisfy inequality
Jg2 Joudz > 4w, whence L(u,R?) > 87 = L(0, ', R?), by (0.10) and (0.7).

RELAXED ENERGY. Following the classical Lebesgue-Serrin approach, we
introduce in any dimension n > 2 the relazed energy

L(u) := inf{lihminf]L(uh) | {un} C C=(B",S?),
—00

(0.11)
uy, — u strongly in L'(B",R3) }

of maps u in LY(B™,S?). Our first objective is to analyze the explicit formula
of L(u) on the class of maps with finite relaxed energy. We thus denote:
(0.12) L(B",8?) := {u e L'(B",S?) | L(u) < 00 }
and refer to Sec. [2] for details on the following preliminary discussion.

If u € L(B",S?), inequality implies that « € W12(B",S?), whence
the distributional divergence of the gradient Du is well defined by
(0.13) (DivDu; @) := —/ tr [Du (D) dx, ¢ € CX(B" R?)

n

where A — Al is the transpose operator in R3*™ and B + tr B the trace
operator in R3*3. By lower semicontinuity, we have:

(0.14) L(u) > |DivDu|(B") Vu € L(B",S?)
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and hence DivDu is a finite R3-valued regular measure. Since moreover
DivDu = AuL"_B" Yue W*(B",s?)

the measure DivDu may be called a weak Laplacean.

In the critical dimension n = 2, due to the continuous embedding of
W2(B?) in the class VMO of functions with vanishing mean oscillation, by
Schoen-Uhlenbeck density theorem [33] it turns out that there is no gap:

(0.15) L(u) = |DivDu|(B?) Vue L(B%S?).

In high dimension n > 3, the energy gap is positive, in general, i.e., strict
inequality holds in (0.14]). However, for a generic map u € L(B",S?), it is
an open problem to find the explicit formula of the relaxed energy .

This is essentially due to a lack of information concerning the structure
of the measure DivDu. For that reason, in this paper we shall focus on the
more regular subclass of second order Sobolev maps, since

(0.16) |DivDu|(B™) :/ |Au|dr =: L(u) Yue W»Y(B",S?).
Bn

MAIN RESULT. For maps u in W2!(B" S?), when n > 3, we shall see that
the energy gap only depends (up to the constant factor 87) on the mass
m; g (P(u)) of a minimal connection of the current of the singularities of u.

Referring to Sec. [1] for the precise notation, we only mention here that
the relevant singularities of maps u € W2(B",S?) are described by an
integral flat (n — 3)-chain P(u) in B™. This means that the current P(u) is
the boundary in B™ of an integer multiplicity (say i.m.) rectifiable (n — 2)-
current L, and the integral mass m; gn(P(u)) is the mass of a minimizer
among L € R,,_2(B") satisfying (OL)L B" = —P(u).

If e.g. n = 3 and w is the harmonic map u(z) = z/|z|, then |Au| =
|Du|? = 2/|z|?, and on account of the current of the singularities
is such that —P(u) = o, the unit Dirac mass at the origin O, whence
m; p3(P(u)) is equal to the length of a segment connecting O to a point at
the boundary of B3, a so called string in the sense of Brezis-Coron-Lieb [13].

The Main Result of this paper is enclosed in the following theorem, where
we are able to give an explicit formula for the relaxed energy (0.11)) of maps
in the Sobolev class W21(B" §?).

Theorem 0.1. If u € W21 (B",S?), where n > 3, then
L(u) = L(u) + 87 - my g (P(u)) < oo

In the proof of Theorem we rely on the previous observation con-
cerning the minimal Laplacean energy of degree one maps, and we follow a
similar strategy to the one exploited in case of the Dirichlet energy . In
particular, we make use of tools from the theory of Cartesian currents by
Giaquinta-Modica-Soucék [24] 25].
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Finally, concerning the wider class
(0.17) Lpv(B",S?) := {u € L(B",S%) | Du € BV(B",R**?)}
in Sec. [§| we prove in any dimension n > 3 the lower bound
(0.18) L(u) > |DivDu|(B") + 87 - m; gn(B") Vu € Ly (B",S?)

and explain why equality is expected to hold true in the latter formula.

CONTENT OF THE PAPER. In Sec. [l we collect some notation and back-
ground material, focusing in particular on the analogous relaxation problem
for the Dirichlet integral of mappings into the 2-sphere.

In Sec. [2] we preliminarily discuss some general properties of maps with
finite relaxed energy, explaining the difficulties that one encounters in the
general case when u ¢ W2Y(B" S?) and n > 3. We also prove a lower
semicontinuity result in dimension n = 2, Theorem

In Sec. |3, we introduce a suitable modification of the inverse to the stere-
ographic map, Proposition We then compute the minimal Laplacean
energy among maps u : R? — S? with fixed degree, Theorem and de-
scribe the related bubbling phenomenon.

In Sec. [4], we extend to the Laplacean energy the classical Dipole problem
of Brezis-Coron-Lieb [13] for the Dirichlet energy in 3D, Theorem

In Sec. 5| we find a dense class of maps which are smooth outside a small
singular set, Theorem We then provide a cohomological criterion for
strong density of smooth maps, Theorem

In Sec. |§|, we introduce the class cart™ (B™ x S?) of Cartesian currents with
underlying functions in W2!(B", S?). More precisely, see Definition an
element 7' in cart™ (B™ x S?) is given by

T=G,+Lx[S]

where G, is the graph current of a map u € W2!(B",S?) and L is an i.m.
rectifiable current in R,,_2(B™) such that (L)L B" = —P(u), if n > 3. We
then extend the Laplacean energy to a functional 7' +— L(T') on Cartesian
currents, by letting

L(T) :=L(u) + 87 -M(L) if T=G,+Lx[S?*]

and prove a weak sequential lower semicontinuity property, Theorem
In Sec. |7 we deal with the explicit formula for the relaxed energy ED
The proof of Theorem [0.1]is based on the lower semicontinuity theorem
and on a strong density result. In Theorem in fact, we show that each
current in cart™ (B" x S?) can be approximated weakly and with energy
convergence by a sequence of smooth graphs. A shorter proof of Theorem
in low dimension n = 3 is given in App. [A] whereas in high dimension
we make use of the approrimation theorem whose proof is reported in

Appendices B] and [C
Final remarks and open questions are reported in Sec. [§
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1. BACKGROUND MATERIAL AND PRELIMINARY RESULTS

In this section, we collect some well-known facts about stereographic
maps, divergence-measure fields, and topics from Geometric Measure The-
ory, degree, Cartesian currents, singularities (for which we refer to the trea-
tise [24], 25] or to [28]). We then describe the strong density and relaxation
results for the Dirichlet energy of maps into the 2-sphere.

Let B™ be the open unit ball of dimension n > 2 centered at the origin,
and £" the Lebesgue measure in R™. For X = L', W*P or C*, we denote

X(B™,S?) :={uec X(B",R?) : |u(x)| =1 for L a.e. € B"}.
STEREOGRAPHIC PROJECTION. For p > 2 integer, setting
S i={(y,2) |y €R?, 2 €R, |(y,2)| = 1} C R

the stereographic projection from the “South Pole” Pg := (Ogs,—1) is given

by op(y, 2) == # Its inverse ap_l : RP — SP satisfies
z
20 1—p?
—1N p ._
(1.1) oy (x)_<1+p2,1+p2), zeRP, p:=|z|.

The map (—1)Po, l'is an orientation preserving conformal diffeomorphism
from R onto SP \ {Ps}. In fact, denoting by e the scalar product in RPFL
and by 47 the Kronecker symbol, the conformality relations

8i0;108j0;1:5§U2 Vi,j=1,...,p

hold, with scaling factor U(z) : whence in (0.5 one has

TR
1

—1 —1

where Jpo, !'is the Jacobian of Ty ! As a consequence, concerning the
conformal Dirichlet integral, for any p > 2 integer one obtains:

1
W/RP |D0p_1|pd:v:/Rp Jpap_ldx:’HP(Sp)

where #H* is the k-dimensional Hausdorff measure.

Most importantly, it turns out that the map o, 1'is harmonic if and only
if p = 2. Therefore, o, * satisfies the Euler-Lagrange system 7(u) = 0, where
7(u) is the tension field . In conclusion, one readily obtains the energy

computation (0.7)).

DIVERGENCE-MEASURE FIELDS. Let n > 2. The distributional diver-
gence of a vector field F' € L?(B™ R") is well defined by:

(1.2)

(DiVF;(Z))::—/ F-D¢dr, ¢e€CX(B").

n
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Definition 1.1. We call F' € L?(B",R") a divergence-measure field, say
F € DMY2(B"), if DivF is a real finite Radon measure on B".

If F € DMY2(B"), a decomposition into mutually singular measures
DivF = (DivF)* + (DivF)*, (DivF)* = divF £"L B"

holds, where divF € L! (B™) denotes the Radon-Nikodym derivative of DivF
w.r.t. L™ Referring to [4] for further details on functions of bounded vari-

ations, we remark that if in addition F' € BV(B",R"), the density divF
agrees with the trace of the approximate gradient matrix VF', and that
(DivF)* = 0 if in particular F € WhH1(B® R").

Silhavy [34, Thm. 3.2] proved the following absolute continuity property:

Proposition 1.2. If F € DMY2(B"), then |DivF|(B) = 0 for each Borel
set B C B™ with o-finite H" 2-measure. In particular, the measure DivF
does not charge any atom.

By the chain rule formula in BV, cf. [4, Thm. 3.96] and [24] p. 487], it
turns out that if v! € W1H2(B")N L>®(B") and v? € BV(B")N L?(B"), then

D(v'v?) = v'Dv? +v*Vol L B".
In this setting, the following version of the Leibnitz-rule is due to Comi [14].

Proposition 1.3. Let F € DMY2(B") and g € WH2(B")NL>(B"). Then,
gF € DMY2(B™) and

Div(gF) =gDivF + F-VgL" L B"
where g is the precise representative of g.
INTEGER RECTIFIABLE CURRENTS. For U C R™ an open set, and
k = 0,...,m, we denote by Dy(U) the strong dual to the space D¥(U)

of compactly supported smooth k-forms, whence Dy(U) is the class of dis-
tributions in U. For any T € Dy(U), we define its mass M(T') as

M(T) := sup{{T;w) | w € D*(U), |lwl| <1}
and (for £ > 1) its boundary as the (k—1)-current 9T defined by the relation
(0T';m) := (T'; dn) Vn e DFY(U)

where dn is the differential of 1. The weak convergence Ty, — T in the sense
of currents in D (U) is defined through the formula

lim (Th;w) = (T;w),  Vwe DFU)
h—00
and the mass is sequentially weakly lower semicontinuous, i.e.,
M(T) < liminf M(Ty) if T, —T.
h—o0

For k > 1, a k-current T with finite mass is called rectifiable if

(T;w) = /M9<w;§> dHF  Yw e DF)
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with M a k-rectifiable set in U, & : M — AyR™ a HFL M-measurable
function such that &(x) is a simple unit k-vector in A;R™ orienting the
approximate tangent space to M at H*-a.e. x € M, and 6 : M — [0, +00)
a H* _ M-summable non-negative function, so that M(7T') = f/vt 0 dH < oco.
In that case, the short-hand notation 7' = [ M, £, 0] is commonly adopted,
and set (T') denotes the set of points in M with positive multiplicity.

In addition, if 0 is integer-valued, the current 7' is called integer multi-
plicity (in short i.m.) rectifiable and the corresponding class is denoted by
Ry (U). The usefulness of i.m. rectifiable currents in the Calculus of Varia-
tions stems from Federer-Fleming’s compactness theorem [1§]. It states that
if a sequence {T}} C Ry (U) satisfies supj, (M(T}) + M((8T,)LU)) < oo,
where L denotes restriction, then there exists T' € R (U) and a (not rela-
beled) subsequence of {T}} such that T, — T weakly in Dy (U).

Example 1.4. If M is a smooth, oriented, compact k-submanifold of U,
then [M] is the current in Ry (U) given by integration of k-forms in the
sense of differential geometry, i.c., ([M];w) := [, w for all w € D*(U).

GRAPH CURRENTS. If u is a map in Wh1(B™, RY), where n, N > 2, then
u has a Lusin representative on the subset B" of Lebesgue points pertaining
to both u and the gradient Du, where £(B™\ B") = 0. Following [24], the
graph of u is the countably n-rectifiable subset of U = B™ x RN
Gy = {(z,y) € B"x RN |z € B", y = u(x)},
where u(z) is the Lebesgue value of w. By the area formula, one has
H™(G.) < oo if in addition all the minors of Du are in L*(B"). In that case,
u is called a map in A(B", RN ). More precisely, the approximate tangent
n-plane at (x,u(z)) is generated by the vectors t;(z) = (e;, diu(z)) € RV,
fori=1,...,n, where (e1,...,e,) is the canonical basis in R and the par-
tial derivative Q;u(z) is the i-th column vector of the gradient matrix Du(x)
given by the Lebesgue value of Du at x € B". Therefore, the unit n-vector
£(z) = ti(x) A Atp(z)
[01(0) A A (2]
provides an orientation to G, and the graph current G, = [ Gy, €, 1] is i.m.
rectifiable in R,,(B" x RY).
The action of G, can be read (in an approximate £"-a.e. sense) through
the pull-back of the graph map (Id > u)(x) := (z,u(zx)) by:

e A,R"N | g e B

(1.3) (Guyw) = / (Id > u)#w Vw e D" (B" x RY).
Therefore, the mass of G, is equal to the graph area A(u), i.e.,
(1.4) M(Gy) = H"(Gu) = A(u) = / |M(Du)|dx < 0o

where |M(Du)| is the Jacobian of Id > u, so that |[M(Du)|? is equal to 1
plus the sum of the square of all minors of the N x n matrix Du.
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Let now N = 3 and v € Wh2(B",S?). If n > 3, by the area formula
all the 3 x 3 minors of Du are zero L"-a.e. in B"™. Therefore, for any
n > 2 the Jacobian |M (Du)| is L™-essentially bounded (up to an absolute
constant factor ¢, only depending on the dimension n) by 14 |Du|?, where

Du € L*(B",R3*"). Whence, u € A'(B",R?) and by (1.4) we get

(1.5) M(Gy) = A(u) < ¢y, / (1+ |Dul*) dz < co.

n

In addition, by Federer’s flatness theorem, the graph current G, is an i.m.
rectifiable current in B" x S?, say Gy, € R,(B" x S?).

Now, if u € W?(B™,§?) is smooth, we have Gy, = [G, ], see (1.4)), where
the graph manifold G, has no “fractures” or “holes”. By Stokes’ theorem,
such a condition is read in terms of the graph current G, by the property:

(1.6) (0Gu;m) == (Gy;dn) =0 Vn e D" HB™ x §?).

Remark 1.5. Given v € W'2(B" S?), assume that there exists a se-
quence of smooth maps {u,} C C*(B",S?) such that u; — u strongly
in W12(B", R3). We recall that this is always the case in the critical dimen-
sion n = 2, by the continuous embedding of W12(B?) in VMO. Strong W12
convergence implies that Gy, — G, weakly as currents in D, (B" x S?), a
convergence that preserves the homological property . Therefore, we
conclude that the map wu satisfies the null-boundary condition .

Remark 1.6. Condition (1.6]) is violated in high dimension n > 3, in gen-
eral. If e.g. n = 3, the 0-homogeneous harmonic map u(x) = z/|z| belongs
to the class WH2?(B3,S?), and one has (cf. 24 Sec. 3.2.2, Ex. 1])

(1.7) (0G,) L B3 x §* = —60 x [$?]
where dp is the unit Dirac mass at the origin O. Therefore, one cannot find

a sequence {uy,} C C°°(B3,S?) strongly converging to u in W12(B3 R3).
Remark 1.7. For maps u € VVlicl (R™,S?) with |Du| € L*(R™), we denote

1
(1.8) D(u, R") := / | Dul|? dz
2 R

and notice that this time the graph current G, is locally i.m. rectifiable in
R™ x §%) ie., G, L x S? € R, (2 x S?) for each bounded open set Q C R™.

DEGREE. In dimension n = 2, the degree of maps from R? into S? is well
defined provided that u € Wlicl (R?,S?%) with |Du| € L?(R?). In fact, by
Remark the graph current G, is locally i.m. rectifiable. In addition, it
satisfies the null-boundary condition

(0G;w) =0 Vw e DYR? x §?).
Therefore, denoting by II,(x,y) := y the orthogonal projection onto the

target space S C R3, the image current I1,4 G, is an integral 2-cycle in
S%, ie., 2 Gy € Ro(S?) with (I, xG,) = 0. By the constancy theorem,
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compare [24, Sec. 4.3.1, Thm. 4], we thus have 1,4+ G, = d[S?] for some
integer d € Z. Moreover, if wo denotes the volume 2-form on S?

(1.9) wy = yrdy? Ady? + y2dy3 A dyt + y3dyt A dy?
by the action ([1.3) we have

/ u#w2:<Hy#Gu;w2>:(dﬂSQH;w2>:d/ wy—d-dr.
R2 S2

Definition 1.8. Let u € W' (R2,S?) with |Du| € L2(R2). We call degree

loc

deg u of u the integer d € Z given by formula

1
degu := — ufwy =d.
47 R2

Notice that the degree is strongly continuous: if {up} C I/Vli)’l(Rz,SQ) is

C

a sequence converging to u € I/Vli’cl(]RZ,SZ) a.e. in R?, with Duy — Du

strongly in L?(R?, R3*2), by dominated convergence we get
1
lim . ‘ #oro ‘ —0
i | [ s =

and hence degu;, = degu, for h large enough.

CARTESIAN CURRENTS. Let n > 2 and {u;} C C°°(B™,S?) be a sequence
of smooth maps with equibounded Dirichlet energies, sup;, D(up) < oo, see
(0.1). The graph currents Gy, belong to R, (B" x S?) and satisfy condition
(1.6) and sup, M(G.,) < oo, by (L.5). Therefore, Federer-Fleming’s theo-
rem [I8] yields that the currents Gy, subconverge weakly in Dy, (B" x S?) to
a current T' € R, (B™ x S?) satisfying the null-boundary condition

(1.10) (OT)_B" x S* =0.

In addition, compare [24, 28], there exists an i.m. rectifiable current L €
Rn—2(B") and a map ur € WH2(B",§?) such that

(1.11) T =Gy +Lx[$?]

where the underlying function ur is given by the weak W12 limit of the

up’s. Finally, in low dimension n = 2 we also have (0G,,)L B% x §? = 0.
For that reason, Giaquinta-Modica-Souc¢ek [21] introduced the following

Definition 1.9. The class cart®!(B" x S?) is given by the i.m. rectifiable
currents T € R,,(B™ x S?) satisfying the null-boundary condition and
the structure property for some Sobolev map uz in W2(B",S?) and
some i.m. rectifiable current L € R,,_2(B").

The Dirichlet energy of a current 7" in cart?!(B™ x S?) is given by

1
D(T) := 2/n |Dur|* dx 4 47 - M(L) if (1.11) holds.

Since the functional 7' — D(T') agrees with the parametric polycon-
vex lower semicontinuous extension of the Dirichlet integral, compare [25]
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Sec. 2.2.4], dealing with currents in cart®! (B™ x S?) it turns out that if
T, — T weakly in D, (B" x S?), then

(1.12) D(T) < liminf D(T3) .
h—o0
Finally, a sequential weak closure property holds: if a sequence {T},} C
cart®! (B" x S?) satisfies sup, D(T},) < oo, then there exists a current T

in cart®! (B™ x S§?) and a (not relabeled) subsequence such that 7j, — T
weakly in D,,(B™ x S?).

CURRENT OF THE SINGULARITIES. Let u € W12(B",§?), where n > 3.
Following [25], Sec. 4.2.5], we denote by P(u) the (n—3)-current in D,,_3(B")

1
(1.13) (P(u); ) == / uws Ndyp, © € D"3(B")
4 Bn

where wy is the volume 2-form ((1.9). It turns out that the boundary of the
graph current GG, satisfies equation

(1.14) (0G,) L B" x S* = P(u) x [S?].

Therefore, for a current T’ € cart®! (B™ x S?) as in (1.11]), the null boundary
condition ([1.10|) is equivalent to the following link between P(ur) and L:
(1.15) (OL)LB™ = —P(ur).

REAL AND INTEGRAL MASS. The latter formula motivates the introduc-
tion of some more notation. Let again n > 3.

Definition 1.10. For any current P € D,,_3(B™), we denote by

(1.16) m, gn(P) := inf{M(D) | D € D,,_2(B"), (0D)LB" =P}

the real mass of P allowing connections to the boundary. We also define
(1.17) m; gn(P) :=inf{M(L) | L € R;,—2(B"), (0L)LB" = -P}.
Remark 1.11. By Federer-Fleming’s theorem [I§], if there exists an i.m.
rectifiable current L € R,,_2(B") such that (OL)L B™ = —P, the minimum
in (1.17) is attained. In that case, m; pn(P) is called integral mass, and a

minimizer L a minimal integral connection of P (allowing connections to the
boundary).

Example 1.12. Ife.g. u(z) = z/|z|, by (1.7)) and (1.14]) we get P(u) = —do,
and hence the integral mass m; gn(P(u)) is equal to the length of any line
segment connecting a point at the boundary of B2 to the origin O.

Remark 1.13. In dimension n = 3, Federer’s theorem [17], compare [25,
Sec. 3.1.4, Thm. 8], gives that if m; zs(PP) < oo for some P € Dy(B?), then

(1.18) m; g3 (P) = m, pa(P) .

This is false in general when n > 4. More precisely, compare [31], [35], for a
current P € D,,_3(B™) with m; gn(P) < oo, it may happen that

m, pn (IP)) < m; pn (P) if n>4.
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MAPS WITH SMALL SINGULAR SET. Due to the non-triviality of the
second homotopy group m(S?) ~ Z, in dimension n > 3 it is false that
the class of smooth maps C°°(B",S?) is strongly dense in W12(B",S?).
However, a wider class of maps with small singular set is dense.

Definition 1.14. For n > 3, we denote by R ;(B™,S?) the class of maps
u : B" — S? which are smooth on B" \ S,, where S, is a finite union of
(n—3)-dimensional smooth sets with smooth boundary (a finite set of points
when n = 3) and such that for every positive integer k there exists a positive
real constant ¢, depending on u and k, such that the k-th order derivative

Cc

(dist (z,Sy))k

The following density property was proved in case n = 3 by Bethuel-Zheng
[10], and extended to high dimension n > 3 by Bethuel [7].

| DFu(x)| < Vo e B"\S,.

Theorem 1.15. The class R 5(B™,S?) is strongly dense in W12 (B™ S?).

POINT SINGULARITIES. Let n = 3 and assume that u € W12(B3,§?) is
smooth outside a finite set S, compare Definition [[.14] For any singular
point a € S, and for r > 0 small, the restriction u|pp3(,) of u to the boundary
of the ball B3(a) := a+ B? is a smooth function. Therefore, arguing as before
it turns out that the degree of v at a is well defined by the integer

1

(1.19) deg(u,a) := / ufwy =deZ.
AT Jon(a

In fact, standard homotopy arguments imply that definition does
not depend on the choice of the (small) radius, whence it agrees with the
classical Brouwer degree. Moreover, if S, = {a;}/"; and deg(u,a;) = d;,
similarly to [25], Sec. 4.2.1, Prop. 1] we infer:

(0Gu)LB? x §% = = "d;da, x [S?].
=1

Therefore, formula ([1.14]) implies that the current of the singularities P(u)
is i.m. rectifiable:

P(u) =~ d;da, € Ro(B?).
=1

As e.g. to the 0-homogeneous map u(x) = z/|z|, one has S,, = {O}, the
boundary condition (1.7)) holds, P(u) = —dp, and deg(u,O) = 1.

RELAXED DIRICHLET ENERGY. Similarly to (0.11]), the relaxed Dirichlet
energy of maps u in L'(B",S?) is defined by

D(u) := inf{lihminf]D)(uh) | {up} € C®(B",S?), up — u in Ll(Bn,R3)} .
—00
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In dimension n = 2, we clearly have

Buy = { P if w € WL2(B",S?)
YW\ 400 ifue LB, S?)\ WH(B",S?).

In dimension n = 3, following Brezis-Coron-Lieb [13], the flat norm L(u)
of u € W2(B3,S?) (relative to the boundary) is given by

(1.20) L(u) := — - sup D(u) e D¢ dx

where o is the scalar product in R3. In the latter formula, F denotes the class
of smooth test functions ¢ : B3 — R such that ||¢|e < 1 and || D€||e < 1,
and D(u) : B3 — R? the D-field

D(u) := (u e Oou X J3u, u e O3u X Oru, u e Oru X (92u) .

Bethuel-Brezis-Coron [§] showed that for any u € W12(B3,S?) the relaxed
Dirichlet energy is finite, and it satisfies the explicit formula

D(u) = D(u) 4 4 - L(u) .

Following Giaquinta-Modica-Soucek [22], as distributions of Dy(B?) one
gets P(u) = £ Div D(u), i.e.,
1

Bw)i) =~ | DweDpde Vpc C=(B%).

Equivalently, the current D(u) € Dy(B?) given by

O@in)i= - [ wteann. neD'(B)
47 B3
is such that (0D(u))_B? = P(u) and M(D(u)) < oco. Moreover, a du-
ality argument yields that the minimal real connection m, gs(IP(u)) of the
singularities agrees with the flat norm L(u), compare [25], Sec. 4.2.5].
Most importantly, in [22] the authors obtained that the flat norm agrees
with the integral mass of the current of the singularities, i.e.,

L(u) = m; gs(P(u)) < oo Vue Wh?(B3 8%,
Their argument relies on Theorem [I.15] and on the following result:

Proposition 1.16. Let v € W12(B3,S?) and {ux} € WH3(B3,S?) N RE°
be such that uj, — u strongly in WY2. Then, for each k there exists an i.m.
rectifiable current Ly, € Rq(B?) with (0Ly) L B® = P(u) — P(uy,) such that
M(Lg) = 0 as k — oo.

Remark 1.17. The proof of Proposition [1.16] makes use of the coarea for-
mula by Almgren-Browder-Lieb [3] and of Federer’s theorem [17], see (L.18).
In high dimension n > 4, even if we knew a priori that m; gn(P(u)) < oo
for some v € W2(B",S?), the cited Federer’s theorem doesn’t apply, see
Remark Therefore, Proposition doesn’t work anymore.
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In [26], using a different approach we extended the explicit formula for
the relaxed Dirichlet energy to any high dimension n > 3. Definitely, for
any map u € W12(B",S?), it turns out that the (n — 3)-current P(u) of the
singularities satisfies m; pn(P(u)) < oo, and we have:

(1.21) D(u) = D(u) + 47 - my g (P(u))  Yu e WH(B",S?).
2. MAPS WITH FINITE RELAXED LAPLACEAN ENERGY

In this section, we deal with some general properties of maps with finite
relaxed energy (0.11)). The case of low dimension n = 2 is discussed, where
a first lower semicontinuity property is also obtained.

WEAK LAPLACEAN. Let u € L(B",§?), see (0.12), and let {us} C
C>®(B",§?) be such that u;, — u in L'(B", R3) and supy, L(uy) < oo. By
inequality we have supy, D(up) < oo, see (0.1)), so that a (not rela-
beled) subsequence of {uy} converges to u weakly in W1H2(B" R3), and
u € WH3(B",§?). Since Du € L?(B™,R3*"), the distributional divergence
of the gradient is well defined by , and using that

n

lim tr [Duy, (Do) dx = / tr [Du (D) dz V¢ € C°(B™,R?)
h—o0 Bn

we infer that DivDuy, — DivDu weakly as R3-valued measures in B”. More

precisely, for Sobolev maps in W21(B" S?), integrating by parts we get:

(DivDu; ) = Auepdr Yy CX(B",R?)
B
whence (0.16) holds true. Therefore, the lower semicontinuity property of
the total variation gives

(21)  [DivDu|(B") < liminf [DivDus|(B") < supL(uy) < o0
— 00 h

so that DivDu is a R3-valued finite Radon measure in B", and the lower
bound follows by lower semicontinuity.

Notice that if u € L(B",S?), denoting v = (u',u?,u?), we have checked
that Du’ is a divergence-measure field in DMY2(B") for £ = 1,2,3, see
Definition[I.1} Moreover, the decomposition into mutually singular measures

(22)  DivDu = (DivDu)* + (DivDu)®, (DivDu)® = AuLl"L_ B"
holds, with density Au in L(B", R3).

THE BV CASE. Assume now that u € L(B",S?) satisfies condition Du €
BV (B",R3*"), see . Then, the weak hessian V2u’ of each compo-
nent u’ is a summable function in L'(B™,R™ "), and the density Au in
agrees with the approximate Laplacean Au = (Au', Au?, Au?), where
Aut = tr V2ut, for £ =1,2,3. In addition, the singular part of the measure
(DivDu)® decomposes into a Jump and a Cantor-type component, the first
one being concentrated on the countably (n — 1)-rectifiable discontinuity set
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of the gradient Du, and the second one being equal to zero if Du is a special
function of bounded variation.

As a consequence, in the BV-case we obtain a tangential property con-
cerning the singular component of the distributional divergence.

Proposition 2.1. Let n > 2 and u € Ly (B",S?), see (0.17). Then
(2.3) ue (DivDu)®* =0.

Proof. By applying Proposition with F = Duf and ¢ = v, and by
summating on ¢ = 1,2, 3, we obtain

Div(u  Du) = u e DivDu + |Dul?L" L B™.

Since moreover |u| = 1, we have 0 = 9;u|? = 20;u e u for i = 1,...,n,
whence Div(u ¢ Du) = 0 and therefore

(2.4) u e DivDu = —|Du?L" L B".

On the other hand, since Du is in BV, we have u e Au = —|Dul|? for L"-a.e.
in B", so that

(2.5) ue (DivDu)® = (ue Au) L. B" = —|Du|> L" L B".

Equation ([2.3)) follows from (2.4]) and (2.5]), on account of the decomposition
formula (2.2), where Au = Au. O

THE LOW DIMENSION CASE. In the critical dimension n = 2, due to
the continuous embedding of W2?(B?) in VMO, Schoen-Uhlenbeck density
theorem [33] applies. More precisely, by a convolution and projection argu-
ment, we can find a sequence {uy} C C*(B?,S?) such that uj, — u strongly
in W12(B2 R?), compare e.g. [24, Sec. 5.5.1, Thm. 3] or [28, Thm. 4.14].
Since moreover

L(up,) = |DivDuy|(B?) < |DivDu|(B?) + ¢,

where g, — 07 as h — oo, by the lower semicontinuity inequality we
infer that L(uy) — |DivDu|(B?) as h — oo, whence formula holds,
and there is no gap.

Using Proposition we also obtain a lower semicontinuity property:

Theorem 2.2. Let {uy} C C®(B?,S?) be such that the graph currents Gy,
weakly converge in Da(B? x S?) to the current T = G, + ddp x [S?], for
some map u € L(B2,S?) and some integer d € Z. Then

liminf L(ug) > |DivDul|(B") 4 87 |d| .
k—o0
Proof. For any v € W2!(B2 S?) and any Borel set B C B2, we denote

L(v, B) := |DivDv|(B /|Av|dx D(v, B) / |Dv|? dz .
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Let € > 0. Since by Proposition the measure |DivDu| does not charge
any atom, we can choose 7 > 0 small so that |DivDu|(B2?) < ¢, so that by
lower semicontinuity and additivity

lim inf T.(u, B%\ B?) > |DivDu|(B? \ B?) > |DivDu|(B?) —¢.
— 00

Moreover, by inequality we get
lim inf L(ug, B?) > 2 - lim inf D(uy, B?).
k—oo k—o0
On the other hand, by weak lower semicontinuity of the Dirichlet energy on
Cartesian currents, see (|1.12]), using that
Gu, UB?xS? =~ G,LB2xS*+ddo x [S?]
weakly in Dy (B2 x S?) we obtain the energy lower bound

lim inf D(uy, B?) > D(u, B%) + 47 |d| > 47 |d|.
k—o0

Finally, putting the terms together we obtain
lim inf L(ug, B?) > liminf L(ug, B? \ B2) + liminf L(uy, B?)
k—oo k—oo k—o0
> |DivDu|(B"™) — € + 87 [d]
for each € > 0, as required. ([l

THE HIGH DIMENSION CASE. If u € L(B",S?), in general we do not
have enough information concerning both the density Au and the singular
part (DivDu)® in formula . More precisely, Proposition yields that
|(DivDu)*|(B) = 0 for each Borel set B C B" with o-finite H"~2-measure.
However, it mat happen that the gradient Du does not belong to the class
BV (B",R3*™), so that we cannot conclude e.g. that for ¢ = 1,2, 3 the vector
field Du’ € L?(B™,R") is approximately differentiable £"-a.e. in B", and
that the trace tr VDu! agrees L"-a.e. in B" with the /-th component of the
Radon-Nikodym derivative Au of the measure DivDu. -
A sufficient condition ensuring both enough regularity of the density Au
and property (DivDu)® = 0, is the membership of Du to the Sobolev class
Whi(B" R3*"), so that in particular equation holds true. In fact,
the computation of the energy gap for maps in W#!(B", S?) and in any
dimension n > 3 is the content of our Main Result, Theorem

3. ENERGY CONCENTRATION

In this section, we define a suitable modification of the inverse to the
stereographic map. We then compute the minimal Laplacean energy among
maps u : R? — S? with fixed degree, and describe the bubbling phenomenon.

MODIFIED STEREOGRAPHIC PROJECTION. Consider the inverse of the
stereographic map (|1.1) in case p = 2. Since o5 ! #[[]RQ]] = [S?], one has
deg oy 1 =1, compare Definition
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Similarly to e.g. [25, Sec. 4.1.1], we now modify 051 in such a way that
it is equal to the South Pole Pg outside some small disk, by paying a small
amount of Laplacean energy.

Proposition 3.1. For any ¢ > 0 and § > 0 sufficiently small, there exists
a smooth and degree one map u. 5 € WL(R?,S?), see , such that:

(1) ue5(x) = Ps if |x| > 0 ;

(2) 47 < D(ue5,R?) < 47 + O(e), see (L.8);

(3) 87 < L(ues,R?) < 87+ O(e), see
where O(g) — 0 as e — 0T,
Proof. Choose a smooth decreasing function ® : R — R such that ®(p) =1
if p < —1and ®(p) =0 if p > 0, and define for k& € N large the smooth map
o : R? = R3 by

on(x) == ®(|z| — k) oy ' (z) + (1—®(|z| — k)) Ps

so that ¢ (z) = 05 *(2) if |2| < k — 1 and ¢y (x) = Ps if |z| > k. For ¢ > 0

small, we also have |pg(x) — Ps| < o if |z| > k—1 and k is sufficiently large.
Therefore, letting

Pe(z) =Mopy(z), T(y) =" zeR’ yeR*\{0}

it turns out that D(Pg, R?) — D(oy ', R?) and L(Zk, R?) — L(o, ', R?) as
k — oo. In addition, by scale invariance of the energy, and setting for § < 1

Prs(x) = @k(%) , z€R?

for k large we have D(Pg 5, R?) = D(@k, R?) and L(Pk s, R?) = D(@k, R?),
with ¢ s(x) = Ps if || > & k. Finally, we have @y 5 x[R?] = [S?], whence
deg o s = 1 for k large and 0 small. The claim readily follows. O

MINIMAL ENERGY OF MAPS WITH FIXED DEGREE. According to (0.8)),
if u € Wi (R2,S?%), then |Du| € L?(R?) and hence the degree of u is given by
Definition We now compute the minimal energy in each class

(3.1) Fq:={uc WL(R%S?) |degu=d}, decZ.

We rely on the fact that the analogous problem for the Dirichlet energy
is known. More precisely, denoting

(3.2) Ga := {u e WL (R? S?) | Du e L*(R?, R®*?), degu = d}

ocC

and recalling (|1.8]), by the lower semicontinuity property (1.12]) and Propo-
sition (3.1}, it turns out that

(3.3) VdeZ, inf D(u,R?) =4r|d|.
u€Gy

Theorem 3.2. For every integer d € Z we have: inf L(u,R?) = 8rd]|.

u€eFq
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Proof. When d = 0, the claim is trivial, whereas the case d = 1, and hence
d = —1, has been discussed in the introduction. In fact, by the lower bound
, any map u in 7 has Laplacean energy at least 87, and equality holds
for harmonic and conformal maps of degree one, as e.g. u = oy ! compare
(0.7). Therefore, it clearly suffices to consider the case d > 2.

Since Fq C Gq, see (3.1) and (3.2)), by inequality (0.10)) and formula (3.3

inf L(u,R?)>2- inf D(u,R?) > 2 inf D(u,R?) =8rd.
uEFg uEFg u€Gq

We now check the opposite inequality:

3.4 inf L(u,R?) < 8rd.
(3.4) nf (u, R) < 87

By Proposition for each € > 0 we find a degree one map u. € W (R?,S?),
equal to Pg outside the unit disk B2, and such that

L(uc, R?) = / |Aug| dr < 8w+ =y
B2 d

Denoting e; := (1,0), we define w.(z) := u(z — 3ke;) on the unit disk

centered at 3kep, for k =0,1,...,d — 1, and w. = Pg outside the union of
such d disks. The map w. satisfies L(w., R?) < 87d + ¢ and belongs to the
class Fq4, whence (3.4) holds true, as required. O

BUBBLING-OFF OF SPHERES. We recall that the maps u. s from Propo-
sition have degree one. Therefore, letting e.g. ¢ = § = 1/h we find a
sequence {u,} C C®(R?,S?) of smooth degree one maps weakly converging
in W2 to the constant map Pg, and such that

lim L(up,R?) = L(o; ', R?) = 87 .

h—o00
Furthermore, it turns out that the above convergence is uniform far from
the origin, and that the graph currents G, weakly converge in Da(R? x S?)
to the Cartesian current

T = Gpg + 60 x [S?]

where G pg is the graph current of the constant map equal to Ps on R2.

A bubbling phenomenon occurs, and by Theorem we infer that the
minimal Laplacean energy occurring for the formation of a 2-sphere is equal
to 8w. This energy quantization property is detected if one defines the energy

(3.5) L(T):=8r, T =Gps+dox[S*].

We thus have a second order analogous to a similar feature concerning the
conformal Dirichlet integral, where formula (1.2]) yields that the minimum
energy cost of a p-sphere is equal to HP(SP), for any integer p > 2.
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4. THE DIPOLE PROBLEM

The classical Dipole problem by Brezis-Coron-Lieb [13] deals with Sobolev
maps v in W12(R3,S?) which assume a given constant P € S? at infinity
and which are smooth outside two singular point a4, with

deg(u,a_) = -1, deg(u,a4) = +1

the degree being given by (|1.19).
In [13], it is shown that the minimal Dirichlet energy D(u,R3) in such

class, see , is equal to the distance |a; — a_| between the singularities
times the measure 47 of the unit sphere S2, compare [25, Sec. 4.2.3].

In this section, we discuss the Dipole problem for the Laplacean energy
. We thus denote by £ the subclass of maps u as above that in addition
belong to the second order space Wi (R3,S?), see .

Theorem 4.1. We have: inf{L(u,R?) |u€ &} =|ay —a_| 87.

Proof. Without loss of generality, we may and do assume P = Pg and
ay = (—r,0,0), a_ = (r,0,0) for some r > 0. The energy upper bound

(4.1) inf{L(u,R%) |ue€ &} <l|ay —a_| 8=

is obtained by means of a Dipole insertion argument which is re-adapted by
[25, Sec. 4.2.3], see also [13]. Firstly, by Proposition [3.1] we choose a smooth
map v. € W(R2 S?) with degree one, equal to the pole Ps outside B2 for
some r < 1, and such that with Z = (29, 23) € R?

(4.2) L(ve, B?) := / |Avs(Z)|dz < 87 +¢.
B2

In formula , we wish to obtain a Sobolev map u. € Wy (R3,S?),
so that Au. € L'(R3 R3). Therefore, we have to replace the Lipschitz-
continuous function ¢ — min{r + ¢,7 — ¢,6} on the interval D} := (—r,7)
with a function at least of class C'(D}). With ¢ > 0 small, we can choose:

0 if |t <r—+26
)
2 . 2 . . 0
43) ey = VP (=420 it f‘ssrtrsr V2
r— |t if r——<|t|<r.

V2
For z = (Z,7) € R x R2 ~ R3 and z = (Z,2) € D} x B2, we let

(4.4) (#,3) = 05(3,3) = (3, 05(@) 7)
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and define u. s(z) := 0.(®; () for z € ®5(D} x B?), where 1-(z) := v:(2),
so that (4.2) holds. We then compute:

3
1 ~ 9032 2~
Aug 5(x) = ——=5AV(2) + =2 (Z Tag0s sV (2
€, ( ) 806(5)2 5( ) @64 (~) a;2 atBVaq E( )
2@32—

05! 3

1290 90 (25 00 2)
Ps s

where z = ®; ' (z), so that T = Z, and 7 = ¢s(2) 2. Using that det D®s(z) =

e5(3)?%, we get:

3
det D®s(2) - Aucs(x) = Av:(2) + ¢f(2)? Z zazgaiava(/z\)
a,B=2

3
+(205° — 050)(2) D Zalave(2) .
a=2

Therefore, since [|¢}]lo,p1 < 1 and ||2g0%2 — 0595 loo,p1 < 4, by changing
variables z = ®;'(x) we can estimate:

/ Au.s|dz < / Av.(3)| dZ dB
®s5(DLxB?) (=r,r)x B2

3
+8/ 2028|102 5v-(2)| + |2]|Vv.(2)| ) dZ dZ.
(TW’TMBQ(MZ:J 51102 gv-(3)] + 211V e-(2)])

Since moreover v. € Wi,(R?,S?) is smooth, the integral in the second line is
small for 6 > 0 small, whence we can find d(¢) € (0,7/2) such that

(4.5) / |Aug 50y do < 27 - L(ve, B +¢e, see ([£2).
&s5(DLx B2)

Recall that the map v, is equal to the pole Pg in a neighborhood of the

boundary of B2. Therefore, setting § = §(¢) and
[ ucs(z) if x € ®s(D}! x B?)
(46)  ue(z) = { Ps if zeR3\ (0;(D} x B2)U{(+r,0,0)})
it turns out that the map u. belongs to the class £, whereas by (4.5))
L(ue, R3) :/ |Aug 5| de < 2r-8m+ (2r+1)e.
®5(DLxB2)

The energy upper bound (4.1]) follows by letting e N\ 0.

We now prove the energy lower bound

inf{L(u,R*) |u €&} >|ay —a_| -8

by means of a slicing argument and of Theorem case d = 1. For this

purpose, recalling the notation z = (#,7) € R x R? ~ R3, and choosing
u € &, for a.e. t € (—r,r) the restriction u; of u to the 2-dimensional space
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R? .= {z € R3 | ¥ = t} is a function in Wy (R?,S?) with degree one. This
can be seen by closing the 2-space R? “near infinity” around the degree one
singularity a4, by means of a standard homotopy argument. On account of
Theorem we thus have L(uy, R?) > 87 for a.e. t € (—7,7), whence
T
L(u, R?) > / L(ug, RE) dt > 2r 87, 2r =|ay —a_|

-

and the proof is complete O

5. STRONG DENSITY RESULTS

In this section, we prove in any dimension n > 3 a strong density property
in W21(B" S?) of the class R 4(B",S?) from Definition We then
prove a cohomological criterion for strong density of smooth maps.

SECOND ORDER DENSITY RESULTS. The following density result was
proved in more generality in [I9] when n = 3, and then extended by Bousquet-
Ponce-Van Schaftingen [12] in high dimension, see also [30, Lemma 4.5].

Theorem 5.1. The class R 5(B",S?) is strongly dense in W(B",S?),
in any dimension n > 3.

As in the Dipole problem previously discussed, one of the main difficulties
in the proof of Theorem [5.1]is to obtain Sobolev regularity of the derivatives
of the functions involved. Therefore, one cannot use the same construction
as the one in the proof of Theorem We also have:

Theorem 5.2. Let n > 3 and u € WL(B™ S?). There erists a se-
quence {up} C R 4(B",S?) such that up, — u strongly in W12(B", R3)
and L(up) — L(u).

Proof. We argue as in the proof of [I12], Thm. 3], with the following mod-
ifications. Firstly, we let m = n and consider maps defined on the open
unit cube Q" of R™ and taking values in N' = S?. The ambient func-
tional space is X := WH2nW?21(Q", R3), equipped with the norm ||ulx :=
|ullyp1.2 + || D?ul| 11 - Then, (X, || - ||x) is a Banach space, and we work with
the induced distance dx (u,v) = ||u —v||x. When treating first order deriva-
tives D'u, i.e., for j = 1, we choose the exponent p = 2, whereas for second
order derivatives, i.e., for j = 2, we choose p = 1. Therefore, we have kp = 2.
Condition D'u € L?, that is obtained in [I2, pp. 795, 798] by means of the
Gagliardo-Nirenberg interpolation inequality, in our hypotheses follows from
the pointwise inequality |Au| > |Du|?, that holds true for maps u € X tak-
ing values in V' = S?. Moreover, the Poincaré-Wirtinger inequality applied
in [I2 p. 795] continues to hold, with kp = 2, since it deals with first order
derivatives. For the sake of brevity, further details are omitted. ([

Remark 5.3. We now point out that the opening, smoothening, and thick-
ening arguments from [I2] make use of left or right compositions with smooth
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maps. Therefore, if u € W21(B",S?) satisfies condition P(u) = 0, in Theo-
rem [5.2 we can approximate u by a sequence {uy} C R 5(B",S?) satisfying
P(up) = 0 for every h.

A COHOMOLOGICAL CRITERION. Obstructions to strong density of smooth
maps are encoded by the non-triviality of the current of the singularities
P(u) in . Concerning the Dirichlet energy, this cohomological argu-
ment was firstly proved by Bethuel [6] when n = 3, and then extended in
high dimension and for a wider class of target manifolds in [9].

Theorem 5.4. Let v € W>Y(B",S?) for some n > 3. If P(u) = 0,
there exists a sequence {up} C C*(B"™ S?) such that u;, — u strongly in
Wh2(B",R?) and L(up) — L(u) as h — co. Moreover, the converse prop-
erty holds, too.

Proof. If u € W1(B" S?) is the strong limit of a smooth sequence {u} in
C>=(B",§?), by Remark (1.5 we know that the graph current G, satisfies the
null-boundary condition (1.6), which yields P(u) = 0, by .

Assume now that u € W1(B",S?) satisfies condition P(u) = 0. We fol-
low the proof of Thm. 1 from [12] Sec. 9]. Their claim on page 812 concerning
a removable singularity property for W2!-maps is of topological nature, as
it holds true under the assumption m2(A) = 0 on the target manifold N.
When N = S?, such a topological condition is not satisfied. However, tak-
ing into account Remark when approximating a map u in W2(B" S?),
property P(u) = 0 yields a zero degree condition that allows to conclude that
the cited removable singularity argument continues to hold. For that rea-
son, the proof follows by using similar arguments to the ones of [12, Thm. 1],
with the modification that we made in the proof of Theorem Further
details are omitted. O

6. THE LAPLACEAN ENERGY ON CARTESIAN CURRENTS

In this section, we define a Laplacean energy functional on a suitable class
of Cartesian currents in such a way that a weak sequential lower semiconti-
nuity property holds true.

Due to the embedding of W2!(B" S?) into W12(B" S?), according to
Definition [I.9) we introduce the following

Definition 6.1. We denote by cart™(B™ xS?) the class of Cartesian currents
in cart®! (B" x S?) with underlying function uz in W21 (B",S?).

Remark 6.2. For future use, given a map u € W21 (B",S?) we also denote
(6.1) To = {T € cart” (B" x §?) such that up = w in (T.11) } .

By the explicit formula ([1.21)) for the relaxed Dirichlet energy, we infer that
the class T.* is always non-empty.
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LAPLACEAN ENERGY ON CURRENTS. Theorems [2.2] and [3.2] suggest to
introduce on the class cart™(B™ x S?) the Laplacean energy functional

(6.2) L(T) := / |Aup|dz + 8m - M(L) if (1.11) holds
Bn

so that we have:
(1) L(T) < oo for every T € cart™(B™ x §?);
(2) L(G,) = L(u) if T = G, for some smooth map u € W2!(B",§?);
(3) when n = 2, formula (3.5 holds true.

LOWER SEMICONTINUITY. Similarly to what happens for the Laplacean
energy of o, L among degree one maps, see , the term 87-M(L) in
is the optimal energy contribution of the vertical term L x [S?] in. In
fact, making use of Theorem we obtain:

Theorem 6.3. Letn > 2 and let {T},} C cart™(B"xS?) be such that T, =~ T
weakly in Dy, (B™ x S?) to some T € cart™(B™ x S?). Then, we have:

L(T) < li’gn inf L(Ty), see (6.2]) .
—00

Proof. Asin [27, Thm. 2.12] and [32], Thm. 5.1], we make use of a dimension
reduction argument that goes back to [I1], see also [4, Thm. 5.4]. Firstly, we
consider the case n = 2, where we rely on Theorem obtaining inequality
. We then deal with the case n = 3, where we apply the dimension
reduction argument and inequality for n = 2. A similar reduction
to the case n — 1 and an induction argument gives the proof in any high
dimension n > 4.

In , we denote ur, = uk, ur = U and T' = T, so that for each
k € N:=NU{occo} we have T}, = Gy, + Li x [S?] and, in case n > 3, also
(0Ly)L B™ = —P(ug). We define the localized energy on open sets A C B

L(Ty, A) := L(ug, A) + 87 - M(L, L A), keN.

The case n = 2: For each k € N, the current Ly, is in Ro(B?), whence
it is a finite sum of unit Dirac masses with integer coefficients. Therefore,
by a localization and elimination argument, we may and do assume that
Lt = ddp for some d € Z, and that for each k € N we have T}, = G, for
some u, € W(B2%S?), with sup;, L(ug) < co. Moreover, for each k € N
we can find a sequence {uy;}, C C(B?,S?) strongly converging to uy in
W12 and such that L(ugp) — L(ug) as h — oo. Using that Gy, , — Gy,
weakly in Dy(B? x §?), by a diagonal argument (which holds true since the
weak convergence is metrizable, see Remark we deduce that we can
also assume that {uy} C C°°(B2%,S?). In this case, the lower semicontinuity
inequality follows from Theorem Finally, in a similar way we obtain for
any open set A C B?

(6.3) L(T, A) < lim inf L (T, A).
—00
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The case n = 3: Let S3 = {zx € R® : |z| = 1, 21 > 0}. For a given
direction v € §2%, denote by 7, the 1D vector space spanned by v, and by
A, the orthogonal projection of an open set A C B? onto m,. We also fix
an orthonormal basis 7(v) = (71, 7) of the 2D vector space orthogonal to
7, and for z = (21, z) € R? we let ze7(v) := 37| z;7;. For any y € A, we
also denote by
Ay = {(zeR?|yv+ze7(v) € A}

the (non-empty) section of A corresponding to y, and for any y € A, and
any uy, : A C B3 — S? we define the sliced function (ug)y = Ay — S?

(ur)y(2) = up(yv +z o 7(v)).
Taking A = B3, for any k € N the 2-dimensional slice (cf. [24], Sec. 2.2.5])
(Ty)y =T, L (B®)} x §”
defines a Cartesian current in cartL((B3)Z xS?) for L'-a.e. y € (B?), , where
(Ti)y = Gupyy + (Lo (BY)y) x [S°].
Also, the energy of the sliced current (T}) is given for L-a.e. y € (B?), by
LAT); A = [ 18G5 43 () + 8- M(Le A7)

Y

for any open set A C B3. Therefore, setting

L(Ty, A; v) ::/ L((Tx)y, AY) dLM(y) keN

by the inequalities

/|Auk|dm>/ / ()] dL2(=) L (y),

M(Ly L A) > / M(Ly, L A7) dL(y)

we infer that
(6.4) L(Ty, A) > L(Ty, A;v)  VkeN.

Moreover, for any open set A C B3, using that
lim / / (ur)” — (une)’| dL2(2) AL (y) = lim / o] dz = 0
k—o0 v k—o0 J A
we can find a strictly increasing sequence {k(h)} C N such that
lim ianL,(Tk,A; v)= lim ]L(Tk(h),A; v)

and the sliced currents (T} y)); converge to (T ), weakly in Da( A} X S?) as
h — oo for L'-a.e. y € A,. By -, where n = 2, we thus have

(6.5) lim inf L(Tigs), A}) > L(Too, A7)
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for any such y. Integrating both sides of (6.5) on A,, using Fatou’s lemma
and (6.4) we thus get for any v € Si and A C B3 open

(6.6) liminf (T}, A) > lim inf L(Tj ), 4;v) > L(Teo, 45v) .
k—o0 h—o0
Consider now the Radon measure A := L340, H!' L set (L), where 0, is
the integer-valued density of the current Lo, = L1, € R1(B?) corresponding

to Tro, and set (L) the 1-rectifiable set of points with positivity density 0n.
Let {v(V}; C S% be a countable dense sequence. Setting

Y

(@) = ]A(uoo)”(i) (z)] if x € B\ set(Loo), z=yv® + ze7(v)
P 87 if z € set (Loo)

we obtain for every i and for each open set A C B3:
L(Tse, A; 1) = / @ dX.
A

By the superadditivity of the lim inf operator, using we thus get
6.7 liminf L(T) > i A\
(6.7) im in <k)_z¢:/Ai%

for any finite family of pairwise disjoint open sets A; C B3. We now recall
that by [4, Lemma 2.35]

sup @; d\ = Sup{ / Vi d)\}
/133 ieN g A;

where the supremum ranges over all finite sets of indices I C N and all

families {A;};e; of pairwise disjoint open sets with compact closure in B3.
By (6.7)), we then conclude with

lign inf L(T) > / sup p; dA = L(Tw)
—00

B3 ieN
Finally, inequality (6.3]) is similarly obtained for any open set A C B3,
and hence the dimension reduction argument from [I1] applies. U

7. THE EXPLICIT FORMULA

In this section, we obtain in any dimension n > 3 the explicit formula for
the relaxed energy (0.11)) of Sobolev maps in W2!(B",S?).
With the notation from (1.13) and (1.17]), Theorem states:

Vue W2L(B",S?), L(u) = L(u) + 87 - my g (P(u)) < co.

In terms of currents, and on account of definition (6.1) and Remark
the proof given below implies that the latter formula is equivalent to:

(7.1) L(u) = min{L(T) | T € T} Yue W>4(B",S?).
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Proof of Theorem [0.1 We first prove the lower bound

L(u) > L(u) + 87 - m; gn(P(u))  Yue€ W>(B",S?%).

Assume L(u) < oo, and let {uz} € C°°(B™,S?) be any sequence converging
to u in L'(B",R?) and such that sup, L(u) < oco. We thus have to show
that
(7.2) liminf L(ug) > L(u) + 87 - m; gn (P(u)) .

k—o0
Possibly passing to a (not relabeled) subsequence, we can assume that the
liminf in the latter formula is a limit. The lower bound yields
supy D(ug) < oo. Therefore, compare Sec. a (not relabeled) subse-
quence of G,, weakly converges in D,(B™ x S?) to some current 7' in
cart?! (B" x S?), see Definition Moreover, the L!-convergence uy — u
implies that the underlying function ur agrees with u, whence T € T.-, see
(6.1). Therefore, by (1.15) and (1.17)) we infer:

L(T) := L(u) + 87 - M(L) > L(u) + 87 - m; g (P(u)) .

Since moreover L(ux) = L(G,, ) for each k, the lower semicontinuity theo-
rem where T}, = G, , gives

lim inf L(ug) > L(T)
k—ro0

and hence inequality ([7.2]) readily follows, as required.
Thanks to the energy lower bound, for any given u € W2(B" S?) we

now have to find a sequence {uy} C C°°(B",S?) such that uy — u strongly
in L!'(B",R3) and

lim L(ug) = L(u) + 87 - m; gn (P(u)) .

k—o00
To this aim, we first recall that the class 7, is non-empty, see Remark
whence m; gn (P(u)) < oo. Setting then T,, = Gy, + Ly, x [S?], where L, is a
minimal integral connection of P(u), see Remark it turns out that T,
is an energy minimizing current 7, in the class 7 ", so that in particular

L(Ty) = L(u) + 87 - m; gn (P(u)) < co.

Therefore, the requested strong approximation property is given by Theo-

rem below, when applied to T' = Tj,. In particular, equation (|7.1)) holds
true. (|

THE DENSITY THEOREM. The following density result concludes the proof
of Theorem [0.11

Theorem 7.1. Let n > 3 and T € cart™(B" x S?), see Deﬁnition 50
that holds. Then, there exists a sequence {ui} C C°(B™,S*) such
that uyx — u strongly in L'(B™,R3), the currents Gy, weakly converge to T
in Dp(B™ x S?), and L(ug) — L(T) as k — oc.
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In Appendix [A] we give a shorter proof of Theorem in low dimension
n = 3. Following arguments from the case of the Dirichlet energy analysed
n [22], we make use of Proposition

In dimension n > 4, we are not able to extend Proposition [1.16] see
Remark whereas the strategy from [26] doesn’t apply, since it is based
on a partial regularity result for the Dirichlet energy. Therefore, making
use of an idea by M. Giaquinta from [27], we have to proceed by means of
Theorem below. Some further notation is in order.

For currents T € D, (B™ x S?), we denote by F(T) the flat norm

F(T) := sup{(T;w) | w € D"(B" x $?), F(w) < 1}

where for every w € D"(B" x S?)

P)mmax{ sw o), s o] |

2€B™ xS2 2z€B" xS

Remark 7.2. As |T'(w)| < F(T)F(w), we infer that T, — T weakly in
D,,(B™ x §?) provided that F(Ty — T) — 0. Notice that the converse im-
plication holds true on the class R, (B™ x S?), as we deal with compactly
supported currents, compare e.g. [24, Sec. 5.1.3, Thm. 2].

If T € cart™(B" x §?), so that (T.11]) holds, we denote by ur the finite
Radon measure on B™ given for every Borel set B C B™ by

(7.3) pr(B) =8 - M(LLB).

Theorem 7.3. Let T € cart™ (B" x §?), let ¢ € (0,1/2) and k € N. We
can find a current T € cart™ (B™ x S?) such that

- ~ 1
L(T)<L(T)+&", F(T-T7)<e*, and pz(B") < 5 hr(B").

The proof of the approzimation theorem|[7.3]is rather technical. Therefore,
it is postponed to the Appendices [B] and [C]

Proof of Theorem[7.1. By Theorem[7.3]and Remark[7.2] using a diagonal ar-
gument we find a sequence {T}} C cart™ (B" x S?) that weakly converges to
T in Dy, (B™ x S?) with L(T},) — L(T) as k — oo, and such that ug, (B") = 0
for each k. Therefore, T}, = G, for some uj € W21(B",S?), and hence
L(Tk) = L(uk) Since

(OT,)LB" xS* =0 Vk

by (L.14) we have P(uz) = 0. Therefore, by Theorem [5.4] each wy is the
strong hmlt of a sequence {uyp}p in COO(B" $?), with Gy, — Gy, in

D, (B™ x §?) and also L(ug) — L(ug) as h — oo. Using Remark a
further diagonal argument yields the smooth approximating sequence. [
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8. FINAL REMARKS AND OPEN QUESTIONS

The relaxed Laplacean energy of maps satisfying a suitable Dirichlet-type
boundary condition can be treated similarly to the case analysed here, and
we refer to [26] for the corresponding results concerning the Dirichlet energy.

As already mentioned in Sec. 2] a part from the case of low dimension
n = 2, we are not able to give an explicit formula of the relaxed energy in
case of maps v in L*(B",S?)\ W21(B" §?) satisfying L(u) < oco.

To this purpose, we have seen in Proposition[2.1]that in the particular case
when the gradient Du belongs to BV(B",R3*"), the singular component
(DivDu)® is “tangential” to S%.. On the other hand, in the W?!-case we
have proved that the energy gap 87 - m; g»(B") does not depend on the
tangential component 7(u) of the Laplacean vector, see .

Therefore, since we are dealing with maps in W12(B" §?), formula

L(u) = [DivDu|(B") + 87 - m; gn(B") < 00 Vu € L(B",S?)

is expected to hold in any dimension n > 3, i.e., no extra terms in corre-
spondence to the singular part of the measure DivDu should appear.

THE BV CASE. On account of (0.17)), we now show in any dimension n > 3
the lower bound (0.18). To this purpose, denoting by cart™3v (B" x S?) the
class of Cartesian currents T' = G, + L x [S?] in cart>!(B" x S?) with
ur € Lpy(B",S?), and defining

L(T) := |DivDur|(B") + 87 - M(L)

it turns out that the lower semicontinuity theorem continues to hold in
cart“Bv (B" x §?).

In fact, when n = 2 it is obtained again as a consequence of Theorem
whereas in case n > 3 we can apply the same dimension reduction procedure,
due to the structure of the measure DivDu inherited by the membership of
the gradient function Du to the class BV. As a consequence, the lower
bound is obtained exactly as in the proof of Theorem from Sec.

On the other hand, in order to obtain the equality sign in (0.18]), one
should extend Theorem by proving for any u € Lpy(B™,S*), where
n > 3, the existence of a sequence {uy,} C R 5(B",S?) converging to u in
Wh2(B™ R3) and such that L(uy) — |DivDu|(B") as h — oo. Therefore,
it is not clear how to extend the density theorem [7.1] to the larger class
cart™“Bv (B™ x §?), that would give the equality sign in .

Remark 8.1. Extending the validity of the lower semicontinuity theo-
rem to the case of general maps u € IL(B?,S?) is another open question.
In fact, when Du ¢ BV(B2,R**?) we do not have enough information con-
cerning the singular part of the measure DivDwu in order to apply the same
dimension reduction procedure. Therefore, we are not able to extend the
lower bound to the whole class of maps with finite relaxed energy.
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BIENERGY. Theorem may be compared to the lower semicontinuity
property of the Dirichlet energy functional D(T) in cart®!(B" x S?),
that holds true since D(7T') agrees with the parametric polyconvex lower
semicontinuous extension of the Dirichlet integrand.

Concerning second order functionals as e.g. the Laplacean energy L(u),
a part from the easier case of 1-dimensional currents, compare [I}, 2], to our
knowledge it is not clear how to apply the approach from [25] in order to
find the explicit formula of the parametric polyconvex lower semicontinuous
extension. Therefore, we have followed a different strategy.

The same difficulty appears in case of the bienergy functional H(u) of
maps u : B"” — S?, see . In fact, finding the expression of the paramet-
ric polyconvex lower semicontinuous extension of the bienergy to Cartesian
currents in B x S* would give us the explicit value of the minimal bienergy
E4 of degree one maps from R* into S*, a non-trivial open problem.

We recall that in [5] it is proved that the bienergy minimum is attained,
and that E; > 16 - H*(S?), the expected weight being Ey = 24 - H4(S*).

Denote now on maps u € L'(B",S*)

H(u) := inf{lihm inf H(uy,) | {un} C C°(B",SY), wp — u in Ll(B”,R5)} .
— 00

Under prescribed first order boundary conditions, by the Bochner inequal-
ity one infers that H(u) < oo if and only if u € W2(B",S*). Since moreover
by we have W22(B" S1) ¢ Wh2(B",S%), due to the continuous em-
bedding of W4(B™) in VMO, in low dimension n < 4 we get H(u) = H(u)
for every u € W22(B",S*). Finally, in high dimension n > 5, with a similar
strategy to the one adopted in this paper it could be shown that

H(u) = H(u) + By - m(P(u)) < oo Yu € W>2(B",S?)

where m;(P(u)) denotes the integral mass of the (n — 5)-current P(u) of the
singularities, that is defined on maps u € W1#4(B",S*) in a similar way to
(T.13)), but in terms of a volume 4-form in S*.

APPENDIX A. THE DENSITY THEOREM IN 3D

We give a sketch of a proof of Theorem in low dimension n = 3, by
following the lines of Thm. 1 from [25, Sec. 4.2.6], to which we refer for
further details.

We make use of the following variant of Theorem Recalling , for
each m > 0 small we denote

OT(T,Z) = (T,mps(2)T), QF :=o7(D! x B?).
Proposition is obtained by readapting an argument taken from [23],
compare [25, Sec. 4.2.3]. Therefore, its proof is omitted.

Proposition A.1. Let U be a neighborhood of the segment joining a_
to ay, and let v : U — S? be a W'2-map with finite Laplacean energy
which is smooth in U outside the singular points ay, where it has degree
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deg(u,ay) = ky for some ki € Z, see (1.19). Let d € Z. Then for all
positive € and for 6, m > 0 sufficiently small there exists a smooth function
ue : R3\ {a_, a4} — S? such that ue = u outside QF, deg(u,at) = ki —d,
deg(u,a_) = k_ +d, and finally

L(ue, QF') == /Qm |Aue| dz < |ay —a_]|-87|d| +¢.
é

Proof of Theorem[7.1], case n = 3. By Theorem and Proposition [1.16],
we find a sequence {ux} C W2(B3,S?) N R such that u, — u strongly
in Wh2(B? R?), with L(uy) — L(u) and m; gs(P(u;) — P(u)) — 0. We
thus reduce to the case when T = G,, + S, where u € W>1(B3 §?) N RE®
and St = L x [S?] for some L € Rq(R3) with (L)L B> = —P(u), where
P(u) € Ro(B3) with M(P(u)) < oo.

If in addition we have M(OL) < oo, i.e., L is an integral current in R3, as
in Steps 1-3 of the proof of Thm. 1 from [25], Sec. 4.2.5], we reduce to

Sp=Y P'xd[s’]
del

where I is a finite set of integer indices and the P%’s are polyhedral lines in
B? with pairwise disjoint supports. Let now S; be anyone of the segments
of the P¥s; and let [ S;] = [(ni,pi)]. By a suitable change of coordinates
we can assume that n; = a4 and p; = a_, as in Sec. We then apply
Proposition To this aim, notice that we can take m and ¢ sufficiently
small so that the neighborhoods Qf* corresponding to different segments S;
are pairwise disjoint and contained in B3. We then replace u in a small
neighborhood of each S; by a function u. € W2!(B3,S?) satisfying

L(uc) < L(u) + > M(P?Y)-87|d| +¢.
del

The function wu. this way obtained belongs to W21(B3,S?) and it has
degree zero around each end point of the segments S; which belongs to the
open ball B3, see ‘@D, i.e., around each singular point of u., whence
P(u:) = 0, see @ . Moreover, taking § \, 0 as € \, 0, it turns out that
Gy, — T weakly in D3(B? x S?) as ¢ — 0 along a sequence. Since moreover
P(u:) = 0, by Theorem [5.4| we find a sequence {u§} C C*(B3,S?) such that
ug — ue strongly in WH?(B3,R3) and L(uf) — L(u), so that Guz — Gy,
weakly in D3(B? x S?). Therefore, a diagonal argument concludes the proof
in case M(OL) < oc.

Finally, in general we only have M((OL)L B3) < oo. In that case, in
order to apply the strong polyhedral approximation theorem we make use
of a slicing argument as in the proof of Thm. 1 from [25, Sec. 4.2.6]. O
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APPENDIX B. THE APPROXIMATION THEOREM. [

The proof of Theorem is given in Appendix [C} It is based on the
following local arguments. Firstly, Proposition we show how to “de-
form” a current T, satisfying suitable energy estimates on the boundary
of a ball, into a current satisfying a bound on the oscillation. Secondly,
Propositions and we make use of a local approximation argument
that relies on the Dipole construction from Theorem Since we follow
arguments from [27, 28, 29| 20], some details will be omitted.

NOTATION. If T € cart (B" x S?), in formula (I.11)) we can write

(B.1) T=Gy+Sr, Sr:=)Y Laxd[S?]

dez
where u = up € W2Y(B" S?), every Lq is an i.m. rectifiable current in
Rp—2(B") with multiplicity one, and the (n — 2)-rectifiable sets L4 :=
set (Lq) are pairwise disjoint. As a consequence, by definition ((7.3) we have

(B.2) pr(B) =8r - |d|- M(LqL B)

dezZ
and the rectifiable measure ur satisfies ur = 0 H" 2L L1, where L7 =
Ugez La is an (n — 2)-rectifiable set, with H"~?(Ly) < oo, and the density
Or : Lo — [0,+00) is H" 2L Ly-summable, with 0p(x) = |d| if © € Lg.
Therefore, there exists d € N, only depending on T, such that

(B.3) pur(B™\ Lr(d)) < i,uT(B”), where Lp(d) := U Ly.
|d|<d

Finally, for each Borel set B C B™ we let
L(T,B) :==L(u,B) + pr(B), L(u,B):= / |Au|dz .
B

For € > 0 small, we denote by S? := {y € R3 | dist (y,S?) < ¢} the
e-neighborhood of S? and by II. the nearest point projection of S onto S2.
Notice that the Lipschitz constant L. of the smooth map II. goes to 1 as
e — 0T. For y € S? we also denote by

Bg2(y,¢) = B2(y) N S?

the intersection of S? with the closed 3-ball B3(y) in R3 of radius ¢ centered
at y, so that we have II.(B2(y)) = Bs:(y, ). Moreover, we let ¥, .y : R? —
Bs2(y,€) be the retraction map W, .)(2) := Il 0 §( o), where

z if z€ B3(y)

(B4) g(y,e)(z) = c |Z _ y| if zeR3 \ Bg(?/) :
2=y

Then, ¥, . is Lipschitz continuous and Lip ¥(, .y = LipII. — 1T ase — 0%.
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Finally, in the sequel we denote by ¢ > 0 an absolute real constant,
possibly varying from line to line.

SLICING PROPERTIES. For every point zo € B" we consider on (x,y) €
B" x R? the distance functions dy, (2,y) = day(z) := |z — 20|. Since T is
an i.m. rectifiable current satisfying the null-boundary condition , for
a.e. radius r € (0,rg), where rg := dist (g, dB™) > 0, the sliced current

<T7 JJJ()? T> = (GUT7 C/Z\zoﬂn) + <ST7 gxoa T>
(cf. [24, Sec. 2.2.5]) is i.m. rectifiable in R, _1(0B"(x¢) x S?), with no
boundary, O(T, dy,, ) = 0 on D" 2(dB" (1) x S?).
Denoting by .z, := U|gpr () the restriction of u to By (wo), then u; 4,
is a Sobolev map in W2(dB"(x),S?), with faB;L(xo) | Aty | dH 1 < 00,
where Au,. ,, denotes the Laplacean of the sliced map u, ., w.r.t. a tangen-
tial frame to 9B} (x¢), and on account of

-~

(G g 7:0) = /8 W)t w e DT OB ) x S)
B (g

whereas by (B.1)
(ST day, ™) = > (La,day,m) x d[S?]  on D" (OB} (w) x S?).
dezZ
As in Definition the sliced current (T, gxo, r) is said to be a Cartesian
current in cart™(0B"(zo) x S?). The Laplacean energy of (T, dy,,) is

L((T,dy,, 1)) := L((T,dy,,7), B")
where for each Borel set B C B™ we let
(B.5)  L((T,day.7), B) = L(tpag, B) + 87+ > |d] - M({Lq, day,7) L B)
dez
and

L(tp 2y, B) := / | Aty g, | dH™ L.
9B (20)NB

PROJECTING THE IMAGE OF A CURRENT. Let D, := B" 2(0gn-2,7),
and denote O := Ogn. We have:

Proposition B.1. Let 0 < R< Ry <1 and T € caurt]L(Bﬁ0 x S?) such that
QT(O) < a; see ‘ ) and
L((T,do, R), By, \ (Dg x {0g2})) < cobr(O)R"

L(<T7 do, R>) < CGT(O) RS

(B.6)
/ lu(z) —yl>dH" ' < co R"!
oB7.
for some y € S? and for o > 0 small enough, in such a way that c*/3d < 1.
Then, there exists an absolute constant ¢ > 0 such that, if ¢ € NT is the
integer part of e®™ | where a(n) := 1/(6(2 — n)) <0, and r = R(1 —1/q),
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we can find a Cartesian current T € cart“((B% \ B?) x S?) for which the
following facts hold:

(a) <T, do, R> = <T, do, R> and (T, do, 7") = (me > \I/(yygg))#(f, do, R>,
see (B.4), where e, = co'/? and Yr () := re/R, so that the sup-
port spt (T, g@,?“) C OB} X Bs2(y,€5);

(b) T has small energy on B\ B, i.e.,

- _ R ~
(B.7) L(T, B \ B}) SCE]L((T,do,R»;

(c) the flat distance to the graph G, of the constant map y is small:
(B.8) F((Tv—Gy)L(B}Li\B,’?) x §%) < c%R” < coRgfl.

Proof. We find a suitable subdivision of 9B} in a grid made of small (n—1)-
dimensional “cubes” of side R/q. Denoting by E]f% the union of the k-faces
of the grid that do not intersect Dg x {Og2}, using the first inequality in
(B.6) we may and do estimate the energy of the restriction of (T c?o, R) to
¥k x S? by co0r(0) ¢ R RE2 for every k=1,...,n — 2.

In particular, since ¢'/307(0) < ¢'/3d < 1, then the energy of the
restriction of (T, do, R) to %% x S? is smaller than the quantity E(o) :=
co?/3 "3, Therefore, since E(c) — 0 as ¢ — 0, provided that ¢ € Nt
is chosen as in the hypothesis, taking ¢ > 0 small it turns out that the
restriction of (T cjo, R) to E%z x S? has no vertical part, hence it agrees with
the graph current of a W2! map w with values into S?. In addition,

/ |Dw|2}%|2d7-[1 < / |Aw‘2}2\ dH' < co?3 g2 l
i sL R

The grid of dB% being made of approximately q"~! cubes of side R/q, we

have H!(Xk) < ¢ R¢g"? and hence, by Hélder inequality

/ | Dwjs; [ dH' < c o' P2 <collP =g,
=L "

By using the third inequality in and the above formula, we then
infer that we may and do assume that the image w(X},) is contained in the
geodesic ball Bg2(y, &5).

Therefore, using the argument of Step 3 of [29], we define the current T
on the cubes of B% \ B" that do not intersect D x {Og2}. In fact, since it
is obtained by means of extensions of the restriction of w to the 1-skeleton
¥ L, no boundary is produced in the construction, as w(Xk) C Bs2(y,,).

This way we obtain a bound of the energy of T in terms of

c ]: L((T,do, R), 0B} \ (Dg x {0g2}))
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and hence in terms of the right-hand side of . Using a slightly different
argument when defining 7" on the cubes of B3\ B! that intersect the (n—2)-
disk D x {02}, by the second inequality in we obtain an extra term
in the energy estimate of T given again by the right-hand side of .

By the third inequality in , by the construction of 7', and since
0 < R < Ry < 1, we obtain the bound (B.8)) of the flat distance, whereas
property (a) follows by using the argument of [29, Step 3]. O

APPROXIMATION ON A BALL. Let @5 : (—r,7) — [0,d] be the smooth
function defined in (4.3)) for the Dipole problem, and let ®5 be given by (4.4)),
where this time z = (Z,2) € D, x B2 C R"2xR2, so that Q5 := ®5(D, x B?)
is a small neighborhood of the interior of the (n —2)-disk D, x {Og=2} in B}.
Moreover, let
(B.9) Q5 1= 5(Dy x By )y) = {(%,2) | T € Dy, [2] < 05(|7])/2},
where |Z| := |Z|gn-2, |Z] := |T|ge, and
Q(r,&) = Q(g \ (DT X {ORQ}) .
In the proof of Theorem we make use of the following
Proposition B.2. Let T € cart™(B? xS?) be such that (B.1) holds. Assume
that spt T C B x Bg2(y,e,), where y € S? and ¢, = cot/3, with o > 0
small, and that D, x {Ogp2} C set(Lq) for some d € Z. For 6 > 0 small
enough, we can find a current T € cart™((B" \ Q5) x S?) satisfying:
i)
AT (Br\Qs) xS?) = A(TLBrxS?) —9[Qs] x 6
~[0D,  {0z2}] x d[$°];
i) L(T, (B2 \ Q) x S?) < L(u, (B2 \ Qs)) + cor™ 2 + cur(Qpg);
iii) F((T — T)L (B*\ Q) x §?) < cor™2.

Proof. Let s : Qs \ Qs — Q.5 be the bijective map

Vs(T,7) = (;E’ (2 _ <,05(|5ﬂ)> §> ‘

]

Similarly to [28, Sec. 5.5], we infer that the current
T := ((5) 7" o< Idgs) (T L (int (Q(r.5)) x §%))

belongs to cart™(int (Q5 \ Q5) x S2), its underlying W2! function is v :=
wos : (s \ Qs) = Bs2(y,e,), where u : B® — Bg(y,e,) is the W2!
function corresponding to 7" in (B.1)), and

p(int (25 \ Q5)) < pr(int (Qprg))) -
Setting then w : (05 \ Q5) — R3 by

_ (2= 2|z]
w(x) = (m - 1) v(x) + (2 - m) y
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using that the oscillation of v is small with o > 0, we infer that the energy
L(w, Qs \ S~25) is small if 0 and o are small. Moreover, by projecting w into
S?, we may and do assume that w belongs to W21(Qs \ €5, S?).

Therefore, we can define a current T € cart“(int (Q5 \ Qs) x S?), with
underlying W?! function equal to w, that satisfies the boundary condition

OT = O(T'_ Qs x S?) — [ Q5] x 8, — [0D, x {Og2}] x d[S?]
and (taking ¢ small) also the energy estimate
L(T,int (25 \ Q5)) < cor™ 2+ cur(Qps)) -
We finally set
T:=T0_(B"\int () x S*+ T (int (Qs) \ Q) x S2.
Properties i)-iii) readily follows, for 6 > 0 small. O
THE DIPOLE CONSTRUCTION. We finally make use of the following:

Proposition B.3. Let d € Z and y € S2. For every o > 0 there exists a
function v, € W21(Q5,S%), with 6 > 0 sufficiently small, such that Gy, €
cart(int (Q5) x S?), vox[Qs] = d[S?],

(B.10) L(vg,Qs) < 0" 2+ H"2(D,) - 8 |d]|
and
(B.11) 0Gy, = [ Q] X 6, + [OD, x {Og2}] x d[S?] .

Proof. By Theorem we find u € Fyq with energy L(u,R?) < 87 |d| + ¢.
Arguing as in Proposition (where we choose 0 = 1/2), for each € > 0 we
then find a smooth map v. € C*°(R?,S?) such that:

(1) v is equal to y outside the disk B%/Q ;

(2) degv. =degu =d;

(3) L(vs, R?) < L(u, R?) + €.

Setting ue(z) := v.(Z), where z = (7,7) € R"2? x R?, we obtain u. €

WL(R",S?) such that for every p € (0,7]

L(ue, Dy x B j5) < H" (D) - L(ve, R?) < H**(D,) - (8 [d| + 2¢) .

Let now 0 < § < 1 and uj := u. o q)gl : 525 — S?, where ®;5 is given by
(4.4). Arguing as e.g. in [28] Sec. 5.5], we estimate

L(u§, Qs) < L(ue, Dy x B} 5) + cL(ue, (Dy \ Dr_s) x B} 5)

where ¢ > 0 is an absolute constant. Therefore, setting v, := uj for € > 0
sufficiently small, and for § sufficiently small in dependence of €, we get

(B.10), whereas (B.11)) readily follows. O
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APPENDIX C. THE APPROXIMATION THEOREM. II
Proof of Theorem [7.3] On account of (B.3)), we let
(C.1) fir := 0 H" 2L Lp(d).

By applying arguments as for instance in the proof of [16, 4.2.19] to the
rectifiable measure iz, by [16, 3.2.29] we find a countable family G of (n—2)-
dimensional C'-submanifolds M, of B™ such that fip-almost all of B" is
covered by G.

Let o € (0,1) to be fixed. By Vitali-Besicovitch theorem, and by the prop-
erties of the class cart’™ (B™ x S?), we can find a number t = t, € (1/2,1), a
countable disjoint family of closed balls B; := B"(x;,7;), contained in B"
and centered at points z; in L£7(d), satisfying the properties listed below. In
the sequel we denote by ¢ > 0 an absolute constant, possibly varying from
line to line, which is independent of o and of the radii r; of the balls B;.

i) fir(B"\ U, Bj) = 0.
ii) For every j there is a manifold M; of G such that the center z; of
Bj belongs to M.
iii) Since H"2(Lr(d)) < oo, then

(C.2) > " < eH A (Lp(d)) < oo
j=1
iv) We have
(C3)  pr(Blxj,ry) \ (B(xj, trj) " M;)) < o pp(B(xj,rs))  Vj.
v) Recalling (B.2) and(B.3)), we have M; C Lq, = set (Lq,) for some
d; € Z with |d;j| < d, so that in particular O7(z;) < d.
vi) All the z;’s are Lebesgue points of u, Du, and Au, with Lebesgue
values u(z;) = z;, and by a slicing argument

(C.4) / lu(z) — 22 dH" < cor," .
OB(xj,trj)

vii) Using a blow-up argument at x; in the z-variables, we may and do
assume that the current S; := [B;] x &, + [M;] x d; [S?] has
small flat distance from 1" on B; x S?, ie.,

(C.5) F((S; —T)LB; x $*) < cor;" 2.

viii) By a slicing argument, we may and do assume that for some R €
(trj,2tr;) the (n — 1)-dimensional current (7 c?xj,trj) belongs to
cart’™ and satisfies

L((T, dy,, tr}), 0B (z;, tr;) \ M;) < Tﬁ ‘L(T, B(zj, R) \ M;).
J

Also, by the construction we may assume that both (C.3)) and
(C6)  fir(Blaj,p) <cbr(z) p" %, Llu, B(zj,p)) < c|dulzy)| p"
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hold true for any 0 < p < 2r;. Therefore, taking r; small so that
|Au(z;)|r;? < o 0r(x;), we readily obtain
(C.7) L((T, du,, try), 0B(xj, tr;) \ M;) < coOp(a;)ry" >,
ix) Using a similar slicing argument and (C.6), we also may and do
assume that
(C.8) L((T, dy;, tr;)) < cOp(zj)r" .
x) Since Or(z;) is the (n — 2)-dimensional density of pr at z;, and
r; € set(Lg;), denoting by o, o the measure of the unit ball of
dimension n — 2, we also may and do assume that
(CQ) |,L7T(B]) — 87 |dj| s Qp—92 Tjn_2| < g Qp—92 Tjn_2 .

xi) There exists a suitable bilipschitz homeomorphism v, from B™ onto
itself, with Lipt, < 2 and Lipt; ! < 2, such that 1), maps bijec-
tively B; onto Bj with ¢,9p, = Idjgp, for all j, and ¥, is equal to
the identity outside the union of the balls B;. Moreover:

xii) For every j we have

Vo (B(zj,torj) N M;) = B(zj, pj) N (x; + Tan(M;, 2;))
where p; € (r;/2,r;) and Tan(M;,x;) is the (n — 2)-dimensional
tangent space to M; at x;, and also
Vo (0B(zj,tor5)) = OB (x4, pj) -
Setting now for any j
T{ = (o < Idgs) T Lint (B;) x S”

then 77 belongs to cart™(int (B;) x S?), with underlying function ug == (uo
Y71 int (;) in W2(int (B;),S?), and pre = Yoy (fir Lint (Bj)). Moreover,
by (C.7)), (C.8]), and (C.4) we infer that T7 satisfies , where y = z; € §?
is the Lebesgue value of u at z;, with z; = O, Ry = r;, and R = p;, i.e.,
Bj =B}, B(xj,p;) = B,
B(zj, pj) N (5 + Tan(M;, 25)) = Dg x {02} C R"7? x R,

Since Or(z;) < d, we can apply Proposition in order to obtain a

current T € cart™((B(z;, pj) \ B(z},0;)) x S?), where §; := p;(1—1/q). Set

now B(n) := 1/(12(n — 2)) > 0. Since 1/q < co'/(6"=2) by (B7), (B.6),
and (C.§)), taking o > 0 small so that ¢”(") < 1/d, see , we obtain

(C.10) L(Tj, B(zj, pj) \ B(x;,05)) < c o™ p;" =2
whereas by
(C.11) F((Tj - G.,) L (B(zj,p;) \ B(25,6;)) x §?) < cor" L.

Setting now

T7 = (1 s U, . ))#(T§ L B(xj, pj) x S?)
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0; y _
where ¢;(z) := z; + - (z — x;), we have spt 17 C B(wj,6;) X Bs2(2j,€4),
Pj
whence T" satisfies the hypotheses of Proposmon with B(z;,d;) instead

of B, y = zj, and d = d;. By defining Q similarly to -, but in
correspondence to B(xzj,0;), the cited proposition yields a current T"
cart™((B(x;,8;) \ ) x $?).

Moreover, by applying Proposition |B.3 m 3} with B(xj,0;) instead of B} and
d = dj, we find a suitable function vf € w2 1(Qj S?). Setting then

71‘7 = T]U + G’U}’

and i) in Proposition yield that Tg € cart™(B(x;,6;) x S?) and
(C.12) O(T; L B(z;,0;) x $*) = 9(17 L B(x;,0;) x S?) .
Also, by we have
L(v7,Q%) < 06" + H"*(D;,) - 8 |d;] .
Therefore, since d; € (1;/2,7;), by we get:
L(v, Qs) < cor" 2+ fir(B;).

Finally, using (C.3)) in order to estimate the last term in the right-hand side
of ii) in Proposition we obtain
L(Tan('xjadj)) < L( B(ZL‘],(S ))
(C.13) ’ -2
+ carj + (14 co) pr(B(zj,05)) .

We now set,
T7 =T, +T; + T7 L (B(xj,rj) \ B(zj, pj)) x S2.

Property (a) in Proposition the definition of Tj‘? , and (C.12)), yield that
IN’]?’ belongs to the class cart™(int (B;) x S?). Moreover, by (C.10]) and (C.13)

(C.14) L(T7, Bj) < L(TY, B;j) + co®™ 7" "% 4 cofir(B;) .

Finally, arguing as in [28, Sec. 5.5, Step 3], by , property iii) in Propo-
sition and the dipole construction from Proposition for e, 6 small
we obtain N

F((Ty —T7)_B; x§*) < cor;" 2.

Setting now

T\ = (¢, s ldgs) T Lint (B;) x §2,

by (C.14) we infer that for every j
(C.15) ]L(TJ( o) ,int (B;)) < L(u, Bj) + (1 + co) pur(Bj) + cof "2
whereas

(C.16) F((TJ(U) ~T)L B; x S2) < CO”I“jn_Q.



A RELAXATION RESULT FOR A SECOND ORDER ENERGY 39

In conclusion, setting 7° € D, (B" x S?) by
T° = iTj(") +T0C(B™\ G int (B;)) x S?
j=1 j=1
we have T7 € cart™(B™ x S?). By , , and , we thus obtain
L(T%) < L(u) + pr(B™\ Lr(d)) + (1 + ¢o) fip(B™) + ¢a®™ H"2(L1)
so that if o = o(e, k, Lp, ur) > 0 is small, by we have
L(T°) < L(T) + £~
Moreover, by , taking ¢ small, the above construction yields that

pre(B") < > fir(Blaj,ry) \ (B(xs,try) 0 My)) + pr(B™\ Lr(d))
=1

1 1
< copr(B") + L pr(B") < 5 pr(B").

Finally, by (C.16) and (C.2)) we have

F(I° -T) <Y F(T\” ~T)LB;j x$?) <ca Y "% < et
j=1 j=1

if o = o(e,k,Lp,ur) > 0 is small. Taking T =T° for o > 0 small, the
proof is complete. O
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